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SUMMARY 

Possibly the first thing that anyone asks for in any 

abstract algebraic system is a list of examples. In the case 

of groups, a complete list of all those groups G with a fixed 

number N of elements is still unknown for general values of 

N although the result has been known for many years in the case 

where N has only a few prime factors. Also a complete list of 

all finite abelian groups is well known. 

In the case where all the prime factors of N are the 

same, N = p" (p prime) and we call G ap - group. A lot more 

is known about the structure of p - groups than most other grseups 

and so it is hoped that a complete list of these may be deter- 

mined. In fact the groups of order p™ (n <5, p prime > 3) 

have been known since Schreier's listing of them in 1926. Also, 

in 1964, M. Hall and J. Senior published a list of the groups of 

order 2" (n < 6). 

In this thesis, the number of non-abelian groups of 

order p° (p prime > 3) is found to be 

"7, 13p* + 133p + 1346 + 80(p-1,3) + 45(p-1,4) + 8(p-1,5) + 8(p-1,6)} 

(where (p-1,n) is the greatest common divisor of p-1 and n) and 

the number of non-abelian groups of order - is found to be 481. 

The results of 0. Schreier have also been checked and extended 

to the case p = 3.



This is done by considering in turn, families of groups 

which have the same commutator relations and isomorphic central 

factor groups (called "isoclinism families"). The remaining 

relations are determined for these groups checking the possibil- 

ity that two sets of relations defin- isomorphic groups and 

exhibiting a canonical set of generators and relations for each 

isomorphism class. 

In chapter 2, the isoclinism families are determined 

and in chapter 3, the isomorphism classes for each family are 

determined in terms of corresponding equivalence classes of 

matrices over GF(p). 

The results of this work are contained in a list of the 

groups of order p° (p > 3) at the end of the thesis (except for 

one family which is still not determined).
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y _ INTRODUCTION 
— 

  

In 1940, P. Hall (5) presented a method for classifying 

p-groups. Soon after T. Easterfield (2) used this classification 

to obtain some of the properties of the groups of order p° 

but did not produce a complete list of those groups. However, 

in 1964, M. Hall Jnr. and J. Senior (3) succeeded in producing 

a complete list of the groups of order =. Using the methods 

of the above papers, I have produced a list of the groups of 

order p° (p > 3). 

We say that two groups G and G! (with centres Z, Z! 
1 

and derived groups He and H,) are isoclinic if there exist 

’ 

2 

following diagram commutes (in the category sense): 

‘ ; G Gt isomorphisms @:; | ~ / a1 and 9: H, > H, such that the 

  

G G 6®0 . G! G! 
/, ® / 7 On /z1® /o1 

7 7! 

1 

H = > Ho   

where 9@0(aZ,BZ) = (@(aZ),0(BZ)) and n,n! are the canonical maps 

taking (@Z,BZ) and (a'Z',B'Z') to [a,B] and [a',B'] respectively. 

The pair of isomorphisms (8,0) above is called an isoclinism. 

In particular, if G = G', we have the automorphism @: fa 

In this case, the corresponding automorphism of Ho will be 

a4



denoted by 6 and the isoclinism (6,6) is called an autologism of 

Bros Also, P. Hall's notation G ~ G' will be used to denote the 

fact that G is isoclinic to G'!. 

It follows immediately from the definition that isoclin- 

ism is an equivalance relation and the equivalence class o' will 

be called an (isoclinism) family. 

The following results of P. Hall will be used: 

(1) If A and B are any two abelian groups, A~ B 

(2) If A is any abelian group G ~ GxA for all groups G, 

(3) For every family, there exist groups of minimal order with 

respect to belonging to the family, 

Such groups are called stem groups and if we write |G, |=p" for 

ctem groups, r is called the rank of the family. Also if G is 

T+K (150) we say that G any group of the family ® and |G|=p 

belongs to the k-th branch of 9. 

(4) Gis a stem group if and only if Z(G)<H,(G). 

(5) <A quantity depending on a variable group which is the same 

for all groups of a given family is called a family invar- 

iant. If we do not distinguish between isomorphic groups, 

all the members of the lower central series, the central 

factor group and the (nilpotency) class are family 

invariants. 

  

' We will use [ when p = 2 and A when p = 3 to distinguish 
these from the families for general p.



1. Notation 

The following notation shall be adopted throughout 

this thesis unless otherwise stated: 

Let A,B bé two sets. 

AUB = {a |aé€éAora€é B} 

ANB = {a]|aé€eAanda€é B} 

BCA Bis a subset of A 

BCA B is a subset of A, BAA 

If BC A, A-~B= {alae A, a ¢ B} 

Upper case latin letters shall denote finite groups 

with G being used for a finite group in general. 

|G| the order of G 

exp G the exponent of G 

Z(G) the centre of G 

H,(G) the derived group of G 

1 the unit of a group 

E the subgroup {1} of any group 

Lower case greek letters shall denote elements of a 

group. Let €,n,... denote elements of G and 

H,K,... subgroups of G. 

|G:H| the index of H inG 

<é,n,--- , H,K,...> the least sube~'--» of G containing 

all the elements €,n,... of G and 

wfc



all the elements of the subgroups 

Hy Ky Sas OF Dy 

HK = <hk|heH,kek> 

In general, the group G may be written as 

G = <a,p,..% |w,(a,B,...) = 1> where a,fB,... are the 

) 

GxH the direct product of G and H, the set of all formal 

generators of G and w,(a,B,...) = 1 are the defining 

ee relations for G (12 /,: 

products gh (g¢€G, h€H) with the defining relations of G ad 

and H together with: gh = hg (all g€G, hé€H) 

G@H the cartesian product of G and H, regarded as sets. 

Gx, H the central product of G and H, the amalgamated product 

GH with amalgamated centre (only possible if Z(G) = Z(H) ) 

H< K 4H is a subgroup of K 

H<K 4H is a subgroup of K, H # K 

Ha « H is a normal subgroup of K 

&,(K) the centralizer of K in H 

4,(K) the centralizer of K inG 

HP = <a |aeH 

[a,B] the commutator of a and fp, = a7 'a-lop. 

[2 ,%5+--0015] os [[o,,45,---0,],0,,4] 

[H,K] the subgroup of G generated by all commutators [a,f], 

ae€H andpe K. 

H. (G) the i-th term in the lower central series of G, defined 

inductively by H, .4(G) = [H, (G) ,G] 

wales



Z(G) the i-th term of Ebe/ geet central series of G, defined 
. G 
i+] 

inductively by /2,(G) =Z CFerrey) and 

c(G) the (nilpotency) class of G. 

Lower case latin letters shall denote integers (p being res- 

erved for a prime number) or elements of GF(p) according to the 

context. 

v a (given) quadratic non-residue (mod p). 

g a primitive root (mod p). 

If G is a regular p-group, we may define the type invariants 

of G (see (4)). In this case 

TA, »Ms» ee. the type invariants of G. 

In fact, if there is only one group in the isoclinism family 

Py with the type invariants M, »sM5,5+.-M,,, we may denote it by 

© (mz >---m)« 

If there are more than one such group, we define the genus of 

a group inductively: two abelian groups have the same genus if 

they are isomorphic and two non-abelian groups G and H have the 

Same genus if there is a 1-1 correspondence between maximal 

subgroups of G and the maximal subgroups of H such that corr- 

esponding subgroups have the same genus. If there is only one 

group in the isoclinism family yn with the type invariants 

M, sM,55+. +m and of given genus x, we will denote it by 
a 

© (m,.m,,...m,)x where the genus is ordered lexicographically by: 

Sie



(i) the family containing the maximal subgroups (in 

descending order); 

(ii) the type invariants of the maximal subgroups; 

(iii)the genus of the maximal subgroups. 

The group ® (m,,m5,...m,)x will be placed before the 

group ®,-(mj}, mg,...m,)x° in our list of groups of order 

py a) ne 

(b) nm=n, Mm, =M™,... m =m, mi, > My or 

fe) = 7 = 4; m, =mj;(i = 1,2,...r), x is before x’. 

The groups of a family with the same tyve invariants and the 

Same genus are ordered in an obvious way by the context (or 

by the type invariants and genus of the maximal factor groups 

if no other ordering is suggested). For example, the groups 

of order pe and class 3 are denoted by 

® (211)a, ©,(211)b,, ©3(211)b), and ©,(1*) (see table). 

Whenever a non-regular group is obtained in the process of 

obtaining a regular group, it will be given the same notation 

as the correspond*ng regular grouv. (Thus the groups of 

order 81 and class 3 are 

A (2ii)a, 4, (211)b,, &,(211)6,, 8,01") 9. 

For convenience, the following notation will sometimes 

be used for automorphisms: 

As the automorphism @ is completely determined by the 

images of a minimal set of generators we will write it as 

ye



{a,— @(a,),... a 8(a,,)} Where 4,...a, are the 

generators (in the given presentation of G) which are not 

fixed by @. 

Similarly the autologism (@,@) will be written 
{ ; (G, yee a.) — (O(a ,),...0(a. ) ) 

@; (B, +++ B,) — (6(B,),...8(B, ) ) 

where Gaaees a. are the given generators of a which are 

not fixed by 6 and Bases B. are the corresponding generators Ss 

of Hp not fixed by 6.



e. Lemmas 

The following results will be used throughout this thesis: 

Lemma Li Let €,n,€, be elements of the group G. Then 

(a) (64,41 = 162) as) 

(b) [é,no] = [é,0I[é,n)° 
Proof - (a) [€,0)"[n,¢] = n7'[é,0}n[n,0] 

= ne 'en geen ng 
= (tn) 'e~'en)e 

= [€n,¢] 

(b) is similar. 

Lemma L2 Let H = Ho2 H, 2 H, 2 ~e- be a series of normal 

subgroups of G. If the subgroup L is such that 

[L,H, 

[H,(L) HL] < Hy, 
where H (1) is the j'th member of the lower central series of 

e ES He : = 152505 oe) then 

bi = 0 ,17,2, ‘ae 7g Mi esos eeu 

the group L. 

Proof - see Blackburn (1), theorem 1.2. 

Corollary 1 [H,(G), H,(@)] < Hy ;(@) (1,jJ = 2,5, -«+) 

Corollary 2 [H,(G), 2,(G)] < Z,_,(G) (2 2°36 3) j-i = 

Lemma L3 Let G be a metabelian p-group and €,n € G. Writing 

0, = Ns Osa4 = [o.,6] K =< €,7 Ds 

(a) (én)® = €°n®o,fon.n] 

(b) (én)? = €°n°oSosfon.n] Lozsn]fo5n.n]> (mod H.(K) ) 
She



Pp 

(ec) (@njP = Poy... @ (mod[n,H,(K)}? (nH) (K)1) (ps) 
Proof - (a) (€n)° = €né€n 

= € ntin,€)n 

= €°n?o,f0,01] 
(b) We may suppose H .( K) = E and so all commutators of 

weight 5 are 1. 

én(én)? 
= €(n€&*)n?o,[0,.n] 
= €*niné “In? 0,[0551] 
tg gee 2 

(én)? ll 

3 Zoe 2 : 
= En (oon )o, [05,7] o,[o,.7] since H, (K) a 1 

3,3 4, 2 2 = &n°ofo, sn)" [o,sn,0]703[03,0]70 .[0,.n] 
so = z 2 = € 1°95, 03,[9,,.1]}  [o,,.n}°[o,,n, 7] 

since G is metabelian. 

(c) We use the result of Theorem 1.6 of (1) 

Since G is metabelian, we have 

(where Y = <n,H,(K)>) 

[Hy Hooy] = 1 (4 2,855.5) 

(254) -= (55) 

[YH,] = [n.#,(4)] 
and result follows. 

Corollary If 7 €&(H,(K) ) then 

(én)? = ae o, for ait p. 

Ga



Lemma 14 Let G be a metabelian p-group and £,n € G. Then 

ie ij,6 1 <= O03 «+s Oly 

Proof - We proceed by induction. The result is obvious for n = 1. 
n n (9) 

Suppose [n,& ] = 0503 «++ Chay 

n+ n_é Then [n,€" ] = [n,€] [n,€"]>by 11 x 
n 

n (9) Z 
os B5 Oy OF eee On+1 [o"o3 eee Tait §) 

ntl (9) n (3) - 
= O95 03 eee O nd 02 Oy". eee On+2 since 

G is metabelian. 

ntl (3) + (3) 
= 05 C3 tae Oto Since G is 

a@tly metabelian. 

_ ~nmtl 2 
= 39 3 «se Up 

and result follows. 

Corollary 1 [€ ,7] = (Bo? gee te 

Corollary 2 c “ 
=) m s 

en" = Cénl™™ [é.nnl™ (en,€®@ esnonen]®® x 
(™@) (@) 9) 

x [én0,.6]° 7 [é.n,€,6]°” (mod H.(K)) 
Lemma LS Let G be a p-group of class ec with 

p06) = ty 0G) | = pe 639255 ,.55 0) 

and let H be a maximal subgroup of G with [H,H] < H,(G). 

Then for all o € G-H, oH,(G) is the conjugacy class of o. 

Proof - See Blackburn (1) theorem 2.15. 

Corollary If (H,(G))” < Z(G) then (o¢)P = oP for all € € H,(G). 
, a4



Lemma L6 (a) If H is a characteristic subgroup of G then so is €(H) 

(b) Let M,:M,, ... M, be the maximal subgroups of G. 

Then N{e(M, )) and <4(M,), + B(M,)> are characteristic subgroups. 

Proof (a) Let @ be an automorphism of G anda € ¢(H). 

Then 1 = 8th) 

= @O(fa,@é]) for all €é € H 

= [0(a),9(€)] since @ is an automorphism 

= [@a,n], some jn € H 

i.e. © (a) € €(H) and so€(H) is a characteristic subgroup. 

(b) Let @ be an automorphism and a € £ (M, ) 

Then E = @ (BE) e[a,M, ] 

[e(a), 0(M,)] 
Since 6 is an automorphism it must permute the maximal subgroups 

and so 6(M, ) = M, and 

{@(a) | a €£(M,)} = £ (M,) for some j and result follows. 

Lemma L7 Let (=) be the Legendre symbol and p be an odd prime. 
p-1 

Then, {2 \ 

» (4) Se Bg ee a 
x=0) : 

p-1 

<o  a\ Proof - For convenience we will write ) (=) = 3d) 
/ 

ul te



Then =(r da) = ) (a | 

f= rd 
-) po where x = ry 

  

= %(d) 

Thus =(d) = 2(1) if d is a quadratic residue and 2(d) = Z(v) 

if d is a quadratic non-residue. 

pai 2 
= 7 

Now =(1) -) ( 
Pp / 

x=0 

p-l 

= : ( y (yt2) ) with y = x-1 
a eee 

x es 
qe) fy (yt2) ) where yy = 1 (mod p) 

P gal ( P 

~12.



But, as x-1 runs through a set of non-zero residues mod p, 

y (and so y) runs through a set of non-zero residues mod p. 

Hence (1) 0 - ) 

= -1 

Finally, (since =(0)= p-1), 4 

p-1 + 3(p-1){2(1) + 2(v)} 5 = (d) 

d=o 

p-l p-l 9 

2) (2S) 
d=0 x=0 

  

p-l p-l 

ee 
x=0 d=o 

  

(since, as d runs through a set of residues mod p, so does x°-d 

for each value of x). 

Solving this, we get =(v) = 3(1) = =1 

i.e. for a1: € —0, 2(4) = =i. 

~15-



jy THE FAMILIES OF p-GROUPS (CF RANK < 6 is > 3) 
  

1. Let H be an arbitrary group, F a free group and K< F 

such that "le ® H. We thus have the following diagram:- 

= 

» 
‘ 

X 

K / ae Hy F) 

\ 

N\ fF: 

v Ny = H, @)N K 

i 

N, = [F,K] 

We say that H is capable if there exists a group G with 

centre Z such that “he = H. We may then show:- 

“Lemma 1 If H is a capable group and “f, = H, then (using the 

above notation) G ~ */, if and only if 

(a) NOS NKCN, 

K 3 F Boe ee ee 
In particular, Ny may be chosen and is in fact a minimal 

candidate for such a choice. We call the family containing 

whe (which depends only on H) the maximal family for H. Thus 
Oo 

  

Corollary Every capable group has a maximal family. 
then



Let 9» be an automorphism of H. Since H & oe we may 
3 

consider » as an automorphism of J With this convention, 

we may write 

“emma 2 The outer automorphisms 9 of Je (or H) induce 
N 

automorphisms 9 of the in an obvious way 
° 

(i.e. © ([a,8]N,) = [9(K) ,@(6K)] ) 

N 
The subgroups "he of ta (where N satisfies lemma 1) are 

Oo O° 

permuted by the 9's and */, ~ */y. if and only if N and N° 

are in the same transitive set. The pair (9,9) is called an 

autologism of H. 

In the case of p-groups, since |Z|<|G|, the problem of 

finding families of rank at most r reduces to finding the 

maximal families for all the capable groups of order less than p’; 
N 

the Schur Multiplier Ve of that family and all the subgroups 
oO 

  

N of N, satisfying lemma 1 and then using lemma 2. However, { 

in practice, this method proves to be very unwieldy and so 

various techniques are used to simplify calculations. The 

first is to consider which groups can be capable. 

“Lemma 53 The group H is incapable if H contains an element 

B(4 1) with B E<a.,> for each generator a, of H. i 

  

“The proof of Lemmas 1,2,3 may be found in (3). 

~15=



Lemma 4 Let H be a p-group and suppose we can choose 

generators 4,0,, ... a, such that la|> la,|, exp H,(H) and 

<a,05> te-reguier for ali- is 152, 6. Ps 

Then H is incapable. 

= m Proof - Let |a, | Heep; lal =he=pyp, M>M ~DM, ++ 

Writing aj = aa, and h* = max (h, » exp Ho(H) we have 

H = <a, 0,5 eee a> where 

Hi 
: (ao., ) 

h’ h* h e 

ss Bae 

a h 

with y, € derived group of <a, a5 >- 

Since h,, exp H,(H) divide h; we have 

i =a = SB ¢ 4 (eine ire 5) 

Hence, by lemma 3, H is incapable. 

Corollary 1 If H is regular with type invariants m, >.> ewes 

then H is incapable if m, # Mh « 

Corollary 2 An abelian p-group is capable if and only if its 

two largest type invariants are equal. 

Proof - Let H = <a? x <a5? Meee <a> 

where |a,| =h,, hy ,|h, 

If h, # hj, H is incapable by lemma 4. 

Lt h, = Nos define a group G by 

<By++- BrII[P,,B;dl- = hy, By,B, le 2(G) (4>3)> 
~16~- 
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Then Z(G) =((165,65 431 a ee re ee 

and H & Tak 

We also make use of a theorem by P. Hall (5) to determine 

a large class of families: 

Lemma 5 (P. Hall) There is a one to one correspondence 

between partitions m = %m, and families of groups Om) 

with maximal abelian subgrouvs. If G is a stem group of the 

family Nm) with lower central series G =H, > Hy, > ...>H, = E; 
Cc 

then: 

: Ls, : (i) |H5:H, 4 | =p (iw 2,375. t-4) 

(ii) |G| = pute ,+1 : |H.| = p" 

(iii) c = m, + 1 

where (£1525 cat La) 48 the conjugate partition of (m, sMo5+-- a 

Thus the families of groups with maximal abelian subgroups 

and rank < 6 are: 

= ‘A = mo = Ct = OL = 

We) Oy ay Ste, Meee Oe, 4 ee (3) * "ee 

Ct x 0 a (21) ® 109 U4) ° 55° 

Theorem 1 Let E be the regular group % (qate) of maximal 

class, exponent p>n-1 and having a maximal abelian subgroup. 

Then 

(i) If n = 0, the maximal family ©, is of rank 3 and so 

there are no other families. 

oh Tm



(ii) If n = 1, the maximal family ®, is of rank 5 and there 

is one family o, of rank 4. 

(iii) If n> 1, the maximal family is of rank 2n+2 with two 

other families of rank 5 for n = 2 and three other 

families of rank: 6-for nm = 5. 

Proof - Let H = 2,a,, a i where as = [@, a], 

[Gy GJ = 1 (4,5 = 1.2, ... met), [G,,, 9) = 1. 

Then G = <2,0,5 paag Ona Z(G)? 2 corresponds to as 

Put [44 = Oo [a (04) = ey A 142... fet) 

Clearly ieee = 1 for all -j > 2. 
n+1! 

(a) We first show that the Schur Multiplier is generated by 

a and E426. Mace 
n+e n+1. 

i.e. [95,05] € <6,,85, +++ bo4, On = K all 1<1, Jgn+. 

Without loss of generality, we may suppose i<j. 

The proof is by infuctien on i (increasing) and j (decreasing). 

Clearly (age) = 6 EK [oO 5%, 4] c <aao S K 

We assume [a 2%]; [o,,0.], ps €-K- for ali-y < 2 -and-s > 7. 

= | Cy + 

= J Then ee 8. as 

G. 
a “| since {a, , a) © kK < z(G) 

3 i-i, J = 

=48



=] ~ 

= Sy 7 

-1 “1 a7! = £4524 444) tty] jtl by lemma L1 

-1 -1 ~1 
© OE ee a 

=e = “1 since K < Z(G) = (951 ta Saas since K < 

€ K by induction hypothesis. 

Thus [a5 504] € K for all 1<¢i,jgn+1. 

In fact, we note that, when n>e, 

Es = [a,,a-] 

[2%] [A,02] by the above argument 

I 

and [a,,0,] =[a,,a,] [a,,a,]¢ oa SS 1° -< as 

= ey [2,0] [a,,0,] 

Thus K = <a,,£ for n = 2 and <a 456556 45 ice) LOE n> -O, 

(b) We now show that the Schur Multiplier is elementary abelian 

and has order p (for n = 0), po (for n = 1) and p” (for n> 1). 

By lemma L4 (since H has exponent p), 

-19-



P <r Pp 
Oh? a [Od 20] nt? 

ee we [45,6,° 3 = | 

K is clearly abelian and so elementary abelian. 

= [aP I 1 

[a., »o 

Ifn=o0, K=<G,> and so |K| 

Ifn=1, K = <a,,€,>and so |k| = p* 
Iifn=2, K-= <a,5€, > and, since <a,0,, Ac 39% 426 

; 5 
is the split extension of Ca,0., 02,0 ,> x Ey ss Ho) ) 

by an element a, of order p which induces the automorphism 

fa + aa, »Q, 35: then 

C20 4505502, K> has order p° and so |K| = p- 

Similarly, (by induction on n> 2) it may be seen that 

CO, Oy» ae @ ap’ is the split extension of 

<a,a,, noe Gin sbas cee eo? x <t 3? by an element a, 

of order p which induces the automorphism 

=] “1 s 
fa, > Ay 5A, AoE a, a, > a4 6, J (3 < i < n+2) 

where we may assume (by induction) that 

: en 
K,Ga5 cs Oye 6), 25s €54 Dp 18-w Brom of order yp. 

Thus, for n> 2, |K| =p" 

(c) For n = 1, the Schur Multiplier K is <a,,6? and the 

maximal family is On. 

Also, since the autologisms 

a > aa, aoa, 
{ ‘a and 

A> A264 az 5 

permute the proper subgroups of K transitively, there is just 

one family of rank 4. 
~20-



(d) For n = 2, the Schur Multiplier is <a > and the 
a? So 

maximal family is Pz: 

For subgroups N satisfying lemma 1, we must have 

Cy g N (otherwise a. would be in the centre of G). Thus the 

only possibilities are <a, & > CY = 90,15 .ss pat) 

and the autologisms are generated by 

ale 3 oo 
{ ~~ a Gy e ae _ a, 

identity 4, 72 fot 

Thus we have two families of rank 922, when r =o and ®,6 

when r £ o. 

(e) For n = 3, the Schur Multiplier N, is Kt, 66 >: As in 

(d), we must have a. or bn ¢ N for subgroups N satisfying lemma 1. 

Thus the possible subgroups of index p are 

t K€ 16,72 <E5,%5 G> (ry = 1,2, .0. pri) and <a,6,58 6/> 

(s,t = 0,1, .«. p-1). The autologisms of H are generated by 

. fa 784 2 ia { qa —- @, 

-1 = a s 
5 by ’ E> > € 2 4 + (6526 y2%e) = (65> €, 2% 3 

= =? 
{ 4 (i = 1,2,3,4) and 

44. 2 
(E526 49%,) > (65:4 5%5) autologisms 

which reduce to the identity on Ny. Thus we have three 

families of rank 6 : P25 s P26 and O27: 

By lemma 4, we can see that the above theorem gives all 

the families of rank < 5 and all the families of rank 5 and 

maximal class. 
aot.



Theorem 2 Let H be the group By yi), the direct product 

of the group in theorem 1 with a group of order p. 

Then (i) If n = 0, the maximal family ®,, is of rank 6 and 

there is one family 9, of rank 5. 
4, 

(ii) If n= 1, the maximal family is of rank 8 and there 

are six families (9,6 to ®,,) of rank 6 and one family 9, of rank 5. 
7 

(iii) If n> 1, the maximal family is of rank 2n+5, there 

being two families of rank 6 when n = 2. 

Proof - Let H = <a,a,, ak Ce? x <B> where a, Os 

are as in theorem 1 and B? = 1. 

Write G = <a,a,, ge O44 2B 22(G)> Where a,a,,8 correspond to 

a,0,,B respectively (f° 1,2, sce #1), 

Put Gro = (on. tls (e505) = 4, 

[B,, ] nie: Ny iz = 1,25 wee n+1), {B,a] Te 

Then, as in theorem 1, we may show that the Schur Multiplier 

is Co 42s Ens y5 eee Ene? 142 Nos eee Tete? 

However in this case we have(for i> 1) 

[Betj] = aay 

. ([a,0,_,]Pa, 

= [a,a,_,]o, since [0,6], [o,_,.B] € 2 

= 1 

ale



>. 

As in theorem 1, we may show that this is elementary Abelian and 

So Schur Multiplier is Ko 40MM 42 bo9 Eas es Baa 

the above forms a minimal basis. Thus, for m1, the maximal 

family is of rank en+5. 

(i) For n =o, the Schur Multiplier N, is <a5.ne1 of order o, 

Since N, =H, the automorphisms of H are faithfully represented 
1 

as automorphisms of I Thus all subgroups of N, with a given 
: 1 

order and satisfying lemma 1 give rise to the same family. 

Also, we must have at least two of AosNs Ny not in such a 

subgroup in order to satisfy lemma 1, and so the only families 

are the maximal family 9% and one other family e, of rank 4. 
11 

(ii) For n= 1, the Schur Multiplier N, is KOx5 8591914? and so 

the maximal family is of rank 8. 

For subgroups N satisfying lemma 1 we must have either 

a, £N or Eo#N (otherwise a, would be in the centre of G) and 
2 

Similarl:’ 7 or 1,2N. Also, by interchanging the roles of 

a and a, (if necessary), we may suppose that a.€N. Thus we may 

suppose that all the required subgroups of index p are of the 

form 

r s t 
N = CGE 52 AzNs Asn 1? Cy yet, = 6,1, oc. B=, & or ts 5-), 

The autologisms which permute the subgroups of this form include 

a, > et , B — pa, 

and { 

ao%.. 

(€.n,) > (as '€,,nn,) (nun,) > (ag 'n,€on,)



Thus there is only one family of rank 5 and for this family 

we may suppose [o,, 0] = [a,,B] = Ax, [a,,0,] = [aB] = 1. 

For families of rank 6 the above argument becomes quite 

cumbersome and we use another method. 

Let G be a stem group of one of these families. Since 

G is a stem group and of class 3, 

#.(G) 4 2.(G) < BG) <2 <= 6 

  

G Also, since H = a ne ee 

p- Z(H) 28/9 @) ) 

253 = Ft /a¢Q) 
HAP Thus |G: Z,(@)|=-|G : 2(G)| + |[Z,(G) : 2(¢)| 

zx? = |x| = |2() | 
p- = |H =: Z(H)| 

= p- 

Similarly 

\z,(4) : 2(G)| = p* 

Also, since Zo = He > Za we must have 

[Z,(G) : H,(G) |= |H,(G) : 2,(G) | =p. 

Finally, #,(@) < 2,(G) and so |H,(G)| = p or p°. 

fa) if | Hz (G) | =p, we may suppose (as in the above) that 

Hz (G) = <a,> and so Es <a.) 

Pt
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a, ~ ana, 
By the autologism { we may suppose 

-a 
en 

that [A4,%,] ee 

Tf [a,,8] = 1, then <a,,B,4,, Z(G)? is a maximal Abelian 

subgroup of G and soGe€ P.¢- 

If [o,,8] A 1, €H,(G), then [a,,8] = a (b 4 0) and so 

(since Z(G) > Hz (G) ) fa,B] =n ¢ H2(G). Also, by the 

B + Bo o 
autologism {, = nP (where bb =1 (mod p)), we 

may suppose b = 1 giving the family Pig: 

If [o,,B] g H,(G) , we have 1, ¢ H.(G) and so 

Thus ) = ach and, by the autologism 

oA a ac i, ee 
Bp = a, 6 > @ > aay 

{ = 8 we may suppose 

ee 

ia,B) = 1,  @iving P,7 

p° and so H,(G) = 2(G) =<a,,é,. (b) Suppose |H,(G) | 

Since n,n, € Z(G), io 1<¢% ere 

where 7 # 1 or n, ~# 1. 

B > Bo 
By { 3 -c, We may suppose c =o, and, 

(non,) > (naz .n,€5°) 

=25--



— cae as a ee ee ee ee 

by replacing B by a, zd a by annoy and a, by a“a ,™ where 

1 
xZa + ywo + s(xwtyz) d = 0, xw # yz, we may suppose d = o. 

If a =o, then b # o, and by 

bs pi Ge 
2 S we may suppose b = 1 giving ® db e 

(a..n,) > (42° on, . 

If b = o, then a # 0, and by interchanging @ and a, we obtain the 
1 

above result. 

If a,b # o and a = rb (some r # 0), then by 
_—_—_———. — —_ = —_—_ =~ om 

aoe Ee (a, "a, a, rhe 3B o) 2 
2 ~2ab, -2rb -2ab_ -e2rb (Ents) oot 6 ae 

we may suppose 7=1, 1,765 giving P19: 

If a,b # 0 and a = -vr-b (some r 4 0), then by 

se She 
(a,0,,8) = (aa .B°) 

U(az.655n N.) Sat (a2 

o
a
n
,
 

. 

r-b° pb s 
ee rb*) 

we may suppose j = i 1, =, giving ®,,. 

Finally, the most general automorphism of H is 

= a* = = = B*3 

ey ae a Yo 573 

= = og z #0 

as = aF A = x¥1-%,V fo



% , =A\ 
Inducing in N, 01. = i E65 = 

* a ~yA yd 
aia of es oe 

* xz" “%42°.X2 x42 
7 2 tee 

* z° “Vy, 2° _ye 
ee ie Pe ee ee 

By substituting each of the above values for TsN,> we may show 

that it is impossible to obtain the other values, showing that 

the above result yields three distinct families. 

(iii) For n = 2, the Schur Multiplier is 

N, = <O457.1426>> 

and we seek the subgroups N of index p and satisfying lemma 1. 

As in theorem 1, we must take a, ¢ N and so 

N = <a, 7n.04°n a, E> (fo O51), sss P<1t 8 @ 152 5s 

By replacing B ee =e we may suppose r = 0 and so 

N = <nsa,°n 440, 85> The other automorphisms of H are 

generated by {a 2aa,}, (a, > O40}, ip 3 6 a.) 

(i = 1,2,3 3 j = 2,3 - all inducing the identity isomorphism on N) 

and the autologisms 

pe a 2 

. ie 8 ae 2 “ a 
2 3 3 a a ’ (a45€5 n) 9 (a, Eo 7 ), ( 42 & 914) — ( 4 »§5 Ny ) 

~ Be 

tae > (non,°). 

Thus there are two families, corresponding to t =o (® 
24 

and t # o (%,7)- 

=D Jn



In P54 we may suppose [2,56] = a); and in P57 we may suppose 

[o,5B] = [44,05] = O,. Q.E.D. 

By considering the groups of order p* in the light of lemma 4, 

we see that the only other capable groups of that order are i, 

(22) and possibly ®,(22). The first shall be left until later, but 

the other two may be included in the following: 

Theorem 3 Let H = G,,0 |G,P wa Pat, (a, ,a]-a,? > 

where n> o, rl{n, p > he Then the Schur Multiplier is (r) and 

the only family is the maximal one of rank 2n+r. 

Proof - Suppose G = <a,,0,2Z(G)> where Fae = H. 

Writing [a aj=a,., (i=1,2,...) we have 1? 

= 2 a]=05" by lemma L4 
ri ri. 

Similarly a. =[a, ,a]” — a (484 2 a 
i+2 

(Note that [o.,,HQ(G)] = 4) 

Also a, € Z(G) if and only if [a,,4] =4,,, = 1, and so the 

eed —% Schur Multiplier is <a,,,> where t = Fins 

s rt-r+s n-r+s 
Po ws p aoe Now O,7, = a, =a, and so |a,,,| =p. 

Thus the Schur Multiplier is a cyclic group of order p and its 

proper subgroups do not satisfy lemma 1. Finally, G is the 

extension of the group <a,a,> by the automorphism {a = 00.57} 

of order ps and so (by induction) is of rank 2n+r. Q.E.D. 

Theorem 3 yields ®,(n=r=1), &,(n=2,r=1) and ®,, (n=r=2). 
14 
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Theorem 4 Let G be a group of class 2 with |Z(G)| = p and |G:Z(G) |>p*. 

Then G is the central product of several copies of ©,(111) together 

with at most one copy of ®,(21). 

Proof - Since G is a stem group of class 2, Z(G) u H,(G). 

£(€) sn 
be an element of G-X of least order and Y = #(n). Since 

[€.n]#1, we may write <y>=<[€,n]>=H,(G)=2(G). 

If € ¢X, then [€,€] = y* for some a # o and so 

Let € be an element of G - Z(G) of least order, X 4 

[é,n7*C] = [€,n]7* [€,6] = 1. 

ie. ten x. 

Also [€,nP] = [&,n]? 

Thus G=X+nX +... nP7'x, and so |G:x| = 

1 and so n® om It 

Similarly, }Gs¥] =p. 

Since X,Y are maximal subgroups, XY =G 

and XNY = G, is of index po 

ofS = Writing P = <é,1> we have 
en: ¢€ PNG, if and only if 

s a c=é yy" and [é,6]=[n,6]=1 

i.e. [€,n¥]=[n,€*]=1 

NY and so ply, p|x 

2 Thus |P:P G,| =p” = |G:G,| 

and so G = G,P (since G,.P < G). 

5 Se



in fact, if €-<« PF fi G, then € = é PX) Py and so, for all 

OE G, 

[C,0] = [€,0]P*[n,wyP¥ = 1 

6 €=.2 1G). 

Conversely Z(G) is clearly a subgroup of PN G, and so 

Pa G, = Z(G) = Z. 

Thus, since ¢(G,) = Pp, 

Z(G,) = PN G, = Z = Z(P) 

i.e. Ge= Pf x, G, 

Since P is (21) or ®,(111) and G, is a group satisfying the 

conditions of the theorem and has order less than G, we may 

prove by induction on the order of G that 

G=a x B 

where A” means the central product of r copies of ®,(21) and B® 

means the central product of s copies of ©,(111). 

It remains to show that r may be taken as nought or one. 

ow Ax, A# <a,p!, y",/a? =p! =5Pa1, y! eaP=[a,8"Je[y?, 5) 
By pr aaiee B' by B =B'8™ = -y by Y =a “1,3 

we have Ax, A® <a,B,y,6|aP “pPayPa8Pa1, [a,B]e[, 5 ]=0P> 

= A x, B. Thus we may suppose r =o or 1. 

Clearly Ax, B #B x, B (2nd has no elements of order p*) 

Thus A x Be # Bot! and so there are two possibilities: 

G~Ax, BY and G~ BM! Q.E.D. 

Corollary There is just one family Sn corresponding to each 

n in the above proof, and its rank is 2n+1. 

(This follows since A x bee, B). 
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The families of rank < 6 is defined in this way are pi = 0, 

For families of rank 6 and class 2, those with |G:Z(G) |< p” 

have been determined and those with |G:2Z(G)| = p° have stem 

groups with |Z(G,)| = p and so, by the above theorem, do not 

exist. The case in which Taig) is of type (22) is given in 

theorem 3, and so the only remaining families are those with 

central factor groups of type GA), 

Theorem 5 There are three families P,53 Q12 and G15 of 

rank 6 with la of type (1%). 

Proof - Let G be a stem group of such a family and write 

= 61.85) ¢ = <a,,05,¢,,0,,H,(G)> 
Since G is of class 2 and is a stem group, Z(G) = H,(G). ol 

Thus <B> is a group of order p , class 2 and having central 

factor group of type ) for alr e = H,(G) . 

G /<B> € ®, or 2. 

Also, by choice of a's and B's, we may suppose [A 4,05] =B 

[a2] = B, for some (r,s) # (1,2) 

G G 

bey Supoees o>, eS < e. 

Since 10 € P55 we have [a ,,%,] =P yo gee ) € BY (i, 5) Alis2) 

Since hee eS € ®,5 we have [a,. 9% EB os [45% 5] € <B> (isd) A(x, 8) 

Thus [a, Jo] =B 5105 a): =B., [o,, 72 te) otherwise. 

If r or s = 1 (say r = 1) then Os € Z(G) where j # 1,2, r which 

is impossible and so r,s #£ 1. 

5 i



Similarly, r,s # 2, and so without loss of generality, we may 

suppose [A ,50,]=B,; [a2,0,]=B., a =1 otherwise (,,). 

G G = (b) Suppose ‘<8 .B."> Se '6,> . (=, Go. 

As before ,[@,,0,]=B ,, [05,05] EB otherwise. 

Since 18.5 Eo, [2% 1=B 5, [A,»0]=B."( some (m,n) # (r,s)) 

and [ee i 1 otherwise. 

If m=r, by replacing a by = a we may suppose 

[a2 J=1 and so 6.5 E ®,. (Contradiction) 

Thus m # r and similarly n#¥ s. 

Since [a,,a,,] € <B>? (mn) 158) F012); 

55). te 

(mt = £9445, (55) 

And so, by rearranging the @'s we may suppose [A455] = Bs [%,,%2]= 

The only other possibilities are (m,n) (2,4) and I! IK 
II (2 

b 
= Bo; [A5,%,]=B, (b # o) = 

By replacing ap by Oy >» we may suppose 

[O, 295158 ,,[0,,%2]=[A5,%,] Bos rest = 1 (®, 2) 

G (c) Suppose / eps €e@, all Be Z(G). 

As before we may suppose that 

b 
[4,,%,]=[4,,0,]=B,, [a,,02]=B., [A,%,)=B, (b # oO) 

In replacing a, by a,” we must replace a, by a" and so 

bx [F52%4 1] will be replaced by B. 

v 
Thus we may assume [A520,] =B 5 or B, ; 

we -—30=



Se ene Come oe ra ae 4 ae Tf [A5.%, ]=B.,, by replacing a, by Wye es by wan + ee by 

0, and @, by Te, we may suppose 

2 fae 
[A425] =B , »[A2,0,]=B, Bo srest = 1. 

se of Les PS 8, ee 

2,05 O52 
135 

Thus there is only one new family © with 
15 

[og oGo]= [0550 4]5B ys [04343 ]=B os [45,0418 -Q.B.D. 

In order to consider the families of rank 6 and class 3, we 

consider the possibilities for ee in chapter 4 which are in 

5 
p O,. 

Lemma 6 Let H be in po, and of the form 

Then there are no groups G with |G| = p° and ee = i. 

Proof - Let G = C504 555 Z(G)> where aZ(G) ,a,2(G) ,a,Z(G) 
1 2 

correspond respectively to a,qa a5 above. 1? 

Then [a,,0,]=6 € AAG) 5105s JEB aM where B, € GP, n, € Z(G) 
2 

PY é Z(G), 1 = [a., 50 PB Since a > ] 
2 

ie, 70a 

85)" = [a,P, a]? =[aP,a]P=1 ~s«(1) 

II 

Similarly [o, 

anus, for: i = 1 oF 2)(B et l=1e, 2: (2) 

-*‘2 
=(a,,0]?[2,a,,a,] 

=[a,,a7? (p>2)...(2) 
(since [a,,a]= B. € Z(G) and so (B, 0, J” =1) 

eS



Also, since a? € Z(G), 1 =[a, 0°] 

(a, ,0}? [a ,a.,a} (2) 

fa. 0}? (8 , a2) 
= [a,,a] by (1) 

[a,?,a] by (2) 
But a? ~ Z(G) and so we must have [a,?,a,] £1 

i.e. @P £14, 

Since € € Z(G), |Z(G)|>p and so IG|>p°. 

Corollary None of the groups of po, (with the possible exception 

of (1°), ®,(221)a and ®,(221)b) is the central factor group 

of a group of order a 

Lemma 7 If G is metabelian and a,B,y €G with [a,y]€Z(G), then 

[a, B,; Yl=[y, B,a] 

Proof - Writing 5 = [y,B], we have 

[y,B,a] Ly Po] 

= [ya ty? a] 

= [%0]"'[B" '9p,0} since [y,] € 2(¢) 
‘ ta, V1} (8° 1.01% y,01 P10, 01 

II 

aa [8,0][87 ',a]% Since G is metabelian 

= [a,8]7'[o,p)% 

= [28,7] 

=2 [a,B,]°[a,8, 6] 

= [4,B,y] since G is metabelian and 5€H,(G). 
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Corollary ‘The group @,(221)a is incapable. 

Proof - Suppose G = <a,8,y, Z(G)> where 

a BP 5 fa. vista. pie 16 ye €Z(G) 

Then[a,6, yj=[a”, y]=[a, y]?=[a, yP]=1 
and [y,B,a]=[B »,a]=1 by above lemma. 

Also [6?, yJ=[8, y1P=[B, y°]=1 and so BP €Z(G), contradicting 

the definition of ety 

We are now in a position to obtain the families of rank 6 and 

class 3, which are given by the following two theorems: 

Theorem 6 Let G be a group of order p° and class 3 with |Z(G)|=p 

and Z(G) abelian. Then G is a stem group of one of the families 

Pak: “sar "52 Sage 
Proof - G is clearly a stem group since |G| is the least possible 

for any given Te 

Writing W = & (Zo) s and noting that G is of class 3, we have 

G> W> 2.(0) > H,(G) S 2G H(G) 

Putting |G:w| = p”, |W:Z,| = p”, |H5:2| = p", we have p® = [G| = 

ap OEE! s>r>o, t>o 

i.€. 254+t = 5. 

[Lemma If H is a normal subgroup of G, H<Z5(G) ; then 

|G:2(H)| = |H:Z(G) | 

Proof - Let Z(G) = <y|yP=1> and suppose a € & -4(H),B € H-Z(G) 

Since H < Z(G) , [a,8] € Z(G) and since a ¢ <(H),[a,BI1A¢ 1. 

The relation [a,B] =y thus defines a one to one correspondence 

G H between /2( 4) and “/z(@) .] 
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If r = 1, take U = £(H,) and so |G:U| = |H:2 | =p 

i.e. U is maximal. 

Also (as U< £(U')) U'< Z and so Ste has a maximal abelian 

subgroup. 

Thus, since H,("/,) is of type (1), 9/, € %, and 

| }q:2| “lal 2 = pe 

i.e. S +t = 2 and so |G] < p>. 

Thus we must take r = 2, and so Ss = 2 
H 

Hence H, = Z, and fs is of type (11) 

G G 5 G Now H, (“/,) is (11) and |"/,| < p” therefore / € ®, and so 

S/, is of type (111). 
2 

i.e. se has a@ maximal abelian subgroup and so G has a maximal 

subgroup A with H,(A)<Z. 

wA : 4 If A is abelian, then H,(G)= /7(G) and so |H,(G)| = |A:2(G)| =p 

‘s p° and so A is non-abelian. 
S+ 

But [Ho 3 |Z.| =p 

Thus A is a group of order p> and class 2, H,(A)=Z 

i.e. AE ®,, or Pn. 

Case 1 

A is a stem group of ?. 

If G> A> W, then (since |W:Z,| = p) A contains a maximal 

abelian subgroup W and so A€ ®,. 

Thus WN A < W and since A> Zo WOA = Zs 

oni



aie 
< 

| 
| Z 

| E 

a, 

Also, since A is maximal, W A= @. 

Since AE 6,., Z(A) = H(A) = Z and 5? 

A A ; 4 G [5 es /7(a) is of type (1°). Thue /z 

has a subgroup of type fq=y, By considering 

the list on pagei°1 , we see that "Js is 

o4") Choose y € Z, B,,B, © 25-4, 2 

a@€ W-Z, and O , 0 € A-Z 
2 2 2 

Then a,?, ma a Aa € Z(G) 

By considering @,(1°) we may suppose B, = [a,,a] and, since W is 

abelian, [B4»B5] =[0,8, j= 1 (i=1,2) 

By the structure of A, [o j5%51, [05,6 ] € Z(G) (i,j=1,2) and, as 

in the calculations for O-, we may suppose 

[2,50 5]=[0,,B5]=[%5.8,]=15 [a8 12%) [a,B1ey" ( ao) 

The autologisms are of the form 

—t =X X4= XOn XSe~ x4 a. oe a5, 

34 2 * 
ince[a, »Bo i sa 4, ¥424 tAVn%> = 0 

— Vi= Vou Yor Ya 
Gy Sa Fy Ps 

= 

| | #0 

=o - 2 
Zoe Z4 

t "2 
ag XVig xy 
Pe Peo 

a XZ1q@ XZo 5 e. 
gg 
+ay,) 

2 2 
(y," + a> #0) 
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* 
a 

% * * e 2 e 2 
From [2 2B, J=y  , we get a, + 8, = (y, +aY 5 )a* 

az = Ca% 
and so 25 a 

a2 Yoraa* 

Both of these give us the standard forms a = 1 or v |° 

Finally, G is the extension of the group A by the automorphism 

fa, >a,B,} (i=1,2) of order p and so is of order Ss , and the above 

two possibilities for [GP 3] yield the two families ?., and P25 

of rank 6. 

Case 2 

A€ ®, and so A> W (For if A¥W, AN W = Z, and since 
2 

W = £(Z,) all subgroups of A which contain Z, would not commute 

with Z, and so A€ ®.). 

Since “ay is (11), we may choose B,sB,€ Z5-Z with 
Z 

[BysBol=1, B,?.B,” € Z.. 
Take 4, € W- Z, and so [a,,8,) =1 (i=1,2). 

Also take a, € A-W, a € G-A, 

Without loss of generality we may suppose 

By i 

Since W = 4 ql Zo) [0B 4] or [a,B,] #1 and [a,,B8,] or [, 55] £1, 

and by structure of A,[,5B,] or [2,85] 4, 

= [a,,a] (since Cases g Zi) « 

Suppose [o,,8,] =y (41). Then [2,58 ,J= 1 (j4i) and so (since 

B g Z) [4,8 J=¥" (s #0) and by choice of a we may suppose 

Ss = ae 

  

Ve Easterfield uses the standard forms a =-1 and -vV 
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Also, suppose [2,B,] = 4" 

By the autologism {a, ~ aa, B, > BiB") 

we may suppose [o,B,] maT, 

Finally, by the autologism {a, © Go, B, « Bp} (if necessary) 

we may suppose [@,,8,J=[2,6,J=7, [2,,8,)J=[9,8,)=1. 

Taking a as o,(1°) we see that G is the extension of the group 

A= <4 49% 52B 4 5B Y? by the automorphism B, -£6.,y of order p and 

so is a group of order p°; and taking fe as ®,(221)b, we see 

that G is the extension of the group 

<a,a.,|aP =a? =1, [a,,a]=a"> by an automorphism {a — aot , P} 

of order p and so is a group of order ae 

Thus case 2 yields two families ® and P24 Q.E.D. 
33 

Theorem 7 Let G be a p- group of class 3 with |Z(G)| =p. Then 

G is the central product of copies (possibly none) of groups L 

of class 2 with |Z(L)| = p together with a group defined in the 

last theorem. 

Proof - As before, take W=€,(Z,), 2,(G) = <y. 

Then the relationship [€,n]=y sets up a one-one correspondence 

between the subgroups “i of “2) and the factor groups of a 
1 “4 

with a subgroup L corresponding to its centralizer , such that 

L 
/7 

Choose L so that =/e is the complement of 

I fo (see theorem 6). 
Z 

WZ . 2 s in ly 

(i.e. L(WZ,,) =Z,, IW = Z) and 

SC



take L* =f (L) 

a5 2 4 Then / 1% = 2/iN Zp = /L*1Z, and so 

%* G= LZ,. 

Also Z(L) = LAL” = WL 

  

and similarly Z(L) = Z. 
* 

Thus G = LL*, INL = Z=Z(L)=Z(L*) ices G=L x. L*. 

Also, L is clearly of class 2 or L = Z(L) Zand in the latter 

case L < . and so G = to 

Finally, L is of class 3, for (since G = LL*[L,L ] = E) 
* * Zo = LZ,(L’) and InZ,(L") = INL” =2Z 

‘ % * 
i.e. Z, (L") = WZ, #L 

Thus 3 < class L*¢_  elass G = 3. Q.E.D. 

For groups of order po"; the case where L = Z is done in 

theorem 6, while for L # Z, we must have |L”| > p’, |L|> p> and 
* 1 JE] |Z"| = |e] [2Z,| =p’. 

Thus, |L| =p”, |L"| = p* and so L€ ,, L*€®, and, since all 
such groups are isoclinic, we have just one family P50. 

~40—



3. Families of rank 6 and class 4 or 5 
  

The families of such groups with |G:Z(G) |< p* have been done. 

To obtain those with |G:Z(G)| = p, we consider the suitable 

groups on page i191. 

Theorem 8 Let H be the group defined by (r/o) 

GB, 71a? =BP =5P=1, [3,B1=9, 3, VS", (6, BPS 

Then H is capable if and only if r +s =o (mod p) and in this case 

there is just one family Pro with r= 1, t =o and this 

family has only one stem group. 

Proof - Suppose H is capable and let 

G = <a,B, ¥2 2( 4) |°/5¢ gy = H> be a stem group where 

aZ(G),BZ2(G),yZ(G) correspond to a,B,y above. 
2 2 

Write aP = €, BP =n, yPsC, [a,B]=y, [a, ylea7Pr 
and [B,y] = B®Pa*Po. 

e By 
Then, since aP , BP jyPe z(G) ana [a*P, yl=[a, ¥] E 

2 2 

i [aP >¥i-= [a,-y]P 

Bp p 
1 acsBisia. yiBrat® les, queer’) 

Hence [a,-y]? = | 

i 

Similarly [6,7]? = 1. 
2 2 pe 

Also 1 = [oP ,8] = [a,BJ° [y,a]‘*) 
c 

= [a, By” = cP 

Now [a,8°] = [a,B]? [yp] (2) 
= [a ,B 1” 

and so (since BP ¢ 2(G)) t #1 

a



But [a*P,p} = a7tP  (g¥PyP 

= a7 <P,71 fa, -y]P 

= q "P=! [aP, Py 

= gq *P_71 [ay, yB7 Pj] since atP ¢ 4 <a,B?, > 

= atP,~1 [a,B7°P)[a, y] 

[a, 67 °P 

= [a °P,B] 
therefore [a,p)(rt+8)P = 1 and so r + s = o (mod p) 

Since G is a stem group Z(G) < H,(G) 

and so Z(G) < <[a®,8],[o,BP], [a®, v1, (BP, y}> 

= <0 where ees 4 

Hence |G{ = |G:2(G)| x |z(G) | 

i.e. the maximal family is of rank 6. 

Also since tT, © € Z(G), put Tt = ee De C%* 

By. {a+ a yy » B - B ¥"%) we may suppose 

t= 0-2-4, 

Also, by considering the canonical forms given on pagel91 , we 

May Suppose r= 1, t =o. 

Thus the only — ates of this family (®,5) is 

G = <a,B, ylaP =BP =yP <1, [a,B]=y, [, y]=0°, [8, y]=87Py 
Conversely, G is the extension of the group 

®,(221)c = <a, B®, | [a, BP J=y", [a, y]=aP, [BP, y]=1> by the 
automorphism @ ;: (a, y) + (ay, yB-”) and, since 
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eP(a) = ayP=p-PopP, eP(y) = yep PyeP, then G is a group of order ae 

Thus for r + s = o (mod p), H is capable. 

Corollary The groups ©,(221)a, ©,.(221)a, ® 221)b, (k# +1) g( 

and ®,(221)e, are incapable. 

Theorem 9 -. Let He. ae the group of ®, defined by 
5 2 

= <SE vier 5 ee 1, [2,B]=7, [4, Y]=B°?, [B, y= 

Then Ho. is capable for all values of r and if r # o the maximal 

family is of rank 7 and there are two families of rank 6. 

Proof - Let G = <a,8,7,Z(G)> be a stem group with Vata = H and 

let aZ(G), BZ(G), yZ(G) correspond to @,6,y above. 

Put [a,8)J=7, (a, y]=87%, [6, yl=€, gP =n, Pst. 
Then since aP, BP” ,yP € Z(G), we have 

1 = [B,y] = [6,y]> = [BP,y] = eP. 
1 = [a,Ple[a,y1P (XP, y)(2)= [a,y]? =ia?, ¥] 

[o,B?] = [a,p)” ty) 2 ). C and so ¢P =14 

Similarly, La? »pl = & 

Since G is a stem group, Z(G) < H,(G) and so 

Z(G) < <fo¥,8], [a,8P], [o?,y], [B,D 
= <é, €> 

Thus Z(G) is a group of order < po and exponent p, with 

® n € <€,6> 

But 1 = [a,y]P = n* wP = vf (since m € Z(G)) and so n= 1. 

Now the Schur Multiplier has order po for the group 

G = <a, Bs bs OP is the extension of the group 

x; 6,6|/6” =P “2ePe 1, [B, yleé, C=y", [8, €]=iv, €J=> 
ah Bu



by the automorphism {8 + By !, Y > ¥B7TPy- or order po and so 

G is of order p'. 

For families of rank 6, we require subgroups N of <é,¢> 

satisfying lemma 1 with |N| = p 

Thus N= <€€% since € ¢ N. 

The autologisms of these “amilies are generated by: 

> aB (B,¥) > (BY, 98°?) 
te > —€w , 1 en Ew 

and autologisms raising elements to some power. Thus the cases 

S =o and s 4 o give rise to two different families with ce 4 

and €=€ respectively. In both cases we my suppose ® = 1. Q.E.D, 

In the case where € = 1, we have the families Po. and O56 

defined by: 

Spe r Gs Ko,042Z|[0,,0]=0, .,,[a,,0,]=1 (1,5=1,2,3) ,a,=a, P a Faa Pel, 

2 

BPG ee (ret 9) 

In the case where € = €, we again have two families (%,, and 

P59) with the same defining relations except that [o,,%,]= ay 

instead of 1. The values of 1 and vfor r are obtained from the 

list pe, on page A4. 

As ® - 1 was considered in theorem 1, we consider now ® 3\ 

Theorem 10. Let H be the group ®,(221) 4, defined by 
2 2 Sed tacos ee Somes sigh coed ae Sl ety cep eg A aces aati 

H = GG] [F,,0%]-B,0,P=[5,0,],0,P-[a,,B] ,a,P =a, BP.) 

6. 

Then H is capable and the maximal family Caz is of rank 6 and has 

just one stem group (for p > 3). 
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Proof - Let G <a,,0,,,2(G)> be a stem group with fata) = H 

and let As, in G correspond to a, 2, in: a, 

p* Pp Pp 
Put [o,,%,]=B,a, =n, (i=1,2), B =€ ,[B,4,]=2, oO and 

We Pp ; [0,58] = 15°. = 

Then, since a,?, BPe Z(G) (i=1,2), we have t=[a,P 2t,J=[a,P,a,]” 

p p 
and st [a, ,a,P] es [o, 5]?[8,05]2) [a Pray (3) 

1 
¢(a,Pw,)2(P-1)P Toe pS 

2 ~ 

Also [B,a,”] [B,a,]?[a,P,0,,J@P(P 1) 

= (2,Po,)? 51 1 é 

Thus 1 = [B,a,? ] = [6p0,")? = {o,Be_)? 

and 14 = [o, BP)" = [a,,61 > [aP,p]2¥P(P-1) 

= (a,Fw,)* 

Similarly, by considering [2.,,B?] ,we get (a, Fw, )P = 1(i=1,2) and 

SO [a, ,aP] = € and 

2 

1 = [a,,a,P ] = [a.,a> ]* = cP 

Since G is a stem group, Z(G) < H,(G) 

i.e. 20) < <(o,759,),15,95 > 

= <O> 

Hence |G| = p® and so the maximal family is of rank 6. 
ts : Alsow, € Z(G) and sow, = €°i (i=1,2). 

Replacing @. by a pei we may suppose ®. = 1 (i=1,2) 
i Zz x 2 2 2 

v So G = <a,,a,| [,,¢5]=8,0,=[8,a,],a.Pe[a,,8],a,P sa,P -pP =1> 
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Finally, G is the extension of the group 

v K = <a,,0,",6| [a,,8] = 4,°, [0.”,B]=1,[0,,0,°]-8" 

by the automorphism 6: (a, a,” ,B) — (a,8,a,?, BaP). 

Since eP(€) =a Peat for all € € K, G must be a group of order or: 

Theorem 11. Let Ho be the group defined by: 

2 2 

<a,B, ya? -BP =P =1, (3, B=, (a, V1", [B, VY] B™> 

where r # 0. Then H, is incapable for all r. 

Proof - Suppose Ho. is capable and let 
G 

‘ot oe ~ 
G. = <a,B,¥,2(G,)> be a stem group where /2(G.,) * . 

and ®Z,BZ,YZ correspond to a,B,¥ 

Put oP ¢,pP = ney =, [o,B]=y [o, v]= BFo 

and [B,y]= a" PpPr. 

Then [8?,-y] = ([8,yJ"=[B,y'] =1. 

Also 1 = [a,y,B] 

={a,yl ' -(s.77" 

= [y.0} [ayy “PB” P 

= [¥0] [a,ya7*Pp-P} since y € £(y,0°,8) 

= [y.0} [2.9673 
= [y,0][a, y][a,B 7?) 

_ [a, p-Py 

Thus [a,68P] = 1 and so BP € Z(G), which contradicts the 

definition of Gh. 

Thus H,, is incapable for all r. 
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Theorem 12. The group o,(1°) is capable. Its maximal family is 

of rank 8 and there are two families (5 and ®,,) of rank 6. 

Proof - Let G = <a,8,y,5,e Z(G)|a’,pP, yP,5P eP « Z(G), 

[o,B]=y, [a,y]=6,[B,y]=e, rest € Z(G)> be a stem group. 

Then "Teta © o,(1°) and 

Z(G) = <6,€,2(G)>, Hp(G) = <y,8,e, 2(4)> 
Therefore [y,5]=[y, ¢]=[6, €]=1 

Also ([8,6]=67° 6 

[ya] 6 
[yve7',ay]6 

Le" |, y][ve7!,a]% 

[e" |, ylfv,a]fe7',a]8 

Il 
II 

= 6°! fa,e]6 

So [a,e€] 

Put E = [a,5],7 =[B,5]=[B, 5]=[a, e], €=(B,¢€]. 

Then, since 5Pe Z(G), 1 = [a,6P] 

= [a, 6] 

= ¢? 

and similarly, 7” = ¢P = 4, 

Also, putting K = <B,+7,5,¢,€,7,0> we see that K is the group 

@6(1') = ,.(1°) x <@> and G is the extension of K by the 
automorphism (B,y,5,€) —- (By7', y67',5€7',en71) of order p. 

Thus the Schur Multiplier N, is of type (111) and so the 

maximal family is of rank 8. 

For families of rank 6, we want N< Ny s Nt = te 

and 2(9/,) = "9) 7, 
oe



Thus, if) €.N, € and €-€ NK. 

i.e. N= <én7,En® or <n,€,6 (t #0). 
The autologisms of H are generated by 

aes “a ibe") _ + (06 ,Be) 

oOo —- a7! all mw € N,° (€,7) =e (én °C, nC) 

automorphisms inducing the identity map on N, and autologisms 

raising elements to some power. Writing (6,8) and (@,p) for the 

above autologisms and taking x,y so that 

2(1-s)x = s (mod p) 

(2s-1)y = rs (mod p), 

we have <é,¢> a <én=*, &> 
_ ox 
es <é, in ? 

ee 
and so the first possibility for N gives one family ea 

In the second case, if -t = x°, by replacing @ by @* we 

replace ec by 1 showing that |N| = p, which contradicts 

the definition of N. If -t is a quadratic non-residue the same 

autologism gives the standard form [a,6]=n, [B,e]=n° defining 

Py4e 

Theorem 13. The group ®,(1°) is capable. The maximal family 

is of rank 9 and there is one family 6 of rank 6. 
30 

Proof - Let G = <a,B8,y,5,€,Z(G)> be a stem group where 

[2,B)=7, (2, yJ=[B,5]=e (mod Z), aP=pP=...=eP=1 (moa Z) 

and all other commutators are in Z(G). 
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Then Z..(G) = <y,5,€,Z(G)>; H(G) = <€,H,(G)> and so 

(since [Z,(G), H, (G) ] = E)[y,e]=[65,e]=1. 

Also, by lemma 7, [y,5]=[0,8,5] ~~. 

=f6,6,01= [6 ', a1. 

and [e~',B] =[7,2,B ] 

=[(B,a,y] = 1. 

Put [,y]=e,[B,5]=e.m, [a,6]=€, [a, €j=[y,5]=n 

and c=([6, y]. 

Taking G = <0,6,+7,5,€,&,1,£,0> and 

K = <a,8,7,€,€,7,6,M>, we see that K is the group 

® (1°) =, (1°) x<€,0> of order p° and G is the extension 

of K by the automorphism (a,B,y) — (a€,Bew, yn) of order p. 

As before €P=nP=tP=wP=iand so the Schur Multiplier N, is (14) 

Hence the maximal family is of rank 9. 

For families of rank 6, we want N<N,, |N| = p> and 

ay) = : /y and so 7n ¢ N. 

Thus N= <ént, en San > and by repeated applications of the 

autologisms: 

a ae Es { So: f= £4, Sas, \ 

ae ae - 
9: € >» En 5» YWorayn ee ee 

we may see that there is just one family P26 of rank 6 with 

[B, 5)]=e, [a,5]=[B,y]=1. Q.H.D. 

For groups of class 5, we must have Ze € ®, or P46 and the 

capable group of ®, was considered in theorem 1. 

Theorem 14. The group et) is capable. The maximal family is 

of rank 8 and there are two families Pog P24 of rank 6. 

a



Proof - Let G = <a,a,> be a stem group, where [a, a}ea, (i=t,...4), 

[a,,a,]=a, (mod Z) and all p'th powers and other 

commutators are central. 

Putting [a,,4,]=n, [a,,a,J=€ we see, as in theorem 1, that the Schur 

Multiplier N, is <a.,€,n> of type (111) and so the maximal family 

is of rank 8. 

Also, since [H,(G), H;(G)] < Hy 4566) we have [a,,a,]=[9,,0,]= 1, 

=4 ee ty 116 ot Sa I-14, SI (by lemma 7) and 

[a ,,a,] =a," 1 O2 

a = Toe la, ol 

- 1 - 1 
= [a0.,, 9 0 9 ja 

-4 
> ee 

5 

-1 -1 = [aa | [aa 2A,,]0., 
4, a 

= [a,,a]}[a,a,Ja, 

= So 

ies Le G Z(G) For families of rank 6, we want N<N,, |N| = p~ and Z( /y)= /x 

and so a, €é Noré ¢ N. 

i.e. N =<a.6",n&"> or <é,na.">. By repeated applications of the 

autologisms 

E > aa, oe > (a,0,,4,0,) "1 30,0... (i=1,2,3) 
= 2 = 

57 46 "Lg = ne > TQ 77456 

we see that each of the above two cases yields one family and these 

families are distinct as the first is not metabelian whilst the 

second is. Thus there are two families of rank 6 with central factor 

groups isomorphic to tt) and we may take 

[O 5A ,J=a,, [a,,a]=a,, [a,,0,]=[A5,02]=1 in ®,, and 

[A 42A,]=a,, [a,,%,]=€, [a,,a]=[a,,a2]=1 in P25 
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4, Special Results for p = 
  

Many of the results for p > 3 carry over to the case when 

p= 3. For example, all the calculations for groups of class 

1 or 2 are exactly the same. Also the calculations for families 

of class 3 will be the same as they only depend on the capable 

groups of class 2. 

As lemmas 1 to 7 of chapter 1 do not depend on the 

value of p, we may use them again here. 

Corresponding to Theorem 1, we have 

Theorem 1 Let H be the group Hn) pyar 
35 3 = en H= <@,a ,|[4,,o]=0, .).0, Ot Os o7[0550 5]=1 (1=1,2,...n3 J=1,2,...n+1)> 

) defined by 

Then H is capable and the maximal family is of rank n+4 with two 

families of rank n+3 

Sy ay Proof Let G = Ka,a,,Z|[o,,a]=a, ,.0,°0 int*ise, [a 5,0,]€Z> 

(a) As in the case for regular groups, we can show that the 

Schur Multiplier is 

KO, osbosbss-+-6,> where €, = [a,,0,] o,,5> [o,,,,a]and [a,,0,]=6.. 

However, when p = 3, we can extend this. 

(b) The Schur Multiplier is <A for n=0, and <a, 526 y 

(elementary abelian) for n> 1. 

This is proved by induction. 

Sa ant 1 = [o,,0,°,"a,] = &,°6, and so 6, € <2, 

te



Suppose €.,... C. € Ke, 

3 3 3 3 
Then 1 = [a 4,0" 0, S44) by 1ey ore 

3 Hence €., € <i l < <é.> and so 

er & pe all 2<r< nt 
58 5 By 

But 1 = [a, a, O25] = Eo Ez 

a tts 

Hence 64 = { (i>2) and t.” = 1. 

Also G is the extension of <a,a,,...0,,)€yY 

by an element of order 3 which induces the automorphism 

es 7 4,65) where we may assume (by induction) that 

n+2 <a,a,, 21D is a group of order 3°”. 

{a + aa 

Thus the Schur Multiplier is of order 9. 

For n= 1, the maximal family is Ags and for n = 2, the 

maximal family is Ans: 

(c) For other families, we want subgroups N of the Schur 

Multiplier satisfying lemma 1 with |N| = 3. 

Since [a,,a EN. ntid = 1s [0,,,00] * G15 Gio 
- 2 Thus N = Eps» <E0, or <¢, A: 

The automorphisms of H induce the identity in the Schur Multiplier 

or consist in raising elements to some power. 

Thus there are two families with bE = 1 or ayo" 

For n= 1, there is just one family Az; for n = 2, the two 

families are Ag and A493 and for n = 3 they are 425 and Azg: 

ee



In theorem 2, cases (i) and (ii) still apply for p = 3. 

Corresponding to (iii) we have 

Theorem 2. The group Aa) given by 

H= €,8,,0,,0,|[G,,G]20,,,,0°s0,°a,20,°= 1> x <B> 

is capable. Its maximal family is of rank 9 and it has two families 

of rank 6. 

Proof The calculations are the same as in the case p > 5. 

£ and Anz: The families of rank 6 are As 

Theorems 3 to 7 remain true for p = 3, provided we only 

consider groups of order 3” ( n¢6). For convenience we will include 

the special result for theorem 8 with that for theorem 10. Using 

the list of groups on page191, we have (corresponding to theorems 

9-14) 

Theorem 9 Let Ho. be the group of A, defined by 

H, = <G,@,|(@,,a]=a,, [G,,a]=0,.54 get.” , 02d, 2°. 1 

Then H, is capable for r #0, the maximal family is of rank 7 and 

and there are two families of rank 6. 

Proof Let G KO, 450.5502, Z| [4,,0]=0,,,.0,°0,~*,0%,0 9 ane z(G)> 3 ae 

ann a. = [a,,¢] E  [a,,;0,|, 2 Sa, =a,%w 
4, Ne peed Be ie ae ee a 

As in the case for p > 3, we may show that 

Pi ee 3 r = ee % : 
€ = O,°=0,°=1,0,°a,=0,° (replacing ¢,~ by @,~a, in that theorem) 

and [o,,0,] = [o,,a,] = 1. 
Also as in the case for p > 3, Schur Multiplier = <O 4 26>+ 

lh Fue



For families of rank 6, we want subgroups of order 3 satisfying 

lemma 1, viz. <éa,© », <éa,> and <é>. 

The autologisms are generated by 

— = = os —2 = — 2 
{° > a0, a, ate . >a f >a, 

2 2 2 séwrw »@w °Ue,a,) > (é se 47%, 

So we have two families for each r, with [O45] = 1 or ay 

and we may suppose ® = 1. 

Ris er eri 9 
In each case a,“a, =a," and a“€ <a>. 

The families are A and A 25? Sag 4og 29° 

Theorem 10 Let H, be the group defined by 
wel ee =i So a 

Ho = CB 5G, [a,,0,] =p, [B, a, 1=B, (1=1,2) ys 5,058, > 

Then H,, is capable for r # 0 and the maximal families A 42° 4 
are of rank 6 with just one stem group. 

Proof Let G = Ca,,05,2|[0,,d5]=B, [8,0,]#8,,8,0;°.0,8. '", 

p°,B,€2 

and [5,85] = €,,- Then Z(G) = {655314 »J = 1,2. 
<2) 

Now Ba, €Z(G) and so [2,,B,5] o 4. 

By the same calculations as in Theorem 12, 

[25,8,] fa [2,585] = 1. 

Also, putting a,” a Bons ce = A, t we have 

Eno = [¢,B50] = [o,4,°) 

= [a,a,]° Cary ly fea 3o 1] 

-35 ; 5 
B O44 since B, = | 

—54~



ri Pe ae 3 a 
and E44 = [a 5A, B, = [A 45%, Jla,,B, ] 

S ~ ; S 
= B E50 oe since B = 1. 

= 4 using the above result. 

5 ate Thus E44 = 1 and E50 oS ee 

As in the case for p > 3, the group C25 4555858 4s Bos &> has order 

v° in each case. Thus the only stem groups are 

<4,.%561 (0,,0,156, (6,0, ]=0,°° '*") ,[e,0le0, 7.0, 2 B= 

As in theorem 9‘, we may suppose jn = € = 1. 

Theorem 12. Let H be the group defined by 

—~— —~— ee Bin wziwraemwtis 7 owe 3 
H = <2,,45,B,B,,B5| [0,,0,]=B, [B,4,]=B 5.0, =B =B 5 =1> 

Then H has a maximal family of rank 7 and two families 440 

and A of rank 6. 
44 

Proof Let G = <2 45055858 ,,B5,2(G)> where a etc. corresponds 

to @ etc. in H. 

Since H,,(G) is abelian, [8,8,]=[8,,B5]=1 (i=1,2). 

: 2 
Also as in theorem 12, n=[,,B5]=[45,8,),8,; =1, 

Now i = [o,,0,°]=[a,,0,]° [B35] [B92] 

= B18 eo) 

and 1 = [a5.¢,°]=[o5.0,]°(B~' a5 if a1 

= a "(a8 )) 

o 
Thus [o,,8,)=6 bs [o4,B,]=6 

As before es = n° = 1. 

Also K = <a,,8,8,,B5,€.0> is A,,(1°) and so of order 3°; and 
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G is the extension of K by the automorphism /(a,,B,8 ,»B.) > 

(o,56,6P 8,8 8.07" hor order 3 and so has order 3! 

Thus the Schur Multiplier N, = <é,n> has order 9 and the 

maximal family is of rank 7. 

For families of rank 6, we want N<N,,|N| = 3. 

If N = <én, [45,8 Bol=lo,.6,1[%5,B5]=éneN(i=1 ,2) and so N does 

not satisfy lemma 1. 

Similarly N ¢ <én>. However the subgroups <&> and <> do 

satisfy lemma 1 and give non-isoclinic families. 

These familes are given by [o,,B5J=[%5B ,] = 4—-0r 

[ajsByl=tt5,Bo] = 16 

Theorem 13. The group A_(1°) is capable. The maximal family 

is of rank 9 and there is just one family Az or. Yank 6. 

Proof The proof is the same as that for p > 3, replacing 

p ) p a, 0.2 for o. and O 4 for 0, . 

Theorem 14 The group (8 (17) (p = 3) given by: 

ra pe cy ee ee ee ee 
yore One, [Oy G)=05 4 [GAO 5°01 y ot Ho a,a 

is incapable for all n> 3. 
G 

Proof Let G be a group with /7() * H and let 

G = KA, Aso 5990 Z(G)> where a, corresponds to q.. As in 
n+1? 

theorem 1, the Schur Multiplier of H is <a> (since[a,,4,]€2(G)). 

But, by theorem 14, a nto = [%,:43] = 1 and so the Schur Multiplier 

collapses to E. 

Corollary There are only two families of 3-groups whose stem 

groups have maximal class. 

This result agrees with Blackburn's result (see (1)). 
Bhs.



5. SUMMARY OF FAMILIES OF RANK <6 
  

  

              

Family || Rank| Class| °/, 2 H, : H. Hy H, NZ d 

e, 3 oe Oy yt 2 
®% 4 | 5 | 95) (4)] (a) (1) | 2 
2, 5 2 (111) | (11) (11) 3 
o, 5 2 | (1) 4 
o, 5 3 | (15\(411) | (11) (11) | 2 
o, 5 5 4 Ot) it) | (1) (His 
®, 5 3 ®, (22) (2) (1) (1) 2 
o, 5 4 o.0V ty 1) (1) 2 
® 5 4 O(a 444) | (14) | 1) (1) 2 
oo 6 2 (111) (111) (111) 3 

O15 6 2 (1%) | (41) (11) 4 
o,. 6 2 (14) | (11) (11) 4 
a 6 2 (22) (2) (2) 2 

o.. 6 2 (17) | (11) (11) 4 
ie 6 3 ©(1*)\(111) (1) (11) 3 

o, 6 5. eG 0) (Arp 3 
o, (6 S| Oe HI) 14) (11) | 3 
® i 6 3 @(1*)(441) | (11) (11) 3 

9 6 3 (1°) (111) (11) (11) S 

o,, 6 3 ,(4°)(4111) | (11) (11) 3 
5, 6 5 %(1°)) (11) (1) (1) 4, 

f       
  

wie 

 



  

  

Family’ ‘Rank Class 

  

        
  

      

Tanz “/2(4) ! Ms "aot os . 

Se eee eee 4 | o,(1*) | (47) (414) 1 (1) 2 

ot e144) 4 ®,(1°) (111) (11) 1(1) 3 

on5 || 8 ©.(221)b, (21) | (41)] (1) 2 
® 56 6 4 ©,(221)b, (21) (4431-4) 2 

Gey 8 | 44) ; Tea (114)! (41) 11) 3 

55 6 4 ®,(221)b, (21) 14) 104) 2 

59 6 4 ©,(221)b,, (21) 497114) 2 

O25 6 (11) 4 237) (111) (11) 4(1) 3 

., || 6 | (11) 3 ®,(1°) (1411) | (1) 3 

ee eo, So er) ry 3 
Ste (49) Sei) Kart) 4) 3 
o,4 6 3 ©,(221)b (21) (1) 3 

o.. || 6 |(111) 5 ®,(1°) | (17) $0444) 114) 101) 2 
ae. 5 io) | 4) a) 

7 || 6 5 | (1°) (1°) 1111) 1(41) 14) | 2 
0 || 6 5 ®,5(1°) | (14) 1414) (41) 14) 2 

., || 6 5 | (1°) (4°) 1(111) [(44) 1(1) 2 
,, || 6 A) 911) £0 2 

o,, |i 6 4 | (1°) : (4%) 1(414) | (1) 2 

en tS 4 ©,(221)b, (247310474) 49) 2 
fe 1 8 | 4 (221) e,, (211) 1(111) | (1) 2     
  

qd. = number of generators of a stem group. 

  

“the family only exists for p> 3. 
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III Calculations for Individual Families 

For a given isoclinism family, the method of finding 

the isomorphism classes is essentially the same as that used 

by Blackburn (1) in determining p-groups of maximal class. 

Let G, G' (with centres Z, Z' respectively) be two isoclinic 

Pp-groups. By definition of isoclinism we may suppose without 

loss of generality tnat G and G' have the same relations modulo 

their centres and the same commutator relations. Thus, writing 

w(&) for a word in E1> Eo» -oe E& , we may write 
m 

G= <Qy2 Gos +++ ys Z> for Os Oo, «++ O, € G and 

Soya t t ' ’ ? 1 ’ ’ G <Q" yo Gos see A's 4°> Tor «a 12> Gone ses O m © G 

where 

w(a) = 1 (mod Z) if and only if w(a') = 1 (mod Z') and w'(a) =1 

if and only if w'(a') = 1 for all commutator words w'. 
~ 

ie
 

LYS G' and 6 is an isomorphism mapping G' onto G, 

then Z = Z' and we may write 

Z = <¥z2 Yoo +++ Ypy> for Y¥z> Yoo ces Yn& Z 

2, @ <¥'y; Y' o> acs v5 for T 75 Y'5> ae Y= 23 

where the order of V5 equals the order of Y's and each V3 

commutes with every element of G and each v's with every 

element of G‘. 
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Ss 
= J 

Also, since G = G', Y5” = we la) if and only if 

Ss 
+P J v3 = we fa') where w, is a commutator word. 

The only relations for G which have not been 

determined are those of the form 

wla) = es 

Since S/H, is abelian, this reduces to equations of the form 

r 
a p i 

‘C= Ww, (a)y~* (1) 

at 
where wy (a) = Hos y “G6 Z-and 4 © 1, 2 41m, 

For convenience, we may suppose that no term of W, (a) 

is an element of H,%Z. Since Giz = er we have (where 

a,*; an*, vc a" are the parameters of G') 

: v4 a,* 
bE eas 

~ 

=D 
ey 

Since 6@:G' + G is an isomorphism, we may write 

(1)' = wy Ca 

G = <a,*, a5*, ai Ones Z> 

a= <y;*; Yo*s vee 7% 

where 

*4 
a, * = 6(a',) oe" (mod HZ) (2) 

(where 1 «91.520... my, | 
y 

y;* cad o(y,") = — (j = a5 2. os n) 33. 

aches



ee commutes with every element of G and 

Ss S. j 5 Yio whe) yy = Y 
Equations (1) and (4), together with the relations 

mod Z, the commutator relations and the structure of the 

abelian group Z are the defining relations for the group G. 

Using (2) and (3), equation (4) yields 

Ss 
j 

74° PS Xx x X 
(y~9) = woo, a~* sou ee (5) 

giving a restriction on X45 Xoo +++ Kas Vys Yoo ++ Vns 

Also under the isomorphism 6, (1)' becomes 

=f 
i a,* 

=+ “ wy (a*)y# : (1)* 

From (2) we get = = 

Qa is a? *4 (mod Ho) 

r r r 
2 i : 

oe ay ws Foe ah = a) 22s Gy ree OD (mod H,) 

(where Xa is the j'th component of the vector x,) 

r r 
4 i 

ae ee St =444 P*45 
= 04 coe ree OG) (mod H,) 

~ of e3 r 
Se p Ay. 

for some function f(a,), since yi does not occur as any as iJ 
a 

(j # i) and the term involving H, in (2) is independent of y71. 

Bets



Similarly, using (3) we obtain 

¥ ¥ ¥ # a¥ g(a¥,, a¥,, ... a — 
Ye 

for some function g. Thus, by comparing indices of each V5 on 

the left and right hand sides of (1)* we obtain a set of 

equations expressing the a*'s in terms of the a's with 

restrictions on the variables Xy2 Xo +++ Kyo ¥z> Yoo -** Vy 

given by (5). It may be verified that this system of equations 

actually defines an equivalence relation on the parameters a 

and so on the set of matrices 

Ais (ay; ees a): 

Thus the isomorphism classes of an isoclinism family 

may be considered to correspond to equivalence classes of such 

Matrices. For p-groups, the calculation of the isomorphism 

classes is simplified as the matrices are usually over GF(p). 

However the case of non-regular p-groups must be treated 

separately from the case of regular p-groups because of 

complications in calculating the et. 

The remainder of this chapter consists in finding 

the equivalence classes of the above matrices for each family 

and choosing a suitable canonical form for each equivalence 

class. (This has been done for all families except ®5, which 

proved to be too difficult.) 
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o, (p > 2) 

In the case of 1; the basis theorem for abelian 

groups tells us that there is a one-to-one correspondence 

between the partitions of n and the groups of pe). In 

accordance with custom, we shall omit the symbol o, for the 

groups of that family, simply referring to them by their type 

invariants. 

a,



%., fas 2) 

The groups of @, are characterized by: G72(G) 4s (11), 

H,(G) ta (2); 

Let a,, a5 €G - Z(G) and g = La, >a] - 

Then ays as” € Z(G) and H,(G) = <8 |e? = 1>. 

r 
Case I If Z(G) is cyclic, Z(G) = <y|y> = £> (r > 0). For 

a 

i = 1 or 2, a,” € Z(G) and so a,” = ¥ A where we may suppose 

ay 7 0 if either as %# 0. In this case, by replacing Qo by 

“ay 8, ay 6 p 
Oy a5 and y by y ', we may suppose ae = 

Thus we have two groups with ao” = 1 and a,” =y orl. 

Case II If Z(G) is of type (rl) then 

r 
Z(G) = <¥1> foly” = Yo" = 1> where g © Z(G). 

(a) If g € Z(G), we may suppose g = Yo: 

(14) If both a € H,(G), then G is the direct product of 

a stem group with a cyclic group of order e. 

(395. $f a” or Ba" Z H5(G), we may suppose that 

Wt
 

a 
Y4 A (mod Ho) where ay ~¥ 0. By replacing Oy by : 

neo? 
Ay by a, Qo (where Xa 1 (mod p*’)), we may suppose



Cy Cc 

Then, by replacing y,. by y.,y¥ and a, by a e (4f 6. #6), 
1 i’ 2 1 1 2 

p we may Suppose a,° = yj and ee = 6 or 1. 

-1 pe 
(b) If ge ZP(G), since pP 1, we may suppose £6 = Yq ; 

(These groups only exist for r > 1.) 

(i) If both a,” € <y,>, then G is the direct product of a i 1 

group in case I with a cyclic group of order p. 

(11) If either as” Zz <¥y>> the same reasoning as above 

shows that we may suppose ‘5 = ¥, or 1 and a” = Yo 

Case III If Z(G) is elementary abelian, then 

Z(G) = <Yz> Yoo «++ Yg> Where 8 = y,- 
Ss 

(a) If both a,? € H,(G), then G is the direct product of a 
i 

stem group with an elementary abelian group. 

(b) If one of a," a5P ¢ H,(G) we may suppose ay” = g°, 

a a 
a5” = Yo° If a # 0, by replacing 5 by G5 s Yo by Yo we may 

Suppose a = 1. Thus there are two groups with ao” =i, 

ad = Ca, sao] ori. 

(c) If neither as” nor a5" é Ho(G), we may suppose that 

ae” g <a,?> and so we have just one group (when s > 2) with 

2 2 
py re 

ay = M5 = : 

Note that for s = 2, (a) and (b) reduce to case II 

with r = 1. We now consider the remaining cases of order s 

sacle Bee



Case IV Z(G) is of type (22). 

2 2 a 

tie. Z(G) = <yqzs yalyy” = ya" = 1, v1" = g> witha,” = y~°. 
~ 

If a4? = y?*PP where y € 2(G), by replacing a, by ayy” we 
a 

may suppose a? = ‘> (U2= ay; <p). Similarly we may suppose 

a” = ye (O < 254 om} 

(a) If both ; tne € <y,>, then G is the direct product of 

a group whose centre is of type (2) and a cyclic group of 

order pe, 

(b) If some Pi Z <¥,> then by similar arguments we may 

a a -a 
Pe. a al 22 12 

SUPPOSE hy Blas Sa My Y5 . Replacing a, by o, a, 

we may suppose a5” € <¥1? and (if Ao1 #7 0) by replacing Oqs Yq 

#21 eal 
by 04 > Yq we may suppose 4., = 1 or 0, giving two groups. 

Case V Z(G) is of type (211). 

2 

i.e. Z(G) = *¥ 35° Y5s 317" ee 

Ciod 358,23): 

p 
v3" = Ly;>¥,] = 1 

(a) If 8 €2”, we may suppose 8 = y>. 

(1) If a5 <" E <Y55Y 373 then G is the direct product 

of a group whose centre is of type (11) and a cyclic group 

of order 5°. 

maths



(b) 

If 

pro 

gro 

If 

o" 

gro 

The 

The 

cas 

Las) 40 8 a a.P Ee <¥42Vo?> then G is the direct product 1 2 

of a group whose centre is of type (21) and a cyclic group 

of order p. 

(111) For any other group in case V (a), one of iar. 

a? F% <Y5,Y3 and so (as in case IV) we may suppose a,P a ADS 

Also a,P ¥ <Y1 Yo? and so we may suppose a5" * +e Thus 

there is just one group. 

If g& . we may suppose B = ‘os 

ae ae — <¥,,¥> for some y € Z(G), then G is the direct 

duct of a group whose centre is of type (21) and a cyclic 

up cf order p. 

not, a5" € <¥4? and so we may suppose ay” = Yo and 

E <Y¥12Y5> and so we may suppose a5" = ¥3 giving just one 

up. 

2 groups of order p> are obtained by taking r = 1 in case I. 

6 groups of order >" and class 2 are obtained by taking 

2 in case I and r = 1 in case II (a). 

15 groups of po, are obtained by taking r = 3 in case I, 

2 in case II and s = 3 in case IV. 

31 groups of p°s, are obtained by taking r = 4 in case I, 

3 in case II, s = 4 in case III and also the groups of 

es IV and V. 
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Oe ls 3h ea 6 ee 
  

These families are characterized by: © 72(G) is the 

n+l 
group Ok (1 ) of theorem 1, [H, (G):H,,, (G) | =p 

(2 < i < ntl), H.,,(G) is E and G has a maximal abelian 

subgroup H,- 

Let oO eG ~H, a7 & Hy = Ho» Os4] ~ La, sa] 

(i = grein aes n). Then il, (G) = <Oys +e: On? and [a4 2a = [ay a5] 

@ 324455 8 1 52a 

Since @72(G) is OF Btls (nat) (1 » we have 

(2) 
aP , a8, as e @ Z(G) and so 

p 

fee #4 -(2-< 4 « nei Ma Beg = Sag <1 < ntl}. 

ee : 
Also, by lemma L3, (oo, * 24 a, "a. eae S.. j 

Putting z = rox, (x # 0) and using lemma L5 and the fact that 

(aa, *)* = a; some ¢ & H,(G), we have 

x r. 

(o a, *3° = (aa, 2)P* 

Pp (5) x = aP¥¢q Po 1 = (a, o., as +5? : 

pé 
Case I if Z(G) is cyclic, Z(G) = <y/y = One1?? 

Then Pp = 2 v () = a #%P = 4a* xP * = »b* 
Qa Y * Oy a5 eee Op > a Yy Oy ees Ot y' 

where



1 2 a" %¥ = 
a a Oy a5 se ¢ ¥ 

y Yo i 
* « y a" A, “A ie XY} ¥ 0 

XY4 
% = a*., a5 ‘ 

n 

# aes 
ont ~ n+l 

xy, t+pz 
and so y* = y : 

xX 25S : 
By lemma L5 atP = (q ay 1) yP* 

xa+x, b+px! 
= ¥Y by above 

SO fey; + pz)a* = xa + X,b + px’. (i}* 

To get a second equation, we note that 

p p p (5) (aa,)" =a (a, a5 4 Oy) 

_- &FD 
va 

#45H# 
and similarly, (a*o*, )P = ye? = 

x Xx y y p 
¥g% )P = - i e where (a*a 1) (a ay roe Oy “Os eget 

xX xX,+ty, p ’ ' 
= (aa, > 7) yPX'*PY' by temma L5 

Ay * 94 af (aes oe) yPix'ty') 1 Pp 

_ xa + (x,+y,)b + p(x'ty') a eg : 

So xy (a*¥+b*) = xa + (x, +y,)b + p(x't+y'). 

bo



1 
Using (i)', we have x"b* = b + y, “py' .... C12} 

1 

By choice of x', y', we may suppose 

0 < a, b < p-l, and equations become 

Ry 5% i xa + x,b (mod p) (i) 

n 
x b* b (mod p). (ii) 

ee we may suppose a = 0. Also as 

_p-l 
p-l1,n) 

If b # O, by taking X4 

x takes all possible values mod p, x" takes ( values and 

sO we may suppose 

bei, g,... ge (stl = (p-1,n)) 

where g¢ is a primitive root mod p. 

If b = 0, we see that a may take the values 0 or l. 

Thus we have 2 + (n,p-1) groups whose centres are cyclic. 

Taking r = 0, we obtain the stem groups of 3; % 

and O35 (for n-= 2, 3.4). 

Taking r = 1, we obtain the groups of 2 and % with cyclic 

centres of order n°. 

Taking r = 2, we obtain the groups of pe, with centres of 

type (3). 

In particular, we see that there are 2 + (p-1,4) 

groups of p03. end 4 groups of oe 

Case II If Z(G) is of type (rl), then 

- 

Z(G) = <¥7,7017;" = ae = 1> where o,,,€ 2(G). 

(a) If a ¢ 2°(G), we may suppose a nt+1 nic > 

sts



p (5) oS 
5 vee ni (G)> then G is the (i) If a”, a,” a 

direct product of a stem group with a cyclic group of 

order ees 

Fok 
($2 3257 a," a, a x Eg Hoel 

(5) oe 
a Pa. wee GD = Y¥, Yo where ay 7 0. By replacing a 

a ¢ 
(G), put oP = Yq Y9 > 

a ~a a, Cy D é 
by a Oy and Yy by x) Y> » we May Suppose Q@ = Yo ; 

: as c 
Ly) Lo +++ 4 =y,. Then by replacing a, by o, (if c # 0) 

we may suppose aP =a oF. i. 
ntl 

py 2) p (iii) If ajo, ee ws Si (G) and at ¢ He 6) we 

p (5) 
may suppose (as before) oP = ¥y> a, Pa, vee GF OG 

Bel 

i-1 
Taking a* = a’, a*, = as Y 1... and a®,” esa," > Yo 

n 
we have x c* = ¢c. 

As tn I, we may suppose ¢ =l1,g... ee, O(st+l = (p-l,n)). 

r-l 
p (b) If oi4i€ ZP(G) we may suppose a = (here r > 1 

ntl «1 

or (b) is impossible). 

Rt 
(1) Ifa’, a, On ate a, € <y,>, then G is the direct 

product of a group of case I together with a cyclic group 

of order p. 

wel? Yue



(> 
Cit) = 2F 01 Pas eee On,  <y >, we may write 

(5) p 9 
a7 a5 see i ee ¥o% = 41 30 ° 

As above, we may suppose as = 0, a, = Lor i 

p, 2) p (111) If a,“a, e+ G, € <Y> and a € <y,> we may write 

p 
p (5) b 

a = Yo» a, a, eee S = YT ® 

As above, we may suppose b = 0,1,¢6... @®. 

Taking r = 1 (in (a) only) we obtain the 5 + 2(2,p-1) groups 

of o3 and the 5 + 2(3,p-1) groups of %Q which have centres 

of type (11). 

Taking r = 2, we obtain the 10 + 4(2,p-1) groups of 6, of 
3 

order with centres of type (21). 

Case III Z{G) is elementary abelian. 

If Z(G) is (1) or (11), we may use cases I and II above. So 

we may suppose 

Z(G) = <On¢1? Yoo «++ Yo? (s- +-3). 

If my or a Po. € <O4 12> some y € o-Ho4 7? we may suppose 

se) 
(by choice of Yo) that a’, Oy 5 a Ps <On412Yo> and so 

G is the direct product of an elementary abelian group together 

with a group whose centre is of type (11). 

ton



Otherwise we may suppose Yo = oP | Y3 = a, Pa, te 

giving only one group which is the direct product of an 

2 
elementary abelian group and the group <a, a laP = 

4s) 
p p-2 

={- 9 

33 ses wat 

| p 
an oO an Ooti-1 

= 1 (1.2 2, ...:nti), 

la, jo] = Cray (fae ss ?. 

The 2 + (p-1,2) groups of pie, are obtained by taking 

r = 0 in case I (with n = 2). 

The 7 + 3(p-1,2) groups of po, are obtained by 

taking r = 1 in cases I and II(a) (with n = 2). 

The 2 + (p-1,3) groups of po, are obtained by taking 

r = 0 in case I (with n = 3). 

The 18 + 7(p-1,2) groups of p°e, are obtained by 

taking r = 2 in cases I and II and s = 3 in case III. 

The 7 + 3(p-1,3) groups of pe, are obtained by takins 

r = 1 in cases I and II(a) (with n = 3). 

The 2 + (p-1,4) groups of =" $ 

n= 4), 

OD
 35 ar given by case I (r = 0, 

=f Gun



o) (p > 3) 

The groups of o, are characterized by: G72(G) 48° <{34i), 

H,(G) is (11). By theorem 2 of chapter II we may suppose 

G = <a, a,, 8, 2(G)> 

where fa, ,0] = a5, [0,8] =n and [a, ,8] € Z(G), and we may 

take [a, ,B] = 1. 

For convenience of notation, we shall write 

G = <a ,05,0,2(G) |lo, ,a) = 8, © 2(G) (i=1,2),[a,,a,] =1>. 

I - Stem Groups i.e. Z(G) = H.(G) = <B, 85>. 

a 

  

  

Since G77 (G) has exponent p, a? = Bt. a,” = Be (ae TS 2s 

Let at = aa, ta, 2 es 

a,* = a, ta, 2 its 33 : : = xly,z| # 0 

a.* = a Oke *2 

% = pX¥ # = pQXZ 
Then By B “ys B. 8 ~e 

By evaluating a#P = Bee etc we get 

# ¥ Ay ya es ee 

Xap + Xap + Xzagq = X(yna,* + Za") 

¥x947 * Yp8p) = XC 4,4," + 248,90") 

Y1812 + YoAoo = *C¥9a,4" + 28,5") 

2189307 2857 FOX (¥1 89)" 425459") 

2840 + 22899 = Xl ¥oao," + 25899") 
a a 

where a = ie ‘ a, = eae ; 
2 i2 

hae



Putting A* = (a,#,a,*), A= (a,,a5), X5 (y,2) 

these equations become 

xa + Ax = xXa* aa Rag 

xtax = xa* =... (2) 

and so [A| = x1 A*|, tr A= x tr A*, 

(a) if |A| # 0, take x =-xA7*a and so we may suppose a = 0. 

To find canonical forms for A, we consider its characteristic 

polynomial c,(u). 

(i) If c,(u) = (u-a)? (a # 0) by taking x = a we may 

suppose a = 1. 

Since matrices A with ce, (u) = (u-1)° are similar to one of the 

ba) bo a] 
we may suppose A is one of these, giving two groups. 

matrices 

(44) If e,(u) = (u-a)(u-b) (a # b , ab ¥ 0) then x7tax 

can be taken as diag (a,b) where 

a/b = e 1 <k < &(p - 1). 

So, taking x = b, we may suppose 

A = diag (a,1) a = gk (k= 1, 2, 55. Stp-27) 

giving *%(p-1) groups. 

(411) If c,(u) = u® - 6 u + Eo does not have linear factors 

over GF(p) and 6, = tra 7 0, we may suppose (by taking 

x = B,) that B= 1 and so we may suppose 

A® = 0 “Bo 

1 1 

where 1 - 4g, is a quadratic non-residue



1+2k 
fe ee Oe ee eG 

i 1 

1+2k 
since any quadratic non-residue may be written as ¢ where 

g is a primitive root mod p. 

29 Vc £7 ce, (u) = ue? + Bo does not have linear factors over 

GF(p), then -25 is a quadratic non-residue and so, by taking 

-& 
x° = "sy, we may suppose B> = -v and so we may suppose 

A® = & : (v a fixed quadratic non-residue). 

(o) = If 44) = 0 te c,(u) = u(u - a) for some a © GF(p). 

(i) If a # 0, then A is similar to the matrix diag (a,0) 

and so, by taking x = a, we may suppose 

A* = diag (1,0). 

Substituting this for A in (2), we see that, under these 

conditions, X = diag (¥,>Z5), x = 1. Equation (1) becomes 

= ¥ 

ay 
% 

Sy 
So we may suppose a, = 0, Bo = 0 or 1, giving two groups. 

(i1) If a = 0, we may suppose A = . 2 or (0 me If A= 0, 

equation (1) becomes a = Xa* and so the standard forms for a 

are (5) and a. 

fo



Gok es If A = f aE we take X = : ai and so equation (1) becomes 

s % * a ee ee 
in x 
oa 

and so we may suppose a, = 0, ay = ) or 44 

II - First Branch i.e. Z(G) is (21) or (111). 
  

2 
(a). If 2(G) 1s (21), put 2(G) = <y,,y>ly)° * Yo" © 2>: 

Since c = ] and 8, € Z(G) (i = 1, 2), we may suppose (by 

suitable choice of aj, yj; Yo) that 

ok toe 2 
Let a OO, Ap “Yq es 

y Zz 
Vs V5 = yt 1 «1 

a,* =a a Y Pee x % 0 1 Fare 3. 
Zz Z 

a. =" 
a5* = @, Ap “Yq Peas 

pxy xy 
¥ = xy = 1 2 Then By BS Yi Yo 

Since B,* = ZP(G), we must take y, = 0 and so 

xy, tpt Ss PXZ, Xz 

Ve" Sve Yo > 1 Yo . 

TI



Also (by choice of x', y', z', t) we may suppose @4124) < P- 

Pp a® From q#* = y*= > we get 

= ¥* xay + aay + X5854 xy 2 

= s % eee Pees eee a ee 
= ¥ 

“qy" ** 41 

Yza,9 = wats, + xZ5a,>5* 
= ¥ 

Byeyy * B5854 * AVG 8 54 
= ¥ x 

%, 9,5 * 25859 “WB oy * XE 59" 55: 
(i) If aj, # 0, by taking x = a,,, we may suppose a,, = 1. 

Also, by taking z, = “Z585,5 W = Yao. x, * -(xa, + X5a5,); 

we may suppose Qo, = ayo = a, = 0. 

The other equations become Zz * 

a809 = 25a%o0 and 
¥ es 

eo = S58 > ~ -*a%95 

with standard forms Ago = any 0 

a = 0 Es 

C45) 3f 211 = 0, a5, # 0, by taking xy, = 2585), we may 

Suppose a5, = 2; 

Also, by taking Xo = ~Ka,, W = 2,a,5 + Z5aogn, WE May Suppose 

ae ee ee 
Other equations become ajo = x°at, 5 

ccs 
kay + X,a,5 = X yy ao* 

with standard forms Ayo = & v 0 0



(a5 7 )52F a4, ° 0, ayo # 0, by taking XZ5 = Yya,5, we may 

SUppOSe a,5 = Sa | 

ae ae ee LS ¥ Also, by taking Zy ZoAoox Xy Xao X 5255 + wa*, we may 

suppose An 85 * 0. 

From the other equation, we may suppose a, = O-0Fr 14 

(iv) If Qs, = ayo = 0, the equations become 

sock 
09 oe 

x # 
ss a 

- % % Xa, + XnA55 wa*¥, + xz,a*, 

with standard forms Ao = 1 1 0 0 0 

a, = 1 0 1 0 0 

ag = 0 0 0 1 a, 

(b) If Z(G) is (111), put Z(G) = <Y 81 »B5>- 

i} ae ies a € H,(G), then G is the direct product 

of a stem group together with a group of type (1). 

(ii) If either a,” or oe Zz H5(G), we may suppose (by 

interchanging 4 and 5 if necessary) that i z Ho(G). 

Take y = os a5 = a2 

-b 
By {a > aa”, Ay * AoA, ey we may take b = by = 0. 

-1T9-



a4" * 
Let ao" = gs~* ‘ a#P = gx2° where 

Xx 
—— 2 

a a a5 

Ti 52 € = 

% = “2 

Then 8,* = B 2, B5* = 8. ond 

+ x3 : a? are al 
NM

 f 
Nm
 

ra
 il 

= ¥ + % 
Xap + 39839 ey 

= x 

S054 2a 
= x x 

ZoAng = X(¥nanq* + 2Z8Q0*) 

whose standard forms are easily seen to be: 

Ao, = 1 1 0 0 0 0 0 

0 * - 0 0 B55 0 0 

a, = 0 0 1 0 = 0 0 

= 1] 0 0 0 0 4 0 “so 

(441) If both a,” € H,(G) and oP ¢ H,(G), take oP = y. 

By an argument similar to that for the stem groups (with oP = 1 

there) we see that the standard forms for (a, ay» a5), where 
~ 

a = 
aP = yB=, aj" = B", ere (0, 0, 0), (0, e, 0), (0, 0, @) and 
(0, A) where A is the ratrix used in the stem groups with 

=e |A| # 0, and e eta): 

The above theory shows that there are p + 8 groups of po, and 

3p + 32 groups of p°o,. 

-~80~ 

 



o,. (p> 33 

The groups of eo. are characterized by: @77(G) is uy: 

H,(G) is (1). By the previous chapter (Theorem 4, Cor.), we 

may choose elements Os» 8 of G such that [ a, .a5] = 8, [a3 50) ] = B°, 

other commutators = 1. In fact, by {a3" > at} we may suppose 

[a3 sa, ] = pg. Also, by the same theorem, the only stem groups 

are o5(111)x,o,(111) and 95(21)*,o5(111). 

First Branch i.e. 2(G) 4s: (2) or (11). 

(a) If 2(G) 1s (2), put 2(G) = <yly? = >. Thena,? = y *. 

If any as ¥ O, by permuting the Q,, we may suppose a, 7 0. 

By {a5 - es a3 > a; 1} we may suppose a, = l. 

-a 
By {a5 > Oy “a5] we may suppose a, = 0. 

Similarly we may suppose ay = 0. 

a -a 
By {a5 + A5ay 3 2 > Oy 5a} we may suppose a3 = 0. Thus 

there are only two groups of 6. with Z(G) of type (2). 
5 

(b) If Z(G) is (11), put 2(G) = <y,8>. 

(1) If all a,” € H,(G), then G is the direct product of a 

stem group and a group of type (1). 

(11) If some as” é H5(G), we may suppose a” Y HA(G). 

i 
Write a = ¥Y, tg = 6 y 1. 

81 me



-c 
By {a5 + 504 ie we may suppose c, = 0. 

Similarly, we may suppose a” 3 H(G) and so, by 

c —¢c 

{a + A504 3 | a3 % Oy fish we may suppose a3” € Ho(G). 

Also, we may write ao = y*, ag” = g* (i = 2, 3, 4) where 

pot x 
a * A~ e868 

ao* 

a3" ” a5 a3 Oy eee 

i Wo W Wy 

ay" = a9 G3 “Oy eee 

XpVotXayy-XyV 
and so g* = eB Sie eae 3. 

If either a3" a,” # 1, we may suppose a3” %# 1 and so, by 

suitable choice of ay*, we may suppose ay? en 

Thus in the above, we shall take ¥4 0; 

G3 From [ a5* ,a,*] 1, we get ¥3Wy 

From [ 5% 503") = 1, we get ¥32y = Vy23- 

Hence (since the above determinant is non-zero) Y3 = 7, * 0. 

From [ a3 ¥ ay *] = £*, we have X1Vo = 23M and so from a, = p* "a 7 

we have 

Yabo = X,¥ob5" 
Zz Do + 5 Z3b. = X1¥5b3* = Z3W)b2* 

—~Bo—



with standard forms bs 2-9 -@ 

b3 = 2 

Thus there are seven groups in pe... 

~83-



%¢ ip > 3) 

The groups of ®¢ are characterized by: G72(G) is 

%, (111), Hj(G) is (111), H(G) is (11), Hy(G) = E. 

Let Gy» a5 EG - Z5(G), 5.3 [a,.a5], By = [B,a,]- 

Then by theorem 1 of the previous chapter, 

  

  

H(G) = <BR, By> Bo> H3(G) = <By> Bo>- 

I Stem Groups i.e. Z(G) = H3(G) = <By, Bo>- 

a a. 

Suppose ad = g~*, sae = gx~t where 

x x 
ig s* ay va5 et oa 

y y x y se 1 2,Y 1 i a." * oy “a, “8 «ss | # 0 2 1 2 X5 Yo 

X4YV5-X5y |X| 
and so g* = B eel 8 aS 

| X|x IXly 
aa eo 

Then, as in the work on %,, with A = (a, 525); 

A* = (a,*,a5*) and X = (x,y) we have 

x7tax = [x]a®*. 

Note that [X~*AX| = JA| and so JA] = [X]?|A*| 

i.e. we may reduce |A*| to 0,1 or y. 

~834—



As in ®,, we consider the characteristic polynomial c,(u). 

(i) If c,(u) = os we may suppose 

0 a 
oo 7% 

0 a 
| and A = : i we see that we may suppose 

x y 1 1 
Taking X = aie 
g 2 0, lor’ v. 

5 oy a b 
cit): er ce, (u) = (u - a)~ (a =! 0) we may take X “AX = We 

i: " X,Y 
and so suppose A = faa Taking X = is oF we may 

suppose a = 1 and, by suitable choice of X,, we may Suppose 

b= 0, lorvyv. 

(4455-17 c,(u) = (u - a)(u - b) (a # b), we may suppose (as 

above) that A = diag (a,b). 

If b = 0, by taking X = diag (a,l1), we may suppose a =1, b= u. 

If b # 0 (since we may take a, b in either order) we may suppose 

ayy = ek (ek = 1, 2, ... E(p-1)) and, by taking X = diag (b,1), 

we may suppose b = 1, a = ok (koe) eee BER 1F} 

(iv) If c,(u) =u’ - g,u + g5 is irreducible over GF(p), 

then, by arguments similar to those in are we may suppose 

0 v] (0 (ee et47) 

= “ = 1. as A 1 0} OF {1 1 kK 0, . eee s(p 32. 

Thus, in all, there are p + 7 grovns in poe. 

-85-



II ~- First Branch i.e. Z(G) is (21) or (111). 
  

(a) If Z(G) is (21), we may suppose (as in $),) 

Z(G) = <y,B,lyP = Be 6,” = 1>. 

a a a® a® 
il i2 1 12 

Take wT = ¥ B. ; ae = y* 4 B.* where 

x 
A 2s % = 04 at B ¥y 

¥ y 
Sn eee coe ¥ = a Oy a5 BY -¥ 

2 
X,y Xq,. ¥atpt 

B* = B <8 “e495 yey ze ., 

As in i, we may Suppose 4,4 < p and we get the analogous 

equations: 

x ¥ 

"li ee hi 
2 

Xq4,5 = Wa," + X1¥o a9" 
ie oe % 

Fea Poy i Pore 
2 = % # Yo ee ee Pe oD 

ae Q4i 7 0, we may suppose a4. = a 

Taking w = X,2,99 Vz = “¥p85,> We May suppose 81> = 4, = 0 

x # and the last equation becomes B55 Ao showing that Ago may 

have any value from 0 to p-l. 

If a1, = 0, the equations become 

es 2 % 
“75 "79 => 

= 2 % 
oy a 

2 a * # and ¥1415 + Yo8o0 W251" + X1Vo 4890 
with standard forms B19 =] 1 * Vv v v 0 0 0 

Ao) = ] i) 0 1 v 0 i v 0 

Ao5 = 0 0 0 0 0 0 0 0 +



(b) I®.Z(G) is (111), put -Z(G) = <y ,8,58,>- 

(i) if Fa a5? = H3(G), then G is the direct product of a 

stem group together with a group of type (1). 

(41) If either a? or is" € H3(G), we may suppose (as in ),) 
1 

a that ti Y; af = §°. 
~ 

Taking ane" = B*~ where 

x x 
= Oak * = ay A, “a, ee 

V2 ae y a, a, Ares XV # 0 

X.y X, X58 

pe= pt? yk = 1g 

39k X,Y . 1’ 2~ 2 # = % = 8, B and B., B., 

ee we get a, = xX) Qy 

7 % x As X1 X44 + X1V 525 

with standard forms ay 1 v 0 0 

as = 0 0 z 0. 

Thus we can see that there are p + 7 groups of po and 2p + 2l 

groups of p°o¢ (p > 3). 

—37=—



Re 

Since the groups of Ag are of class 3, they have the 

same commutator relations and relations modulo the centre as 

© (ps -3). > Thus, for G € Ags 

G = <a7 25 52(G) |[ a, .05] =(6, Bsa, ] = ee & Z(G)>. 

Zz, 2 
Using lemma L5, we have Coy 5 

324 32, ~24°%. of." 

Oy a5 By Bo and we may write -zZ 

2)3 . 

a 
22, si 2 

(z # 0) since all integers may be regarded as elements of GF(3). 

  

I Stem Groups i.e. Z(G) = H3(G) = <B,sBo>- 

    

a a 
As in o¢> put a4? = ee a,* = e= where 

x x 
a4 * = 4, “Go 2 x ear 

x Vt gs 
# = 7 2 y | | Xo Jo , 

a5 G7 ao ee 

[X | 
and so g* = 

|X |x IX fy 
¥ = me ¥=- on PS eee 

x3 
X x 

1 2) 
Using the above, a, (a, Cy 3 23x since (H3(G))° = E— 

Ka 
= (a, va 2y3 since (H(G))? = £ 

2 2 
3X4 —: ~Xy EF X4X5 

ee og 1 2 :



a,* 
So, from a,*? = g*~" . we get 

* ¥ = 2 sake 
[X[(xp454* + ¥y4y0") = %18,) * p85) ~ X 

# ¥ = 

[X[(x5a,4* + ypajo*) = X18, + XpAq0 + X 
Similarly (by finding a,*3) we have 

2 
* x % = ar 

|X] (xya57* + ¥y850") = ¥y2,1 + ¥o89] - Yq Vo 
2 

# ~ % ss 
|X| (x545,* + Yoao0") = ¥y4,0 + Yo8n0 + Y4Vo - 

Writing A = (a, 525), A® = (a,*,45*), these equation become 

|X|XA* = AX + Xx# 
oe 

~X 1 XQ (KX V9tX ay) Yi Yo 
where X*® = |X| 

eae 
%) 3 Y4Vo (Xi VotXoVy) 

i.e. A*% 1x} (x7 ax + X*), 

By evaluating all the matrices A* corresponding to each A (see 

(6)), we see that there are seven groups in v2. the defining 

relations being determined by the equivalence classes on page qé2. 

II First Branch 4 oe. 2G) 42 €2l> or (14123. 
  

(a) If Z(G) is (21), write Z(G) = <yysyoly,° = 2 = i>. Y2 

By fo, ° ao } (if necessary) we may suppose By e z3 and by 

fa, + an} (if necessary) we may suppose 8, = a = y>. 

b b 3b 
1 ; 1 

Then Bo Be Ve 2 and so a = By ; 

-b 

By {a5 + Oy *a5} we May suppose yy = Bo. 

~89—



a a a. * > a." 
Thus aa” = 7 et 12 a, = y# a B.* 12 where 

x 
ee Se ge ae a,* = a, ay 

- Va Foc 
a> * = OF “a5 23 y. 

ie ge 
1195 F 2 

y Yot3w, w 2 eee os" = G, and 60.7" = y Bo 

X.Y,yY x ae 
Go” = ee "Bp 

2 
394. 395 “Fe nF 

As in 66, a2* = a, 7a, 8) > *By ty9¥ 
2 

ee ie ie as 
2 

2 
vs -¥y8qq + Vo80q + 3C¥-¥yo YQ) = Cygt3wy )agy*® + 3X19, ¥n250* 

= * x 

¥1(Ayotl) + Yo8gq = Wo2o,* + X1an0 
Similarly x + 3x x % 

1711 (yot3wy aj * + 3X19, 92849 
a x x 

ei ea ee 
By choice of x,y we may suppose 0 < Ary < 3 and so we have 

(with a,.' = a 12 + 1) 12 

72 * %1¥244,* 

R85 © Mey Fo" 

¥48%44°* ¥o%91 * ¥o%o1" 
’ = & % 

¥z2832 * Yo@o0 = Waa," + %1850 

~90—



As these are the same equations as were obtained for p > 3, 

the standard forms will be the same 

Wit ae a a eG ee ee 

Git ea ee eee 

Soi: Se 2 ee 2 ae 

fe ny OE ee 8 8 re 

(b) If Z(G) is (111), we have Z(G) = <BysB5s¥|B4> ee eg +e, 

if a4? H3(G) G is the direct product of a stem group and a 

eyclic group of order 3. 

If not, we may suppose a4? = ¥; do" ey, Ea # 

In this case, we are only interested in the automorphisms which 

leave fixed <a5sH,(G)> and, as this subgroup is regular, we 

will get the same results as for p > 3. 

Thus, there are 7 groups of a4, and 24 groups of hs 

eh tic



Equivalence classes for the 2x2 matrices under the relation 

A® = 1x](x7tax + x*) 

ets rg o- 1 

ar. By top aaa eee 

eo 18 “u-2 0 0 u 0 

2) 0g r Gre 40 a a a 

oS) 0 0} Oo 1) r 0 yu en 2 

3) oe eee ae Ee Ot ae ae us 2u=-l 

fO-n24 r si) u 0} a 2 es r- 8-3 

a rosjy*-() OF* (1 ~sy*- 10 sas te-. 3-97] 1s-2 $ 

i a | ig 2 fu O 

5) last or Je lo uj? [2 8 

‘Sod G2: u--s oS 

8) |p up ie ep ie oe i i 

where r,s = 1, 2; u= 0,1, 2 and u # s throughout. 

  
      

ake



o7 (p->=3) 

The groups of o7are characterized by: G72(G) is 

4 
o5(1 )s Ho(G) is (11), H3(G) is (1). 

Take q EG -£(H(G)), a, © G(HA(G)) - 2,(G), gp €25(G) - 2(G) 
x 

Os47 = Lasso] (i = a os 

By theorem 2, we may suppose [o,>8] = a3 6 Z(G), [ay.05] = 

la,6) = la558 | = 1 and H3(G) = <Qa,>, H.(G) =. <q * 
3 27°%3 

Z5(G) <B,Z>, (Hp) = <a,,Z5> are characteristic subgroups. 

As in Oy» we may apply lemmas L3 and L5 and so 

p, (3 p @Zz(a), don = Oy 

Pp Ss) 

= (o£)P = oF all E EH, 

Z = ,P4 p 

r 
I Z(G) is cyclic i.e. Z(G) = <yly? 

(5) a x 
Put aP = y*, a, Pa. 3” s ye = Y’; a#P = y#?" ete 

where (because of the above characteristic groups) 

a5>. 
  3 

x x * ci ee 2% 
a any B a, Y 

¥y ? y tt 
a y euy Oy ay g a, Y 

Zz " 

Be = 67a, ey 

~ » ar’ 
and so a, = ., 

x¢y, +pw 
y* = ¥y



2 Since [o,*,p*] a3*, we have y,z' = x“y, 

and so z' = x*, 

Also, by choice of x", y", 2", w, we may suppose 0 < a, Ay» O<p. 

By remarks above, 
x 

#P _ x Lk 
GO ia-a, 8) 

ey x! 
= (a Oy yPaP since (H,(G))P = FE 

(B) x 
= oP * (a, 3 3) ae : 

x 
So, from o*? = yee » we get 

2 = xoy,a* = xa + x,a, + x'b aa (i) 

To get a second equation, we use the same method as in Of), 

getting 

+ (a¥ta, *) 
y (afa, #)” 

(oka, b VEgk't¥" yp 

and, by evaluating both sides, we get 

x°y, (a¥ta,#) xa + (x, +y,)a, + (x'+y')b. 

Subtracting (1), we have 

4 
x y,2,* = y,4, + y'b 25 (41) 

% 
Finally, from ge? = a > we get 

xy, b* = x°b eae (iii) 

—Jl em



and so xa + x'b = xy ,a¥ 

b = y,b* with standard forms 

p (3) Pp Pp (iv) if 4° O3 0 = H(G), a” ¢£ H2(G), we may suppose 

cf) a 
a? ee ay*a3 3 s a3 es gP = 2 g#P = y* etc where 

t 

q* = aay tt 
t 

2 

g* = B* 
e ' XY4 XY) - X14, +x b 

a5* = 5 , a* = 03 27" = ¥ a3 

and so a, + y'b = x? a, * ae 7374 

b = y,b* with standard forms 

b=1 0 0 0 

a,= 0 1 v 0. 

Thus, in all, there are 21 groups of po. 
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Pg (p 3-3) 

The groups of ®g are characterized by: ©77(4@) is 

$,(22), H,(G) fa: te). H2(G) 48 13) 

By theorem 3, we may suppose 

2 2 
-1 

Gs <a7 20522(G) [Loy se5] = B,eP = 1,{8,0,;] age 204) B & Z(G) 

(1 = 1, 2)> and H3(G) = <g>, Hj(G) = <g> and G(Hy) = <az,a9"48,2> 

are characteristic subgroups. 

  

I Stem Groups i.e. Z(G) = H3(G) = <p>, 

2 
Since o* = g (mod Z(G)), we have a4? = g? and so we may write 

l+pa b a” = 2 p , a” = 8B p 

By replacing a, by a8 and a, by ay aos we see that there is 

just one group: 

3 2 
,(32) = <a,BlaP = gp = 1, [a,8) = as. 

JI First Branch i.e. Z(G) is (2) or (11). 
  

2 
(a) If Z(G) is (2), write Z(G) = <y|yP = I>. 

Since gP is an element cf Z(G) of order p, we may suppose, 

without loss of generality, that yP = QF 

e ~1 Be qa p a~l Pp b Since Oo = By » 5 = 3 € Z(G), we write Cy 

2 te x 
ta = Be yee te ate = he wnere 

ah ns



xX px 
a 2x ¥ x a,* = a, 3 (mod H3(G)) 

y y 
# = lg" ey¥ a. Gyre? (mod H3(G)) 

Xiy 
and so Be = 8B ive (mod H3(G)) 

From aye. = B* (mod Z(G)), we have Yo = 1 (mod p). 

x. ee 
Also, since a;°* = (a4 G5 Se , we may suppose (by choice of 

x) that 0 < a <p. 

Writing b = by + pbo, X, = X41 + PX495 we have 

px +p°x p°x 
et? ee he le. eae 

1 1 2 Y 

x x,,(a-1)+x.,b 
= 8 aa tt - 4 by choice of x. 

#P X,,+pzZ # 
From y#P = g , we get y® = y = and from a, ** = ptye® : 

# = we get X478 x, ,2 + x5b, Sas (1) 

Similarly, writing Y, = 91 + PY19 and Yo = - PY50> 

2 % 
from ant” = ye? we get 

% = X41>, by was (2) 

% *# = 

From (1), (2), (3) we may suppose 

by = 1 0 0 

a = 0 any 0O 

b 0 0 1 
2 

and so there are p + 2 such groups. 
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(ob) If Z(G) is (11), put Z(G) = <y,gF>. 

(i) If aP*, ae" E H3(G), G is the direct product: 

3 2 

<a,Bla® = B° = 1, [a,8] = aP>x<y[y? = 1. 
o 

2 2 -1 ap. b , yo p ab 
oP g H3(G), put a5F Ys Oy B ary s 

-pb By fa, + a4a, Py we may suppose b = 0 and by fa. * d5 

(ii) Ifa 

ltpa, 

we may suppose 2 = 0. 

‘ Ppt Pp (111) Ifa,P ¢€ H3(G), a,°8  @ H3(G), put ay" = By, 

pe cp pe p -c 
5 = 6°. Then a, = g* and by {a5 > ly ao}, we may 

suppose c = QO. 

Thus, in all, we have p + 5 groups of peg. 

2 2 
For p = 3, ae ; a5” ; a, *P pam? will have the 

same values as in the above cases and so the same results hold 

x x 3x 3X5 3X,X 
for p = 3. In fact, since (a4 ‘a. ey3 = O4 oa e8 . ey 

3x 3x 
Where y € H3(G) ) “2; va5 2 93x some x, 

the groups of Fe (p = 3) are regular. 
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ko Se n (S15 and 26) P # 3 
  

These families are characterized by: C724) is 

ntl) 4 n-1) (1 

regular groups) and G has a maximal subgroup H, (G) with 

Hy'(G) = HL, (G). 

pe et 5 ies Hy 1(G) 1s (1) (in the case of 

Let a €G - Hy(G), a, © HY(G) - <HA,(G),2(G)>, 

G47 7 [a,c]. Then [ay .c5] = Ong bay say] = 1 otherwise and 

Ont2 = 1. 

By lemma L3 we have (for p > 3) 

Z\P D..- > (5) Zz 
)* = a” (a, "a5 a a (oa, : 

In the case p = 3 we have 

Z,3 3 Z ae Za. Z 
(aay ")~ = a-(a,~) (a3) ay 

2 
ee Sy EB eS 

= a3 (cy 05°03)" (a, 05)7a4” 

~2(3) 45) 
Se te ta Zz 

ok oe . ntl “e ntl 

3 2 
= a-a a Oe 

i ‘2 
3 
n+1 ~ 1 

Way" )(a%a4 “Jas” since a 

= ioe eZ. eZ. -22° ce -2° g, 

Lone ee 8 ee 4 
See 2 z 

= a~a (a By Zu oo 
1 2 i o 3 

2 
= oe 32, eZ. -22 = Zo z 

1 2 n+l 4



po, for-eli,;p >-3, 

ear Ea 
| (5) 2(8) 

= oF (a5 - : : 
p _ V4 

O45 eee ay) One] 

, 2(8) 
: as ete) Xx %x.°*3 

and so (a*a,72)F = aP* (a4 Fa. - oe 1. 1 

Coa 

for x # 0. 

As in); we have a’, (aa, )F € Z(G) and so 

ce 
Gy" Go vee Gh, € 7(G) 

(5) | = eee Cewek =] i lv
 

NM
 P, 

Oy Osa 

r 

Case I If Z(G) is cyclic, put Z(G) = <y]y" 

LC 
(5) 5 

> O OB a * ) 

Then a! = y°, ay Bs vee Oy = y? at? sy" 7 ats a.” = 

x < 
ad 2 x 

ca ay x ee @ Sg 

i! 2 

where o# 

xy tpz 

oh Y 

& % = * Te . = n=1 From La, 9 Cin J ane? we pet yy x 

% 
From a*! = yee > we get 

Pp 
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Pp p 
P3) faheant a 

From (aa, )F = yotbtp 3 and (ata, #)P PS yx? #b*t+p° *S 

attp¥epr (3) : SY? eee we get y** =.(G ay 

P p 
and so (x22) (ateptent (3)) = xa + (x,+y,)b + pS x(x ty, )? 

+ pix e943, 

Using (1i)' we have 

P r 
(xy, +pz) (b# + pt '3)) SOY OS py! + xy, (2x, ty, pt ‘3? ive NE 

By choice of x', y', we may suppose 0 < 2, 0 =f, 

For p = 3, r = 0, (i)' and (i1)' reduce to 

xenn lis = xa + X,b * oe (mod 3) 

x"(b¥ +1) 2 b + x(2x, + x) 
i.e. x"b* = b + exx, (mod 3). 

Taking x, * bx, we may suppose b = O and so 

as x2(n-1) 4» = a*® (mod 3) since x° = 1 (med 3). 

Thus, for p = 3, there are 3 stem groups. 

For p # 3 or r # 0, (1i)' and (1i1)' reduce to 

xen-l as = xa + x,b eee 

eee = h > eS 

with standard forms b=1 eX 9g g 9g 

a= 0 0 z g 0 

where k= 1, 2, ... (p-1,n)-1 and 2 = 1, 2, ... (p-1,2n-2)-1. 

Taking r = 0, we obtain the 1 + (p-l,n) + (p-1,2n-2) stem 

groups for p > 3. 
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i. If 7G) 48 (il), put 2G) = ¢yoK<n. 5 >. 
n+1 

Pe H+} 6G); then G is the direct product of a 

  

(a) If a say 

stem group together with a group of tyre (1). 

; ' . é a bd Cos ar aa vee Gy ¢ Hy (O)s put a ee ey, oF # Cn 

By {a > ao, 7? we may suppose b = 0. 

The other automorphisms are the same as above with Xy = 0 and so 

we may suppose a = 0, l, & where 2 =1, 2, ... (p-1,2n-2)-1. 

Pr (5) Pp Pp (c) If C4" Oo vee Gh, € Hi+1 6@) and a” ¢& Ht] (&) > put a = yy, 

te 
Cy A vee GF Ong: 

Using the same automorphism as in I, with x' = y' = 0, 

xP y* = a**, we obtain the same relation for b and so we may 

suppose b = 0, 1, ak where k = 1, 2, ... (p-l,n)-1 for p > 3 

and b = 0 for p = 3. 

The 1 + (p-1,3) + (p-1,4) groups of P15 (p > 3) and 

the three groups of 3? Ato are obtained by rutting r = 0, n = 3 

in I, and the 4 + 3(p-1,3) + 3(p-1,4) grours of p°e, 5 (p> > 3) 

and the 11 groups of as, are, obtained by putting r=1, n = 3 

in I and n = 3 in Ii. 

The 1 + (p-1,4) + (p-1,6) frouns of p°Oa¢ (p > 3) and 

the three groups of 3°A are obtained by putting r = 0, n= 4 

au 1 « 

~103-



$4, (p > 3) 

The groups of $,, are characterized by: @77.(G) is 

(111), H3(@) ts (111). 

Take a, © G - Z(G), ag © G - <a,,2(G)>, G2 €G - <4 s05Z(G)> and 

B2 = [a,.%5] , B= [a5 sc] » B5 = [oz,c0,]. 
a 

For stem groups, we have Z(G) = <By 5B5583> and so o = are and 

a,* go ~ 
Cs = B* where z < x 

gy a ee 

ae 5" = as IX} # 0 

ig a C3 oO 

ee YxZ % is ZXxX oe XxXY 

and 8, B~ ~s Bo B~ ~s B3 B~ ~- 

Putting A = (a; 545,23), A® = (a,*,a5*,a #) and X = (x,y,2), 
~ 

we note that 

adj xt = (yxz,Zxx,xxy) 
wee eee 

and so we obtain the transformation 

AX = aaj xX? a¥® 
T xtax = xt (aaj xT)a® = [x|a® ... (1) 

To find the canonical forms we write A = S + K where 

Os Boe ok. 

(a) If A is skew-symmetric, we know that A must be of rank 

0 or 2 and so the standard forms are 0 and 

2. 6 

-l1 OO Oj = Kae 

GO. 9 
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(b) If A is symmetric, we may suppose 

A = diag ($1 555,583). 

If 8, # 0, some i, we may suppose S43 7 0. 

& 
Taking X = diag (s)- ,1.,1), we may suppose 

S, = 3 

If sj; S5 # 0, take X = diag (xy,x,y) and so we have (xy)°s5% = x°s5 

with standard forms s, = 1, v or 0. 
et 

Similarly we may suppose S3 = ior Os 

Since y is any quadratic non-residue (mod p) we may choose it 

such that y - 1 is a quadratic residue (e.g. y = 2if 2isa 

quadratic non-residue) and we may suppose 

A= 0, 1, dige (1,0,07, diag (1,1,0), diag 45.0), 

diag (1,1,v), or diag (1,v,v). 

-v 0 0 

Taking X = 0 Yvy=l i we see that 

0 1 -/v-1 

T 
X° diag (1,v,v) X = |X|I 

Yy-1 1 0 

and taking X = 2 -/v-1 0} we see that 

0 0 -1 

x? afiag (1,1,v) X = |X]I. 
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Thus A may be taken as 0, I, diag (1,0,0), diag (1,1,0) or 

diag (1, v,0). 

Since rank is invariant under the above transformation, the first 

four of these are canonical forms. 

Suppose we can find an X such that 

x? diag (1,v,0) X ix] G@iee 62 6) 5; (3) 

X a 
Writing x = | + ~]| ana diag (1,v,0) as A, © (0) (2) becomes 

a 

bt c 

T z 7 X; "Ase, = fet 
T = 

Ay SY 

avAya = 0. 
Taking determinants of the first of these 

iti = fei 
which is impossible, since |X| # 0. 

Thus we have five canonical forms above. 

(c) If A is neither symmetric nor skew-symmetric, by (a) we may 

suppose A =S + Ko» where st = S and Ky is as in (a) 

(1)- becomes X"SX + X'KoX = [X|(S* + K,) 

or x'sx = |x|s* 
7 Ske = te 
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Putting X (x,y,z) the second of these becomes 

i na ¥1%9 

and X,Y5 - X5¥ * |X|. 

4 

If z, # 0, then 2, |X| = X1¥o2) - %924¥y = %4¥y2o - X20] * 0 

and so Z, = QO. 

Similarly Zo = a4 Ze = il. 

Ry Fy ey eg 
Writing Xy = ; Ss 5 where Sy = (sj .85) and 

“o 3 7 35-85 

ai 
Sy (1 = 1, 2, 3), the first equation yields 

Ss 
12 

©33 

iy (Bag Saha g © Solon 7 23" s3 

|X; [533° 

¥ = [X,15}3 X1543 + X5853 + X3533 

and so the isomorphism classes may be split up into three 

mutually exclusive collections viz. 

(1) S33 4 0, (ii) = 0 and s., gO, C114) wee 
(i) If s34 # 0, by choice of |X,]|, X32, Y3 We may suppose S33 = 

ee tre 
The first equation then reduces to 

|X, | +s = 

= T sx = §_# with standard forms 
ioe 1 

Sy} = 0, diag (1,0), diag (v,0) or diag (a,l) (a # 0). 
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2 aos * (1i) If S33 = 0, we have X,'s, Ix, 183 ; 

Taking y, = “S532 Yo = 873 (if S. # 0), we may suppose 

$53 = 0 and $143 = 1. 

The first equation then reduces to 

yee 

% * 1X1 = 249 
¥ % 

°o3 7 ee 
= % 

Sythe * %939 7 eee 
+ 2x 

2 Ga ee : 
x7 S814 1%25y2 * 2X4%3 + Xp S59 * %48)7 

and so we may suppose s, = o, S55 = 0 or i. 
~ 

(iii) If $13 = S53 = 533 0, the first equation becomes 

. = # 

X,°SyX, = 1X, 18, 
with standard forms S, = 0, diag (1,0) and diag (a,1) (a # 0). 

Thus, in all, there are 2p + 10 groups of p°o,4- 
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"12 

The groups of P10 are characterized by: G72(G) is ii 

H,(G) is (11) and we may find two elements By> Bo such that 

a G per a HG} = <h 64? end “/<8,> €%, (1's 1, Zp. 
2 

Let a, €G - Z(G), C4] EG = <a), ... Oy s Z(G)? {4 = 1,253). 

Then by theorem 5 we may suppose 

[ a, 5¢5] = B45 [3,0] = Bo» [O,>%5] = ] otherwise. 

For stem groups, we have Z(G) = H,(G) = <B »B5> and 

p 
a = 3% 

Zee iw], 2, 4 a (a), Ans Ags ay). EE 

Q41 OF any # 0, by {ay “> a5} (if necessary) we may suppose 

ak tT Q44 7 O and by {a5 + Oy On } we may suppose a4, = i; a5, = 0, 

Similarly we may suppose Ano = 0, azo = 0 or 1 and so 

ie 0 a, ay 

A = 0 | where 844> A309 = QO or 1, 

ay Fe 32 

(a) Suppose 244 = 839 = 0. If some ay # 0, we may suppose (by 

a 
permuting the cy) that ay 7 0. By {a3 + a3 1, we may suppose 

-a 
2 

a, = Lee {a5 > Oy Cy } we may Suppose a, = QO and similarly 

we may suppose ag = lor 0, ay = 0. As the corresponding groups 

have different type invariants, they are not isomorphic and so 

the canonical forms are 

a. 0-38 Oo Dog 0-8} =o 

Ay 60 8 6 ee 
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(b) If one only of a,j, 30 is non-zero, we may suppose (as 

before) a4, ° Ls Azo = 0. 

Also, as in (a), we may suppose a, = 0, a, = 1 or 0. 
3 

a ~a 
if a5 % O, by {ay + Gy ae @y * G@yA5 a we May suppose a, = -s 

a 
a 

If a, = 0, a, # 0, by {ay > oy } we may suppose a, = 1. Thus 

we have reduced A to one of the following: 

a --U  O_8 )- eee de eae 

0 1 © O17 412 020.674] oe ae 

4. OF 20 dp Bec eae eee 

QO 42> 8° =6274 Ss) 6 ee ee eS 8 ar 

(c) 244 = 239 = r, 

a ~—a 
a 

if as # O, by {a + 3 é Gy F 45 } we may suppose a5 = ce 

Similarly, if ay # 0, we may suppose az = 0, ay = 1. Also, as 

before, we may suppose that a5 = 1 whenever ay = 1. We thus 

have 3 cases for A: 

to Og 1302 8 0 1.0. a 0 
3 and 3 

Oh ae 8 0 ay Gz Oj° 

3 In the second case, if a3 #0, by {oy > Cy } we may suppose 

a3 25 
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Stmilarly, in the third case, we may suppose a, = Oe 45 

az = 0 or 1 and also (as above) a, = lor a, = a3 = 0. 

This gives us the following 6 matrices: 

1 3 oe a. Oe = 0 0 8 

1 OP Oe a 0 ae ee 

1 1 2 i 

0 OP es 

To check that no two of the above 15 matrices give 

isomorphic groups, we write 

Hr 
Oo 

O
°
 

Kr 
oO 

a4” = at, aie = gent where 

a4* * a 

ag* = o% 

a3" = as 

age On 

From Laz*,03*] = 1 etc., we get 

X25 = X52, V4 Zo = Vo%y —-&32y = Xy23  V3Z%y = Vy23 

XyWo = XoWy VW = VOW, = -XQWy = XyW2 VQWy = YyW3 

and so X3 + * Y3 tJ ey A, 2 0 

or XK, = Xo = Vy 75° Zs = 2) = W = 0 

i.e. putting X = (x, y, zZ, w), we may suppose



h i. * _ X= d wnere 1 Ess Yo 2 Zy Wy an y " 

m
e
i
n
,
 

(0
6 I
E
 
ac
e 

n
d
 

O ie 

a
n
e
s
,
 

~
 

©
 

n
e
n
t
 

ge x|X, | y |X, | 
Thus By a By Bo 

y|X,| x1X5| 
* = Bs B5 B5 ‘ 

a. % 

As for earlier families, the relations cee = get give 

AX = YA* xs (1) 

where A = (8), a5, 833 34), A™ = (8,55 85%) 83°, 24"); 
x1X,1  yIX 

Y 2 

| (oy Ral Pl 
and Y°.=:— : 

y |X, | x |X, | ee 1x] -l X, | x |X, | 

Putting Ao, = ayo = 0 (as we have done above), (1) becomes 

meee Yq (xaq 1-¥aza)X| 
|X|A® = : Z3(XA35-vay}%| Ww 0%25-Va,)} 

as (2) : 

a5,* = Ayo* = 0 gives 

y, (xa, - Ya35) = W3(xa35 - yay4) = 0 aes (3) 

If a4, * A305 = 0, (2) gives 241" = Az5% = 0. 

If aj, = 839 = 1, then xa,, - Ya35 = #1 and so (from (3)), 

% % Thus X1Vo2QWy 7 0 and (2) gives a41*> 239 F% 0. 

Thus the three cases (a), (b), (c) above are mutually exclusive. 
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The three groups of case (a) have been shown to be 

not isomorphic. From now on, we shall take 

44,71; 443° 7 0. 

Thus, from (2), we have x, (%aqq ~ Yao) # 0 and so y, = 0, 

Xi» Vo 7 0. 

In case (b), two of the groups are of type (217) and 

so not isomorphic to any of the other groups (nor to each other 

since one is the direct product of two groups of order p>). 

For the other groups of case (b), we take Azo = azo" = 0 and so 

y = 0, and we have 

6 : 9 4 oe 8 £50 

A |5 -3 6 8 10°? © 8 6 6 0 0 

1.4 0 0 8 x. 1%51 0 23|Xo| w3 1X, 

X A® = : 
: 62 i we X5[X, | yolXz| 0 0 

x, |X5| 0 Z2|X5| w|X, 

0 0 0 0 : 

Thus no two of these matrices give isomorphic groups. 

For case (c), the first matrix gives a group of 

type (21"), the second gives the direct product of two froups 

of order p? and for the others A305" #0 and so (from (2) and (3)) 

W2 = 0, X71 Vo2%2Wy ¥ QO. 
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Thus: 

  

  

A* Notes 

p 0 [x4 (x-y) 1X5 | 0 -2y |X| d 

1 0 | xx, |X, | 0 (x-y)z3[X,| 0 

|; 0 (x, (x-y)|X,| 0 ee If ajo* # 0, 

0 1 XX5|Xq |, XV¥o|Xq|,0x-y)23 |X, |, 0 as a31" - 

# = Any 0 

  
  

  hese 

Xo |X, | 

0 

V5 |X, | 

Zy [Xo | 
Z2 |X, | 

Wy [Xp | 
0 |   

Thus no two of these matrices give isomorphic groups. 
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13 (p23) 

The groups of $13 are characterized by: ©72(G) is 

a"y, H,(G) is (11), and there exist By> Bo & H3(G) with 

G G 
/<B5> e ®55 /<B4> S o,- 

By theorem 5 above we may supnose 

GF 60g 505 0g Oy 20S) |EC a5) = By of) 05) Bl a5,0y) * Bos 
rest = ia,” © 2G )}>. 

Also by lemma L6, we see that <a3:% 2(G)> 1s a characteristic 

subgroup of G (For <a 92> = (<cy 503,052?) , 

<a 52> HL (Koy 503 50y 52>), Z = centralizer of any other maximal 

subgroup). 

For stem groups Z(G) = HA(G) = <B, 85> and so 

  

a a,* 
ay” = ae a, = ge~t where 

ee es ee ee 
1 2 3 \ % = : Gy* Fa, “Ay “Gz “Cy 

y y y y 
Cy* = Gy vay u 2a, 4 

zy (mod Z(G)) 

a3 % = or Sey 

w. Ww 
is 7. 8 cy * = G3 Cy 

aig ee i et Pee Se, 
2 1 2 1 2 

Ya Mato" sy 
i Pa 
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By considering ee. we must have 

X42 + X52 = YyW + Yow, # 0 — (1) 

XW + Xow, = 0 = (2) 

123 + YoZy = 0 es (3) 

Case l oO e a,” not both in <®,>. 
eee 4 3 2 

By interchanging Ags Oy (if necessary) we may suppose Oar ¢ <Bo>- 

Thus 237 Z 0 (mod p) and so we take 23423) = 1 (mod p). 

-a,,a 
By {ay 7 G3 Ht Pt 5] we may suppose oy” € <S5>- 

Ss a 
By {a3 + a3 ae Gy + Cy 31, we may suppose ag” = By (mod <Bo>)- 

From ay*” © <Bo*> we have w3* c. 

In (2), XoWy = 0 and so x, = 0 (since We % 0, some i). 

From age = B,* (mod <B.*>) we have 23 = X1Vo - Xo¥q = X4Vo- 

In (3) X4V1Vo + Vo%y = O and so 2y = -x,Yq (since X5 Or Yo 7 0). 

in) ayes = Yow, and so wy, = + (as above). 

% 
oy 

- become The remaining equations a = 8, 

= a..# + =4 HV 5949 54s 
2 = ¥ s 

¥1241 + Yo@01 + V3 = %4V¥045," 
2 

5 = % % 

¥y240.* Vsta0 * ¥e2qn * Vy8yo SF *4m" * Fares 
2 2 # 

Ri Vo%o5 7 %1912%yo = © * %y Yo%so 

54S 8s a 
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By choice of X35 Y3> t 

the above reduce to X3 

¥12,0 F Xy2@nQ * 

¥x8,9 * Yo8n0 

Yoa ee 

with standard forms: 

and so there are 

Case 2 03° say 

As in case l, we 

From ay" € <Bo>> 

In (3), Yo"y = 0 

From ay” = 

five groups 

& <B5>> one 

may suppose 

we get Vy = 

and so Zy = 

= By» we get X, = 

we may Suppose 8,4, = a5, * A309 = 0 and 

aay 0, t= ~X1974y0 and 

x1 "v1" 

+ yy2yo = 1 VoRo0" 

42" 
Ano = iD. Se 

Ayo = O-. 1 Ooo 

Ao = GC - 0-2, --9.. 0 

in case l. 

of ay seo” Ez <Bo>- 

a,” = By (mod <Bo>); as” € <Bo>- 

- X5Y, * X1V5 and so Yo = i « 

LF Wy = X42 + X52) = ey*5 7 0. 

The remaining equations become 

Ba By Ras ae Shas 
# X41 23249 + t 

G50 + ¥3830 + Vyayo = %123220" 
Z3835 = X 123830" 

W2235 + X41 23849 = X12Z32y9"- 

By choice of t, we may suppose B40 = 0 and the standard forms 

for the rest are Azo = 050 

Boo = ae 

ayo = 0 O any 

and so there are p + 2 groups in case 2. 
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Case 3 re E <B5>- As before we have ag” Fi, Oy" = Ps 
oS 

as” ly es * ah = a,P = 1; or o * 1 (all i). 

In the first two cases, by replacing 03 or a, by a suitable 

D> Po % power we may suppose G3 = Bo or a,” = Bos 

Thus case 3 gives rise to 3 groups. 

In all, there are p + 10 groups in p13. 
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o,4 ( P > 3) 

The groups of 6,, are characterized by: © 72(G) is (22), 

H5(G) is (2). Let a, € G - <Z2(G),GP> and a5 € G - <f<a,>,GP> 

and [a G5] = £6. 

pe 2 
Then a, € Z(G), gP =1. 

2 a 

For stem groups, Z(G) = H(G) = <g> and so ag” = 8 e 

If a, or a, Z 0 (mod p) we may suppose, without loss of 

generality, that ay ZO (mod p). 

-a, a 
By {ap > a4 ee 1} we may suppose a, = 1, a, = 0. 

if.a, 2:85:2 0 (mod p), put a, = pa'ys a5 = pats. 

If a'y or a', Z 0 (mod p), we may again suppose a'y Z 0 (mod p) 

at ' 
PS oe 

and by {as > ay 5 } we may suppose a, = Ps a = 0. 

Thus there are just three groups in p61 4: 

4 2 2 
<asBla> = gP = Lis [a,8 }= a? > 

3 2 2 

<asBsy lam = pf = 1, 7 =a , la,6] = y> 

pe 92 2 
<a,B,ylo® = BP = yP = 1, fa,8 I= y>. 

Note: The second group may also be written as 

3 2 

<a,B,yja® = gP = yP = 1, I{2,8] P a’ y>. 
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16 tp 3) 

The groups of 45 are characterized by: G72(G) is a"), 

H,(G) 4s (11) and "/<g> € 0, for all 6 € 2(G). 

By theorem 5, we may suppose all stem groups are of the form 

a 

<O1q 9p 90h 3 9 y> where tae = g~* (i ety 2, 3 4) [o 205] = [azsay] 

= By> [ay 203] = Bos [assay] = S55 rest = l. 

Let # = 2 OTs ee 

at = ae 

a3* = a 
ant & a 

From [a,*,a,*] = [az*.a3*] = 1 we get 

ZyXoq - 25Xq + ZX) - ZX = 0 

Z 4X3 - 23%) + v(Z5Xy ~ Z Xo) = 0 

Y4yWo - Vow, + Y3Wy ~ YyW3 = 0 

pM a8, 7 ey 
and from (a, *,05*) = [ag*say*] and fay*,cy*] = [a,*,03"]”, we get 

Z1Vo - ZV + 23Vy - 2y¥3 = WyX> ~ Woy + W3X, - WyX3 

ZiV3 - 23¥, + v(Zo¥y - 2y¥Q) = wyX3 - W3Xqz + VwoxXy — WyX) 

Yi%o 7 VoXy + ¥3Xy - YyX3 = vV(z,W, — ZW) + ZW) - ZW) 

YyX3 ~ V3x} + Vly oxy - VX) = V(2z4W, “ ZW) + ve (Zowy “i ZyWo)- 
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Solving these, we get (with e° = 1) 

Z, = EXy W, = -E¥y 

VZ5 = -EX3 VW = EY¥3 

Zz = -EX5 W2 = €Y5 

VZy = €X, VW), = -E€Y,- 

R
 

a 
* ! 

WD WD 

N
 

where do, = v (xy¥3 - X2Vy + XV, - X15) 

: a 
dao = XyVo - XoVy tv (X3¥, - X¥3) 

From age = ge~t we get 

DA* = AX |X| #0 <s% (1) 

where D = (d),d,), A® = (a,*,a5*,a3%,a,"), 

Ros (es WX) eA ® (87585 085 584) - 
Case I ia” =] all i. 

Thus A = 0 and this is the standard form. 

Case II a4 € <B,> (i = 1, 2, 3, 4) and some as? #1. 

By a suitable permutation of the a; We may suppose that 

a,” #1 (i.e. ai1 # 0). 
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a a 

By fas + Ao ae C3 % 3 11, we may suppose a4” = 8: 

-2 a 
By {a3 > ay Tag Ao > Aoty 314 we may assume a3” = 1. 

-i 
“2 Vv a 

(a) if ay = 1, by {a5 > Oy ae a3 % Agay ei, we may 

suppose aa” = 1, 

1-0: -0 =8 

i.e. standard form is A = 000 oF 

eo a a 
; 4 m a 

(b) If oy? Z x by fa, > 4 On es a4 4 Gy “Sa + 

-1 -1 

> i: Ad as ih > oe }, we may suppose 3 a5 A320 y » Oy Oy Oy Ss y PP 

aa” ” ay? = 1. 

Thus we have (a) again. 

Case III dat € <B> all 1, some eg Zl. 

As in case II, we may suppose a4” = Bo> a = a3” = ay? = 1. 

-1 

By {cin + zs ag > ig” . we may suppose ay” = 8, and so once again 

we have case II. 

Case IV oa z <By>s ag? E <B> some i, j. 

By the same reasoning as in case II we may suppose i” = By 

fe Z 

Pe a & at 
é 

(mod <B>) f.e. A = 
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-1. 

Ch (a) If b = c = d = 0, by fa, > Ong” s a3 7 oad 3} we may 

assume a,” By and so we have case II once again. 

(b) Ifa=b=ce#=0,d# 0, (1) becomes 

a Fy 0 

and ex, = dj4 ev ax, = dio 

KX, = d,,4* ax), = d550%* 

= ev d, 5d* = ed," 

# v7°x,aa* = x,a*. 

Thus dad = d* or dd* = ye. 

As we may take y to be any non quadratic residue, we may take 

vy = g (primitive root). 

Wren vy" . oe” = get 

and so the standard forms are 

ty oe 
Wie ys ok ee 1. 2 a inti). 

These groups are obviously not isomorphic to any earlier ones 

by considering the type invariants. 

(c) If b = c = 0, a,d # 0, (1) becomes 

Vy = Vy = QO 

a 
= #G a = * and = eX, = dj, + a¥dy, e(ax, - v dx,) = dy5 + dooa 

= * =x % Xq do44 AX, + aX, dood . 
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¥<=+ j% = Thus dd evd,,4 EVK, 

# = 2 = Rs # dood ed,,¢ xd ex,a 

and so (vtdd# ~ v + aX?) x, + d®(a = ¢8"*)x, = 0 

# us at = (a * Ga" )x, * Cd = a*)x, = 0. 

As xX, = X, = 0 would mean |X| = 0, these equations must have a 

non-zero solution. 

He, te" ~ a8) = (a = a¥)(v taa* « v + aH*) gg, 2) 

Fixing d, we have a® nS ake and so we may suppose 

o-1 
azsl, es -.. BS. 

(Note that a* = 0 only if a = 0 and d* = 0 only if d = 0.) 

(2) becomes a“(a - a¥) = 7 *to* ~ dd*)(d - d*) 

i.e. d = d® or dd* = v(v - any. 

Now, as v(v - a“) can have pot values as a runs through a complete 

set of residues (mod p), lemma L7 tells us that (Pr) of these 

are non quadratic residues and (Pos) are quadratic residues. 

Also if v(v - a) is a non quadratic residue, the relation 

dad* = v(v - a) pairs off all the non-zero residues while if 

v(v - a) = m@ the relation pairs off all non-zero residues 

except m and -m giving &(p - 3) + 2 = 4(p + 1) standard forms. 

For p = 1 (mod 4), v(v = a?) has pt quadratic values and Be 

non quadratic values giving %(p + 1) and %(p - 1) standard forms 

respectively. 

-. Number of standard forms = &(p? - p). 
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For p = 3 (mod 4), v(v - a®) has p38 quacratic values eivinge 

4(p + 1) standard forms each and PB non quacratic values giving 

s(p - 1) standard forms each. 

.. Number of standard forms = (Cp + 1) (253 + >) 

1 =f - 0 0 
Thus the standard forms are 

and d, d* give isomorphic groups if d = d* or dd* = v(v - a*). 

there being a - p + (p - 1,4) - 4) groups altogether. 

(d) If b or ec # 0, by interchanging Gy> % with a), a, 

respectively (if necessary) we may suppose b # 0. 

b By ta, 7a oi ae we May suppose b = l. 

d -d 
By {a, + 4,037, Gy % Oy ay, we may suppose da = 0. 

~-1 
vx a, ~-y a NS -X 1 %%z My s G3 7 4G, O13 Oy } we may suppose 

a = 0, where v(v - a’ )x =a + as and v(v - a“ )y = a + vac. 

By fa. >a 

-u. veu ee = -cV. Vv. vc By {o, + a,a,7 a Mz * O85 G3, O, 2 %3 % ; 
12 3 ; 

a do te we may suppose c = 0, where (1 - ve“)v = 1 

and u = Vev. 

Thus the standard form for this case is 

dU 

O55 )- 6) fy 
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i. G= 8 -@ a 
Also if oe eae X = D 68 then we must have y= 0 

contradicting the assumption that |X| = 0. 

Thus the total number of groups in p01. is (po +p +10 + (p-1,4)). 
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The groups of 1,6 are characterized by: G72(G) is 

65(1'), H5(G) 18 A132) H3(G) is (1) and G has a maximal abelian 

subgroup H,(G). 

Let a © G - H,(G), Cy & H, (G) - Z(G), B € H, (G) ~ <a, Z(G) ,HA(G)>, 

la,, a} = O44] Ce SJ ae 7, = [8,0]. By theorem 2, we have 

faysao) = foy.p)] = 1 (1 = 1, 2) and azsyy © 2(G). 

For stem groups, we have Z(G) = <a32Yo>> Z(G) = 

<B G5 543515? and Hy (G) (j = 1, 2, 3) are characteristic subgroups. 

Also since <c, 54 > & o35 we use the same methods as there. 

Writing ¥; * Os we have 

p (3) ay a x 
oP = ye, ay "a3 cy = yo, 08 = y*= ete. 

+x 
where a* = ac, 1, é ace 

fans oe % = ly ay B ae XY, 25 # 0 

Z 
2 & = 8 B Clo a 

x 28 and so Ao" = Ay es 

2 

s ee 
oe 4g



X (f) x 
Using (a*a, 1yp = aP™ (a, Pa. 3 ) = we get 

a5 ee 

ZoAg1 = X°¥yap1* + xB" A559 

Pe ys 

¥y241 + Yp%p) = X°¥y8,1" + x2'ayo" 
Xa, + Xa,5 + XnAag0 = XZna5” 

Ka, + X34), + X80] = x*y,a,* + xZ'ay*, 

(a) af A> 7 0, take x = Ay and so we may SUppOSe a55 = a4 

Also, by taking xz' = Zoanz> Vo = “¥}2109 Xp = ~(xag + Xay0); 
we may SuppOSe a5, = 4,5 * 4p = O and so 

Si ae 

4 
with standard forms 441 = Q any 

a, = 1 GC. 

(b) if Ago = 0, A5j # O, take ZnAo, = xy, and so can assume 

@5, = 1. Also, by taking y, = XZ'a,5* - ¥,44,> Xo = xz'a 2" - 

Xa, ~ X,4,,»5 we may suppose aj, = 2, = 0 and so 

ajo = x7a45* (since Zo = xy,) 

Kay + X,a,5 = x3y,a5" 

with standard forms a,5 = 1 e266 © wil... GelF) =2 

= 0 O Le, = 
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(c) If a5 = 0, a,5 # 0, take ¥4212 = X25 and so can assume 

Qi. = 1. Taking xz' = ¥121,> X1 = “Xap, we may suppose 

= = 3 ss 3 x A44 a, = 0 and so xa, = X 2584 

i.e. we may suppose a, = 0=6F 1, 

2 = = % (d) If a5 0, Ai. 0, we have aq. x ayy 

= * RAS NESE Ss 

. aun % ta # Xa, + X18), = x yza,* + xz"a, 

with standard forms Q41 = Sos 1 oe 

ay = =. BO 0 

a, = OO 0 081 0. 

Thus there are p + 12 + (p-1,3) groups of por 6:



  

°7 (p. 78) 

The groups of 17 are chawecterized by: G 2(G) is 

¢(1'), Hp(G) 4s (111), H,(G) 4s (1) and [H,(G),2,(G)] £ H4(@) 
where H,(G) =4(H(G)). 
Let 0 © G - H{(G), a, © H,(G) - 2,(G), B © 2,(G) - <2(G),HA(G)>, 

Osa, [a,,a] (i- 64 2 1; * [o, 58). By theorem 2, we may 

suppose [8,a] = [8,a,] = [o, 2%] = 1 and a 

For stem groups, we have Z(G) = <A35Vo?5 

Z(G) = <B 405 503,Y5? and H,(G@) are characteristic subfroups 

(j = 1, 2, 3). Writing Vz = Gg» we have 

a % oP = y8, a,P = yt, oP = y°?, at? = ye?" ete. 
> > ~ 

x. x 
where a* = aa, 1, 2 as 

V1 72 
a,* = a 8 Fea XY ,25 # 0 

Z 

Be = gr 

ag =a 
and so Cho = 5 ‘is 

xy, 

“ge ee 4 
r4"s # = 

"5 Yo * 

From [o*,8*} = 1, we get x,2, = 0 and so x, = 0. 
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From the above we get Boo = ¥}250" 

Zoao, = x ya51* 

¥e2i5 * Va"2o * Vio" 2° 

¥y217 + Yp%q = *°¥43q4" 
Xan + X5a55 = V4 2525" 

Xa, + X585, = X Va, 

If Boo ¥ 0, take ¥y = 490 and so we may suppose B55 = as 

Also, taking Yo = -¥}]9,9> Xp = -Xap, we may Suppose 

Ajo = Ao = 0 and so 

ae # 
ota, * SB ay 

aie # 
74" SS yy 

a, * xa, * with standard forms 

Z 

a, = 1 1 0 0 0 0 0 0 

Qa, = any any z 1 v v 0 0 

Qo, = 1 0 1 0 1 0 1 0. 

(bd) If aj, = 0, ai, # 0, take x°y = 2,8a,, and so we may 
22 ai 1 e 24 

Suppose a5, = as 

As before, we may suppose Qy, = 4, * 0 

and so aio = x*y 8,5" 

a5 = xy, a5" with standard forms 

Qi0 = 1 1 1 0 0 

40g eg 6 rel, 2, ... (2,9) =1%. 
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(c) If ay = 0, G15 # O, take Zn = a, and so we may suppose 

ayo = 1. 

Thus a4, * a9 

ee 

xa, = ¥ 25" with standard forms 

a5 = 1 1 1 1 1 0 0 0 0 0 0 

a =i1 v 0 0 0 2 4 v Vv 0 0 

a, = any any a Vv 0 i 0 1 0 Zz 0 

(da) If ao = O, a = 0, we have 

= x°2,,8 
a2 

= % 
as 71" 3"2 

eo eye 
i.e. we may suppose a41 = Doo. OF y, a5 = DoF a, a, = 6 or i. 

Thus, in all, there are 4p + 30 + (p-1,3) groups of pa 

For p = 3, the only change comes from considering the products 

x 
aay 1 (x, #0). So, since x, * 0, the above results hold for 

po 3s 
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The groups of 948 are characterized by: G72(G) is : | 

o,(1 i H(G) ie °(332); H3(G) is (2) ang [H,(G) ,2,(G)] & H3(G) 

where H,(G) =4(H,(G)). 

Let a EG - H,(G), ay € H, (G) - Z(G), a Z(G) ~ 

<Z(G),H5(G)>, Oe, = fa,sc] (is 2 2, ‘<= [B,a] and so (by 

theorem 2), we have [o,,8] = O35 [G50] =[c5,8] = 1 and 

A32Yo € Z(G). 

For stem groups, we have Z(G) = <3 Vos Z(G) = 

<B, G5 45%35Y5? and H,(G) are characteristic subgroups (j = 1, 2, 3). 

Writing + G3» we have 

(t) a a x ae = Y=, a4 Pa, 3 = xe gP = e*, oe P x yee etc. 

yok 
where a* = a*o, 1p e es 

¥, ¥ i? * ty me B ala=@ BY 1 => # 0 

Zz 
g* = pa 

XY 
yo Oe and so C5 ee 

a9 = a4” Yq 

XZ KZ XZ 
i-2 2 * = Yo as Yo .



2 2 
From[a,*,6*] = 3%, we get Yy2o = * Yq and so Z2, =x. 

Similarly we get feo" X25 9% 

ey a 

¥y2q2 + ¥aegq = x7ay 9" 
¥y841 + Ypaqq = X°Yzaqy* + x(2" = xx, )aq 9" 

3 = % Kas + X1215 + X 5259 xX a5 

« 92 % # xa, + X,44, + Xo85, = ¥°y,a,* + x(z' - XX, ay : 

(a) if Ao # 0, take x = @ao and so we may suppOsSe ayo = ds 

By choice of the other variables we have (as in %,¢) 

A140 = = 0, 441% 0 any 2 

a, = 1 G-5 

(b) rf Ano = 0, ayo # 0, take ¥4212 = x3, and so can assume 

Qi. = Le By chcice «f the -ther variables, we may suppose 

ay4 = As = 0 and so 

= ¥ = * 

oot 3st at 
See a Xa, + Xo85, = x ay with standard forms 

a5, =1 oe = 6 Ka 4. (pel. 2) = 1 

a, =o 0 toe 6 Se tS tet 8) 3S 

(c) If Ayo = 0, A541 # 0, take Yi = 85] and so we may suppose 

Ao = il. 

Taking yo = -¥,4, > *o = x(z' - XX, )ay* - Xa, - X,8,,>. we may 

Suppose a,, * 4, = 0 and so 

= : % a5 x" ay 

Les ay may be taken to be o, 1 or y. 

—1354-



(da) If ay = 0, ayo = 0, we have 
~ 

with standard forms 

a)
 I 

a 

2 = any any l 

= 0 0 0 

11 

Vv 

0 

Thus we have 3p + 9 + (p-1,3) + (p-1,4) groups of p°o, 3: 
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P19 (p > 3) 

The groups of 19 are characterized by: G72(G) is 

o9(1"), Hy(G) 4s (111), H,(G) 4s (11) and all the maximal 

subgroups of G are in , or ®¢. 

Let a €G- Z(G), a, €G- <cy »Z5(G)>, a € Z(G) - <Z(G),H,(G)>, 
1 2 

8 = [cy a5] and 8, = [8,c,] (4 = 1, 2). By theorem 2, we have 

[a,c] va Ba» [a,ao] = {a,;6}) = 1. 

For stem groups, Z(G) = H3(G) - <B,,85> and so, since 

Z,(G), H,(G) are characteristic (j 1, 2, 3) we have 

a aP = g@, a,P = gt (4 = 1, 2), at? 4a" B*.~ etc. where 

az * = Oy +t. are 

Cin * = a, tes 2a a Az # 0 

a# = ang - 

and so B* = e4 cat 

6)" = go 

Ba = git 
y 

where X = (x,y), x = fs], y= 3], A= |X|. 

From [a*,a5*] = 1, we get (2 + z')yy = Z"Vo5 = 0. 

From [a*,a,*] = B,*; we get (z + z')X, = AX}, 2'Xy = { & ~* 
nm
 

= = oe = : = = Thus Xo Vj Zz 05° 6 X4V530Pr Xy V5 os it > ul 1 * 
NM
 te
 

~
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% 
From a#P = gee etc. we get 

za, = A(x,a,* + Y3a5*) ies (1) 

Zao = A(x,a,* + Y¥oa5*) rsa (ii) 

¥1%44 + Yop, + ya, = A(x, a5,* + Y4250*) [a (i111) 

Yy212 + Yoago + Vag = AlXoa9)* + ¥na90") s+ ee 

X1344 + XpGQ, + Kay = Alea, * + ¥y8,9*) vee (v) 

RySy5 * Xo8o0 * X8 MN
 u >
 

-
“
-
 

* 
NO

 +8)
 

_
 ~
 
* + <
 

N
 © 

K
e
 Nm 
* 

—
—
 (vi) 

where t,°% ¥, * z'=0Q0, 2: 

or KX, = Yo 0, z' = -Z = “X5¥, = S. 

Case l Ay» Ay 7 0. 

Taking X, = 8,9 Vo = Ags Xp F Vy 0, we may suppose that 

Taking X5 = 0, x = “X18,9» Y = -Yp45,» we may suppose that 

Ayo = ao, = O- 
If x i Oo a * 0, (i111) becomes y 

and (1) becomes z = Ax, 

but Xo = 0-22: A and so 

Similarly x = 0, 7. * ds 

Similarly, if X, = 0, x = y = 0 and Ay oe * -1l. 

Thus diag (2442255) may only be replaced by diag (-8595-234); 

and so we.may suppose that 0 < Qqq <p- Boo° 

Thus there are %p(p + 1) values. 
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Case 2 Just one of Ay» Ao is non-zero. 

By {a4 ? 5, 4% ap7*} (if necessary) we may suppose a, 7 0, 

a5 = 0, 

From (11), x, = 0. 
2 

Taking X, = a,, we may suppose a, = ges 

it oO
 

Taking y = “YonA@5,> X = -X12,,> We May suppose ay, = B54 

The above equations then become 

xX, = 1, y = x =O and 

Sao. aos - 
- 2 x 

en. oo SES 

with standard forms Ao =] 0 0 0 

a = any l Vv 0 

ey oFy “43 21 
Writing X = (x, Yoj, A= » equations (i411) - (vi) eyo. S59 

become AA#* = xt ax. 
2 2 

. Bieht he 5 Sag Fy 845 | 
i.e. ATA*® = 2: 2 . 

By Myo 8S B54 Aga oo ory 1) 

Taking, in turn, KX, = 0 and X5 = O we see that A* must have the 

same number of zeroes as A. 

(a) If A has 4 zeroes, A* = A = Q. 
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(b) Suppose A has 3 zeroes. 

  

  

If A = then A* = or 
0 859 X1V2t0 ago 

Xo 0 0 

Thus we may suppose @41 * i; Aro = 45, = Ano = 0. 

Similarly, if aij # 0, a4>* 217220795 we may suppose 4), = a5 

If a5, # 0, others = 0, then, taking X5 = 0, we have 

ste 2 
ey Eg 

with standard forms ao, = L ore 

2 

* 

Taking y,° = -1 or -v (depending on p), we may suppose 

Aj. = i oy ¥, 844 = 851 = Aono = Cs 

Similarly, if A1> ¥ 0, 411 = 45] = 80 = 0, we may suppose 

Ayo = 1 or ¥v; 

(c) Suppose A has two zeroes. 

Cy eee 

(1) If A = ° ‘ |, taking x, = 0, we have 
12° "ee 

Si gcomu ta 
OFS Foe 

es % 
Gag " *3¥5%a5 

with standard forms 2 =l1, Qi. = 4 OY VV; 
22 

As above, taking XoV, = -l, < = -l or -V, we may suppose 

@41 * i, Ao, = OF, A140 = 455 = QO. 

Similarly, if A442 85} %# O, we may suppose ay, * as Ao, = + OP Y: 
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0 

0 
tat 254 0 
- or > using the same arguments 
22 

(11) If A = | 

as in (1), we may suppose 

44, = Ly Qi. = 1 OF yg, A5, = Ago = Os 

(111) If both Ady #0, a = 0, then 13-" ay 
% * 

$44 OF ORs eat 
= ¥ x ao5 dao or AGs4 e 

Taking XiVp = 8,» we may suppose a a 
il 

yt = = = . ¥ = # Taking Xy 0, we have a5 XoVq and 1 X5Vz4o0 Agoan5" 

~1 
So we may replace Ado by A590 

pst 

i.e. we may suppose Boo = ay 8 awe 2 

where ¢ is a primitive root mod p. oo forms). 

= e. (ivy) If both a5, * 0, Ayo» 854 # 0, taking X= Ao, OF Vas, 

and ¥ = @19 OF Vaj5, we May Suppose a5 = L-OF-¥5 Qo, * i OP Ve 

Taking x, = 0, we have a5, = “1°21 5" 

2 a x % 
#12 “2-75. 

0 v p= 
So we may replace oo by if and only if p = 3 (mod 4) 

v GHnie 0 

and ° 5 by h ‘ if and only if p = 1 (mod 4). 

Thus there are 3 groups in each case. 
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(da) Suppose A has just one zero. 

0 231 
If A = | taking x. = 0, we have 

842209)" . : 

a = X e % 21 + Soy 
2 = % 

Bip 5-2 
a % 

Sao" aes 
with standard forms A55 = i; a5, = +. OF N, Azo = any. 

2 Taking ¥4%X5 = md. ¥,° 3 -l or -v, we may suppose A411 “1, 

ajo = i OP VS @5, = any, 855 = O 

Similarly, if B55 = 0, we get the same stancard forms. 

#94 =o 
0 = taking X5 = 0, we have If A = | 

= % 

Say A 
2 #* 

oi Ey 
= # 

San ao" es 

with standard forms Ano = : Q5, = 1 OF 5, @4, = any. 

= 2 = > = X5¥, = -l, ee -l or -y, we may suppose 841 5 Taking 

Ajo = i oF yy, Ao = any. 

Similarly, if Ao, = QO, we get the same standard forms. 

Thus there are 4p - 4 groups for case 3(d). 

(e) Suppose A has no zero terms. Taking Xo = Oy X1Vo = 444 

er = = and XX, = 5, OF vag, we may SUppOSe 4,4 = . Ao4 i OP ys 
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(1) ifs 51 * 1, taking x, * 0, we have 

1 = =X5Vy890* 
2 

1 # -y) a5" 

Mag eae 
2 

Bio = -X5 (and so “84> must be a 

quadratic residue mod p). 

if “815 is a ncon-quadratic residue, we cannot reduce the 

possibilities for Ao and so we have 4(p - 1)° stancarda forms. 

If “a,5 is a quacratic residue, the above equations reduce to 

Ao0800* = 1, “XoV1 = 80 and so we may replace 859 by cL 

pst 

Thus we may suppose a5, = 1, 8, .-. & eiving *(p-1)(p+1) 

standard forms. 

cit} af Qo, = Vs 

i= 

y = 

239 

G39 

ai “245 is - quadratic 

taking x, = 0, the equations become 

“XoV1499" 

~y;"a,5" 

era e? 4 

t -x5" 89)". 
residue, by takings i = 8,5» we may 

SUPpOSe a5, = 1, piving the above case. 

If “249 is a non-quadratic residue, we take = =vai5 and so 

# 854 is again v. 
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a a # = ant = Once arain we have A59859 Ls XoVy Ao and so we may 

suppose ano = 1, &, «.. & (p-1)/2 » 45, = Vv whenever “845 is a 

non--quacratic residue. 

Thus case 3(e) rives 4(p - :¥* + s(n? -~ 1) = (p - 1)p groups. 

Hence there are 4 3p° + 10p + 21) groups in p°o1 9: 

For p = 3, the only chenree comes from considering the products 

Z4 Zo 

A, “Ao (2525 # 0) which are excluded. 

Thus the same results hold for p = 3. 
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oq (p > 3) 

The proups of $5, are characterized by: 72(G) is 

65(1"), Hp(G) ts (111), H,(G) 4s (11) and G has a maximal 
subgroup M in %)- 

Let ao, €G-M, a, EM - Z(G), a © 2,(G) - <Z(G),HA(G)>, 

8 = [o, 5%], B, = [8,0,] (i = 1, 2). Then, by theorem 2, we 

have [a,a,] = Bos La,co] = [a,8} = 1. 

For stem groups, Z(G) = H3(G) = <By »Bo>s 

H,(G) = <B,B, 85>, Z(G) = <a,8,8,,8,> are characteristic. 

Also (<a, ,a5,H,>) = £(M) = Z, €(<a,a5,H>) = <Z,0> and so, by 

lemma L7, <Z,a> and <a, Cty »H5> = ¢(<Z,a>) are characteristic. 

¥ 
Thus a? = 8, Se = gt, g#P = pee etc. where 

x x 
a, * = dy vay 2% < 

y 2 
Co" = dy 6-45 XV 52 # 0 

at =a 

_* X,Y 
and so 8 = £8 ive 

xX, y X.Xny 
a" 2 Lee # = By By B. 

2 
X4Y iz ¥ = B, B5 

2



= 
From a#P = 9 #2 etc., we get 

Yoa, = x, 8,* fas (1) 

Yo2o = x, (x,a,* - Yo2o*) iis (41) 

Yo@5, + ya, = £1 °¥o251" con (iii) 

Yn8nn + Yan = X1V9(%o253* + Yo2n0*) <4 (iv) 

X14, + Xo40, + %8q = nyse a (v) 

X1819 + Xo8qq + KA = X1Vo(%oa,,* + ¥n219*) oe (vi) 

(a) if ay # 0, take Yo, = “ and so we may suppose a, = ‘a 

Taking y = “Yn8o,>2 Xp = X48 and x = ~X18447%58n,> We may 

suppose Qo, = Aap = 444 * QO. 

ai 3 % In (1) - (vi) we have Ago = X1~8o0 

a = xX % % 
iz ahaa 

= # i.e. 42/405 X41 (a, 5/a59) ; 

Thus if Bo ¥ O, takings x, = Q4 0/800 we May SUPPOSE 8,5 = Apo Or oO; 

Sc the standard forms are 

oo = any g& 0 

Ss 
Se ae 

where r +121, ... (p-1,3) ands +121, ... (p-1,4) and so 

the number of rroups with a, #0 isp +t (p-1,3) + (p-1,4). 

(b) If a, = 0, a, # 0, take x, = a, and so we may suppose 

ag = is 

= eo ; = a = Taking y Yo(%5854 Boo) and x X4%XoV544} X14, X5255 

we May SUppOSe Aj5 = 2,5 = 
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= x In (i) - (vi) we have Any Any 

5 = * 
A447 toy ea 

with standard forms Ao, = any 0 

44, = 0 - eiving p + 1 groups. 

(c) If a, = a5 = 0, the remaining equations become 

3 sa ie ee 
X""AX = |X|A* where A = , X= 

#15 “S32 ts 34 

i.e a = Xx en # iy 54 A 
= * ¥ 

Qo = X1(X589,* + Yoo) 
22 : 

Ry@94° 49804 5 9 se 
= ¥ % 

XAyo + Xp8g0 = XzVo(%pa,1* + ¥oa,0*)- 
c= If Aoq # 0, take X, F ao, OF = van and so we may suppose 

Ao, = lor y. 

Taking X585, = —X,4,1,>. We May suppose a, = 0 and so Xy = 0, 

= = * X4 1 and B50 X1Vo2%59 

sss 
Aya = VYo°8,5" 

with standard forms Ao. = i 0 0 0 

Ayo = any 1 v 0. 

= = # if a5, 0, then B55 X1Vn250 

= ¥ 

a5 ae oat 
= # ¥ 

X1249 + Xp290 = X4V9%244* + Vo210*) 
= ee x 

1.e.  Xyajp5 + Xy(g5 — 84,)=X] Vn 249 
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with standard forms @4) * 1 1 i 0 0 0 0 

! 

ey)
 

ro
 

S<
 ~
 

~
 

js
 

©
 oO oO
 

“59 * 
Qaio = 0 1 Vv 0 1 v 0. 

So the number of froups with a = 0 is 3p + 12. 

e 

-. Total number of groups in P55 is 5p + 13 + (p-1,3) + (p-1,4).



Axo 

By the previous chapter, Aso has the same defining 

relations (with p = 3) as S59: Thus 

G = <0 404 sn sZ([ 0, 25] = B,[B,a,] = 8, .fa,0,] = Bo» rest = l>. 

2 2 
Z Z 32 3z -Z, Z 2u% 

As in Ag, we have (a4 “ie 2,3 = ay ae ot *a5 s 

and we may write -z2 = 22, - /z =2z(z##0). Also, since 

a € Z(G), (oa)3 = oa for ali «'€-G; 

As in ®,); H,(G), Z,(G), <Z,a> and <a,a5,H,> are 

characteristic subgroups of a stem group. 

a x a,” 
Thus ar = B=, as = p~+ uP =pee ; a *” = ge~? 

x x 
where a, * = dy “os eX ae 

7 2.¥ x = 4 5 Oy “OT aes X1Vo2 ¥ 0 

a* = ae 

oe = give 
x %,%5Y 

3 ee e = 

By ey" Pe 
x 

+ 
% = 3 B, Bo ° 

From [a%,a,#] = Bo*, we have Z = ¥5° = 1, 
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From the other relations ya, = a,* 

Ay = X4Xo¥9a,* + x12" 

Yo%q1 + YA, = Yap," 

es ll a ell Sos la 

X81, + X98Qq + XAq - Xp = ¥Qaq1" 

XyAy5 + Xap + XAy + XyX—~ = xy (KZVQaqq* + Ay 2") 
the last two equations following from the fact that 

x x 

at? (a, v5 23.3% 

2 
3%, 3X%p 3x Xp XX 

Ch a By Bo Z Sy 2 

(a) if ay # 0, take y, = a,, and so we may suppose a, = es 

Taking X5 = X,85s Y = -¥o85,> X = X5 - X44) - X545,>5 we may 

suppose Ao = A541 = a, * 0. 

— — Thus B59 

"i? 
and sc we may suppose Ano = 0-or i. 

”s (b) If a, = 0, a, # 0, take 1 = &> and so we may suppose ay = *. 

* 2 
sa = * i ei 

Rat gtoy * Faho5s * * FoF 3%s4 Bqh 5 Rahae * REPS 

we May SUppOSE 4,5 = Ago = 0. 

Taking y = 

= a % Thus Ao" (a5) 7 

t= # 's - 
m49 : Roney Yo11 where a3 aay 1 

with standard forms



(c) If a = 0, the equations become 

= ¥ 

ai 55 
= % #€ 

Vo2o0 = Xy(XoVn25,* + 2y0*) 
us 1) cod : % 

Xy8q_ + X5l4p, Yo"sy 

ae ees a a Biko" * X4 (%5¥984," + 2,9") 

ane BO Yo@y_ - Ago) ~ XyXoVq = X, aq," - 259"). 
Taking XyX5 = 8,4 - 4ons WE May Suppose a1, = Ago and so 

Ao, 7 854" 

Yo2o0 * X49" 

asa * yo": 
Standard forms are: Ao5o = b-6f 1, Byo9 45, = any. 

Thus there are 28 groups in i, 
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91 

The groups of O54 are characterized by: S77(G) is 

6(1"), Ho(G) as (111), H(G) 4s (11) anc £(2,(G)) = Z(G). 

Let | E G - Z5(G), -s € G - <cy »25(G)>, 

a é& Z(G) ~ &( <a, s05>)5 B ” [a4 Go] and By = [6,0] (4 * es oes 

Vv and By theorem 2, we may suppose [a.0a,] = Bo» fas] = By 

{a,8] = [a,8,4] * i (i = 1,-2)) 

For stem grcups, H(G) = <BsBy2Bo>s Z(G) = H3(G) = 

<8} 2B5> anc Z(G) = <csBsBy2Bo> are characteristic. 

5 a % 

Thus q’ = a age = get. gt? = gee » etc. where 

a ee 
Oar “a, Gp G@ +« 

J y 
a* = ay as ey Poe z|X| = Z(X1Y5 - X5V,) xz O 

a* = a eee 

|X| 
anc so g* = 8 ax 

[X|x, |X |x 
(oe 

2 et IXly, IXly5 

From [a*,a,*} = 65", we get 2x, = |X|lyp, vZx5 = |Xly,- 

From [a*,a5*] = 6", we pet 2y, = v|[X|X5, 2¥p = |[X[X, 

and so ¥y = €VX5 ; Yo = €X, ; 

Z = e |X| = tte - Vk 5° where 6° =],



etc., we pet 

a os % % ea4 R85 + ¥4409 

u " # Eh5 X5A, * + Yo 

€ = a % % Yaa eto * Fay Et Bye”? 
Y4810 + Vo8aq + Vag & IX] (xpa9)* + yoaz0") 

= * i 
X1244 + XpApq + XA, = |X] (xyaqy* + yy 249") 

. = ( % % 

Ky8z9 + Xpagq + XAQ = [X](XQ2,,* + ¥p2z0")- 
Writing A = (24525); A® = (a,*,a5*), X = (x,y) these equations 

become 

a= ¢Xa* ae (G2) 

AX + (xa,ya) = |X[XA* es (2) 

Case I | 
e8, va. 

If a #0, by taking X = we may suppose 4, = as ay = 0 
€a5 aa 

fy 81, a5 = 0 and so X = diag (1,6), 

Taking x = ~EGj14> Y = ~€85,5 We may Suppose aj, = 45, = O anc so 

= # 
eae. See 

= 9 % 
“de ae 

hus we may suppose 0 < Ans < Is(m-1) giving 4p(ptl1) frours. 

= 0, (2) reduces to 

Ixja® = x7tax oe (3) 

Case II Lt 

7%
 

For eonvenience, we shall write 

. {9 0 is 2 2 
E, = E, = A = hy = X - VX5 . 
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. ot = 
Then X = (x,E, + xX5E,)A, |X| = eh, and A” = A, E, e335 2k 

2 = ( /V)E5 5 

~1 
AyX = A(x,E, ~ X5E,). 

In order to find the number of grours (i.e. isomorphisia 

classes of groups) we need to find the number of equivalence 

classes of matrices under the equivalence relation (3). This 

reduces to finding the number of distinct A*'s which may be 

obtained from each A and working systematically through the 

choices for A until all 2x2 matrices have been found. Alsc if 

there are s matrices Y such that a yt ay we x7 tax for 

[y| |x| 2 
fixed A and X and s is independent of X, then there are 2(p 1) 

A**s obtainable from this A, 

Suppose ~~ X°"AN = —— Y°*AY, 
{x | ly | 

Then {x]*|al = l¥|*]al 
ix| tr A = |¥] tr A 

ry tr'A = y tr'A where tr'A = Aoq + Vay>° 

(a) If tr A =tr'. = |Al = 0, then A = 0 and so there is only 
  

one A*, 

(ob) Tf tr a = tres = 6, lA] # 0, then 

a -<-ve 
A= aorc # 0. 

  

@ <a 
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O -v a -v 

Consider the matrices i 4 and i: 5 where a is such that 

2 3 ; 
v -a is a quacratic residue. 

If these play the r6le of the matrix A above, we have 

2 2 

  

~2VEX,X5 ~V(x, +VX, ) 

A* = + 5 5 or 
r ia + Xo 2VEX, Xo 

aye 2 2 2 e(ax, ~2VX,X5+VaXx5 ) -V(xX, +VX5 -2aXx,X5) 

= 
] 2 2 2 = 

d X, +VX>5 -2aX1X> -€(ax, ~2VK1X5tVaxy ) 

and in both cases a xt ax = A v~tay yields 
X ¥ 

Ix| = d]y| where 6° « 1, 

(i) In the case of the first matrix, if 6 = 1, we have 

EyXXo = EyV1V2 
2 aos 2 

hq SoMa kay Ye 
2 aos 2 2 

E(x, - vx5") = eylyy” - Wo) 
2 : s 2 2 

and so 2vX5 = Vy (1 = Exey) + VY5 (i + Eye). 

2 
= e i ) = = If Ey = -€y> then VX5 Yi and SO X5 Vy ie 

Similarly, X, = Yo = 0 contracicting the definition 

of X. Thus Ex = ty and sc xX, = ty,» Xo = typo, the same sign 

being used each time. 
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Similarly, if we take 6 = -1, we get x, = ty,, %5 * +Y5: 

Thus there are four matrices Y such that ae X71 4% = 1 y7tay 

|X| |X| 

for each ~. “Sinte there 262 2(p* ~ 1) matrices of the form X, 

we get (pe -~ 1) distinct values A*. 

(ii) In the case of the second matrix, if 6 =1, 

2 2 cane = 2 
eyta(x, tVX5 ) - 2Vx,x5} = evtaly, +Vy5 ) - 2vyi¥5!} 

2 2 E ose 2 3 
X4 + VX5 _ 2AX4 Xo = Vy + VY¥5 - 22Y4V5 

2 2 2 z 2 Zefa 
and so Ey (xy +VK5 )(a* -~ v= (y4 +Vy5 sts Ey~VEy) < 2Vy1Vnal€y-Ey) 

2 2 2 2 
-2€,(v-a )X4%X5 aly, tVy5 ) (€y-Ey) -2¥ ya (vEy-a Ey)- 

2 a 2 2 
Also Ey (x, - VX5 ) = ey (yy = V¥5 Ys 

iL Ey = -Ey we have 

2 e 2] 2 2 2 
(x, > 4x5) (a =) = =Ty, FY¥, \(aStv) + 4vy,yoa 

. 2 Vx 2s ( fy 2y 
1 eee er 

eye 2 2 2 é 2 2 
and 0 20m, Ca" = V) = Ay, ey )(atev) = Cy, tvy5 ) (a% tv) +4vyzy¥58 

: 2 2.2 

€ 2 —_ 

Hence XoV(v ~ a) = ty = ayo) 

x,4(v - a“) +(ay, - VY5)- 

If €) = €y; the equations are the same as in (i) and so 

X, = *Y1> X5 = tY5: 

For 6 = -1, the above reasoning yielcs (with €, = -Ey) 

Be ae a ee eee 
2Vx. (2 ~V) = -(y ="5 (a ~-V) — Cy 4°35 da +V) + 4Vyj¥5a 

a. 20: 2 
and so Vx5° (Vv=a ) = (y,8-V¥5) : 
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Thus x O, 33° tay, and so 

2 2, ~1_2 
X, = y, (va - 1). 

Thus X4 0 contradicting the definiticn of X. 

Similarly §6 = ~1, Eyleacs to a contradicticn and so, once Ex 

again, the second matrix yielcs af n° 315 Gistinct A*'s. 

The two sets are disjoint as a matrix in the first 

set has a quadratic residue as its determinant while a matrix in 

the second set has a quadratic non-resicue as its ceterminant. 

As there are p* - 1 matrices of the required form, the above two 

matrices will serve as cancnical forms. 

(c) tr A= 0, tr'a # 0. 
For convenience of notation, we shall write the matrix A as 

ale 
- = O ve 

(i) Suppose A is of the form - 0 (ce # 0). 

Then AA*® A. 

Taking A e, we may suppose c =i. 

(ii) If A is not of this form, we use an argument similar 

to the above. 

te se Ae ee a ees 
|x | 

Ix] = +/¥| 

i.e. xy7t = Z Eefta) or #'(A), where 2'(A) denotes the set 

127 AX = +24), 
  

1) &(A) is the centralizer in the ring of. 2x2 matrices. 
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If Z Ee (A), then (using the original equations) 

(l-e)z,b ~2VZ 5a 

(l-e)z,c¢ = 2z,a 

and so (l-e)z, = Q (since tr'A # 0). 

But Z, = 0: Zo 7 0 anc sc a = 0, b = eve 

i.e. tr'A = 0 or A is of the form above (in (1i)) contradicting 

the definition of A. 

Thus « = 1, z, = 0 and so 4(A) = {AE, |A € GF(p)} 

1.e, adem RTF Re ee te 
|x [Y| 

If 2 é€ €'(A) then (using the original equations again) 

lay ang [x] = Jy| *X = #Y¥. 

2z,a + Z5(bteve) = 0 

~2z,a + z5(ebtve) = 0 

(l+e)z,c = (1l+e)z,b = 0 

and so (1+e)z, tr'A = (l+e)z, tr'A = 0. 

; ve-b -2va 
=. 1 so #'(A) = ; Hence ¢€ 1 and so #'(A) {x we toe } 

Thus —~ x7lax = —L y7tay ana |x} = -ly| = |xy7+] = 1 ana 
|x | ly | 

xy7t E24) 

2} i.e. x-{(b - ve)* ~ 4va =z il. 

If a = 0, this is always possible. If a # 0, this is possible 

b-ve 
if and only if y* - Vv = quadratic residue where y = ae   
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Since (by lemma L7) y can take %(p-1) values, 2 can take (p-1) 

values (for a # 0) and ec can take p values we have len (=1)" 

matrices of this form with a # 0 and so (441 )(p-1)" such 

matrices altogether. Of these, there are &(p-1)° matrices with 

tr'A = 0, leaving %(p*-1)(p-1) such matrices with tr A = 0, 

tr'A # 0. 

For each of these matrices, we cbtain 4 (p*-1) matrices 

A*® and so there must be p-1 equivalence classes. 

Since thereare (p+) (p-1)* matrices with tr A = 0, 

tr'A # 0, a or b — ye # O, the number cf such matrices with 

(b - vye)* - tga” = quadratic non-residue is &(p°-1)(p-1). 

Fach of these matrices yields peal matrices A* and so there are 

44(p-1) equivalence classes. 

(d) tr A #0. 

In this case, if + x7tax = + y"lay, then |x] =| ¥|] and so 
-1 |X| [¥ | 

xy = Z €¥(A). 

p p 5 Since x,E, E£(A) for all A, E, € £(A) > x,E, + X5E, €£(A) and 

X,Y €4(A) > XY, xX € (A) we have 

5 2 

[£(A) | ~ ae = 2p or p. 

(4) If |g(a)| = 2p*, then EA = AE, and AA = AA 

a <b a b b va ve ve 

1.oenig od) lee ed ee ep a 
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Hence A = aly and so Ey is the standard form. 

9 2 ; (14) If |€(A)| = p*, then (A) = {x,E,+x,E,|x, € GF(p)} 

and so AE, = BoA. 

a ve 
As in (1), we must have A = s ; (a,c # 0). 

In this case ¢e\A* = Ant (x EB, +x,E y~*Atx E,+x,E,)A € : Py ee tt ee 

= A AA 

a €uc 

” ee & 

Since there are 2 chcices for ¢€ and p-1 chcices for i, each 

matrix A yields 2(p-1) matrices A*, and so (as there are (p-1)* 

matrices of this form) there are 4:(p-1) equivalence classes. 

(441) If |€(A)| = 2p, then E, €4(A) but there is an 

(x, E, + X5E5) A (x, # 0) such that 

A(x, E, + X5E5)A = (x,E, + x E,) AA 
i 4 2 

aX, tox, Ra ae ee 

Lees ; 
cx, tdx, -(vex5tdx, ) AX y-CX, bx,-dx, 

Thus Xo = Q b = -ye 

or 
b= ce= 0 cx. + dx, = ax : 2 ee 

In either case, tr'A = 0 and 2Cx, = (a-d)x,. 

Phus —t X77 AX = t= ¥7 
|X| [¥| 

-1 
| 

1 
1 a-d -2vc 

=> = sos % AY anc xX # tY XY = xX Sa aa ana 

[xY "|e 
2 

i.e. x“ (Ave ast (a-a)°) =] 

where a # -d, and either c # 0 ora #¥d. 
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However, if a = d, we have Wve?x? = 1 which is impossible and 

soa#d. Thus this is possible if and only if 

v 
y° - v = quadratic non-residue where y = eve. 

  

If d = 0 (by lemma L7) there are p-1 choices for a and so 

p-l choices of A for each value of y. 

If ad # 0, by lemma L7, there are p-1l choices for d and (as 

a # *“1) p-2 choices for a. Thus, since y can have %(p+1) values, 

the total number of matrices of the requirec form is &(p*~1)(p-1). 

As before, each A yields e(p*1) matrices A* and so 

there are p-1 equivalence classes. 

The remaining matrices with |¢(A) | 2r will be dealt with below 

i 1 1 1 (iv) —— xX "AX = —— YAY > X = #Y. 
|X| [Y| 

The only remaining matrices are those with |Z(A)| = 2p and 

lve = (a-d)* = quadratic non-residue: and |€(A)]| = p. 

In both these cases, each A yields p*-1 matrices Ax, 

and since there are = possibilities for A, the number in this 

last section is 

4 2 2 ; 2 
p = {1 + (p%=1) + (p-1) + (p*-1)(p-1) + (p-1) # (p-1)° + 

46(p®-1)(p-1)} 

= &(p?-1)(2p°-3p41). 

Thus there are &l2p°-3p41) equivalence classes in this last 

section. 
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In all, there are 4(3p* + Un + 5) groups in p? 4 for 

p > 3. Canonical forms have not been found althcugh equivalenc: 

classes for A have been fcund on a computer for p < 23 the above 

figure being found to be correct for those values. Due to 

economy of space the equivalence classes for p = 3 only have 

been given (See Ao,-) 
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45 
The sroups of 45, have the same defining relations 

(with p = 3) as 
es 

Thus G = G4 Ans, [Loy a5] = BTB,c,) = C5 S Z(G), [a,a,] e Bos 

2 
[asco] = By > (a.6] sid a2 

By lemma L2, we have 

Ww Ww Ww Ww 

(a4 ra5 eaMy3 = Coz vay 23,3 

] 2 
a 3H y 3We 3W 3 “Wy ae WW 

Oy Cig CL 1 5 ; 

For stem groups, we have 

3 a x a,* 
a> = = Cy = g~+ at 3 = gee 9 a,*? = ge~t where 

x x 
¥# = 1 2 x 

Oy My “Gy “A oe. 

¥ = ¥ = —_ Oo Gy) “Gy “a 1... 2fX] 2(X,Vo-XoV,) # 0 

o* = ee 

[x | 
anc so pe = B 

[X |x 
6," = g 

: IX ly 
5 a 8 e



% 
From #3 = gee etc. we get (with a4.'* Qjo7l, A51'= &5,+1) 

ea, = x,2,* ~ EX5a5"* 

eg, = x52, * + EX, a5* 

X84, + X585q'- x5 (14x, °-€ |X|) + xa, = |X| (x, a), *-ex52,5' *) 

Nyetge ae 9 
e{-%58))+%)a5,' =x, (1+x,°-e |X|) }+ya, 

+ x, (1tx,°-e[X|) + xag = [X](x * 1% 

2243* + €X,440"") 
€ x |X| (x,a5,' EX5a55 ) 

3 2 * % 

Mi = “ees Now x5(1 + x," - e|X]) = x,01 - x,") = 0 

0, and similarly x,(1 + ue - €|X]) 

Thus the above equations reduce to the same equations as fcr 

p > 3 (with Alo replaced by Ayo! and a5, replaced by @o1') and so 

the number of groups in Any is obtainec by substituting p = 3 

in the formula for 254 f= 39); 

The isomorphism classes when a # O may be read off 

from the computer results fcr A as follows: 

1) 0 

ie 2 ‘(Oo 60 fr og 

2) POS O1 > FO ry? 

(0) ] 0) , ET . S a3 

3 ool) a oye tk aa 
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% 50 

By theorem 7, all stem groups of 55 are central 

products cf groups in p~?¢ 

G FK<% 90:4 5By 2B o> where [ Ch ott } = 

and a” = 

fa = 

By 

1 

3 

a3 1 a3 

1 ee 

do aa Gy 

1 Se 

replacing a by aby and Bo by 

5 and groups in ps 
3 

G44, 

1 I 

oa 
> 3 3 

1 a2 a 

Z 1 

6 WO 

1 

3 

2 

a 

ae @ 

group, we see that it is isomorphic to the fourth group. 

Thus 

- os 205 [ By 28d = a3& Z(G)> 

in the third 

Also 

by considering the maximal subgroups contained in "4 (see below) 

may see that thereare seven non-isomorphic groups in peo 
  

  

we 95° 

oF a ral g_P “<a a -f,> <ab * u_ = f.> <o8.F a. 6.8.8 i “3 1 aya" D 1s {> 2 3-333 

(r # 0) 

5 é 2 & 5 1 1 1 o4(1 ) 409 3 (1°) 

a, 1 1 ,(2111)a €,(2111)a $,(2111)a 

tr 
2 1 4 te ®,(17) %,(2111)a ®,(2111)e 

1 a 1 %,(2111)b, %,(2111)b, °,(2111)b, 

1 a" 1 ,(2111)b,| %3(2111)b,, 9,(2111)b,, 

1 4 a, ®,(2111)b, $,(2111)c $,(2111)c 

2 ¢ ® 1 a, a, $,(2111)b,, 3(21l1l)e 3(2111)e¢                 

—~165—



53 (p 223) 

The groups of 53 are characterized by: G72(G) is 

0,(1"), Ho(G) is (1"), Hj(G) ds (111) and Hy(G) 4s (1). By 

theorem 1, we note that |G: CH) | =p. 

Let a EG ~ G(H3), cy € 4(H3) - €(H,), Casa, 7 [agra] (1 «37-2235, 

[a,.05] = Yo and 80 GysYp € Z(G}; [a4 sa] = [a5 203] = 1, 

For stem groups we have Z(G) = <CysYors Writing 

ay = ¥z» we have 

Pp Pp ? E (3) Pp a Pp (3) b 
Yo = Gy = ag” = Gp ay . 450". = Y~s O° O3 = Y~; 

#P xa* t c y*~ ete. where 

oe x Xo 

3 a Cy as + 

os 7499 
C4 Cha as ee 

XY 
and so ao" = Oo ear 

2 
—— a * Fy 

5 “3 
xy, 

= 
| a 

2 
X¥y 

# = 
Yo Yo 

As is i we have 

5 2{* 3 
2 : i: (2) 2, 22 3 

(a“o, ayP = a (aya 3 ) a. . (z #0). 
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3 x~y,a,* = xa, + X4by eG (i) 

2¢%) xy, “a5* = Xa, + X)b5 + XX, 3 a (41) 

2 

4b % (2) 
From Cato, #)F = y= + Y>* 3 > we pet 

3 # es & x y, (24 + b,*) = xa, + (x, + y,)>4 

eta ae ; ate) 
By te gh + BON eee aeg + yt ee 

and so x3b,# = by eee tHd) 

xy,b5* + by + 263 XX) sk (iv) 

If p # 3, the stancard forms are 

by = - op te ee. GUC 

by = jf ee ee Ci 20.- 0 6-8 

a, = 0 see | ese eee eee eS ee 

9 it a, = 0 gS See gre off ee 8 

where rv + 1] « i,.... (p-1,3) and s +121, ... (p=1,4) 

and so there are (p-1,4) + 4(p-1,3) + 6 groups. 

If p = 3, we may suppose bo = 0 and so we take X, = Gs 

Equations (1) - (iii) become y,2,* = a, 

*¥o= Ao Ar 

» € = 
xb, by 

and so we may suppcse a, = OOP i, by = 0 or 2, ay = Oy 4° OF 2, 

giving le groups. 

Thus, for all p, there are (p-1,4) + 4(p=1,3) + 6 

6 
groups in p 253° 
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do, and 50 (p> 3) 
  

These families are characterized by: C7/2(G) is 63(1), 

H5(G) fe (i i2 H3(G) fs°4135,, H) (G) is (1). By theorem 2, 

there is a characteristic subgroup H, (&) of maximal crder with 

[H,(G),H(G)] < H,(G). 
Let a €G - Hy, a, € H, - 2,(G), 8 EZ, -£,(H,)%Z5, a = [a,,0), 

a3 = [a5,0], ay = [o3.0] Ge 7G )5 

By theorem 2, we may suppose [a,8] = [a .03] = [a5,03] 

= 1, [a >8] = Oy> [a4 a5] = Oy and a oy eP € Z(G) where 

r = 0 for Soy ana r = 1 for 7° 

For stem groups, we have Z(G) = <oLy>s Z(G) = <B,H3>, and H, (G) 

are characteristic subgroups. 

p a } oi b D ak 
Thus a,” Sod (42 2) os da “a, B= a, , a © oye 

etc. where 

xX ee 
a* = o Cy 14x Clo e 

i 
, # = : yo Oy Cy B On 

ge = e= 

xy 
a." = fa 1 = 

2 2 p 

= ae 
3 

% xy, a, # = ay



From [a,*,8*) = a,*, we get z' = x". 

x t) ee From [a, 9 On ] 

¥ 
From a*? = a), *° 

In the 

become 

3 

x0 i“ 2 
Oy > we get ry, Px 6 

etc., we get b = y,b* 

am * 
¥,9, + y'b = x°y,a, 

3 1 = & xa + X44 + x'b x y,4 . 

case of Pons r = 0 and the standard forms are: 

1 0 0 0 

Og ise ee ed. .  Op-8 = 

0 0 1 0. 

case of Sos r=il1,ye x° anc so the equations 

b = x“ be 

2 foe a oe 
x ay + y'b =x Ay 

5 t =e # xa + X42, ED x~a 

with standard forms 

b=i1 v 

a= 0 0 

a = 0 0 

0 0 0 

g 0 0 r + 1 a eee (p-1,3) 

0 & 0 s*+l]21, oee (p-1,4). 

Thus there are 3 + (p-1,3) groups in poo, (p > 3) and 

3 + (p-1,3) + (p- 1,4) groups in P°b57 ies 47; 
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Any and. Ao7 

These families have the same defining relations (with 

= ' and © "= a ti Pp E " -) Ay r 3) as eo and © 57 except that a, Z(G)" is to be replacec 

tf 3 E ra by "a, O3 Z(G)". 

Q Ne
e 

we
nt

 

en
em

y 

Q 2 
o
e
 

! 

—
 

Q eee Also Ayo) ie! 

3 a 3 i al. 3 oe b 
As in Coys %o7> we write @ 

Since <a ,c4? € A, we have 
9 

a 
digs a (050, ) O. = a, 0 30h 5 

-a 
qe, : ae 1 

a 
and so, by {oy + A45 ~ we may suppose a, u oO

 

Similarly (oa ?)3 03(a4%ay%a3)* 

38 24 
6 2 

and so, by {a + aay} we may suprose a QO. 

Alsc, since <6 ,H> is a characteristic subgrcup, the cnly 

automorrhisms which will affect the value of b are of the form 

x x 

gh mca so 

2 
ay os eee? 

; x 
and so cu * = Oy J,



® 
Thus 7 if pe = a? ; we have 

b = yb*, 

In the case of A5y> we may suppose b = 0 or l. 

In the case of A57> the relation [a,*,0,*] = a,* means that 

y = 1 and so b can take any value. 

Thus there are two groups in Pha, and three groups in 

6 
3 Ao7: 
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So5 and O56 ip 33? 
  

These families are characterized by: G72(G) is 

o3(221)b_, H,(G) is (21), H,(G) is (11), H,(G) is (1) and 

L = : 4 = 3 (H5(G) ) # Ho(G) where r 1 for G56 and r = v for So5¢. 

Let a €G - (Hs), 04 Ee £(H,) - Zn Ho, 

Gey = [a, a] A ek Sess 

Then, by theorem 9, [a .a5] = as ay*a. 3° a3" asPa, 3" oy, 

2 
age =a, = 1, a € 2(G) and Hy = <di5 54> ea, 

- P p es D Ha = <4" 5G >, Hy <d5 >. 
2 2 os 

For stem groups, Z(G) = Hy and so aP = ay”, a®F = a,# 

where % x XxX x x 
- +. 8 3 @ = a Gy “A, 3 

a, * s ok 

i ey and sc G5" = C5 

e 
— x ey 

ee 

x 9) ay) * = Gy ; 

p (3) r 3 ; 2] 
From Cy FY Ly * = oO * » we get x-y, = Xy, ama sc x = ss 

ry # 
From at’ = aye” > we get 

xa = xy,a*. 

ail 
Thus we may suppcese a’ = 1] or a5” giving two stem groups in 

each family. 

-1'72=



  

These families have the same properties as ® 55 and ° 56 

except that (with the notation of those families) [o,,¢,] = 4,. 

Using the same automerphisms as fcr "55 and 56> 

we get, from [a,*,o,*] = a,*, that y, = 1. 

Thus the automorvhism does not affect the value cof a which may 

take any value between O and p. 

Thus there are p stem groups in each cf these families. 

aes



39 ( p> 3) 

The groups of $26 are characterized by: ©72(G) is 

o7(17), Hj(G) is (111), H4(G) is (11) and Hy(G) 4s (1) 

As is %5,, these grours have a maximal subgroup H,(G) with 

(H,(G) ,H,(G)] = 1 and H,(G) is characteristic. 

Let ao € CG - H,(G), a, € H, (G) ~ Z(G), BE Z(G) ~ <H,,2Z4>; 

a6 - La, sa] > ae ” La5,a] 3 Oy = La s,a] € Z,(G). 

By theorem 13, we may suppose [a,f] = [ay oa] = [ay sa] 

= La52c3] = is Lo, 58) = O39 [a5,8] = Gy 

For stem groups we have Z(G) = <a> Z(G) = <03,0y>s 

Z(G) = <B,H,> and #(H,) = <a,,H,> are characteristic. 

a 
D } a , 9 

Thus Oy” = an” = ag” = a5 ae = Y - aj" = Y 1 gP = y?, 

# a *% 
at? = oa 9 ae = y* : , BaF e yx? where Y = a, and 

x x 
y ee 2 Sue OL tly 6 2 ie 

y y 
: 2 % = : Cy ly oD sas Xy,2 ¥ 0 

Zz 
4 = z 2 B R Ao % 

XY5 
%# = ae 5 2 

2 

x x Vy 
“3 = 3 “ eee 

y* = Y 
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From [a,*,8¥*] = a3*, we get z' = x*, 

From the rest we get b = xy,b* 

Sens Oe ay 

3 : ' —_ % xa + X484 + x*b x~y,a 

with standard forms: 

b " he
 

fun
k 

©
 

>
 

©
 

a, = 8 0 g 0 0 re -O0, ie 

a = 0 0 0 2 G. 

Thus, in all, there are 2(p-1,3) + 3 grours cf pe 
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A3g 

This family is cefined by: °/z(G) is se, H,(G) is 

(14354 H2(G) is (11) and Hy (G) is (1). Using the notation of 

° 30: we have for stem groups 

G= <a ,04 B/[ cy 2] Shs bo s8l = oy At, oS ee 

ai? = ay? = 1, Opa Sask EG Z(G). 

a 
= 5 eo SS. eo dp Thus 1 = [o, Og G] S G5°G,, 4° Sj 0, Os = By ss PS 

ze Now if we put o = UG, 7, 

= 
then [B,o] = [6,004 ] 

Z 
a 

= [8304 ] 

tk 
= 4 

and [636.0] = Oy ° 

SC <g,8> & A3 af 24 7 0 and abelian if 2, = QO. 

2 
' Z ! 

Thus toa" 3 = ao (n-fa.0.6] = 

fae 
= o2* a3 ay 5 

Also, aS <a,a,> € Ags 

Zz 
3s Ske 

0 ae ( Gy ) 

a3 (a, 303) *. 
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Putting X, = KZ,, we have 

# ' X w¥RG a 

(aay os aF¥ (a4 7c.3) * (63a, +9 

Rede ’ = Xatx,a,4+x'b XX4X 
— ay 

. 

If i x rs take x = Gs x4 = “ays x! a 3S 

If b # G, take kK = a, X4 = 0, x' = -b. 

at a, = b = 0, take X4Xx! =a, 

Xx Ny — Po 
Then, by replacing a by a ay GB , we may suppose a~ =1l. 

The other automorphisms are cf the form 

zides Vy Yo at Oy Ga ~ see 

g* = Bis eee 

i. = a : 

a3* = at ; 

at = oy? 
and since K Oy 55 9g 9 %y> and <8 ,H,(G)> are regular, the result 

follows by consicering the case where 03 eg For f -255, 

Thus we may suppose Aq» b = 0 or 1 anc so there are 4 groups 

of cae 

=1{ 7 7<



34 and °39 (p=3"3} 
  

These families are characterized by: © 72(G) is e012), 

H, 1s ays H3 is (1) and G@ has a maximal subgroup A © ¢6_.. 

Let ao © G =A 

B, =Llo,,c], lo,,8,] = y- 

[asl] 

» a, © 

For stem groups, Z4 = 

= [ay sa) = [a, 65) = fa5,8,] 

<y>, 2Z 
2 

4 (H5(G)) = <a,0,0Po.¥> are characteristic 

} a 
Thus q! = y > Qs” 

Since [a,*585*] 

Since [a5*,f5*] 

Hence Zo = €Yy> 

yee 

se 

ant = = <co Ss A Ct 

=l,fa 

5 

zZ +o"? 

By theorem 6, we may suppose 

1 
asbal = es {1 «1,2. 

<2 4 slo s¥?> A and 

subgroups. 

we have ¥424 + PY 525 = 

3 we have 

= ©Ery 5 

178. 

Z 
Z 

te 

+ rz 

= 1). 

z 

a,* 
y# where 

r(y,° + ry 5‘). 

)



¥ %# oe From o#? = Y etc., we have 

= 2 aS 2 2 
a= (yy + ry, ya*®, i 2 hy, # 0 

] e 
¥424 + Yoay = x(y + ry, )a,* 

2 2 
E(¥,25 - TYn2,) = x¥z° + TYo Jay* 

anc so ra. * + a,” 

2 oe ‘i if ra, + a5 = O°’, by choice of Yy» Yo we May sunpcse a = GO OF .2, 

1) 
anc by choice of x, we may suppcse a, = GOP 4-7 a 

2 2 3 x 2 2 
p Be ra, + a5 # 0, we may suppose ra, + ay 

Taking ¥121 = -Yo85, we may suppose a, = 0, ay = a5 

2 2 2 2 
= x*(y, + ry, )(ra,* + 2."")> 

= 1. 

Thus ¥>.* 0, xy, = € and the first equation becomes 

ee “at 
a" 3, Ss 

Thus we may suppose a = 0, 1 or v. 

Standard forms are: 

a, = 0 0 1 1 0 0 0 

a5 = 0 0 Y-r ¥-r 1 1 1 

a= 0 i 0 1 0 1 v 1) 

giving 3 + (p-1,4) grcups in PO, and 9 - (p-1,4) grceups in 

6 

As all the characteristic subrrours are regular for 

r= 3, this is the same as the case for p > 3. 

  

1) For $3, (r = 1), a,° + =072, =a, = 0 iff p = 3 (4) 

and for S35 (r = v), va, +a =0O-a, = = 0 iff 

p = 1 (mod 4). 
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$33 {p> 33 

$33 is characterized by: G77z(G) is 0, (17), H. te 
2 

(111), He is (1) anc G hes a maximal subrrour A & p> 

Let oc © G- A, Cy E A - $(25), Gy E 4(Z.) - Zens 6, * [asa] » 

(1 = 1, 2) [5,0] = y. By theorem 6, we may suppose (a5 .05)> = ¥ 

fy 

[ 8, >.c] a: [ a, 05] = [85,¢4] = [43° Mes 5] 

For stem groups, Z(G) = <y>, H5(G) = <fys8os¥?, 

4 (Hs) = <dg 56, sBo,y> and A = <a, ,d5,8,,85,y> are characteristic 

subgroups. 

a % a x 

Thus q! = y; ris = y¥ 2 a¥P = ye? : a," = y* 1 where 

X x 

a® = gX> a e 
: - 2 

y ¥ 

z 

On* = as e e 

pR.* = 2 *Y1- a9 
ey] i 7- } = 

Dp *# = aa er 
| 2 eS 

Z 
CG 

ae x os 

ee . 

- & 2 x 

2% gk] = E . ie = 0 1 ; = J From [8 > a* | 1, we pet x Yo XX4V4 GC and sce xy, XoVy 

From fa,*,0,*] = y*, we ret xy,° = at, and so XZ5 = ae 
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5 = “ 5 ¥ 

“ . = 2 * 

} ae oe 0 Ee = fay If a5 # 0, by taking x” = a, OP V “Ay, X85 -Xay and 

Xa, s(xa + x,a,), we May suppose a, = 1 or v, a = a, = 0. 

If a5 = 0, equaticns become a, = xy,2 * 

4 = 2 ¥ xa + X44 = XY4 a 

with standard forms ay eo Oe 20 

a..3-0 3 v0; 

Thus there are 6 groups in p°o,, to 3-3). 
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This family has 

O33 (p > 3). Using the s 
Z 

Gg. = 04 

Since [a5,0] = £4; [65,0] 

Similarly <a,,a>€A 

ae 
the same defining relations as for 

ame notation as for p > 3, consider 

= y, we see that <0,a,? \ a5 and 

. 3 

32 
Thus o3 = {2 1 a3) for 24 7% 0 

ae for Z, = 0 

2 
32 Zz 

i.e. 03 = a 1,3 4 . 
1 

x x 
So (o%a, 7)3 = a3¥®(a_3y) @ 

2 z 
2 

3¢,% Sk. Sy KIN 
Re Soe as 2 

Putting X, = XZ, (and sco 2, = XX, ) we have 

2 
x ry. Xn go ag 3X, 3X X4 X+X,, 

(a Gy, “Gy )- = a ay Y : 

Thus the equations fcr p > 3 become 

= 7_% any Qo 

: ee a # Xa, + X85 ¥48y 

xa + X24 + X5%5 + ie + Xy = xa*, 

If Bo = 1, we may sutrose a, 7 8 = QO. 

Lf Aa, = 2, we may suppose 2, = 0 and so a = a®, 

If ag = O, we may suppose a = 0 and so 

~ # Xa ¥z3,"> 
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So the stancard forms are 

a5 = z 2 2 

a Hl ©
 

oO
 

©
 

a = 0 0 1 

siving 6 groups in 3A 
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03, 1s characterized by: S7/2(G) 1s 0,(221)e, Hj(G) is 

(111), H,(G) 4s (1). 

By thecrem 6, O3n has the same relaticns as O33 

except that (usinse the same notaticn) 8, = af, Bo * a,>. 

Thus Y { Bo 0] 

Lo, a] 

it { Ga »a] PI by 914] 

=o 
Py 

2 oP 

Also a,” = 65° = 1 and ie “y 

™ 

replacing a by a* = a* and Oo by om . we get y* = yy and 

= % = 258. X85 where XZo a3 

So we may suppose a5 = 0, 1 or v, giving 3 groups in pba,



237 to S39 (p > 5) 
  

These families are discussed by Blackburn in (1), 

wnose results I have usec below. 

The grcups of ? 38 are given by: 

G= <Q yz 9 see C5? where La, sal = O44] (foe [as sal = 

[ay 5] = ayes [ cy,c3] = Ops [ay scy] = 1 ctherwise and 

Pp 

oP = an, a,Pa "7 =a, , a," = 1( 41> 1) where we may suppose 5 3 1 5 5 5 — y PP 

c = any ok 0 

d- =. ¢ 0 pt 

k + 1 @ 15-23 +. fpr, oe Le, se eT, 5s 

Thus there are p + (p-1,4) + (p-1,5) groups cf pS ag: 

The groups of O27 anc 39 are given by 

G = <asa,5 --. G> where la,,01 = Carey ii =, 2,7); 

Loy, 04] = [5.3] Hs faz,a,] = Ce € Z(G), La, sao] = ay and 

ry CG 

o* = a = : P ga Age Cs 

Ifa #0 (39) we may suppose a = 1 and 

c = any gt 0 

et See ee ee 

d= c¢ 0 g 

L$: sb, 2 ce Nee me Fd, SS ss A 

If a= 0 (%27) we may suppose 

ec =] 1 0 0 0 

d= ok 0 1 v 0 R41 8 eS ss SF 

Thus there are 4 + (p-1,4) groups in pba, and p + (p-1,5) + 

(p-1,6) groups in a. 
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Sng (p > 3) 

This family is characterized by: %/Z(G) is ¢,(17). 
4 

(1 503) 3 ze H3(G) is 41335; H,(G) is (3). 

Let o, © G - HA(G), a, © G - <a,,H,,2>, f = Lay sco] s 

6, = [6,04] (1 = 1, 2), ¥ = 642%] - By theorem 12, we may 

suppose [65,0] =y, Lo, .6,] = (6,8,] m1 t4 = 2 2 

For stem grours, we have Z = <y> and so 

5 | oy a,* pros ay po a ee ay * = y* where 

2. es 
a,* = Oy vay 3% ce 

y y 

g* = aia 
= = PRS AX, 

2 # = 2 

Ay,_ Ay z= ~ te “F2 \ # = 2 Po Cy B5 

se A(x ¥otXaY)) 
y* = Y 

From la,*,6,*] = 1, we get x,)X, = 0. 

From Lan*,6,*) = 1, we ret yiyy = 0. 

a,* 
From ae = y® » we get 

a, = Xay <a * an, = -X,y ees * 
1 if2 2 oe 2 eo .- & 

" 2 % ‘. e % 
a9 Aes a eee 
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i= Aya = O, we may suppose a, = O and s6 

am ee ae 

2s , a 5=5 

Thus we lay surpose a, = 0 or l. 

SS 

Ifa a, # 0, by taking X41" = a,, we May suppose 

2 2 2 
a, = Land sos) = yy, or 240 2 = =X a,*. 1 ae ee See x 34% 

a 
Thus 528) = a5" OP ay = Xn 7¥4~ 25" 

with standard forms a5 = 4 ees ge” p+ 1 24-1437. 

Since the abcve automerphisms do not affect the 

calculaticn when p = 3, the results there are the same as for 

Pp. og. 

Thus there are 2 + (p-1,3) groups in nS, (py S37.



ond Cr > 3) 

    

This family has the samecefining relations for G72(G) 

and H.(G) as ©,,. Using the same notation we have [a,,f.,] = 
2 4O {72 

n 1? oo nm nad en 

[e5,0,) = 1, [o,,94] = y,1la5,8,] = y 

With the same automorphisms as ¢) 5, : 

A(x, °-vx5°) 

eee 

, # A # 2s ears = From Lo, 285 j 1, we heave X97 VX5Y>° 

. -Vv 2 2 2 2 
From [a5* 65%] y* ", we have y,- = vy, * -v(x, - VXo5 ) e 

Solving these, x= EVX5 

= ow 
Yo = EX, (e = : ee 

a.* 

From sae = y*# , we pet 

= a ea 
X12, + X25 = E(x, - VX5 ) ay 

a 2 eee 
VX58, + X,a> = (x, - VX5 )vay*. 

Taking X 45 = -VX58,, we may Suppose ay = 0. 

Thus X84 = 0 anc so 

= % = 3. ay Xa Ea, (ex,) Qy ; 

So we may suppose a, = Pp Big Seg e ee en, r+1 = (p-1,3) giving 

ON
 

1 + (p-1,2) groups in p %,, (p > 3). 
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Any 

As in 2), (p > 3), a stem group of A,, is of the form 

G = KO 4 se % sttol =e Riyal ee (i = 1, 2), [ay >84] 

[os shal = y, [ay so) = [c5,6,] = 1> where H(G) is abelian and 

ee 

Using the same automorphism as in Cho» we heave 

x x 
; e 

44 = Cy *a5 Rs ° 

¥ 7 
a5 = ay vay enV * 

Since ©72(G) E $¢, we have 

2 2 
3x 2X ~X. xX <x 

0, #3 = ay ae “o; 4 “6 lve (mod Z). 

1OoOw : x3 — = However, a,*- € Z(G) and so XX 0. 

Similarly YiV> = 0, and equaticns become 

= ¥ 
Se | = TEs 

or 

= x,a,% a5 = X185 ay u ie # Roa5 . 

if Q,25 = O, we may suppose (as in Ang) that 

a5 = oF 4. 

If a,a #0, we may suprose (by taking Yo = 4,5 %, = ay) that 

Ay = Ao = jl. 

N
 

Thus there are 3 grcurs in aig. 
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fae RE ys 

  

By theorem 8, there is just one grcup in pO, 5: 

<a,P,x|oP = oP 
2 

vy? =1, [a,e] = y, [a,y] = oF, L8,y] = 67P>. 

1. wl} 
Note: Taking f = apr, Up = o 10% we see that this sroup is 

isomorphic to thet given by Easterfield in (2). 

By theorem 10, there is just one grour in ee 

2 “ 
Yr; 2 } 

“a,6,yie =< 6° a x <= .2da,f] = ¥, fosy) oe, te at 

By theorem 10', the groups in Anos An3 are: 

sins oe: -to Se - P B,|fc,,o f= .0. (6,0. * f,, 4 3 2 3 progerer ys 2 ae cy 2? 
a,” ey ee ee, 

3A = <a ne = £,[8,0,] = @,,0,.3 = 2 
43 p%p 2B shy 5? ae as 2 

3. OR SS ee GF Skye Fe he de 
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Iii Possible Chcices for Capable Groups 
  

The follcwing is a list cf non-abelian pfrours cf 

order p? (p > 5) whose two largest type invariants are the same. 

5 By lemma 4, all the capable groups of order p~ must be taken 

from this—iist. 

$017) = <a,8,y,¢,e{{E|=p, for all — © G (— #4 1),la,¢] = y,rest=1> 

Terns Te 
©5(221)a = <a,@,ylab =pP xyF = 1,[c,f] = a”, rest = 1> 

os ae ; 
®5(221)b = <a fh y lar a3 gE = yP aa + bavi = ak rest = 1> 

2 2 i ; 

o,(22i)e = <a,8,yja? = BP = y? = a [c,y] = @P, rest = 1> 
Fog 

o.(221)d-= <o,8,¥ieP © P= Y= pe, 8} « ¥, ¥ © Stay 

©,(1°) = <a,6,y,5,e||Ef=p,all — (41) © G,[a,6]=2,[ 2,6] =y,rest=1> 

2 2 

¢3(221)a = <a,f,ylaF =P =y'=1,[a,8] = y,[a,y] = oF rest = 1> 

8 , 
vg(22l)by = <o,6,y|ja° =~" = ye =1l,lc,6!] = y,la,yl]l = Py rest = 1> 

oe ce ‘ _ 
°3(221)b, = <a,8,yla> =ph = y) = 1,[a,@] = y,[ca,y] = eYP rest=1> 

04(1°?) = <a,8,6,e,|/[E| =p,all & (41) © G,fa,@l= 6, [a,y] = > 
2 2 

ae 
O,(221)a = <a,s,yfaF =F =yP=1,[0,8] a ag Leavy = BY .[a,¥] = 1> 
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6, (221)b_ 

04,(221)d, 

o,(221)c 

Oy (221)a 

0, (221 Je, = 

< 2 6 (12 

Saye (17) = <a 

f6(22l)a, 

6 (221)b, 

26(221)b,, 

*6(221)c_ 

®6(221)e, = 

TT oy eo e7(1 ) <a, 

Go eee 
<a,6,y fa =F syP = 1a, 

<a,f yy [a 

pe pe P 
a,6,ylar ¥en eyo: = 1,[a,y] 

It Q 

2 2 k 
=9P = < = y! pel iia,yl °c lb .y] =e okeeee, a. a yk <a,8syla 5 

i> a? jfo.y] eP By] 

2 . 3 ’ 

if a PeP fa, @]=l> tt oP JE Rsy] 1,fa,y] 
2 2 

; J 2 ¢ an a VP 

<a,@,y la? =p =" =1,fc,y] = BP st b,y] = a Masel = 1% 

e .2 . Ky 3 <a,6,yla® =QP =yP=1,[0,7] =pP f 6 yy) ae v 1)PeP, 

-1 
k = = 2, ess = 

BoYs0,8tit) =, e116 (41) © c,lc,6] =1y¥,6] = &> 

£5y;S,e1lé}=p,ail . (41) S Gta, Chay [oj yi=-6 [68 yi= E> 

2 2 

<a, fyyloP =PP ayPa1,[a,@ley, [a,yl=aXP, [8,yl= pP> 

: a ap / 5 Y DADs <a,6,ylaP =fP syPe1, [a,fley, [a,yl= a, [8,y]= aPeP: 

po pe Pp Pp R VP RaPs <a, 8,yfaP =0F syP=1, [o,fley, [a,ylsoP, [@,yl=0 PaP> 

ne ¢ Vv 
<a,f,yfa! =p =y? = 1,13 44 =y,[a,yJ=6? ,| By] =Cl P> 

Be 

B,y,6,e([J—&| = p all —€ (#1) © G,[a,f]=y,[c,y]=[ 6,5] =e> 
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aati?) = <a,8,7y,6,e1[El=p, all E (#1) € G,la,cl=y,la,yl= ola, 6] =Ee> 

049(2°) = <a,0,y,6,e/[El=p, all & (41) € C,la,fl=v,fo,v]=6,[0,6]= 

[B,y]l= e> 

Notes - (i) Unless otherwise statec, all commutators are 1. 

(11) v is a fixed quadratic residue moc p. 
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Possible choices for Capable Groups (p = 3) 
  

The following is a list cf Proups cf order 3" or 3° and. 

class 3 or 4 which do not satisfy the conditions of lemma 4 or the 

Lemma Let H be a group of class 3 with lower central series 

: = fe H 
H > H, > H3 > E where |H:H3| = [#3 | = 3, /Z(H) € A, and 

g>, a” & H, all 8 € 2,(H), o € H. 

Then H is incapable if there is ana ¢ £(H) with H < <a>. 

Proof Let aby € 4 (H,) - Z5(H), 5 = [ciy 205] a3 = [a5,c!. 

Then H, = K<cly 20.3? Hy = <a3>5 H = <0, ty »25(H)> where q is such 

that H3 < <a>. Also let 6 be an arbitrary element of Z5(H). 

(a) Suppose a3 = a (a Z 0 (mod 3)). 

ee a oS r 
Then C a 3 3 OF as “3 

Nic loa re eae 

3 

and (a8)? = a? = ag? all & € Z5(H). 

So, by lemma 3, H = <a,a a, ,{af}> is inéapeble.? 

(b) Suppose az = a2" (a # 0 (mod 3)). 

By similar work to that in Az; Aa» we may suppose a = 1. 

Also a3 € <g> cr e3 = 1] (and so (ac)? = a). 

3 a. 5 a ae (i) If a) € H35 cr € <a,> or o,~ = 1 (and 40° o by )- = 

a by es dn). 
L223 3 

Thus H is incapable by lemma 3. 

  

1) {a8} is the set of elements of the form a8,8 € Z5(H). 
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(34 )-4¢ hae = Y, y> € Ha, then a3 € <a,> or y> = 1, 

In the second case 

3 sre iy aed ee = 3 = a 47d Y yo. 
et 

(a 4 

Also, 1f £2 « a.", then 3 > 

Ca? ag. g2ntPth)*)3 3r*_3,,_,6-3¢r41)* 
jo ar O, Be 

2 3" 
2 2 

S r“+1+2r-(r+1) 
= 

3 

= ¥ for all = € Z(G). 

2 2 
so y € <a>» <a“a,>s <a” mae > and so by lemma 3, 

H is incapable. 

The groups of class 2 are regular and so are included 

in the list for p > 5. For those groups which satisfy the 

conditions of lemma 3, the suitable reneratcrs are shcwn. 

a(1") = <A} Ay 9A 3 hal =o Lay,c]} =a, ,04 a, eo = is = a. 24> 

a3(1°) = eee 2|Lay ,al a5 Log ,c) =a, ,01 20,20 F=a,5=0, 527 3=1> 

A,(221)a = <a,01,05,0,/[ >) ,a]=0,,[c,,c]=0,, a3 = a? s an = a7 a 1 

a con, tas 3 = {a* a, ys a, 30, 

A3(221)b) = <2 40 5p 53 Ifo, ct} =a lt, a} =a? = a7 = a,3=a,9 = ]> 

\,(221)b, O42) 8p 50, Ifo, alec, fo, ,o] #05 ,0 p30 5037 ,0780,320,7=1



A.(1?) = $04 8596 sq of alba a) = ol eC 204] 65 104 "Oy ~3. = 4 

A,(221)b - <a 4 o%5 sf fy sfollo, so] #0 416 sg] B04 10,286, 05°88 =0 4 = I> 

5 Sera 6 e Ag(221)e = <4 ssf [Loy 5) Fo 18 504) =05 16 sto) 80474037805 26 7=1>. 

(The cther groups of Ag are incapable by cconsicering pcssible 

choices from the ccmputer calculations.) 

d7(17) = £01504 Pgs g|[ 0 0] Oy sf .c] Ly 40] aug a 9H, 222 2a0.F= 

Sa ois 
a es 

dy(1) = <0 50h Oy otha Oty I aty a] 044 44 50220, 2a geo. Fa, 20, 320, 01> 

A,(2lll)a, = £0 yy oy Gz sty [Py 0] 0444 ty cya geay sa 2=0 70 =0.5° 

=o, 9=1> 

= <aa, aa, | (aa, )? = (a*a,)? = Gy> 

A, (2lllja, = 0 oy 525 92g sty [Eg 2] 90445 ott 85 agray” ,a%=a,2ayre.9 

so, 98> 

= <aa, 0°, |(aa,)? = (a*a, )> = ay o> 

49(2111)b = £0404 0p .03 sy [104 O04 4) 0 7H0y 01, 20204205 2042049 

=a), 2=1> 

= <a,aa, fa? = (ac, )? = O,>. 

Similarly, the only possible choice in A509 is 

lee = $4 5% 5% 5% 35% [Poy ce} e054) fy 5 =a, 2720, 2057020, 7c, 

sa. 304 9=1>. 
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APPENDICES 

A list of Non-Abelian p-groups. 

NOTES: 
4 

i {643855 ee | w,(§) = w(€) = w,(8) = 1> means the group 

generated by B425os as En with the defining relations 

w,(&) ety S58 w (8) = 1. 

Unless otherwise stated, all commutators are 1. 

Throughout, v will be taken to be a(fixed) non-quadratic 

residue (mod p) and g will be taken to be a (fixed) 

primitive root (mod p). 

$,(321)a, = ©,(352)a, x (1) means that ®,(521)a, is the 

direct product of a cyclic group of order p together with 

the group ©,(32)a,. Similarly for other such expressions. 

In the maximal subgroups column, © (52)P* (311) acPo! (221)b 

means that the group has po 1 maximal subgroups isomorphic 

to ®,(32), one maximal subgroup isomorphic to ®,(311)a and 

p-1 maximal subgroups isomorphic to ®,(311)c. 

Similarly for other such expressions. 

sAt=



APPENDIX I 

The Non-Abelian Groups of Order p” (p>2, n<6) 
  

1.G€p° e, 
2 

©,(21) = <a, fa? =a) = 1, [a,,0] = aP> 

@,(111)= <a,a,faP sap = Od = 1, [a,,0] = a) 

2.(a) GE p* 
2 

p° P p* ®,(31) = Ca,a,Ja 5 = a =1, [a,,a] =a PS 

,( 22) = a,a,|aP = ap = 1, [a,,0] a> 

®,(211)a = (21) x (1) 

®,(211)b I <a,a,57 | aP =aP = +P = 1, [a,,c] = yP> 

or) 
2 

p(211)¢ = <a,a,| a? a. ,P =a- = 1, [a,,0] = a> 

Note: The last one has no non-abelian maximal subgrouns) 

(17) = (411) x (1) 

2.(b) GE p- , 

®,(211) “= <a,a,> where [a,,a] = a, (i = 1,2), a5 = oF _ * 

  

  

  

      
  

Pp 
Symbol | al aa) Maximal Subgroups 

| Foe ed 
i | 

+. eae (21)* Pn) 

dD, | 1) a, (ar P*( (141) (21) 
i | eo 

Dy 1} a, (2aP hand (21) 
i i 

\ 

4 
7 2 

oA4-) Xa,0,| (o,,0] =a, , 0 ahs). oP G = 48> 

a



  

  

4 
(41) = <a,a,|a? = a,” = 1, [a,,a] = aP > 

5 2 
®,(52) = <a,a,a.P = oP =[o,,0] = a> where y? = 1 and 

2 ; : : p p |Maximal Maximal Quotients 
eyabot _ ae Subgroups in ?, 

a, ds y (31)P (22) (31)? 

P( p-1 an Yo a, (31)* (22) (31) (22)               

®, (311) = {2,0 1505.4? where a,” = og = 1, [@,, 
a 

aj) =a, and 
2 

  

  

          

Symbol +P a? a, Maximal Subgroups 
2 2 ; 

in ® 
2 

| 2 

a 1 %, qs Sie =,(51)x(1) 

b 1, { 1” (31)? 7'(011) 

Y4 Yo :     

®, (221) me C4504 5% 55 V4 Vo? where [a,,0] = 0,0 
a 

  

  

        

Symbo1|! aP a,P 4," oe 

i 

| | 2 
a Yo Ot 1 (22)? 

ae Be a, | Y¥> {(22)P(p-1) (211) acPm! 

C Yo 1 a, (22)P(p-1) (2114) cP 

qd | Yol ¥% 1 ‘       

re ne 

=" re =a 1 and 

II ® (22) xt7) 

(21) x(2)



®, (2111)a = ©, (211)a x (1) 
®, (2111)b = ©, C2itj)5 x (4) 

®, (2111)e¢ = ©, (211)e¢ x (1) 

%, (2111)d = ®, CtTTe x {2) 

, (1°) = © (1*) x (1) 

3(b) GE p> o, 

  

  

  

©,(311) = <a,a,> where [a,,a] = ied gay 

a = a..F = 1 and the remaining results are the same as for 

®,(211) replacing a, by y where yP Oz. 

(221) “= <a,a,> where [a,,0] = O04: (i=1,2) 

Po EP ee ae a, = a, = = 1 and 

Symbol | aP | a” a8) Maximal Subgroups 
| in ©... 

! | 2 

a a. | y (211) acP7' 

! 
b, y | a, (211)c® 

by Y | a (211) cP | 
| | 

      
  

a deo



®, (211)a x (1) 

®., (211)b, ol) 

On (211)b, x (1). Others are given by 

®., (2111)a 

o, (2111)b, 

Il ®., (2111) b,, 

®, (2111) = Kaas ¥? where [a,,¢] = a (f= 1,2), 4.) = a> = 4, 

  

  

  

              

3 Set; 2 3 

and 

(5)| Maximal Subgroups 
Symbol! aP laPa 5 yP {- = 

bale Oo o. iS scan | pe 

as 1 be = (21 RE: fair 4) 

d | y 1 1 (211) cP = 

| 
e pa Y 1 (erp ty4) « 

| 

5 4 
(1°) = 2(1°) x (1) 

5° 5 
yc) G Ep 2 

whe groups of o> 2, of exponent po are given by 

Gs <a, 0, > where | [a,,a] = Bs (i = 22) a. a 4 and



  

  

  

  
          

              

Type | | Maximal Subgroups 
Invari- Symbol | aP | ot P a eS | 
ants | | | eased 

! | | | 1 (221) | a a A (22)? (211) acP 
i e 

(221) | b Poo { | Bee er 
| | | 2 

é eg Po Be ee 
k=g | a ao 1 rat,2)). (ea | 6, | | Be (22) (ore 

2(p-1) | | | | : ‘ 
bee eS 6, PB Be pee) (201) eee 

201)| ¢£ |p, = ee. (221) f, Po | Ba \(aayP ~*(a14) cP! 
4k=g - 1 2 

rot ,2,..2 } (220)] 8, 1 ee es es 
3(p-1) 

| 2 
(ordi) a es 4 (211) cP aP 

2 
(2111)} b a B, { (211)cP ~'aP(4*) | 

| 2 
(2441) -c poet : 1 =i, (211) cP aPu!(44) | 

  

am (42 
4A ) = (0,0,,0, [[a,,] = Bis aP =a, re eS eed (i = 2) 

> 6 3{(d) Ge» : 

©.(21 11)= KO 5 5 A gy | [o,,%]=[0.,0,]5 B, a 8, t= es a ,® =1> 

5 
o-(1 ) = (O49 Ao9%5,0,/[4,,0,]=[0,0,]= B, a, Yah os toe eh sk 

2 S(e) GE p” ©, (p>3) 

The groups of p> Oe of exponent po are given by: 

Ah



G = <1, where [a,,0,] =6,[6,¢,] =B,, aP=pP =B,P = 1(i=1,2) 

  

  

  

            

and 

Type | =o oD Maximal 
Invariants; Symbol |: 1 i 2 | Subgroups 

| ; 
221 | P i p+ i 

( ) a B. ! 0 i $,(211)a 

eee 
(221) b, es | @ (211) a&cP™' ae = 

S Spr! 

(224) C, B, B48. : (211) acP 

f 
ao Vv C mn p (221) e B, Be. ) (211) ac 

224 ~V D+1 (221) cm B. B, 6,(211)¢ 

| Cr+ (221) d., B. B,B, | %,(211)cP* kag @**! 4. 
ra1,2,.. 

z{p-1) 

(2111) a 8, 1 @,(211) acP"'e,(1°) 

(2119) bd, { B (211) ePo,(1*) 

((2111 v p 4 i ) | b, 1 B, ®,,(211) cPo,(1 ) |     
  

Oo ( 1°4 =e C245 Go [a,,a,] —B, [B,a,]= Bs> c.f =f = 6.21 (i=1 521s 

3(f) Ge p° o, 

ob — — — = b2( 2111) <a,B,c,> where [a,,a] a 4,64 1,2)[a,,B] Ass 

PY Pp _ Gs = te = 1 and 

i Ta



  

  

  

            

Maximal Subgroups 

p P (5) = 
Symbol a, Be le ,Pa 3 ©, ©. 

Y 

a o, 1 (211) abP71(4*) | (211) aP 
ie) 

ay 4 te 

b, { ‘ aL (214) 0p"! (4%) | (211) oP : 

b V p-1,,4 p° 
v 1 1 C, ¥211)ab*" (17) | (211)b 

c i a, | {= Cae (211) aP~ WpPlp=1) (449 
  

5 p 4) : 
O(1 ) = <a,8,0,|[o,,0]-0,,, [0,,8]= 0,€2(G) a,P= af -B°=1(1=1,2) 

> 
3(g)G Ep ®, 

p° p* PS 
©,(32) = <,,A,/2, = A5 =1, [A 4,%5)= a, 

3(h) G Ep, 
: fo  @ — 

®,(2111) a= <a, a,| [o,,a]= a, 4 (1s1 2.3) a = fe 5 = af Oy, =a =O," =1; 

pi so eee 
©,(2111) bo= <a, a. | [a,,a]=a,, ,(i=1,2,5) 9%, 03 =A, ,A°=A5O, =O, =O = 1> 

Ce 5, Gs 
€,(2111)b = <a, a, | [a,,¢]=a,,,(i=1,2,5) oe =O, 5 o PazoPar ; =O, =0.$= 1> 

Ke eo ew 7 es I 

(The first has an elementary abelian maxima] subgroup) . 
S oe (32 . (3) —— 

,(1°)=<a,a,[[4,,%]= a5,,(i=1,2,5), a =a, a3 =a a4 =a3-0, = 1> 

3(i)Gep°e 
= AQ 

e 
©, (21 M1) a, =<a,a,|[o% ,a]=a,, ,[%1,0 gl=0y, 5 tf 0549 =O = Wi=1,2,5). 

oP. cy, S 

Ae 
iO



Kis gin + $6 4,2, ane tp=t,)s 

®,,(2111) b 

ig 

r ; = <a, | [a,,¢]=a,,,(1=1,2,3) 5[ J=a, aca’ a Po 
@° M4 1 

aha ° =a, pret P= 4 > 

Ki= & 3 r+1 = ees (p-1,3) 

O91 j 
(z) 

” <a, a, | [a,,a]ea,_, [04 ,Ao]=0,,0,Pa, 9 -0Pe0 Pa 1 ( 1=1 7255)?



  

APPENDIX II 

The Grouvs of Order - (p>3) 

ie ®, 

2 4 

(51) = <a,a,|aP = a 21 [450] = gr > 

As in the groups of order a we have: 

PS Ae 

©,(42)a, = <a,a,|a?s0P=1, [a4 5c] 

Pak = (42) a, = <a,a,|a Haf=1, [O,,a] =o, 

©,(411)a = ®,(41) ~ (4 

‘ 3 
©,(411)b <a, a, »yaPaa, PayP- 1; [a,,a] = +P > 

i p P.gP o,(411)¢ = <a,a,|a ai aFsas=1, [0,50] =01,, P 

©,(521)a,= ©,(S2)a, x (1) 

O,(321)a,= ©(32)a, x (1) 

®,(521)b = ©,,(31) x (2) Others are given by 

2 
= ae = Poor Se &, (521) = C250 453? where [@,,0] = %,,03=%, =%= 1 and 

  

  

              

iSymbol| a? a | a> Cy | Maximal Subgroups in 

i ®,, 

c Yo Yo Yo (32)P(P-1) (544) oP 

d Ys { ‘, 4 e (32)P(P-1) (544) aP-"( 221) e 

e Yo 1 ¥ Ws (32)P(P-1) (544) cP7"( 201) =0,,(21) 

x(3) 
i 

y 1 | 
meee Y3 ae a   
 



®,(3111)a = ®,(S11)a ee (31) «x 144) 

©,(5141)b = ®,(511)b x1 

©,(3111)¢ = ®,(311)¢ * (1) 

©,(35111)¢ = ©,(111) « 45) 

Oo, 222) a = ®,,( 22) ete) 

2 ; ®,(222)b = <a,c,, ya? -dPany? 1,[4,,0] = yP> 

®,(2211)a = ®,(221)a Ke z Beye e144) 

®,,(2211) b = O22) bx (1) = (eta «a ee (21) x (24) 

®,(2211)¢ = ©,(221)e x (1) 2 

,(2211)d = %,(221)d x (1) 

,(2211)e = %,(211)b x (2) 

>(21°)a = ®,(2111)a x (i)= (21) x05] 

2,(21°)b = ©,(21114)b x (1)= $(211)5 + C44) 

2(21°)e = ®,(21ti)e x (1)=6,(211)¢ x (11) 

@,(21*)a = o(2111)a x (1)=65(111) x (21) 

®(1°) = (19) x (1) =,(111) & (111)



Ge e, 

p° 
®,(411)a = <a,a,|[a,,a]=0 = 1(i=1,2),a? =O 9A, En A> p 

141? ied 

©,(411) b= <a,a,|(a,,0]=0,,,,05,, 1(4m1,2) ,0P21,0,?" =a > 

2 v fetta; 1(4=1,2) ,aP=1,0,” =a, = 

(Last two have abelian maximal subgroups of exponent p*) 

©,(411)b, = <a,a Ifo; ,aj=a 

os ‘ Poi 4 ee oa ®,(321) = <a,a,> where [0,,4] = G,,.,0,0, =1(i=1,2)y,° = tand 

  

  

          
  

Symbol| aP a,” ig Maximal Subgrouns | 
in ®, 

a Y, Yo a. (311) a? | 

r b.. Y; hig 13 (311)c® r=1,V 
r -14 i Cc. Yo Y, a, (311) aP~' (201) ¢ | r=1,¥V 

4 d a. Y, Yo (311) cP" '(221)b 

O,(S111)a = ®,(311)a eth 

©,(3111)b = ©,(311)b “1 %) 

(5111) by= ©2(311)byx (1) ; 
®,(3111)c = Ca,a,, yi [a,,e]s0, 1 0F, 

= p i= p° ea te ©,(3111)d <a,a,|[o, sa]=Q, 450, et 1(i=1,2) ,a* =a ,t=1> 

®(3111)e = <a,a,|[a,,aJea,.,,0,2 = 1(i=1,2) oF =O, > =4> 

(The first is the only one with maximal subgroups in e., and 

the last is the only one with a maximal subgroup in ©, and 
2 

exponent p°). 

~At2=



®,(2211)a ., 

0,.(2211)b, 

©,(2211)b,, = , 

(2211) <a, a, 

(221)a x (1) 

®,(221)b, x (1) 

(221)b, x (1) Others are given by 

tess p = —— P_ ,Y,> Where [o,,a]=a, ),0,0,=1(i=1,2),7,°=1 and 

  

  

          

= (211) ex(2) 

=0.(211) b,x. 2) 

  
  

Symbol i aP a> + Maximal Subgroups in ®. 

es a, { Yo (201) aP(P-) ord y)a Co 

r (p-1)".p-1 p-1 453 a. | Vo (221)a o (2111) be 

(p-1) © p=1 p e Yo 1 a, | (221)b aP™"(2111)4 

a)" p-1 p f 4 Yo | A (221)b a’ (2111)e 

g Y; Sor : 

o.(21")a = ,(2111)a x (1) = ®.(211)a x (14) 
4 : ©,(21 )b, = ®,(2111)b, x (1) = ®,(211)b, 145 

4 
®,(21 )by = ©,(2111)b,, x (1) = ©,(211)b,, x 147) 

(21°) = © (2111)¢ x (1) 

.(21*)a = ©,(2111)a x (1) 
4 o,(21 Je = ®,(2111)e x=649 

o,(21*)f = (1%) x (2) 
6 5 4, 

(1 ) = ©,(1 ) x (1) a ©.(1 ) x (11) 

-~A15-



o Gs 4 

The groups in p°o, of exponent p> are given by: 

  

  

  

            
  

  

  

  
        

G = <a,a,,a,> where [a,,0]=8,,8,%=1(1=1,2) y"=6 and 

ie tae 7 a Plo p Maximal Subgroups in o, | 
ba | 1 S = / 

(321) ay { oo eer te | 

(321) bo ee (52)? (511) oP | 

(321) et Fe (32)P (311) a?" !(221)c 7 

(321) chy (32)? (341) cP7'(221)d : 

(321) ee. y c. (30)P°-1( 514) ac2-1( 201) | r 40 

(321) 2 B. (32)P°-"(311) eP( 221) | 

(321) oo Br y | (32)P--1(311)cP(22t)e | 

(3111) a y 4 1 (311) aPcP* ; 

(5444) b 1 + 1 edie usa | 

(3111) io 1 y feyiee 2 ia as : 
L 

© 1222) = C4, 0, 5A where [e010 ee (4=1,2) and 

iSymbol | a? | a,” | at, Maximal Subgroups in} 

a. Y B B (221) aP 4 | 

b, | ¥ pe Bo (221) q@PgP(o-1) | ato 

c B, y Bn (201) aP 1? 1 : 

d--|y | 8.0 (Be, teers | 
_e Bat B, (221) aah *P 1 | 

L to | | Bg | By’ tenet a 
Pe | So ee ae 
 



© 42211 a ®,(221 a x (1) i ) ) 

® 4 (2211) = ® 46221) x (1) 

(2211) ®,(221)¢ x (1) 

®,(2211)d = @ 46221) 4, x (1) 

) ) 

) )f 

Cc 

Y 

® 42211 e= 9 (221 e x (1) 

©, (2211 f= 4 46221 , * (1) 
r 

O,(2211)g = <O,0,,05, 9] [0,,0]=B 3B 5,7 © 2 (G) yP=B,aP=8 ,,a FB P= 1) 

o,(2211)h = Ca,a,,A5, yi [95,0]=B 55s. ¥ © 2 (G) ,yP=B,9.EB ,,0P-a5-pF- 1> 

® 2211) 4 wis CAG, 5 Gos YI [a,.0]=6, 64.7 E 4 (G) sYP=B 55 OE=B ,, OF aa 2p P- 1) 4\ 

(Note: All of the above have maximal subgroups in Py: g has 

p°(p-1) maximal subgroups ®,(221)a, while i has none.) 

For the rest, we have 

®,(2211) =<a,a,,a,> where [a,,a]=B,€ Z (4), 6 PoyF=1 (i=1,2) and 

  

  

  
            

, , , , 
Symbol) aP oF ot Maximal Subgroups [Maximal Quotients 

in ® in © 2 4 

= 2 p 
fs tod eyo (221) aPaP Bestia (201) ae 

DaP*-P 0 p°-p uf Jo B , Y 1 (221) atd (2111)c (221)b (2111 )ab 

pe p-1 k fo | { (221)aP° (2111) ac 
2 : 

1 y 1 B, (221) a? (211 1)e Pp 7 

m 1 Y Bo (221) aP7 1g -P (0441) acP | 

n { Y B, (221) aP>1gP°-P(04 41) Pt : 

! 4 

o,(21*)a = 0,(2111)a x (1) 

®,(21*)b = @,(2111)b x (1) 

®,(21*)c ®,(2111)¢ x (1) 
-A15-



4 . 
®,(21 )a = C4, 4,05, ¥/ [%5,0]28 557 =P, Ope =1(4 = 1,2)? 

(This is the only one, except for the direct products above, with 

proper subgroups in ®,). The others are @,(21°)= (056 Oy 

where [a,,0]=8,, yPeaPup Pat (i=1,2) and 

  eee ene ae el 

  

| | woaxiceal Suberou ls Symbol gP a,* re ,, U2 ro J | 

e y 1 (2411)cP tP | 

ae age ah FP- 1759, f 1 y (Sia ) | 

|         
  

3) 5 ©,(18) = @,(19) x (4) 

GE ?,. 

oe 
$.(311) = <a,,4,,0,,a,|[o,,0,]=[a,,0,]=B,a petsts he en ep ee 

e gas te 
®5(2211)a = <a,,a,,a 3904) [O4,¢5]= ‘[a.,0,]#B,a Sep, eo a 

pe cy a ot es ©.(2211)b = <a, 255 On »4,|[0,,0,]= ‘[a,,0,]=B, a oon 20, vet AS 4) 

(The first has a subgroup of the form ©,(221)a, but the second 

does not.) 

O.(21*)a = (2111) x (1) 
4 pss. z 

©.(21 )b = (2,0, sGae0,5 1 [01,0,]#[05,0,]=8,v-=8,0, °2BP21(181,2,3,4 

4, o 7 _ Hi Die As PE(21 Je = Ay ApAg,04| [2,8 g]= le. c, 128.0 Pari Par: Poo PeaPs 1) 
(The second has subgroups in ® 

(1°) = (1°) x (1) 
_ DUE Tis this Foes not.) 

-A16-



GE 

The groups of pe, of exponent p> are given by: 

G = <a,,a,> where [0.,,0,]=B, [B,0,]=B,,7°=B ,,B°=8,P=1 (i=1,2) and 
  

  

  

            
  

i Se symbol oF Se oe Subgroups in | 

2 

(321) a, y 6.” (311) acP"!(201)b 

(321) ba, = y (311) cP(221)¢ 

(321) eee ee (311) c®(221)c 

(321) bi By | ¥ (311) cP(221)¢ 

v v Pp 
(321) Duy By ¥ (311) e*(221)¢ 

(3111) a y 1 (311) acP"'(2141) 4 

(3111) b, 1 (311) cP(2111)b 

(3111) by 4 >" (311) eP(2111)b 

@,(2211)a = ®,(221)a “ 14) 

®,(2211)b,, &,(221) by, * 14) 

©,(2211) c= &,(221)c,, ee. 

©,(2211) d= ©,(221)d,, x (1) 

r=1 yeas --p-1 

®,(2211) * <2 45%s where [%45%.5] =B, [B,a,J=8:, BP 1(i=1,2) and





  

  

          

Symbol at,» a” “P Maximal Subgroups 
d } 6 2 

2 
e B, 1 a (2111) aP (221) bP(2111)b 

= 1 £, { B, B (2111) b® (221) bP" 'e(2111)4 

9 oe a4 
2 { B, B. (2111) bP (221) bP" 'e(2111)4 

g 7 Bn 1 —~- (2111) ac® 

h, Y B, — (2111) cP*! 

hy, Y a 1 = (2111) ePt!   
  

@,(21*)d = <a,,0,5| [a,,05]=6, (8,0, ]=8 5€2(G) 2, 
(This is the only group of (21 

(1°) = ®.(1°) x (1) 

E 
See 
As in the case of po, we write: 

O/(3111)a = <a,0,,8] [o,,a]20,,,,[0,,B]=05,0% 

ee ‘a = ae = 

O,(3111 

= 

2 

“s = = ae 
)by= <a,0,5B| [O,,C]sa,, ..[%,,B]=0,,0, =e 

®,(5111)¢c 3 <a,a,,B] [o,,a]20,,,,[0,,B]=02,8 

-A1o— 

=O oF HBP 

i CB vcat 

with no subgroups in ©,). 

Ps 
3? i+ 1 

(isi,2)2 

",0PspPisa 2 = 

 



  

  

              
  

Symbol a, ® a “yP Maximal Subgroups 

*5 ®5 | 

2 
e B, 1 B., (2111) a® (221) bP(2111)b 

1 i { B, B (2111) bP (221) bP~'e(2111) 4 

V po p-1 < 1 B, 6. (2111)b (221)bF"'e(2111)d 

g Y By 1 oe (2111) aceP 

h, Y B, 1 — (2141) cPt! 

hy Y f 1 — (2111) cP*" 

(21%) a = O,(2111)a x (1) 
a ®,(21 )d = ®,(2111)b,. es 

®.(21*)e = <a4,A5, V1 [7 2%] B, [8,018 5€2(G) -YEZ(G) -yP=B , a, P=B P= 

ee 

As in the case of po, we write: 
2 

®,(S111)a = <a,a,,8|[o,,0Js0,,,,[0,,B]=a2,0° Og Og eB Pot Pet 

(i=1,2)? 

— a pay _P came De, . Pp = 
®,(3111)d,= <a,0, 5B [a,,aJea,,,[0,,B]=an 05 wee | =6 eA i+ 4 1 

(i=1,2)) 
| 2 

(5111) by= <a,a,,B/ [o,,0]=0,,,,[0,,B]=a,,0,” na,” aPepPisa 2 = 

eee ®,(3111)c - <a,0,,8| [o,,0]=0,,,,[0,,8]=05,8 =0.2,0°7HO F050 = 

(i=1,2)> 

-A13—



‘ 7(2211) = <a, a,,B? where [a,,a] =a, ,,(i=1, 2)[o,,B =a, a. ore 

  

  

              
  

and 

ora aP j a.P | pP ; Maximal Subgroups 
bol 1 ® ® 2 | 3 

p pe a a, | ¥ 4 (2111)ac (221) a 
2 

b, | ¥ | a. { (2111) acP (221) b? 

v p pe by ae od (2111) ac (221)b 

2 = C1 ee tt y | (221)bP(2111)ce = (221) aP"P (2111) aaPo! 

a ~1)2 y- a d,) 1 | a, | y | (2et)anP-'atit)a (221) al Po 1) “pP-1 (0444) pePo" 
2 

a, | 1 | a,% | y | (221)abP7'(2111)¢ (221) alP-1) “pP=1(0414) pePo 1 

2 
e y { at. (221)cP(2111)a 4(221)P “P (2111) aP 

2 2. Papier ey a, | (221)acP"'(2111)d(221) bP “P(2111) eP 
l 

v(21%)a = &(2111)a x (1) 
Ay, _ (21 )b_= ©,(2111) bx (1) 

o,(21*)c = ®(2111)¢ x (1) 
e,(21*)d = Zs a8, 1 [a5 20). 4.421% 4B 1205, 7° #0... , ah =B Ps jee, Pat i= +2) 

gic: = <a,0,,8|[a,,c]=0,,,, [2,,B]20,,aP =o Pooh, =1(1=1,2)> 

e,(21" )f = <a, ate ,a]=a, 

®,(21° )g = <a, a,,Bl[a, ,a)=a, 

i+1? 1 [a,,Bjaa,,aPeaP up? aoa Pye (4=142)> 

[a ,,B]=a,,0P0,P =pP <a, Pet(i=152,)> i+1? 

(same as in p "6.) 

®2(1°) = (1°) x (1) 

~A1i9-



GE o, 
3 3 2 

®,(42) = Koy 2talay? = 1.4 Psa,” ,(a,,0,)ea,P> 

©9(33) = <ay,agla,? =0,° =1,[a,,¢,]= a,P> 

$,(321)>-9,(32) x (1) 
= 2 2 

@-[s — oe p ee D.. Pp os 5g(321)b= <a,,0,,yla,P sa,P 21, Pea,” , [a,,0,]20,”> 

The others are given by: 
2 

©,(321) = <a, where [a,,0,]=6, 8" =1 and 

  

  

  

pee a” aP ~yP Maximal Subgroups | Maximal Quotients 

2 oN { 1 (311) aP(221)a ,(52)P,(221)d 

ony By” | 14 BP " ©,,(221)d Y=1,2,00. 
p-2 

C1 Oy eee : o,(221)4               
“ < 2 

(222) - <a,545/ [4,,05]58, [B,t]+B, [8,0,]=1,0,» =a ¥ =pP =1) 

ae Py 

As in the case of ®,, the groups of %, are: 

Pp Pio P aalin ®,(3111)a = <a,a illo, ,a)20, 0% =0,,0, Q, 5 ,=1(i=1,2,3)? 

2 
©5(3111)b, = <a, a ,l{o,,o]= 20.54 oes 6,352 aPeo, . yai(i=1, 2,3)> 

where r = ren k+1 = 1,2...(p=-1,;3) 
2 

®,(2211)a = <a,a,| fo, 2a)=a, 4.420 20,504” soa =1(i=1,2,3)> 

: ; (2211) b,= <a,a,|[a,,a]=a,, 4,0 =a, yaP 04) = 1(i~1,2,5)> 
k 

where r= g , k+1 = 1,2,...-(p-1,3) 

O,(21")a = ®,(2111) a 40 

4, O,(21°)b,= © (2111)b, x (1) 

«~ A20—



4 = . 

(21 je = <a,a,5 YI [yO }0 4, pp WB area, Poa? ,=1(i=1,2,3)> 

4 7 o,(21 jd = <a,a,,|[o, »A}=, 150 aP =a, ,Psa P =1(i=1,2,3)> i+ 
4 ®(21")e = <a,a,,|[a,,a]=a,,,,0,? 2aPea,0 =1(i=1,2,5)> 

6 5 
®,(1°) = (1°) x (1) 

GEO, 

As in the case of Po > the groups of Pag are: 

2 
®,)(St11)a, = <a,o | fo gsA]=05 1 4 [t4.%5]=0, ,aP sa 7,0 Psa Fi =1(4=1,2,5)> 

where vr = g”, m+1 = 1,2,...(p-1,4) ; 

®,)(3111)b, = <a,a jl [t52}=05 ys [ty AoJaay ,a.,P =a, ,° aPma, Pis1(ie1,2,5)> 

where s = g”, n+1 = 1,2,...(p-1,3) 

®,,(2211) a, = <a,a il fo, pOJ=A, 4s [%4,A5]40,, aP= a 7,0? a0 Piat(ter, 2,3)> 

where r = g , m1 = 1,2,...(p-1,4) 5 

®,,(2211)b, = <a,@ ,|[o,,a]=a, [2 ,,45]=0, sO Pen, ©, 0" =a . y=1(i=1,2, .3)) 

where s = g”, nt1 = 1,2,.20(p-1,;3) 

4 
) ®,,(21 a, = ®, (2111) a, * ¢1) 

4. ©, (21 )dn = © 4962111), x 14) 

4 
® (21 )e = <a,a a, [a, 2% )=a, 44? [24 ,Ap]=ty, Peay, aPsa Psa © =1(i= we 2}? 

4 oe )a = Ka,a,|[a,,]=0,,.,[a,,a,]20,,0P sa Paa! =1(1=1,2,3)> 
meet *\q = <8, ate: pAJ=Os 4s [Gy A Jaa, ay zaPea .P =1(i=1,2,3)> 

i+1 

@, (1°) = O19(1°) x (4) 

GE ®,, 

® , (222) = KO 155.2? where [a ,,%,J=B2, [A5.%2)=B,, [A2,%,]=Bo, and 

\ « 

-A?Pl~



where 2 = hy ae 

ie ed ee rg ee 

Zee P, Bo ByBo 

Eg Fy Ps B 

p-2 

®, (2211) sd KO 49 A5,02> where [o,,4,]=6-, [A5,%2)=By, [an50,]=8,0,P=1 

Po 

Py 

Po 

and 

oan a -1, 2 Yo - 1 
Py Pp... Paha Po Pa PB, Bo 

2 
Pops By Py Py PsP. 

where r = 1,2,.3s.p-2 

4 ®, (21 : C8 435s 8a? where [2,,,0,]=B.,[4,,0,)=8 ,,[4250,]=B5, 

p OL * =0L 
3 

Pe Pp =1 and a, = , or Bi. 

6 haa 9, (1 )= (8, ,45543| [6,,05]=B 2, [05,05 )128 ,, (5,0, ]J=B,0, 7B? =1(1=1,2,9 

G.=& ® 
te 

®, (2211) nas CO 2A 5243504? where [%4,%5]=B,5 [A25%,]=B., and 

a? 
— 

4 pb, ee PS ee ee, 

Pa Be Pa (hon Sa 1 1 

i, By € = 8, 865 se 2 ee 

1 B, 1 { 1 | 1 1 

4 
@io(21") = O4,45,0,,44> where [4,,45]=8,,[4,,4,]-85, apnea,” =1 and 

p 
Or, 

p 
we 

| 

=— 
=o 

Po Py Fy Pa By Bo 

ee B, Bp 

This is the group ®,(21) x ©,(21) 

* 

© This is the group ©,(21) x @,(1°) 

-A22=



2,5( 1°) = ,(1°) x ©,(1°) 

G€ P12 

®, (2211) - KO, 5A55A250,> where [a 1,05]=8 ,,[%,,0,]=-[o,,0,]=B,, avd 

i 
Many: eae B B , \ | 1 Bo 

Pp Ea | Vv 

Be ce Bo 1 B., B. 1 1 

aP . = 1 1 B B B B 3 2 4 { { 1 

Pp Pe a8 ajF = 1 1 Bo { { 6. { 

where r = 1,2,...p-1 

4 a 42 3 = ®,(21 ) =i KO 15 G55 54> where [4.7% 5158, [2 ,,%2]=[45,0,]=B., 

Pp p_ a =o 4 =1 and 

6 ®,,(1°) = (1 45%5,02,0, [[0,,45]=8,,[0,,0,]=[0,,0,]=6., 

a P28 Pat(int,. 2.43 j=1,2) 

Ge Pig 

Cee 2 4 = 

©, ,(42)= <a,B| [a,B]20P ,aP epP 21> 
5 2 

®, ,(521)<a,B, | [a,B)=aPy, a? -6P ret? 

2 = 

®, ,(222)<a,B, | [a,Bj=7,aF =pP =yP -1 

Ge ®5 

v = ui =e os 1 ®, (2211) KO 4 5A55 A250 ,> where [a,,0,]=[4,,0,]=B,, [o,,0,J=[a,,0,] 

-A23—



p oe a 

og ease ace a B B4Bo 

oo. a 

p i it 

ae Bo 1 
where r = oe (kat, 2)... .5(p+T)), a = 1,2,...3(p<1) and, tor 

a given value of a, d and d* determine isomorphic groups whenever 

d = a* or ad* = v(v-a’). 

® (21%) = <0,,%,,0.,0,|[a,,0,je[a,,0,]=6,,[0.,¢, j=[a,,¢ | ‘=p Via, Pe 
15 coe Ss 4 oe Oo ae EE ee eae ee 

=6, 0,28 ,Po6,P =1 (151,2,5,4) 

0,.(1°) = a, sdo,dn.0,|[0,,05]2[02,0,1=8,,[05,0,]=[0,,¢,] 2B” 15 vo 2s 4 $0 Ose es ee A ee 

a, Pep Pap Ps1 (i=1,2,3,4)> 

Ge P16 

©, (2211) = <a,a,,B? where [o,,a}=0,,,,[8,0]=y,0," aya (i=1,2) 

and, 

Pp _ Qa ss A 1 y y Ot ¥ 1 

p_ a ' v r 
a, = 1 ax Ox a Yy 1 Yy 

ae B = Fy y 1 1 1 a, a. 

where r = gk (ks) = 1,850.6 pat wed 8 = 12 

ae 2 ee 
®, (21 )= <a,a,,B> where [o,,a)=o5 4 5[B,e]=¥,05 0 = =1(i=1,2) and 

oP = O., y 1 1 1 1 { 

aes v ee { ae { ye 

pP = 1 1 1 1 Y 1 Oo 
6 ; 

©, (1 ) - <a,0,,8[ [o,,0]=0,,,,[8,a]=7,0P=0 PapPeyPaa P =1(1=1,2)> 

-~Ae4=



GEO. 

,,(2211) = <a,a,,B> where [o,,a]=0,,,[B,0,]=v,0,8 eyPet(i=1,2) and 

aP =a a a | 4 a. a, a a, 
3 %3 Bs 3 3 3 3 

a, = re 1 y Og a." vie 1 G.y¥ A, ¥ o. ae 

Bech pe a ey oy Gey { AY n'y 

oo 5 ayegey 4 6 vty af ope 

a, = as Gz Gz ag" Y oe Y any ony 

pP = 1 1 1 1 i 8, { { { 1 

where a = 1 52 ys 04713 r= en kK+1 = 8 ei D455) 

4. ; 
®,,(21 \ = <a,o, 5B? where [o,,a]20,,.[B,0,]=y0,9,-yP=1(i=1,2) and 

Pp _ at = Ot. 1 1 1 Og O. 1 anY Yy 7° 4 1 ay es - 

PL Vv = Vv ae 1 a, a, @, a, 6 1 a 1 ay Qs ny 

,—. BY = 4 Yy | { 1 1 See 1 1 a2Y a. | 1 

Ge P19 

®,,(2211)= <a,a,,8> where [,,a]=a,,,,[0,,8] =0,,[0,B]=%0, f=vP=1 

and 

QP a 4 a, Oe 4 y ~’ 2 vy 

ve = a. 1 Y Y 1 1 a. ee 

BP = ¥ y 1 . Ot On 1 1



where a = 1,2,...p-13 r= g , KH1 = 1,2,.0¢(p-155)3 8 = gt 

1+1 = 1,2,.-.-(p-1,4) 

4. 
By h ) = <a, a,,B> where [o,,a]=a,,.[0,,6]=,,[0,B]=7,0 P =yP at i+1 

and 

P V 
a? = Ox Y ¥y 1 1 ¥ 1 1 

p_ v 
a, = | i 1 Ot 0.2 y 1 i 

pP = 1 ‘ { { 1 { yo 

6 O,,(1°) = <a,o,, Bl [o,,0]=0, 4, [0,,B]s05, [o,B]=y,0Pa0 ,PapPea PB oyPa1 

(i=1,2)> 

G € 2... 

®,,(2211) = Ca, 4,0) where [a,,0,]=8, [B,o,]=B,(i=1,2) .[o,0,]=B,, 

BP.8 at and 

oe FF 1 Peo pS ey 

aP = By B, By Bo 1 — BByrByPo'sBo By By Bo 

a = Bo 56 se Bo Pp Bp B A 1 8, Be 

aP = 1 1 1 1 1 1 

a Pe 6,” 6B, Bis 5p Bo Bpa* 

af = Be 8, By eee B Boe 5 ,"8e 

where b = 1,2,..-P-1, a +b = bt+1, bte...p 

k,l = 1,2,...(p-1) and in the last three cases we have 

2 a 2 1 
at+vk° #p, g +k° Ap, ge 

®,4(21*) = C4504 509 where [a,5a,] =B, [B,o,]=6,(i=1,2)[,0,]= 

+o“ #p respectively. 

=B 4,878 ,%=1 and 
i 

~/\26—



2 
aM feet 2, 4 6, Ss he, Bho ees 

2 
Aa Toe, es 1 4 1 peo 

aP = 4 1 
a,P= 6 r B */¥ 

; PFs Po 
£ £ Ppa & Ve & 

to'= BaPo By Po 

where r ake, k = 152560 e8(p-1), o<l<sp and of 4K? =p. 

151°) ae C204 5% [o45%,]=B, [B,a, J=B.¢ Z(G) (i=1,2) ,[o,9,)=8,, 

a," =pr=B 5 =1> 

Gs P59 

©, (2211) ={a,0.,,4,> where [a,,0,]=6, [B,¢,]=6,,[B,¢,]=[0,0,]=6,; 

prep *ap.'=1 and 

a Bie B Po | 

oe ey BoB, BB yBa -ByBS poe | Po 

AP = Boo pe Bo Po fs 2 By” Py 

= 4 3 1 1 1 

A ee Ba Ree oa 

ah = 8B, By 8B, BP By Bo 

where a = 1,2,...p-1, Y = 0,1,..-(p-1,3)-1 S = 0,1,...(p-1,4)-=1



% (oT) = (2,04 58> where [A 45%] =B, [B,,J=B,,[B,¢,]=[0,0,]=B,- 

where @& = 1,2 5.66. 

6 
Po9(1 ) = Ca, 0,50, 

Ge ®,, 

The groups of this 

BY =p Psp .Ps1 and 
B, 1 1 | 1 1 1 

BB. 8, Bp 1 } Po -2P a 

p-1. 

[t,,¢5]=8, [8,0,]=8,,[8,¢5]=[0,0,]=8,,0%=0, Pap? 

aire =p” 12 

family have not been determined individually 

for general p, although the isomorphism classes for small values 

of p may be determined on a computer (see (6)) and the number 

of isomorphism classes is known. 

Ge P55 

4 
Po(21") = <a,a,,8, 

oe = Ot. { 

a, = 4 1 

p,P oh a... 

®5(1°) = o,(1%) x, 

72) vhere [o,,0]=0, 4. [B,,B5]=02,B,=0F 1 

(i=1,2) and 

Ot | 1 i 1 

1 a a ~ a a , 
a 5 2 2 

Ot 1 4 Ot 0.



GE P52 

(2211) = <a,a 4? where [a,,@] 20, .4(1=1,2,5) ,[4,,9,)=75 rest =1, 

0. Pzg rac per =1 and, 

aP = a a, ¥ ¥ 

a a, r r ae ay a, a 

where a = 1,2,...p-1; r= ge, k = 0,1,...(p-1,3)=1 

a - ©,2(21 ) = <a,a,> where [a,,a}=0,,,[0,,0,]=¥,0 P_4(i=1,2,3) p_ 
ee 

y ae s 
a = Oy a,Y Y *y 1 1 

Pp Yr x 
a, 4 1 , i i y Oy Y 

ok ie 1,2,..-(pe1,3)3 8 =, £41 =1,2,...(p-154) 

Ca, a ,|[o,,0]=0, 442i i = sai 3 [a pty ]=y, Poa. FayPa 1 

(j=1,.<+4)? 

= 4
 

@ S @ ky
 lI 

©,,(21 an = <a, a 4.8 where [a, ,a]=a, 4,[4,,B]=0,, a, fyni(1=1,2,3) anc 

Pp _ a = a4 1 : 

a,” mm 1 a, 1 r= eX, k++ =1,2,.+6(p-1,5) 

p _ B ss 1 i ay 

Oy Bin Pines ale 2 %,,(1°) = <0,0,,B] [o,,0]}=0,,,.[0,,B]=a,,0°=0 ,*=Brea," =1(i=1,2,5)> 

GE oO or & 
29 26 
  

2 x ~~ 

®,5(521) = <a, jl [5 ,@] =O, li ¢,2,3)50° — hahaa “2 > 

x ®,.( 222) = Ca,a ,| [a4 50] =O, 4 (i= {oye a Fea 2A 304, 

where we take x = 1 for P55 and x = ¥ for Po6- 

-A29-



27 

4 ; 
®57(21 = <a, a> where [a, ,a]aa;,,.[0,,6]= [a,,a,]#a, 0,8 =1,(1=1,2,3) 

and 

aP = a, * | 1 1 seg’, £+1 = (jesse tp=154) 

a.,? = 1 a,” 4 i meee; kK+1 = +50; 005(p<1 8) 

he fe Vv 

ee fe es 

ges 

Ge P55 or Q59 
  

Pig * 9g Peg * 
©,,(222)a,, = <a, a, Ifa, ,a]=a, sgqheete 2,3)[O,,4,]2a,,0,°s0,°,A5°S0,", 

r aP =O 4 Gare» 1) i rat 2 ,<040) 

x 
(1=1,2,3) ,[e,,0,J=0,,0 Pla XO t= 4, : ,,(2211) = <a,a, |[o,,a]=0,.,5 Bee 

a. =o. =0. 4 Pep 

where we take x = 1 for Pog and x = V for P,9° 

Ge P20 

4) _ = 2 2 Pp _ 
©,,(21 ) a= <a,a,,B? where[a,,aJ=a,.,,[%,,B]=O., [A,B ]=0,,0,7 ,=1 

(i=1,2,3) and 

me a 
: ow 4 1 1 

a = a { 1 1 

xy bi k 
a, P= | Oy O 4 1 r=g setiat, 25.2 0€p-1 5,5) 

Pp _ as 4 1 Oy 

Ge = 2 3 U.P, Ps 
P24 (1 ) re <a,a,,B| [o,,0]=0,,,.[0,,B]=05, [%5,8 Jea,,0 =B ae ee 

-A30~ (4=1,2,3)>



Gc ®., 

4 ; 
©, ,(21 ) = CA,0,,05> where [a,,%]-B,, [o,,B,J=7,6P=B > 1 (i242) and 

. Vv 
aP = ¥ Y Y Y 1 1 

of = ye i 
p= i a 

Ot, ay | 1 1 y | 

where i- = -1 (only exists whem p = 1 (mod 4) ). 

6 . ; ; 
©, ,(1 ) ea <a, 4505| [a,,0]=8,, eo eer 

Ge P25 

(21°) = <a,a,,0,> where [a,,0]=8,,[0,,8,]=¥, [05.85]=7" »BP=B P= 1 52 iw 3 47 > i? = 42 17 4 aD oS 2 = 3 ee a ae 

(i=1,2) ana 

oP = Y y" 7 1 1 

a Be Y Y Y | zs oy 

ot - ry) { 1 { yd 1 

where j° = -v(only @xists when p =3 (mod 4)). 

Ja e = af alte, Pea O31) = Ae io 1 ie 

(i212) 

Geo 

4 2,(21°) = <a,a,,a,> where [a,,0]=8,,[6,,0]=[0,,8,]=7,8,°=P=1 

(i=1,2) and 

oP = Y >" 1 1 1 

a,P = 1 { y { { 

a. = { 1 1 Y Y 
6 

95,(1°) = <a,0,,05| [4,,0]=8,,[B.,0]=[0,,8,J=v,0,Ps0Pap ,PayPa1 

SAS4= (i=1,2)>



es P24 
  
  

4 eee 
©,,(222)a, = <a, 04,0, 0? = oP=o.P=1,[a,,a]za?, [a,,a]=a,”, [a,,a?]- 

; =[a, P ,o =a") 
2 2 

Oz, 222) a,, = €a,a,,a afar =a P =c ee Ge .a)=0, fa 
1? 4 oO #0, Py la,,aP]= 

Vv P,a]=a,,, PS 

pane ete a ©, (2211) = C2, 5 Oo] O° 0,7 20° =7y=1, [a ,,a]=0P, [o,,a}=a,* »[a, ,0P]= 

«(a Soja 

G & P35 

  

p = aba 7 a O..(21° Ja = <a,a,|[a, sO JaOy 4 GPa, a Fa 'S/ea, P=1(i=1,2,5 »4)> 

4 = Ce p (2) Pas Pp . (21 )d = CO, | [o,,0]20, 4 0, a. \5/ =o. a =0 7 ,=1(1=1,2,3,4)? 

k 
(r = & 3 K+14 = 1 e500 ethat4)) 

6 Pp 
O56(1 )= <a,a,| [a, 7a )]=0. pee Pea Pa, (5) <0 Pat (i=1,2,3,4)> 

Ge P26 

® (21%) = €a,a,!fa,,a]=a [a,,a,]=a aPsza "sa Po (B) eq Pe 
36 Ties gf ee ee i+ 

(i=1,2,3,4)> 

® (21*)b,, = <a,a jl [o,,0]=0,,,.[0,,a,]20.,0 {ro (E) O. dret © 
36 : +1? > a S Se i+4- 

(r = ek » Kti = 1,2 (p-1,4)3; Ss = of p 4 

©, 6(1 sai <a, a ,| fo, , a ]=0 

15 
Pp - Os okey gq? Le 4ys%o: — ct 0, , os 

: 

ee



Ge ®27 

aPeqg _T 4 2 ay ?,7(21 Ja, = <a,a,| [a,,a]=0 [a,,¢,]=[a,,0 =[4,30,]=O., 5 > 
i+1?’ 3] 

Pp 

k 
(r = g@, k+1 = 1,2,...(p-1,4)) 

® (21*)b = <a,a,|[a.,a]=a [a,,a,]=[a,,a,]=[a,,a ,]=0 aPsa_.a Po (2) 
37 1 ee ee eek ao 2S 3? = sts 

a2 =t(is 1,2,3,4)> 

Vv o,,(21° ) b= <a, a iLO, ,a)j=a,.,,[%,,0,]= [a,,a,]= [a.,0,]=a,, oP. =O 

p 
a,Pa,(5)-0,P, =1(i=1,2,3,4)> 

4 o,7(21 je = Ca,a jl (t,,0]=05,,[e,,0, j= [a,,02]= [A, A, ]=0., »o,Pa,.(5)— 

=a-,aPaa,P =1(i=1 {2,5 ,4)> 

oO 

6) _ ws = = Pp. P f). 
P7(1 ) - <o,a,| [o,,0]=0,,),[o,,0,]=[0,,0,]=[a,,0,]=0,,0 me me 

ma, Pi=1(i=1,2,3,4)> 

GE P29 - 

Ba te O.,(21° )a, = <a,a jlo, 2A)=0,,45[0,,0,]=0,0, “', [o,,a,]=0,, a Pat, Ch. 

m = e . 
5? a 1(i=1,2,3,4)> 

(m = 132304551) 

& = Pio 8 o,,(21 )d. = <a,a,|[a, 2A]=O, (A, sA,]=0 0.7 ' [oysGg]=Oe, ara”, 

Pp bm tele 
tee a, Paat(det, e; a 

fs oes ee ©,,(21 )c,. = <a,a | [os 7% ]=a., [a,,a,]=% 05 s[O 150, ]=O., 0 Pa,'5 = i+1? a] 

r - =O. ,aP.a = 1(i=1,2,3,4)> 
k (s =p’, £41 = 1,2,...(p-1,5)3 rv = eo, ket = 1,2,...(pe154) ). 

-A3S3-—



6 PY 
®24(1 e = <a,a l[o,,0]20,.4.[0,,¢5]20,0, O “', [o, a]=0,,0 aPsa ,Pa.'5: = 

sa,F = (i=1,2,3,4)> 

GE P25 

The groups of P29 are the same as those for P20 except that 

[a,,%,]=a, instead of 1. 

Ge P10 

“ ®, (21 )a, = <a,,0,][0,,05]=8; 18,0, J=8,,[61.%5_.]8%e% ease, 

pPsp Pay? =1(1=1 ,2)> 
(s = ek » BEE 42a eip-1,5)). 

4, 
® 921 )b = 0.45%] [44,05 ]=8, (8,0, 1285, (8 ,5%5_ 5 87,0, P=9,0,Pep Ps 

= , PayP=1(1=1,2)> 

151°) - Caso] [04505 ]=8, (8B, 0, ]=B,,(B5.¢5_ 5 J=¥20, PB PHB PayPat 

(i=1,2)> 

a & re 

®, ,(21*)a, ” <a 4545] [0,,45]=6, (8,0, ]=6,,[0,,8,]=7, [4851-1 

a Jets "=p Pap aye 1 ( i= _ 2)> 

k (s = g , k+1 = 1,2,...(p-1,3) ) 

©, ,( 19) - <a 42%, [O%.,A5J=B, [B,a, J=B i? [o,.8,J=, [o,B5]#¥7", 0, Pap Pe 

= B,Pay'=1(1=1,2)> 

~A34—



gq £ P40 

oe 
®,,(222) = <a,6| [o,BJ=7, [a, yea, (8, y]=8-P,aP =pP =yP =1> 

GE P12 

2 

®,3( 222) T <a 4.A| [oO 4,%5]= Bs Bs, ]2B 50-80 .P26 ,~ =8 Pe BP = 1 

(i a 1,2)> 

-As5—



APPENDIX III 

The Grouos of Order 3” (n<6) 

Except for the following families, the groups of order 3” 

may be found by pusting p = 3 in the list given in Appendix I or Ii. 

Ge Az 

The groups of Az may be found by putting p = 3 in the list 

5 
e. and replacing a,* by a On there. 

5 
Ge s Ag 

3 
A,(221)a = CO 4 Ao [A455] ,a, "=B°=8 ,° =1(i =1,2)> B, [B,o,]= Os 

A,(221)b = <a,,4,|[0,,%5] = B,[B,o,]= B20, =B,°,0,°=B5,B°=8, =4 

(i - 1,2)? 

: 3 a 
A,(221)c ri 4s 5]=8, [B,4,]=B 5.0, °=B 2058, BoP = °=1(41=1,2)> 

‘% 
wv A g(221)d,= <a,,0.5| [0,20 ]=B, [8.04 ]#8 0, Bod 3B B=, &1(1=1,2)> 

A g(221)44= <o,,051 [0 4s¢o]=B, [B, 04128 p10, Bo stp =B 429 sBo=B y= 

(i = 1,2)> 

Ag (2111) = <a, sdol [2 4,¢o]=8, [8.04 ]=B stp 2B 420, "=B BH 1(4=1,2)> 

Ag(1°) = <a,s51 [2 4,05)-B'B,0, J=B,.0,°=B°=B,°=1 (4 = 1,2) 

TOUR: The above symbols do not imply any properties of the grouns. 

They are only chosen on analogy with Oo. 

A Gn



a 635 a 
6 

The grouos of 2° A. which are not direct products may be found 

by putting p = 3 in the list p° ®¢. 

es Ay 

The groups of An may be founa bv pucting p = 3 in the list ® 

and replacing ey by eon CNerG. 

7 

| Ge Ag or 449 
  

The groups of Ag and Aro may be found by putting p = 3 in the 

; : P 5 Pp Pp 
lists ®, and P10 and replacing i by OO and a5 by Oh Oy there. 

Geé Avg or 4,3 

  

‘he groups of Ai6 and 448 may be found by putting p=5 in the 

Sq, there. p by a, 5 ists A and A and replacing a 
16 18 1 

G-& Ano 

The groups of Ang are given by: 

G = <a,c,,a,> where [a,,0,]=6, [8,0,]=8,, [¢,0,]+8.8°#8 ,"=1(i=1,2) 
3 

So a a a a 

Oe Fe FoF ' PB. re 
3 a b 

to Pa Py rs B, Bo By 

where a,b = 0, 1 or 2. 

Ge As, 

The groups of An, are given by: 

Ay, (2211)= C015 4 3A where [o,.%,]=8, [B,¢,]=8,,[0,0,]=B,.,. 
4 

ah 57—



av = 68, B, ys 1 1 1 1 1 

ep a, a th a a 2 

ae Pe 1 Be Fa Fy Rae 

3 b 2 2 

where a,b = 1 or e. 

2: 
A,,(21*) es <a, 4,0) where [0,,0,]=8, [8,0,]=B,, [0,0 ,]=B5, [0 ,05]28 4° 

p°=6 91 (4e1,2) and 

es B, 1 1 ' 

«B.S = 1 BB, Bo B, { : 

a, "8, er 1 1 1 BB. B, 

lmatt 2 Sa Si 
D421 ) = Ca, 4 505] [a,,%,]=6, [B,%,]=8;5 [a,a,]=B, [a,a,,]=B, 32, Bo = 

3 2 3 
Gy B4= B = Bs =1 (1=1,2)> 

C-<¢ Ao0 

The grovos of Ano may be found by putting p = 3 in the list P55 and 

replacing a= by a,"a., there. 

a 
The groups of An. are given by: 

x = 3 oe 3 
+ = <a,a,> where [o,,a]s0,,,(1=1,2,3)[4,,05]=%¥ =O, =O" =O, o = 1 and 

3 a a a a 
o- .st oF ay q 

S O, A, = a, 0... 1 1 

~A38-



¢ €A,, 

  

4 ; 5 pee 
A,,f21") = <a,0,,8] [o,,a]}=a,,,(1=1,2,5) ,[o,,B)]=0,,6 mer | Be es a 

2 3 o S_+5 

5 5 5 
=p =o) ae 
<3 

=a, =a, =1) 

beth) a <a,a,,8| [a,,a]aa,,,(i=1,2,5)[0,,B]sa,, 

Ge dos or Ang 
  

\ i = the The groups of Ans and Ang may be found by putting p Oa 

a 3 
and replacing =" by a ~ a. and a? by a, O 4 there. lists 9. and ® 4 Ow Oo 29 26 

G € As? 

4. ‘ 3 
An7 (21 ) a. aes <9,0,,8|[o,,a]=a,.)(4=1,2,3),[o,,a,]=[4,,B]=0,,8 ere 

_ 2 2 a > Ze COL 5 01.0 Ch 4 Oh OL =1> r=1 or 2. 

: 6 : 
Aeg( } = <a,0,,B| [O;,aJ=a5., (1=1,2,3) ,[o,,0,]#[0,,B]=0,,0°=6°= 

Ss ae: = 0, °O,= O° ,=0,=0,°=1> 

GEaA or A 
2o ao 
  

The groups of Ans and Ang may be found by putting p = 3 in the 

; : P 3 p 5 lists P59 and P59 and replacing a, by OO, and 0,5 by a 4 there. 

Ge Azo 

The groups of Azo may be found by putting p = 3 in the list P29 

for which a”? = 1 and replacing a? by a,*a., and a. by 0.0 there. 
= 

~A39—



Gg € Azz 

The groups of Azz are given by: 

G = <a,a,,0,> where [a,,0]=6,,[8,0]2[0,,8.]=¥, Y°=8,°=1 (1=1,2)ana 

“~~ + yo 1 1 1 1 

a = 1 1 Y { { 1 

3 2 2 
ans ¥ Y 1 Y 2 1 

G:<£ Ags or Azg 
  

The groups of Ags and Ae may be found by putting p = 3 in 

; ; P 5 Pp 5 the AhBSG ®,- and ®,, and replacing a,* by @,°0,, A," by a,°0, 

p 3 
and 0 by 4, O, there. 

Note: The families Aza Az and A 9 do not exist. 
5 

G¢€ Any 

The groups of Ay, are given by: 

a ; 
G= C250) where [o,,0,]=6, [6,, ]=80,,6,)=7.8, =sy"=1(i=1,2) and 

- = + 1 1 

2 
5° = Yy Yy 1 

Ge Ayo 

3 ee ee te 

tA 

5 
A 43( 222) - C2 45% [a4,%5]=8, [B,a,]=05°, [B cA] neh 50, "=B°=1(i=1 22)? 

~A40~



(2) 

(3) 

(4) 

(6) 

(7) 

BIBLIOGRAPHY 

Blackburn, N., On a Special Class of p-Groups, 
Acta Math. 100(1958), pp.45-92. 

Easterfield,.T., A Classification of the Groups of 
Order p (Ph.D. Dissertation), Univ. Cambridge, 
1940. 

Hall, M. and Senior, J., The Groups of Order ae 
(n < 6), McMilland Co., New York,1964. 

Hall, P., A Contribution to the Theory of Prime-power 
Groups, Proc.Lond. Math.Soc.(2) ,36(1933), 
Dp yae=00. 

Hall, P., Classification of Prime-power Groups, 
Crelle 182 (1940), pp.130-141. 

James, R.K. and Cannon, J., The Computation of 
Isomorphism Classes of groups, Maths. of 
Computation (in publication). 

Schreir, 0., Uber die Erweiterung von Gruppen II, 
Hamburg Abh.4 (1926) pp.321-346.


