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SUMMARY

Possibly the first thing that anyone asks for in any
abstract algebraic system is a list of examples. In the case
of groups, a complete list of all those groups G with a fixed
number N of elements is still unknown for general values of
N although the result has been known for many years in the case
where N has only a few prime factors. Also a complete list of
all finite abelian groups is well known.

In the case where all the prime factors of N are the
same, N = p" (p prime) and we call G a p - group. A lot more
is known about the structure of p - groups than most other grsups
and so it is hoped that a complete list of these may be deter-
mined. In fact the groups of order p (n < 5, p prime > 3)
have been known since Schreier'!s listing of them in 1926, Also,
in 1964, M. Hall and J. Senior published a list of the groups of
order 2% (n < 8).

In this thesis, the number of non-abelian groups of
order p6 (p prime > 3) is found to be
1/,0130% + 133p + 1346 + 80(p-1,3) + 45(p-1,4) + 8(p-1,5) + 8(p=1,6))

(where (p-1,n) is the greatest common divisor of p-1 and n) and
the number of non-abelian groups of order 36 is found to be 481.
The results of 0. Schreier have also been checked and extended

to the case p = 3.



This is done by considering in turn, families of groups
which have the same commutator relations and isomorphic central
factor groups (called "isoclinism families"). The remaining
relations are determined for these groups checking the possibil-
ity that two sets of relations defin~ isomorphic groups and
exhibiting a canonical set of gcnerators and relations for each

isomorphism class.

In chapter 2, the isocliniem families are determined
and in chapter 3, the isomorphism classes for each famlly are
determined in terms of corresponding equivalence classes of

matrices over GF(p).

The results of this work are contained in a list of the
groups of order p6 (p > 3) at the end of the thesis (except for

one family which is still not determined).
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T INTRODUCTION

In 1940, P. Hall (5) presented a method for classifying
p-groups. Soon after T. Easterfield (2) used this classification
to obtain some of the properties of the groups of order ps
but did not produce a complete list of those groups. However,
in 1964, M. Hall Jnr. and J. Senior (3) succeeded in producing
a complete list of the groups of order 26. Using the methods
of the above papers, I have produced a list of the groups of

order ps (p > 3).

We say that two groups G and G' (with centres Z, 2!
and derived groups H2 and Hé) are isoclinic if there exist
isomorphisms 6: G/Z —>GI/Z, and @: H, aaHé such that the
following diagram commutes (in the category sense):

G G 6®6 o v G!
/Z® /Z S /ZI ® /Z'

n n'

]
H 2 N H,

where 6®6(aZ,BZ) = (6(az),6(BZ)) and m,n' are the canonical maps
taking (2Z,8Z) and (a'z2',p'Z') to [o,B] and [a',B'] respectively.

The pair of isomorphisms (6,9) above is called an isoclinism.

In particular, if G = G', we have the automorphism 6: G/Z —>G/Z..

In this case, the corresponding automorphism of H2 will be

ol



denoted by 8 and the isoclinism (6,8) is called an autologism of

G/Z. Also, P. Hall's notation G ~ G' will be used to denote the

fact that G is isoclinic to G'.

It follows immediately from the definition that isoclin-

ism is an equivalance relation and the equivalence class ¢1will

The following results of P. Hall will be used:
(1) If A and B are any two abelian groups, A ~ B
(2) If A is any abelian group G ~ GXA for all groups G,
(3) PFor every family, there exist groups of minimal order with

respect to belonging to the family,

Such groups are called stem groups and if we write |Gol=pr for

ctem groups, r is called the rank of the family. Also if G is

r+k

any group of the family ® and |G|=p (k>0) we say that G

belongs to the k-th branch of o.

(4) G is a stem group if and only if z(G)gz(G).

(5) A quantity depending on a variable group which is the same
for all groups of a given family is called a family invar-
iant. If we do not distinguish between isomorphic groups,
all the members of the lowzsr central series, the central
factor group and the (nilpotency) class are family

invariants.

1 We will use I' when p = 2 and A when p = 3 to distinguish

these from the families for general p.



1.

Notation
The following notation shall be adopted throughout
this thesis unless otherwise stated:

Let A,B bé two sets.

AUB = {a] a€ Aorac B

ANB = {a| a€ A and a € B}

BC A B is a subset of A

BC A B is a subset of A, B # A

IfBgA,A-B:[a|a€A,a£B]
Upper case latin letters shall denote finite groups

with G being used fer a finite group in general.

|G|  the order of G

exp G the exponent of G

7(G) the centre of G

HE(G) the derived group of G

1 the unit of a group

E the subgroup {1} of any group

Lower case greek letters shall denote elements of a

group. Let £,n,... denote elements of G and
H,K,... subgroups of G.

o.;i-= e T %
e 01 01-2 L an

|G:H| the index of H in G
{E,MNyees 5 HyK,eesp the least sube~ v of G containing
all the elements €,n,... of G and
“5a



all the elements of the subgroups
H, K «oe 0 G,
HK = <{hk|h€H,keK>
In general, the group G may be written as
G = <0,B, ... IWi(G,B,-~-) = 1> where o,B,... are the
generators of G and Wi(a,B,...) = 1 are the defining

relations for G. (i=1,2,--. )

G X H the direct product of G and H, the set of all formal
products gh (g€G, h€H) with the defining relations of G ad
and H together with: gh = hg (all g€G, heH)

G®H the cartesian product of G and H, regarded as sets.

G X, H the central product of G and H, the amalgamated product
GH with amalgamated centre (only possible if Z(G) = Z(H))

HL K H is a subgroup of K

H< K H is a subgroup of K, H #£ K
H4 X H is a normal subgroup of K

6,(K) the centralizer of K in H

4 (K) the centralizer of K in G
HP = <a |a€H)

[a,B] the commutator of ¢ and B, = a"15'1aa.

[al,az,...aml] = [[al,az,...an],am_l]

[H,K] the subgroup of G generated by all commutators [a,B],

a € Hand B € K.

Hi(G) the i-th term in the lower central series of G, defined

inductively by Hi+1(G) = [H,(G),G]
.



Zi(G) the i-th term of the(ggper central series of G, defined

Z,
i+l
inductively by /zi(G) =2 (q/zi(G)) e

z,(6) = 2(G).
c(G) the (nilpotency) class of G.
Lower case latin letters shall denote integers (p being res-

erved for a prime number) or elements of GF(p) according to the

context.
v a (given) quadratic non-residue (mod p).
g a primitive root (mod p).

If G is a regular p-group, we may define the type invariants
of G (see (4)). 1In this case

m1,m2, .«s» the type invariants of G.

In fact, if there is only one group in the isoclinism family
Pn with the type invariants My sMsse ..M, We may denote it by
Qn(ml,...ng).
If there are more than one such group, we define the genus of
a group inductively: two abelian groups have the same genus if
they are isomorphic and two non-abelian groups G and H have the
same genus if there is a 1-1 correspondence between maximal
subgroups of G and the maximal subgroups of H such that corr-
esponding subgroups have the same genus. If there is only one
group in the isoclinism family ¢p with the type invariants
My My . I, and of given genus x, we will denote it by

@n(m1,m2,...mr)x where the genus is ordered lexicographically by:
s



(1) the family containing the maximal subgroups (in
descending order);
(ii) the type invariants of the maximal subgroups;

(iii)the genus of the maximal subgroups.

The group @ (m,,m5,...m.)x will be placed before the
group ¢n'(mi, ma,...mp)x° in our list of groups of order
p? if (a) n< o

(b) n=n, m,

Mise..my =, myy >miy  or
(e) m=u, m =mi(d=1,2,..2), x is befors % .
The groups of a family with the same typ2 invariants and the
same genus are ordered in an obvious way by the context (or
by the type invariants and genus of the maximal factor groups
if no other ordering is suggested). For example, the groups
of order p4 and class 3 are denoted by
@ (211)a, ®3(211)by, ®4(211)by, and ®5(1%) (see table).
Whenever a non-regular group is obtained in the process of
obtaining a regular group, it will be given the same notation
as the correspond’ng regular group. (Thus the groups of
order 81 and class 3 are
B, (211)e, 8, (@91)b, . B (210, , A (1) .
For convenience, the following notation will sometimes
be used for automorphisms:
As the automorphism € is completely determined by the
images of a minimal set of generators we will write it as

aBi



[al—) 9(0.1 | T Q- 9(ar)] where a,,...a, are the
generators (in the given presentation of G) which are not
fixed by 6.

Similarly the autologism (€,8) will be written
{e . (al,tol a'r)—)(e(a_l),..ce(i))

T (B ,een By) o (8(B),...(8,))

where El,... o _ are the given generators of G/Z which are

not fixed by € and 51,... B. are the corresponding generators

s
of Hy not fixed by ®.



2. Lemmas
The following results will be used throughout this thesis:
Lemma L1 Let €,1,f, be elements of the group G. Then
(a) [&n,C] [€,¢17[n,¢]
(b) [€,m8] = [E,L][&,n1°
Proof - (a) [£,£1M[n,2] = n”'[&,¢Inln, L]
= n'e~Te e e
= (en) e (en)e
= [£n,€]

Il

(b) 1is similar.

Lemma L2 Let H = Holg H1 2 H2:; ..+ be a series of normal
subgroups of G. If the subgroup L is such that

[L,H; 1< H, (1 = 1,255 .ae) ‘then

[HJ(L),Hi] < Hi+j (L @ 0,32, wevy § 82,8, won)
where HJ(L) is the j'th member of the lower central series of
the group L.
Proof - see Blackburn (1), theorem 1.2.
Hi+j(G) (1s] =255, see)

2, 4(8) (2515 )

Corollary 1 [Hi(G), HJ(G)]

A A

Corollary 2 [Hi(G), ZJ(G)]

Lemma L3 Let G be a metabelian p-group and €, € G. Writing
U-] i Gi+1 = [Uisg] K =< fi,ﬂ >’

2.2

€™ 02[02:71]

I

(a) (€n)®

(b) (&n)° = £°n%0 0500,,11°[05,11%[0n,01%  (mod Hg(K) )
B

1]



(51" (en) = @q "...[$ (mod[n, H,(K)1% [n,H,_; (K)]) (p>3)
Proof - (a) (En) = Enén
= & nn, €l
= &afczhﬁn]
(b) We may suppose HS(K) = E and so all commutators of

weight 5 are 1.

(€n)° = £n(en)?
= £(nt*)n%0,[0,,n0]
= ¢’nn,€ 20?0, [0,,n]
= &n Ug(ognz)cz[dz,n] using L1
= ﬁsn(dinz)GB[03,n]262[02,n] since H,(K) = 1
= &% 10,,n1%[0,,1,11203[03,11%0 [0, 1]
€3n3qfog[62,n15[c3,n]2[02,n,n]2
since G is metabelian.
(c) We use the result of Theorem 1.6 of (1)
Since G is metabelian, we have
(where Y = (n,H (K)>)
[HHo 31 =1 (1=2,3,...)
[%,7) = [T
[Y,H,] = [n,H;(K)]
and result follows.

Corollary If n €(H (K)) then
(e - ePP e

pee O for all p.

P

«Ow



Lemma T4 Let G be a metabelian p-group and £,n € G. Then

)
Ry = N9
(671 = gp05 evs Gy
where o, =1, o441 = [03,E].

Proof - We proceed by indugtion. The result is obvious for n = 1.
n n (2)
Suppose [n,€ 1 = 0203 oo Opyq

Then [n,En+ﬁ [n,€] [n,En]aby L1

I

n
() G
= 0202 :’: .. Un+1 [U 03 "o on+1’€]
I
ntl  (3) n () .
= 02 03 e 0'1.1_}'1 0-3 0'.':‘ " Gn_'_z since

G is metabelian.

n
1l D)+ @) )
= 0, 04 eee O o since G is
(“+5 metabelian.
_ notl 2
= Uz 03 ae e Gn.‘_z

and result follows.
(69

Corollary 1 [£",n] = (02?3 90 Uu+1)“-1

Corollary 2
5071 = [E,0]"" [&,n,1)

'."1) m n

2 (60,68 [g,n,n,017
) (5

X [ﬁsﬂ,ﬂ,ﬁ] [ﬁ:ﬂ:ﬁ:@] (mOd H5(K))

Lemma LS Let G be a p-group of class ¢ with
|H1(G’) H Hi"“l(G)i =P (i=2,3,-.. C)
and let H be a maximal subgroup of G with [H,H] < HC(G).

Then for all o € G-H, de(G) is the conjugacy class of o.
Proof - See Blackburn (1) theorem 2.15.

Corollary If (H,(G))P < 2(G) then (o¢)P = o for a11 ¢ € H,(G) .
- B



Lemma L6 (a) If H is a characteristic subgroup of G then so is &(H)
(b) Let MMy, oo M, be the maximal subgroups of G.
Then ﬂLé(Mi)] and <J€(M1), ....g(Mr)> are characteristic subgroups.
Proof (a) Let & be an automorphism of G and o € £ (H).
Then 1 = (1)
= 6([a,€]) for all ¢ € H
= [6(a),6(E)] since 6 is an automorphism
= [6a,n], some n € H

i.e. 8 (o) € £(H) and so£ (H) is a characteristic subgroup.

(b) Let 6 be an automorphism and a efﬂ(Mi)
Then E = 6 (E)

Il

e[a,Mi]
[6(a),6(M,)]

Since € 1s an automorphism it must permute the maximal subgroups

Il

and so G(Mi) = MJ and

{e(a) | @ €~£(Mi)} = {f(Mj) for some j and result follows.

Lemma, L7 Let(%) be the Legendre symbol and p be an odd prime.

p-1
Th8n s’ 2 3
}; E: - d) =1 alld# o (mod p)
x=o\ '
p-1
%2 - &}
Proof - For convenience we will write Ej(_‘ﬁé%_j =Z(4)

X=0

~f1=



Then S(r d) = Z (x_:f)

{ B ¢ = rzd
= L where x = ry
P _

Il
—_—
o | H
S
P

et
o ]

(=7
—

= 2(d)
Thus 2(d) = 3(1) if d is a quadratic residue and =(d) = Z(v)

if 4 is a quadratic non-residue.

p-1

xz Al
Now =(1) = I ( )
p '
X=0
p-1
ud E; ( y (y+2) ) with y = x-1
y=1 LY p
2 =
z(y_) Z (Y (y+2) ) where yy = 1 (mod p)
p - P
p~1

Il 1l
= sl
y e
—— >
L ~
w | + o 51
& id
&
S’
= SUAE
1
P asiEias
L= N
N

-10-



But, as x~-1 runs through a set of non-zero residues mod p,
y (and so y) runs through a set of non-zero residues mod p.
Hence 3(1) = 0 - (%)

= -1

Finally, (since =(0)= p-1), %
p-1 + (p-1){=(1) +3(¥)) *i z(a)

d=o

e

d=o x=0

p~L p=1

2> ) (59

x=0 d=o

=0
(since, as d runs through a set of residues mod p, so does xa-d
for each value of x).
Solving this, we get =(v) = 2(1) = -1
t.e. Tor all & £0, () = =1,

D



17 THE FAMILIES OF p-GROUPS (F RANK < 6 (p > 3)

: Let H be an arbitrary group, F a free group and K4 F
such that "/, = H. We thus have the following diagram:-

F

K/ \\‘ H, (F)
._\\ ; 4

b P,
/Ny =H,(F)NK

NO = [F,K]

We say that H is capable 1f there exists a group G with
centre Z such that G/Z = H. We may then show:-

®Lemma 1 If H is a capable group and G/Z = H, then (using the
above notation) G ~ F/N if and only if
(a) N K NZN,

K F
(5 Ny =l
In particular, No may be chosen and is in fact a minimal
candidate for such a choice. We call the family containing

F/N (which depends only on H) the maximal family for H. Thus
(@)

Corollary Every capable group has a maximal family.
- § e



Let 9 be an automorphism of H. Since H = F/K we may
2
consider ¢ as an automorphism of F/K With this convention,

we may write

°Lemma 2 The outer automorphisms ¢ of F/K (or H) induce
N
automorphisms @ of 1/N in an obvious way
o

[¢(aK) ,2(BK)] )

I

(t.e. F ([0,B]N,)

N
The subgroups N/N of 1/N (where N satisfies lemma 1) are
o o

permuted by the @'s and F/N- F/N' if and only if N and N~
are in the same transitive set. The pair (9,9) is called an

autologism of H.

In the case of p-groups, since |Z|<|G|, the problem of
finding families of rank at most r reduces to finding the
maximal families for all the capable groups of order less than pr,

N
the Schur Multiplier 1/N of that family and all the subgroups
(o]

N of N1 satisfying lemma 1 and then using lemma 2. However,
in practice, this method proves to be very unwieldy and so
various techniques are used to simplify calculations. The

first is to consider which groups can be capable.

ELemma 3 The group H is incapable if H contains an element

B(# 1) with B €<ai> for each generator a, of H.

-

ZThe proof of Lemmas 1,2,3 may be found in (3).
-15=



Lemma 4 Let H be a p-group and suppose we can choose
generators @,a,, ... a_ such that |a]> ]aiI, exp Hy(H) and
(a,ai> is regular for all 1 = 1,2, ... P,

Then H is incapable.

m
X
Proof - Let [a;| = hy =p ", |a] =h = D MM DM« o

Writing af = aa, and h’= max (h1, exp H2(H), we have
H =<0, ... a> where

h‘

)

N

W he
o oYy

with v; € derived group of (a,ai>.

Since h;, exp HQ(H) divide h, we have

aih = o = B #1 (since h°< h)
Hence, by lemma 3, H is incapable,
Corollary 1 If H is regular with type invariants M OM> vees

then H is incapable if m, # m,.

Corollary 2 An abelian p-group is capable if and only if its

two largest type invariants are equal.

Proof - Let H = (a1> X ey X ven X (ar>

where |o,| = hy, hy qlhy

If h, # h,, H is incapable by lemma 4.

i e 2 h1 = hy, define a group G by

Byseer BulllPy,Bydle = by lBy,Byle 2(6) (1>))

-]16=
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Then Z(G) =<[[ﬁi;ﬁ‘]‘;]| 31 = 1585 et D
and H = G/Z(G).

We also maeke use of a theorem by P. Hall (5) to determine
a large class of families:
Lemma 5 (P. Hall) There is a one to one correspondence
between partitions m = Zm; and families of groups {ﬁ(m)
with maximal abelian subgrounc. If G is a stem group of the
family b%(m) with lower central series G = HO > H2 > ...>Hc = E,
then:

(1) )8y eH, o] = p e o BB, td g
(ii) lGl A= pm+ﬂ1+1 . |H2| o, pm
(1ii1) c = m, + 1

where (£1,£2 2 ﬁc_e) is the conjugate partition of (m1,m2,... Y.
Thus the families of groups with maximal abelian subgroups
and rank < 6 are:

01(0) =0, dqy = 05 Do) =035 Diyyy = &y Oﬁ(s) = @9

C/:F(m) = &0 Mgy = 0 55 -

Theorem 1 Let H be the regular groupix(n) (1n+2) of maximal
class, exponent p>n+1 and having a maximal abelian subgroup.
Then

(1) If n = 0, the maximal family &, is of rank 3 and so

there are no other families.
=17 =



(ii) If n = 1, the maximal family ®. is of rank 5 and there

is one family ¢3 of rank 4.

(iii) If n > 1, the maximal family is of rank 2n+2 with two
other families of rank 5 for n = 2 and three other

families of rank 6 for n = 3.

Proof - Let H = <E,Ei, S Er$;> where Ei+1 = [Ei,E],
[Ei,EJ] wh {1:3 = 3425 sas )5 [-m_“a] = 1.
Then G = (a,a1, S an+1’Z(G)> ' 3 corresponds to Ei.
Put [anH,a] =it [a ’ai] = Ei (1 = 1,28, ves 1E1)

=1 for all j > 2.

Clearly [aj,an+1]

(a) We first show that the Schur Multiplier is generated by

Q and 51352: csw B

n+2 n+1.

i.e. [or.i,cxj] € <r—;1,g2, E"n+1 ,an+2> =K all 1K1, j<n+1.

Without loss of generality, we may suppose i<]J.
The proof is by inducticn on i (increasing) and j (decreasing).

Clearly [a1,aj] = QJGK » [ag,a 1€ <an+é> LK

We assume [ar,as], [ai,as], [ar,aj] €EK forallr<iands> j.

- =1, &
Then [ai,aj] = a, a, J
= -1 a5
= By ley g Bl
= | CI'.J.
= o [ai_1,a ] since [ai_1,aj] € K< Z(G)

-18-



)
Ry B8 O 3+1]
“1

=3 -1
= a, [ai_1,aj+1] [ai_1 al j+1 by lemma L1

-1 o -1
ol PRIty I PR M e

=%

[ai_1’aj+1] [ai,aj+1].lsince K < Z(G)

€ K by induction hypothesis.

Thus [ai,aj] € K for all 1K1,j<n+1.
In fact, we note that, when qge,
£ = [0,,0.]

= [az,ag] [ae,as] by the above argument

[y, 0]

=1 =1
a"nd [aeJa's] = [a1.’a4] [a23a4]

Thus K = (a4,€é> for n = 2 and (a4,E2,€4, e 2 fora S 2,
(b) We now show that the Schur Multiplier is elementary abelian

and has order p (for n = o), p2 (for n = 1) and p™ (for n > 1).

By lemma L4 (since H has exponent p),

=496



I

e T [ogpe] =1
e; e [dl,ai]p [a]_:aip] L

K is clearly abelian and so elementary abelian.

Il

If n =0, K=<a,> and so |K|
If n =1, K=<az,£,>and so |K| = p?

If n =2, K =<a,,t,>and since (a,a a,a a‘L,ge)

is the split extension of {a,a,,a5,a,> X <€) = "%(2)(15)

by an element a, of order p which induces the automorphism

1
-1 -
{a - ad, ,a, —)Gzezll, then

(a,a1,a2,as,K> has order p6 and so |K| = p2

Similarly, (by induction on n > 2) it may be seen that

(a,al,az, L +1,K> is the split extension of
(cz,az, vee @ osbus een n+1> % <& > by an element a,

of order p which induces the automorphism

(a -;cm.;];azq azﬁ?} a;— aiﬁzl} (3 < i € n+2)

where we may assume (by induction) that

2y @p, voe Uyn Eay oo E,41 0 18 a group of order pen.

Thus, for n > 2, |K| = Pn

(¢) For n = 1, the Schur Multiplier K is <a3,|‘—;2> and the

maximal family is <I>6.

Also, since the autologisms

1 - 1
a-)o'.&'r o £
58350 O3 &g

permute the proper subgroups of K transitively, there is just

{a_,aar 3 o0

one family of rank 4.
-20=



(d) For n = 2, the Schur Multiplier is <a 2 g2> and the

maximal family is @23.

For subgroups N satisfying lemma 1, we must have

a, £ N (otherwise o, would be in the centre of G). Thus the

3
only possibilities are (qf&2> (2 05Ty wse P=T)
and the autologisms are generated by
— o — -2 - - 2
{0‘- - a al {Z - a {al—e al
- 8 and 4
identity 5= 9y &2-a€2.

Thus we have two families of rank 5:@9 when r = o and ¢10

when r # o.
(e) For n = 3, the Schur Multiplier N, is (as,ge,g4>. As in
(d), we must have Qg or 54 £ N for subgroups N satisfying lemma 1.
Thus the possible subgroups of index p are

8 t
(hor s Bontie €55 {r = 1,2, v p1) ania CHENE L5

(s,t = 0,1, ««. p-1). The autologisms of H are generated by

— —_

- Qo a {Cﬂi-—)aidjﬂ_l { a — 0'.2

a 9
d

Q

ez ]

L L )
[

R Epstote’ (B 8 pas) » 656567,
= o
{ . Seit) (i =1,2,3,4) and
(€556 402,) = (i;,%f,ag) autologisms

which reduce to the identity on N1. Thus we have three

families of rank 6 : ®35’ ¢36 and ¢37.

By lemma 4, we can see that the above theorem gives all
the families of rank < 5 and all the families of rank 5 and

maximal class.
s



Theorem 2 Let H be the group {jq (1 +3), the direct product
of the group in theorem 1 with a group of order p.
Then (i) If n = o, the maximal family ®,, is of rank 6 and
there is one family ¢4 of rank 5.

(1i) If n = 1, the maximal family is of rank 8 and there
are six families (¢16 to @

of rank 6 and one family @, of rank S.

21) 7
(iii) If n > 1, the maximal family is of rank 2n+5, there

being two families of rank 6 when n = 2.

Proof - Let H = (5,61, e > %x {B) where @,a

n+1 i
are as in theorem 1 and BP? = 1.

Write G = (a,a1, s, an+1,B,Z(G)> where a,a,,B correspond to
E;Ei,E respectively (i = 1,2, ... n+1).
Put an+2 = [an+1 ,U.], [01,01] = Ei’

[ﬁ:ai] =Tli (i = 1,2, see n+1): [B,G] =M.
Then, as in theorem 1, we may show that the Schur Multiplier
is <an+2:71352354: se §n+1,111,'f]2, ) "]n+1>-

However in this case we have (for i > 1)

[Byoy) = oy

— [a,ai_1]ﬁai
- [0331_1]0'5_511103 [a,B], [ai_1:ﬁ] € 2

= 1

—-27=



So Schur Multiplier is (an+2,n,n1,§2,€4, e En+1>'

As in theorem 1, we may show that this is elementary Abelian and
the above forms a minimal basis. Thus, for n>1, the maximal
family is of rank 2n+S5.

(i) For n = o, the Schur Multiplier N, is <a2,n,q1>of order ps.
Since N1 = H, the automorphiesms of H are faithfully represented

as automorphisms of II Thus all subgroups of N1 with a given

1
order and satisfying lemma 1 givzs rise to the same family.
Also, we must have at least two of %My not in such a
subgroup in order to satisfy lemma 1, and so the only families

are the maximal family ®1 and one other family ®, of rank 4.

1 4
(ii1) For n = 1, the Schur Multiplier N, is (as,EQ,n,n1> and so

the maximal family is of rank 8.

For subgroups N satisfying lemma 1 we must have either
a3¢N or Ezﬂlﬁ (otherwise a, would be in the centre of G) and
similarlr n or n1¢N. Also, by interchanging the roles of
a and &1 (if necessary), we may suppose that asﬂN. Thus we may
suppose that all the required subgroups of index p are of the
form
N = (%fee,aéﬁ,a§h1> ( r,B3%; = 0,1, soe Poly B O L £ 0 )s
The autologisms which permute the subgroups of this form include

a1 - aa1 B -3 B&E
{ and
(Ep0m,) = (o5 '€5mm,) (nony) = (o5 m,6.0,)
e



Thus there is only one family of rank 5 and for this family

we may suppose [a,a] = [a,,8] =ag [a,a,] = [%B] = 1.

For families of rank 6 the above argument becomes quite

cumbersome and we use another method.

Let G be a stem group of one of these families. Since
G is a stem group and of class 3,

Hz(G) £ 2,(G) < Hy(G) <Z,(6) < G

4 ~ G
G Also, since H = /Z(G), S T
o) G
P Z(H) Z((/?(G) )
_ Z LG
HQXP Thus |G : Z,(G)|=-|G : Z(G)| + |2,(G) : 2(G)|
Z1:<p = IHI * 1Z(H)l
02 = |H : z(H)|
2
=D
Similarly
1z,(6) : 2(6)| =p°
Also, since 22 > H2 > Z1, we must have
|22(G) : HE(G) |= |H2(G) : Z1(G) | =p.
Finally, HS(G) < Z1(G) and so |H3(G)| =p or pa.

(a) If IHS(G)I = p, we may suppose (as in the above) that
H3(G) = <a.> and so €,, € <a3>.

Ok



i.e. 62 = ag

By the autologism -{ st ol aaﬁ1 we may suppose
s = 858

that [o,,0,] = 1.
If [@,,B] = 1, then.(a1,6,a2,Z(GJ> is a maximal Abelian
subgroup of G and so G € @16.
If [a,,B] # 1, €Hy(G), then [a,,B] = ag (b # o) and so
(since z(G) > H5(G)) [0,B] =1 € H3(G)- Also, by the
autologism {i :: z; (where bb =1 (mod p)), we

may suppose b = 1 giving the family ¢18’
50 [a1,B] 4 H3(G), we have 1, Z H3(G) and so

Thus 1 = aghfi and, by the autologism

{ o we may suppose
B2 N0 N,
[asB] = 1, giving ‘1’17.
2
(b) Suppose |H3(G)| = p~ and so H3(G) = Z(G) = <a3,€é>.

Since n,n, € Z(G), n = ag &28‘, M, = 03b52°

where m # 1 or n, £ 1.

=5 B‘@f
By e e we may suppose ¢ = 0, and,
(n,ny) = (negz,n,657)

—2 5w



A ISt %
by replacing B by o, ad a

1 by a a1

xza + ywb + 3(xw+yz) d = o, Xw # yz, we may suppose d =

, @ by EXE%"' and @ where

If a = o, then b # o, and by
- = =b =b

(Q‘., B) =2 (Ct sB )

{ b2 p. We may suppose b = 1 giving @

(‘13:7]1) = (0"3 JT]1 a0

If b = 0o, then a # o, and by interchanging @ and a, we obtain the

1
above result.

If a,b # o and a = -r°p (some r # o), then by

{(5,51,5) -+ (3,774,582 m 8 S
2
& -2rb -2 -2rb

we may suppose 1=1, n1=£2 giving ¢19.

If a,b # 0 and a = -vrh (some r # o), then by
((@3,B) - (3°8, 8"
LS . ges o

2
RS R

L(ds,eg,n,n ) » (ag

Wwe may suppose N = ie'v, N, = @z giving ®,,.

Finally, the most general automorphism of H is

E*= axc—ill EZZB-XS
Yy A Yy
ST dorl e T 3
a, = a’a,; " aq, B
B.* = Ez a-zz Z%O
—% A
a, = a, A = xy1-%X,¥ # 0

D6



* W=
Inducing in N, o = asx& P Y
. R -yA ; ¥44
e S = S5 S
* xz” “X12° Xz X112
n = O €, % q 7111
* o et Ny
M1 = a-gy €s @ ﬁy T}]_ylz

By substituting each of the above values for M,N,, We may show
that it is impossible to obtain the other values, showing that
the above result yields three distinct families.
(iii) For n = 2, the Schur Multiplier is
N, =<a,n,n0,,E6>

and we seek the subgroups N of index p and satisfying lemma 1.
As in theorem 1, we must take oy £ N and so

N = (aérn,aésnvaétﬁz) (2t = 0,58, oo Pt & & 1,2 suw P-1)

By replacing B by @ ~"F we may suppose r = o and so
S5

N = (n,a4sn1 ,Q 4t52>. The other automorphisms of H are
generated by (@ —;EE]._}, [61 —95163}, B - B &'J.]
(i =1,2,3 3 j =2,3 - all inducing the identity isomorphism on N)

and the autologisms

— =2 o 2

{ﬂ - Q {01 - 51
(apban) = (a2 4505, (@ €m4) = (a42,€24,n12)

7

i
(n,1,) - (n%n,?)

Thus there are two families, corresponding to t = o (¢ )
24

and t # o (¢27).
o



In ¢24 we may suppose [a1,ﬂ] =0y, and in @27 we may suppose

[a'»lsﬁ] = [Cﬂ1,{12] = (14- Q.-E.D.

By considering the groups of order p4 in the light of lemma 4,
we see that the only other capable groups of that order are (14),
(22) and possibly @2(22). The first shall be left until later, but
the other two may be included in the following:
Theorem 3 Let H = <EH,E'|EAPD;E'Pn;1,[aa,aj=akpr§
where n > o, r|n, p > n/r. Then the Schur Multiplier is (r) and
the only family is the maximal one of rank 2n+r.
Proof - Suppose G = (01,a,Z(G)> where G/Z(G) = H,

Writing [qfahaHJ(iﬂ,&.“)wehmm
ay = [a1,a,a]=[a1p ,a]=a2p by lemma L4

ri Gt
Similarly a m[a1,a]p = a2P (3=, 200u)

i+2
(Note that [o,,Hy(G)] = 1)

Also a, € Z(G) if and only if [o;,2] = a = 1, and so the

i+1
Schur Multiplier is <a, .> where t = n/r.
ps rt-r+s n-r+s %
Now @2, = @, = a, and so |at+1| 0.

Thus the Schur Multiplier is a cyclic group of order pr and its
proper subgroups do not satisfy lemma 1. Finally, G is the
extension of the group <a,aé> by the automorphism {a —aaa£1]

of order p ', and so (by induction) is of rank 2n+r. Q.E.D.

Theorem 3 yields @2(nzr:1), @8(n=2,r=1) and ®,, (n=r=2).

14
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Theorem 4 Let G be a group of class 2 with |Z(G)| = p and |G:Z(G)|>p2.
Then G is the central product of several copies of ¢2(111) together
with at most one copy of @2(21).

Proof - Since G is a stem group of class 2, Z(G)

Hy(G).
Let € be an element of G - Z(G) of least order, X = £ (£),1
be an element of G-X of least order and Y = 4(n). Since
[£,n1#1, we may write {W)=[£,n]>=H,(6)=2(q).

If ¢ #X, then [£,L] = v% for some a # o and so

Il

N0 = [ 2060 = 4.

i.e. £ € na X.
Also [€,nP] = [£,1]P
Thus G =X + X +... np"1x, and so |G:X| = p.

I

It

1 and so np € X

Similarly, |G:Y| = p.
Since X,Y are maximal subgroups, XY = G

and XNY = G1 is of index p2

G
j>///s§:::;:“maﬂxhxx- Writing P = {£,n) we have

X~\_ Z € €PN G1 if and only if
p\\\/45/ t=t*nYy? and [£,L]1=[n,¢]=1
G, 1,60 [2,07)=[n,6%]=1

and so ply, p|x

2
Thus |P:P N G,| = p° = [G:G, |

and so G = G,P (since G LP < G).

G-



In fact, if £ € P n G1 then { = gpxhpyvz and so, for all
o e G,

[60] = (€017 [n,0]® = 1

£ €2 (a).

Conversely Z(G) is clearly a subgroup of PN G, and so

PN G, = Z(G) = Z.
Thus, sincef’,’(G1) = P,

Z(G1) =PNG, =2 = Z(P)

i.e. G

Il

d
NX

02

Since P is ¢2(21) or @2(111) and G, is a group satisfying the
conditions of the theorem and has order less than G, we may
prove by induction on the order of G that
N s
G = A X, B

where A" means the central product of r copies of @2(21) and B®

means the central product of s copies of ®.(111).

of

It remains to show that r may be taken as nought or one.

Fow A x, A = <a,p',V', ﬁlape—a'P—GP— 1, =aP=(a,p' 1=[vF, 61>
By replacing B' by B : a8,y by v =a" 1y

we have A X, A& (a,B,w,ﬁlapemBPﬁyp=5FL1,[a,B]=[7,5]map)

= A X, B. Thus we may suppose r = o or 1.

Clearly A X, B # B X, B (2nd has no elements of order p2)

Thus A szn # B™*1  and so there are two possibilities:

e Q.E.D.

G~ AXx, B' and G ~ B
Corollary There is just one family 'ﬁh corresgp onding to each
n in the above proof, and its rank is 2n+1.

(This follows since A %, 'Bw Bk, B).

=30



The families of rank < 6 is defined in this way are ?/1 = 9,

and ?2 =&

For families of rank 6 and class 2, those with |G:2(G)|< p3
have been determined and those with |G:Z(G)| = ps have stem
groups with |Z(G,)| = p and so, by the above theorem, do not
exist. The case in which G/Z(G) is of type (22) is given in
theorem 3, and so the only remaining families are those with
central factor groups of type (14).

Theorem 5 There are three families @12, @13 and @15 of
rank 6 with G/Z(G) of type (1%).
Proof - Let G be a stem group of such a family and write

= <B1,Bé> G = <a1,a R HQ(G)>
Since G is of class 2 and is a stem group, Z(G) = HQ(G).

Thus G/%5> is a group of order p5, class 2 and having central
factor group of type (14) for all B € Hy(G).
G/(B) € &, or @5.

Also, by choice of a's and B's, we may suppose [aq,ae] 551,

[e,a.] = B, for some (r,s) # (1{2)

(a) Suppose G/éﬁ > G/<B2> e @

Since /<BE> € o,, we have [a,,a,] =B, [a; a.] € <ﬁé>(i,5 )A(1,2)
Since /<B > € (132, we have [Gr,a ]-—52: [al:aj] € <B >(1:J )#(r,s)
Thus [a1,a2] 51,[ar,a8]ﬂ52,[ai,aj] 1 otherwise.

If ror s =1 (say r = 1) then aj € Z(G) where j # 1,2, r which

is impossible and so r,s # 1.
=



Similarly, r,s # 2, and so without loss of generality, we may

suppose [a1,a2]=ﬁ1, [0‘3:0"4]:'82, [ai’aj] =1 otherwise (@12).

G G i -
(b) Suppose /<51ﬁ2t> € o, /<B2> € 9, (it =05 ToveaD>1)s

As before,[a1,a2]=ﬁ1,[ai,aj] €<ﬂ2> otherwise.

Since G/@1> € ®5: [ar:as]=32: [am,an]=132b( some (m:n) ?é (I‘,S))
and [ai,aj]= 1 otherwise.

If m = r, by replacing En by Es'b Eﬁ we may Ssuppose

@@ ]=1 and so G/<81> € ¢,. (Contradiction)
Thus m # r and similarly n # s.
Since [a,,a,] € B> (m,n), (r,s) # (1,2),
The only other possibilities are (m,n) = (1,3), (r,s) = (2,4) and
(m,n) = (1,4), (r,s) = (2,3).

And so, by rearranging the a's we may suppose [a1,a2] = 51,[a1,a3]=

b
= Bps[@52,]=B," (b # o).
By replacing Ei’by 54 , We may suppose
[0’.1,(12]'=B1, [02130"'3]5[0‘2,0'4] 5623 rest == 1 ((1)13)

G
(c) Suppose /<B> € &, all B € z(a).
As before we may suppose that

[31.*&2]:[&3:(14]:51: [0'130'3]'=BQJ [a23a4]=52b (b ?é O)

In replacing a, by a4x we must replace a
2

bx

X

5 by a5 and so

[a,a,] will be replaced by B,

v
Thus we may assume [a2’34] =52 or_B2 -

-3



If [a,a,]=B,, by replacing @, by Q.3 a, by a,a,”’, 53 by

— = = = -1
asag and a2 by a0 , We may suppose
2 2
[a‘I’GQ] ﬁﬁ.] ,[GS,G4]=B1 3223 rest = 1.
S %/
i.e. /B € &,, By € &

i,e. G € @13

Thus there is only one new family @ with

15
[CI.1,CI.2]=[C13, 0"4]=B‘ 1.! [anl;as]zﬁgj [ae:a4]=82v Q..E-D-

In order to consider the families of rank 6 and class 3, we

consider the possibilities for G/Z(G) in chapter 4 which are in
B

P CID4.
Lemma 6 Let H be in p5¢4 and of the form

g = <a-:a1:a':2|aips [Ei:a:] ié 1 (i=1:2) :[61352156: p‘—'1>

Then there are no groups G with |G| = p6 and G/Z(G) & H,

Proof - Let G = (a,a1,a2,Z(G)> where aZ(G),a,Z(G),a,Z(G)

1 2

correspond respectively to 5;51,a2 above.
Then [a,,0,]=£ € Z(G),[ai,a]eﬁini where B, € GP, ny € 2(G)

2
Since C12P € Z(G)s 1 = [a1:a2p ]

PP
[031:0"2 .]

Similarly [aip,a2]p = [a1P,a]P =faF,ai¥=1 ...(1)
Thus, for 1 = 1 or 2,[Bi,a]:[aip,a]e p)

5
=[(Ii,(1 ]P [2 ’ai’ai]

=[a;,2 P (p>2)...(2)
(since[ai,3]=‘3 € Z(G) and so [ﬁi,aijp =1)

33



Also, since of € z(@), 1 =[a1,ap]
- [G1,G]p[d1,a,a}(g)
la,,al?e, ,a](2)

[¢,,a]® by (1)
[@.P,a] by (2)

But a1p £ Z(G) and so we must have [a1p,a2] # 1
i.e. &P £ 1,
Since & € Z(G), |2(G)|>p and so |G|>pS.
Corollary None of the groups of p5¢4 (with the possible exception
of ¢4(15), ®4(221)a and ¢4(221)b) is the central factor group

of a group of order ps.

Lemma 7 If G is metabelian and a,B,y €G with [a,¥]€Z(G), then
[@,B,v]=[V,B,a]
Proof - Writing ©® = [v,B], we have
[v.8,a] = [v"'¥,a]
= (7,01 147,01

[7331-1[5-1Tﬂ,a] since [v,a] € z(G)

[a,v]{[a‘1,a]*[wua]}5{s,a1

I

Il

= [13,05][ﬁ-'1,<31t].ﬂ¢'>J since G is metabelian
(2,81 "[a,8]"°

Il

Il

(0,8, ]
[o,8,7]°[a,8,6]

Il

[2,B,Y] since G is metabelian and 6€H2(G).
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Corollary The group ®4(221)a is incapable.
Proof - Suppose G = <a,B,v, Z(G)> where
E ,Bpgvp, [, 7], [@,B]a™, [B,v]B"F €z(c)

Then[a,B, y]=[aP, y]=[a, ¥1P=[a, ¥P]=1
and [v,B,a])=[B"P,a]=1 by above lemma.

Also [BP,v1=[B,v]1P=[B,YP]=1 and so BP €2(G), contradicting
the definition of G/z(a).

We are now in a position to obtain the famllies of rank 6 and
class 3, which are given by the following two theorems:
Theorem 6 Let G be a group of order ps and class 3 with |Z(G)|=p
and ZQ(G) abelian. Then G is a stem group of one of the families

P31s Pzps Pzzs D34-
Proof - G is clearly a stem group since |G| is the least possible
for any given | /Z( )l
Writing W = .2 (2 ), and noting that G is of class 3, we have
G>W> Z,(6) > Hy(G) > Z(G) =H3(G)

Putting |G:W| = p ; |W:Z2| = p ,|H2:Z| = pr, we have p6

= {G| =

=p25+t+1 s>1>0,1>0

i.e« 284t = 5.
[Lemma If H is a normal subgroup of G, HgZQ(G), then
|G:2(H) | = |H:Z(G) |
Proof - Let Z(G) = <v|¥P=1> and suppose a € & -4 (H),8 € H-Z(G)
Since H < zg(e), [@,B] € Z(G) and since a € <. (H),[a,Bl# 1.
The relation [a,B] =y thus defines a one to one correspondence

between G[@(H) and H/Z(G).]



If r = 1, take U = /(H,) and so |G:U| = |H,:Z| = p

i.e. U is maximal.
Also (as U< Z(U')) UK Z and so G/z has a maximal abelian
subgroup. '

Thus, since H,(%/,) is of type (1), G/, € o, ana

. ja:z] =|G:22|/IZQ:Z| = p2

i.e. s+t =2 and so |G| < p°.
Thus we must take r = 2, and so s = 2

H

Hence H, = Z, and -/, is of type (11)

G G 5 G
Now H, (7/;) is (11) and |7/,| < p~ therefore /7 € @, and so
G/, is of type (111).
2
i.e. G/Z has a maximal abelian subgroup and so G has a maximal

subgroup A with HQ(AJSZ.

If A is abelian, then HE(G)EA/Z(G) and so |H,(G)| = |A:z(@)| = p*

But |H2| = |Ze| = ps"'1 = p5 and so A is non-abelian.
Thus A is a group of order p5 and class 2, Hy(A)=Z

Tee, Ac @2 or @5.

Case 1

A is a stem group of ¢5

If G > A> W, then (since |w:22| = p) A contains a maximal
abelian subgroup W and so A € @2.

Thus WN A < W and since A > ZE’ WNnA-= Z2
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Also, since A is maximal, W A = @.

P/ N Since A € &, Z(4) = HQ(A) = 7 and
A oo :>W' Al = A/Z(A) is of type (1%). Thus %/,
\\\\,é// has a subgroup of type (14). By considering
3 the list on pagei91 , we see that U/, is
’ ®4(15). Choose Y € Z, B,,B, € Z,-Z,
e W-Z2 and o, 5%, € Arze.
E

Then a1P, aQP, s1p, Bep € z(@)
By considering ¢4(15) we may suppose ﬁi = [ai,a] and, since W is
abelian, [B,,B,] =[a,B;]= 1 (1=1,2)
By the structure of A, [a1,a2],[ai,5j] € z(g) (i,j=1,2) and, as
in the calculations for ¢5, we may suppose
[e,,05)=[a,,B,]=[a,,B,]=1, [a,,B,1=V,[ayPB,]=v* (aro)

The autologisms are of the form

=%  =X= Xq= X2x X3x X4
S T e S BB

1Y Z'
5% sIEYEIEI K o
Y2 %
= % - Z1= 2Z zZ Z4
Gy = 9,%13,%%, %,
e ' XVig XY
B ™ B XZ1B XZo
2 1 2
2 2
4 (7 Ty ")
* +*
Since[a1 ,62 1 =1, Y124 +8Yp25 = O (y12 & ayae £ )
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* . #a Kk 2 2 2 2
From [CI2 ,52 1=y , we get 2,° + azy," = (y1 +ay, ) a*

_— 2-)(-
and so 8‘222 =¥y G
Z," =Vo aa*

Both of these give us the standard forms a = 1 or v 1.

Finally, G is the extension of the group A by the automorphism
[ai —aaiﬁi} (i=1,2) of order p and so is of order ps, and the above
two possibilities for [ai,Bj] yield the two families ¢ and @

31 32
of rank 6.

Case 2
A€ @, and so A> W (For if A¥ W, AN W = Z, and since
W =-ﬁ(ze) all subgroups of A which contain Z, would not commute
with Z, and so A € ®5).
Since 22/ is (11), we may choose B,sBy € Zy-Z with
Z
[BPsl=1, £,%8.° € 2..
Take 05 € W - Z, and so [a,,B.] =1 (i=1,2).
Also take a, € A-W, a € G-A.
Without loss of generality we may suppose

By = [ai,a] (since Q0,0 & 22).

Since W = iaG(Ze)[a,B1] or [a,BE] # 1 and [a1,61] or [a1,52] # 1,
and by structure of A,[a1,61] or [a1,52] = 1.
Suppose [a1,Bi] =y (#1). Then [a1,Bj]= 1 (j#i) and so (since
BJ £ Z)[a,Bj]hvs (s # o) and by choice of Ej we may suppose

S o 1.

1. Basterfield uses the standard forms a =-1 and -V
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Also, suppose [a,Bi] =y
By the autologism [Ei SR B'i ~3 EiB'J."r]
we may suppose [a,Bi] = 1.
Finally, by the autologism {a; & @, B, & By} (if necessary)
we may suppose [a1,ﬁ1]s[a,32]zy, [a1,32]s[a,51]s1.
Taking G/Z as 04(15) we see that G is the extension of the group
A = <a1,02,ﬁ1,62,7> by the automorphism 52 —;BEQ of order p and
so is a group of order ps; and taking G/Z as ®4(221)b, we see
that G 1s the extension of the group
(a,a1|ap3§a1p251 , [o,a]=aP> by an automorphism (a - aa, P}
of order p and so is a group of order ps.

Thus case 2 yields two families QSS and ®34 Q.E.D.

Theorem 7 Let G be a p- group of class 3 with |Z2(G)| = p. Then

G is the central product of copies (possibly none) of groups L
cf class 2 with |Z(L)| = p together with a group defined in the
last theorem.

Proof - As before, take W’=nQG(22), Z1(G) =N

Then the relationship [£,m]=Y sets up a one-one correspondence

between the subgroups L/z of 2

1
*
with a subgroup L corresponding to its centralizer L such that

L/Z

Choose L so that L/Z is the complement of

G
2/21 and the factor groups of /W

R

G/ x see theorem 6).
L z

Wz 2
2/2 in /z

(i.e. L(WﬂZQ) =Z,, INW = Z) and

2J
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take L* =§ (L)

Then &/ % = %o - ZE/L*ﬂZ d so
o e /inz, = g o
*
¢ = 1%Z,.
Also Z(L) = L nL* = ML
- Z.

and similarly Z(L ) = Z.
Thus G = LL*, INL = 2=2(L)=Z(L*) i.e. G = L x_ L*.

Also, L is clearly of class 2 or L = Z(L) = Z and in the latter

Il

case L < L* and so ¢ = L.

L, - * *
Finally, L is of class 3, for (since G = LL*[L,L"] = E)

* *
Zp = LZ,(L") and InZ,(L%) = InL* = z
N * *
i.e. Z, (L") = Wnz, #L
Thus 3 < class L* ¢ eclass G = 3. Q.E.D.

For groups of order ps, the case where L = Z is done in
theorem 6, while for L # Z, we must have |L*| > pé, |L]> p3 and
) i
| [z*] = |e| |z,] =p".
Thus, |L| = p°, |L*| = p* and so L € @, L*®, and, since all

such groups are isoclinic, we have just one family ¢22.
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3, Families of rank 6 and class 4 or 5

The families of such groups with |G:Z(G)|< p4 have been done.
To obtain those with |G:Z(G)| = p°, we consider the suitable

groups on page 191.

Theorem 8 Let H be the group defined by (r#o)

(G,B, 71T PP =3P=1, [3,B1=7, (3, 71="", (B, V1B Fa P

Then H is capable if and only if r + s = o (mod p) and in this case
there is just one family ®42 with r = 1, t = o and this

family has only one stem group.

Proof - Suppose H is capable and let

G = (a,ﬁ,y,Z(G)]G/z(G) = H> be a stem group where

az(@) ,BZ(G) ,¥Z(G) correspond to a,B,y above.

2 2
Write of = €, pP = 1, =L, [a,B]=y, [0, ¥]=a Py

and [B,v] = p°Pa’Py.
2 2
Then, since a® , P ,4Pe 2(G) and [a'P,vy]=[a,¥]"B

2 2
1= [ap :7] = [G,T]p

B P
1 [a,vp]s[a,y]P[arP,y](E)Ea,vjp(1+r(2))

Hence [a,v]® = 1

Similarly [B,v]®

=10 2
2 2 P
Also 1 = [aP,p] = [a,81° [v,a1(?)
2
= [G;B]P = CP
Now [a,8P] = [0,B1P [7,81(2)
= [asa]p
and so (since PP ¢ 7(G)) & # 1
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But [a*P,B] = a”%P (a¥P)P
B a-rp,r-—1 [Of., 'Y]B

o TS 1R,

4

o~ YP, -1 [a’y,'yﬁ_Sp]since a*F ¢ ,€<a,ﬂp,'y>
= q TP~ [G,B_Sp] [a, Y]

Il

[a,p™5P]

= [a™®P,B]
therefore [G,B](r+s)p =1 and sor + s = o (mod p)
Since G is a stem group Z(G) < HE(G)
and so z(6) < <[aP,B], [,BP], [«P,v], [BP,v]D

= ) where tP = 1
Hence |G| = |G:Z(G)| x |2(G) |
6
=P
l.e. the maximal family is of rank 6.

Also since 7, w € Z(G), put T = ﬁtr o o= LV
By {a - 5'?t s, B - B 7"} we may suppose
T =Ny =
Also, by considering the canonical forms given on pagel9l , we
may suppose r = 1, t = o.
Thus the onlygsteg grgup of this family (¢42) is
G = <a,B,v[aP =pP =P =1, [a,B]=7, [a,v]=0P, [B, V1= "F}
Conversely, G is the extension of the group
9,(221)c = <a,BP,v| [a,8P1=4P, [a, ¥]=aP, [BP,v]=1> by the
automorphism 6 : (a, ) - (ay,8"P) and, since



6P(a) = ayP=p PapP, oP(y) = v=B P8P, then ¢ is a group of order ps.
Thus for r + s = o (mod p), H is capable.
Corollary The groups ®3(221)a, ¢B(221)a, @6(221)1:k (k£ -1)

and <i>6(;221)c:.L are incapable.

Theorem 9 -.Leg Hrebe the group of @S defined by

B, =<&B,7|aP pP 5P=1, [T,B]=7, [T,7)=B"P, (B, ¥]=

Then H_, is capable for all values of r and if r # o the maximal
family is of rank 7 and there are two families of rank 6.

Proof - Let G = <a,B,7V,Z(G)> be a stem group with G/Z(G) = H and
let aZ(G), BZ(G), vZ(G) correspond to @,5,y above.

; 2

Put [a,a]ev,[%,vlfarﬂn,[s,v]=£,5p =, YP=L.
Then since o, gP°,4P € 2(G), we have

1= [B:9] = [B,71F = [8%,9] = €P. :

b
1 = [a,%P1=[a, 1P (8P, v](2)= [a,y]P ={aP,v]
b P

[0,8P] = [0,81P [v,8](2)= &

Similarly, [aP,B] = €.

£ and so CP =1

Since G is a stem group, Z(G) < H4(G) and so

z(a) < <[aP,B], [a,BF), [aP,v], [B, V>

= <&,

Thus Z(G) is a group of order < pe and exponent p, with

®, n € <5
But 1 = [o,y]P = ¥ P = qof (since w € Z(G)) and so 7= 1.
Now the Schur Multiplier has order p2 for the group
G = (a,B,v,ﬁ,C)e is the extension of the group
(B, 8, LIBP =P =Pt [B,V]=£, C=¥P, [B, €)=V, £1=1>
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by the automorphism (B —>ﬁv'1, v - B P Y or order p2 and so
G is of order pT.
For families of rank 6, we require subgroups N of <&, &>

satisfying lemma 1 with |N| = p
Thus N = <££5%  since € ¢ N.
The autologisms of these ‘amilies are generated by:

] (B¥) - (BY¥P)

- Ew , { W =3 £ w

and autologisms raising elements to some power. Thus the cases

s =0 and s # o give rise to two different families with €= 1

and €=C vrespectively. In both cases we my suppose w = 1. Q.E.D,

In the case where £ = 1, we have the families ®._. and @

25 26

defined by:

G = (a,a1,z|[ai,a]zai+1,[ai,aj]ﬁ1 (i,J=1,2,3),aswa TP,a3P=a Poey

1 4
2
aP, a2P € 2> (r=1,v)

In the case where € = {, we again have two families (@, and

23
@29) with the same defining relations except that [aT,a2]= a,
instead of 1. The values of 1 and vfor r are obtained from the
1ist pSGJS on page A4.

As ¢3(15) was considered in theorem 1, we consider now Oy
Theorem 10. Let H be the group @5(221)do defined by

2 2
H = <a1;62|[613a2]=5351p=[E;aé]:aéph[a1:B]v:61p =62p =EPE1>

Then H is capable and the maximal family 643 is of rank 6 and has

Just one stem group (for p > 3).
wlte
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Proof - Let G =<31132,Z(G)> be a stem group with G/Z(G) =

and let @, ,a, in G correspond to @,,d, in H.
p2 P P

v
[0:1.96] T OZEPCDE.

2
Then, since a.P, pPe z(@) (i=1,2), we have 1=[a1P ,Ge]ﬁ[a1p,az]p

D 1Y
and so [a,,0,P] = [a,,0,]P[8,a,](2) [a,P,a,](3)

C(a1pm1)%(p'1)p for-p > 3.
[BJQE]P[G1P’32]%P(P-1)

Also [B,a,P]

= (a,%0,)P

1 =1
= 2
Thus 1 = [B,a,P ] = [B,a,P1P = (a,Fw )P

o
and 1 = [a,,8P1" = [a,,81"P [a,P,p)2"R(P~1)
= Y P
i (ag we)
Similarly, by considering [a2,[~3p] swe get (aipa;i)p = 1(1=1,2) and
25 ISES
s0 [a1,a2 ] = £ and
2
1 = [a1,a2p 1 = [31,3213]13 = P
Since G is a stem group, Z(G) < Hé(G)

i.e. Z(G’) _<__ <[a1p3a2]:[a1sa2p]>

= <&>
Hence |G| = p6 and so the maximal family is of rank 6.
By
Also w; € Z(G) and so o, = L1 (1=1,2).

Replacing o, by aiﬁti we may suppose w, = 1 (i=1,2)

pi e e
So G = <0:1,Ct‘.2| [(11,&2]:&,0:11)2[[3,&2],02 “[3.135] :G1p =, B =1
= o



Finally, G is the extension of the group
v
K = <G1,02p,5|[a1,ﬁ] = aep:[aep:ﬁ]=1:[a1saep]=ﬁp>
by the automorphism 6:(a1,a2p,B) —;(a15,a2P,Ba1p).
Since 6P(E)=a£p§a£ for all £ € K, G must be a group of order p6.

Theorem 11. Let Hr be the group defined by:

2 2
<3,B,7|aP BP AP=1, [4,B1H, [3,7]1B>, [B, V]2 B
where r # o. Then H, is incapable for all r.
Proof - Suppose H, is capable and let

G
= T =
G, = <G,ﬁ,T,Z(Gr)> be a stem group where /Z(Gr) = H

and oZ,BZ,YZ correspond to &,B,Y¥
Fut o m §,6p2= 1,0 = ¢, [, B]=Y, [a,7]= BFw
and [B,v]= a*PpPr.
Then [BF,v]=[B,¥1P=[B,""] =1.
Also 1 = [a,7,B]
= (e [e,v1P
= [v.a] [av,  PpTF)
= [V,2] [0,y "PBP] since v €.g(v,ap,ﬁp)
= iv.9] [2,987F]
= [v,alla,¥1[e,B7P]

= [asﬁ-p]
Thus [o,BP] = 1 and so BP € Z(G), which contradicts the

definition of Gr.
Thus H, is incapable for all r.
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Theorem 12. The group ®6(15) is capable. Its maximal family is

of rank 8 and there are two families (¢40 and ®41) of rank 6.
Proof - Let G = <a,B,v,0,e z(G)|aP,pP,+P,6P,eP € z(q),
[@,B]=Y, [a@,¥]=D, [B,Y]=e, rest € Z(G)> be a stem group.

Then G/Z(G)
2,(G) =<8,6,2(G)>, Hy(G) =<v,8,¢e, 2(C)>
Therefore [7V,0]=[v,e]=[0,€g]=1

Also  [B,6]=5"P &

[v,a1® o

= [ve~ ', ay15

(e, v1[ve™", a1

(e, v1lv,0l[e™",al5

6~1 [a,e]6

R

@6(15) and

Il

]

Il

== [CI,E]

Put E. = [336]571 :[BJB]E[ﬁ:6]=[aJ E]: C‘_'[B,e]'
[@,5P]

[, 8]P
= ¢P

Then, since 8P z(G), 1

]

and similarly, np = Cp £ 1.
Also, putting K = <{B,vV,0,¢€,£,1,> we see that K is the group
9,6(17) = ©,.(1°) x <&> and G is the extension of K by the
automorphism (B,v¥,0,e) — (67'1,75*1,5E"1,sn_1) of order p.
Thus the Schur Multiplier N, is of type (111) and so the
maximal family is of rank 8.

For families of rank 6, we want N < N, , |IN| = pe,

ana 2(%/) = 26/
=T
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Thus, if 1 € N, € and £ £ N.
i.e. 0 =<En%, 008 or <n,£,tD (t # o).
The autologisms of H are generated by
(@,85) o (BN _{(a;s; - (3B ,5%)

o » o allwe N,’ (E,m) - (Eﬂ2§,ﬂﬁ) J

automorphisms inducing the identity map on N1 and autologisms
raising elements to some power., Writing (6,8) and (¢,p) for the

above autologisms and taking x,y so that

2(1-s)x = s (mod p)

(2s-1)y = rs (mod p),
we have <€, _Ei;x <En®%, £

] <E, %S
———
97 &enT, e

S s 2
and so the first possibility for N gives one family ( 40).

In the second case, if -t = xg, by replacing @ by a* we
replace ££° by 1 showing that |N| = p, which contradicts

the definition of N. If -t is a quadratic non-residue the same
autologism gives the standard form [a@,8]=n, [B,e]=n"" defining
®41.

Theorem 13. The group @7(15) is capable. The maximal family

is of rank 9 and there is one family ®30 of rank 6.
Proof - Let G =<a,B,v,0,¢,Z(G)> be a stem group where
[2, 1=V, [@,¥]=[B,B]=e (mod Z), aP=pP=...=eP=1 (moa z)

and all other commutators are in Z(G).
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ﬂngJG):(mBﬁgﬂGD,H%G)=<&HAGD>MMSO
(since [Zi(G)’ Hi(G)] = E)[v,e]=[b,e]=1.
Also, by lemma 7, [vV,08]=[c,B,0] v,

=[6,8,a] = [e~1,a].

and [5_1351 =['}',CL, =

=[B} a, 'Y] = 1.
Put [a,v]=¢, [B,0]=c w, [a,B]=E,[a,e]=[V,0]=n
and §=[B, Y],

Taking G = <2,B,V,0,,€,Mm,,w> and

K = <a,B,v,€,€,n,8,0>, we see that K is the group
@10(18)=¢10(16)x<6,w> of order p8 and G is the extension

of K by the automorphism (a,B8,y) — (o€,Bew,Yn) of order p.

As before EP=nP=tP—P=1and so the Schur Multiplier N, is (14).
Hence the maximal family is of rank 9.

For families of rank 6, we want N < N, |N| = p3 and

2(%/y) = G

Thus N = <ﬁnr,5ns,mnt> and by repeated applications of the

/N and so 1 £ N.

autologisms:

Y O - o7

{9:'5_-—95.'5, {Q:B——)B—E, {WS*E?}
= — -1

gL = £n, : £ - €n :
we may see that there is just one family QSU of rank 6 with

[ﬁ:a]:sa {alﬁ]:[BJT:‘:’]' Q.E.D.

For groups of class 5, we must have G/z € ¢9 or ®10 and the
capable group of ¢9 was considered in theorem 1.

Theorem 14. The group ®,(1°) is capable. The maximal family is

of rank 8 and there are two families &
A9

282 ¢39 of rank 6.



Proof - Let G = <a,a,> be a stem group, where [ai,a}-a {11 .0 neld) ;s

i+1
[a1,a2]sa4 (mod Z) and all p'th powers and other

commutators are central.
Putting [a1,a2]=n, [a1,aé]=ﬁ we see, as in theorem 1, that the Schur
Multiplier N, is <ag, €,n> of type (111) and so the maximal family
is of rank 8.
Also, since [Hi(G), HJ(G)] < Hi+j(G) we have [a,,a,]=[a 0, ]= 1,
[ae,a5]=[a1,a,a3]=[a3,a,a1%f€'1 (by lemma 7) and

[a1,a3] = as' 1 a

3
= a
= [a,a,] lag
B =1 4
gt

=1

-1 -1
= [aa2 sQ 1[aa ,ae]a3

4 2

= [0.4_,0,] [{1, ae]as
- (15_

For families of rank 6, we want N < N,, |N| = p2 and Z(G/N)EZ(G)/N

and so Qg £ Nor € £ N.

i.e. N =<a5€r,nﬁs> or <€,na5t>. By repeated applications of the

autologisms
{j' - a 51 {(51 :Ee) - (61-&3’&2&4) {Ei —)aia“i+1 (1=1,2,3)
= 2 -
s agt™ L q 5 ne s b omage

we see that each of the above two cases yields one family and these
families are distinct as the first is not metabelian whilst the

second is. Thus there are two families of rank 6 with central fagtor
groups isomorphic to @10(15) and we may take
[a1,a2]=u4, [04,a]=a5, [a1,a4]=[a2,a3]=1 in ®38 and

[a1:a2]=a43 [01,a4]=€, [aé:a]z[a1:a3]=1 in ¢59°
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4, Special Results for p = 3

Many of the results for p > 3 carry over to the case when
p = 3. For example, all the calculations for groups of class
1 or 2 are exactly the same. Also the calculations for families
of class 3 will be the same as they only depend on the capable
groups of class 2.

As lemmas 1 to 7 of chapter 1 do not depend on the
value of p, we may use them again here.
Corresponding to Theorem 1, we have

Theorem 1 Let H be the group {j%n) ) defined by

- % | (3. .31=a R S L TR - ¢ Ao
H= G,a1|[ai,a]_ai+1,aj GJ+1GJ+2_[ai,aJ]—1 (191,250 v ey Jut 32,0 0 J0EFT)D

Then H is capable and the maximal family is of rank n+4 with two

families of rank n+3

3 3
141701 %3 01% 140 [04,041€2

Proof Let G = (a,a1,zl[ai,a]=a
(a) As in the case for regular groups, we can show that the

Schur Multiplier is

opypsborbysr o€ where €y = [a,,04] ap o= @, ,a]and [eya5]=E5.
However, when p = 3, we can extend this.

(b) The Schur Multiplier is (an+2> for n=0, and (an+2,§2>

(elementary abelian) for n > 1.

This is proved by induction.

1 = [a1,a13q23a5] = g23§3 and so €, € <E25>

T



Suppose £,... &r € <E23>

5. 8 s Rk
Then 1 = [04,0, 40, 0 q]= 812081 6 pyg
3
Hence € . € <§r_1,€r3> < <§23> and so
€. € <€25> all 2 < r £ n+f
o L Bt

- 85y
and so £, = £,° = 1.
Hence Ei = 1 (i>2) and §23 = 1.
Also G is the extension of <a,a,,...0 OXE)

by an element of order 3 which induces the automorphism

2"1,a2 —;aQEE] where we may assume (by induction) that
n+2

(a,ae,...an+2> is a group of order 3 -,

{a - ca

Thus the Schur Multiplier is of order 9.
For n = 1, the maximal family is AB, and for n = 2, the

maximal family is QQS'

(¢) For other families, we want subgroups N of the Schur
Multiplier satisfying lemma 1 with |N| = 3.
Since [ag,a,,4) =1, [a,,4.0) = Q) 0, 0 o EN.

Thus N = <E2>’ <€2“n+é> or (&22an+é>.

The automorphisms of H induce the identity in the Schur Multiplier
or consist in raising elements to some power.

Thus there are two families with 52 =1 0ora

n+2
For n = 1, there is just one family 53; for n = 2, the two

families are Ag and A10; and for n = 3 they are As and A36'

5
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In theorem 2, cases (i) and (ii) still apply for p =
Corresponding to (iii) we have

Theorem 2 The group &3(15) given by

= = = It =l.g | 555 3553

H =<,a,,08,,0,] [a,,a]=a, ,,0"=0, "6 =0,"= 1 4B

is capable. Its maximal family is of rank 9 and it has two families
of rank 6.

Proof The calculations are the same as in the case p > 5.

The families of rank 6 are A24 and 327.

Theorems 3 to 7 remain true for p = 3, provided we only
consider groups of order il | n<6). For convenience we will include
the special result for theorem 8 with that for theorem 10. Using
the list of groups on pagel191, we have (corresponding to theorems
9-14)

Theorem 9  Let H,. be the group of‘As defined by
— 1= == T T 4w 9= = T =89 —
B <6,a1|[a1,a]aae,[a2,a]sa3;a1 A =G, ,0 =a.,, _a S_ 1)
Then Hr is capable for r # 0, the maximal family is of rank 7 and
and there are two families of rank 6.

Proof Let G ﬁ(a,a1,a ,as,Zl[ai,a]=a Sa =T o° a5 0536 zZ(G)?

i+1°% %3 % 5%

. S e A
and 04 = [0‘3:0"]: € = [a'l’aE]’ CI.1 as =0.3 @.

As in the case for p > 3, we may show that

- | R 3 3q r 3 3
£” = a,"=0,"=1,0,"a,=a,"(replacing @,” by ¢,"a; in that theorem)

and [a1,as] - [ae,as] = 1.

i

Also as in the case for p > 3, Schur Multiplier = <a4,§>.
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For families of rank 6, we want subgroups of order 3 satisfying

lemma 1, viz. (&a42 >, (Ea4) and {£>.

The autologisms are generated by

) — i = -2 = -
—)0:(‘.'.1 a1 —>a1a2 - Q {:1 —>a1
st 5e% o Ye,a,) - (650,

2
2

4--)0.

B
So we have two families for each r, with [a1,a2] = 1 ore,
and we may suppose w = 1.

3

B 9
In each case @,%a; = a," and a’€ <a4>.

The families are Aes, 626’ &28 and Agg.

Theorem 10  Let I-Ir be the group defined by
—- = e = — - 3 = -
Hr =4 <a1,a2E[a1,a2]_=B}[E}ai]=3i(1=1,2),a1 252,02351 =B1r>

Then H, is capable for r # 0 and the maximal families A A

427 743

are of rank 6 with just one stem group.

Proof Let G = {a,,ayZ|[a,,a,)=B, [B,a,1=,,6,05,0,% 1T,
B°,8,%2>

and [ai,BJ] = 513' Then Z(G) = ([EiJ}Ii,J = 1,2.

Now ﬁea{'s €Z(G) and so [a1,[32] = 1,

By the same calculations as in Theorem 12,

[32351] 5 [a1362} = 1.

3a=1

Also, putting a13 = Ben, %5 B = ﬁ1r§, we have

31

(@B o] = [a,,a,
— [a2131]3 [B-1,G1]3 [3;1:a1]

g22

-3 3
=B &11 since 51 - 9
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r S50 =h _ 3 -1
3 -1 3
=B &22 511 since 62 = 1,
= 1 using the above result.
= - B

Thus 811 =1and €, =B~ =¢£
As in the case for p > 3, the group (a,a1,a2,5,ﬂ1,ﬁ2,5> has order
pB in each case. Thus the only stem groups are

3(1+4r) B o Bn Sa oy

As in theorem 9, we may suppose n = € = 1,
Theorem 12 Let H be the group defined by
- = Bl = L.BE A= 185 =373x3

Then H has a maximal family of rank 7 and two families A40

and A41 of rank 6.
Proof Let G = <a1,a2,B,B1,BQ,Z(G)> where a etc. corresponds
to @ etec. in H.
Since HE(G) is abelian, [B,Bi]=[a1,ﬁ2]e1 (i=1,2).
Also as in theorem 12, ns[a1,52]=[a2,61],s1351.
3 %, 3
Now 1 = [a,,0,"]=[a,,a,]" [B,a,]17[Byas]
3
=B [52;‘12]
S > -

and 1 = [a,,a,°)=[aya,1%87" ,a,1° [877,a,]

e 5-3[a1:51]
Thus [o,,B,1=p%= [o,,B, ]t
As before €3 = n3 = 1,
Also K = (a1,B,B1,52,e,n> is 616(16) and so of order 36; and
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G is the extension of K by the automorphism[(a1,ﬂ,B1,52)-a
(a1,ﬁ,ﬁ52,ﬁ15_1,52n-1)}of order 3 and so has order 3.
Thus the Schur Multiplier N, = <£,n> has order 9 and the
maximal family is of rank 7.
For families of rank 6, we want N < N1,|N| = 3,
If N = <&, [ay,B,B,)=[0;,B, 1[a,B,]=6nEN(1=1,2) and so N does
not satisfy lemma 1.
Similarly N # <€n2>. However the subgroups <{¢) and <10 do
satisfy lemma 1 and give non-isoclinic families.
These familes are given by [a1,82]:[a2,a1] = 1 or

[, ,1=[apB,] = 1.

Theorem 13 The group &7(15) is capable. The maximal family

is of rank 9 and there is just one family ASO of rank 6.

Proof The proof is the same as that for p > 3, replacing

p 3 P
a1 a3 for a1 and ae “4 for a2 .

n+2) (

Theorem 14 The group~ﬂ§n(1 p = 3) given by:

%y a1+1ai+2“1“

H =<a,a,,...a,,, |[@;,0]a, ,,[@,0,]=6

is incapable for all n > 3.
G
Proof Let G be a group with /Z(G) = H and let

G = (a,a1,,,,an+1, Z(G)> where a, corresponds to ai. As in

theorem 1, the Schur Multiplier of H is (an+é>(since[a1,a2]€Z(G)).

But, by theorem 14, a = [a1,a3] = 1 and so the Schur Multiplier

n+2
collapses to E.
Corollary There are only two families of 3-groups whose stem
groups have maximal class.

This result agrees with Blackburn's result (see (1)).
—Bhe



5, SUMMARY OF FAMILIES OF RANK <6

o
)5

2,(17)1 (11) | (1)

Family || Rank | Class G/Z i H, i By | B, Hy N2 d
o, 3 2 (1) | (1) (1) 2
| o, 4 5 1 elr") (] 1) (| =
¢, 5 2 (111) i (11) (11) 3
o, 5 2 (1%) (1) (1) 4
o, 5 3 o,(1°)(111) | (11) (11) 2
o, 5 3 o,(1%) (1) ] (1) (1) 3
g 5 3 ¢2(22) (2) (1) (1) 2
o, 5 ¢ | o (Nl ) | ] (]| e
® 5 4 o, (1511 | (1) | (1) | (1) 2
W 6 2 (111) H111) (111) 3
@5 6 2 (1% 1 (11) (11) 4
@, 6 2 (1% | (11) (11) 4
LI 6 2 (22) | (2) (2) 2
o 6 2 (1% | (11) (11) 4
®.6 6 3 o, (1%)(111) | (1) (11) =
o, || 6 3 | el | () Gy |- &
N 6 3 o, (1%)(111) | (1) (11) 3
®.q 6 3 o, (1%)(111) | (11) (11) 3
@0 6 3 a,(1%)(111) | (11) (11) 3
o, 6 3 @2(14)(111)| (11) (11) 3
o 6 3 2 (1) 4

J
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FamilyuRank HQ/HQHZ}Class G/Z(G) | By Hy |H, | Hg d
Voo | 61 | £11] ¢ | o,(1% G (il 2
B b L) ¢ | o (1°) %(111) (11)] (1) 3
®os 4 ®3(221)b£ (21) (11) (1) 2
@ 4 ®3(221)bé (21) | (11){(1) 2
Spr |l 8| (11) ¢ | o (1) i (111) ] (1) [(1) 3
®og 6 4 ¢3(221)b1 (21) | (11)1(1) 2
®ng 6 4 ®.(221)b,) (21) | (11){(1) 2
oz 6 (11) 4 ¢7(15) (111) (11)1(1) 3
o [l 6 | (1) | 3 [ ,(47) [n1) | (1) 3
O | 6 (11) } 3 ¢4(15) (111) (1) 3
Our || 6 | (11) 3 ¢4(15) (111) | (1) 3
Pr 6 3 ®4(221)b; (21) (1) 3
o |l 6 [(111) 5 ¢9(15) i S RICEDENE 2
o5 | 6 - 04(1°) j (1%) {(111) [(11) {(1) 2
o, | 6 5 | og(1°)  o,(1) (1)) |(1) | 2
O |l 6 5 | 0,,(1%) | (1% [(110) |(11) (1) 2
O | 6 5 | @,0(17) o014 [(111) [(11) [(1) >
&40 ! 6 4 oY) (v | (1) 2
o, 3 6 j ¢ | 9 (1°) ; (1% 1(111) | (1) 2
o, | & | 4 @6(221)b; (211) [(111) | (1) 2
©,. | 6 4| egle21)e, (211) [(111) | (1) 2

do = number of generators of a stem group.

*
The family only exists for p > 3.
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III Calculations for Individual Families

For a given isoclinism family, the method of finding
the isomorphism classes 1s essentially the same as that used
by Blackburn (1) in determining p-groups of maximal class.
Let G, G' (with centres Z, Z' respectively) be two isoclinic
p-groups. By definition of 1soclinism we may suppose without
loss of generality that G and G' have the same relations modulo
thelr centres and the same ccmmutator relations. Thus, writing
w(§) for a word in &,;, £,, ... E_, we may write

G = <al, Gns +vo O

'3 Z> for Qg5 Ony eoe O € G and

G' = <a'y, a'yy ... @'y, 2'> fora'y, a's, oi0 @'y € G
where
w(g) = 1 (mod Z) if and only if w(g’) = 1 (mod Z') and w'(g) =1
if and only if v'(a') = 1 for all commutator words w'.
If G = G' and 8 1s an isomorphism mapping G' onto G,
then Z = 2' and we may write
Z = <Yq, Yos ++- Yp> fOr vq, Yos +++ Yp€ Z

% moexlss ¥ ssv ¥ n> FOT ¥'35 ¥Y'os sev ¥, € 2°
where the order of YJ equals the order of Y‘J and each Yj
commutes with every element of G and each 7'1 with every

element of GF.
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S
= J
Also, since G = G', yjp = w,(a) if and only if

S

J
thp = w (a') where w, is a commutator word.

The only relations for G which have not been
determined are those of the form
w(g) = I%.

Since G/H2 is abelian, this reduces to equations of the form

i

i
a. P

24
i~ aytay

(1)

a
where wl(a) = Hy, Y”ie Zand I =1, 2 ., W

For convenience, we may suppose that no term of wl(a)

1s an element of Hzrwz. Since G/Z = G'/Z', we have (where

al*, a*, ... a * are the parameters of G')
r
i a,*
a'P = wat)yrtt (1)

Since 6:G' + G 1s an isomorphism, we may write

G = <a;%, ay¥, ... am*, Z>

Z = <71*, Y2*’ S Yn*>
where
3 E - |
ag* = 8(a'y) = o7 (mod H,Z) (2)
(where 1 =1, 2 ... m),
Yj* = B(YJ') = Igj £ =3, 25 veu 1) (3),

=G0



Yj* commutes with every element of G and
S
pSJ p j’
o= w (a), Ty X w,(ak). ()
Equations (1) and (4), together with the relations
mod Z, the commutator relations and the structure of the

abelian group Z are the defining relations for the group G.

Using (2) and (3), equation (4) yields
S

J
¥; D X X X
(I“J) = wo(g"l, 9”2 S e g"m) (5)
giving a restriction on_ X1s X5, e Xy Fgs Yor sss Yoo

Also under the isomorphism 6, (1)' becomes
r, .

a
ai*p = wl(g*)x*"i . (1)*

From (2) we get " %

i i
ai*p = af "1 (mod HE)

r r r
s 5 i
N e | P Xey P X4n
= oy cee Gy cen O (mode)
(where Xy 4 is the j'th component of the vector x,)
r r
i c §
M T L P %t
= oy wxw ¥ cee O (mod H2)
= Yf(% ) prix
for some function f(ai), since Xai does not occur as any aJ i
a
(] # 1) and the term involving H, in (2) is independent of 1?%.

it



Similarly, using (3) we obtain

¥ * * *
Yma _ Yg(a 1> 8%5, ... 2 7

for some function g. Thus, by comparing indices of each Yy on
the left and right hand sides of (1)* we obtain a set of
equations expressing the a¥*¥'s in terms of the a's with
restrictions on the variables X135 X5 eee Xps Y95 Y5 e+e Yp
given by (5). It may be verified that this system of equations
actually defines an equivalence relation on the parameters a
and so on the set of matrices

A= (gl, TR §m).

Thus the isomorphism classes of an 1soclinism family
may be considered to correspond to equivalence classes of such
matrices. For p-groups, the calculation of the isomorphism
classes is simplified as the matrices are usually over GF(p).
However the case of non-regular p-groups must be treated
separately from the case of regular p-groups because of
complications in calculating the (a*i)p.

The remainder of this chapter consists in finding
the equivalence classes of the above matrices for each family
and choosing a suitable canonical form for each equivalence
class. (This has been done for all families except @21 which

proved to be too difficult.)

-5



¢, (p > 2)

In the case of ®q s the basis theorem for abelian
groups tells us that there is a2 one-to-one correspondence
between the partitions of n and the groups of pn¢l. In
accordance with custom, we shall omit the symbol ¢, for the

groups of that family, simply referring to them by thelr type

invariants.

G B



¢, (p > 2)

The groups of ¢, are characterized by: G/Z(G) s o Oy
HQ(G) 18 (1)

Let 01s Oy € G - Z(G) and g = [al,a2] .

Then a,P, a,P € 2(6) and Hy(G) = <g|gP = 1>.

r
Case I If Z(G) 1is cyclic, Z(G) = <Y|yp = 8> (r > 0). For

a
i=1o0r2, aip € Z(G) and so uip =y 1 where we may suppose

a; # 0 if elther ay # 0. In this case, by replacing a, by

-8.2 8.1 a

oq 0o and y by vy 1, we may suppose alp

= b -
Ys @p 1.

Thus we have two groups with a2p = 1 and alp = y or 1.

Case II If Z(G) 1s of type (rl) then

r
z(G) = <Yy 72|ylp = ng = 1> where g € Z(G).

(a) If B & Zp(G), we may suppose g = y,.
(1) If both aip € H,(G), then G 1s the direct product of

a stem group with a cyclic group of order pr.

(1Y) It alp or azp & HE(G), we may suppose that

a
") X
aip =Y 1 (mod H2) where aq # 0. By replacing oy by 0y s
-a, a r
a, by oy oy (where xa, = 1 (mod p )), we may suppose
c c



c c
Then, by replacing Y1 bY Y975 1 ana a; by o, 2 (1f s # 0),

we may suppose alp *.¥1 and azp =g or l.

r-1

(b) If B € Zp(G), since gP 1, we may suppose B = ¥y P
1

(These groups only exist for r > 1.)
(1) If both aip € <y,>, then G is the direct product of a

group in case I with a cyclic group of order p.

(11) 1If either aip & <y,>, the same reasoning as above

shows that we may suppose a}p =Yy OF 1 and a2p = Yo
Case III If Z(G) is elementary abelian, then

(a) If both aip € Hz(s), then G is the direct product of a
stem group with an elementary abelian group.
(b) If one of alp, aep & H,(G) we may suppose alp = g2,

a a
azp = Yoo If a # 0, by replacing 05 by s s Yo by Y, Wwe may
suppose a = 1., Thus there are two groups with u2p e
alp = [ay,a,] or 1.
(e) If neither alp nor a2p = H2(G), we may suppose that

a2p & <a1p> and so we have just one group (when s > 2) with

Note that for s = 2, (a) and (b) reduce to case II

with r = 1. We now consider the remaining cases of order p6.

6 e



Case IV Z(G) 1s of type (22).

2 2 a
~i
Lee. 2(6) = <yps volvy® = vp” = 1, v;® = 6> with o4 = y=7.

~

a+pb

If “lp =y where y € Z(G), by replacing aq by alY_b s

a
may suppose alp = 7”1 (0 < 213 < p). Similarly we may suppose

-~

a
~2
a2p =Y (0 < 254 < Pl

P p
(a) If both o, a,

a group whose centre is of type (2) and a cyclic group of

€ <y;>, then G is the direct product of

order p2.

(b) If some aip # <y,> then by similar arguments we may

a a -a
suppose Glp = Yy, 02p X e 21Y2 £e Replacing %q by oy 1232

we may suppose uzp € <y, and (if asq # 0) by replacing 015 Y1

23 a1
by %q > Yg we may suppose a,, = 1l or 0, giving two groups.

Case V Z(G) 1s of type (211).

2

(1,0 =1, 2, 3)>.

(a) If 8 & zP, we may suppose g = Yo-
() I alp, agp € <Y5,Y 3>, then G is the direct product
of a group whose centre is of type (11) and a cyclic group

of order p2.

=6



(b)

(1%)  1Ir alp, o

2

Pe <Y1,Y,>, then G 1s the direct product

of a group whose centre is of type (21) and a cyclic group

of order p.

(111) For any other group in case V (a), one of o,

o)

azp 4 <Y2,Y3> and so (as in case IV) we may suppose alp * Wyr

Also azp (=4

<Y;,Y,> and so we may suppose uzp =

there is just one group.

If B € Zp, we may suppose B = y,

p‘

Y3 Thus

If alp, aap € <Y15Y> for some y € Z(G), then G is the direct

product of a group whose centre is of type (21) and a cyclic

group cf order p.

If not, alp 3 <v;2 and SO we may suppose “1p = v, and

azp & Y1575 and soO we may suppose a2p =3 giving Jjust one

gro

The

The

up.

2 groups of order p

3 are obtailned by taking r

6 groups of order p‘4 and class 2 are obtained

2 in case
15 groups
2 1n case
31 groups

3 in case

I and r = 1 in case II (a).

5

of p @2 are obtained by taking r =

II and s = 3 in case 1IV.

of p6¢2 are obtained by taking r

II, s = 4 in case III and also the

cases IV and V.

67

= 1 in case I.

by taking

3 in case I,

4 in case I,

groups of



oL

(n) (p > 3) (@3, @9 and @35)

These familles are characterized by: G/Z(G} is the

' n+l : .
grouplﬁ%n_l) (1 ) of theorem 1, |H1(G).H1+1(G)| = p
<

(2 <1<ntl), H ,,(G) is E and G has a maximal abelian

subgroup Hl'

Let a € G ~-H . o € Hy - Hys ay49 = laysal
(1 =1, ... n). Then IL(G) = <ay; -+- a,> and[a,,qs0] = [“1’“31
w k(1.5 =1 oae 0
Since %/2(G) 1is O%n-l) (1n+1), we have
(®)
aP, alpa22 cee B € Z(G) and so
p
aip aiii coe Oggpy =1 (@ <1 < nHl).
24D - D. EB z(g) z
Also, by lemma L3, (aal ¥ = a o, "o, T ap

Putting z = x"lxl (x # 0) and using lemma L5 and the fact that

(aalz)x = axalxzc, some ¢ € H,(G), we have
(axalxyp = (aalz)px
(5) X
P oo 1 D 2 4§
= c¢P¥(a, Pa [y
(o e, p)
r
Case I If 2(G) 1s cy=zliec, Z(G) = <Y|Yp =g
p a p (8) b p a¥* p
Then @ ® 475 G @y «om 6 & Joi g W e aq ¥ o omag
where



2 x'
# =
a a oy o, ¥
J: y
1 2 .
a¥; =0y Toy, © ... e xy, # 0
Xy,
¥ =
n
® i
%"n+1 T %na1
x“yl+pz
and so ¥ = y e
X X, P
By lemma LS a*P = (q g 1) pr'
xa+x1b+px'
= vy by above
SO (xny1 + pz)a* = xa + x1b + px'. (1)

To get a second equation, we note that

(G.G.l

and similarly,

where (a*a*l)p

So

X"y (a*+b¥)

P _ P p(g)
)Y o= a (ag"as v ap)
= Ya+b
#4h¥
(a*a*l)p 3 Y*a +b
X X y y p
" 1 1Y
= (a @y cee 0g o, cun )
X X,%y. p i '
= (a oy % 1) YPX'*Py by lemma L5
+
= oPX (P ... ) LD yR(xHY)
p

Y

xe # (xl+yl)b + p(x'+y').

xa + (x1+yl)b + p(xt+y').
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Using (i)', we have x"b* = b + yl"lpy' LAp (11)"
By choice of x', y', we may suppose

0 < a, b < p-1l, and equations become

n

xnyla* xa + x;b (mod p) (1)

n

X b¥* b (mod p). (i1)

-xa/b, we may suppose a = 0. Also as

x takes all possible values mod p, X' takes (Efg:i
3

n)

If b # 0, by taking x,
values and
SO we may suppose
b=1, g, ... g° (s+l = (p-1,n))
where g is a primitive root mod p.
If b = 0, we see that a may take the values 0 or 1.
Thus we have 2 + (n,p-1) groups whose centres are cyclic.
Taking r = 0, we obtain the stem groups of ¢3, ¢9
and ¢35 (for n = 2, 3, U).
Taking r = 1, we obtain the groups of ¢3 and ¢9 with cyclic
centres of order p2.
Taking r = 2, we obtain the groups of p6¢3 with centres of
type (3).
In particular, we see that there are 2 + (p-1,4)
groups of p6¢35 end 4 groups of 36535.

Case II If Z(G) is of type (rl), then

r
£ =

z(Gg) = <Y1,Y2|Y1p = Yy, = 1> where a € z2(G).

n+l

(a) If a4 ¢ zP(G), we may suppose &5y ™ Vo

=T~



p
&)

(1) IfaP, a P oy

direct product of a stem group with 2 ecyclic group of

order pr.
(12) Ife.Pa (2) o & H_,.(G) t of = v, %y °
1. 2 2 Roi Ta e g S s
P (g) S i
a, "o, e ap =53 Yoo 3 where a, # 0. By replacing o
a -a a c
by a lal and Y1 bycxl 172 1, we may suppose of = Yzc,
o () e
o soe A =¥q Then by replacing o, by &, (i1f ¢ # 0)
5 P _
we may suppose @ =a ., or ) 2
p (2) p
(111) If a, "o, it quE Hn+1(G) and o €& Hn+1(G) we
: pe (2’ c
may suppose (as before) ot = Y1, @172, v up =0
T ¥ = g™, qF xi—ly ¥ P B xCc*
aking a%* = a", a g =%y S enoo 1 v ap il &
we have xTe* = ¢,

As *n T, we may Suppose ¢ =1, g ... gs, 0(s+1 = (p-1,n)).

r-1
(b) If-an+1t5 zP(G) we may suppcse o ., = Ylp (here r > 1

or (b) 1s impossible).
G- g A
(1) P i ay 0y ee O € <y;>, then G is the direct
product of a group of case I together with a cyclic group

of order p.

=T %



)
(1%) — If alpa2 5 ee g & <yy>, we may wrilte

P
p (3) A O T
Gl 3] e &p Yos O i .

As above, we may suppose a, = 413 a; = 1l or 0.

¢9)
2
(111) If oy o .+ @y € <yp> and of ¢ <y;> we may write
P
> . p (2) n b
o "'Y2’ 0‘.1 32 Y ap—Ylo

As above, we may suppose b = 0, 1, g ... gs.

Taking r = 1 (in (2) only) we obtain the 5 + 2(2,p-1) groups

of ¢3 and the 5 + 2(3,p-1) groups of ¢9 which have centres

of type (11).

Taking r = 2, we obtain the 10 + 4(2,p-1) groups of ¢3 of

crder p6 with centres of type (21).

Case IIT Z(G) is elementary abellan.

If Z(G) is (1) or (11), we may use cases I and II above. So

we may suppose

Z(8) * <o .95 Yoo s ¥e> (82 3),

ng = <0p41sY>, SOmME y (= Z-Hn+1, we may suppose

{5)

(by choice of 72) that oF, “1p“2 S aptE <0p413Yp> and so

G is the direct product of an elementary abelian group together

156 i ap or o4

with a group whose centre is of type (11).

e



5 €9
Otherwise we may suppose Yo =00, Y3 = alpa2 saa O

giving only one group which is the direct product of an

2
elementary abellan group and the group <a, Cys oee an+1|ap =

0
P o Pe S SR T
al a2 - s » ap gt ai - . w ap+1“-l

w100t = 20 .. Bl
faj,a] =% {3 = 1, .., B)>
The 2 + (p-1,2) groups of pu¢3 are obtained by taking
r =0 in case I (with n = 2).
5%

The 7 + 3(p-1,2) groups of p 3 are obtained by

taking r = 1 in cases I and II(a) (with n = 2).

The 2 + (p-1,3) groups of p5¢

3).
The 18 + 7(p-1,2) groups of p6¢3 are obtained by

g are obtained by taking

LI}

r =0 in case I (with n

taking r = 2 in cases I and II and s = 3 1n case III.

The 7 + 3(p-1,3) groups of p6¢9 are obtained by takin:
r =1 in cases I and II(a) (with n = 3).

The 2 + (p-1,4) groups of p6 ¢35 are given by case I (r = 0,
n=4),

] B



¢ (p23)

The groups of ¢, are characterized by: G/Z(G) 18 ¢111),
HE(G) is (11). By theorem 2 of chapter II we may suppose
G = <a, a7, B, z(G)>
where lal,a] =0,,[a,B] = n and [a,,8 € Z(G), and we may
take [al,B] s 38
For convenience of notation, we shall write

G = <al,a2,a,z(G)|[a1,a] = By € 2(G) (1=1,2),lay,a,]=1>.

I - Stem Groups 1i.e. Z(G) = HQ(G) = <By,B,>.

G p a p a3
Since "/Z(G) has exponent p, o = B2, a;” = B (1 =1, 2),
A, RARR
» & 2
¥ =
Let « e o, .
o y Yy, 2
4! 2 j i |
a.% = a. “a ike > % = x|y,z| # 0
2 Y, 2, ~2s
A z
. - 1 2
a, @, “a,
L aXy gt 7
Then B, % = g*¥ g # = g*Z,
a'ﬂ

By evaluating a*¥P = g* etc we get

xa; + X877 * X525, x(ylal* + zlqz*)

Xa, + Xj875 + Xy8,, = x(yzal* + zzgz*)
V1211 * Ya85 = X(yja5;* + 2z48,5%)
V1212 * ¥o85; = x(ypayyt + z38)5%)

21811 * 258, = x(y,8,,% + 218,,%)

Zia3p + 2p8,5 = x(yya5* + z5a55%)

a a
where a = 51 $ dg * ail 3
s i2
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* = ¥ ¥ - -

-~ A

these equations become

xa + Ax = xXa¥* PP L G
x~Lax = xa* ... (2)
and so |A]| = 12|A*|, tr A = x tr A%,
1

(a) If |A| # 0, take X =_xA" a and so we may suppose a = 0.
To find canonical forms for A, we consider its characteristic
polynomial ¢, (u).
(1) If cA(u) = (u-—a)2 (a # 0) by taking x = a we may
suppose a = 1.

Since matrices A with cﬁ(u) = (u—l)2 are similar to one of the

SR A

we may suppose A is one of these, giving two groups.

matrices

(11) If c,(u) = (u-a)(u-b) (a # b , ab # 0) then X 1AX

can be taken as diapg (a,b) where

Ap = gk, l <k<X(p-1).

So, taking x = b, we may suppose
A = diag (a,1) a =g (k=1,2, ... %(p-1))
giving %(p-1) groups.

(111) If ¢, (u) = u®

i P does not have linear factors
over GF(p) and g, = tr A # 0, we may suppose (by taking
X = gl) that B = 1l and so we may suppose
ar = |9 -8
1 1

where 1 - hgp is a quadratic non-residue



0 %(g1+2k

“1)] =0, 1, vee Blp=3)
1 1

i.e. A¥® = [

1+2k where

since any quadratic non-residue may be written as g
g 1s a primitive root mod p.

(1v) 1If ca(u) = ul + &, does not have linear factors over

GF(p), then -g, 1s a quadratic non-residue and so, by taking
2

-g
x° = /v, we may Suppose £, = -V and so we may suppose
A% = (2 ; (v a fixed quadratic non-residue).

(b) If |A| = 0, then cp(u) = u(u - a) for some a € GF(p).

(1)
and so, by taking x = a, we may suppose

If a # 0, then A is similar to the matrix diag (a,0)

A* = diag (1,0).

Substituting this for A in (2), we see that, under these

conditions, X = diag (yl,z2), x = 1. Equation (1) becomes

= *
8y ¥ X * 938

%
By~ HpRa
0 or 1, giving two groups.

So we may suppose aq = ()5 &y =
Ir A = 0.

(11) If a = 0, we may suppose A = (2 9) or (0 1
g 0 e
equation (1) becomes a = Xa* and so the standard forms for a

are (g]and [g].
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0 1 Y1 2,
If A =145 gfs we take X = |/ xy, and so eguation (1) becomcs

* #
Xal + X2 xqul ¥ XZla:2

*
Ba ¥ #0585

and so we may suppose a, = 0, a, = 0 or 1.

II - First Branch 1i.e. Z(G) is (21) or (111).

2
(a) If 2(G) 1s (21), put Z(G) = <yy,v,lv;" = v,© = 1>,

Since Bip = 1 and gi_e Zz(G) (1 = 1, 2), we may suppose (by

suitable cholce of ay, v;, Y,) that

a
a ~ A Y
Bl - ‘\rlp’ 82 Y2, u.p = I'w, Gip - ‘I i (1 % 1, 21‘
T ;
Let a* = axal 1a2 2y1x L%
* LRI L # 0
Q% = g, A, Y Ssie X
1 1 2 1 Yo 25
z z ;
ue* = o 1a2 2712 5 e
DXY Xy
o o . il 2
Then Bl 8= Y1 Yo .
Since B * € zP(G), we must take ¥y, = 0 and so
Xy, +pt pXxz Xz
Wy o M BEew

~ T



Also (by choice of x', y', 2', t) we may suppose ay1s37 < P-

*
From a*p = 1'§ , we get

=3 #*
X3y + X849 * X585 T XYy

- B #
Xay * X805 % X585, = Way ' + xzja%,
= %
854 * R8Ty
yi81p = wa¥yy + xzja,F
= *
21211 * %285 = Xy a%5y
= # ~ ¥
Z3810 * 25355 = wWat,, + xz5a%,,.

(1) Ir 211 # 0, by taking x = ay1s We may suppose a;, = 4
Also, by taking 2y = -25857, W = yi3;5, Xg = -(xal + xzaal),

we may Suppose a5y = a;, = 8,

0.

= ¥
The other equations become 25255 z2a 22 and

= W)
B ® ®3R'y = EBaban
with standard forms a,, = any 0

gz = 0 T

(11) It 2,7 = 0, a5y # 0, by taking xy, = z,a,,, we may
suppose a5, = ks

Also, by taking Xy = =Xa;, W = z1215 +* Z5355, We may supposc

8, = 8,, = 0.

Other equations become a1p < x2

*
2512

= *
2By T X845 ® XT¥yi8,

with standard forms a;, = 1 v 0 0



(311) If ayq = 0, a5, # 0, by taking X2, = yja,,, We may
suppose a;, = e

Also, by taking Zy = -Z5355, X) T -Xa, = X,ya,, + wafl we may
Suppose a,, = a, = 0.

From the other equation, we may suppose a; = 0 or 1.

(iv) 1If a47 = 895 = 0, the equations become
= *
Roro “RECo0
> #
93 * 8oy

= * *
e B 0o TR

n

with standard forms ass 1 1 0 0 0

gl = 1 0 & 0 0

a, = 0 0 0 1 0.

(b) If Z(G) 1s (111), put Z(G) = <Y,B75B85>+
(1) If P, ulp, a2p € H,(G), then G 1s the direct product
of a stem group together with a group of type (1).
(11) If either alp or uzp & HE(G), we may suppose (by
interchanging oq and ay if necessary) that alp & H2(G).

a, b
Y P =

P & ,

Take y = Qq7, Oy = B = b.

B~y
-b B>
By {a =» @y 5 Oy * Q50 } we may take b = b, = 0.

=



Then 31*

L}
(e V]

X +
=

X +
22

a_%
Let a,*P = g*~2

Xy

*
il

Aaday
o893
e

T

whose standard forms are

43

(111) If both o,” € H,(G) and o & H,(G), take of
By an argument similar to that for the stem groups (with o

there) we see that the standard forms for (a, 2, §2), where

o = v83, oy

(0, A) where A is the ratrix used in the stem groups with

=1

0
0
1

P

=

1 0
0 1
0 1
0 0

a

|A] # 0, and e =[é].

The above theory shows that there are p + 8 groups of psﬁu and

3p + 32 groups of p6¢u.

R¥yRy
x(¥58,*
X¥yfoy

*
x(y,25

0

3

0

0

0
0
1

0

=30

o b

0

=t R

-~

*
2%

i
385")
easily seen to be:

0
0
0
0

-~

-~

-~

Y.

P

~3
g~~, ave (0, 0, 0), (0, e, 0), (0, O, €) and

1



o (p > 3)

The groups of @5 are characterized by: G/Z(G) is (1”),
HQ(G) is (1). By the previous chapter (Theorem 4, Cor.), we
may choose elements oy g of G such that lal’azl = g, [a3’ahl - Bb
other commutators = 1. In fact, by {a3b - 03} we may suppose
[“3’“h] = B. Also, by the same theorem, the only stem groups

are ¢2(111)xz¢2(111) and ¢2(21)xz¢2(111).

First Branch i.e. Z(G) is (2) or (11).

a
(a) If 2(G) 1s (2), put Z(G) = <y|y® = g>. Then aip =y 1
If any ay # 0, by permuting the 04, We may suppose a, # 0.

a a
By {a2 > a, 1, a3 > og 1} we may suppose a; = 1.

-2
By {a2 + 2a2} we may suppose a, = 0.

Similarly we may suppose ay = 0.

a -

By {u2 > as0 3, a3 *> 04 3a3} we may suppose 33 = 0. Thus

there are only two groups of ¢. with Z(G) of type (2).

5
(b) If 2(G) is (11), put Z(G) = <y,B>.

(1) If all aip = H2(G), then G is the direct product of a
stem group and a group of type (1).

(11) 1If some aip & H2(G), we may suppose alp & Hz(G).

i

Write alp = v, aip =g 7y 1.

81—
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=-C

By {a, » 0504 2}, we may suppose ¢, = O.

Similarly, we may suppose aup € HQ(G) and so, by
{ap » azay ?

Also, we may write a,¥

and so

c

-C

p
q3}, we may SUppose as € H2(G).

b*i
L g = g (1
C]‘,l* = s% .
02* ¥ 32 03 30“ .
22 z ZH
03‘ - d2 33 ay ..
o Wz W Wu
a = 02 a3 ﬂq .
X Vo +Xoy =X, ¥
1 4%y
B* =B 2 3 3.

2, 3, 4) where

If either a3p, aup # 1, we may suppose 03p # 1 and so, by

suitable choice of “h*’ we may suppose uup = 1.

Thus in the above, we shall take wa

From [ a,¥*,ay*] = 1, we get YWy

From | 32*,03*] =1, we get ¥32y =

0.
0.

yuz3.

Hence (since the above determinant i1s non-zero) y3 ¥y = O

From | u3*,au*] = g*  we have X1¥p = 23w, and so from ai*p = g¥*

we have

PLP)

22b

- *
219505

= * =
> S 23b3 x1y2b3

2 T

ZBWub3*

b

; |



with standard forms b2 =3 0O 0

b3 =0 1 0.

Thus there are seven groups in p6¢5.
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¢6 (p > 3)

The groups of ¢, are characterized by: G/Z(G) is
¢2 (2X3), H2(G) is (1311), H3(G) is (11}, HM(G) = E.

Let @15 Gp € G - 22(6)3 B [31302]3 Bi = [B’ai]'
Then by theorem 1 of the previous chapter,

H2(G) = <8, 51: 32> 53(G) o <619 B2>'
I Stem Groups 1i.e. Z(G) = H3(G) = <Bys By>-
a a,h
Suppose aip = 3”1, ai*p = s**i where
X X
1 X
31* = 0.1 32 28 Lo
¥ y X y
1 2.y 1 1
Go® ® g o, "B . | # 0
2 1 %z x5 ¥a
X,V =X,y | X]
and so R* = g 172 7271 B & oy
| X|x Xy
Bl* = E 82* = g -
Then, as in the work on oy, with A = (al,az),
A¥ = (al*,az*) and X = (x,y) we have
x"1ax = |x|a%.
Note that |X“1AX| = |A| and so |A] = |X|2|A¥|

l1.e. we may reduce |A¥| to 0,1 or v.

B



As in ¢,, we consider the characteristic polynomial c,(u).
(1) 31 cA(u) = u2, we may suppose
0 a
el o

L |

0 a
0 yg] and A = [ ], we see that we may suppose

Taking X = [ 0 0

a=0, 1oer v.

5 -1 & b
(11) If cA(u) = (u - 2a)° (a :# 0) we may take X "AX = g -a

[a b] SR A
and so suppose A = 0o al* Taking X = [0 a/xl]’ we may
suppose a = 1 and, by suitable choice of X1, We may suppose
b= 0,1 0or v.
(11%1) I cﬂ(u) = (u - 2a)(u - b) (a # b), we may suppose (as
above) that A = diag (a,b).
If b = 0, by taking X = diag (a,l), we may suppose a = 1, b == u.
If b # 0 (since we may take a, b in either order) we may suppose
%p = g¥ (k = 1, 2, ... ¥(p-1)) and, by taking X = diag (b,1),
we may suppose b = 1, a = gk 4 T e R T - 16 L
{iv) af cA(u) = u2

giu + g, is irreducible over GF(p),

then, by arguments similar to those 1in ¢u, we may suppose

A = e 1 k=0, 1, ... %(p-3).

Thus, in all, there are p + 7 grouvps in p5¢6.

~-85-



II - First Branch i.e. Z(G) is (21) or (111).

(a) If Z(G) 1s (21), we may suppose (as in ¢,)

2(6) = <v,B, |y

]

P o
813 Bi e 1>-

a a a¥ a¥%
Take aip =y 1182 12, ai*p = y¥ 1182* 12 where
X ]
al* = a, 1 gX ' yX
y g
A 1 2oy Y
* =
a2 o4 a2 Ry
2
X,y X, y,tpt
g* = B - svi g YeE Wy e Bzw.

As in ¢u, we may suppose a,, < p and we get the analogous

equations:

817 = X3¥813"
xja1p = way* + X9, ,0

y1817 * YaRpy = X1°VpRp*

Y1210 * YaRpp = WAyt + xy,ayt.
If 211 # 0, we may suppose ayq = 1
Taking w = X1810s Yq = =¥o@,;, We may suppose a;, = 8,9 = 0
and the last equation becomes 855 = a22* showing that ay, may
have any value from 0 to p-1l.
If 849 = 0, the equations become

2

810 T ¥y 21"
e Sl
Aot & g Sy

2
* *
Waoy = * Eg¥n 85y

Sl T LR DT

|
el
-
=

with standard forms a12 = V) v v 0 0 0
ay = 1 v 0 1 \v 0 1 v 0

a5, = 0 0 0 0 0 0 0 0 ) |



(b) If Z(G) is (111), put Z(G) = <Y,By,B5>.
(1) If alp, azp S H3(G), then G 1s the direct product of a
stem group together with a group of type (1).
(ii1) If either alp or a2p & H3(G), we may suppose (as in °H)

a
that o, = v, P = B2,

*
Taking ae*p = g*é where

X X
a, ¥ = a, 1a2 REE .
y
= 2,¥
ay® %, B X9, # 0
X,y X, X,a
B* = B 172, yx oy 12
. Rt 3 xlyez
Bl B and 82 82
ZoPRaEN
we get a; = X3 2y

- # %
ay X1X52.% + x,y58,
with standard forms a; = 1 v 0 (0]
a, =0 0 1 0.
Thus we can see that there are p + 7 groups of p5¢6 and 2p + 21

groups of p6¢6 Ep > 30,

=37 =



3
Since the groups of Ag are of class 3, they have the
same commutator relations and relations modulco the centre as
¢ (p > 3). Thus, for G € bgs
G = <ay,a5,2(G) |[ags0,] =[Bs Bsay] = 51“‘13 € 2(G)>.

%3 %2.3
Using lemma L5, we have (al > )Y =
3z1 3z2 -212z2 21222
aq 0o Bl 82 and we may write -z

22, 1/z =z

(z # 0) since all integers may be regarded as elements of GF(3).

I Stem Croups 1i.e. Z(G) = HB(G) = <By:B5>-

*

a
As in bg s put u13 = B”i, 01*3 = 3"1 where
X X
Cﬁl* = 0'-1 10':2 ZBX s e
I1X] g S -
y y
|X]
and so g¥ =
L kix o x)y
Bf =B T Bt s s

(a xla
i | 2

X
Using the above, a1*3 2)333x since (HB(G))3 = E
X X
= (al 1a2 2)3 since (H2(G))3 = E
2 2
3x1 3x2 -X17X,  XpX,
95 By B>

n

%7

—=88=



#*
3 B,%l

So, from aq , we get
2
#* #* = o -
IX](xq219% + y7295%) = x7297 + X857 - X%,
2
# =
IX[(x291% + y,8,%) = X327, + X85, + X X5

Similarly (by finding a2*3) we have

- * Rt %* = -
|X[(xq257% + y7855%) = y928y7 + V85 = Y1 ¥
2
oY * -
|X[(xpa59 % + ¥5255%) = yja15 + ¥pa55 + V39, -
Writing A = (al,a2), A% = (al*,az*), these equation become
|X|XA%* = AX + XX*
2 2
-Xy %5 (X y,+%,y,) ¥y 92
where X¥ = |X|
2 2
%) %2 V1Yo (Xq¥,+%55,)

i.e. A%

IX[(x7TAX + Xx#).

By evaluating all the matrices A¥* corresponding to each A (see
(6)), we see that there are seven groups in 3556, the defining
relations belng determined by the equivalence classes on page q2.

II First Branch {.6. 26G) s (21) or (111).

Y2
By {al < a,l (if necessary) we may suppose B, € 23 and by

{oy, » a22} (1f necessary) we may suppose B, = 713 = 73,

(2) If 2(G) 1s (21), write Z(B) = <y;,Y,lv;° = 3 o 1s,

b b

i 2 30
Then Bs = Y3 "> and so B,

- kel 1
"'81 .

-b
By {a2 + oy 132} we may suppose y, = B,.

~89-



Thus a13 = Yailﬁeaig a1*3 = Y*aillﬁz*aiz. where

5i* - Eixl Ex' X

2t = e, Y

_Xy¥

B = i s P

By = 81y2 and so y¥* = vy2+3w182w2

g% = lelylyzsle_

2
ks 1n B “2*3 2 0‘133’10’*2Pm)fzi31qy1 y282y1¥3y
- ¥y1311+y2a21+3‘Y“Y12y2)82y1(812+l)+V2a22.

. 2 = * #
o ¥18y7 Y3 + 3(y-yyTy,) = (yt3wy)an * o+ 3x,y,3585,
- * *
¥1(a15%1) + yo255 = woay * + xja,,
Similarly

* *
X8y * 3% = (yp*3wy eyt + 3% 9,958,
= # *
) e V- e o o S o
By choice of x,y we may suppcse 0 < ayq < 3 and so we have

(with a12' 255

+ 1)

211 = X¥,a1,"*

Xog o ot

#*
1215 - R, G A S

*
b 1712

Y1811 * Y251 = Ypapy "

1 = * A *
Y1232° ¥ ¥l = Waas Tt + Xja,55%.

=90



As these are the same equations as were obtained for p > 3,

the standard forms will be the same

viz, 247 = A1 0 0 0 0 0 0 0 0 0 0
a21 = 0 1 2 0 1 2 0 i 2 (¢} 0
a22 = any O 0 0 0 0 0 0 0 1 0.

(b) If z(G) 1s (111), we have Z(G) = ‘31'32’71313 = y3 = 1>
If 013 H3(G) G is the direct product of a stem group and a
cycliec group of order 3.

If nect, we may suppose u13 = v, d23 - 83 32 .

In this case, we are only interested in the automorphisms which
leave fixed <a2,H2(G)> and, as this subgroup 1is regular, we
will get the same results as for p > 3.

Thus, there are 7 groups cof 3536 and 24 groups of 3656.

L



Equivalence classes for the 2x2 matrices under the relation

A% = x| (x"tax + x*)

o 1 r 0 g |
D0 o rfo |2 of: |2 0
0) 1 0 Wiz 0 0 0
2) 1o o)>Tlo 2)° lo u)> o ¢)° 2 u
il [0 0 0 1) (r ly 2Y fea. 2
3) 0j* (2 o) |2 rf° {2 o) lu wr)s | u 2u-1]
[0 2 (r s u 0} (s (r s ) P Bl
%) [ s tl 0f* 1 83 {0 A e s=2 ¥
r s-l e | fu 0
5) last1 r o lo u)e |2 s
s 1 @ a)  fu--s) it 3
) 2 u)o 2 )0 s u)> Tl 12
where r,s =1, 2; u =0, 1, 2 and u # s throughout.

o) D



o7 (P »e3)

The groups of 0, are characterized by: G/Z(G) is
4
0,(17), H,(G) 1is (11), HB(G) is (1).
Take o €G -4 (Hy(G)), oy € 4(Hy(G)) - 2,(6), g €2,(G) - Z(G)
ai+1 = [aija] (i = 1, 2}-

By theorem 2, we may suppose la;,8] = a3 € 2(G), [ajsay] =

[a,8) = la,,8] =1 and H3(G) = <ag>, Hy(6) = <ay,a5>,

Zz(G) = <B,Z>,fg(H2) = <a1,22> are characteristic subgroups.
As in G'/(n), we may apply lemmas L3 and L5 and so

1%
5

alpa3 €z(c), ay” = og X, (0E)P = oF 211 £ e€H

2
z
and (azal l)p = apz(alpa3

r
I Z2(G) is cyclic 1i.e. Z(G) = <y|¥yP

>.

23
(%) a "

Put of = ya, alpa3 37 = Y 1, P = Yb, a¥P = y#27 ote

where (because of the above characteristic groups)

X X "
PP 1 Lesis o 2_X
a aag B 02 Y

& yl By'a yg.yy"

¥ =
9 1 2
Z ”
B“ 5. tha 2Yz
2
= . xyl
and so aa = a2
x2y1+pw
Y¥ =



2
Since iUl*,B*] B a3*, we have y,z' = x ¥y
and so z! = x2.
Also, by cholce of x", y", 2", w, we may suppose 0 < a, 2y, b€ Ii.

By remarks above,

a*P = (axalxlﬁx')p
= (axalxl)pspx’ since (Hz(G))p = E
= apx(upoB(g))xlspx'.
So, from o*P = y*a*, we get
xzyla* = Xxa + x;a; + x'b iy (1)

To get a second equation, we use the same method as in C%n)’

getting

w(a¥+a,®)
¥

#. x\P
(a aq )

(axalxl"‘yl Bx|+y ' )p

and, by evaluating both sildes, we get

x2y1(3'+31*)

xa + (x1+y1)al + (x'+y')b.

Subtracting (1), we have

2
x“yi2,% = y,a; + y'b ien (11)
#*
Finally, from s*p = Y*b , we get
x%y,b% = x°b ... (111)

=94



and sc xa + x'b =
b =

b =1 0

a=20 1
(iv) 1If qlpa3(g)

b 9

a” = vy, alpa3

b =1
a,= 0
Thus, 1in all, there

x2y1a*

ylb* with standard forms

0
0.
, gP € HB(G)’ af & H3(G), we may suppose
a
= aq l, Bp - a3b, o*P = v¥ etc where
=4 X1 x!
a al B '
- y
alylﬁ
]
X"y, him xlal+x b
(13 T el 0-3
S %
y'b = x ¥121
b = ylb* with standard forms
0 0 0
i v 0.

are 21 groups of p6¢7.
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¢8 (p13)

The grcups of ¢g are characterized by: G/Z(G) 18
9,(22), Hy(G) 1s (2), Ha(G) 1s (1).
By theorem 3, we may suppose

2 2
G = <a1:0232(G)I[a1,ﬂ2] = E,Bp = 1’[8,0;1] ’aip :alpﬁ-le Z(G)

(1 - 1, 2)) and Ha(G) v <Bp>’ H2(G) =L LE> and ‘g(Hz) = <a19G2p38!2>

are characterilistic subgroups.

I Stem Groups 1.e. 2(G) = H,(G) = <gP>.

2
Since alp = g (mod Z(G)), we have ulp = gP and so we may write

1+p ) bp
alp =g Pa’ uzr =g <
By replacing aq by ala"a and Gs by “l-b“2’ we see that there is

Just one group:

3 2
0g(32) = <a,Bla® =87 =1, [a,8] = P>.

I1 Pirst Branch 1.e. Z(G) is (2) or (11).

2
(a) If z(G) is (2), write Z(G) = <y|y® = 1s.
Since Bp is an element of Z(G) of order p, we may suppose,
without loss of generality, that yp = Bp.

p2 a-1 P b

Since a,” , alpg*l € 2(3), we write o, = gy*™1, o,® =y

2

%_ %
al*p = B*Y*a 1, 02*p = Y*b where

g



X PX
1a 2Yx

ali = 0y 5 (mod H3(G))
y y
&= 1 2.y
o Gl ae Y (mod H3(G))
X,y
and so B® = 8 172

(mod H3(G))
From al*p = g* (mod Z(G)), we have ¥5 1 (med p).

S5 S

Also, since al*p = (ul Gy )pny, we may suppose (by choice of

x) that 0 < a < p.

Writing b = bl + pbg, X, = X4 + PXy5s WE have
pPX +p2x p2x
s AP o = 12a 2S5
1 1 2 Y
X X.,(a=1)+x,b
g iy b 2"1 py choice of x.
O S P a¥-1
From y*¥* =g | we get y*¥ = y and from al* = p¥y¥
* =
we get X,,2 X112 + X5bg vaa (1)
Similarly, writing ¥3 =¥ + PYqp and ¥ = s D PYsos
2 #
from az*p = Y*b we get
# =
X110 by SR (2)
S =
zby ¥ + X;.b,% = by + yji2 + y,5by S (3)

From (1), (2), (3) we may suppose
b, =1 0 0
a =0 any 0
b, = 0 0 1

and so there are p + 2 such groups.
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(b) If Z(G) is (11), put Z(G) = <y,8F>.
(1) It a2p2, alpB'l € HB(G)’ G is the direct product:

3 2
<a,BloP” = 8P =1, [q,8] = aFoxcy|yP = 1>,

o

2 2 - -
(i1) 1I1r a2P [ H3(G), put azp =y, alpB i Bapyb.

-pb 2 4 l+pa
By {al + 0,0, }, we may suppose b = 0 and by {02 > 0, }
we may suppose a2 = 0.

i =1
(111) If o,P € Ha(6), alpg & Hy(G), put alp = By,

2 2

P BCp. Then alp

012 -

gP and by {ay » al-caz}, we may

suppose ¢ = 0,
Thus, in all, we have p + 5 groups of p6¢8.

2

2
For p = 3, al*p ; az*p " al*pB*'l will have the

same values as in the above cases and so the same results hold
X X 3x 31X~ XX
for p = 3. In fact, since (a la 2)3 = a 1a 28 3 2Y
1 2 1 2
3x1 3x

(where y € H3(G)) = o o, 233x

, some X,

the groups of &g (p = 3) are regular.
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¥ o
3 (¢10 and ¢36) p >3

These familles are characterized by: G/Z(G) is
v n+l n
=ﬁ%n_1)(l ), Hy(G) 1s (17), ... H_,,(G) 1s (1) (in the case of
regular groups) and G has a maximal subgroup Hl(G) with
Hl'(G) = Hn+1(G).

Let « €G ~ H (G), o, € H, (G) - <H,(G),Z(G)>,
Gyeq = [ai,a]. Then [al,a2] = an+l’iai’aj] = 1 otherwise and
“ne2 = 1.

By lemma L3 we have (for p > 3)

P
z)p (2) " )z'

o P p
o (al a, :

(aal

In the case p = 3 we have

2
(aalz)3 Ia3(alz)a (alz)aalZ

2
i3 a2z A2 2
= q (al ) (al ) Gy
- a3(ala22a3)z(ala2)zalz

~2(2) -(3)

Z Z Z
QB 01 a2

a Qn+1 al

2 n+1

3

g Z 2
« a~ay (a2

Z. Z 2 2 A 3 -
oy )(oa2 aq )u3 since¢xn+l y &

3 2z 22 -222 Z za-z2 Z
93 95 gy By Bo Unaq8g

3 2z

= a o (a 2za z)a B e
1 2 ) e

3. 32z 2% —222 A

= g al a2 an+1 a2 G3

3. 32 3z =2 z2
avoq T, a3 LR
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So, for all p > 3,

p P
( ZyP = oP(a.Pe (2) )2 22(3)
Otal o &l 0.2 . C(p C(n+l
. 2(%)
() X g, 53
X Xt . PX P 2 ) § e
and so (a"aq 1)* = " (ag ay eee Q) T4y
As 1n-j%n), we have aF’ ({ml)p € 72(G) and so
k)
ul”uz cee Gp € 7(G)
asPa (2) G = 1 3> 2
s W 5, 5 *2 Y Untiul e T
r
Case I If Z(G) is cyclic, put Z(G) = <y|yp = 0.2
9 a P (S) b _xpD xa® #b
Then o = v , Gy Gy TS ap =N =y 5 Qg%
Xy o E .
where a¥ = axal 1a2 2 S Yx
y y '
al* = 04 la2 e . Yy
Xyq
®* =
G %5
i Xnyl
“n+l T “n+1
n
b.4 +rz
it i ¥ "1
* - * H = n-1
From [al*,a2 ] a 41> WE ret yq X
2] "\*
From o*f = vy*¥% | we get
E
(x2n—l+ pz)a¥® = xa + X,b # px' + xx12(~3-)pr
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P D
,r( ) % % r( )
From (cz(tl)P = ya+b+r 3 and (G*nlx)l’-‘ o Y*.'.‘. +b*+p” *3
#pp* \P(F) X2ty
we get Y*H ToRFp- 3 = (axal is lYX'+y')p
-2 L o)
and so (x°" 1+PZ)(a*+b*+?r(3)) = xa + (x;+y,)b + rr(B)x(x1+Y1)2

+ p(x'+y').

Using (1)' we have

r
r(3)y - yib + py' + xy1(2x1+y1)pr(3) s 00 CLE)D

(xnyl+pz)(b* +
By choice of x', y', we may suppose 0 =38, b < p;

For p = 3, r =0, (1)' and (i11)' reduce to

xzn'la* Z xa + xlb + xx12 (mod 3)
xn(b* + 1) Zb + x(2x1 + xn-l)
i.e. x"b* = b + 2xx,  (mod 3).

Taking X, = bx, we may suppose b = 0 and so

x2(n-——l)

a = a* = a* (med 3) since x2 =1 (mod 3).

Thus, for p 3, there are 3 stem grours.

For p # 3 orr # 0, (1)' and (11)' reduce to

x20"Law = ya 4 xqb s L)
x"b* = b SO i
with standard forms b = 1 gk 0 0 0
2

a =20 0 1 24 0
where k = 1, 2, ... (p-1,n)-1 and & = 1, 2, ... (p-1,2n-2)-1.
Taking r = 0, we obtain the 1 + (p-1l,n) + (p-1,2n-2) stem

groups for p > 3.
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II If Z(G) is (11), put Z(G) = <Y>X<0paq>.

Ple Hn+l(G), then G 1s the direct product of a

p
ta) If o s

stem group together with a grcoup of type (1).

_ 5 ; aL.p
(b) 1if alp see Z Hn+l(G)’ put alr s, * Y, aF = Cre1Y

By {a » aulab} we may suppose b = 0.

The other automorphisms are the same as above with x, = 0 and so

ik
we may supposc a = 0, 1, Hz where ¢ =1, 2, ... (p-1,2n-2)-1.
p. (2 b e
(e) If ¢y oo ee a € Hn+l(G) and o & Hn+1(G), put a” = vy,
P
o B (! 2o il
102 .- . ap C{n+1.

Using the same automorphism as in I, with x' = y' = 0,

v# = o*P | we obtain the same relation for b and so we may

]

suppose b 0, 1, gk where k = 1, 2, ... (p=-1,n)~1 for p > 3
and b = 0 for p = 3.
The 1 + (p-1,3) + (p~1,4) groups of p5¢10 (p > 3) and

the three groups of 35

“10 arc obtained by putting r = 0, n = 3
in I, and the 4 + 3(p-1,3) + 3(p-1,4) groups of p6¢10 (p > 3)
and the 11 groups cof 36A10 are cbtalined by putting r=1, n = 3
InI and n =3 in II;

The 1 + (p-1,4) + (p~1,6) groups of p6¢36 (p > 3) and
the three groups of 36A36 arc obtained by putting r = 0, n = 4

in T,
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3,1 (p > 3)

The groups of ¢,,are characterized by: G/2(6) 1s
(332), H5(8) s~ (11),
Take o € G - Z(G), a, € G - <a;,2(G)>, ay € G - <aq,0,2(G)> and

B3 = [al,a2], Bl= [Gz,a3], By = [a3,u1].

For stem groups, we have Z(G) = <BpsFy,B83> and so aip = Eei and
_ el
ai*p = §*~1 where X
ar® = oy Gy “Gg 3
32* = gz |X] # 0
a3* = gg

and g,* = g¥*%, pg,* = pZ'T, g * = B2,

-~

Putting A = (al,aa,aB), A® = (al*,aa*,a3*) and X = (z,¥.2),
we note that

adj X' = (yxz,2xx,xxy)

~ A e me me e

and so we obtaln the transformation

AX = adj XT A®

XTAX = XT(adj XT)A* = |X|a* .. (1)
To find the canonical forms we write A = S + K where

st =8, K = -K.
(a) If A is skew-symmetric, we know that A must be of rank

0 or 2 and so the standard forms are 0 and

0 1 0
0 0 0O

—104—



(b) If A is symmetric, we may suppose
A = diag (51,52,53).
If Sy # 0, some 1, we may suppose S1 # 0.

a

Taking X = diag (sl- ,1.1), we may suppose

s, = i &
If sy, s, # 0, take X = dlag (xy,x,y) and so we have (xy)zsz* = x252
with standard forms S, = 1, v.er 0,
Similarly we may suppose 53 = 1, v or 0.
Since vy is any quadratic non-residue (mod p) we may choose 1t
such that y - 1 is a quadratic residue (e.g. v = 2 1f 2 1is a
quadratic non-residue) and we may suppose
A =0, I, diag (1,0,0), diag (1,1,0), diag (1,v,0),

diag (1,1,v), or diag (1,v,v).

-V 0 0
Taking X = 0 vv-1 1 we see that
0 i -/v=-1

X' diag (1,v,v) X = |X|I

yv-1 1 0
and taking X = 1 ~/v-1 0 we see that
0 0 -1

xT diag (1,1,v) X = |X|I.
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Thus A may be taken as 0, I, diag (1,0,0), diag (1,1,0) or

diag (1, v,0).

Since rank 1s invariant under the above transformation, the first
four of these are canonical forms.

Suppose we can find an X such that

xT atag (1,v,0) X = |X| dlag (1,1,0) ... (2)

X a
Writing X = 1 and diag (1l,v,0) as Ay ® (0) (2) becomes
bt ;
C
T 2 ,
X, AjX; = |X|I
T =
Ay A8 =0
T -
b e

Taking determinants of the first of these
v|X 1 = |x)?
which 1s impossible, since |X| # 0.
Thus we have five canonical forms above.
(ec) If A 1s neither symmetric nor skew-symmetric, by (a) we may

suppose A = S + K, where sT = 5 and Ky 1s as in (a)

(1) becomes X' SX + XTKOX = |X|(S* + Ky)
or XTsX = |X|s¥

2k

X'KpX = |X|X,.
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Putting X = (x,y,z) the second of these becomes
i Y122 = Y25
and X;¥, = X5¥; = |X] .
If z; # 0, then 21|X| = X,¥,2) = Xp21¥; = X392, = X;Z5¥p = 0
and so z2y = 0.

Similarly z, = o, 23 = 1.

X3 N e R
Writing X; = s S = T where S1 = (51’32) and
Xa Y3 ok
B4
Sy = (1 =1, 2, 3), the first equation ylelds
i s
§i2

% =
% 1845" =853
¥ =
Xy 1803* = ¥38;3 * ¥38,3 + Y3833
*¥ =
|X1|513 X1813 + XoS53 + X3S33
and so the isomorphism classes may be split up into three

mutually exclusive collections viz.

(1) 833 ® 0, (11) 533 = 0 and 53 # 9, (iii) §3 = 0, 533 = 0

(1) If 533 # 0, by choice of |X1|, X3, Y3 We may suppose Sz = 1.
s A
The first equation then reduces to

X1 = |X] =1

X Tsx = 5% with standard forms
1 e i

S; = 0, dlag (1,0), diag (v,0) or diag (a,1) (a # 0).
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(11) If sy = 0, we have x1T§3 = {2, 85"
Taking y, = =S53s Yo = Sj3 (if S3 # 0), we may suppose
523 = 0 and S13 © 2 o
The first equation then reduces to

y =0

% = Byl = x5

S35 = X1855"

X181 * X3¥3 T X5855 = X"
x1%81 * 2XpXp8p, + 2ayXg 4 Xy 850 = X1817*

O S5 = 0 orl.

~

and so we may suppose S,

(13147 it 813 = Sp3 = S35 = 0, the first equation becomes

T e ¥*
Xy S1% = %415,
with standard forms S; = 0, diag (1,0) and diag (a,1) (a # 0).

Thus, in all, there are 2p + 10 groups of p6¢11.
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¢12

The groups of ¢12 are characterized by: G/Z(G) is (lu),
H2(G) is (11) and we may find two elements By> B, such that

Hy(G) = <B,,8,> and %/<g,> € 0, (1 = 1, 2).

2

Let a, € G - 2(G), € G - <Oy, ees aj, ZEa)>» (] = 1, 2, ).

| “3+1
Then by theorem 5 we may suppose

[a;,05]1 = 84, [a3,au] =85 [ai,mJ] = 1 otherwise.
For stem groups, we have Z(G) = HQ(G) = <By,B,> and

a
G.ip = §~i (3 = 3. @20 3. 4). Put A = (%13 %2: %3: %u)' If

a1 Or a9 # 0, by {o; © o)} (if necessary) we may suppose

er. 11
a4 # 0 and by {az > aq Oy } we may suppose a;q = 1, as) = 0’

Similarly we may suppose ays = 0, a32 = 0 or 1 and so

A = 0 where 271> a32 = 0 or 1.

By~ G5 ags
(a) Suppose aj; T agy = 0, If some ay = 2, we may suppose (by
permuting the ai) that a, # 0. By {a3 + ag 1} we may suppose

-2

5 2. -
a; = Yo By {ge + 04 uE} we may suppose a, 0 and similarly

2

I

we may suppose 33 =1 or O, ay = 0. As the corresponding groups
have different type invariants, they are not isomorphic and so

the canonical forms are
0O 0 0 O 0 0 0 O 0 0 1 0
A=l o o 0l {3 o o o™ H 8 o 0f
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(b) If one only of 211s 235 is non-zero, we may suppose (as

before) a = 0.

11 = 1, a3

Also, as in (a), we may suppose ay =0, a; =1 or 0.

3
a, -3y
If a, # 0, by {an > Gy s Q7 * Qg0 } we may suppose a, = :

al = 0,

a

If a, = 0, aq # 0, by {au > ay l} we may suppose 2, = 1. Thus

we have reduced A to one of the followilneg:

1 0 o ©) fr © B g} (L 6 B b
0 1 o 0)* |2 o 0 @&j> (g 0 0 Of° 2
(1. 0 1 0} 2.0 i eyeir g 0
0 g ef* i & e B)* (88 0 0}
1

a -a
2 1 =
If ay # 0, by {ag + a3 %, 0y » aja, ~} we may suppose a, = 1,

Similarly, if a) # 0, we may suppose a3 = 0, ay = 1. © Alsoc, ‘an
before, we may suppose that a5 = 1 whenever a, = 1. We thus

have 3 cases for A:

RO ) S DI AR 0 l1 0 a 0
3 and 3
B 23282 @ 1 0 2, ¢ (R S
3
In the second case, if a3 # 0, by {al > 0y } we may suppose

a3 = 1.

-110-



S'milarly, . the third case, we may suppose a; = 0 or X,
ag = 0 or 1 and also (as above) a; = 1 or a; = ag = 0.

This gives us the following 6 matrices:

fio TS - VR G« R O e R 1. 6 8 .8 . 0 O 0
1 @ F.@)* {0 61 B> |1 o 1 A0 1 1 g
s MR o S ¢ R = i s R ¢ Qe R ¢

g 1 1 0j' {8 1. % 9)°

To check that no two of the above 15 matrices give

isomorphic groups, we write

o #P _ *Ei*
ag = BT ay =8 where
Gy - gf
ay® = gg
aa* = §§
au* = QE‘

X125, = X524 V125 = Y524 x3zu = Xy2g szu = yHZB
X Wy = X5Wq YiWo = YoW; x3wq = xuw3 y3wu = yuw3
and so x3 " R ® y3 b Nl TR T el R 0

i.e. putting X = (x, y, zZ, W), we may suppose



h X, = X, = d
where X, X, ¥,)° 5 z, W, and |,

i
pr—
=T
| —
O
v
—,
= O
———

xlxll YIX1|
Thus Bl* = B, 62
viX 1 x|%5]
B e T
a ¥
As for earlier families, the relations mi*p = §*~1 glve
AX = YA*® 'S (1)

where A = (84, By, 290 Byl AN * K58, 808, 247, SyTY s
[x|xll v %51 aizag x[x,1  -ylx,|

Y = and Y& o= — .

YIXJ_I xlle i |x| “YIx]_' x|x1|

Putting a,; = a,, = 0 (as we have done above), (1) becomes

[xl(xall—ya32)|X2| yl(xall—ya32ﬂxz| : ’

|X|A*® = z3(xa32-yeanlxl| w36:a32-yan)_
ix (2)
a21* = aﬂ2* = 0 gives
y,(xa;; - ya32) = w3(xa32 = yagq) = 0 e (3)
If a;q = ag, = 0, (2) gives all* = a32* - 0,
If a;; = azy = 1, then xa,; - yaz, = +1 and so (from (3)),

y, = w3 = 0,
* *
Thus x1y223wu # 0 and (2) gives a11%> a32 # 0.

Thus the three cases (a), (b), (c) above are mutually exclusive.
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The three groups of case (a) have been shown to be
not isomorphic. From now on, we shall take

=1 ¥ £ 0,

G 1 » =i
Thus, from (2), we have xl(xa11 - ya32) # 0 and so y; = 0,
X ¥ ¥ O
In case (b), two of the groups are of type (21 ) and
so not isomorphic to any of the other groups (nor to each other

since one 1is the direct product of two groups of order p3).

For the other groups of case (b), we take Azy = 332* = 0 and so

y = 0, and we have
0 0 O c 1 © E 8- k0
S I 8 @* 16 0 0 o
1|X | © 0] [x1|X2| 0 23|X2{ w3|xzq
X A¥* =
. Wi Dot by x2]Xl| y2|X1| 0 0 Y

x,|X,] O z3|x2| w3|X2
| o o 0 0 W
Thus no two of these matrices give isomorphic groups.
For case (c), the first matrix gives a group of
type (21”), the second gives the direct product of two groups

of order p3 and for the others a32* # 0 and so (from (2) and (3))

Wy = 0, X1¥oZ W), # 0.

=113~



Thus:

A A% Notes
'1 0 0 01 rxl(x-y)lle 0 _Z3YIX2| O]
(1 0 1 0)|{ xx;|X] 0 (x—y)23|X1| 0
1 0 0 0o}ffxylx=y)|Xs] 0  -yz,|X,|,-ywy|Xp]]] If a,5* # 0,
0 1 1 0f|{ xx5|%|, xy,|Xq),(x=y)z5|X; ], O then a,* =

* =
ayq 0

11 0 O 1] [xl|xz| 0 z) | X, | wu|X2|]
0 1 1 O X5 X | Yo 1%, | z3|X1| 0

Thus no two of these matrices give 1isomorphic groups.

Thus there are just 15 groups in p6¢12.
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¢ (p > 3)

The groups of @13 are characterized by: G/Z(G) is
(1%), Hy(G) 1s (11), and there exist By, B, € H,(G) with
G/<B2> = ¢2, G/<Bl> = @5
By theorem 5 above we may supnose
G- = <a1,U2,a3,Gu,Z(G)|[c]nﬁzl = Bj,lul,ﬂ3l =lay,ay]l = By,
rest = l,aip € Z(G)>.
Also by lemma L6, we see that <u3:qu,Z(G)> is a characteristic
subgroup of G (For <au,Z>==@ (<ay,05,0y,2>),
<a3,2> =4?(<a2,a3,au,z>), Z = centrallzer of any other maximal
subgroup) .

For stem groups Z(G) = He(G) = <B;,B,> and so

a ' a,*
aip = §"i, ai*p = §*”1 where
X K X X
= 1 2 3 4
¥ .
o * = 0y Ta, “a; "o
y y y y
02* = oy 1a2 20? 3au 4
g 2 (mod Z(G))
o 3 4
a* = ag Jay
W. W
W : Y
Cu* = 0,3 Ct.ll J
G e g VE eEy Xa¥q-Ra¥y PRV -Ky¥o - o V2T, %
2 L 2 2 § 2
Y W3tyowy,
# =
B2 Bo v
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By considering [ai*,a ¥] we must have

J
X123 * XpZ) =y Wg + you # 0 s (1)
XqWs3 + Xywy = 0 n (2)
Y123 * Y2y = 0 Bl (3)

Case 1 q,F, u3p not both in <B,>.
By interchanging G35 Oy (if necessary) we may suppose &3p & <82>.
Thus A3y Z 0 (mod p) and so we take 239237 = 1 (mod p).

-3

a
By {ah > ag 41 31a

u} we may suppose uup € <32>.

a a
By {aa + ag 31, ay + oy 31} we may suppose a3p = ﬁl (mod <32>).

From au*p € <32*> we have Wy = 0.

In (2), XoWy = 0 and so x, = 0 (since Wy # 0, some 1).

From u3*p 81* (mod <62*>) we have 33 = XYy = X5¥y T XY,

In (3) X,¥7¥, *+ ¥,2y = 0 and so z; = -x;y, (since x, or y, # 0).
In (1) x12y2 = yow, and so w, = x12 (as above).

a.*
The remaining equations ai*p = 8,% 1 pecome

+ X

X877 + X3 = X3¥5344%

2
= # #
xla12 + x3a32 + xuah2 tall 3 xl y2a12
¥1311 * ¥p2p; * Y3 T X ¥pant

2
Y12is * Vplap ¥ Ugago ¥ Fyag, = tay HE X, oot
o = 2 #®
X1¥o8495 ~ X¥58y5 = T+ Xy 7y,84,
BT e .
By Bha = X ¥alyas
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By choice of x3, y3, t we may suppose 247 T 859 a32 = 0 and

the above reduce to x3 = y3 =0, t = =X1¥123)5 and

2 B
Xy ¥a5
S hagis
YRy = X VoR0"

Xq890 ¥ Xp2y5 =

Y1832 * Y2255
= Y #

e gl

with standard forms: ays = Y 9 0 6
a5 = -3 8 8 0
ays = gog 1 oy 0

and so therec are

Case 2 p

As in case 1, we
From a2p = <32>,

In (3), yo2 =0

five groups

€ <B,>, one

From alp = By WE get X, =X

In (1), Wy = X92q + x,2) =

in case 1.

of alp,azp & <82>-

may suppose alp = B1 (mod <32>), a2p = <32>.
we get i 0.
and so zy = 0.
1y2 ~ Xa¥y ® x1y2 and so y2 = 1,
xlz3 # 0,

The remaining equations become

%2
Ran ¥
23232
W3332

By choice of t, we may

for the rest are

and so there are p + 2

i X2822 c x3a32 # xuaME =

#
xlz3a12 + T

T = *
Y282 T ¥ifie T *1%3%22

= *
X123332

+ xlzBaqz -

suppose 2,5, =

%
0 and the standard forms

a32 =1 0 O
as, = LA IS o
auz = 0 0 any

groups in case 2.
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Case 3 aip € <B,>. As before we have a3p 1, alp = azp = aqp=ih
alp 1, a2p = a3p = aup s S aip =) (all %),
In the first two cases, by replacing a3 or a, by a suitable

power we may suppose a3p = 82 or alp

[}

82-
Thus case 3 gives rise to 3 groups.

In all, there are p + 10 groups 1in p6¢13.
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¢y (p > 3)

The groups of ¢, are characterized by: G/Z(G) 18 (223,
Hy(G) 1s (2). Let o) € G - <2(G),GP> and o, € G - <t<a;>,6P>
and [ag,a5] = B.

p2 p2
Then oy € Zi6), $£° = 1.

2 a
For stem groups, Z(G) = H2(G) = <B> and so aip = R 1.

If a, or a, Z 0 (mod p) we may suppose, without loss of
generality, that a, £ 0 (mod p).

-a a
By {“2 *> 0g 2a2 1} we may suppose al =1, a, = 0.

If 8y 285 = 0 (mod p), put a, = pa'l, a, = pa'a.
If a'y or a'sy Z 0 (mod p), we may again suppose a', Z 0 (mod p)

_a'z al
and by {a2 + oy Gs 1} we may suppose a; = p, &, = 0.

Thus there are just three groups 1n p6¢1u:

4 2 p2
<G,B|ap = Bp =1, [a,B = o >
3 2 2
<CL’B’YIC"p - Bp = 13 Yp = ap 3 [CI.,B] =22
2 2 2
<a’B!Y|ap = Bp — Yp — ls [U-’B ]= Y>a

Note: The second group may also be written as

3

<a,B,y|e® =8P = yP =1, [a,B] P

a y>.

]
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015 {p» 3)

The groups of 0,5 are characterized by: G/Z(G) is (1”),

H,(G) 1s (11) and G/cg> € 6. for all 8 € Z(G).

5
By theorem 5, we may suppose all stem groups are of the form

a
<a1,a2,a3,au> where aip = 3“1 (X w3, 200 [al,azl = [a3’“H]

-~

= e [&1s03] = By lagsayl = BZU, rest = 1.
Let a* = 95

a2* = 9!

ag* = o

au* - EE'

From [ali,a“*] = [u2*,a3*] = 1 we get
Z1X, = ZoXy + z3xh = ZpXe = 0
z1x3 - 23x1 + u(zzxu - zuxz) = 0
yi¥Wo = ¥o¥Wy + y3w4 - qua =0
yiW3 = ¥3¥; + v(YQwQ - thz) =0
and from [al*,ag*] = [a3*’m“*] and [az*,au*] = {al*,a3*]v, we get
Bi¥p = Bp¥y * Bo¥y = Un¥g & Wiky = WoRy * MaXy - Vgks
Z1¥3 = 23¥7 + w(Zoyy - Zyyp) = wyxg - WXy + Vwpxy = WyXp)
¥1%5 Yoxq * Y3xy = Yyx3 = u(zlw2 -z Wy + z3Wy - zuw3)
¥1x3 = Y3x1 + v(yzxu - Yqﬂz) » v(zlw3 - Z3w1) - v2(22wq - zuwg).
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Solving these, we get (with e = 1)

z, = EXy Wy = -e¥y
vz, = -€Xg VW, = €yq
23 = -€X, Wy = €Y,
vz, = €X, VW) = -€y;.

With these values, we have

B,*

n

™
=

w
n

82” = Bl 82
where d,; = vﬁl(xuy3 = X3¥y e e xlyz)
_ -1
450 = Xy¥g = Bpxy v v agyy = xy83)

d = gd

11 22 dyp = evdyy

ai*
From ai*p = ¥~ we get

DA* = AX |X]| # 0 yivie (1)
where D = (d,,d,), A* = (a,%,2,%,25%,,%),
Boe fEsy w20y b = 08ya00e0eeBy )
Case I Red @il g,

*q
Thus A = g and this 1s the standard form.

Case II P e <By> (1 =1, 2, 3, 4) and some uip # 1.

a
i
By a sultable permutation of the ay, We may suppose that

0,P # 1 (1.e. 2y # 0).
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a a
B.'Y {az -> a2 11’ C"»3 'z fl3 11} we may Suppose alp - 81‘

By {ag > oy Pis g,

a31
G3s Gp * asay } we may assume a3
-1
-2 v a

suppose aep &1

1 0 O 0]

l.e. standard form is A = [0 o0 O

-v - a -a -a
. P _ 41 21 41
(b) If a)" # 1, by {ml > g0y s Op + Oq SPLE s
“-1au1 “_lazl ~2y
a3 * a5 a3y > Gy * Oq ah}’ we may suppose

azp = aup = 1.

Thus we have (a) again.

Case III uip € <By> all 1, some uip # 1.

As 1in case II, we may suppose qlp = By aap = P - “up = 1.
-1

b

By {a2 * dgs Gg F mzv ] we may suppose alp = Bl and so once again

we have case II.
P . P
Case IV Gy Z <By>, oy & <B,> some 23d e

By the same reasoning as in case II we may suppose ulp = 81

[1 0 0 0]
(mod <82>) .. A = 2 b ¢ 4

4
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-1
4 aa3} we may

o A a
(a) If b=c=d = 0, by {a2 * 05037, 03 * 0,

assume alp = 81 and so we have case II once agaln.

(b) Ifa=b=¢c=0,d# 0, (1) becomes
¥y =Wy =0
and  exy, = dq, ev-ldxl =d,,
X, = dzld* dxu = d22d*
= ev'ldlzd* = ed,,a*
= v_ledd* = x,d*.

Thus d = d*% or dd¥ = u2.

As we may take y to be any non quadratic residue, we may take
v = g (primitive root).
Then v2 1 gZ - gp+l

and so the standard forms are

1 0.0 o
Ao gk k=1, 2, ... &(p+l1).

These groups are obviously not isomorphic to any earlier ones
by considering the type invariants.

(¢) Ifb=c=20, a,d # 0, (1) becomes

yl = yu = 0
-1
= ¥ 224 = *
and €X), dll + a dzl s(axu v dxl) d12 + d22a
- % e *
X, dyqd axq + dx, = d,,d*.
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* = ¥ =
Thus dlzd eu621d svxl
# = ¥ = B
d22d edlld xud exla*

and so (v"l

dd#® - v + a*z)xl + d*(a - ea*)xu =0

(a + ea*)x; + (d - d*)x, = 0.
As Xy = Xy = 0 would mean |X| = 0, these equations must have a
non-zero solution,

f.e. A%(a° - a%%) = (d = A*) (v tda" « v + a®®) ... (2)

2

Fixing d, we have a“ = a*2 and sO0 we may suppose

g = 1. 2,

oY

(Note that a*¥ = 0 only if a = 0 and d¥ = 0 only if 4 = 0.)

(2) becomes a®(d - d*) = v I(v? - dd*¥)(d - a¥)

l1.e. d = d*% or dd* = v(v - az).

Now, as v(v = aa) can have Eél values as a runs through a complete
set of residues (mod p), lemma L7 tells us that [Eall of these
are non quadratic residues and [Eﬁl] are quadratic residues.
Also if v(v - az) 1s a non quadratic residue, the relation

dd* = v(v - a2) pairs off all the non-zero residues while if

v(v - a2) = m2 the relation pairs off all non-zero residues
except m and -m giving %(p - 3) + 2 = %(p + 1) standard forms.
For p 21 (mod 4), v(v - a2) has Efl quadratic values and E§£
non quadratic values giving %(p + 1) and %(p - 1) standard forms

respectively.

.’ Number of standard forms = k(p2 - p).

D~



For p = 3 (mod 4), v(v - a®) has E%i quadratic values giving

%(p + 1) standzrd forms each and EEE non quadratlic values giving

%(p - 1) standard forms each.

. Number of standard forms = %(p + 1)[253 + E%lj
=!1:(132-p-2).

i1 9 0 0

Thus the standard forms are {a 0 6 dJ where a = 1, 2, ...%(p-1)

and d, d* give isomorphic groups if d d¥ or dd* = v(v - a2),

]

there being k(p2 -p+ (p-1,4) - U4) groups altogether.
(a) If b or ¢ # 0, by interchanging o,, @, with q), aq
respectively (if necessary) we may suppose b # 0.

By {al > alb, @y, * aub} we may suppose b = 1.

By {al »> alaBd, a, * uz"dau} we may suppose d = 0,

-1
VX a, -y a_ Vv “a -X
1 G830y, ag > a %a, a0, } we may suppose
a = 0, where v(v - a2)x = a + a’c and v(v - a2)y = a° & vac.

By {a2 > a

-1
£ -u_ veu EG L Mo o —CV.. ¥ V0
By {a, - e R T TR A P e R P 5
ay, = a2"“cuu3vuau} we may suppose ¢ = 0, where (1 - vcz)v = 1

and u = vev.

Thus the standard form for this case 1s
l1 6 0 D
DI DO B 6 e
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1000] 1 8 0 0
Also if 01 0 0 X =D O, then we must have y = g

contradicting the assumption that |X| = 0.

Thus the total number of groups in p6¢15 is %(p2 +p+ 10 + (p-1,4)).
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®,6 (p > 3)

The groups of $,¢ are characterized by: G/Z(G) is
¢2(14)’ HZ(G) is (111), H3(G) is (1) and G has a maximal abelian
subgroup Hl(G).
Let o € G - Hy(G), a; € H (G) - Zg(G), B € Hy(G) - <a1,Z(G),H (G)>,
lay, ol= o447 (1 =1, 2) and y, = [B,c]l. By theorem 2, we have
laysapl = [ay,8] =1 (1 =1, 2) and az.v, € 2(6).

For stem groups, we have Z(G) = <G35Yp>s Zz(G) -
<8,a2,a3,72> and HJ(G) (J = 1, 2, 3) are characteristic subgroups.
Also since <z ,0q € ¢3, we use the same methods as there.

Writing Y, ¢ a3, we have

Pl e paad Tl A p a ¥
RS o YL B ey, gb mRs ete.
X, X
where o = axal 18 2 ardit
Yoy
L=ra
¥ - ¥
ay a B e Xy125 # 0
Z '
g% = 2u22
1 % i
and so ay® = a, e Aha
2
. R
L = f
Ji s



(®) x

Using (axalxl)p = apx(alpaB 3 ) 1, we get
855 = Xago¥
Zp2y) = X°Va5 % * x2'ag,*
V1815 * YpPpp = X2pa;5°
¥1317 * Ypapy = XTyyag,* + xetay b

— *
xa2 + xla12 o x2322 x2232

]

2 * -
xa, + Xq2qq + X857 X"yq2q9 + xz'a2 .

(2) If a5 # 0, take x = a5, and SO We may Suppose a5, = h
Also, by taking xz' = 2,357, ¥5 = -¥y215, X5 = —(xa2 + xlalz),

we may Suppose a5y T a7, T a8, = 0 and so

- *
SNt e SR |
with standard forms

E o
(b) If ay, = 0, a,, # 0, take Z5357 x"y; and so can assume

= = ¥ - = A
as1 1. Also, by taking Yo xz'al2 Y1211 %5 xz'a >

Xa; = X;3,4,, We may SUppose 2a;9 = 2, = 0 and so

2
815 = xBalz* (since z, = x"y;)
= *
ARn tEgdns = Xy 85
with standard forms a1, = i & o0 o re=1, . (p-1,3) - 1

a2 =0 0 g
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(c) If a, = 0, a;, # 0, take Y1215 = X2z, and so can assume

10 = 1. Taking xz' = y1211s X3 T -Xa,, we may suppose

griay %
SO Xa; = X“z,a,

)
i
W
]
o
)
=
£

: & s
i.e. we may suppose a, = g opr 1.
(d) If a, =0, a;, = 0, we have a;; = x“a;,*
Xa, = szaE*
xa, + Xja99 = X ylal* + xz'a2*

wlth standard forms a i SRRV 7 SRR T 6 TSR A

51l |

2, ¢ s TSN 3 o s R A 0 0

a4 90 9. 9 8-k 0.

Thus there are p + 12 + (p-1,3) groups of p6¢15-
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“17 (02 3)

The groups of ¢17 are characterized by: G/Z(G) is
¢,(1%), Hy(6) 1s (111), Hy(G) 1s (1) and [H;(6),2,(6)] £ Hs(G)
where H,(G) ='§(H2(G)).

Let o« € G - H,(G), o, € H,(G) - Zz(G), B € Za(G) - <Z(G),H2(G)>,
Grgy = [ai,a] (L = 1, 25, Yy * [ul,B]. By theorem 2, we may
suppose [ B,a] = [B,azl = [o,,a,] =1 and o3, € 72(G).

For stem groups, we have Z(G) = <a3,72>,

Zz(G) = <B,a2,a3,Y2> and HJ(G) are characteristic subgroups

(3 =1, 2, 3). Writing v, = Gqy, We have

a : .
of =y, 0P =yl 8P =12, o#P = yA2 ete.
X, X
where ok = “xal i
1,52
¥ =
cy al 8 Xy,2, #0
VA
g% = B e 7
* xyl
and so L %3 S
x“y
3
# =
0.3 (13
Y122
#* =
T T

From [o® B*] = 1, we get x,2, = 0 and so x; = 0.



From the above we get a5, = y1a22*
32321 = xzylazl*
¥1252; "
yi81) * VR = X¥iep*
Xay + Xp855 = ¥3Zpa,"

e *

Y1210 ¥ Y2252

If 855 # 0, take Y1 T 2o and so we may suppose ay5 = ! i
Also, taking Yy = =¥131p, Xp = -Xa,, We may suppose
2y, = 85 = 0 and so

o e
Z,a = X"a5

2=2]
a = x2a *

g b & X

a; = xal* with standard forms

=1 1 0 0 0 0 0 0

217 T any any 1 & Y v 0 0

1 0 3 0 3 0 1 0.

(b) If a,, = 0, a, # 0, take x2y1 = 2,35, and so we may

suppose a5, = e

As before, we may suppose 241 * 81 = 0
2

and so 815 = X y1312*
as = xylzae* with standard forms
a;, = 1 1 1 0 0
i =01 g 1 o p e, 2, «on (p=23) = 1.
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If a; = 0,
1.

e
=l v
= any any
If a; = 0,

215 # 0, take z, = a,, and 80 we may suppose

ay; = xap;*
8y = A¥y8y"
xa, = ylag*
1 1 0 0
0 0 0 1 i ¢
1 v 0 1 0
835 = 0, we have

0

with standard forms

0

i.e. we may suppose a1 = 0, 1 0F N, a, = s o) 0 8y * 0 er 1;

Thus, in all, there are 4p + 30 + (p-1,3) groups of p

6
Oq7+

For p = 3, the only change comes from considering the products

(xl # 0).

So,

since X, = 0, the above results hold for
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The groups of ®,g are characterized by: G/Z(G) is
I
¢2(1 ¥ HE(G) i= (1311), H3(G) is (1) and [Hl(G),Z (G)] = H3(G)
where H,(G) =-€(H2(G)).

Let ¢« € G - Hl(G), a; € Hl(G) - Z2(G), g € ZQ(G) -
<Z(G),H2(G)>, ag41 = l[aygscl (2 =3, 2), Y5> = [Bs;a]l and so (by
theorem 2), we have fay,B8] = Cys [az,qll =[a2,81 = 1 and

For stem groups, we have Z(G) = <a35Y,, Zz(G) =
<B,a2,a3,72> and HJ(G) are characteristic subgroups (j = 1, 2, 3).

Writing Y, = a3, we have

o} a P (g) ~1 & E2 P a%*
el (B T e et B B e
Xy X
where of = &xal 18 2 oy
Y. ¥
il
al* = 0 B ok Xy12, #0
Z
¥ = B 2622' o s
Xy
A 3
and so Uy G&s 7.
¥ = X ¥y
Pl
xz'—x122 XZ

<
N
*
]
Q2
w
S0
n



Froma,*,8%] = “3*’ we get y z, = xzyl and so z, = X2,
Similarly we pget 85y = Xap,¥
Xayy = Xyja5* + (2" - xx))a,,"
¥i815 * ¥ohan * x3a12*
y1897 ¥ Vpap) = X°¥jag* + x(z' - xxpag,*
Xa, + Xj2,,5 * X535, = x3a2*

% 3° * A *
Xa; + Xja59 + X525 = XTyja,* 4+ x(z xxl)a2 ;
(a) If a,, # 0, take x = a,, and so we may suppese a,, = 1.

By choice of the other variables we have (as in @16)

85 = 835 T 35 = 0, 847 = 0 any

a, = 1 g
(b) If a,, = 0, a;, # 0, take y;2,, = x3, and so can assume
8y, = ; By chclce f the ~ther variables, we may suppose

all = a2 = 0 and so

= # = 3 ®
Sy S S il !
R
Xa, + Xs251 = X724 wlth standard forms
— r = - -
a; =0 0 T a.m 1, vy Ch=ish) = 15
(e) If ay5 = 0, as # 0, take Y1 = a5 and SO we may suppose

Taking y, = -yi3y7, X5 = x(z' - xxl)aa* - Xa; = Xq8,,, We may
suppose a,q = a; = 0 and so
o xto. 8
ay X"ay
1.e. a, may be taken to be o, 1 or v.
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(a) % § a, = 0, a3, = 0, we have a,,

with standard forms aj; = & v 0 0 0 0

o
I

o = any any ' § v 0 0
a, = 0 0 0 0 1 0.

Thus we have 3p + 9 + (p-1,3) + (p-1,4) groups of p6¢18.
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919 (p > 3)

The groups of @19 are characterized by: G/Z(G) is
0,(1"), Hy(6) 1s (111), Hy(G) 1s (11) and all the maximal
subgroups of G are in ¢2 or @6.

Let a, € G - za(s), a, €G - <a1,22(6)>, o € zz(c) - <Z(G),H2(G)>,

i
B = [al,azl and By = [B,a,] (1 =1, 2). By theorem 2, we have
[a,all = Bl, [a,a2] = [a,B8] = 1.

For stem groups, Z(G) = HB(G) - <B;,B,> and so, since

ZJ(G), HJ(G) are characteristic (J 1, 2, 3) we have

a *
o =62, o.P=p1(1=1, 2), o = g*2 etc. where

e | E
oy = alxlazxz e
ay® = alyla2y2ay wies Az # O
ok = sz'
and so gE = BA
B * = 8"
Bo* = g™

xl .Yl
where X = (E’X)’ X= IXalsy ¥ * [Yalsy A= |x].

From {a*,az*] =1, we get (2 + z')yl =ty = 0.

From [u*,al*] = Bl*, we get (z + z')x1 = AXg, z'x2 = M.

Thus Xy = yq = z' = Q, A= X Y5307 Xq = Yy, = 0, z' = A = ~X5¥q -
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*
From a*F = B*?

za; = A(x;a,% + ylaz‘) Lo (1)

za, = A(x2a1* + yzaz*) v Wi (11)

V1817 * Y81 * ¥a; = A(xjan* + yja5,5¥) cee (111)

V1210 * Valpp * ¥ay = A(Xpa5* + yya5,0) e (V)

Xj2y; + X8, + xa; = ﬁ(xlall* + ylalz*) e (v)

X189, * X85 + X2, = ﬁ(anll“ + yzalzi) o5 (vi)
where Xy =y, z' =0, z = X1V, = A

or Xy ™ J5 ™ 0, 2' = -z = -X5¥, = A,
Case 1 ay, 2, # 0.
Taking X1 = 215 ¥y T 85y X5 = ¥, < 0, we may suppose that

a, a, = ? o

Taking X, = 0, x = -X1815, ¥ = ~¥,251s W€ may suppose that
By Sy R

If x, = 0, (111) becomes y = 0
and (1) becomes z = B8x,

but X, = 0=2 =4 and so X, = 1.

Similarly x = 0, Yy, = 1.

Similarly, if X, = 0, x =y = 0 and Xy = yy @ -1.

Thus diag (all,azz) may only be replaced by diag ('a22’"a11)’
and so we may suppose that 0 < a1 <p - 250¢

Thus there are %p(p + 1) values.
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Case 2 Just one of a1, 2y i1s non-zero.

By {a; ® a5, a » aB_l} (1f necessary) we may suppose a, # 0,
a, = 0.

From (11), x, = 0.

Taking X, = a;, we may suppose a; = 2 1L

Taking y = =¥ol5ys X = =Xq2,,, We May SupposSe 2,y = a5y = G

The above equations then become

X, = l, y = x = 0 and

850 = Y3855
2 *
T e TR 5

1 0 0 0

a

with standard forms a22
a,, = any 1 v 0

giving p + 3 groups.

m
L}

Case 3 a, = a,

0.
[xl y1] [311 a21]
Writing X = (x, y,), A = la;, 2,5, equations (i11) - (vi)
1

become AA* = X “AX.
2 2
[x1y2&11-x2yla22 ¥o 859=F 342 ]

2p%

l.e. A"A 2 2

X3 8927%5 857 Xq¥a355"%5¥3843

Taking, in turn, Xq = 0 and X, = 0 we see that A¥* must have the
same number of zeroes as A.

(a) If A has 4 zeroces, A* = A = Q.
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(b) Suppose A has 3 zerces.

0 0 1 g B
If A = then A% or

0 4z Xpiail 255
s -_1_[322 °]
X5¥q 0 0
Thus we may suppose a49 = s 815 T 851 T 85, = 0.

Similarly, if 211 # 0, 2, 5" 21=322=0, we may suppose a;q, = 5

If 2571 # 0, others = 0, then, taking X, = 0, we have
o a2

851 % 237 85
with standard forms s = [ o8 s Ve

*

Taking y12 = -1 or ~v (depending on p), we may suppose

8y, = 1 eV, 811 T 857 T 85y = 0.
Similarly, if a1 # 0, 817 = 851 = a5, = 0, we may suppose
815 = 1l or v,

(e) Suppose A has two zeroes.

O O

(1) If A = [ ], taking x, = 0, we have

f3a2 =ap
a = 2 *
12 ¥5 845
= *
822 ® *1¥3%35
0 = 2y, = X or Vi

As above, taking X5¥q = -1, x22 = -1 or -V, we may suppose

with standard forms a

249 = 0% as; = 1l or v, 815 = 855 = 0.
Similarly, if 2115 257 # 0, we may suppose asq = i; ay; = 1l or v.
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0

a a 0
0 21] or [ i1 ], using the same arguments

(11) If A = [
352 2y, 0

as in (i), we may suppcse

a9 = r ay5 = 1l or v, 857 T 855 = 0,

(111) If both 244 # 0, a = 0, then

12 =
= #* *
By1 * 48447 OF 4345

& ¥ o %
Taking X1¥, = 277, We may suppcse a;4 = 1.

r = - , Ths = e ¥ = *
Taking Xy 0, we have 255 X5¥q and 1 X5¥1255 A50855"

Sc we may replace a,, by a22-1

-1
i.e 25#

. We may suppose 85y = iy By ive B

where g 1s a primitive root mod p. (E%l forms).

2

(iv) 1If both ay4 = 0, 235, a5 # 0, taking X," = a5y or va,,

and y22 = 2y, Or va,,, We may suppose 2,5, = 1 or v, a5, =1 or v.

i 3 2
Taking X, 0, we have 2 * -V, a12*

2

B - *

12

0 wv B !
So we may replace [v o]by [1 0] if and only if p = 3 (mecd 4)

o | 0 v
and | 4| by [} o) if and only 1f p =1 (mod 4).

Thus there are 3 groups in each case.
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(a) Suppose A has just one zero.

0 a5

taking x, = 0, we have
a12322]’ 5

IT A = [

=x2 #*
3 | 1 4a1
 u R
832 = Y3 %3
= *
Baa = fWdoa
with standard forms 855 = 1, a57 = 1 or v, a,, = any.
Taking Y1Xo = -1, y12 = -1 or -v, We may suppose a7 = 1,
a;o = 1. o N, ayq = any, 2,5 = 0.

Similarly, if 85y = 0, we get the same stancard forms.

a a
If A = [ 11 21] taking X, = 0, we have

0 322
333 = %3 ¥;%37"
8y = % a5
5 * By¥oRes"
with standard forms a5, = I, asy = 1l or v, a;, = any.
Taklng X5y, = -1, y12 = -1 or -y, we may suprose a1 = 1 S
a4, = l or v, a,, = any.

Similarly, if a5, = 0, we get the same standard forms.
Thus there are Up - U groups for case 3(d).
(e) Suppecse A has no zero terms. Taking X, = 0, X1¥, = 217

2
and X, = a5y Or va,; We may Suppose a;q = 13 a5y = 1 or v.
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(1) If ay, = 1, taking x; = 0, we have
L& ~R5¥i855"
L T
“ge " Ta
a1, = -x22 (and so -2y, must be a
quadratic residue mod p).
If -a;, i1s a ncn-quadratic residue, we cannot reduce the
possibilities for 355 and so we have %(p - 1)2 stancdarcd forms.
B & of =245 is a quadratic residue, the above equations reduce to

= 5L
=1, -x,y; = a,, and so we may replace a,, by /855
-1
Thus we may suppose a,, = 1, g, ... g8 giving %(p-1)(p+l1)

250850"

standard forms.
G E i T g asy = Vv, taking x, = 0, the equations become
b= =xoyi 800"
b 'ylzalz'
Sga = Shalq
Mg © ‘“22a21"

IT =215 i1s -~ quadratic residue, by taking xz2 = =37, We may
suppose a57 = 1, giving the above case.

[ o 2 =
1 g =25 is a non-quadratic residue, we take x 5 T =v3p, and so

azl* is again v.
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~ “: - =
Oncz apain we have 855855 15 X5¥4 255 and sc we may
suppcse a,, = e kLAl s 859 =V whenever =245 is a
non--quadratic residue,

Thus case 3(e) rives %(p - l)2 + %(PE

- 1) = (p - 1)r rroups.
Hence there arc %(3p2 + 10p <+ 21) groups in p6¢19.
For p = 3, the cnly chence eomes from considering the products

zy 2z,
a; “a, (2122 # 0) which are excluded.

Thus the same results hold for p = 3,
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The groups of ¢,, are characterized by: G/Z(G) is
0,(1"), Hy(0) 15 (111), Hy(G) 1s (11) and G has a maximal
subgroup M 1in Qq.
Let 0, € G - M, o) €N - Zz(G), a € ZE(G) - <Z(G),H2(G)>,
B = [al,azl, Bi = [B,ai] (1 =1, 2). Then, by theorem 2, we
have [a,uy] = Bss [a,a2] = [a,B] = 1.

For stem groups, Z2(G) = H3(G) = <Bl,32>,
HQ(G) = <B,BysB52, ZQ(G) = <a,B,B,,B8,> are characteristic.
Also 4(<ay,0,,H,>) = &(M) = 2, £(<a,a,,H,>) = <Z,0> and so, by

lemma L7, <Z,a> and <a,0y,Hy> = ¢ (<Z,a>) are characteristic.

a %
Thus of = gé, aip = 8"1, a*F = p*2" ete. where
X X
> it 2. %
0!1'_0&1 0:2 a L
y
2.y
¥ =
s Gy Ta% ... XY 52 #0
o* = a2
¥ _XqY
and so B = B 172
X 2y X%
y L 1=292
* =
B By B,
2
X,y
V2
¥
82 B2

From [co#*,a ¥], we pet z = y2
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-
From o #F = E*g etec., we get
2

Y8 = X al* Sk (1)

Yo2y = Xj(x52.% + yya,k) i (11)

Yooy + ¥a, = x12y2a21* ale {31%)

Yooy + Y25 = X ¥ (X525 % + yoa,,%) Fan (1v)
Xq8;9 * X585, + Xa; = x12y2a11* hida (v)
X181, + Xpd5, + X85 = Xy¥,(X5a00% + yoa,,%) o (vi)

(a) If aq # 0, take yoaq = x12 and SO W€ may suppose a; = i ¥

Taking y = “¥ol51s X, T X538, and x = ~X,871"X5251, W€ may

suppoese 857 = 8, ® 844 = 0.
In (1) - (vi) we have Ayy = x13a22*
a = ¥ na *
12 2 B (e
= E]
4.¢€, a12/a22 x1(a12/a22) .

Thus if a,, # 0, taking x, = ala/a22 we may Suppose 2,5, = a5, Or 0.

1
Sc the standard forms are

a22 = any e 0

o -
where r + 1 =1, ... (p-1,3) and s + 1 =1, ... (p-1,4) and so
the number of grcups with a, #0 i1s p + (p=-1,3) + (p-1,4).

(b) If a; =0, a, # 0, take x; = a, and so we may suppose

Taking y = ye(xzaal* - a22) and X = XyX,¥,819 = X875 — Xpd55
we may Suppose a5, = 295 0.
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In (1) - (vi) we have a5y = a21*
831 * X383y = V834"
with standard forms a5y = any 0
15 = 0 e giving ¢ + 1 groups.
(c) If a; = a, = 0, the remaining equations become
x~1AX = |X|A* where & = [311 321], X = [XI : ]
419 “op *2 Yo
i.e. 859 = x12a21*
Bop ® Xp(%5251% + §,8,5%)
xj8;) + Xpap = X;°yp8,*
X181, * X855 = X1¥5(X58y,% + ysay5%).
If asy # 0, take x12 = a5] Or vay, and sO we may suppose
a21 = 1 or v.
Taking X5859 = =Xj3,9, We May sSuppose a;; = 0 and so X, = 0,
x12 =1 and a,, = x1y2a22*
ay, = %"
with standard forms a5y = 1 0 0 0
2y, = any i v 0.
If a5y = 0, then ays = xlyzazz*
a3y = F¥oiy"
i R s e T
e, xjap, + xylap, - ay))=x)y,%8) 5"
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with standard forms a)q = 1 1 1 0 0 0 0

229
a12 = 0 1 v 0 ; v 0.

Sc the number of groups with a = 0 1s 3p + 12.

. 6

.. Total number of groups in p 0,5 1s 5p + 13 + (p-1,3) + (p-1,4).



820
By the previous chapter, a20 has the same defining
relations (with p = 3) as 950+ Thus

G = <a,0y,05,Z|[ag,0,5] = B,[8,a,] = B4,[a,09] = B, rest = 1>.
2 2
321OL 3z 21 25, 252%,

< A -
: 2
a4y @y By Bo

-
As in Ag, we have (al Gy
and we may write -z = 2z, l/z =z (z ¥ 0). Also, since
a € Zz(G), (ca)3 = 03u3 for all o € G.
As in ¢,,, Hi(G), Zi(G), <Z,0> and <a,0,,H,> are

characteristic subgroups of a stem groupn.

a % a,*
Thus oF = B%, aip = g"i’alp =R*Z . aiap = §;~1
X X
where al* = 0 la2 2ax ;
¥
2.y
* =
a* = oz
B* = g 1'2

B ¥ = 8

From [a*,al*] = 82*, we have z = y,~ = 1.
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From the other relations y,a; = al*
2y = XyX,¥,a.% 4 X2,
Yodpy t ¥2y) = Vas*
YoRoo *+ ¥a, = Xy(xy,25, % + ay,%)
- = *
Xq899 ¥ X857 * X8y =~ X, T ¥o81y
2: » ¥
X181 * Xja55 + Xa; + XX, X (X,¥5399* + 255%)
the last two equations follewlng from the fact that

ft1'3 (al C’-z

(a) If a, # 0, take Yo = 25, and so we may suppose 2, = 1.

Taking Xy = Xq85, ¥ = =Yols1s X = X5 - X1899 - X257, WE may

suppose a, = 857 = a;9 0.

Thus 855 = xlazg*
e = 24"

and sC we may suppose asn = 0 or 1.

(b) If a, = 0, a, # 0, take x; = a, and so we may suppose a, = Xy

* =)

- . = W — -
Taking y = X5¥5257 = ¥ppps X = Xo¥oa19% = X815 = X5855 = XX,
we may suppose a12 = A5y 0.
Thus a21'= (azl*)'

'g * = -

a1y + X357"= ¥ya;,*  where a5 ' = a5 -1

wlth standard forms =1 2 0 0

=0 0 0 X.



{e) If a = 0, the equations become

- *

Sg7 * a5y
= *® *
Vo2pp = Xy (Xp¥5as % + 255%)

- — - #*
Xjaq9 * x5(ay = 1) = yyay,

+ x + a,,%)

& *
X1295 * X385, 1%27 = % (x¥5294 12
and so ¥o(agy = agy) = X3X59, = x3(a),% - 25,%).

Taking X X5 = 879 = 255, We may suppese a;4 = a5, and so

851 = 25"
Vo855 = Xjas,t
215 = 275",
Standard forms are: 8,55 = Oor 1. 8105 857 T 2N0Yy.
6

Thus there are 28 grcups in 3 520.
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251

The groups of b, are characterized by: G/Z(G) is
M
9,(17), Hy(G) 1s (111), H3(G) is (11) and 5(22(63) = Z,(G).
o € Zz(G) --€(<al,u2>), B = [aysas] and By = [3,a1}(1 s 1. 2)s

V and

By thecrem 2, we may suppcse [a,ay] = Bpo [asap] = B,
[GsB] = [Qsﬁi] = ] (i = 1: 2)-

For stem grcups, H2(G) = <BsBy585%s Z(G) = H3(G) =

<B1:B85> anc ZE(G) <asBsBysBy> are characteristic.

3 *
Thus aL = §§, ain = 9"1, a*p = @*% , etc. where
¥ = xl x2 X
" T a3 Gy A e
y y
“2* = oy 1a2 Zay on z|X| = z(x1y2 - xzyl\ # 0
u* e az R
[X|
and so g¥ = g rar
[X|x1 [X|x
81* = 81 82 €
IXly, [IXly

From [a¥*,a,¥%] = B8,%, we get 2xy = |X|y,, vzx, = |X|y,.

From [o*,a,*] = §,*%7, we pet zy; = v|X|x,, 2y, = [X[xg
and so ¥y = evX, s o = exl 5
z = ¢gl|X| = x12 - vx22 where 32 = 1.



al #2® '
From a = B¥*. etc,, we get

S * #

€2, X2, % + y 3,

=1 = *® *

Efp B Xa8 " * Yol
V1811 * Vppq * ¥3y = [X[(xga5* + yyas,%)
Y121 * Yol * ¥R, = [X[(xpa ¥ + yyas,%)
= % o *

X181 * Xp3p) + xay = [X[(xj2)0% + yy045%)

= #* #*

X115 * X585, *+ Xa, |x|(x2a11 + Y2y, ).
Writing A = (§1,§2), A% = (§1*,§2*), X = (§,g) these
become

a = gXa¥
AX + (xa,ya) = |X|XA¥
Case 1 _
Eal \’aa
If 2 # 0, by taking X = we may suppose a

a; = 1, a, = 0 and

Taking x = ~€aq7>

Thus we may suppos

Case II If a = 0

80

y=

X = diag (1,e),

~€3,,, We may suppose

Ay = €a,5%

o = n *
=12 1z
e 0 < Ayy < L(p=1) piving

, (2) reduces to

|X|ﬂ* =

d

X TAX 5

For conhvenience, we shall write

TR & TR ¢ l

0 1

[0

v
L]
1 0

A=
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all = 321 = 0 and sc

%p(p+l) groups.
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1

Then X = (x;E; + x,E;)A, |X| = €Ay and A7

1

i, S
X = 4, E; 7 =("/V)E;,

AXX" = A(xqE; - X,E,;).

In order to find the number of grours (i.e. 1somorphisn
classes of_grours) we need to find the number cof equivalence
classes of matrices under the equivalence relaticn (3). This
reduces to finding the number of distinct A*'s which may be
obtained from each A and wcrking systematically through the
cheices for A until all 2x2 matrices have been found, Also 1f

there are s matrices Y such that o N Y_IAY & wigs X'IAX for

|| | x|
( 2
fixed A and X and s 1s independent of X, then there are 2 ‘3-1)

A*'s obtainable from this A,

Suppose —— X TAX = - Y3y,

x| | Y|
Then  [x|%|a] = |¥|?|a]
IX| tr A = |Y| tr A
AX tr'A = lY trtA where tr'A = 251 + valz.
(a) Iftr A=¢tr'> = |A] =0, then A = 0 and so there is only

che A¥,

(b) If tr A = t?'ﬁ

o0, |AJ # 0, then

a =ve¢
A = d e aorc#0,
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0 =v a =v
Consider the matrices [1 0] and [1 -a] where a is such that

2 ; :
v = a“ 1s a quadratic residue.

If these play the r6le of the matrix A above, we have

' 2 2
-205x1x2 ~v(x1 +vx2 )
3
[
4 12 X 2+ x 2 2VEX. X =
s 2 150
¢ 2 2 2 2
e(ax1 -2Vx X, +Vax, ) -v(xl +Vx, —2ax1x2)
1
e 2 2 2 2
A X; “HVX,"=2ax4 X, —e(axl -2VxX; X,+Vax, )

and in both cases TlT x"1ax = TlT v~ 1ay yields
X Y

|x] = 6|Y] where 62 - 1,

(1) In the case of the first matrix, if 6§ = 1, we have

ExX1Xp = Ey¥3Y)
2 2 2 2
By 03Ky T %
2 Zreatnt 2 2
ex(X% = vx,) = ey(y;” - w")
and so 2vx 2 2 2(1 - ) 4+ v 2(1 $ E.b)
' Vs = ¥y Exey Y2 Eea

2 2
If Ex = —Eys then vx,~ =y, and SO X5 = yq = 0.

Similarly, Xy = ¥p = 0 contracdicting the definition
of X. Thus €x = €y and sc X, = tyq, X5 = iys, the same sign

being used each time.
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Similarly, if we take & = -1, we get X, = #y,, X, = +¥,.

Thus there are four matrices Y such that =S X~14X = = “lAY
| X Y]
fer each . Since there are 2(;?12 - 1) matrices cf the form X,

we get %(rQ - 1) distinct values A¥,

(11) In the case of the second matrix, 1f 6

]

:
ey {a(x, “+vx 2) = PVxax,} = £ fal 24v 2) - 2V }
X 1 2 i g Ry TN Y192

2 2 o 2 2
Xq + vx,o - 2ax1x2 = ¥4 e 2ay1y2

2 D D = 2 0
and so cx(xl +VX., )(a® - v) = (3, +vy, ) (2 eY—veX) - 2Uy1y2a(€Y~€x)

2 2 2 2
—ZSX(v-a )xlx2 a(yl +Vy, )(EY-ex)—2yly2(v€Y—a ex).

2 2 2
) = eyly;” - vyy7).

2
Also ex(xl - VX,

It GX = ”EY we have

2 2 2 2 2 2
(xl +VX 5 Y(as=u) = —(yl +Vy, )(a®+v) + “VleEa
2 20 2 2
Xy = VX = —(yl - VY, )
4 Py 2 2 2 2 2 2
and so 2vx2 (a = v) = (yl -V¥s )(a®=v) - (Yl VY, ) (2 4"’)"'4\’3‘715’2'3

= —2vy12 - 2vy2232 + valyza.

2
Hence xef(v - a“”) i(yl - 832)

Bl
x/(v - a%) = ¥(ay, - vy,).
If ey = €y, the equations are the same as in (1) and so
Xq = tyl, Xy = iyz.
For 6

L}

v)
7 .2 2 exvial 2 25
2vx,“ (2 ~v) = =(y;"-Vy, Y(2=V) - (yl +Vy, )(a™+v) + hvy y,a

-1, the above reasoning yields (with By = =£

’ D 0 2
and so 2 (v=2“) = (yla—Vyz) 5
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= | ]
Thus X, = 0, Yo = v "ay; and so
2. 2, =1 2
xl = yl (v 2" - 1)-
Thus X = 0 contradlcting the definiticen of X.
Similarly 6 = -1, ex = eyleads to a contradicticn and so, once

agaln, the second matrix yields %(pz-l) distinct A¥*'s,

The two sets are disjcint as a matrix in the first
set has a quadratic residue as its determinant while a matrix in
the second set has a quadratic non-residue as its determinant.
As there are p2 - 1 matrices of the required form, the above two
matrices will serve as cancnical forms.

(e) tr A =0, tr'A#0.

o ——————

Fer ccnvenience of notation, we shall write the matrix A as

[a b]
c djl*
0 wve

(1) Suppose A is of the form [c 0] (c # 0).
Then AA¥

n

A.
Taking A = ~, we may suppose ¢ = 1.
(ii) If A is not of this fcrm, we use an argument similar

tc the above.

If = x"tax = 1y dav. then
[X]
|x] = ¢|Y]
1.e. XYt =72 EB(A)I}or 4'(R), where £2'(A) denctes the set

{x]ax = -XA}.

1) 4 (A) is the centralizer in the ring of 2x2 matrices.
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If Z € £(A), then (using the original equaticns)

22b = evzzc

(l_e)zlb -2U22a

1]

(1-e)z,c = 2z,a
and so (1-e)z1 = 0 (since tr'A # Q).
But z, = 0 = Z5 #Z 0 and sc a = 0, b = gve
i.e. tr'A = 0 or A is of the form above (in (1)) contradicting

the definitlon of A.

Thus € = 1, z, = 0 and sod(A) = {1E1|A € GF(p)}

f.0, ~to g o2 =

I{é Y]
If 2 € £'(A) then (using the original equations again)

1oy anc |X| = |Y] =X = %Y,

2z,a + zz(b+evc) = 0

-2zla + ze(eh+vc) = 0

(1+s)zlc = (1+a)zlb = 0
and so (l+g)22 tr'A = (1+e)zl tr'A = 0,

d ve-b -2va
2 - e} /1 = .
Hence € 1 and so£'(R) = €21 A, 5. ve |3

Thus —— XTI5X = -1 §7

|x| |¥|
xy™t €41 (a)

1oy ana |x| = -|¥| = |xY”

i.€e. x2{(b - ve)? = 4va®} = 1,

If a = 0, this 1s always possitle. If a # 0, this is possible

1f and only if y° - v = quadratic residue where y = b;:c -
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Since (by lemma L7) y can take %(p-1) values, 2 can take (p-1)
values (for 2 # 0) and ¢ can take p values we have %p(p—l)z
matrices of this form with a # 0 and so (%r+l)(p—l)2 such
matrices altogether. Of these, there are %(p—1)2 matrices with
tr'A = 0, leaving %(pg-l)(pml) such matrices with tr A = 0,
tr'A # 0.

Fcr each of these matrices, we cbtain %(pz—l) matrices
A* and so there must be p-1 equivalence classes.

Since thereare (p+1)(p—1)2 matrices with tr A = 0,
tr'A # 0, a cr b - y¢c # 0, the number cf such matrices with
(b - v0)2 - Huaz = guadratic non-residue is %(pg-l)(p—l).
Tfach of these matrices ylelds p2-1 matrices A*¥ and so there are
% (p-1) equivalence classes.

(d) tr A # 0.

In this case, if —— x~1ax = -2 v~lay, then |X| =| Y| and so
Ly |X| (Y]
XY™ =z €d(a).
Since x,E, € £(A) for all A, E, €4(A) = x,E; + x,E, €£(A) and
X,Y € £(A) = XY, xX € £(A) we have
14a)| = 2p°, p°, 2p or p.

(1) If |&(A)| = 2p°, then E,A = AE, and AA = A

a b a b b wva ve v
i.e. ¢ =d] © lsec =d and a we) - a Bl
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Hence A = aEl and so E1 is the standard form.

(11) If |4(A)| = p?, then £(A) = (xE +x,E,|x, € GF(p)}

and sco AEQ = E2A.
a ve

As in (1), we must have A = [c a

In this case g)A®

n

|
A 1(x1 1
A TAA

a eve
T tee a |

} (a,c # 0).

+x E2) A(xl l+x Ea)a

Since there are 2 chcices for € and p-1l cholces for A, each

matrix A yields 2(p-1l) matrices A¥, and so (as there are (p—l)2

matrices of this form) there are %(p-1) equivalence classes.

(111) If |£(A)| = 2p, then E, € £(A) but there is an

(xlE1 + x Ez)a (x # 0) such that

A(xlE1 + x2E2)A = (xlEl + szz)aA

ax1+bx2 -(vax2+bxl)] laxl-ucx2 bxl-vdx2
1.@ . 3
cx1+dx2 -(vcx2+dxl} aX5=CXq bx2"°x1
Thus X, = 0 L = -ve
or
b =c¢ =0 cx1 + uxe = ax2 - cxl.

In either case, tr'A = 0 and 2cx1 = (a-d)xg.

1 1 3 =1

Thus —— X~1aX = -1 Y 1AY and X # +Y = XY
|X| Y|

Ixt 7| =1
i.e. xz(ﬂvc2 - (a-d)z) = 1

where a # -d, and elther ¢ # 0 or a # d.
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Hewever, 1f a = d, we have chzxg = 1 which 1s impossible and

so a # d. Thus this is pessible if and only 1if
y2 - v = gquadratic ncn-residue where y = %%%H’
If @ = 0 (by lemma L7) there are p-1 choices fer a and so
p-1 cholces of A for each value cf y.
If d # 0, by lemma L7, there are r-1 cholces for d and (as
a # 1) p=-2 choices for a. Thus, since y can have %(p+l) values,
the total number of matrices of the recquired form is %(pe—l)(p-l}.
As before, each A yields %(pg—l) matrices A* and so

there are p-1 equlvalence classes.

The remaining matrices with |£(A) |

n

2r will be dealt with below

(1v) =2 x~tax = 2 y7lay = x = sy,
|X| Y]
The only remaining matrices are those with |£(A)| = 2p and
hve - (a-d)? = quadratic ncn-residue: and |£(A)| = p.

In both these cases, each A ylelds p2-1 matrices Ax,
and since there are pu possibilities for A, the number in this
last section is

y 2 : 2 X 2
p’ - {1+ (p=1) + (p=-1) + (p“~1)(p-1) + (p-1) + (p-1)" +
5(r2-1) (p-1))
= %(p2-1)(2p°-3p+1).
Thus there are %(2p2—3p+1) equivalence classes in this last

section.
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In all, there are %(3p2 + Up + 5) groups in p6¢21 for
p > 3. Canonical forms have not been found althcugh equivalenc
classes for A have bteen fcund on a ccmputer for p < 23 the abov=>
figure being found to Le correct for those values. Due to
economy of space the equivalence classes fcr p = 3 only have

been given (See 621’)
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451

The groups of agl have the same defining relaticns
(with p = 3) as 9 5q
Thus G = <a1,a2,u,|[u1,a2] = B,[B,uil = gy € 2(6), [a,all = By,
[C’-:azl T 612, [C"-sB] = 1>,

By lemma L2, we have

W, W W, W
(aq 102 2&“)3 = (o4 1a2 2)3a3w
2 2
3 3w1 3w2 3w "W Wo WiW,
= aq Gy a” "By Eo
For stem grcups, we have
3 a % ah"
a3 - Bé, oy = E”i, u*3 = g*? s a1*3 = §,~1 where
x X
al* = o laz Co® ”
vy, ¥
az* = 0ap TG, 20 ... z|X] = z(xlyz—xayl) #0
o* = a®
x|
anc so ¥ = B
X |x
ﬁl* = g =
) X |y
E* = g .

As in ¢21 ( p > 3) we have

¥y = 2ex,, ¥, = Xy, 2 = elx| = X T+, (e # 0),
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B " = =
From o*> = g*°" etc. we get (with a;,'= 2,,-1, a,,'= a,;

= . e ]
Eal xlal EK232

+1)

a = o_ ¥ B3
8“2 X231 + 5x1a2
2 = % ¥
* X

2 = # %
5855 + X (14x,%-€|X]) + xa, = |X] (x52.1% + exq8;5"%)

e *
[X|(xqa5," *=ex52,5%)

L

3{1812
2

el-x,a, 4% 85, " =% (14x,%-¢ |X]) M4y,

e = * *
e{-x,2a; 5" +X18,55-%5(14x; -leI)}+ya2 = ]X|(x2a21' tex a,,%).

2
Now x,(1 + x,° - e|X])

2 a
x2(1 - X, ) =0

n

and similarly x,(1 + x22 - ¢|X]) = 0.
Thus the above equations reduce to the same equations as fer
= 1
p > 3 (with a;, rerlaced by a12' and a,, rerlaced by a,, ) and so
the number of grouprs in 8sq is obtained by substituting p = 3
in the formula for ¢, £ p 2 3),

The iscmcrphism classes when a # Q may be read cff

from the ccmputer results fcr A as follows:

1) o
(r 0 ([0 O (r s
2) (- 83> {4 Pyt g8 T
(0 2) (0o o [y." 2 > 2
3} e wnjrf ol i 2l b il
v 2 fo o (r 0 0 1)
1) 0 0} 3 )} §2 0)> {0




(0 1 (0 0 e 1 1]
o o) |2 ofr |2 1) |2 2
1Y fa by [~ O 2)
6) 0 o) {2 r)> |1 of* |0 r
0 1 1 0
[ 11 81 Tlo @
r 2 0 1
8) 2 B2 13
o 3
9) rls o
[r 1 29008 ° 0 [r 1
10) = w15 ololE gl iln
(& 2 (0 2] (r 0 [ 2
1 Sl H sl e #
ol (0 2
bk ala s e
13) rI
(2 r-] 1 r} [1 0} [2 o}
) 1o 1) 2 ¢ 2)r & 1
(1 r (2 p)
15) P2FEIE Ry
85 1] r 2
16) (&' ry* 33 P

~164-



%22

By theorem 7, all stem groups cf 622 are central
35

products cf groups in p > and groups in pq¢3. Thus

G =<a,07,8,,8,> where[ay,al=ay,y (4 =1, 2),[8),8d =az€ z(G)>

and at = 1 a3 i | a3 1l il il 3
P (g) v Vv
al'a3 = 1 1 1 1 a3 a3 qs a3

P
g MR ey e TR
A I G T i 1 g T e

By replacing o by aBl and 82 by G2a in the third

2
group, we see that 1t 1s isomorphic to the fourth group. Also
by considering the maximal subgroups conteined in ¢3 (see belcw)

we may see that thereare seven non-isomorphic groups 1in p6¢

22"
P P (g) P r r s
Qo oy oy Gh <a,0y,B8,5> <aBl ,0158,> | <ab, ,a1,6162
(r # 0)
1 1 1 05(1) 0,(1%) 1)

a 1 1 ¢3(2111)a | ¢5(2111)a ¢,(2111)a
1 1 s ¢3(15) °,(2111)a 9:(2111)c
1 o /| 2:(2111)b, |  ©,(2111)p, 25(2111)b,
1 ag’ 1 9,(2111)b, |  ©,(2111)k,, 9(2111)b,,
i a oy || 93(2110)p, | 0(2111)c 2,(2111)c
1 a3“ o ¢;(2111)b, | 9;(2111)e 2;(2111)e
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53 (p > 3)

The groups of ¢,; are characterized by: G/Z(G) is
05(1"), Hy(6) 1s (1"), Hy(G) 1s (111) and Hy(G) 1s (1). By
theorem 1, we ncte that |G:€(H3)| = p.
Let o € G - §(H3), ay € 4(H3) - &(H,), ey, = [agsa] (1 =1, 2, 3),
[0gs05] = vy, and s© oy,y5 € z(a), [al,a3] = [uz,aal =1,

For stem groups we have Z(G) = <y aYo>e Writing

ay = yps We have

T o a ALy
Y2p= Ciup= f13‘ - Cﬁz"au - 1’ -, ;- 1"", Cil CI.3 ol 'I"’s
: *
o*F = y#2° ete. where
S M T
8 o Cn.l 0.2 .
s b £ y2
agr a4y Tap
2
" _ x5y,
g ¥ . a
3 3
x3yl
v ¥ =
",Lu " Clu
2
xyl
# =
Y2 Y2
As 1is &%, we have
D 2(%)
zZ, . o HE) By BEL 3
(azal l)p = arz(al‘aB 3 ) 17 . (z # 0).
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) ak
From o*F = y*1 | we get

3 #
x7y,a.* = xa; + x3b, Vi (1)

xylzag* = xa, + X;b, + xxlz(é) i (11)

: ®4p % (3)
From (a*al*)r = I*§ i v ¥ o , we pet

3 * £) =
X yl(a1 + by¥*) = xa; + (x; + yl)bl
P P
xylg(az* + bo¥ + ()4 = xa, + (x+y )b, + x(x1+y1)2(3)
j T
and so x°b, ¥ = by o (311)
. (%)
Xy b,® = by + 2°3"xx4 ol (1v)
If p # 3, the standard forms are

bl = gr 0 0 gr gr gr 0 0 0 0 0
b2 =1 1 1 0 0 0 0 0 0 0 0
a, = 0 1 0 0 0 0 7 1 0 0 0
a, = 0 T e e TR e S S T
where r + 1 =1, ... (p-1,3) and s + 1 =1, ... (p-1,4)

and so there are (p-1,4) + 4(p-1,3) + 6 groups.
If p = 3, we may suppose b2 = 0 and so we take Xy = 0.

Equations (1) - (1ii) become ylal* = a

1
# =
S
i
xbl bl
and sc we may suppcse a, = O or 1, bl = Qorl, a, = 0,1 or @,

giving 12 groups.

Thus, for all p, there are (p-1,4) + 4(p-1,3) + 6
groups 1n p @23.
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O,y and @5 (p > 3)

These families are characterized by: G/Z(G) is ¢3(15),
Hy(G) 1s GREND H3(G) is (11), Hy(G) is (1). By theorem 2,
there is a characteristic subgroup Hl(G) of maximal crder with
{H1(G),H (G)] < Hy(G).
Let ¢ € G - Hy, a; € Hy - 2,(G), 8 € 2, ~£(H)N2Z,, ay = lay,al,
ag = [ag,a], ay = [03,u] & Z2(@)%

By theorem 2, we may suprcse [a,8] = [al,uB] = [az,u3]
=1, [a;58) = ays lagsas] = ay” and of, ¢,P, 8F € 2(G) where
r = 0 for Oy and r = 1 for ¢27.
For stem groups, we have Z(G) = <ay>, Zz(G) = <B,H3>, and Hl(G)
are characteristic subgroups.

a

: %
Thus Qip =1 (i > 2y GP = mqa’ all-f = 1’ 8_[) e, aub Cl.*p - au*a

- 3

etc. where

e T 2
¥ =
c o ay B oy
yl v
% = 3 y 2
tq g R 05
1
g% = p?
Xy
e - % yl
o F= a3
3 X3yl



3

From [a,*,8¥%] = ay¥, we get z' = x7,

From [, *,a,%] = au*r s We get ry, = rx°.

*
From o*’ = au*a etc., we get b = ylb*

yi2, + y'b = x3y1a1'

= 3 *
xa + Xq2q + x'b x“y;a%.

In the case of ¢2u, r = 0 and the standard forms are:
b=1 0 0 0
T

a; =0 g 0 B r+3 sl ... {p=1,3)

a =20 0 E 0.

In the case of @27, r=1,y = x2 and so the equations

2

become b = x“b¥

x2a1 + y'b = xsal*
xa + xqa; + x'b = x a*
with standard forms
b =1 v 0 0 0
&= 0 0 g © 0 r+1=1, ... (p-1,3)
a =20 0 g & 0 s+ 1 =1, ... (p=1,4).
Thus there are 3 + (p-1,3) groups in p6¢2u (p > 3) and

3 + (p=1,3) + (p-1,4) groups in p6¢27 (o > 3)-
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ﬁeu and 627

These families have the same defining relaticns (with
p = 3) as ¢2h and ¢27 except that “Glp € Z(G)" is to be replaced

by "a13a3 € 7(G)".

3, - 3 "} p ] 3 =
Also o, e, = [al,a} !c3,L] [al ag,a] ¥,
: a a -
As 1In %5, 02?, we write o3 = ST al3u3 = a, 1 3 = Ty o
Since <a,c,> € 59, we have
a 3a
1,3 - 3 X
(ula2 ) a3 oy a3a2

-a
a 1 _
23
and so, by {al * apa, } we may suppose a; = 0.
Similarly (Gﬂla)B = Q3(01302333)a
s T - (A
= a’a, =1

and so, by {c =+ aala} we may suprose a = 0.
Alsc, since <ﬁ,H3> is 2 characteristic subgrcur, the cnly

automocrphisms which will affect the value ¢f b are of the form

X X
a* = & ...
IR R
al Ql
Xy

and so Gu* 3 Gu
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*
Thus, 1f §*3 = a)*°

, we have
b = yb¥*,
In the case of azu, we may suppose b = 0 or 1.
In the case of Boas the relation [al*,a2*] = a,® means that

y = 1 and sc b can take any value.

Thus there are two groups in 36A2u and three groups 1in

6
3°85¢-
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¢o5 and 0,6 (p 2 3)

These families are characterized by: ©/Z(G) 1is
25(221)b ,, Hy(G) is (21), Hy(G) 1s (11), H,(G) 1s (1) and
)‘J . o= b g 1 = )
$(H,(G)) # H,(G) where r = 1 for ¢55 and r = v for 0,6.

Let a € G -Af(Ha), oq E-ﬁ(Hz) - Z N Hy,

- [ai,u] (L = 252, 37

Then, by theorem 9, [ay,a5] = 1, alpa3 = a3r, azpun =a,,

2
a3p = uup =1, o € 2(G) and H, = <a2,a3> = <a2,alp>,

= P P = p
H3 <aqt 057>, Hy = <ay">. 3 z

For stem grcups, Z2(G) = Hq and so of = aua, okt = au*“u
where # X X X X
N o 3
a =oaap Tay "oy
a]_* = az
1 #® e
and sc ay® = ay
2
o o £
S
R
uu - all .
v, T L e 3 Ty
Frem a2* GH' = o)*, we get x“y, = Xy, and so x = j
-2 %
From o*" = Uu*a , We pget
xa = xyla*.
e
Thus we may suppcse a¢ = 1 or agp giving two stem grouprs in

each family.
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tpg and dpg (p > 3)

These families have the same properties as 925 and Q26
except that (with the notation of these families) [aj,0,] = ).
Using the same automorphisms as fcr ¢25 and ¢26’
we get, from [Gl*,az*] = a,*, that y; = 1.
Thus the automorrhism does not affect the value of a which may

take any value between 0 and p.

Thus there are p stem grcups in each of these families.
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The grcups of ¢30 are characterized by: G/Z(G) is
0,(1%), Hy(G) 1s (111), Hy(G) 1s (11) and H,(6) is (1)
As 1is ¢2h’ these grours have a maximal subgroup Hl(G) with
[H,(6),H,(@)] =1 and H,(G) 1is characteristic.
Let « € C - H,(G), a; € Hi(G) - 22(0), 6 E ZQ(G) - <H,,Z:>,
0y = [al,a], Gy = [az,a], ay = [u3,a] € Zl(G).
By theorem 13, we may suppose [a,B8] = [al,azl = [al,a2]
= lagsazl =1, [a1,8] = ags [ag,Rl = ay.
For stem grcups we have Z(G) = <ay>, Z,(G) = <ag,0y>,

23(G) = <B,Hy> and.ﬂ(Hz) = <ay,H,> are characteristic.

Thus aup B azp = GBD = 1, ap = Ya: u’lr‘ = vy 1’ Bp = Yb,

* a,*
o*P = Yaa ) al*p = y¥ B y el = Yib where Y = o) and
X X
x = X Lox' . 2
OL \J al 8 --2 - - w
y y
al* = cy 1 Gy £ vn xy,2' # 0
z
0% = ﬁz'az 2
Xy,
# =
% =2
2
X'y
{}3* = Ci-a 1 .
x3y1
il Y .
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From [al*,ﬁ*] = a3*, we get 2' = x".
Frcm the rest we get b = xylb*
e
al—Xu.l

S in
: ' = a
Xxa + x1a1 4+ x'b X ylﬂ
with standard fcrms:
b =1 1 0] 0 0
e 0 © e 0y foo (p=133) = 3
a=20 0 0 1 0.

Thus, in all, there are 2(p-1,3) + 3 grours cf p6f30.
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&30

This family is defined by: 9/Z(G) 1is A7(15), Hy(G) 1s
| & B 2 i H3(G) is (11) and HH(G) is (1). Using the notatiocn of
930, we have for stem groups
G = <a,al,8|[ci,a] = ay.15 [04.8] = 0,5 (1 =1, 2, 3) where
3 - GMB = 1. a3,013a3,33 € Z2(G).

{‘i3
R, . S B Tt R R B g
Thus 1 = [aq u3,¢] = Oy, 0T = apT,0,T0 5 = 0y T, B = Oy -
y
Now if we put o = woq 7,
%1
then [8,0] = [Byaa; 7]
Z
1
_[S,Cil]
=~-Zl
3
and [Byos0] = oy :

Sc <a,B> € Ag if zq # 0 and abelian if zy = 0.

2
' z '
Thus (o™ p* )3 = UBX(BBKG,G,UJ 2 )"
y  =Z.Xx!
= U3x83x ay 3= .
Also, as <oy 0q > € 69,
z
03 = (uul 1)3

a3(a13u3) l.
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Putting Xq = X2,, we have

X

: X -XX
(dxal 1Bx )3 = qu(a1333) 1(B3au 1

1
)X
. "he '
) Xatxqa)+x'b-xx X
S Clu .
If a, # 0, take x = a, X = =85, x' = 0.
If b # 0, take x = a, Xq = 0, x' = -b.

IF a; = L = 0, take xlx' = a,

X 1
X 1gx

Then, by replacing o by o Gq , We may suprpose 33 = o

The cther automorphisms are cof the form

- Y1 Y2
o * = 0q oy bk

p¥ = Bazze %
g azyl e
03* = mSyl be'a
OH* = uayl

and since <0y 5055 0g,0)> and <G,H2(G)> are regular, the result
follows by consicdering the case where u3 * 1 for p > 3,
Thus we may suppose

of 36&30.

295 b =0 or 1 anc sc there are 4 groups

=1T7T7=



37 and O3, (p2 3

These families are characteri

zed by: G/Z(G) is Ou(ls)‘

H2 58 (211), H3 is (1) 2nd G has a maximal subgrcup A € 65.

Let « € G - A, € € A - 22’ o
By = [ui,u], [ul,Bll = y. By theorem 6
[G,Bil = [ml,uzl = {al,ﬁzl = [u2,E1]
Fcr stem groups, Zl = <y>, 22
£ (H,(G)) = <asBq505,Y> are characterist
. 2 . a _ _ak
Thus of = Yq, ui’ 3 i, ¥ = Y*a s Gy
% = -x (it X'
5] (o) L |
yl yz 1
¥ = y
o a; To, Bl
Z z
1 1
a* = oy ey 08"
» _ X¥y_ XY,
n_% = !
r--'l el 82
Xz XZ
Bt = By B °
x(y12+ry22)
|-
N =
Since [al*,ﬂ2*] = 1, we have y 2, + ry,
Since [a . *,£, %] = *T  we have z Y rz
g Tho i € 1
- 2 _
Hence Z, = €Yy, 2, = -ery, (e = 1)

=S [a2,82]

5 Z

1847
, We may suppcse
=y' (1 =1, 2).
= <Hl,ﬁ2,y>, A and
iec subgroups.

*

a
®P ¢ 1 where

X(ylzz‘yzzl) # 0

r(y12 + ry22).

1)



From c*F = y#%" ete., we have

e . 2 2

8w (¥ % ry, Jo%; - ¥yt FRYT RN
2

Y124 + Yoly = x(y12 + ry, )al*

2 2
e(yja, - Ty52)) = x(y;" + ry, Jay®

) 2 - 2 5 .
and so ra.” + a,” = x"(y;" + ry, J(ra,*" + a, )s

° 011 by choice of Y1» ¥, we may surpcse a = 0 or1l,

and by cholce of x, we may suppose a, = 0 or 1).

1L r312 * 322 # 0, we may suprcse ralz + 322

Taking ¥121 = -¥,2,, We may suppose a, = 0, a, = 1:

o e
Ir I’r_l ¥ 82
= 1,

Thus Yo = 0, Xy, = € and the first equation becomes
A
a = Yl ar
Thus we may suppcse a = 0, 1 or v,

Standarc¢ fcrms are:

a, =0 0 1 1 0 0 0
W R . e S R
ok O Y 0 1 0 1 N

giving 3 + (p-1,4) groups in p6¢31 and 9 - (p-1,4) groups in
6
As all the characteristic suligroups are regular for

P = 3, this is the same as the case for p > 3.

1) For 04 (r = 1), 312 + a.c » 2, =a,=041ff p = 3 (4)

e o = 2 =
and for <32 (r = v), va, - + g iff

Ay Ty
p =1 (mod U).



9_33 (p > 3)

633 1s characterized by: G/Z(G) is éu(ls), H. is

2
6% B B U8 Hy 1s (1) and G has a maximal subprour A € P
Let o € G - A, o) € A --4(2,), ¢y rs/,"(zg) « Zy, By = [eigsnl s
(1= 31::23 [Fssa]l = y. By thecrem 6, we may suppose [a9584] = ¥
[B1s2] = [a3505] = [B5,0q] = [Eq:0,] = 1.

For stem groups, Z2(G) = <y>, H2(G) = <fi1585,7>,
_@(HQ) = <a5,67,B85,y> and A = <a,y,05,8;,8,,Y> are characteristic

subgroups.

' a‘ * " a *
Thus of = Ya, aip = y i, o®P = Y*a ’ QI*L = y* * where
o X x2
o, a al Ct2
yi ¥
al* & @) e 2 o Xy125 # 0
Z
ont = a 5
i 2
T.% = 7 xle xy2
5 i | e
Xz
B¥ = Bs ¥
2 l2
ARESSy

: 2
From [ﬁl*,q*] =1, we pet x Yo = XX3¥, = 0 and sc Xy, = X5¥q-

From [al*,cl*] = y¥*, 6 we get xy12 = x222 and so XZ, 312.

n
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; S e 1 21 o =
If a, # 0, by taking x° = a, or v "a,, X;2, = -Xa, and
X525 =-(xa + xlaIL we may suprose a, =1 or v, a = a; = 0.

! a, = 0, equaticns become a; = Xyq2 ¥

2
xa + Xxqa8, = Xy, a¥
with standard forms aq = i IS 7 (S ) o )
=0 1 v @

Thus there are 6 groups in p6033 {p > 3).
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B33

This family has the same definling relations as fer

0 (p > 3).
33
ok €y
g = G.Cil

Since [az,c]

similarly <a1,a> € A

Using the same notatlion as for p

> 3, consider

= £, [£2,0] = y, we see that <0,a,> e ﬁ3 and

3I
3z
Thus 03 = {Gl 1(03Y) rtor z1 # 0
a3 for z, = 0
2
3z z
X X
so (0%, 2)3 = 03¥(a 3y) 2
2
3z.% 3x. Z, x+x
& TSR 2k 2
ay A", Y .
Putting X) = X2, (and sc¢ z, = xxl) we have
2
X X 3x 3X,. X; XX
X T RS o K 1 2t | 2
(a Gy a2 Yoo = Gy a2 Y s
Thus the equaticns fcr p > 3 become
= o %
o ks
7 = e
XEq = Ayds = By
S " 1) 2 5
xa + xq2, + X575, * x;7x + x5, = xa¥
I ay = 1, we may sur-ose T Q.
If a; = 2, we may suppose 2, = 0 and sc a = a¥
If a, = 0, we may suppose a = 0 and sc
- *



So the standard forms are
a, = : i 2 2
a1 = 0 0 0
a =20 0 1

giving 6 grocups in 36633.
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*34 is characterized by: G/Z(G) is Qu(22l)c, HQ(G) is
(111), Hy(@) 1s (1).
By thecrem 6, 5y has the same relaticns as G4

except that (usins the same notaticn) By ® ap, 32 = alp_

Thus . [ 62 09“1'

lczlp,ri]
=
[ Gq sl Pr By ,0.1]

)

(% Les

e 0P
01

2
P

2 a
Alsc alp = ﬁzp = 1 and agp = vy

Z
Replacing a by a* = o™ ana Gy by Gy < we get y¥ = ¥y and

1.

= * .
22a2 xa2 where x22

So we may suprcse ay = 0, 1 or v, giving 3 groups in 16¢3n



237 t0 039 (p 2 5)

These families are discussed by Blackburn in (1),
wnose results I have usecd below.

The grcups of ©38 are given by:
G = <,y «vo > where [ay,a] = g1 (1 =3, .o &) [qs,a]

<1 a4
[og,a,] = ayas 5 Lopasl = o, [ai,uJ] = 1 ctherwise and

P d i (? ) c o}

@’ = g s G Ug = Og s ay = 1 (1> 1) where we may suppose
c = any gk 0
d= =c 0 ﬁl

K+ X &3, 24 nn Ab=1-4) b als 1. 2, ... (p=1,;5).

Thus there are p + (p-1,4) + (p-1,5) groups cf p6Q38.
The groups of ¢37 anc ¢39 are given by

N = <C"’a1’ e 0;5> where [Cf.i,()‘.] = Ui+1 (1 = l! 2! 3)3

8 o

Log;oq] = [opsasl = lag,ay] = ag € 2(G), Lag,ap] = ) and
of = usd, alp = asc ; aip = 1 (1 5 2).
Ifa#0 (¢39) we may suppose a = 1 and

c = any gl 0

d= ¢ 0 Em

L+ 1l=1, 2, «..ilp=2,8), m*1=3, 2, ../ {p=1,6).
If a=0 (037) we may suppose

¢ = 1 1 0 0 0

d = g 0 1 v 0 e % = 3, 20 ... (p=d,t
Thus there are 4 + (p-1,4) groups in ;6¢37 and p + (p=-1,5) +

(p-1,6) groups in p6¢39.
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This family 1s characterized by: G/Z(G) is ¢5(15},
T (@) 13 (N, Hy(G) 1s (111), Hy(G)1s (1).
Let Gq G - HZ(G)’ o, € ¢ - <m1,H2,Z>, p = [al,a2],
By = [B,ail (1 =1, 2), vy = B8ys,a,] . By theorem 12, we may
suppose [Ez,ull = v, [ci,ﬁi] = [B,Bil U T W T8

Fcr stem grours, we have Z = <y> and sO

= ai ai*
€ ﬂir I air -y T ai*p = y¥* where
X X
al* = 04 1a2 2Bx
Y1 Y2
o Y o =
a2* Ay Ta, B e X195 = Xo¥; # 0
¥ = pd
5 N Axl_ sz
* = n )
Bl 21 Be
Ay,_ Ay
- » Mg AV
N ¥ = n
=5 A(XyY,*X5¥1)
G Y :
Frcom [al*,EI*] = 1, we get x;x, = 0.

From lazﬁ,aaﬁl =1, we get y,¥, = 0.

*

By
From ai*p = y# , we get
- 2 x = %
o M T T | . Ry * =Xo¥q 8y
= 2 * - 2 %
as ® %y ¥otn Sy SIeXacygsa e
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If aja, = C, we may suprose aq = 0 and so

o = 2 *

Thus we nay surpese a, = 0 or 1,
[

— 1 2
T ara, i Oy by Sakling = . we ma pose
1T aja, Oy & king xly2 aq. We may Supposc
-2 2 2

= & oo = X T & e 7 = - *.
a, 1 ané so g Yo or 2, s ¥q s 1 X5 Y125
¥ 3 = o W N = 3‘ 3 »
Thus YoTa, = 25% OP a5 T X,yTyq72,
with standard forms a, = N gr r+ 1= (p-1,3).

Since the above autcmerphisms do net affect the
calculaticn when p = 3, the results there are the same as for
p > 3.

Thus there are 2 + (p-1,3) grours in pscuo (2 3
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This famlly has the samedefining relaticns for G/Z(G)

and H2(G) as ¢y5. Using the same notaticn we have [al,ﬁzl =

i"ﬂ'-2;iil] — 1'; [C‘l’ql] S [{12552] = Y-v

With the same automorphlsms as 9. :

A(xl2

-vxge)
) SRR / .

™ % n ¥ = £ - =
Frcm [ml N i 1, we have X4 VXY o

2y,

From [a,*,B,%] v¥7V, we have y12 - vy22 = «v(xlz - VX,

Sclving these, y1 T €VX,

Yo = €Xq GF w1l
a. ¥
From ui*p = y¥* A , we pet
X8, + Xya, = e(xl2 - vxzz)zal*
vX,a, + x,a, = (x12 - vx22)2a2*.
Taking Xja, = =VX52,, We may suppose a, = 0.
Thus X58q = 0 and so

L 3 * 3. »
a; = X,%eay (exl) a*.

Sc we may suppose a4 = U5 &5 B ven Fr, r +1= (p-1,3) piving

1 + (p-1,2) groups in p6¢q1 {p > 3).
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As in 2,4 (p > 3), a stem group of 4,, is of the form
G = <ctl,a2"-“al,:¢2] = ",[[,ai] e (1 =1, 2), [ul,ﬂl]
[az,ﬁel = vy, [ml,ﬁgl = {“2’81] = 1> where HQ(G) is abelian and
3
o4 € Z2(G).

Using the same autcmorphism 25 in th’ we have

i 2K
i B = : 3
! ] s ] L 2 [

y y
u2* = G 1a2 28y

Since G/Z(G) € 9¢, we have

¢q = oy Ciy fq Py (mod 2).
e s -
However, a,%*” € Z(G) and so X1X5 0.

Similarly Y9, = 0, and equaticns become

8, = y,a.*¥ A, = ~y.2,%
X s o 2 ork
= ¥ = . o #
If a;a, = 0, we may suppose (as in aqo) that
a; = 1 a5 = g op 1.

If a;a, # 0, we may suprose (by taking y, = a;, X = a2) that
ay = 35 = i
Thus there arc 3 grcups in 36au1.
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Dig 8R4 “yq

By theorem 8, there is just cne group in p60u2:

2 2 2
<a,B,y|aP =8P =yP =1, [a,p] =y, [a,y] =cP, [8,y] = 67P>,
1 LT
Note: Taking us = arﬁ, U = 0 lﬂé we see that this group 1s
iscomorphic tc that plven by Easterfleld in (2).
By theorem 10, there 1s just one group 1n p6fu3:
2 e v :
<a,B,y|eP = g7 = yF = 100,00 =¥, Lla,y]l = &F, [2,y] = a"P5,

By theorem 10', the pgroups in &uz, Aﬂ3 are:

6 - = 0 n = 3 =
3 ﬂuz = <0&1 C¢2 ’ll,g ][Q 21 = g [l—',ﬂ-il > Gi, u‘l == [:2!
P s I S
: Ctz - 1, [ = Pi C
p— o ] 3 2 = Y e 3 =
3 ﬁu3 = <Jl,a2,b,{l,p2|[a1,u2] = R,[E,ail = R4,0,° = By,

e = P 2 o pS =
Gy” = Pyy BT ow BT = 1,
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IIT Possible Chcices for Capable Groups

The follcowing is a list «of ncn-abellan proups of

order ps (p > 5) whose twe largest type invariants are the same.

5

By lemma 4, all the carzsble pgroups cf order p” must Le taken

frcm this 1ist.

02(15) - <U,,B,Y,¢),€|I£|f‘-‘§ 5 EOT
2 2

]
ot
j=
v
M
5]

(¢ # 1),la,g] = y,rest=1>

,.:;2(221);1 = <&,£3,Y’c;i- =pP =YE: = 3 Jla 81 = ur" rest = 1>
~2 2 ; :

©,(221)b = <a,R,ylaP = P = yP = 1 [a,y] = oF, pest = 1>
2 2

0, (221)¢ = <a,B,7|aF = BP = P = 1 [a,y] = PP, pest = 1>

0 (221)a <a,B,v|eF = 8P = yF = 1 [a f] = v, v € 2(G)>

03(15) = <a,f,Y,8,e||El=p,al11l £ (#1) € G,[«,81=7,[ £,8] =y, rest=1>

2 2

¢3(221)a = <a,f,y|ap =T =Y“=1,[a,ﬁ] = y,la,y] = mp, rest = 1>
e il 2

Q3(22l)b1 = <a,fb,y|e’ =pF = YW o= 1,[c,f] = yla,yl = 8, rest = 1>
e \ "

93(221)t2 = <a,B,y|a" =l = I = 1,[a,r] = yv,la,y] = ?v*,rest=1>

°u‘15’ = <a,B,8,e,]|E] =p,a11 £ (#1) € G,[a,Pl= 8, [a,¥] = >
2

2 _
0y(221)a = <o,0,y|af =eF =yP=1,[a,0] = oF, [£,y] = 6P,[a,y] = 1>
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2
0y (221)by =<a,B,y|aP =5P =yF

¢y (221)b, =

Qu(221)c
¢4(221)d

¢u(221)eo

¢u(221)dk

i

s (19
fs(l )

]

(12
06(1°)
t3‘6(221)&1{
06(221)13l

o O
36\221)bv

n

]

i

<

Q

<o

"

96(221)ck

2 -~
E;

1,00;v) = aP,08,¥] = 8P,lasp]l = 15

2 2 k

> S o D (B s T -1
<a,f,ylab =0F =yP = 1,fa,y] = ¢ P le,v1=pPk=1,2,... 555
2%
<a,8,v]e” =68 =y = 1,[a,0] = oP,la,y) = 65,[8.y) = 2>

1l
]

I S
<a,B,y|af =P =yP =

Pl
=yP=1,lc,v] = 8%,00,7] = a"P,[a,n]

1 oyl oF [ 8,y] e PpP,[a,8]=1>

2
p =fp 12

<a,B,v|a
TR K |
<a,B,v|aP =0P =yPa1fa,y]=0F,]¢,y] =0 V-2)PgP;

p-1

k=1, 2, ... 5=

8,7,8,el|6] = p, a1l & (#1) € 6,[c,f]l =[v;6] = >

,8,v,8,€||E]l=p,a11 € (#1) € g,[la,fl=y,[a,yl=6,[8,y]= >

e 2
<g’r’Y|G” =hp =Yp=13[u)E]=Yl [msY]=akps [B!Y]= BP>

r

2 2
<a,B,vlol =fP =yP=1, [o,Cl=y, [o,y]= oP, [B,y]= aPgP>

2 2
<u,8,y|ap =pp =Yp=1, [&,G]:Y, [Q’Y]=&?’ [ﬁsyl=avrﬁp>

5 B
<a,f,ylaP =pP =yP = 1 [a,Bl=y,[a,y]=8P,[B,y]=a"P>

B0 o :
<o,B,v|aP =8P =yP=1, [a,Bl=y, [&,Yl=ﬁp,[E,Y]=akﬂk'lk?I>

G?(ls) = <a,B,y,8,e]|E|] = p all £ (#1) € G,[a,Bl=y,[a,y]=[ B,8])=c>
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¢9(15) = <, B.y,8,e|l|El=p, all £ (#1) € 6,la,Pl=y,[a,y]l= &Lqr@l:ﬁ’

¢10(15) = <a,0,v,8,e||E]=p, all & (#1) € ¢,la,fl=y,[a,y]=8,[c,8]=

[B,y]l= &>

Notes - (1) Unless otherwise stated, all commutators are 1.

(11) v 1s a fixed quadratic residue mod p.
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Possible choices for Capable Groups (p = 3)

U

The following 1s a list cf eroups cf order 3 cor 35 and
class 3 or 4 which do not satisfy the conditions of lemma 4 or the
Lemma Let H be a group of class 3 with lower central series

; 3 = H
H > Hy > Hy > E where |H2.H3] = |H3| = 3, "/Z(H) € A, and

83, o’ € H, all ¢ € 2,(H), o € H.

3
Then H 1s incapable 1f there 1s an a & 4(H,) with Hy < <o>.

Proof Let a; €£(H,) - Z,(H), o, = [a3,0,] a3 = [ag.al.

Then H, = <ay,a3>, H3 = <az>, H = <u,ul,22(H)> where o is such
that HB < <a>. Also let [ be an arbitrary element of Zz(H).

(a) Suprcse agy = 22 (a Z 0 (mod 3)).
9. . 2 2

Then o = Qg gy = cl

Also (ua_raal)g = a9(a—ra)al9
g 2

3

and fai) = o = a3a all § € Z,(H).

a-r 1)

So, by lemma 3, H = <u,c aal,{af}> is 1incapable.

(b) Suppose ag = m3a (a Z 0 (mod 3)).
By simillar work to that in a3, &7, we may suppose a = 1.

Also U3 € <¢> cr 83 = 1 (and so (aﬁ)B = a3).

S -

(1) If a13 (S H3, Gy S <ay> or o, = 1 (and so (a2u12)3 =

a6a16a32 = ua).

Thus H is incapable by lemma 3.

1) {aB} is the set of elements of the form af,B € ZE(H).

~194—



(ii) S l"ila =Y, Y3 c H3, then &36 <,\1> or Y3 = 1.

In the second case
2 3 - 3 2 2 3
(u al) L al Gy =Y = ap”.

Also, if 3 = a.F, then

c.3 §
2 2 2 2
(oF a.p2=(rtl)Ty3 377, 3, 1..,_6--3(r'+1)
1 2 3
r2+1+2r-(r+1)2
a ) §
3
= vy for all ¢ € ZE(G)’
2 $2  3_(pr1)°
So y € <>, <a’aq>, <a alﬁ > and so by lemma 3,

H is incapatle.
The groups of class 2 are repular and so are included
in the 1ist for p > 5. For those groups which satisfy the

conditicns of lemma 3, the sultable reneratcrs are shcwn.

33(lq) = <0,04,0,5,0 lﬁfﬂ =a2,[a2,a]=a3,a13a3 . ad = a23 = u33 = 1>

33(15) = <m,u1,a2,a3,f|[al,al=a2,[c2,e]=a3,*13u3=a3=a23=m33=?3—1>

a3(221)a = <a,a1,a o |[- a]:nz,[az,a]=a3, a3 = a19 = a23 = u33.;1:
= <ac,,a aa 2|(ua1)3 (a2a1 33 = al3a3>

Aj(221)b; = <a,0,,0,,0, Ilol,m]=m2,{a n]-u3, o = a13 = a23=a33 = 1>

85(221)b, = <a,o,8,,0q l[ul,a]=cz,[a2,m]= 35 13a3=&32,a9=u23=a33=1>
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36(15) = <C113a2’E ;81,5‘2”&1,5&2]=f l[ [ sai] ={'-1)Cf.13=0'.23_l'5 =Fi = 1>

(]

; % T 6 i
ﬁ6(221)c <u1,u2,y|[a1,a2]=;,[b,al]=a2 ,[P,a2]=u13,a19=ﬂ29-; =1>.
(The cther groups of 66 are incapable by ccnsicdering pcssitle
choices from the ccmputer calculations.)

67(15) = <a,al,ﬁ,u2,a3|[a1,u]=a2,[a2,a]=[m1,ﬁ]=u3,a3=a?3=f3

59(15) = <G,@1,a2,u3sau|[ai,al=Gi+1,03=u13a23a3=u2 Gy =0g7=a, 7=

<&,m1,a2,a3,a"|[ai,a}=a1+1,a13u23a3=au,a3=a23au=a33

69(2111)a1

= <aa1,a2a1|(aa1)3 = (azal)3 = ay>

3

ﬁ9(2111)32 <a,a1,az,c3,ou|[ai,a]=a1+1,u13m23u3=aq2,a3=a23uu=nb

PN
_au =]>

u2a1|(aal)3 = (a2a1)3 = ﬁu2>

it

<GG1,

69(2111)b = <a,a1,c2,u3,uu|[ai,a]=ai+1,a3=an,a13a23a3=a23uu=a33

3

=ah =]1>

<a,ma1|u3 = (a&l)S = ay>.

Similarly, the only pocssible choice in alo is
By

Y

55 - . . - S e B
8,,(27) = <a,a1,a2,a3,uu|[ai,n] &y 4qol0g,051 =0y ,0%=a) Ja, ag=as oy

=a33=ﬂu3=1>.
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APPENDICES

A list of Non-~Abelian p-groups.

NOTES:

-
1 -

<§1,§2, ces € | W1(g) = 2(g) = wm(g) = 1) means the group
generated by &1,€2, A ﬁn with the defining relations
w1(g) G T wm(g) = 1.

Unless otherwise stated, all commutators are 1.

Throughout, v will be taken to be a (fixed) non-quadratic
residue (mod p) and g will be taken to be a (fixed)

primitive root (mod p).

:1:2(321)ai = cpe(sz)ai x (1) means that @2(321)5..1 is the
direct product of a cyclic group of order p together with

the group ¢2(32)ai. Similarly for other such expressions.

In the maximal subgroups column, @2(32)pg1 (311)a.cp'1 (221)b
means that the group has pa-1 maximal subgroups isomorphic
to ¢2(32), one maximal subgroup isomorphic to @2(311)a and
p-1 maximal subgroups isomorphic to @2(311)c.

Similarly for other such expressions.
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APPENDIX T

The Non-Abelian Groups of Order pn (p>2, n<6)

1.G€p3¢2

2
@2(21) =<a¢la1|,ap _a1p =1, [a,l,a] = o
¢2(111)=(a,a1|ap a,ip aep = 1, [a.,l,cx.] =cr.2>

Il
1l

2.(a) G € p* &,

Il

2
af =1, [ai,a]=a9>
] = 1. [a1,a] ap>
21) % (1)

3
®,(31) =(a,a1|ap
tbe(22) =(ov.,':r.1|'mp

1l

Q
ko)
1

b, (211)a = @

2

o,(211)b =<a,a,,v | & =aP =" =1, [0,,0] = D

2
<D2(211)c =<a,a1| af =(11p =a2p =1, [a,,a] =a2)

Note: The last one has no non-abelian maximal subgrounc)

o,(1%) = @ (111) x (1)

2.(b) Gep* o,

¢.(211) = <a,a,> where [a;,a] =

z (1 = 1,2), ap=f"-5p

%541 2

Symbol‘i o apa(gl! Maximal Subgroups
:‘ - T .

i . ¢’2 CI’,I
: i ay 1 ,(21)"'J | (111)
P N i(m)p (111) (21)

| by ‘ 1 U—; 5(21)"'1\111 (21)

(93(14) =<G:a1| [ai)a] ikl

i+
Y

P_ g)_ P " W
10 @ ‘“?&3 =a; ., (£ = 1,2}



@2(41) = (a,a1|ap =a,? =1, [a,,a] = ap3>
@2(32) = (a,a1|a.p3= a1pzﬁ[a1,a] = a2> where P = 1 and
p2 p (Maximal [Maximal Quotients
Symbod 5 g Subgroups in @2
a, ay v (31)P (22) (31)P
a, v | @, |(30)P (22) (31)P77 (22)

2
o, (311) = <a,a1,a2,y1) where aip = 71p =1, [@,,0] =a, and

Symbol 72P oP e, Naxi@al Subgroups
in ¢2
T 2
a 1 ¥ N (3é)p =2,(31)%(1)
b v, 1 v P (31)P ~1(211)
= : Y4 i i

¢y (221) = <a,a1,a2,y1,vé> where [a,,a] = ae,agp - wep = 1 and

Symbol| oF a1P 719 IMaKi?il¢zubgroups
P2
o R e R (22) = 0,(22)x(1)
Ry ay | v, [(22)B(p-1) (211)acP™! | =@ _(21)x(2)
S gt ay [(22)P(P=1) (211)cP

g



3(b) G € p° O,
¢5(311) = <0’.,C!.1>

A P
a2 = as = 1

Il

vmme[afa]= o}

and the remaining results are the same as for

®, (211)a. % (1)
¢, (211)b x (1)
o, (211)c x (1)
¢, (111) x (2)

(1)

o, (14) X

i+1,

¢3(211) replacing a, by ¥ where ¥P =

(i = 132)

¢3(221) = <a,a1> where [ai,a] = G, 4 (i=1,2)
¥ . P _ &P _
ay = Oy = 9 = 1 and
| Symbol aP a1p as{g) E Maximal Subgroups
! i in 9., i
. | 2 i
i | [
! ! -1
a ; az Y (211)acP !
i
| | p
b, | Y | a, (211)e
gL | y
LA e B (211)cP =
' |
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(:}3 (2111) = <a3a1,7> where [ai,a] =

and

tye)

(0}

b, (2111)a
¢, (2111)1:)1
¢, (2111)b,

]

@

o, (211)1c>1 % (1)

®

3

3

(211)a x (1)

(211)b, x (1).

Others are given by

3
51

(i

! (g) Maximal Subgroups i
symbol | of jaPa ~E f -
L AT S

o ko 1 oy |(211)0P  (211)P 716
d I ¥ 1 1 (211)cP "
|
& - S v 1 (211)eP %) -
|
5 4
B
Rk
s 5] 2 .
r'ne groups of p ¢4 of exponent p~ are given by
¢ =<a,q ,0,)> where [a,,a] = B, (i =1,2) ﬁip T
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Type | ; i IMaximal Subgroups
Invariﬁ Symbol | o afj i aep ; iy B
ants | | i i : I g
| | . | e e
(eanjbiom 4 By 1 By | 1 E( 2) 2(211)8.«;1’
| | |
(221)i G O R R
(g2} | = @ | 4 Bl 4. E(22)P “T(211)aP*
O ; ! 1 l !
e (221) | a, | 1 | 8% | B, l(22)P°"(211)a2cP1!
2 P 1 2
iooo I ' : {
2(p_1) | i I[ | o)
(21}l = | B, |B.By {(22)P"1(211)acP
i " 2
. Bt | (221) fO | 1 )92 - ﬁ1 (22):9 _.1(211)Cp+1
k=g~ 7 -1 | >
g2, F (2RO £, |1 e, U8B, [22)P N (2rn)eH!
s(p-1)
| | p2,p
(2111} a | By | 1 P (211)c® a
| ' 2
(2111) b IS : 1 (211)cP2"ap(14)
eyt e -} 1 F 1 gy feeriye? &F-TeeE)
| | |

|

r:\.x_1_(15) = <a,a1:a2 |[C¢i,CL] £ Bi’ ap =a-p = B-P =1 (i = 1:2)>

3(d) G € p° o

(1)5(2111): <C’G1,C12,C¢3,Ct.4l [a1,a2]=[c¢5,a4]= BJ aa]p:ﬁ: a2p= 33p= aép =1>
)

¢)5(1 ) = <a1,a2,a3,c¢4| [31,a2]=[a3,ﬂ.4]= ﬁ: aip“ﬁp= 1 (i = 1,. . .4:)>

3(e) G € p° o (p>3)

The groups of p5 @6 of exponent p2 are given by:

=AS=



G =<a,,ay where [a,,a,] =B,[B,a,] =B,, aPp? =pP - 1(i=1,2)

l’
and
Type | } 5. F E o P Maximal E
Invariants | Symbol i 1 i = . Subgroups :
f 1
20 | 3 i P+
(221) a | B, : By : ¢ (211)a
(221) g E 2,p-1
b, B, B, L o (211)a%c r=1,2,...
= g z(p-1)
221 0 ¢ p
( ) c, B, B35 : 02(211)ac
]
(221) e, B, ﬁ? Bs | @2(211)acp
r
-y D+1
(221) d By B, o (211)c
201 p+1 o 2r+1 -
(221) a, B, 51k52 @ (211)c 4k=g="*1_4,
| r=4,2 g
1(p21)
2111 p-1 4
:( ) a B, 1 o (211)acP™ 0, (1%)
(2111 Py (14
E( ) | b, 1 B, o,(211)cPo,(1%)
{ v 4
E(2111) L h, | 1 B, @2(211)cP¢2(1 )

05(1°) = <a,,a,l[a,,0,] 28, [8,8;1= B, o;P=pP= g, Pt (11,2)).

3(£) G € p° o,

®7(2111) :<GJBJG1> Where [aila] = ai+1(i=1!2)‘[a1.!ﬁ]=a3:

P T
a2 or.3 = 1| ghad

]



» f P, Maximal Subgroups
Symbol aP gP a1pa3(3)r 5, 5, o |
& 93 1 1 (211)abP~1(1%) (211)apz
b, ’ 1 o (210)ep® (%) | (211)0F :
Oy 1 1 q; 211)apP"1(1%) (211)bp2 t
.,
c 1 ag 1 (211) ab® (211) 2P~ TpP(P=1) (44!

0,(1°) =<a,8,a,] [ag,0)=0,  [@,B]= o €z(C),a,P=af p7=1(1=1,2)

3(g)G €p 0,
p°_ B
@8(32) =<a1,a2|a1 = oy =1, [aT,a2]=a1p>
5
3(h) G €p g
R D P
" o S
¢ (2111)a= (a,all[ai,a]= a, . 4(1=1,2, 3),0° = @,,0;0, =050, =03 =0, =1,
3 <9
¢ (2111)b = <o, 0| [ai,a]=ai+1(i=1,2,3),a§a3 =ay, ,a=afa, " =af=af = 1>
o e NI

®4(2111)b, = {a,a |[ai,a] =a, ,(1=1,2 3),a1a3 =Q;,Q *02 a, —03_34..1)

k.= gr, I' = 132,..& (p-1,5)_

(The first has an elementary abelian maxima% subgi;'oup) .
5 : Pl 5P % o o

3(1)Gep i
(3)
@, 0(2111)a, =<a,0] [0y ,a)=0y; 5 [0,0 5)=04,0; Pa 7, <af= 1(1=1,2,3),

aP= a4k>
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k=gr,r+1

I
@10(2111) b

k=gr, r+1 =

B 1 = P,
®,,(17)=La,a,|[a,,a]=a; [0, ]=0,,0,

Il

1,2, +.. (p—1,4).

- <a:a1l [aiﬁa]=ai+1(i=13233) J[C(Iﬁ’)ael_aé,a _ai',...u,1pa
D O o Puw B
=asa ,a3_a4..1>
152,00, (p=1,3)
P
(2)

%5t



APPENDIX II

The Groups of Order p6 (p>3)

G € @2

5 =
¢2(51) —<aa |ap=cc =1,[a,,c] - aoP >
As in the groups of order ps, we have:

b s
@2(42)3,1 — <G.,OL1|0L '='C(1"x13 [U.1,C.] =

F% E? Is
@2(42)a2 = (a,a1]a 5a1=1, [a1,a] = a1

@2(411)a @2(41) x (1)

62(411)70 =(a,a ,'y|ap-_—a —'y =1, [a,a] = ,sz’)

@2(411)c (a,a1|ap_- o:.por? 1, [@,,0] =0, D

02(321)a1= @2(32)a1 % (1)
@2(321)a2= @2(32)a2 x (1)

@2(321)b = ¢,(31) X (2) Others are given by

2
62(321) =<a,a1,'73> where [a,,a] = 2,0%’ p:'\,§= 1 and
\Symbol | oF a,lp ' 'ysp i €y Maximal Subgroups in
®5
c ~ 1 v ~ (32)P(P=1) (311)cP
1 2 )

| a v, | 1 v, | P (32)P(P=1) (311)aP~1(221)c

e Vs 1 %y Y (32)P(P‘1)(311)cp'1(221)b =0,(21)
| x(3)
l f '}*2 '71 1 '73 | ety
l i ! et |




@2(0111)a

1l

@2(311)a X (1) = ¢,(31) x (11)
©,(3111)b

®,(311)b x (1)

. (311)e x (1)

I

@P(3111)c 2(

o,(3111)e = &,(111) x (3)

o (c22)a = ¢,(22) x (2)

A
o (222)b =< oD% PP < 1.a 0] = ¥
(=, e a:a.]:'xla "1"‘3' e [ 1?2 =y

P.(2211)a = 0, (221)a x (1) = 9.(22) % (11)

2l !

@2(2211)b = @
®,(2211)c = ®,(221)c x (1)
®,(2211)d = o,(221)d x (1)

P5(2211)e = @,(211)b x (2)

2,(2211)f = @,(211)c x (2)

5(21%)a = 8, (2111)a x (1)= 2,(21) x (111)
52(214)b = 02(2111)b X (1)= ¢2(211)b 2 {11)
> (21%)e = ,(2171)e x (1)=d,(211)c x (11)
o5(21%)a = o5(2111)a % (1)=n,(111) x (21)
¢2(16) = @2(15) X (1) =0,(111) 2 (111)



G € ¢3

3
®3(411)a = (a,a1|[ai,a]=ai+1,a§;1 = 1(i=1,2),oP =az,0, P_>
3
o
_as)
& o
= 1(i=1,2),c.p=1,c11p =0, >

1(i=1 12) ,GPE-],G'

- p
¢3(411)b1 (a,a1|[a sa)=a, a8 :

=, = p
®.(411)b,= <a,a1|[ai,a]_ai+1,ai+1

(Last two have abelian maximal subgroups of exponent pé)

¢%(321) = <G,G1> where [ai,a] = Q A =1(i=1 E)VEP = {and

i+1’a

E Symbol ar a1p T1p Maximal Subgroups i
' in @ i
2 »
5 :
5 Yy | Y2 | %3 (311)a
r
“r Yo | Y| @3 (311)aP~1(221)c | r=1,v
s %z | Yo (311)eP~1(221)b |

¢5(3111)a = ¢3(311)a x (1)
®:(3111)b = 2.(311)b x (1)
®;(3111)by,= @2(311)byx (1)
(3111)0 — <ai 1371 [aila]_a 131 :a —1(1 1 2) ,ap—a1p 1 '\’p -—ﬂ, 5

®,(3111)d = <a,a,|[a;,a]=a, ,,a.P = 1(i=1,2), aP s P—-1>

1+1,ai§1— 1(i=1,2) ,aF =a, p =1)

+1
& (3111)e = (a,a1|[a ,al=a

(The first is the only one with maximal subgroups in ¢3 and
the last is the only one with a maximal subgroup in ®2 and

exponent p2).

~ 412«



]

¢3(2211)a ®3(221)a x (1)

¢=3(2211)b1

CI>3(2211)'Dv

@5(221)131 %< 1)

¢3(221)bv x (1) Others are given by

¢5(2211) =(a,a1,v1> where [ai,a]ﬁai+1,ai£1=1(i=1,2),72p=1 and

Symbol | aP |aP i w1p: Maximal Subgroups in @

1 3
c a, 1 Yo (221)ap(p_1){2111)a g :¢3(211)8X(a)
r (p-1)2,p—1 p-1 .
< O o (221)a DY (2111) be =®5(211)brxkg}
2
s | 1 }e (221)b{P=1) "gP=T(2141) 4P
(p-1)° p-1 P
f 1 Vo | s (221)b at (2111)e

g Yy Yo 1

2,(21%)a = o (2111)a x (1) = o,(211)a x (11)
¢3(214)b1 = o (2111)b, x (1) = &,(211)b, x (11)
0,(21%)b, = 0,(2111)b, x (1) = &5(211)b, x (11)
o(21%)c = o,(2111)c x (1)

o4(21%)a = o,(2111)a x (1)

o (21%)e = o (2111)e x (1)

o, (21%)r = ¢3(14) x (2)

2,(1°) = 2,(1°) x (1) =o,(1%) x (11)

3

-A13-



G & ¢4

The groups in p%4= cf exponent PB are given by:

G = (a,a1,a2> where [ai,a]ﬁﬁi,a =1(1=1,2) ,3 Es and

" Type oym- : i s i oI
IInvaria.nts bol Iap | o 1p!a2p Mediinas. wdhERaupn D) S a }
= ——
T 5
(321) a |7 1 B, {821 (511)a° ;
| |
2
(321) B e gt (52)P2(311)cp %
(321) e (B 1 [y 3T 3 (2e1)e ,
; ] L
(321) a |Bo| v | 1 |(32)% (315)eP™ (221)b :
| 2 T i
l(321) gy 1 e LES gse)p “1(311)ac9"'(221)b b
(321) SO0 i K 151 e I (32) 1(311)cp(221)c §
(321) AN ERRE 8 (32)® =1 (311)cP(221)c {
(3111) a |v | 1 1 (311)aPcP” ;
. 2 '
(3111) b t1 Ly | 1 [ (311)ePP (2111)d |
(3111) c [1 1 v (311)ap“1cp (2111)b %
| 1
<1>4(222) = (a,a1,a2> where [ai,a]zﬁi,'yp-_-aip':'l (i=1,2) and
|Symbol| of | « 1p a2p | Maximal Subgroups in
Ko o
2-1-
a B, B (221)aF 7P |
i i :
b.. B1g B, (221)a2pdp(;"1) L r=1,2,.
| ¢ By | By (221)&1.1:”'1653 G |
a | ¥ | B BB, jleensf |
e By | v B, (221)adp S50~ {
f 2r+1
| ~V P +p f 4k=g
MEARE A TS
| 2 ; r=1,2
. pPS+p |
e | B, BB, (221)a 5 {

-Al4d~



@ (2211)a = (221)a x (1)
® (2211)b = @ (221)b -
¢4(2211)c = ( 21)e x (1)
@4(2211)dr= (221)d X 1)
4(2211)e @ (221)e x (1)
4(2211)fr ® (221)fr x (1)

0,(2211)g = <a,0,,0,,% [0;,01= 3B, 7 € Z (G) 7P

A P_ Pg P_

9,(2211)h = <a,a,,0,,7 [24,0]=B 3B, 7 € 2 (G) VP=p o, BB g, aP=aZp = 1)

®,(2211)1i = {a,a

4(
(Note:

0.2, "f' [aiaa]’*ﬁ 15{3 iJ'Y € %Z (G) :’Yp=523 ag":B“:ap-:an:'ﬁ]I_)t 1>

All of the above have maximal subgroups in ¢4, g has

pe(p-1) maximal subgroups ¢4(221)a, while i has none.)

For the rest, we have

9,(2211) =<o,a,,a, where [a,,a]-B.€ Z (G), B, P=v"=1 (1=1,2) and
i |
Symbol aP a1p agp Maximal Subgroups Maximal Quotients
in ¢2 in @
4
D .p°- 2p(2111) 6P
3 ¥ B, 1 (221)aPaP "P(2111)cH  (221)aP7P :
D.p2-p 2. wy
s B, ¥ 1 (221)aPaP “P(2111)cq  (221)bP "P(2111)ab
£Be p-1
k B, vy 1 (221)a* (2111)ac
2 ?
3 v 1 B, (221)dP (2111) p ;
- : v | B, (221)aP=1dP" “P(2111)acP ;
|
n 1 B, (221)aP~1aPP(2111)P*! ;
4
9,(21%)a = ®,(2111)a x (1)
®,(21%)b = 9,(2111)b x (1)
4
¢4(21 Je = ¢4(2111)c % 00

~A15=-



¢4(214)d = <a,a1,32,7|[“i,a]551,7 =ﬁ1:a§LﬁE=1(i = 1:2)>

(This is the only one, except for the direct products above, with

proper subgroups in ¢4). The others are ®4(214)= (c,a1,aﬁ>
where [ai,a]=Bi,ypaa2pﬁBip=1 (i=1,2) and
Symbol | aP T ;;gi?ai_sﬁlﬂioﬁjé’ kF
1 in @,
= *vé; -3
e ¥ 1 (2111)cP P
R =
£ R (214 eP P11 .9

2 ~,
¢5(511) = <a1,a2,a3,a4|[a1,ae]=[a3,a4]aﬁ,a1p=ﬁ,a2Paa3pzc4pa&p=1j

2
. - T
®.(2211)a = (a1,a2,a3,a4|[a1,a2]ﬁ[a3,a4]=ﬁ,aepzﬁ,a1p=a3~- J

2
n AN
¢5(2211)b = <a1:agsassa4l[a1sa2]£[a3:a4]ﬁﬂ:aspéﬁ:a1p£agpﬁqﬂp;?“ﬁ:,

(The first has a subgroup of the form @2(221)a, but the scconi

does not.)
.(21%)a = 2(2111) x (1)

4 S ! s
o.(21%)b = (01,a2,a5,a4,yl[a1,a2]a[az:aé]sp,~~=5,aif=5p=1(1:1,2,5,4,
o (214)3 = Lo o o 0 | e, a. Jal,, o =0 r':fiﬂ Pury, Pog P.RP=9

5 §2 %0 GaCy | [ Xy CpJin (B, K1, JEBSE e S el T s

(The second has subgroups in ®_ but ‘a2 th'v~ “r2s not.)
P

5]
95(1%) = o.(1°) x (1)
-A16-



G e @6

The groups of p6¢6 of exponent p3 are given by:
G = {a,,a> where [o,,0,]=B, [B,a,]=B,,vP=B,,pP=p,P=1 (i=1,2) ana

%ﬂggriants Symbol a1p aep MaximaéESubgroups in i
; ]
(321) a.. v aar (311)ac®™"(221)b r=1,2,00sD~1
(321) Bea | B | % (311)cP(221)c
(321) by | Baial (311)cP(221)c
(321) N (311)cP(221) ¢
(321) B | Bs |0 (311)cP(221) ¢
(3111) 8 v 1 (311)acP~1(2111)a
(3111) b, 1 v (311)cP(2111) b
(3111) b,, 1 v (311)cP(2111)b
@6(2211)a = @6(221)a x (1)

@6(2211)'0r

@5(221)}3r % (%)

¢g(2211)c = 95(221)c, x (1)

6!
@6(2211)dr= @6(221)dr % (1)

@6(2211) = (ai,a2,7> where [a,,0,] :ﬁ,[B,ai]ﬁﬁiaﬁp=§fé1(i=1,2) and



2s(21%)a = 05(2111)a x (1)
06(21%)b_= e,(2111)b_ x (1)

@6(2‘[4) e = (a1,a2, 'Yl {7 130'2] =8, [ﬁ:ai]'—ﬁiez(&) ,’}“€Z(G) "YP=B1 ’aip=ﬁip=1>



Symbol | o 1 p a 21) ’yp Maximal Subgroups
o, | o
6 2
2
e B, 1 By (2111)aP (221)bP(2111)b
= 1
£, 1 B, By (2111)bP (221)pP" 'e(2111)a
, 2
£, 1 B By (2111)bP (221)pP~1e(2111)d
g o Bs 1 - (2111)acP
h, v B, 1 s (2111)cPH!
h, ¥ 51v 1 — (2111)0p+1

2.(21%)d = <a,,0,| [a,,0,]=B, [B,a;1=B,€2(G) o Py, a P=p Pus”yP= 1)

(This is the only group of @6(214) with no subgroups in @6).
6 5
¢6(1 ) = @6(1 ) x (1)
G € ¢>7
As in the case of p5¢'7, we write:
2
®7(3111)a = <Cﬂ,0-1,f3| [G.i,CL]ECI.i_l__],[(I,i,B]:CIS,GP -=a53315)_15f3p=a1p=1
(i=1,2)>
; 59, s =
(i=1,2)>
2
=2 = = P.gq V. aP=sPiqg P -
q)?(311?)b.v— <0‘.,0‘.1,ﬁ‘ [C!,i_,C‘.].._O‘.i_!_‘],[CI,I,B]—CLS,G.I _0.3 2Ol —ai+1“1
o (i=1 :2)>
¢7(3111)c = <a,a1,5|[ai,a]ﬁai+1,[a1,5]ﬁa3,ﬁp =a5,apza1p£ai£1=1
(1=1,2)>

=A18=



Symbol | o 1p o] ep 'yp Maximal Subgroups .
e o *
6 2 i
2
e B, 1 B (2111) &P (221)bP(2111)b
= -1
& 1 B, By (2111)b® (221)pP" 'e(2111)a
2
5 1 By B, (2111)bP (221)pP~te(2111)d
g 4 Bs 1 - (2111) acP
h, F B, 1 — (2111)cP*!
h, 2 ik 1 - (2111)cP*!

o (21%)a = 25(2111)a x (1)
o (21%)

gl 21 b, @6(2111)br x (1)
2.(21%)c = La,,0,,7] [7,0,1B, [B,0,1B,€2(G) ,¥€2(G) ,YP=B 0, P, =1
o

As in the case of p5®7, we write:

2
@, (3111)a = <a,a,,B| [a;,a)=0, ,,[0,,Bl=a,, aP —a ai+1_sp_a1pz1
o (i=1 :2)>
.._p o "'_?3'.. p p -
®,(3111)b,= <a,a,,8| [a;,al=a, ,,[a,,B]=az,0:" =0, =B ar =1
(i=1 :2)>
2
- P ¥ ablalo. P
®.(3111)b,= a,a,B| [a;,0]=a, ,[a,,B]=0,,0, " =a,",aP=pPea, W =1
(i=1,2)>
2
& gP D Dl
®.(3111)c =<a,a,,B|[a,,0]za, ., [0,,B]=05,p" =a,,aba Psa, ” =1
(i=1,2)>

=N 18



7\2211) = <a, G1,B> where [a,,a] _ai+1(i 1,2)[@,,pl=aa P&G3P=TPE1

and
LA~ P | o P | P Maximal Subgroups
bol 1 o, i @
3
. |
' 2
a a; | 1 (2111) ac® (221)aP
2
by | 7 | % 1 (2111) ac? (221)p®
b v P P
i A 1 (2111)ac (221)b
2
& gl v | (221)pP(2111)c  |(221)aP""P(2111)aaP"!

2
a, | 1 |a; | ¥ | (e21)apP Y (2111)4 (221)alP=1) “pP=1(2111)peP~"

2
a, | 1 | oY [ v |(221)a0P""(2111)d (221)a{P=1) "pP=1(2111) peP~"
2
e | v 1 as | (221)cP(2111)a  |(221)P 7P (2111)aP
- 2o

£ 1 v a, | (221)acP T(2111)d(221) 0P "P(2111) P !
E | i
2 (21%)a = o, (2111)a x (1)

4
¢7(21 )br= @7(2111)brx (1)

@,(21%)c = & (2111)c x (1)

M P_pPuq Pea, P =1(i=
@7(21 )d = <a a1,B,w|[ai,a]_ai+1,[a1,a]ua3,72~a ,at=p=a Fea, 1(i=1,2)
: 4
97(21 Je = £a,a 1,B|[ai,a] =0 4o [a1,s]_a aP =a zaapaa£l1?1(i=1,2)>

4 ,

7(21 )£ = <a,0,,B| [ay,0]=a, ., [o,,B]=a0P=a P —-spzaip1=1(i=1,2)>

T(21 )g = (a,a1,B[[ai,a]ﬁai+1, [a1,B]=a3,apga1p =P —a I3351(1 2

(same as in p5¢7)
@.(1°) = ,(1°) x (1)

~A19-



G € ¢B
3 3 2
" p” 5~ . P A
®,(42) =<a,,a,]a, 3:1,& =0, ,[a1,a2]_q1p>

©4(33) = <a1,a2|a1p=ﬁ129 =1,[a,,0.])- a1p>
@3(321)“‘®9(52) % £1)

/ P3 P2 P P2
®q(321) b= <a1,a2,1|a1 =a," =1,y=a, ,[a1,a2]§a1p>
The others are given by:

2
®8(321) = (a1,a2) where [a1,a2]=B,Bp =1 and

- | | -
Sg? a &P | oF Maximal Subgroups | Maximal Quotients
e, |BY |1 1| o,(311)aP(221)a 95(32)P0(221)a
c. |BY | 1 pP L 9,(221)d r=1,2,.0.
p-°
-1 ap D n
op-{ BV 87 | B 0, (221)d

2 2 2
®8(222) = <a1:a2| [Cf.,l,CLE]EE, [B:aﬁ]ﬁﬂpx [ﬁ:a1]51sa1p Eaep Eﬁ‘p =1)

\TE ¢9

As in the case of ¢3, the groups of ¢9 are:

D — = P > p_.; p= =
99(3111)3 = (a,a1|[ai,a]_ai+1,a =a,,a F=a, 7 =1(1 1:2,3)2
2
r
@g(3111) b, = (a,a1l[ai,a]sai+1,a1pﬁa4.,apzui£1=1(i=1,2,3)>

wvhere r = gk,‘k+1 = 4,20 pats )

2
P Y P 2 -
141207 =0,,0, E?i+1 =1(i=1,2,3))

®5(2211) b, = (a,a1l[ai,a]=ai+1,a1pﬁa4r,ap =ai£1=1(i=1,2,3)>

&4(2211)a = (a,a1|[ai,a]ea

vhere r = gk, k+1 = 1,2,¢44(p=1,3)
2(21%)a = @ (2111)a x (1)
4
®5(217) b= 25(2111)p, x (1)
=A20-



¢9(214)c = {a,a 1,7|[ai,a]_ai+1,7§_a ap_a1p—ap =1(i=1,2,3)D

¢9(214)d = (a,a1,|[ai,a]=ai+1,a =a, Pea P =1(1=1,2,3)>

0g(21%)e = <a,0,, | [ay,a1=0,, ,,0,P ~ap-a p (=1(1=1,2,3)>
6 5

¢9(1 ) = ®9(1 ) X (1)

G € @10

As in the case of @Q, the groups of ¢10 are:

2

¢)10(3111)a’m = {a,a1| [ai,a]_or. +1? [0‘130'2]—0; ap "'0'4 Ja I'O'P _1(i=132:3)>

1 141
where r = g%, m+l = 1,2,...(p~1,4)

2
- s = P - 3 b_ p= - N
d“:'10(3'111)]3!1 = <CL,C11| [aixa]—ai+1: [(11:@2]-0'4:&1 T —CI1+1-1(1 1,2,3)7
where s = g°, nt1 = 1,2,...(p-1,3)

: &

¢10(2211)a = {a,a |[a ,al=a. =0 ap_a4 ,a1p =0 E =1(1i=1,2,3))

1412 [@92%2]
where r = g0, m1 = 1,2,...(p-1,4) :
®,,(2211)b, = {a,a 1|[a1,a]=al+1,[a1,a2]_a a1paa4”,ap =a, P =1(i=1,2. 3)»

where s = g%, n+1 = 1,2,...(p-1,3)

4

¢10(21 )am = @10(2111)am x (1)
4

¢10(21 )bn = ¢10(2111)bn % (1)

4 o, T ,
®,0(21%)c = (a,a1,y|[a.,a]:ai+1,[a1,a2]aa4,zpaa4 aPz=a p=a£i1=1(1rﬁ;21>
® 0(214)d = <a, a1|[ai,a]mal+1,[a1, 5]=0 5 af _a1p-aiﬁ1 =1(i=1,2,3)>
9.4(21%e = <a,0,][a;,0]=a, s [@,0,]=a,,0,P =oPaa P =1(1=1,2,3)>

@10(1°%) = &,0(1%) x (1)

G € @11

@, ,(222) =<a,,a,,0.> where [a,,0,]=B5, [ay05]=B,, [a5,0,]1=B,, and

2]



o - S D TN B

% = By Bt Pgss Ry bp ByBp PPy
0 o

B o= Py By By By BiBx BBy
B

ags = By £z Bz Bz Bz By

where r = 1,2,¢¢¢ P=-2

¢11(2211) - <a1,a2,a3> where [a1,a2]553,[ag,a3]5B1,[as,a1]ﬁﬁz,a3pa1

and
B o R B T -1
9. = By By By - Bs Bebs  BoPa By Bo
P v -2
s = By ' Bgt  Bapa Ry By Py PPs

where r = 1,2,...p-2
@11(214) = (a1,a2,a3) where [a1:a2]'='[33: [a23a3]éﬁ1: [a3,a1]=32:
P P_ P
Qy"=,"=1 and o, =B, or B,.
6 s 4
(1)11(1 )= <CL1,O€.2,{13[ [a‘l,agl'—_—a?’: [02,0'-3]5&1, [0,3,c11]=*_=ﬁ2,aip=[3ips1(j_=. 1215)

G € @12

®12(2211) - <a1,a2,a3,a4> where [a1,a2]=51,[a3,a4]=52, and

A =1

%= = By By By By By By Befg B B
B

B S0 Po By By By By 1 1

a b = B, Py By 1 By B4Bs By By By

o
@, = 1 By 1 1 1 1 1 1
4
P = =2
o Bg By T RiBy . Byly

B

*1 This i
is is the group @2(21) X @2(21)

*
% This is the group ®,(21) x @,(1°)

~A22-



2,5(1°%) = o,(1%) x o (1%)

G € ¢15

¢13(2211) = <a1,a2,a3,a4> where [a1,a2]ﬁs1,[a1,a3]=[u%?a4]ﬁﬁ2, o

b

B, = by B, B, 1 L 1 Bs
5 o Y

S = Bso 1 Bo Bo 1 1
P _

Goo =R 1 L P, B, Py B,
P _ i &

af = 1 B, 1 1 B

where ¥ = 1,2,...p=1

¢13(214) = <a13a2:a3:a4> where [31:“2]£ﬁ1:[a1:a3]=[323a4]=ﬁ2:

b P_
a2 =a4 =1 &and

ol = 1 1 Bs B,
2,5(1°) = Cappopaz,a, | lay,a,l=py, [ay,a5]=[a,a,]=8,,
B D i e
o =B =1(1=1,..,.4;5 J=1,2)

G € @14

2 4 2
o 4(42)= (a,B|[a,ﬁ]&aP Jap EBP =1>

9 2
¢14(321)=<a,6,l[a,B]:aPy,ap ﬁBp Egp51>

2 e
®,,(222)<a,B, | [a,B]=y,aP =pP P -1

G € @15
= 2 _ - Y
@15(2211)- <a1,ae,a3,a4> where [a1,a2]_[a5,aé]_a1,[ag,aé]_[a1,a2“ =
e Bav’ Cl.sp:'] and



% a

d
af = B, 1 By (d#0)
r

A = 82 1
where r = gk (k=1,2,002(p*¥1)), & = 1,2,...2(p-1) and, for
a given value of a, d and d* determine isomorphic groups whenever
d = d¥ or dd* = v(v-ae).
o (214) ={a,,a,,0.,a,|[a,,a]=[0,,0,]1=B8,, [0, ]=[a,,a ]véﬁ Voo,Pe

15 : A~ LA e oo N S i i LS e g T A e o) el B

$,,0,7=8 Pp P =1 (i=1,2,5,4)

0,.(1%) = <a 0,040, (0,0, ]2[0,,0,1=B ., [0,0,]=[0,,0,]" =8,

18 12720374 3 - ORTL SRR RGN 2O T RS g SR

o P=p Pp Pu1 (1=1,2,3,4)>

G € ¢16

@16(2211) = (a,a1,ﬁ> where [ui,a]aai+1,[5,a]sy,aiﬁ1=yp=1 (1=1,2)

and,
e o
a? = a, 1 Y Y Oy Y 1
P . a v v r
o,* = 1 Oz Qg Qg Y 1
P = v ¥ 1 1 1 iy .
where r = gk (k+1 = 1,2,...(p-1,?“ and a = 1,25:4:D~1s
4 —_ sy = p = p;
@16(21 )= (a,a1,ﬁ> where [ai,a]_ai+1,[&,a]_w,ai+1_7 =1(i=1,2) and
aP = a, v 1 1 1 1 1
;5 I v
Ry (= 1 1 Gz G 1 ¥ 1
pP = 1 1 1 1 v 1 ayg
6
¢15( 1 ) e <0¢,G1,B| [Gi,G]EGi+1, [ﬁ:a]=7:ap=a1P=Bp57p'=u'j1_)+1=1(i=132)>

-A24 -



G€¢>1T

¢=17(2211) = (a,a1,6> where [ai,a]='c11+1,[B,a1]=v,aiﬁ1‘='ypé1(i=1,2) and

P _
a = O Qg Oz 1 1 G O G Qo 1 1
P _ a v a v
a1 = 033 1 - G a O 1 a7y Cg Y o a:,)
¢ S :
pr ey ) 1 Y vy azy azy 1 QY oY
P o r v a+1 at+v
o] = agY CLS'Y Y 3 1 Ty oy as'y 0.3 s cr.3 v as o
a.P = a o] V & 0, 1 Y Y Ry B
g % Bg By Hpas. Y 3 3
P
B = 1 1 1 1 G Gz & 1 1 1 1

where a = 1,2,...p=1; r-= gk, k+1 = 1,2,”_(p..1,3)

4 ;
®,,(217) = <e,a,,p> where [ 0)=a, ,,[B,0, =705 =¥P=1(i=1,2) and

P

ar = 0.3 1 1 1 0.3 013 1 as'y Y o IS 1 a3'y 0.3 o'
P_ v v v

a 1 1 as as CI.S 03 - 1 S | 1 0’-3‘? Cx ny
Sl

Bt = 1 s 1 1 1 1 1 1 1 1 azy oz 1 1

6 <
@17(1 ) = <a,a1,B| [ai,a],—.-aj_H,[B,a1]~_-'y,ap'==a1p=-ﬁpa_=ai+?le-ypz1(3_:1 ,2)»

G€®18

@, o(2211)=<a,a,,B) where [a;,a)=0, ,,[a,,B] =0z, [a,ﬁ]=’¥,aif1='vp=1

and

G a T IR v’ v® v
ST B v & 1 o a;
gP - v 1 asr aq ay 1 1



where a = 1,2,...p~-15 r = gk, kbl = 1,2,.64(p-1:3); &8 = gl

149 = 1,808 D=1:4)

&
o) 9(21 ) = <G:“1,B> where [ai,a]=ai+1,[ai,a]:a3,[a,ﬁ]ﬁy, 1+1 =y =1

and
= oy vy ¥ 1 1 1 1 1
TR 1 { -y asv S " 1
gP = 1 1 1 1 1 1 Yy oy

¢18( 16) = <asa1:ﬁl [aisa]ﬁai_{_v [a1,ﬁ]Eﬂ,3, [a:ﬁ]ﬁ'y,apﬁa1PEBpEai_I:1ﬂp=1
(i=1:2)>

G € ¢19

¢19(2211) = <C1,CI1,02> where [0'1:&2]55: [B:ﬂilﬁﬁi(iﬂﬁ),[a:‘l1]ﬁ51,

ﬁp=ﬁip=1 and

B
ot = 1 1 BBy By By 1 LR B 1
P a a v v
k
135 g b a Y
a5 = Py Py Py Po P B B 1Py - Py

aP = 1 1 1 1 1 1
2 2
P v v
i
P . =\ a & a g g
Gy = By By By PP BB By Be
where b = 1,2,...p-1, a2 +b = b+1, b+2...D

k,1 = 1,2,...5(p-1) and in the last three cases we have
a+ vk # D, gl +k° & D gl+ V2K # p respectively.
4 .
@ 9(21 ) = (o.,a Ct.2> where [0’. 2] =B, [B,ai]zﬁi(1=1,2)[a,a1]=

=B ,,8P+p,P=1 and
&
~A26=



2
P= v v V-
RS S S By . By, B8 BE PR
2
af= 1 @, B, 3 1 I S 1 BB~
af = 1 1
a,P= E WA,
1= PP BB
2
P = Vo &
a2"5152 B152

where r =-k2, K= 1,2,..03(p=-1), o<l<2p and g‘e+k2 = P,

¢19(16) e= <G,G-1,Cf-2| [G1,C£2]='ﬁ, [B:Cﬁi].:ﬁie z(G) (i=1,2),[a,a1]:B1,

P P 2
ai =Bp=ﬁ ip-.:: 1>

G€¢20

¢20(2211) =<a,0:1,o.2) where [a1,(12]éﬁ, [B’a1]gﬁ1, [5’a2]=[a,a1]=mﬁ2’

pPep Pup P=1 end

N T By B 1 1 B, B 1
af = By B.* B, BB, 88 segs 1 B,
a2P - ﬁea ngr Bea 1 52 52 1 51a 51
- 1 1 1 1

a1P - Bev 52 Bgv Bga Bga

o = B By - B BBy BB

where a = 1,2,...p=1, r = 0,1,...(p=1,3)-1 s = 0,1,...(p-1,4)-1



®20(21£_‘_) = <C1,CC1,0'.2> Where [0'1’(12] "’“ﬁ’ [B)a1]=51.‘ [ﬁ:u’2]=[a:a1]=ﬁ?_'
ptep =B P=t and

B

of = 4 i Py B, 1 1 1 1 1 1

aP= B 1 1 1 BB, B.'B, 1 1 B B
1 1 Bo By Bs 2 2
P_ ) & v

oy 1 Bz 1 1 52 B2 ﬁ1 B1 1 1

where a = 1,2,... p-1.
<.12.20( 16) = <a,a1,a2l [a1ia2]=63 [5,a1]r__ﬁ1, [ﬁ3a2]=[a3a1]=5233p=aip56p-‘_‘
1 &

G € ¢21

The groups of this family have not been determined individually
for general p, although the isomorphism classes for small values
of p may be determined on a computer (see (6)) and the number

of isomorphism classes 1s known.

G € @22

4 — - o 7 45 o P... p e
®22(21 ) ¥ <C£,(11‘.,3,I_.. a) where [ai:a']—'ai_*.ﬂix [B1sﬁ2]“a5552 "ai+1*-1

(1=1,2) and
aP = Gy 1 G 1 1 1 1
a1p =) 1 1 a3 asv GS asv
B1p = ay ag 1 1 Qg Qg
0,5(1°) = 0,(1%) x @ (111)



G € ¢23

¢23(2211) = (a,a1> where [ai,a] eai+1(i=1,2,3),[&1,a2]ﬁ7, rest =1,
Pl P PP =
ae _a3 _a4 =y =1 and,

oP a a v ~'

P a, r r
a. = a, a a

where a = 1,2,...p=1; r =g , k = 0,1,...(p=-1,3)-1

- _ i
¢23(21 ) S <a’a1> Where [aiJa]=a1+1S[G1Ja2]='}’$ai£1=vp=1(i=132)3)
;-1 A 8 v
a = a.4 a4 a47 s Y 1 1
O r r
a1 = O, 1 1 1 1 o i
: g
where r = g , k+1 = 1,2,...(p=1,3); 8 = & , £+1 =1,2,...(p-1,4)
6 :
¢23(1 ) - (a,a1|[ai,a]éai+1,(i=1,2,3),[a1,a2]éy,ap=abp=yp=1
(j=1:-0-4)>
G & ¢24

@24(21 ) =<a,a 1,ﬁ> where [a a]_ai+1’[a1’5]"a ai+1=1(1=1,2,3} e

P _

a = 34 1 1

a1p o | G4r 1 r = gk, k+1 =1:230-'(p'133)
b _

p* = 1 1 oy,

24(1 ) =i <G, 1JBl[aiJaJ“ai+1J[a1:ﬁ]—a a _a P Bp= i+1_1(i=1,2’3)>

G € @25 or ¢26
2
- x bl
¢ 5(321) = (a,a1|[ai,a] =Gi+1(1=1,2,3),ap _agp—aé,a1pea3 ,a3P=aé-_1>
2
: x
¢25(222) = <a,a1|[ai,a]=ai+1(1=1,2,3),a1pea3 ,a2p~a4,ap =Q P—a o>

where we take x = 1 for & ang x = % for @26

25
"ﬂ29”



it

4 i L
®27(21 ) = <a,a1> where [Gi,a]301+1,[31,ﬂ]=[a1,32]=aé,ai£1=1,(l=1,2,5)

énd
aP &yt 1 1 t gmi s B w12
= 4 =20y L9 =l :--'(p‘1:4)
a1P - aér 1 1 r=", k+1 = 1,2,...(p~1,8)
P _ v
B = 1 1 a, O,
6y _ = % - Poplos PP
O, (1°) =<0 | lay,0l=a, ,[a,,B]=[ay,a5]=a,,07=p"=a Fa, | =1
(i=1;2:3)>
G € &g Or P5g

SOED T R
¢ q(222)a, = <a,0 oy al=a,  (1=1,2,3)[a,,a,]=0, a1p=a3 ,azp=a4 4

aP 5a4r,aspsa4 =1 (r=1,2,...p)

" e X
®,5(2211) = {a,a, |[ai,a]aai+1,(1=1,2,5),[a ajl=a, a1pxa3 ,02P=a2 ]
Py P.y P
aP=a F=0, = 1)

where we take x = 1 for ®28 gnd: x = VMV foYy @29.

G € Dy

®30(214) = <a:a1:B> where[ai,G]EGi+1,[01,ﬂ]ha3,[Gz,ﬁ]—a 0131 1

(1=1,2,3) and

ap = o
aP = a4 } 1 1
4
a1p= 1 aér aér 1 r=gk,k+1=1,2;---(P-1,5)
ﬁp SRR a4 1 G4

B e 5 " . PiaPiq Pig P o

-ABO- (i=1:2:3)>



GrECI)31

4 ;
®,(217) = (a,a1,a2> where [ai,a]hai,[ai,Bi]=7,6p=Bip_1 (i=1,2) and
TP =y v v y 1 1
Tl B SR R R s
af = vt 1 1 1 vt 1
where 1° = -1 (only exists whem p = 1 (mod 4) ).

6 : P.a P =
®51(1 ) = (a,a1,a2l [aisa:‘:?’is [aisﬁi]=“f:ap:ai =Bi =1(1—1 :2)>

G € O,
35(21%) = <o,a,,0> where [a;,a]=B,, [a,,B,1=v, [a,,8,)=7,BP=B,P=1
32 = Nt ot s LG sl Sl e et R el i

(i=1,2) and
v
of w S iyl Ng Y 1 1
a,P = ¢! v 1 ¥
agp = 9 1 1 1 v 1
where jg = -v(only exists when p =3 (mod 4)).
@52(1 = (05_,01,(12[ [ai,&]—ﬁi, [31351]—7: [32352]—"}’ s Q —aip—ﬁip'—'fp~1
(i=1:2)>
CGe &,

4
255(217) =<a,a,,0) where [ay,a]=B,, [B,al=[a,,B 1=,B,P=yP=1
(i=1,2) and

a? = v v 1 1 1
a1P = 1 1 v 1 1

aep = 1 1 1 Y ~Y

¢55(16) = <a,a 0,0 [a,0]=B,, [By,al=[a,,B, ]=v,a, =aPp PPy

-A31- (i=1:2)>



G€¢>34

2
- p e
_[c:c1 ,a]_a2p>

& 2 2
] = p':" p:r‘- p: 7 = p £ o P p=
65&‘222)51.v = (a,a1,a2|a =a,* =0, =1,[a,.al=e, [aa)a 5, [a,,07]

A 2 2
., (222)a, = <a,a1,a2|ap = %Pﬂﬁ

34 2

; s N
=La1p,a]:a2 Py

¢34(2211) = (a,a1,a21ap Eaip ;agp =7P=1,[aq,a]=ap,[ae,a]=a1p,[a1,cp]=
-::ca_ip,a]:—é'y>
i
o] (214)a = {a,a,|[a,,a]=a aP=zo.,a Pa (g)=a P =1(1=1,2,3,4))
59 Fe =4 & B i W o e o B | D = 1 e A i
4y, 5 Do ) o M i i
®35(21 )br" (a,a1,|[ai,a]_ai+1,a1 a \5'=a_",a _ui+1"1(1“1’2’3’4)>

(r = g5, k+1 = 1,2,...(p-1,4))

6y _ o Do e
®35(1 ) = (CL,CL,II [aisa]—ai+1 Ple] ﬂ1 (15 S =Cf-i+1—1 (i—1 ,2,3,4))

G€¢336
Py
o 4) (S)éa

g,
217)a, = (a,a1][ai,a]sai+1,[a1,a2]aa ap=a5 ,a1pa

19
360 52 5 1411
(i=1 323514’)>
D

I 1o 5 By (Sl e, B
¢, 6(21 )b, = (a,a1l[ai,aJ_ai+1,[a1,a2]_as,a1 ag'5’/=ag ,ab=a, 7 =1

(1=1,2,3.,4))
(r = gk, K41 & 1,2,...(p-1,4)5 8 = GE, a1 = 1,804 {p=1,3))

(E)H a. P =1(i=1,2,3,4)D

6 : B PP
®36(1 )= <a,a1|[ai,a]zai+1,[a1,a2; Ug: =0 T 5 = @,

=432~



G € QST

4 = = - ’ Pog T
¢37(21 )a‘r o <Q'.,Cf-1| [ai,a]-:ai+1,[aé,a1]_[a2,a3]_[a3,a ]"‘a‘sld 5 3

b
a1pa5(5)= as,aif1=1(i=1 52 541>

(p = &%, k1 = 4,2,...(p=1,4))
Py

®5.(21 )b -(c:,a I[a ,a]= =Gy 4. [a,a,)=[0,a )= [ag,a, =0, ap_as,a Pas(s

=2, 2 =1(1=1,2,3,4))

4 5 [ s . P v
¢37(21 )bV— <a!a1j[ai}a]—ai+1’[C“4Ja1]—[a2:a3]=[a3:a1]=a53a =(15 2
P

bedos .
“1P“5 5 =0 1_1(1_1,2,3,4)>

+
¢37(21 )¢ = <a,a1] [ai,a]=ai+1,[a4,a1]=[a2,a5]=[a3,a1]=a5,a1pa5 5/=

=a.,0P=a P =1(i=1,2,3,4)>

0e i+1

6 (¥
6)37(1 ) = (cc,o:1| [ai,a]=ai+1,[a4,a1]=[a2,a5]=[a3,a1]=a5,ap=a1pa5\5)-~

=, P =1(i=1,2,3,4)>

i+

G € ¢381

(%)

4
¢58(21 )a,r-‘-1 = (a,a | [a 1p0l=a; 4 ,[a,,05]=0 0, ,[a1,0r.3]_a aP-q pa

m
=g, 0,0 = 1(1=1,2,3,4)>

(m = 1,2,se.91)
4 _ o Py S
®,q(21%) b, = (a,a1[[ai,a]_ai+1,[a1,a2j_a4a5 » [o,0)=a,aPa 5,
(P) =1(1=1,2,3
a P 0y pr=1(1=1,2,3,4)>
P
<I>38(214)cr = (a,a1|[a sal=a, 412 @ a50=n Con ,[u1,a3]_a a1poa ( Ie
r .
= ,ap=ai£1= 1(i=1,2,3,4)>
k
(s = pﬁ, 41 = 1,2,...(p~1,5); T =g 5 k¥l = 1,2,...(p-1,4) ).



-1 P
= (a,a1|[ai,a]aai+1,[a1,az]sa4gs ,[a1,a3]=a5,apza1pa5(5’=

Eai§1=1 (1=1,2,3,4)>

The groups of ¢39 are the same as those for QST except that
[a1,a2]aa4 instead of 1.

G€¢40

®40(214)as = <Qf.1,O‘.2I [0‘.1,(2!.2]=E>, [B’ai]:ﬁﬁi’ (B i,as_i]s_-"y,a,’PE-y,agp:' SJ

pPap Fuyl wi(1=1,2)>
(s = gk, k+1 = 1,2,...(p=1,3)).

9,,(21%)b = <a,,0,| [0,,0,1=8, [B,0,128,, [B,,0,_;1=v,a Py, a PepP=

=aiPEyP=1(i=1,2)>

®40( 16) w <a1:a2I [a1xa2]§B: [B’ai];‘ﬁi’ [ais33_i]=7:aip=ﬁp=ﬁip='7p="1
(1=1,2)D
G € d)é‘l
¢41(214) aS = <O‘.1,(12| [a1}a’2]=63 [B’ai]__—ﬁi’ [0‘1:51]=73 [C'"EJ BE]*T-v:
P_n8 q P_gP_g P. P ” N
Cl‘.1 =7y 10‘2 =B _Bi =y ‘-1(1"‘1;2)/
(g = &5, K#1 = 1,2, .0 lp-128) )

¢'41 ( 16) = <011,0‘.21 [a1:a2]=83 [B:ai]=ﬁis [0"1:51]?"73 [ag:ﬁe]av-v:aip-:Bp:

= B;P=vP=1(1=1,2)

A3



B E ¢42

A 2 2 2
9,,(222) =<a,B|[a,p)=v, [a,v]=aP, [B,v]=p7F,aP =pP =P =1}
G € ¢43

2
¢43(222) = <O’.1,a2| [0.1,&2]': B [ﬁ:ai]&ﬁisa1p=52:a2p'=51-v=5ip= ﬂp =1

(i = 1.!2))

=A35=



APPENDIX ITII

The Groups of Order 3" (n<6)

Except for the following families, the groups of order 30

may be found by putting p = 3 in the list given in Apperdix I or IT.

g€ As

The groups of AS may be found by putting p = 3 in the 1list

3

@S and replacing a1p by a,” g there.

S
G € 3 As

3

Ag(221)a = <a,,0,| [a,,a,] ya,7=p%p % =1(1 =1,2)>

ﬂ, [ﬁ: ai]= ai

8g(221)b = <a,,a,][a,,a,5] = B, [B,0,]= Bi,a1sza12,323532,ﬂ3§§i3z1

(i = 1:2)>

Ag(221)d = <a,,0,] [0, 0,18, [B,0,1=8,,0, 5B 0,58 5,858, =1 (1=1,2)
Bg(221)a,= <a1,a2[[a1,a2]=a,{5,ai]=si,a13=B223a23ﬁa1f22,ﬁ3=ai3=1

(1L = 1,20
Bg(2111) = <oy 0yl [o,,0,08, [B,0,1-8 50,58 0,583, 3e1(1=1,2)
84(1%) = a0, [e,,a,]-R78,0,1=8,.a, %858, %=1 (1 = 1,2)

f@:ﬂ: The above symbols do not imply any properties of the grouns.

They are only chosen on analogy with @6.

.—‘3“136_.



6
G €3 &6

The grouos of 36 AG which are not direct products may be found

by putting p = 3 in the list p6 @6.

GE&T

The groups of AT may be found by putting p = 3 in the list @

and replacing ﬂ1p by a13a5 Chere.

7

G € Ag or a10

The groups of ag and &10 may be found by putting p = 3 in the

P 3 P B
lists ¢9 and ¢10 and replacing 9 by a1 G and a2 by ) a4 there.

& € A or A

16 18
“he groups of a16 and 318 may be found by putting p=3 in the
- P 3
aists A16 and &18 and replacing a1 by a, 0, there.
& € AEO

The groups of &20 are given by:

G = (a,a1,a2) where [01,a2]=5,[5,ai]=ai,[a,a1]£52,53§513=1(i=1,2)

3
BBy Ry T Pa L s
5 a a a a
Gpisha TR R 1 By P
3 a b b
Hor s By By By By B2 By

where a,b = o, 1 or 2.

G € é21

The groups of A21 are given by:
&21(221 1)= <Q’-,G1,a2> Where [a1’a2]=ﬁ’ [Bjai]zﬁi, [330'1]'=B2.’ . ..-l

=A37~



o,e,0=8,%,67%8,%1 (1=1,2) and

4> = 51 51 51 1 1 1 1 1 1
3n 7 a a & a a
a6~ 8, 5 B S LB SEE L
3 : b o
Ra by Py | By By ByBp By By PP BiS

where a,b = 1 or 2.
2
"-\—21(214) = (a,a1,a2) where [G1,02]‘=‘B, [ﬁsai}ébis [G.,G.,‘]L-ﬂe, [0162]'—_*51 P

p%=p,°=1 (1=1,2) and

¢ = B, 1 1 1 1 1
g
3 -
Ay 3y =1 1 1 1 PBo By

&81"'214‘) = <0’.,OL1,C12I [a-'.vu'z]:B: [B:ﬂ-i]=51, [0.,051]=l3, [a,ae]gﬁf,a136223

0,8 ,= 8= B, %=1 (1=1,2)>

¢ € 8op

The grovns of A22 may be found by putting p = 3 in the list Qee and

replacing a1p by a13a3 there.
ST,

The groups of AES are given by:

; t ] 3 3
¥ = (a,a1) where [ai,a]=a.i+1(i=1,2,3)[a1,a2]=-y,-ysaa4 =a33=a2 a,=1 and
Q a a a R
5. ey Y Sy y
Sa. =
Sy ™. By %3 ] !

-A38 -



¢ €A

24

A24(21‘) = (a,a1,ﬁ| [ai,a]=ai+1(i=1,2,3),[0.1,6]:&4,{3 =a,,0” =0, o=

QLTS D v
= 0.2 Clé-- C£3 = C!-4
; R G e e
Agé( 16) =5 <C!.,Ct.1,ﬂl [Gi,a]ﬁai+1(l='1,2,3),[(11,5]:@4_,0- =B —"11 0.3_0‘.2 (14.-
& 3
=Gy =
G € 325 or 626

) \ i = in the
The groups of A25 and {'\26 may be found by putting p 3 n

and replacing 0‘.1p by a13 o, and a,dp by @ Sa, there.

lists @ and @ 3 o %y

25 26

G € &27

. 3
'&'27(214) a'I‘ 3= <asa1:Bl [ai:a]§a1+1(1=1 3213) :[0'1:512]:.[0'1:5]-_5034:& =a4r.-

et 3 S
a®=a "o =00, =0, =0, =1> r=1 or 2.

Le7(1°) = (Bl [ay 000y (1=1,2,3) ,[a,05]=[a,,Bls0,, 0=

e Rpec SRRl e
B e e T P

G € A or A

28 29

The groups of AEB and ;"_\.29 may be found by putting p = 3 in the
P d P 3
lists @23 and ¢=29 and replacing o, by a,"a, and %y by a,"a, there.

G € bSO

The groups of 330 may be found by putting p = 3 in the list ¢30

for which o = 1 and replacing a1p by a.15c:3 and aep by a23a4 there.

—=A39=



G € &33

The groups of A33 are given by:

G = (a,a1,a2> where [ai,a]=Bi,[&g,a]f[61,ﬁ1]27,73=513=1 (i=1,2)ana

a’= Y 72 1 1 1 1

a15= 1 1 ~ 1 1 1
3 2 2 2

(12 = Y s 1 v Y 1

G € &55 or ASG

The groups of ASS and ﬁSG may be found by putting p = 3 in

: o) 3 P 3
the lists @z and @;, and replacing @,% by @, a5, ay° by @y,

and 03p by 03305 there,

Note: The families A37, A38 and &39 do not exist.

G € 641

The groups of A41 are given by:
a5
G = <{a,,a,) where [a,,a,]=B, [B,a,]=B [0, ]=V,B; =y =1(i=1,2) and

3
Cle = 3 Y 1
G € A42

3 Gp 5
8,5(222) = <ay,a.] [a,,0.)-B, [B,a,]=B,,0,%8,,0,5-8%8 %= 1(1=1,2)>
G €D,

3

8,5(222) = <a,,0,|[a,,0,1=8, [8,0,1=0,.%, (6,01 =¢,%,a, %8 = 1(1=1,2)

~A40~



(2)

(3)

(4)

(5)

(6)
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