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Abstract

This thesis contributes to a growing body of work in statistical analysis of univariate time

series in financial markets, bridging the conventional markets, such as the S&P500 index, with

emerging digital assets like Bitcoin cryptocurrency. The research focuses on understanding

the effects of deterministic factors and market volatility.

We first develop governing equations to describe the S&P500 price return, utilizing a

q-Gaussian diffusion process that exhibits fractional, non-linear diffusion characteristics. This

approach decomposes time series into deterministic trends and stochastic fluctuations. The

application of this q-Gaussian model provides a better fit for describing return fluctuations.

The comparative analysis extends to Bitcoin price returns, revealing stylized facts similar

to conventional markets, including heavy tails, self-similarity, volatility clustering, and short-

time autocorrelation. The q-Gaussian process effectively describes the anomalous diffusion

in Bitcoin price returns, presenting a power-law decay in terms of volatility against diffusion

time.

The temporal evolution of exponents characterizing anomalous characteristics is explored,

deriving a specific category of solutions for variable order nonlinear Fokker-Planck equations,

formulated as variable order q-Gaussian functions. The variable order diffusion process

is governed by the Central Limit Theorem, transitioning from a q-Gaussian to a Gaussian

distribution over time, providing a more robust model for real-world financial systems.

Finally, this thesis investigates non-stationary effects in price return for both markets.

Results highlight that localized stationarity can be achieved by truncating the time series

into segments, and for each segment, removing the trend and volatility of the price return

is required. Moreover, we demonstrate that external events can significantly impact market

statistics.
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CHAPTER 1

Introduction

This thesis focuses on exploring the statistical properties of univariate time series found in

financial economics, namely the price returns. It aims at understanding and analyzing the

trends and patterns in price return over time, both in the traditional stock market represented

by the S&P500 index and the digital asset of Bitcoin cryptocurrency. The financial market

is a dynamic system where buyers and sellers engage in interactions and respond to external

information, which leads to the agreement of the price for assets (Mantegna and Stanley

1999). These interactive trading activities result in a continuous time, discrete event, stochastic

arrival process of index values, which are pre-processed into evenly-spaced discrete time

intervals that are analyzed in this work. Modeling market price changes is always of great

interest to researchers. Analyzing the time series of price fluctuations can provide a better

understanding of the properties of asset returns and allow us to develop predictive models and

test the applications of the models to empirical data.

The price of a financial asset fluctuates over time, giving rise to a stochastic process, which is

a statistical concept used to describe the evolution of a random variable over time. Various

models have been proposed to describe the stochastic process. In recent years, the market has

seen fluctuations on more significant scales, necessitating a comparative empirical study of its

statistical characteristics across varying periods. This thesis analyzes the properties of price

returns for two financial time series. Most financial studies focus on price returns instead of

prices of assets for two reasons. Firstly, since the size of the investment does not affect price

changes, returns can provide a complete and consistent summary of the investment opportunity

(Campbell et al. 1997). Secondly, returns present more attractive statistical properties than

prices, including stationarity (Campbell et al. 1997).

1
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The organization of this chapter is as follows. Section 1.1 reviews the historical foundations

of statistical methods in financial economics. Section 1.2 provides insight into the current

state of this field of study, presenting more recent results related to market dynamics of both

the S&P500 and Bitcoin price returns. Section 1.3 discusses some open questions in financial

economics and how they are addressed in this thesis. This includes stochastic diffusion

equations derived to describe the price return, the comparative analysis of the statistical

properties of Bitcoin and the S&P500, the time-dependent diffusion model for the evolution of

the probability distribution function (PDF) of price return, as well as the comparative analysis

of the stationarity of Bitcoin and the S&P500 price return.

1.1 Historical foundations of financial fluctuations

There exists an open question among academics and investors: To what extent can the

preceding historical record of a stock’s price be used to meaningfully estimate the future

statistical properties of a market index? This question has persisted for a long time, and

various models have been proposed with different capabilities in describing price fluctuations

in the market.

Pioneering work in the field of financial modeling dates back to Louis Bachelier in 1900.

Bachelier (Bachelier 1900) introduced the first option pricing model for speculative markets

in his doctoral thesis, using a Brownian motion model. The Brownian motion model is

named after the British botanist Robert Brown, who observed the random trajectories of

pollen immersed in water (Brown 1828a; Brown 1828b). The random movements of particles

from regions of high concentration to low concentration without external force result in the

diffusion process, which ultimately yields a state of uniform dispersion through the gradual

blending (Metzler et al. 1999; Metzler and Klafter 2000). In 1905, the work of Einstein

(Einstein 1905) established a mathematical model conceptualizing Brownian motion as a

random trajectory characterized by a mean square displacement: ⟨(∆x)2⟩ = 2dDt, where

∆x is the displacement of the Brownian particle in a certain time interval t, d is the spatial

dimension and D is the diffusion coefficient (Vainstein et al. 2006). Einstein then deduced
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the famous Einstein-Stokes relation (Einstein 1908; Einstein 1956) to define the diffusion

constant D using Avogadro’s number with suggestions for the experimental verification of his

theory. The outcomes of Einstein’s research resulted in an early confirmation of the molecular

theory of matter, where the French physicist Jean Baptiste Perrin experimentally determined

Avogadro’s number. Perrin was awarded the Nobel Prize in Physics in 1926 in recognition of

his contributions.

The Brownian motion model, also known as the Einstein-Wiener process (Renn 2005) is one

of the most important models in the theory and application of stochastic processes. It describes

the diffusion process using the differential equation:

∂P (x, t)

∂t
= D

∂2P (x, t)

∂x2
, (1.1)

where x is the random variable, t is the time interval, D is the diffusion coefficient, and P (x, t)

is the time-dependent probability density function (PDF) governing the distribution of the

random variable x. The solution to the differential equation leads to a normal (Gaussian)

distribution for the PDF:

P (x, t) =
1√
2Dt

g

(
x√
2Dt

)
, g(x) =

1√
π
e−x2

. (1.2)

Besides the contributions of Einstein, Langevin (Langevin 1908) proposed a distinct and

innovative approach to describe Brownian motion by using the concept of a stochastic force

(Metzler et al. 2014). Langevin’s approach is based on what is nowadays called the stochastic

differential equation, or Langevin equation, given by:

m
dv

dt
= −λv + η(t), (1.3)

where m is the mass of the particle, v is the velocity, λ is the damping coefficient, and η(t) is

the noise term that follows the Gaussian normal distribution. In its application to financial

time series, the Langevin equation can be written as:

dx

dt
= µ(x, t) + σ(x, t)η(t), (1.4)
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where x represents the price return, µ is the mean values of the return, and σ is the standard

deviation of return.

The Brownian motion model holds fundamental importance in modern approaches to stochastic

process modeling. However, it was later found to be inadequate to describe financial markets.

Empirical studies of financial markets have found that price changes more closely follow a

stable Paretian power-law distribution, with infinite variance (Mandelbrot and Taylor 1967).

Therefore, alternative models were proposed to improve their ability to capture the statistical

characteristics of the markets.

Since Louis Bachelier introduced the Gaussian distribution model for speculative market

price fluctuations, more attention has been given to price changes in commodity and stock

markets. Empirical evidence supporting the Gaussian distribution model includes the study of

Kendall (Kendall and Hill 1953) where he observed “approximately" normal distribution in

the price change for Chicago wheat and British common stocks. However, with the analysis

performed on the abundant empirical data accumulated, the distributions of price changes

were found to be “peaked” at the center, and extreme tails are higher than normal distributions.

Mandelbrot (Mandelbrot 1963) analyzed the price fluctuation of the cotton price changes

between 1816 and 1958 and found that the tail behavior is a power-law distribution with an

exponent of α = 1.7. He proposed the substitution of the Gaussian distribution with another

set of probability laws, known as the “stable Paretien”, which was initially defined in the work

of Paul Lévy (Lévy 1954; Gnedenko and Kolmogorov 1968; I cite this as an English version of

the derivations). The Lévy stable distribution model is a generalization of the Brownian motion

model, and the slope of the tails is characterized with the parameter α ∈ (0, 2] (Mandelbrot

1963). This study is the first acknowledgment of fat-tailed distributions in financial economics,

and the fat tails indicate a higher likelihood of extreme events than the predictions made by a

normal distribution (Stanley et al. 2002; Stoyanov et al. 2011). Lévy stable processes follow a

generalized central limit theorem, and the shape of the probability distribution of Lévy stable

processes presents power-law tails. The Lévy-stable distribution is given as the inverse Fourier
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transform of the characteristic function:

f(x;α, β, ρ, µ) =
1

2π

∫ ∞

−∞
ϕ(t;α, β, ρ, µ)e−ixtdt, (1.5)

where ϕ(t) is given in Sec. 34 in the book of Gnedenko and Kolmogorov (Gnedenko and

Kolmogorov 1968) as:

ϕ(t;α, β, ρ, µ) = exp(itµ− |ρt|α(1− iβsgn(t)Φ)). (1.6)

where α ∈ (0, 2), β ∈ [−1, 1] is the skewness parameter that measures the asymmetry of the

distribution, ρ ∈ (0,∞) is the scale parameter, and µ ∈ (−∞,∞) is the location parameter.

Here α is the characteristic exponent of the distribution, measuring the magnitude of the

extreme tail of the distribution, and α = 2 recovers the Gaussian distribution.

Mandelbrot derived a simplified version for the PDF of Lévy stable distribution, given by

(Mandelbrot 1967):

Pα(x) =
1

π

∫ ∞

0

exp(−γtα)cos(tx) dt, (1.7)

where Pα(x) is the stationary PDF of random variable x, t is the time interval, γ is a scale

parameter, and α ∈ (0, 2) is the characteristic exponent of the distribution, measuring the

magnitude of the extreme tail of the distribution.

An important characteristic of the Lévy stable distribution is its infinite variance, indicating the

non-Gaussian nature of the probability distribution of empirical data. Bachelier’s Brownian

motion model assumes that the price returns are random variables with statistically independent

and identical distributions, following a Gaussian distribution with zero mean and finite variance.

Some important properties of the Brownian motion model include statistical stationarity and

self-similarity in the price increments. Stationarity in price return indicates a condition where

samples of Brownian motion, taken over equal time increments, exhibit a constant mean

and standard deviation. Self-similarity indicates that samples of Brownian motion have the

statistical characteristic that a scaling in time is equivalent to a scaling in state space. The

Lévy stable distribution model preserves the principles of stationarity and self-similarity.

Additionally, it takes into account characteristics such as fat-tailed return distributions and

the presence of long-term dependence (Mandelbrot 1997). Further investigations have also
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shown that empirical distributions of financial returns (and log-returns) often deviate from the

normal Gaussian distribution, displaying pronounced heavy tails (Cont 2001). Mandelbrot’s

subsequent analysis on wheat price in Chicago, railroad stocks price, and exchange rates

reported power-law tails with α ∈ [1, 2] (Mandelbrot 1967). Another study examining the

daily log returns on thirty stocks in the Dow Jones Industrial Average also reported long-tailed

distributions with α < 2 (Fama 1963), indicating that the Lévy stable distribution offers a

more accurate representation of the data compared to the Gaussian distribution.

The Lévy distribution is well-suited for financial markets as it can capture abrupt changes in the

market. These changes signify that markets present higher risks compared to what is described

by a Gaussian distribution model. Following the study of Mandelbrot, Mantegna and Stanley

(Mantegna and Stanley 1994) introduced the truncated Lévy flight (TLF) where the arbitrarily

large steps of a Lévy flight are eliminated, and the tails become approximately exponential.

The truncated Lévy flight exhibits finite variance and allows a slow convergence to a Gaussian

distribution, as implied by the Central Limit Theorem (Matacz 1997; Kamaruzaman et al.

2013). Results demonstrate a well-defined crossover between Lévy and Gaussian regimes with

increased time intervals (Mantegna and Stanley 1994). Inspired by these results, Koponen

(Koponen 1995) derived an analytical form for the characteristic function of a truncated Lévy

distribution with an exponential cutoff in the tails. These theoretical results have led to several

empirical studies, all supporting the TLF as a simple and effective model for financial data

(Ncheuguim et al. 2014; Mantegna and Stanley 1995; Mantegna and Stanley 1996; Mantegna

and Stanley 1997).

In 1973, a pricing model for financial markets that considers the impact of time and risk

factors was formulated. This is the Black-Scholes model that has significantly influenced

contemporary financial theory. Although the Brownian motion model was widely acknow-

ledged, its applicability is constrained by the potential occurrence of negative values in stock

prices within this model. Furthermore, the risk premia were not adequately addressed in

the Brownian motion model. Therefore, an alternative form of the Brownian motion model

was introduced as a significant advancement in financial price modeling. This non-negative

variation is known as the geometric Brownian motion model proposed by Black and Scholes
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in 1973 (Black and Scholes 1973). The Black-Scholes equation (BSE) was introduced as

the governing equation of the price evolution of a European call option (Black and Scholes

1973). The BSE is a partial differential equation (PDE) that is regarded as the fundamental

framework for mainstream contemporary financial asset modeling. The BSE describes the

following relationship:
∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
= rV − rS

∂V

∂S
, (1.8)

where V is the price of the option, S is the price of the underlying asset, σ is the stand-

ard deviation of the returns of S, r is the annual interest rate. In contrast to Bachelier’s

model, where the price fluctuations follow a Gaussian distribution, the distributions by the

Black-Scholes model are replaced with log-normal distribution. Under the framework of

geometric Brownian motion, the differences between logarithmic prices are Gaussian distrib-

uted. A stochastic process St following the geometric Brownian motion satisfies the stochastic

differential equation:

dSt = µStdt+ σStdWt, (1.9)

where Wt is the Brownian motion, µ stands for the drift and σ is the volatility. St follows a

log-normal distribution, and the PDF of St is given by:

P (x) =
1

xσ
√
2π

exp(−(logx− µ)2

2σ2
). (1.10)

The Black-Scholes model suggests that financial instruments will exhibit a log-normal distri-

bution of prices as they follow a random walk process with a consistent drift and volatility.

The BSE provides a theoretical estimate for the price of European-style options. It illustrates

that the option has a distinct price determined by the security’s risk and its expected return.

The Nobel Prize in Economics in 1997 was awarded to to Merton and Scholes for their

contributions to the Black-Scholes model. The pioneering work of Black and Scholes offers a

framework for option pricing, which allows traders and investors to determine the price of an

option through a definitive structured methodology that has been tested. Moreover, it enabled

risk management more efficiently, allowing investors to assess potential returns as well as

understand vulnerabilities within their investment portfolio.
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The models widely used in the 20th century hold the belief that the contribution of each

individual day to the changes in price is negligible (Mandelbrot 2001). Modern portfolio theory

aims to optimize returns while maintaining a given level of risk, and it considers significant

price drops in the market to be very unlikely or impossible to incorporate (Mandelbrot 1999).

However, empirical evidence has contradicted this notion, as there have been a considerable

number of sudden and substantial changes in the market (Sornette 2003). Moreover, the extent

of price movements, whether large or small, may remain relatively stable for a year, and then

experience a sudden increase in variability for an extended period of time (Mandelbrot 2001).

Mandelbrot (Mandelbrot 1963) identified the clustering characteristic in volatility, denoting

the tendency for significant fluctuations in prices to cluster together, leading to a sustained

pattern of the amplitude of price variations. Therefore, the incorporation of an alternative

model becomes necessary to include a more realistic depiction of market risks. Empirical

evidence of the market has suggested that volatility clustering in the financial market may

lead to the long-range memory of the volatility time series (Oh et al. 2008; Niu and Wang

2013). This long-range memory can be detected using the Hurst exponent, H (Lo 1991;

Granero et al. 2008). Hurst exponent is introduced initially in hydrology by Harold Edwin

Hurst (Hurst 1951) for reservoir control for the Nile River Dam. Hurst exponent is connected

with the autocorrelation of time series, and it quantifies the relative tendency of a time series

to regress to the mean, or to cluster in a certain direction (Kleinow 2002). The range of Hurst

exponent is 0 < H < 1, where values within 0 < H < 0.5 indicate anti-correlation time

series and 0.5 < H < 1 denote persistence with long memory effects (Kale and Butar Butar

2011; Sánchez-Granero et al. 2012). This long-range memory has been observed to exhibit a

connection with scaling and fractal behavior (Mandelbrot 1982; Samorodnitsky et al. 2007).

Mandelbrot (Mandelbrot 1982) studied fractal geometry in coastlines and the distribution

of galaxies, suggesting the possible implications of fractals in financial economics. Fractal

structures, also known as scale-invariant structures, are widely found in geology (Mandelbrot

1982; Turcotte 2003), natural waves (Addison 1997), neuronal and physiological responses

(Kantelhardt et al. 2002c; Ihlen 2012). In these instances, the structure demonstrates a

fragmented nature and replicates its geometric form on smaller intervals or subdivisions of the

object or signal (Chen et al. 2016a). A fractal system is usually described by a scale-invariant
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parameter called fractal dimension (D) (Mandelbrot 1982), which is related to the Hurst

exponent, H . The model proposed in 1997 is considered in continuous time and comprises a

Brownian motion that follows a ‘multifractal trading time’ (Mandelbrot 1997). This model

is known as the fractional Brownian motion (fBm) model for H ̸= 1/2, and it recovers the

Brownian motion with H = 1/2. The fBm process is defined as (Mandelbrot and Van Ness

1968):

BH(t) =
1

Γ(H + 1
2
)

∫ t

0

(t− τ)H−1/2dB(τ), (1.11)

where H is the Hurst exponent in (0, 1), B(τ) is a white noise.

A fractal market model implies that fluctuations of a stock or currency exhibit a similar pattern

when a market chart is enlarged or reduced to fit the same time and price scale, and it presents

both self-similarity and long-range dependence (Mandelbrot 1997). The fractional Brownian

model provides a more realistic prediction of price fluctuations in the market by estimating

the probability of market changes. Similar to the classical Brownian motion, the distribution

pattern of a fractional Brownian motion also follows a Gaussian distribution, without heavy

tails (Evertsz 1995). The primary difference between the fractional Brownian motion model

and a classical Brownian motion model lies in the fact that the increments in the classical

Brownian motion model are independent, whereas the increments in the fractional Brownian

motion model are not. Instead, it shows long-range dependence and is indicated in the power-

law autocorrelation with varying values of H . When 0 < H < 1/2, the autocorrelation

of the increments is negative, whilst the autocorrelation of the increments is positive when

1/2 < H < 1. In comparison to the proposed models in terms of price change ∆x over a

time increment ∆t, the classical Brownian motion model uses ∆x =
√
∆t = ∆t1/2, the Lévy

stable model gives ∆x ∼ ∆t1/α, and the fractional Brownian motion model uses ∆x ∼ ∆tH ,

with all the exponents being time-invariant.

In financial market modeling, the evolution of the probability distribution function (PDF) is

of great interest. A notable contribution to the field of stochastic motion theory was made by

Smoluchowski (Smoluchowski 1916), who proposed the Smoluchowski equation to describe

the movement of a diffusive particle under the influence of an external drag force field.

Smoluchowski’s work is also known as the Fokker-Planck equation, which can be used to
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describe the evolution of stochastic systems. It is a partial differential equation that describes

the temporal evolution of the PDF, given by (Plastino and Plastino 1995; Risken 1996; Salinas

2001; Frank 2005; Oliveira et al. 2019):

∂

∂t
P (x, t) = − ∂

∂x
[µ(x, t)P (x, t)] +

1

2

∂2

∂x2
[D(x, t)P (x, t)] (1.12)

where µ is the drift coefficient, D is the diffusion coefficient, and P (x, t) is the probability

density of the random variable x. PDFs derived from the linear Fokker-Planck equation

typically follow a Gaussian distribution, which often fails to describe the financial market,

especially when considering the heavy-tailed non-Gaussian distribution model of the markets

(Aljethi and Kılıçman 2023). Alternatively, the non-linear Fokker-Planck equation was

proposed with fractional derivatives as a generalization of the linear model to describe the

time evolution of the PDF of price return (Borland 2002a; Borland 2002b), given by:

∂

∂t
[P (x, t)]µ = − ∂

∂x
µ(x, t)[P (x, t)]µ +D

∂2

∂x2
[P (x, t)]ν (1.13)

where µ = 1 is commonly used for simplicity. Various values of ν have been observed in

different systems (Tsallis and Bukman 1996), and here we follow the Tsallis nonextensive

thermostatistics (Tsallis 1988; Tsallis et al. 2003), where the diffusion equation can be written

as:
∂P (x, t)

∂t
= D

∂2P (x, t)2−q

∂x2
, q ∈ [−∞, 3) (1.14)

The solution of the diffusion equations leads to the following PDF:

P (x, t) =
1

√
3− q(Dt)

1
3−q

gq

(
x

√
3− q(Dt)

1
3−q

)
,

gq(x) =
1

Cq

eq(−x2), eq(x) = [1 + (1− q)x]
1

1−q , Cq =

√
π

q − 1

Γ((3− q)/(2(q − 1)))

Γ(1/(q − 1))
,

(1.15)

which is a q-Gaussian distribution with fat-tails for q > 1. For the special case when q = 1, the

q-Gaussian distribution aligns with the Gaussian distribution, and this recovers the standard

Black-Scholes stock-price model. The q-Gaussian distribution follows a generalized q-Central

Limit Theorem, which is defined with correlated random variables. This is different from
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the classical Central Limit Theorem, which requires the random variables to be independent

(Umarov et al. 2008; Umarov and Constantino 2022).

Tsallis nonextensive thermostatistics was introduced in 1988 as a basis for generalizing the

standard statistical mechanics (Tsallis 1988), and it was later found to be a suitable model for

the financial market. Whilst the geometric Brownian motion model and Lévy stable model

had some success in describing market price movements, empirical evidence shows that there

are some cases where these models are inadequate, and the slope of the power-law tails falls

outside Lévy regime (Müller et al. 1990; Lux 1996; Gopikrishnan et al. 1998; Stanley et al.

2000). For instance, Gopikrishnan et al. (Gopikrishnan et al. 1998) analyzed data from three

major US stock markets over a two-year period and identified a tail slope of α = 3.1± 0.03

for the positive tail and α = 2.84± 0.12 for the negative tail. Another study conducted two

independent analyses with large-scale data (Plerou et al. 1999). The datasets used for the

analyses consist of 40 million records covering a two-year period of 1994 to 1995 for all trades

at the three major U.S. stock markets (the New York Stock Exchange (NYSE), the American

Stock Exchange (AMEX), and the National Association of Securities Dealers Automated

Quotation (Nasdaq)), as well as 35 million daily records for approximately 16,000 companies

over a longer period of 35 years from 1962 to 1996 (Plerou et al. 1999). The findings of this

study revealed that the distribution tails can be described by a power-law decay. This decay

was characterized by an exponent ranging from 2.5 < α < 4, which falls outside the stable

Lévy regime of 0 < α < 2 (Plerou et al. 1999). These findings underscore the necessity

of alternative distribution models for a more accurate description of market behavior. As a

response, Tsallis’s q-Gaussian distribution model was proposed and applied to the empirical

analysis of financial markets as an improved fit to return distributions(Tsallis 1988; Borland

1998; Tsallis et al. 2003). Later, a unified model was proposed for the distributions with

asymptotic power-law decay called the (q, α)-stable distribution, with (1, α)-stable recovers

the standard Lévy distribution and (q, 2)-stable corresponds to the q-Gaussian distribution

(Umarov et al. 2010; Tsallis and Arenas 2014; Umarov and Constantino 2022). Empirical

evidence has demonstrated that the q-Gaussian distribution model with fat tails at q > 1 is

capable of effectively modeling real data (Borland 2002a; Borland 2002b).
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In this section, we reviewed the historical developments of financial modeling since 1900, cov-

ering the significant breakthroughs in producing accurate descriptions of market fluctuations.

The development of these models set the cornerstones for modern financial economics. In the

next section, we will review more recent developments in financial modeling, as well as the

applications of the models to empirical data, providing insight into the research focus of this

thesis.

1.2 Current state of financial modeling

In recent years, a substantial research effort has been devoted to modeling the distribution of

market returns, considering their non-linearity and non-stationarity characteristics.

The q-Gaussian distribution has been applied to model empirical data and has demonstrated

itself as a suitable option for describing the financial market. Borland found that using

q = 1.5, the q-Gaussian distribution model presents a good fit to the empirical distribution

of price returns for S&P500 (Borland 2002b). More recent studies support the application of

the q-Gaussian distribution model. Tsallis (Tsallis 2017) explored the q−statistics and the

application on finance and economics by exploring the 10 top-volume stocks in the NYSE

and in NASDAQ in 2001. Results present that q−Gaussian distribution can well-describe

the log return of financial time series with q = 1.4. Ruiz (Ruiz and Marcos 2018) analyzed

return distributions of the 100 companies traded on NYSE in 1998–1999 and found that the

cumulative distribution of the absolute normalized returns can be described by the q-Gaussian

distribution. Their result found that q = 1.53 for small time intervals, gradually decreasing

to q = 1.35 at large time intervals (Ruiz and Marcos 2018). A study analyzing the S&P500

price return over a 22-year period also found that the q-Gaussian probability distribution

function can well describe the S&P500 price return (Alonso-Marroquin et al. 2019). This

study measured the non-Gaussian anomalous diffusion with the height of PDF, in which

Pmax ∼ t1/α. Results show that the diffusion process can be characterized into two regimes, in

which α = 1.26±0.04 for a strong superdiffusion regime at small time intervals, and transits to
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a weak superdiffusion regime with α = 1.79± 0.01 at large time intervals (Alonso-Marroquin

et al. 2019).

The application of non-linear Fokker-Planck equation in stock market time series to describe

the anomalous diffusion process was improved by introducing a fractionalization scheme

to the model, considering self-similarity of the time series (Gharari et al. 2021). Fractional

calculus extends the meaning of derivatives of integral order dny/dxn to a positive real order.

Riemann and Liouville attributed to the earliest systematic studies on fractional calculus and

presented the so-called Riemann-Liouville fractional derivative (Ross 1974; Oldham and

Spanier 1974; Samko et al. 1993). In recent decades, research on fractional calculus has shown

its application in diverse scientific fields, including physics, chemistry, engineering, social

sciences, and finance (Ross 1974). It can be used to model phenomena with memory or long-

range dependence. The applications of fractional calculus range from diffusion and advection

phenomena, to optimal control of fractional dynamic systems and to finance and economics

(Ross 1974). Various derivatives for fractionalizing the PDE and these methods have shown

their applications in financial modeling. In particular, the Karugampola fractional derivative

operator has found its application in constructing the fractional porous media equation (PME),

which can serve as the governing equation for analyzing the detrended price return of the

S&P500 index (Alonso-Marroquin et al. 2019; Gharari et al. 2021; Arias-Calluari et al. 2021).

However, the diffusion equations with constant order parameters may present limited validity

in describing some diffusion processes, for example, the diffusion process in a porous medium.

In financial analysis, more recent empirical evidence shown that constant order fractional

partial equation does not fully capture the market dynamics. Analysis of stochastic fluctuations

in the S&P500 price return found that the diffusion process can be described as a superdiffusive

self-similar q-Gaussian process. The anomalous diffusion exponent α at small time intervals is

found to be α > 2 and q > 1, slowly converging to α → 2, q → 1 (Arias-Calluari et al. 2021).

These findings imply the necessity of models with variable order fractional derivatives for a

more accurate description of the market dynamics.

In the preceding sections, we summarize the results of the extensive analysis conducted on

conventional financial assets. With technological advances becoming integral to our personal
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and professional lives, digital assets have become more popular and valuable. The emergence

of investable digital assets has captured the attention of both investors and academics. This

thesis focuses on the comparative analysis between the conventional stock market, the S&P500,

and the new digital asset, Bitcoin cryptocurrency. Bitcoin was first introduced by Satoshi

Nakamoto in 2008 (Nakamoto 2008) and has expanded significantly, especially within the

past five years. Cryptocurrencies operate by bypassing trusted third parties, such as traditional

financial institutions, and instead rely on peer-to-peer networking and cryptography (Mukho-

padhyay et al. 2016). This structure is known as the decentralized feature of cryptocurrency

and is supported by the public ledger called the blockchain technology (Mukhopadhyay et al.

2016). The novelty of cryptocurrencies leads to immediate research interest in terms of the

safety, ethical, and legal aspects of Bitcoin (Marian 2013; Brito et al. 2014; Böhme et al. 2015;

Hendrickson and Luther 2017; Gross et al. 2017; Corbet et al. 2019). From a financial econom-

ics viewpoint, this new digital asset is also of great interest. The Efficient Market Hypothesis

(EMH) was tested on cryptocurrency by measuring the Hurst exponent of the time series. The

Efficient Market Hypothesis (EMH) postulates a capital market is efficient if it accurately and

comprehensively incorporates all available information to determine security prices (Fama

1970; Malkiel 1989). Fama (Fama 1970) differentiates among three variants of efficiency,

and the most commonly examined one is the weak efficiency form, in which the investors are

unable to use historical data to predict future returns. The weak form EMH has been examined

in the traditional assets (Kristoufek and Vosvrda 2014a), but less attention is given to Bitcoin

(Urquhart 2016). The Hurst exponent (H) has gained considerable attention in empirical

examinations of financial time series, particularly in the assessment of efficiency in financial

markets and stock indices (Rejichi and Aloui 2012; Mynhardt et al. 2014; Kristoufek and

Vosvrda 2014b). It serves as a metric for market memory due to its association with power-law

autocorrelation (Gneiting and Schlather 2004; Vogl 2023). Market memory offers the potential

for predicting future prices by analyzing past market behaviors. Markets characterized by

limited or negligible memory exhibit higher randomness, suggesting unpredictability and

thereby implying market efficiency. Therefore, a Hurst exponent approaching 0.5 substantiates

market efficiency, while deviations from 0.5 suggest decreasing market efficiency (Mynhardt

et al. 2014). The findings indicate that cryptocurrency markets tend to exhibit a general level
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of inefficiency (Urquhart 2016; Zhang et al. 2018b). Specifically for Bitcoin, the first study on

the market efficiency of Bitcoin examined daily closing prices from 2010 to 2016, and reported

the R/S Hurst exponent of H = 0.353 for the entire time period, rejecting the weak-form

informational efficiency hypothesis (Urquhart 2016). However, when dividing the time series

into two segments, from 2010 to 2013 and from 2013 to 2016, the R/S Hurst exponent shifts

from H = 0.363 to H = 0.406, i.e. the Hurst exponent is a complex, non-stationary feature

of markets as they evolve over time (Urquhart 2016). Subsequent investigations supported this

claim through diverse testing methodologies, utilizing datasets encompassing various time

intervals and frequencies (Kurihara and Fukushima 2017; Jiang et al. 2018; Caporale et al.

2018; Zhang et al. 2018a; Noda 2021). Employing a dataset of Bitcoin’s returns from 2011

to 2017 using the DFA method for obtaining the Hurst exponent, another study highlighted

that the Hurst exponent underwent notable changes as time progressed (Bariviera et al. 2017).

In the early years of Bitcoin’s existence, from 2011 to 2014, the average Hurst exponent

was approximately H = 0.6, whereas after 2014, it dropped to H = 0.5 and fluctuated

between [0.45, 0.55] (Bariviera et al. 2017). More recent studies in the cryptocurrency market

have focused on changes in market efficiency before and after a significant event, namely

the outbreak of the COVID-19 pandemic, yet the empirical evidence is bifurcated. Some

studies assert that Bitcoin’s growing efficiency with H shifted from 0.6134 before to 0.5129

after Covid (Mnif et al. 2020; Mnif and Jarboui 2021). Conversely, some reported increased

inefficiency after the pandemic. One study used the adjusted magnitude of market inefficiency

(AMIM) criteria (Le Tran and Leirvik 2020) with a rolling window, and measured how often

the markets are efficient throughout the considered period. They reported that Bitcoin was

efficient for 65.9% of the time in the pre-pandemic period, and only 4.19% of the time in the

post-pandemic period (Montasser et al. 2022). Specifically, a synthesis of empirical evidence

points towards a scenario where Bitcoin experiences escalated inefficiency in the short term,

coupled with signs of regained efficiency in the long term (Kakinaka and Umeno 2022).

Other research on cryptocurrency focuses on examining the price dynamics of cryptocurrency,

as well as cross-correlations of cryptocurrency prices with other financial assets. Price

fluctuations in cryptocurrency are more significant than those in traditional markets, indicating

that the cryptocurrency market is more volatile with higher risk. Some studies examine price
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fluctuations of cryptocurrency through the interconnections between various cryptocurrencies

and between cryptocurrency and exogenous classical market prices, including the stock market,

gold, and crude oil prices (Conrad et al. 2018; Ciaian et al. 2018; Ariya et al. 2020; Klein

et al. 2018). Studies observed strong connections between various cryptocurrency markets

(Conrad et al. 2018; Ciaian et al. 2018), an inverse relationship between THB/USD exchange

rate and Bitcoin prices (Ariya et al. 2020), and a significant positive correlation with gold

price (Klein et al. 2018). Others focus on investigating price dynamics of cryptocurrency

through the statistical characteristics of the market. These recurring statistical patterns,

often termed ‘stylized facts,’ are consistently observed across diverse times and markets

and serve as key summaries of market behavior (Cont 2001; Chakraborti et al. 2011). The

concept of stylized facts, initially introduced in macroeconomics to describe statistical patterns

characterizing macroeconomic growth over extended periods and diverse countries (Kaldor

1961), has become widely adopted in financial economics. The significance of analyzing

stylized facts lies in establishing the foundation for the development of theoretical models and

constructing econometric theories (Rydén et al. 1998; Liesenfeld and Jung 2000; Andersson

2001; Carnero 2004; Bulla and Bulla 2006; Malmsten and Teräsvirta 2010; Chakraborti et al.

2011). Examinations of Bitcoin and other cryptocurrencies reveal characteristics such as

fat-tailed distributions, pronounced skewness and kurtosis, high volatility, and short-time

return autocorrelations (Hu et al. 2019; De Sousa Filho et al. 2021; Cremaschini et al. 2023;

Ghosh et al. 2023; Zhang et al. 2018a). Most of the literature focuses on daily price returns,

yet it is noteworthy that these characteristics may differ when assessed using data of higher

frequency. For instance, an analysis of Bitcoin’s intraday returns identified a decline in

volatility over time (Bariviera et al. 2017). Moreover, studies using higher frequency data

have shown that the return distributions of Bitcoin exhibit heavier tails (De Sousa Filho et al.

2021). Considering the significant impact of high-frequency traders who exploit the rapid

advancement in computing power, especially in the cryptocurrency market (Wen et al. 2022),

investigating the intraday features of cryptocurrency time series emerges as a crucial endeavor.

Furthermore, current literature examines the stylized facts of cryptocurrency mostly in a

qualitative fashion, yet lacks a quantitative examination of these properties. In this thesis,

we investigate the stylized facts of Bitcoin in terms of high-frequency intraday returns and
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conduct a comparative analysis of the statistical characteristics against the conventional market

S&P500 price return.

This section summarizes more recent research findings focusing on financial economic model-

ing, as well as on the novel digital asset, cryptocurrency. The following section will introduce

the focus of this thesis by briefly introducing the main idea of each chapter.

1.3 Contributions of this thesis

In summary, the aim of this thesis is to answer the following research questions: (1) Given the

distinctive market formation process in Bitcoin, how do the statistical characteristics differ

from those of conventional stock markets? (2) How can we derive a generalized non-linear

fractional Fokker-Planck equation with variable orders that can be used as governing equations

of the financial market? (3) How can the non-stationary effect of the market returns be

considered in describing the PDF of returns? (4) Does the extent of non-stationarity vary

among different types of financial assets and across different time periods?

To address these questions, this thesis begins by proposing a governing equation for stock

market indexes in Chapter 2. The governing equation is formulated using a generalized

porous media equation with drift considering the non-stationarity characteristics of market

dynamics. We perform the Detrended Fluctuation Analysis on the S&P500 price return, and

test the stationarity of the detrended price return following the Wiener–Khinchin theorem

(Arias-Calluari et al. 2022).

In Chapter 3, we examine the stylized facts of Bitcoin price return. Stylized facts have

been extensively studied in traditional financial markets, yet less attention has been given to

new digital assets. Analyzing the stylized facts can establish the foundation for developing

theoretical forecasting models and constructing econometric theories (Chakraborti et al. 2011).

Since the market formation is significantly different in cryptocurrency market, a quantitative

analysis comparing the statistical characteristics between cryptocurrency and conventional

financial assets is necessary. Moreover, studies have found that some market measurements,
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such as the Hurst exponent, can change with different time periods. Therefore, this thesis

investigates the stylized facts of Bitcoin price return across different time periods and explores

the changes in the statistical characteristics (Tang et al. 2024a).

Chapter 4 derives the solutions to the variable order non-linear fractional Fokker-Planck

equations. Since the constant order diffusion models are sometimes inadequate to describe the

dynamics of the complex market system, variable order equations can provide more accurate

models for price fluctuations. The variable order q-Gaussian functions are used and tested for

the application to both conventional financial markets and cryptocurrency (Tang et al. 2024b).

To address the last research question in this thesis, we conducted a comparative analysis of

the stationarity for both the S&P500 and Bitcoin price return in Chapter 5. By comparing

the extent to which the stationarity is maintained with different detrending and normalizing

parameters, we assess localized stationarity against global stationarity across various time

periods.

The organization of this thesis is as follows. Chapter 2 derives the stochastic differential

equation and tests the stationarity of the detrended S&P500 price return. Chapter 3 investigates

the statistical characteristics of Bitcoin price return in terms of the ‘stylized facts’, and

compares those to the observed properties in the S&P500 price return. In Chapter 4, we

develop a solution of the non-linear porous media equation, with time-dependent exponents,

and test the application to modeling the S&P500 and Bitcoin price return. In Chapter 5,

the empirical comparison between the stationarity for Bitcoin and the S&P500 is conducted,

exploring the local non-stationarity across different time periods. Finally, the conclusion

section is presented, covering the significant findings of this research and suggesting possible

directions for future research. (The appendices from the original publications are incorporated

into their respective chapters, following the structure of the publications.)



CHAPTER 2

Testing stationarity of the detrended price return in stock markets

The basis of the decomposition of the stock market indexes into a stochastic part and a drift

term started with the BSE and its modified versions. Extensive research has been performed

following the BSE to describe the price fluctuations, yet the limitation exists that the BSE

assumes that the price return follows a Gaussian distribution. This limitation can be resolved

by proposing a different stochastic process to model the price fluctuations. Empirical evidence

has shown that q-Gaussian distribution is a good candidate.

This chapter proposes a generalized porous media equation with drift as the governing equation

for stock market indexes. The proposed governing equation can be expressed as a Fokker-Plank

equation (FPE) with a non-constant diffusion coefficient. The governing equation accounts

for non-stationary effects and describes the time evolution of the probability distribution

function (PDF) of the price return. By applying Ito’s Lemma, the FPE is associated with a

stochastic differential equation (SDE) that models the time evolution of the price return in

a fashion different from the classical Black-Scholes equation. Both FPE and SDE account

for a deterministic trend and a stochastic q-Gaussian noise. The presented model is validated

using the intraday price return of the S&P500 index for a 25-year period. We show that the

price return becomes stationary by normalizing the detrended data set. The normalization of

the data is calculated by subtracting the trend and then dividing it by the standard deviation

of the detrended price return. The stationarity test follows the Wiener–Khinchin theorem,

which represents the power spectral density of a time series in terms of its Fourier transform

of autocorrelation. Additionally, this paper presents the multifractal analysis for the detrended

and normalized price return to describe the Hurst exponent dynamics over the dataset.

19
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2.1 Introduction

Complex dynamic systems encountered in business (Box 2013), financial markets (Nava et al.

2016), genetics (Gu, Zhou et al. 2010; Peng et al. 1994), neuroscience (Márton et al. 2014;

Oliveira Filho et al. 2019), biomedicine (Huang et al. 1998; Chua et al. 2010), ocean dynamics

(Gay-Balmaz and Holm 2018) and seismology (Marano 2019) generate non-stationary time

series. A time series is non-stationarity when it is non-identically distributed throughout their

full length of time (Mandelbrot and Hudson 2010; Bahri and Sharples n.d.). In stock markets,

these type of time series are simple price return (Politi et al. 2012; Nava et al. 2016; Bahri

and Sharples n.d.; Maganini et al. 2018), volatility of index price (Roman et al. 2008) and

stock market index (Ponta et al. 2019; Lan et al. 2010). In the statistical analysis of financial

markets, the non-stationarity time series that is extensively analyzed is the simple price return,

which is an arithmetical difference (Lan et al. 2010). For price return, the non-stationarity is

produced by the non-constant activity during a trading day and the heterogeneity of market

participants (Clara-Rahola et al. 2017; Nava et al. 2016).

The non-stationary time series are difficult to analyze because the process remains in a non-

equilibrium state. Consequently, their models do not achieve optimal forecasting and control

(Box 2013; Schmidt 2011). Therefore, it is challenging to obtain an accurate model that can

be used to calculate the probability of future value based on initial conditions.

In recent years, extensive research has been devoted to model the index price return distribu-

tions considering its statistical features, and non-stationarity characteristics (Meng et al. 2015;

Ahn et al. 2018; Meng et al. 2016). The Black–Scholes equation have been the governing

equation to describe the characteristics of the stock return distribution (Marathe and Ryan

2005; Björk and Hult 2005; Chen et al. 2016b). This important model used the Geometric

Brownian Motion (GBM) to model the index price return. However, it fails to capture the

non-Gaussian properties of the price return (Chen et al. 2016b), negative skewness (Ahn

et al. 2018), and negative values obtained from recent events (Walker 2020). As a result,

different models started to appear, applying modifications or generalizations to the GBM.

The Fractional Brownian Motion (FBM) (Ali and AL-Qazaz 2020), the Mixed Fractional
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Brownian Motion (MFBM) as a combination of the Brownian motion with the FBM (Rao

2016), the Generalized Mixed Fractional Brownian Motion (GMFBM) (He and Chen 2014;

Thäle 2009), and Fokker Planck Equation (Borland 2002a). These new models capture better

the characteristic features of the index price return. However, some of them were developed

considering a neutral risk assumption (He and Chen 2014; Michael and Johnson 2003). As an

alternative to these traditional stock return models, an increasing number of quantum models

have also been applied to study the stochastic dynamics of stock prices. The most well-known

are; the Quantum Spatial-periodic Harmonic model (QSH) (Meng et al. 2015), the Quantum

Brownian Motion model (QBM) (Meng et al. 2016), and the Quantum Harmonic Oscillator

model (QHO) (Ahn et al. 2018). An advantage of these models is that they incorporate the

market uncertainty (risk), although they have been derived from the stochastic equation of a

Brownian process.

The contribution of this paper is the presentation of a simpler but more effective governing

equation to model the non-stationarity of price return. This governing equation is constructed

based on the decomposition of the time-series by a deterministic part or trend and a stochastic

part or q-gaussian noise. The stochastic part adequately represents the stylized facts of the

financial time series such as the fat-tailed distribution, aggregational normality and self-

similarity with finite variance. Therefore, the stochastic part can be modeled by a self-similar

q-Gaussian distribution centered on zero. To validate our governing equation, the trend of

the S&P500 index data is removed by applying a moving average method (MA) based on

the Kurtosis evaluation. By applying an arithmetical difference to the detrended S&P500

index data, the detrended price return is calculated. The detrended price return exhibits fat

tails, short-term correlation and volatility clustering. The volatility clustering effect represents

a non-constant standard deviation over the full length of the time series (Schmidt 2011).

As a consequence, the detrended price return is non-identically distributed, and therefore,

non-stationary. To remove the volatility clusters, we divided the detrended price return by the

standard deviation, i.e. it was “standardized”. This process is called “normalization of the

data set". We show that the normalized price return is a stationary process by applying the

power spectral density theory. Hence, the detrended and normalized price return is identically
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distributed throughout their full length of time holding finite and time-invariant values of mean

and variance.
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FIGURE 2.1: Schematic plot of a downward and upward swing in the S&P500.
The index is decomposed into a deterministic trend (blue) and stochastic
fluctuations (black).

Additionally, this paper presents the scaling analysis of the detrended price return and the

normalized price return by estimating the Hurst exponent H (Kantelhardt et al. 2002b). Time

series are classified as monofractal or multifractal depending on how the Hurst exponent varies

over several orders of magnitude (Gu and Zhou 2006). A time series is called monofractal if the

Hurst exponent is constant for all the orders of magnitude, otherwise, it is called multifractal

(Telesca et al. 2004).

This chapter is divided into four parts: In Section 2.2, the governing equation of the simple

price return is presented. Section 2.3 presents a straightforward way to detrend the stock

market price, based on the optimization of a moving window via the kurtosis evaluation. Then,

the normalized price return is obtained right after dividing the detrended price return by the

standard deviation. In Section 2.4, we perform the tests on the normalized price return to

show that it is stationary. The test verifies that the power spectrum of the time series equals
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the Fourier transform of its autocorrelation (Witt et al. 1998; Ivanov et al. 2009) Section

V, is based on the evaluation of the Hurst exponent in terms of the orders of the statistical

moments of the time series. We provide the details of the Hurst exponent calculation and the

characterization of the detrended price return. Finally, the conclusions and perspectives of this

work are presented in Section 2.6.

2.2 Governing equation of price return

The conventional approach to option pricing analysis leads to the classical Black-Scholes

equation or non-linear Black-Scholes equation (BSE) as the governing equation of price return

(Barles and Soner 1998). A limitation of the BSE is the assumption that stock prices follow

a geometric Brownian motion pattern, ignoring that prices can have sustained trends and

even can reach negative values in the real indexes (Walker 2020). Our governing equation

covers BSEs’ limitations, allowing the price to fluctuate in a particular direction (trend) and

incorporates stochastic or q-Gaussian noise. The q-Gaussian noise is a better descriptor of

the fluctuations in stock markets (Alonso-Marroquin et al. 2019). For this analysis, the price

return at time t is defined as (Mantegna and Stanley 1995; Johnson et al. 2003; Voit 2005):

X(t0, t) = I(t0 + t)− I(t0), (2.1)

where I(t0) is the stock market index at time t0, and I(t) is the stock market index for any

time t > t0.

We assume that the stock market index I(t) can be decomposed into a deterministic trend I(t)

and a stochastic time series I∗(t):

I(t) = I(t) + I∗(t). (2.2)

Then, the price return X(t) is split into a deterministic X(t) component and stochastic or

q-Gaussian noise x(t):

X(t) = X(t) + x(t), (2.3)
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where X(t) = I(t0 + t)− I(t0) and x(t) = I∗(t0 + t)− I∗(t). This equation can be written

as a Stochastic Differential Equation (SDE)

dX(t) = dX(t) + dx(t), (2.4)

where dX(t) = I(t+dt)−I(t0) and dx(t) = I∗(t+dt)−I∗(t), and dt is an infinitesimal time.

Our aim is to find the components of this SDE. Based on previous work (Alonso-Marroquin

et al. 2019), we postulate that the probability density function (PDF) of the detrended price

return x(t) is described by the functional form :

P (x, t) =
1

(Dt)1/α

[
gq

(
x

(Dt)1/α

)]
(2.5)

where D, q and α are time-dependent fitting exponents, and gq(x) is the function so-called

normalized q-Gauss distribution function. This distribution function is often used in the

non-extensive statistical mechanics, because allows the generalization of Boltzmann entropy.

The gq(x) is defined as: (Ruiz and Marcos 2018):

gq(x) =
1

Cq

[
1− (1− q)x2

] 1

1− q , (2.6)

The normalization constant Cq for 1 < q < 3 is given by:

Cq =

√
π

q − 1

Γ((3− q)/(2(q − 1)))

Γ(1/(q − 1))
. (2.7)

Then, we apply the following change of variable T = tξ, where ξ =
3− q

α
, in the governing

equation of P (x, t) [Eq.(12) from (Alonso-Marroquin et al. 2019)]. The corresponding Partial

Differential Equation (PDE) is:
∂P

∂T
= Dξ ∂

2P 2−q

∂x2
, (2.8)

where the difussion term is Dξ. By applying Eqs. (2.3), (2.5),and (2.6), the PDF of price return

P (X,T ) is:

P (X,T ) =
1

(DξT )1/(ξα)
1

Cq

[
1− (1− q)

[X −X(T )]2

(DξT )2/(ξα)

] 1

1− q
. (2.9)
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Then, the chain rule is applied to obtain the governing equation of P (X,T ).

∂2

∂2x
=

∂2

∂2X

∂

∂T
=

1

ξ
t1−ξ ∂

∂t
+

∂X(T )

∂T

∂

∂X

(2.10)

By replacing Eq(2.10) in Eq(2.8), the general PDE can be defined considering that t1−ξ

ξ
= ∂t

∂T

as:

∂P

∂T
= Dξ ∂

2P 2−q

∂X2
− ∂X(T )

∂T

∂P

∂X
. (2.11)

The term Dξ is the diffusive parameter, which is independent on X . Consequently, a compar-

ison between Eq(2.11) with the linear Fokker-Planck equation (LFPE) is made. The LFPE is

:
∂P (X,T )

∂τ
= −∂(D1P (X,T ))

∂x
+

∂2(D2P (X,T ))

∂x2
, (2.12)

After that, the diffusion coefficient in the LFPE is defined as: D2 = DξP (X,T )1−q . By

replacing Eq(2.9) into this equation, we obtain an explicit expression for diffusion coefficient

of the LFPE:

D2 = D2/αCq−1
q T (q−1)/(3−q)

[
1− (1− q)[X −X(T )]2

(DξT )2/(3−q)

]
(2.13)

and the drift term is:

D1 =
∂X(t)

∂T
(2.14)

The drift term is the overall direction of the index price showing particular tendencies (trend).

The trend is associated with the systematic risk response, where external events can produce a

change of trend direction (Arias-Calluari et al. 2022). This feature implies that future price

changes are dependent on past values and therefore it is possible to develop a forecast in the

short term with some degree of confidence.

The Fokker–Planck equation in Eq. (2.12) is used to obtain the probability distribution of price

return at any time. The stochastic differential equation (SDE) represents the dynamics of price



26 2 TESTING STATIONARITY OF THE DETRENDED PRICE RETURN IN STOCK MARKETS

01
/0

1/
00

01
/0

1/
05

01
/0

1/
10

01
/0

1/
15

01
/0

1/
20

time(dd/mm/yy)

1000

2000

3000

4000
I(

t)

FIGURE 2.2: (Stock market index I(t) of S&P500 in the period of 02/01/96
to 30/03/21 (more than 25 years). Considering the GBM in Eq. (2.16), the
deterministic part is modeled to find the trend of the S&P500. As a result,
the fitted line aebt is an approximation of the S&P500 data trend, where a =
(9.845 ± 0.7) × 10−51 and b = (1.668 ± 0.001) × 10−4. We note that when
this approximated trend is subtracted, the fluctuations will not form a normal
distribution function. This rules out the validity of Eq. (2.16).

return as a function of time (Vasconcelos 2004). The SDE can be obtained by applying the Itō

Lemma (Vasconcelos 2004) in Eq.(2.12):

dXT = µ(T )dT + σ(X,T )dWT , (2.15)

with drift µ(T ) = D1(T ) and variance σ2(X,T ) = 2D2(X,T ). The function WT is the

Gaussian noise, and the term σ(X,T )dWT corresponds to q-Gaussian noise. The interpretation

of our SDE is that in a small time interval, dT , the price return changes its value due two

effects. The first one is related with the drift D1 that depends on time only. The second is the

diffusion term D2 that depends on time and price return.
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The SDE in Eq. (2.15) is different from the Geometrical Brownian Motion (GBM) (Tsay

2005):

dIT = µITdT + σ ITdBT , (2.16)

where, µ and σ values are constants, and BT is the standard Brownian noise. The GBM

is the basic model for stock price dynamics in the Black-Scholes framework (Vasconcelos

2004; Björk and Hult 2005). If we consider the approximation, dZT = dIT/IT , where ZT is

a logarithmic difference of the stock market index Z(t0, t) = ln
[
I(t0+t)
I(t0)

]
. Then, Eq. (2.16)

can be simplified as ZT = µdT + σ dBT . The solution of this equation is an exponential

growth superposed by a normally distributed Brownian process (Vasconcelos 2004; Björk and

Hult 2005). This solution constitutes a rough approximation of the price return, as shown in

Figure 2.2. In some studies, the log-return ZT is often used for technical analysis because

it is close to the percentage price change (Ren et al. 2018; Gopikrishnan et al. 1999; Cao

et al. 2017), a concept often used to neutralize most of the non-stationary effects (Mandelbrot

1997; Cont and Tankov 2004; Jondeau et al. 2007). One of the key properties of the GBM

approach to modeling asset prices is that prices will not go negative, an assumption that may

not be reasonable given recent events in some asset markets. Some examples are crude oil’s

price fall and the bankruptcy of some assets of global energy companies, which had reached

negative values (Walker 2020). Additionally, in the GBM, it is assumed that the natural

logarithmic of price return follows the Brownian motion with drift and that the price return

has a normal distribution (Vasconcelos 2004). However, price returns or log price returns have

been modeled by a q-Gaussian distribution function (Xu and Beck 2016). Thus, the stochastic

differential equation, Eq.(2.15), could potentially model this behavior better than the standard

GBM.

2.3 Detrending time series

In the previous section, we postulated that the time series of the price return can be decomposed

into a deterministic time series and q-Gaussian noise. In what follows, we validate this

hypothesis by performing an analysis of the S&P500 index. The analyzed data corresponds

to a time frame from January 1st, 1996 to March 31th, 2021 with a frequency of one minute.
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The S&P500 stock market index data was obtained from the Thomson Reuters Corporation

(Corporation 2020). Before the analysis, few artifacts were removed from the data (Corporation

2012; plummets 2000; Ferreira and Karali 2015), as explained in the Appendix 2.A).

The Moving Average is a widely known method to remove the trend in time series (Hansun

2013; Gu, Zhou et al. 2010; Alonso-Marroquin et al. 2019). Many variations and implement-

ations have been developed by researchers, but its underlying purpose remains, which is to

determine the trend. Despite new models, the MA method is still considered as a good option

for detrending the data due to its easiness, objectiveness, reliability, and usefulness (Hansun

2013).

The MA is a common average within a time window size that is shifted forward until the end

of the data set (Hansun 2013). Each point in the time series data is equally weighted. The

arithmetic centered moving average has been the most widely used MA case (Gu, Zhou et al.

2010).

The MA method offers different options for its calculation. The first option is regarding how

the time window will be shifted until the end of the data. For this analysis, it has been used

an overlapped or rolling window. These windows are extended over an interval [t, t + tw],

where the consecutive window is incremented by one time point to: [t+ 1, t+ tw + 1]. The

tw represents the size of the time window. The second option is choosing the polynomial

order k for fitting each time segment for the detrending process. The original MA uses k = 0,

which represents an unweighted mean (Alessio et al. 2002). The option k = 1 is used in other

studies when the focus is on the local trend (particular tendency per window) (Peng et al.

1994). These options were tested and applied in the index price I(t). In our analysis, there is

no major difference between k = 0 and k = 1, so k = 0 was used.

2.3.1 Optimal time window

The size of the time window, tw, is the key parameter to obtain stationary detrended data.

The distribution of the data set of each window tw should be self-similar, without outliers

(extreme events), but with time-dependant standard deviation. Xu et al. (Xu and Beck 2016)
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FIGURE 2.3: Optimal window size tw that will be used for the Moving Average.
The K

n

tw = 3 yields a time window of 13±1 months. The smaller time window,
tw, is chosen to preserve data features that tend to attenuate with longer time
windows. The blue bars are graphical representations of the standard error of
K

n

tw data in average per tw

applied the kurtosis definition to compare each distribution of the data set of each window tw.

The kurtosis of a time series X is defined as the fourth standardized moment, defined as the

relation between central moments ⟨un⟩ of order n, where u = X − ⟨X⟩,

K =
⟨u4⟩
⟨u2⟩2

, (2.17)

where the delimiters ⟨ ⟩ denotes time average for each particular time window.

The optimal time window should satisfy the condition of Kurtosis equals three to obtain an

optimum time window size such that for a given data set, the distribution in each window is as

close as possible to a Gaussian distribution (Buonocore et al. 2019). Additionally, a Kurtosis

equals three implies a time series in which extreme or outlier events are improbable to occur,

with a skewness equals to zero. The skewness is defined as a normalized third-order moment

of the PDF. As a consequence, the time series remains symmetric around its mean value (Labit

et al. 2007).
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Before applying the MA method, we developed a preliminary process to choose an optimal

time window tw. We used a range of values between 1 to 25 months as a possible time

window. For each possible tw value, the total length of N of the time series is split into non-

overlapping time windows. The total length of N is often not a multiple of the time window, tw.

Consequently, the number of segments is defined by rounding them to the nearest lower integer

⌊n = N/tw⌋. Next, the kurtosis in each jth window is calculated, where j = 1, 2, 3, 4.....n.

and averaged for the n windows as follows;

K
n

tw =
1

n

n∑
j=1

Ktw(j), (2.18)

where K
n

tw denotes the average over the n windows. Figure 2.3 presents the results of K
n

tw .

The optimal window size is 13± 1 months. The time window assumed for the MA analysis is

12 months. The smaller value of time window, tw, is chosen because it will preserve features

of the data such as peak height and width, which is usually attenuated with a longer time

window tw.

2.3.2 Calculation of trend and fluctuating part

The non-stationary time series of the stock market index I(t) is decomposed into a trend Ĩ(t)

and a stochastic part I∗(t),

I∗(t) = I(t)− I(t). (2.19)

The trend I(t) is constructed for the index price of S&P500 applying MA method with k = 0

and considering overlapped windows of tw = 12 months. This process is constructed based

on a weighted sum or average of each time window. Considering that the time windows for

t < tw
2

and t > N − tw
2

are truncated, we identified three cases to calculate the moving average

that depends on the position of the moving window (Xu et al. 2005):

• For t < tw
2

:

I(t) =
2

tw + 2t

⌈(tw−1)/2⌉∑
k=−t+1

I(t+ k) (2.20)
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FIGURE 2.4: (a) Trend obtained after applying the MA analysis for a time
window of 12 months for S&P500 data. (b) Detrend price I∗(t) after subtracting
the trend shown in subfigure 4-a. (c) Detrended price return, x∗(t), obtained
from the differences between adjacent elements of I∗(t). (d) The standard
deviation is obtained from an overlapping or rolling window of 1 hour. Within
a time period of 1 hour, the time-dependence of the standard deviation is
captured before it dissipates. (e) The subfigure represents the normalized price
return. The normalization of the detrended price return is calculated by dividing
the data set by the standard deviation previously calculated as σ(x∗).

• For tw
2
< t < N − tw

2
:

I(t) =
1

tw

⌈(tw−1)/2⌉∑
k=−⌊(tw−1)/2⌋

I(t+ k) (2.21)

• For t > N − tw
2

:

I(t) =
2

2N − 2t+ tw

⌈N−t⌉∑
k=−⌊(tw−1)/2⌋

I(t+ k), (2.22)
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FIGURE 2.5: Representation of the time evolution of the PDF for the different
types of price return displaying the asymptotic behavior (tail behavior). The
construction of the PDF’s evolution was made considering particular time
intervals to calculate the price increments or price return. (a) Time evolution
of the PDF of price return. (b) Time evolution of the PDF of detrended price
return. (c) Time evolution of the PDF of the normalized price return. (d)
Asymptotic behavior for the PDFs of price return at particular times. (e)
Asymptotic behavior for the PDF of detrended price return at particular times.
(f) Asymptotic behavior for the PDF of normalized price return at particular
times. A faster convergence to Gaussian, within 30 min., is noted when the
normalized price return is used.
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with the time step of t = 1, 2, 3....N for the index fluctuations.

The Subfigure 2.4-a presents the trend Ĩ(t) after applying the MA analysis for a time window

of 12 months (red line). The trend obtained represents a general tendency of the stock market

index I(t). The Subfigure 2.4-b shows the detrended price as a result of subtracting the

obtained trend.

After the detrended process, the expected result is that the price return will lose asymmetry

and will be modeled by the self-similar q-Gaussian distribution function (Eq. 2.5). However,

the detrended price return is still non-stationary because it presents volatility clusters over

the time series’s full length (Subfigure 2.4-b). These clusters over the detrended price return

represent a time-dependent standard deviation. Considering Eq. 2.15, the stochastic part or

q-Gaussian noise is compounded by a Gaussian or stationarity noise affected by a standard

deviation that varies with time. Then, the normalized price return is obtained after dividing

the detrended price return by its standard deviation to obtain a stationarity time series.

The standard deviation is obtained from an overlapping or rolling window of 1 hour. Within a

time period of 1 hour, the highest volume of option trading occurs, consequently the standard

deviation is captured before it dissipates (Nofsinger and Prucyk 2003). The Subfigure 2.4-e

shows how the clusters disappears after dividing the detrended price return by its standard

deviation. Figure 2.5, presents the time evolution of the PDFs of simple price return, detrended

price return, and normalized price return, respectively. The Subfigure 2.5-a shows that the

simple price return has a positive trend and mode that grows with a positive rate proportional

to the time interval of the price return. The Subfigure 2.5-b shows that the PDF of detrended

price return has a constant mean value while its mode oscillates around zero. The Subfigure

2.5-c shows that the PDF of normalized price return has constants mean and mode values.

The fat-tailed distributions of the PDFs for detrended price return represent the simple price

return’s stylized facts adequately. For this case, the same rate of aggregation of normality can

be observed for the price return with the only difference that it is centered in zero (Subfigure

2.5-d and 2.5-e). On the other hand, the normalized price return presents a convergence to

normal distribution that occurs at a faster rate (Subfigure 2.5-f). The fat-tailed distribution

quickly transforms into a Gaussian one for time intervals larger than 30 minutes.
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2.4 Stationarity of detrended price return

In the following section, we test the detrended time series for stationarity. In statistics one

of the most widely applied methods to test stationary is the Dickey-Fuller test (Babirath and

Schmitl 2020; Krečar et al. 2011; Dickey and Fuller 1979. However, this method is applied for

autoregressive time series with normal random noise (ARIMA) (Dickey and Fuller 1979). In

Appendix-2.C we show that the detrended price return can be represented as an autoregressive

model but holding a q-Gaussian noise only. As a consequence, the Dickey-Fuller test will

not be applicable to the stationarity test. The proposed tests in this paper are based on the

calculation of the power spectrum analysis (Witt et al. 1998). We recall the expression for the

detrended price return:

x∗(t) = I∗(to + t)− I∗(to), (2.23)

where I∗(to) is the detrended stock market index at time to, and I∗(t) is the detrended stock

market index for any time t > to.

Looking back at the definition of normalization, we defined the normalized price return as;

x∗∗ =
x∗(t)

σ(x∗)
, (2.24)

First, we proceed to evaluate the correlation of the detrended price return x∗, and normalized

price return x∗∗. The autocorrelation is defined as (Barlas 1990; Liu et al. 1999):

Cx(s) ≡
⟨xtxt+s⟩

σ2
x

, (2.25)

σ2
x = ⟨(xt − µ)(xt − µ)⟩.

Where a particular price return for a specific time is represented by xt and the time lag by s.

The autocorrelation is evaluated for two cases after replacing x by the detrended price return

and the normalized price return. For both cases short-time autocorrelations are observed in

Figure 2.6. The Subfigure 2.6-a represents the autocorrelation for the detrended price return.

For this case, the power-law fitting of the autocorrelation holds only one order of magnitude.

The autocorrelation has an exponential trend for lower values of s, and for higher values, the

autocorrelation shows a weak but non-zero autocorrelation. A transition zone is observed
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between lower and higher time-lag values, and it decreases rapidly with a power law that has

an exponent γ = −0.60 ± 0.32. The Subfigure 2.6-b represents the autocorrelation for the

normalized price return. For this case, the autocorrelation has an exponential trend for lower

values of s. The autocorrelation presents negative values until the first 30 min of lag.
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FIGURE 2.6: Autocorrelation of the detrended price return calculated as

Cx(s) ≡
⟨xtxt+s⟩

σ2
x

. Short-time correlations are observed for the first 6 minutes.

A weak long-time correlation appears after 100 minutes.
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FIGURE 2.7: The Power-spectral density |x̂(f)|2 of the detrended price return
matches with the Fourier transform of its autocorrelation.
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FIGURE 2.8: The power-spectral density of the detrended index I∗(t) holds a
power law P (f) = M/f 2, where M = 3.036(10−6)± 3(10−9). The following
relation |Î(f)|2 = Ĉ2

I (f) is observed, suggesting that the Index once detrended
is stationarity as well.

Then, the Stationary Test is based on the autocorrelation and the power spectrum analysis of

the time series is applied. The Fourier Transformation (FT) of xt is represented as x̂(f),

x̂(f) =
1√
T

T∑
t=0

x(t)e−2πift. (2.26)

This test states that any process is stationary if the power spectrum |x̂(f)|2 exists, and can be

expressed as the Fourier transform of the autocorrelation C(s) (Witt et al. 1998; Krenk et al.
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1983),

|x̂(f)|2 = Ĉx(f), (2.27)

We determine the detrended price return as a non-stationary time series on account of the

time-varying volatility and short-time correlations. The normalized price return is stationarity

based on the results shown in Figure 2.7, where the match between |x̂∗∗(f)|2 and Ĉx∗∗(f) is

achieved for time lags larger than 30 min. The |x̂∗∗(f)|2 and the Ĉx∗∗(f) have been smoothed

by applying the Savitzky-Golay filtering. The smoothing is made with the purpose of reducing

the noise of the data without distorting their tendency (Guiñón et al. 2007; Gorry 1990). The

smoothing obtained by the Saviztky-Golay filter is based on the least-squares of a linear fitting

across a moving window by applying the normalized convolution integers of Savitzky-Golay,

Ci (Guiñón et al. 2007; Gorry 1990). For this case, the length of the moving window is

3.97× 10−5 Hz.

Also, the relation |Î(f)|2 = Ĉ2
I (f) is observed in Figure 2.8, suggesting that the detrended

index can be represented by a red noise (Toker et al. 2020) due to its inverse proportionality to

f 2.

2.5 Scaling analysis of the fractal of detrended price return

For the scaling analysis, the Hurst exponents of the detrended and normalized price returns

are calculated. The Hurst exponent is a measure of long-range memory of a time series. More

specifically, it measures the statistical dependence of two points of the time series with respect

to the time difference between them (Kantelhardt et al. 2002b; Rangarajan and Ding 2000).

The Hurst exponent is better known as the index of dependence, and as such, it is a dimension-

less estimator of self-similarity in a time series (Gao et al. 2003; Márton et al. 2014; Horvatic

et al. 2011). The self-similarity occurs when a structure repeats itself on subintervals, so they

are scale-invariant, which is a property that some time series possess (Márton et al. 2014).

Two types of self-similar signals exist. The monofractal signal, which presents a unique scaling

behavior of complexity. The scaling behavior is obtained from the ratio of the self-similar
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FIGURE 2.9: Evaluation of the scale exponents, h(w), and the generalized
scaling exponent, τ(w) for the detrended and the normalized price return. The
subfigures (a) and (b) corresponds to the analysis of detrended price return
and are obtained from results shown in Figure 2.12 and 2.13 respectively. The
subfigures (c) and (d) correspond to the analysis of normalized price return
and are obtained from results shown in Figure 2.14 and 2.15, respectively.
The generalized Hurst exponent h(w) follows Eq. (2.28) for a normalized and
multifractal time series. (a) For the fitting of the generalized Hurst exponent
a1 = −0.023 ± 0.002 and b1 = 0.522 ± 0.004. (b) For the fitting of the gen-
eralized scaling exponent a2 = −0.02157± 3.8(10−4), b2 = 0.5270± 0.0012,
c2 = −0.9954 ± 0.0034. (c) For the normalized price return the generalized
Hurst exponent obeys a curve bell-shaped which points to 0.35 when | w |> 6.
(d) For the fitting of the generalized scaling exponent, normalized price return
case, a3 = 0.45± 0.01 and b3 = 0.99± 0.04.

pattern that changes with the scale at which it is measured. The second type is the multifractal

signal, which has more than one scaling behavior (Kantelhardt et al. 2002b).

The Hurst exponent can be estimated by applying the detrended fluctuation analysis (DFA)

(Hu et al. 2001; Løvsletten 2017) explained in the Appendix 2.C. The DFA is a technique used



2.5 SCALING ANALYSIS OF THE FRACTAL OF DETRENDED PRICE RETURN 39

to demonstrate self-similarity in a time series (Ausloos 2012), and the DFA has been applied

widely in scientific studies to estimate the Hurst exponent (Løvsletten 2017). Additionally,

by analyzing the statistics, it is possible to characterize the time series as monofractal or

multifractal if the self-similarity exists.

The first part of the DFA analysis consists in removing the trend of the original time series

considering non-overlapping segments. However, our trend was removed previously in

Subsection 2.3-B by applying a simple but still rigorous MA method considering overlapped

time windows with an optimal size of time window tw.

The second part of the DFA is based on the calculations of the scaling function, Fw(s), as a

function of the time segment s, where w is the mathematical moment’s order (See Appendix

2.C) (Alessio et al. 2002; Kantelhardt et al. 2002b; Kantelhardt et al. 2002a). If the scaling

function of the time series is a power-law function and satisfies the Fw(s) ∼ sH , the time

series is monofractal. Then, the exponent H is called the Hurst exponent (Kantelhardt et al.

2002b; Kantelhardt et al. 2001). Other time series does not have a unique, constant valued

H . Their scaling exponent H depends on the order of the moment w (Figure 2.12). These

are classified as a multifractal time series. The generalization method of DFA (G-DFA) is

tailored for multifractal time series. In the G-DFA, the generalized statistical moments are

defined by Gw(s) in Eq. (2.36). If the series is multifractal, the exponent τ(w) is the so-called

generalized scaling exponent (GSE). The multifractal time series satisfies the scaling law of

Gw(s) ∼ sτ(w). For multifractal time series the generalized scaling exponent τ(w) can be

defined in terms of the generalized Hurst exponent h(w) (Gu, Zhou et al. 2010; Kantelhardt

et al. 2002a):

τ(w) = wh(w)− 1. (2.28)

The Subfigure 2.9-a shows the generalized Hurst exponent of the detrended price return

obtained from Figure 2.12, and its fitting. The generalized Hurst exponent is approximated to

h(w) ≃ −0.023w+0.521 for −5.0 ≤ w ≤ 5.0. The Subfigure 2.9-a benefits for interpretation

of the generalized Hurst exponent: h(w) ∈ ⟨0.5, 1⟩, indicates persistence (correlation) of time
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series (Wang et al. 2014). Subfigure 2.9-a shows persistence of time series, when w < 0. This

negative value of w represents the segments with small fluctuations (Kantelhardt et al. 2002a).

On the other hand, the h(w) ∈ ⟨0, 0.5⟩, indicates anti-persistence (no-correlation) of time

series (Wang et al. 2014). Subfigure 2.9-a shows anti-persistence when w > 0, segments with

large fluctuations (Kantelhardt et al. 2002a).

Subfigure 2.9-b shows the τ(w) = wh(w)− 1 relationship, proving that the detrended price

return is self-similar and multifractal (Kantelhardt et al. 2002a. Subfigure 2.9-c, shows the

generalized Hurst exponent of the normalized price return obtained from Figure 2.14. The

h(w) ∈ ⟨0, 0.5⟩ indicates anti-persistence. Subfigure 2.9-d proves that the normalized price

return is self-similar and multifractal such as the detrended price return but with weaker

correlation that rapidly decrease. Additional analysis about the behaviour of the generalized

Hurst exponent when it is linear, is displayed in the Appendix 2.D

2.6 Conclusions

We proposed an improved version of the Black-Scholes equations postulated in Section II of

our paper, Eq (2.15). Our stochastic differential equation captures the index behavior more

precisely by having a trend that fluctuates deterministically. The proposed SDE, Eq (2.15),

presents its deterministic component as endogenous or exogenous predictive factors, which is

associated with internal/external events that produce changes of trend direction. The stochastic

part is represented by the q-Gaussian noise, which is a compound of a time-dependant standard

deviation and Gaussian noise.

For the validation of our proposed SDE, the S&P500 index was detrended using a weighted

average method with an overlapped time window of one year. The time window length

was obtained by calculating an average Kurtosis equal to three. The aim was to achieve an

optimum window size such that for a given data set the distribution in each window is as

close as possible to a Gaussian distribution. However, we showed that each distribution in

each window has a high varying variance within an hour, and fits better with a q-Gaussian

distribution function. For the authors, these results agree with Eq (2.15), where the detrended
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part is a q-Gaussian noise compounded of Gaussian noise and a variance term that depends

on time (volatility clusters). By calculating an optimal window size, the detrended data set is

symmetric, where extreme outlier events are improbable to occur.

This paper considered three methods to prove stationary. The first one was based on previous

superstatistical models, determining optimal time window length to capture local Gaussians

based on the Kurtosis application. The second method was based on the DFA, which proposes

an alternative approach to test stationarity for monofractal time series after removing trends

that can not be normalized. The detrending price return is a multifractal time series. As a

consequence, the DFA approach couldn’t be used. The third method used was the Station-

arity Test; this test is based on the power spectrum of the time series, which needs to be

approximately equal to the Fourier transform of its autocorrelation. After the normalization

of the detrended price, the Stationarity Test was applied. We obtained a match between the

power spectrum and the Fourier transform of the autocorrelation after dismissing the first 30

minutes of the autocorrelations’ time-lag. During these 30 minutes weak autocorrelations

were detected on the normalized price return.

This paper does not provide ultimate definitive proof that the normalized price return is

perfectly stationary. The authors prefer to refer to a normalized price return as a weak

stationary time series, where the mean and standard deviation fluctuate around a constant

value. Future work should be focused on new methods that provide a clear distinction between

a deterministic trend and non-stationary stochastic noise. Additionally, further research should

focus on evaluating the relationship between short time-correlated time series and volatility

clustered.

2.A Cleansing Data

The three artifacts removed from the S&P500 data are: In 17/06/1997, at the peak of the Asian

financial crisis (Corporation 2012). In 20/03/2000, when the imminent bankruptcy of many

Internet companies was announced (plummets 2000). The third artifact removed was the

Haiti earthquake that occurred on 11/01/2010 (Ferreira and Karali 2015). These three events
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introduce spurious jumps in the S&P500, producing a considerable percentage change of the

Index for 1 to 8 minutes only. Then, the abrupt Index values return to the original. The three

artifacts are shown in Figure 2.10(a-c) in chronological order.
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FIGURE 2.10: The three events that produce spurious jumps in S&P500 data
over the past 24 years are shown in subfigures (a) the peak of the Asian
financial crisis, (b) The imminent bankruptcy of many Internet companies was
announced, and (c) The Haiti earthquake effect.
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2.B Dickey-Fuller test

In statistics, the Dickey-Fuller analysis is the most popular test for determining the stationarity

of time series (Babirath and Schmitl 2020; Krečar et al. 2011). The Dickey-Fuller test models

autoregressive time series with random noise with the form:

I∗t = ρI∗t−1 + ϵt, (2.29)

where ϵt is a sequence of independent random variables, with mean zero following a normal

distribution function. Figure 2.11 displays the linear relationship between I∗t and I∗t , where

ρ ≈ 1 and ϵ obeys a q-Gaussian distribution. As a consequence, the Dickey-Fuller analysis

will not be applicable for the stationarity test of detrended price return. Figure 2.11 presents a

linear combination of two q-Gaussians. However, the solution for the PDF with two different

q-values as a function of time in the previous PDE is not feasible. In Chapter 4, we address

this issue by removing the data from the inactive trading period (when price change is less

than 0.1 USD), and only working with the q originated from the active trading periods. While

the Dickey-Fuller test can still be applied in terms of testing the non-stationarity of the time

series, or the normalized time series, in this chapter (and later in Chapter 5) we adopt the

physics-based method for the stationary test, the Wiener-Kinchin theorem, which has been

validated with geophysical (Witt et al. 1998), physiological (Witt et al. 1998) and financial

(Lim et al. 2023) data.
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FIGURE 2.11: (a) Linear relationship between I∗t and I∗t . (b) The noise
obtained by removing the linear trend obeys a q-Gaussian distribution.
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2.C Detrended Fluctuation Analysis (DFA)

The Detrended Fluctuation Analysis method has become a widespread technique to determ-

ine the self-similarity of a time series based on statistical functions Fw (Peng et al. 1994;

Kantelhardt et al. 2002b). The statistical functions Fw [Eq. (2.31)] are calculated based on

central moments of the time series. For that, the detrended time series is divided into equal

non-overlapping segments with a length of s. The s value represents the time segment in

which the detrended time series will be analyzed.

Then, the Hurst exponent is obtained from the power law given by Fw vs s.(Kantelhardt et al.

2002b; Kantelhardt et al. 2001).

2.C.0.1 Description of the method of DFA

We will proceed to indicate the steps to adopt this method to find the Hurst exponent of the

detrended price return x(t). First, we focus on calculating the statistical functions Fw, then

to the calculation of Hurst exponent H (Kantelhardt et al. 2002b; Gao et al. 2003; Witt et al.

1998; Kantelhardt et al. 2001; Horvatic et al. 2011).

• Step 1:: The ‘profile’ is the cumulative sum of the time series to analyze. For this case, our

profile matches with the detrended price I∗(t) obtained after applying Eq. (2.19).

• Step 2:: The profile I∗(t) is divided into non-overlapping segments ⌊Ns = N/s⌋ with the

same length s.

• Step 3:: The variance for each of the segments v = 1, 2, 3....Ns is obtained by applying the

following equation,

F 2(v, s) =
1

s

s∑
i=1

(I∗[(v − 1)s+ i]− I∗(v, s))2, (2.30)

where, I∗(v, s) represents the mean of each segment of I∗(t).
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• Step 4:: The statistical moments are obtained considering a range of values for the wth

orders.

Fw(s) =

{
1

Ns

Ns∑
i=1

[F 2(v, s)]w/2

}1/w

(2.31)

For detrended time series that present long-range correlations, the following power law is

obtained (Kantelhardt et al. 2002b; Gao et al. 2003; Kantelhardt et al. 2002a; Rangarajan and

Ding 2000):

Fw(s) ∼ sh(w). (2.32)

For monofractal time series h(w) is independent from w value due to a constant scaling

behaviour over all the segments (F 2(v, s) in Eq. (2.30) is cte.) (Maganini et al. 2018; Kan-

telhardt et al. 2002b), so H = h(w). Figure 2.12 shows the results of DFA analysis, where

a power law between Fw vs. s is observed. However, the power laws depend on the wth

order. Consequently, the Multifractal Detrending Fluctuation Analysis (MF-DFA) is applied

to evaluate the dependence between the power laws and the order degree wth.

For a standard multifractal analysis (MF-DFA) the scaling exponent τ(w) needs to be obtained.

This exponent is the power law defined between the Gw(s) vs s. The Gw(s) is a general

statistical moment based on the following relationship:

Gw(s) =

N/s∑
v=1

|I∗(vs)− I∗((v − 1)s)|w, (2.33)

where the term I∗(vs)− I∗((v− 1)s) is equal to the cumulative summation of the x(t) within

each segment ν of size s.

vs∑
t=(v−1)s+1

xt = I∗(vs)− I∗((v − 1)s). (2.34)

In the standard multifractal formalism this sum is better known as the “box probability" ps(v),

and it is used to find hypothetical probability values on the original profile I∗(t).

ps(v) =
vs∑

t=(v−1)s+1

xt. (2.35)
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Then, by replacing Eq. (2.35) in Eq. (2.34). The “box probability" is defined in terms of the

original profile, ps(v) = I∗(vs) − I∗((v − 1)s). After that, we replace this equivalence in

Eq. (2.33), the following relation is obtained:

Gw(s) =

N/s∑
v=1

|ps(v)|w, (2.36)

where,

Gw(s) ∼ sτ(w). (2.37)

The τ(w) represents the generalized scaling exponent (GSE), and is related with h(w) for

stationary and normalized time series (Maganini et al. 2018; Kantelhardt et al. 2002b),

τ(w) = wh(w)− 1. (2.38)

The Figure 2.9, shows a summary of the scaling exponents h(w) and τ(w), respectively. The

relationship between h(w) and τ(w) is noticed, prooving that x(t) is a multifractal stationarity

time series. The Figures 2.13a and 2.13b show the results of the generalized statistical function

Gw for negative and positive values of w respectively.

2.D Hurst exponent spectrum

The Legendre transformation is used to calculate the spectrum of the characteristic exponents

after applying the detrending fluctuation analysis. We did the Legendre transformation of GSE

as a function of h(w). For the detrended price return the relationship between GSE and h(w)

is linear as can be observed in Subfigure 2.9a. The Legendre transform of the GSE is:

f(γ) = γw − τ(w) (2.39)

where,

γ =
∂τ(w)

∂w
= h(w)− w

∂h

∂w

By replacing the Eq. (2.38) in Eq. (2.39), the Legendre transform of τ(w) is:

f(γ) = w(γ − h(w)) + 1 (2.40)
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FIGURE 2.12: Detrended price return case: Calculation of the statistical
function Fw using Eq. (2.31). The function of Fw vs s display power laws
Fw(s) ∼ sh(w), where h(w) depend on w. This feature demonstrates that the
time series is a multifractal.
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FIGURE 2.13: Detrended price return case: Calculation of the “generalized
statistical functions" Gw(s) vs s for negative (a) and positive (b) values of order
w. The “generalized statistical functions" is calculated by applying Eq. (2.36).
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FIGURE 2.14: Normalized price return case: Calculation of the statistical
function Fw using Eq. (2.31). The function of Fw vs s display power laws
Fw(s) ∼ sh(w), where h(w) depend on w. This feature demonstrates that the
time series is multifractal.
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FIGURE 2.15: Normalized price return case: Calculation of the “generalized
statistical functions" Gw(s) vs s for negative (a) and positive (b) values of order
w. The “generalized statistical functions" is calculated by applying Eq. (2.36).
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For monofractal time series h(w) = cte, implying that γ = H . On the other hand, for

multifractal time series h(w) ̸= cte, then:

monofractal f(γ) = 1 γ = H

multifractal f(γ) = 0 γ ̸= cte
. (2.41)

From the Subfigure 2.9a, the generalized Hurst exponent is linear h(w) = a1w + b1. As a

consequence the value of γ = b1 − 2a1w, and

w =
b1 − γ

2a1
(2.42)

By replacing Eq. (2.42) in Eq. (2.40) the following relation is obtained:

f(γ) = 1− 1

4a1
(b1 − γ)2 (2.43)

The Figure 2.16, represents how the range of probable generalized Hurst exponents values is

reduced from multifractal time series to monofractal time series. At the limit of a1 −→ 0, one

finds that h(w) = H retrieving a Dirac delta function shifted representing a monofractal time

series.
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FIGURE 2.16: The range of probable generalized Hurst exponents values is
reduced by making a1 −→ 0 .



CHAPTER 3

Stylized facts of high-frequency Bitcoin time series

In the previous chapter, we demonstrated that q-Gaussian distribution can be used to describe

price fluctuations in conventional markets. We decomposed the financial time series into a

deterministic trend and a stochastic noise. When performing the detrending process, instead

of using the simple forward or backward moving average, we used a centered moving average

method, where the average of the signal data points within a window of size n is positioned at

the center of the window. This approach is more sensitive to changes in the signal and avoids

introducing a delay in the moving average relative to the signal. Comparisons were made

between using symmetric and asymmetric moving windows, and it confirmed that using an

asymmetric window for detrending does not affect the results for our datasets. In this chapter,

our objective is to expand the empirical investigation to the stylized facts in digital assets,

specifically Bitcoin cryptocurrency. Stylized facts are widely observed and acknowledged in

conventional financial assets as the similarity in statistical features across different markets

and times. While these stylized facts are less studied in digital assets owing to their novelty, it

is crucial to examine them. Such an examination can lead to a better understanding of market

dynamics in digital assets.

This chapter aims to analyze the high-frequency intraday Bitcoin dataset from 2019 to 2022

in terms of its statistical characteristics. During this time frame, the Bitcoin market index

exhibited two distinct periods characterized by abrupt changes in volatility. Bitcoin price

returns for both periods can be described by an anomalous diffusion process, transitioning from

subdiffusion for short intervals to weak superdiffusion over longer intervals. The characteristic

features related to this anomalous behavior studied in this chapter include heavy tails, which

can be described using a q-Gaussian distribution and correlations. Autocorrelation of the

52
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absolute returns presents a power-law relationship, indicating time dependency in both periods

initially. The ensemble autocorrelation of returns decays rapidly. We fitted the autocorrelation

with a power-law to capture the decay and found that the second period experienced a slightly

higher rate of decay. Further study involves the analysis of endogenous effects within the

Bitcoin time series, examined through detrending analysis. We found that both periods are

multifractal and present self-similarity in the detrended PDF. The Hurst exponent over short

time intervals shifts from less than 0.5 (∼ 0.42) in Period 1 to be closer to 0.5 in Period 2 (∼

0.49), indicating the market is more efficient at short time scales.

3.1 Introduction

Cryptocurrencies offer a decentralized and innovative alternative to traditional financial sys-

tems (Corbet et al. 2019). Despite not being globally accepted as digital currency, many

consider cryptocurrencies valuable assets for storing and retrieving value when needed (Crosby

et al. 2016). With over 2,000 distinct cryptocurrencies currently in circulation, their potential

and prominence continue growing (Noam 2021). In this dynamically evolving market, Bitcoin

stands out as the dominant one. Introduced by Nakamoto (Nakamoto 2008) in 2008 as the first

decentralized cryptocurrency, Bitcoin has witnessed a substantial increase in its market value.

Statistics from CoinMarketCap reveal that Bitcoin’s market capitalization reached 567.61

billion USD as of August 3, 2023, constituting 48.09% of the aggregate market capitalization

of major cryptoassets (Global Cryptocurrency Charts 2023). Bitcoin operates as an open

accessible network, providing an emerging market free from the constraints of traditional

trading hours. It captures the attention of practitioners, individuals who see value in associating

Bitcoin with their addresses on the blockchain, and academics intrigued by its durability and

the broader understanding of blockchain-based cryptocurrencies.

Bitcoin was created as an online payment system that enables users to engage in direct transac-

tions without intermediaries (Nakamoto 2008). Its decentralized nature ensures independence

from central banks or government authorities responsible for currency issuance (Underwood

2016; Zaghloul et al. 2020). The adoption of Bitcoin for payments of goods and services has
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experienced substantial growth. Some argue that businesses find it advantageous to accept

Bitcoin, citing lower transaction fees compared to the typical 2-3% imposed by credit card

processors (Hong 2017). Conversely, investors perceive Bitcoin as an alternative investment

avenue, as indicated by an analysis of transactions from 2011 to 2014 (Baur et al. 2015).

Bitcoin has sometimes been referred to as the ‘digital gold’ (Popper 2016), attracting indi-

vidual investors seeking portfolio diversification as a replacement for gold as a hedge against

inflation (Henriques and Sadorsky 2018). This investment interest extends beyond individual

investors to various institutional players, including the Global Advisors Bitcoin Investment

Fund, Pantera Capital, and Falcon Global Capital, which initiated Bitcoin investments as early

as 2013 (Hong 2017). Various types of institutions that hold Bitcoin have emerged, including

the Bitcoin Exchange-Traded Funds (ETFs) that track the value of Bitcoin. These ETFs

attract investors and speculators by facilitating transactions through traditional stock market

exchanges rather than cryptocurrency trading platforms. Presently, a significant portion of

Bitcoin is under institutional ownership, ranging from ETFs to sovereign governments like El

Salvador (Genç 2023). Institutional investment in Bitcoin takes various forms, encompassing

direct ownership, participation in mining companies, Bitcoin futures ETFs, or integration into

retirement strategies (Genç 2023).

The peer-to-peer characteristic of Bitcoin is underpinned by blockchain technology, which

functions as a shared public ledger of all transactions and digital events among participants

(Underwood 2016; Crosby et al. 2016; Zaghloul et al. 2020). This technology has demonstrated

its versatility by finding applications in both financial and non-financial domains. Financial

institutions and banks actively explore innovative blockchain applications, with a focus on

areas such as private securities and insurance (Crosby et al. 2016). A notable example is

Decentralized Finance (DeFi), which represents a groundbreaking financial paradigm built on

blockchain, providing services like loans, insurance, and financial assets exchange without

reliance on a central authority (Auer et al. 2023). DeFi is gaining attention from investment

banks and central banks, with initiated programs to explore the potential applications of

digital assets (Genç 2023). The non-financial applications of blockchain technology also hold

considerable promise. Serving as a decentralized storage system, blockchain facilitates the

storage of various file types. This technology can verify the existence of diverse documents,



3.1 INTRODUCTION 55

including legal documents, health records, loyalty payments, and licenses across various

industries. By storing the fingerprint of the asset instead of the asset itself, blockchain ensures

enhanced privacy and anonymity (Crosby et al. 2016).

With an increasing number of users adopting Bitcoin, and despite its meaningful fluctuations,

high volatility, and dependence on evolving technology, this emerging asset continues to gain

importance in our economy. Previous studies have extensively explored various aspects of

Bitcoin, including its market efficiency (Urquhart 2016; Kurihara and Fukushima 2017; Jiang

et al. 2018; Caporale et al. 2018; Noda 2021; Bariviera et al. 2017; Mnif et al. 2020; Mnif

and Jarboui 2021; Fernandes et al. 2022; Montasser et al. 2022; Kakinaka and Umeno 2022),

regulatory requirements (Brito et al. 2014; Böhme et al. 2015; Hendrickson and Luther 2017;

Marian 2013; Gross et al. 2017), market dynamics and its correlations with various asset

classes (Conrad et al. 2018; Ciaian et al. 2018; Klein et al. 2018; Eross et al. 2019; Ariya et al.

2020; Arias-Calluari et al. 2021; Hu et al. 2019; De Sousa Filho et al. 2021; Cremaschini

et al. 2023; Ghosh et al. 2023; Bariviera et al. 2017; De Sousa Filho et al. 2021; Wen et al.

2022; Zhang et al. 2018a), with the intent to quantify Bitcoin price fluctuations and evaluate

their proximity to stock market prices mechanisms. Given that the Bitcoin pricing mechanism

differs from conventional stock market price indexes, we propose initiating the analysis by

examining robust patterns or ‘stylized facts’ of Bitcoin price fluctuations. This analysis is

based on ‘tick-by-tick’ recorded data from Reuters Datascope. The motivation lies in unveiling

precise time-scale properties of Bitcoin time series, allowing comparisons with the widely

acknowledged stylized facts from stock market data (Cont 2001), e.g. fat tails, volatility

clustering, short-time correlations, and self-similarity measurements. To do this we analyze

the intraday data of the BTC/USD exchange, spanning the years 2018 to 2022. The dataset

has a frequency of 10 minutes, and trading occurs continuously throughout the 24-hour day.

The paper is organized as follows: Section 3.2 recalls well-known stylized facts observed

in financial time series. Section 3.3 presents a background of the Bitcoin cryptocurrency,

essential for understanding the dynamics of Bitcoin transactions. In Section 3.4, we provide

the governing equations adapted from our closest model obtained for stock market prices for

this study, along with the notations used in this paper. In Section 3.5, we divide the Bitcoin
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time series into different time periods characterized by the abrupt change in the volatility,

and then we examine the stylized facts for each period, respectively. Finally, we provide a

summary of our findings based on the comparative analysis of the S&P 500 and Bitcoin.

3.2 Stylized facts of financial markets

For the evaluation of financial models and the development of econometric theories, researchers

focus on studying persistent statistical characteristics of the market, commonly referred to as

‘stylized facts’.

Stylized fact is a widely adopted concept in economics, referring to the common statistical

properties observed across datasets spanning different timeframes (Cont 2001; Chakraborti

et al. 2011). The concept of stylized facts, initially introduced in macroeconomics to describe

statistical patterns characterizing macroeconomic growth over extended periods and across

diverse countries (Kaldor 1961), has undergone extensive examination in traditional financial

instruments. In stock markets, widely recognized stylized facts include phenomena such as

fat-tailed distribution, volatility clustering, self-similarity of market returns, and seasonality

in time series (Bollerslev et al. 1994; Cont 2001; Chakraborti et al. 2011; Nystrup et al.

2015; Shakeel and Srivastava 2018; Arias-Calluari et al. 2021). Analyzing stylized facts is

crucial for establishing the foundation for the development of theoretical forecasting models

(Rydén et al. 1998; Liesenfeld and Jung 2000; Andersson 2001; Carnero 2004; Bulla and

Bulla 2006; Malmsten and Teräsvirta 2010; Chakraborti et al. 2011). A substantial body of

evidence suggests that cryptocurrency markets exhibit the key stylized characteristics observed

in foreign exchange markets (Segnon and Bekiros 2020; Bariviera et al. 2017). These findings

motivate a careful analysis of the most well-known stylized facts in stock markets before

seeking future modeling approaches. In this section, we dedicate ourselves to recalling each of

these well-known stylized facts along with their corresponding descriptions, as listed below:

(1) fat-tailed distribution of returns: This phenomenon was initially recognized by

Mandelbrot (Mandelbrot 1963), based on empirical distributions of financial returns

(and log-returns) that exhibit heavy-tailed distributions, deviating from the Gaussian
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distribution (Cont 2001; Chakraborti et al. 2011). The presence of heavy tails

indicates a higher likelihood of extreme events than predicted by a normal distribution

(Stoyanov et al. 2011). Within a self-similar fat-tailed distribution, the tails can be

characterized by a power law relation denoted as P (x, t) ∼ t−HF (xt−H), where

P (x, t) represents the probability distribution function (PDF) of the price return x.

F was widely assumed to follow a distribution known as a Levy distribution from

the 1990s, F (x) = Lα(x), H = 1/α where α ∈ (0, 2] (Lévy 1954; Mantegna and

Stanley 1994; Mantegna and Stanley 1999). After the 2000, F was considered as a

q-Gaussian distribution, F (x) = gq(x), H = 1/α , where α = 3−q
ξ

with q ∈ (1, 3)

and ξ as a constant parameter(Borland and Bouchaud 2004; Queirós 2005; Malamud

2003; Alonso-Marroquin et al. 2019). More recently F is viewed as the solution of

a general porous media equation solved through local derivatives H(t) = 1/α(t),

where α(t) = 3−q(t)
ξ(t)

(Gharari et al. 2021; Tang et al. 2024b).

(2) short-time autocorrelation of returns: The autocorrelation function (ACF) quanti-

fies the relationship between the current data and historical data, showing the extent

to which there is some form of ‘memory’ in the market (Vilela et al. 2013; Nounou

and Bakshi 2000). The memory is commonly defined as the critic shifted time for the

autocorrelation process τc = 1/ACF (0)
∫∞
0

ACF (τ)dτ (Kasdin 1995). In terms of

financial data analysis, ACF is evaluated using price returns and describes a rapid

decay during very small intraday time scales, before decaying to zero value (Cont

2001; Chakraborti et al. 2011). This trend aligns with the efficient market hypo-

thesis (De Sousa Filho et al. 2021; Cont 2001), signifying a finite memory; it retains

correlation with values closer back in time only.

(3) volatility clustering: Volatility in finance measures the extent to which actual

returns deviate from average returns over a designated time span (Kumar 2016).

It is related to the risk management of assets, with higher volatility implying a

greater chance of substantial losses (De Silva et al. 2017). Volatility is commonly

quantified as the standard deviation (σ) of the returns, and it plays an important role

as an estimation tool in empirical investigations in financial studies, especially when

examining new and emerging assets (Ghosh et al. 2023). Regarding stylized facts,
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volatility clustering is a widely observed phenomenon, particularly in speculative

return time series. Mandelbrot initially identified this pattern (Mandelbrot 1963),

denoting the tendency for substantial changes to be succeeded by similarly substantial

changes, and minor changes to be succeeded by comparably minor changes. This

underscores the empirical reality that price fluctuations are non-stationary processes

as the fluctuations are not identically distributed and the distributions experience

temporal shifts (Chakraborti et al. 2011).

(4) self-similarity and fractality: Broadly defined, a fractal refers to a geometric shape

that exhibits fragmented characteristics, with each fragment (at least approximately)

resembling a reduced-scale replica of the whole structure (Chen et al. 2016a). A

fractal can be described by its scale-invariant fractal dimension (Mandelbrot 1982),

which is directly related to the Hurst exponent, H . Fractals have been studied

extensively in finance and economics, including the stock market (Lee et al. 2017),

gold (Mali and Mukhopadhyay 2014), electricity (Wang et al. 2013), crude oil (Gu

et al. 2010), and shipping markets (Chen et al. 2016a). In the domains of finance

and economics, substantial research has explored the concept of fractals and scaling

laws (Önalan 2004). Scaling laws establish a connection between price returns

computed over various sampling intervals, highlighting that the shape of PDF of

price return remains consistent as the time scale varies, P (x, t) ∼ t−HF (xt−H)

(Gharari et al. 2021), where a self-similar time series denotes
√

⟨x2⟩ ∝ tH . Fractal

analysis techniques such as rescaled range analysis (R/S) and Detrended Fluctuation

Analysis (DFA) have been pivotal in these investigations (Lahmiri and Bekiros 2018).

Both methods yield a spectrum of Hurst exponent, enabling the determination of

the fractality of the time series. However, the R/S statistic is susceptible to outlier

influence, potentially leading to a biased estimation of the Hurst exponent (Gu et

al. 2010). Therefore, in this study, we adopt the multifractal detrended fluctuation

analysis (MF-DFA) method, which is a generalization of the DFA, owing to its

proficiency in handling nonstationary time series (Lahmiri and Bekiros 2018).

Besides these well-acknowledged facts, financial markets exhibit other widely observed

statistical characteristics, one of which is the anomalous diffusion in the peak of the PDF of
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returns. Bachelier’s (Bachelier 1900) original work on market fluctuations also introduced the

first option pricing model grounded in Brownian motion, associating this motion with price

return fluctuations. Later the Black-Scholes equation was proposed to improve the Brownian

motion model to prevent the possibility of negative prices (Black and Scholes 1973). The

Black-Scholes model is alternately referred to as the geometric Brownian model. However,

these models fall short of effectively characterizing numerous dynamic processes (Weron and

Magdziarz 2009). This limitation arises from the fact that the mean squared displacement of

the price return scales with time exhibiting a fractional exponent deviating from conventional

Brownian motion (Sposini et al. 2022a), H ̸= 0.5 and is not a unique value H(t) = 1/α(t);

this deviation is known as anomalous diffusion. Anomalous diffusion is widely observed within

financial data and is expressible through a power law relation Pmax ∼ t−1/α(t), where Pmax

represents the peak of the PDF of the future price return, and t represents the predicted time

(Alonso-Marroquin et al. 2019). Here, α = 2 indicates normal (Brownian) diffusion, α < 2

implies superdiffusion, and α > 2 denotes subdiffusion (Sposini et al. 2022a). Moreover,

the value of α is intricately tied to the Hurst exponent (H) through the relation H = 1/α(t)

(Gharari et al. 2021; Sposini et al. 2022a; Ghosh et al. 2023). For example, this relationship

is valid in fraction Brownian motion, which is a self-similar Gaussian stochastic process

characterized by stationary power-law correlated increments (Gharari et al. 2021).

The aforementioned statistical properties are typically observed in traditional markets. This

paper seeks to evaluate these properties in the context of Bitcoin, drawing comparisons with

conventional markets. Given the distinctive framework of Bitcoin compared to traditional

markets, the following section will offer a brief overview of its characteristics.

3.3 Bitcoin’s operational framework

Cryptocurrencies are decentralized digital assets that rely on encryption to verify transactions.

Bitcoin, being the first, largest, and most well-known cryptocurrency, operates differently from

centralized money systems. For centralized money, currency is issued by central banks and

transactions involve intermediaries like banks. In contrast, Bitcoin employs a decentralized
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digital infrastructure called “blockchain" for peer-to-peer transactions and value storage. This

allows Bitcoin to operate independently of any government, company, or financial institution.

The concept of blockchain was initially proposed in 1991 (Haber and Stornetta 1991) and

further developed by Satoshi Nakamoto (Nakamoto 2008). A blockchain is a public ledger

of all transactions and digital events shared among participating parties since the creation

of Bitcoin (Underwood 2016; Crosby et al. 2016). The blockchain maintains a certain and

verifiable record of every single transaction and ownership and once lodged, the transaction can

never be erased (Crosby et al. 2016; Vujičić et al. 2018). Additionally, blockchain technology

prevents double-spending, enhancing the security level of Bitcoin cryptocurrency (Kuo Chuen

et al. 2018). This technology creates a network of traders, with each node in the network

retaining a copy of the ledger record (Vujičić et al. 2018).

Transferring Bitcoin from one owner to another relies on blockchain technology, where Bitcoin

owners execute transactions using their private and public keys. The private key serves as a

digital signature, while the public key is used for verifying transactions. During a transaction,

Bitcoins are sent from one address to another, requiring the sender’s private key for validation.

The transaction details must include the Bitcoin address, amount to be transferred, and the

public key of the next owner (Vujičić et al. 2018). Subsequently, the transaction is broadcast

to the Bitcoin network, rapidly disseminating across connected nodes to notify them of its

occurrence. However, before being added to the blockchain, this transaction undergoes a

validation process known as Bitcoin mining. Miners engage in a competition, a ‘proof-of-work

puzzle’, to include the transaction in a block. The winning miner then broadcasts the block

to all nodes, allowing them to expand and update their copies of the blockchain (Zaghloul

et al. 2020). Only miners possess the capability to add a transaction to the digital ledger,

transitioning it from pending to confirmed.

Miners play a crucial role in Bitcoin systems, assembling a special transaction known as

a coinbase transaction, which relates to the creation of new coins in the network. Bitcoin

operates independently of a centralized authority responsible for issuing new coins, and instead,

coins are automatically generated by the Bitcoin blockchain system as a reward for the first

miner who successfully completes the proof-of-work consensus mechanism (Nakamoto 2008).
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The initiation of a new coin is triggered by the first transaction in a block, and ownership of

this coin is attributed to the creator of the block (Nakamoto 2008). This incentive structure

motivates miners to validate transactions, thereby injecting coins into circulation. The mining

process involves solving a mathematical puzzle, with miners rewarded for finding the solution,

resulting in the creation of a new block that is updated to the blockchain (Tschorsch and

Scheuermann 2016). The design of the Bitcoin network aims to produce one block roughly

every ten minutes. As computational power increases, the network maintains a relatively stable

block creation time by progressively elevating the difficulty of generating new blocks (Vujičić

et al. 2018). While mining remains the exclusive means of generating new coins, it comes

with a significant energy consumption. Furthermore, individual miners may face a notably

low likelihood of achieving successful returns. To address this, solo miners collaborate by

uniting their mining capabilities and forming mining pools. Eventually, these pools evolve

into substantial organizations with considerable computational prowess, enabling them to

contend with other major entities. Rewards are then distributed among participants based on

their individual contributions (Zaghloul et al. 2020).

One fundamental characteristic of Bitcoin is its deliberate limitation on coin supply. The

initial Bitcoin coin reward was established at 50 coins, which is the total amount of Bitcoin

when it was first created. This reward is designed to undergo halving every 210,000 blocks,

equivalent to approximately four years (Vujičić et al. 2018). With a fixed total supply of 21

million Bitcoin, currently, approximately 93% of this total has been brought into existence.

Even after the full issuance of coins, Bitcoin will remain exchangeable among owners, with

rewards shifted to the verification of transactions.

Bitcoin offers a 24/7 market accessible globally. Its unique attributes enable transactions to

occur at a significantly accelerated pace compared to fiat currency, which leads to a notably

more volatile market compared to conventional financial markets.
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3.4 Governing equations

A common approach for analyzing option pricing is related to the well-known Black-Scholes

equation (BSE) as the governing equation for modeling price return. We recall our governing

equation from (Arias-Calluari et al. 2022) which is used to model stock market indexes.

This equation allows prices to fluctuate with a trend and a stochastic noise. This stochastic

noise can be well-described by a q-Gaussian distribution. The time evolution of the PDF of

stochastic processes can be presented using a Fokker-Planck equation (FPE). In our analysis,

we use fractional FPE to describe the time evolution of the PDF of price return, and use the

local Katugampola fractional operators for the fractional q-Gaussian process. The anomalous

diffusion is defined in terms of the second moment of the PDF. The autocorrelation is presented

in an integral form.

(1) Governing equations of stock market: The market index of any given stock market

data is denoted as I(t), and the simple price return in a time interval from current

time t0 to future time t is defined as

X(t0, t) = I(t0 + t)− I(t0). (3.1)

The stock market index fluctuates over time in a random process. In this analysis, it

is assumed that the stock market index I(t) can be decomposed to a deterministic

trend Ī(t) and a stochastic noise Î(t)

I(t) = I(t) + Î(t). (3.2)

The price return X(t) can also be divided into two parts: a deterministic component

X̄(t) and a stochastic q-Gaussian noise x(t)

X(t) = X(t) + x(t), (3.3)

where X(t) = I(t0 + t) − I(t0), and x(t) = Î(t0 + t) − Î(t0). The increment of

the price return is calculated by the difference between the consecutive points of the
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price return, written as

X∗(t) = I(t+ 1)− I(t)

x∗(t) = Î(t+ 1)− Î(t)
. (3.4)

From here onward, t represents the normalized time obtained by t = time/∆t, where

time is the time in minutes and ∆t = 10mins is the frequency of the Bitcoin price

index.

The main interest in financial market forecasting focuses on predicting the price

return at a future time t0 + t. In this context, we employ a probability approach,

where we assume that the simple price return X is a random variable characterized by

a time-dependent PDF P (x, t). Then our primary goal is to establish the governing

equation that describes the evolution of P (x, t).

Eq. 3.3 can be expressed as a stochastic derivative that is different from the stand-

ard derivative, where the quantity x(t) is stochastic and, therefore, not differentiable,

written as
dX

dt
=

dX̄

dt
+

dx

dt
. (3.5)

That is conveniently written as from a stochastic Itô-Langevin equation of the form

dX

dt
= µ(X, t) + σ(X, t)η(t), (3.6)

where µ is the trend of the time series, σ is the volatility, η(t) is a white noise with

< η >= 0. Using the Itô’s lemma (Itô 1951), it is possible to derive the partial

differential equation that describes the temporal evolution of the probability density

function P (X, t) of the stochastic variable X(t), presented as

∂P

∂t
= − ∂

∂X
(µ(X, t)P ) +

1

2

∂2

∂X2
(σ2(X, t)P ). (3.7)

For a detrended price return, µ(X, t) = 0, and the evolution of PDF is reduced to

∂P (x, t)

∂t
=

1

2

∂2

∂x2
(σ2(x, t)P (x, t)). (3.8)

The work of Borland suggests that the volatility depends on the PDF so that the

diffusion process becomes non-linear (Borland 1998). Based on our earlier empirical
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analysis of the S&P500 stock market index, we have found that (Alonso-Marroquin

et al. 2019)
∂P (x, t)

∂τ
= D0

∂2P 2−q(x, t)

∂x2
, (3.9)

where D0 is a diffusion constant, τ = tξ, being 0 < ξ ≤ 1 an empirical exponent

obtained from the empirical data. The solution of Eq. 3.9 with the Dirac’s delta as

initial condition P (x, t = 0) = δ(x) is given by (Alonso-Marroquin et al. 2019)

P (x, t) =
1

(D0t)H

[
gq

(
x

(D0t)H

)]
, (3.10)

where H = 1/α = ξ/(3 − q) and gq(x) is the normalized q-Gaussian distribution

distribution defined by

gq(x) =
1

Cq

[
1− (1− q)x2

] 1

1− q . (3.11)

This is a generalization of the Gaussian distribution; if q = 1 the Gaussian distribution

is recovered. The normalization constant Cq for 1 < q < 3 is given by

Cq =

√
π

q − 1

Γ((3− q)/(2(q − 1)))

Γ(1/(q − 1))
. (3.12)

(2) Fractional diffusion equations: Now we present the diffusion equation in the

fractional form. Eq. 3.9 can be rewritten into two different formats. The first case

is to convert it into a Fokker-Plank Equation with time-dependent volatility. This is

performed by using the rule dτ = tξ−1dt to convert it into

∂P (x, t)

∂t
= D0t

ξ−1∂P
2−q(x, t)

∂x2
, (3.13)

and by comparing Eq. 3.8 and 3.9, we obtain the expression for the volatility as

σ(x, t) =
√
2D0t

1−ξ
2 P

1−q
2 (x, t). (3.14)

In a more recent work (Gharari et al. 2021), it has been proposed that Eq. 3.9 can

be written as a local fractional differential equation with Katugampola fractional
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operator. The Katugampola fractional derivative for 0 < ξ ≤ 1 is defined by

dξf

dξt
:= lim

ϵ→0

f(teϵt
−ξ
)− f(t)

ϵ
. (3.15)

The Katugampola fractional derivative has the property of

dξf

dξt
= t1−ξ df

dt
. (3.16)

Using the above properties, we can derive the fractional form of Eq. 3.9 as

∂ξP (x, t)

∂ξt
= D0

∂2P 2−q(x, t)

∂x2
. (3.17)

This proves that Eqs. 3.13 and 3.17 are the same equations.

(3) Anomalous diffusion: In the following, we connect the expression for anomalous

diffusion with the second moment of the time series. For a wide range of diffusion

processes, the PDF follows the scaling solution and can be written in a generalized

form as (Tang et al. 2024b)

P (x, t) =
1

ϕ(t)
F

[
x

ϕ(t)

]
. (3.18)

In this study, F is the normalized q-Gaussian distribution function. The anomalous

diffusion can be calculated using the second moment of the time series

< x2 > =

∫ ∞

−∞
x2P (x, t) dx

=

∫ ∞

−∞

x2

ϕ(t)
F

[
x

ϕ(t)

]
dx.

(3.19)

By changing variable x
ϕ(t)

= y, the above equation can be rewritten as

< x2 > = ϕ(t)2
∫ ∞

−∞
y2F (y) dy

= ϕ(t)2σ2
0.

(3.20)

For a normalized distribution, σ0 can be ignored. Therefore the nature of anomalous

diffusion is calculated as

< x2 >= ϕ(t)2 ∝ t2H . (3.21)
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The PDF is assumed to satisfy the scaling relation given by Eq. 3.18. Replacing

x = 0 into Eq. 3.18 we obtain P (0, t) = F (0)/ϕ(t). Assuming that the PDF peaks

at x = 0 (i.e. Pmax(t) = P (0, t) and using Eq. 3.21 the second moment is reduced to

√
< x2 > = ϕ(t) ∝ tH ∼ 1/Pmax(t) (3.22)

In other words, the exponent of the anomalous diffusion can be obtained from the

time evolution of the peak of the PDF.

(4) Autocorrelation Function (ACF): The autocorrelation function can be derived from

the SDE. For a fractional Brownian motion, the correlation function can be expressed

as

E[X(t)X(t+ τ)]

=

∫ t+τ

0

∫ t

0

E[W (t)W (t+ τ)]dtd(t+ τ),
(3.23)

where W (t) = dX/dt. From Eq. 3.6, we can represent the time series as

X(t) =

∫ t

0

(µ(X, t) + σ(X, t)η(t)) dt. (3.24)

Assuming the time series is detrended, then µ(X, t) = 0. We can write the autocor-

relation as

⟨X(t)X(t+ τ)⟩

=

〈∫ t

0

σ(X, t′)η(t′) dt′
∫ t+τ

0

σ(X, t′′)η(t′′) dt′′
〉

=

∫ t

0

∫ t+τ

0

⟨σ(X, t′)η(t′)σ(X, t′′)η(t′′)⟩ dt′dt′′.

(3.25)

From Eq. 3.6, assuming σ(x, t) and η(t) are known, one can solve the integral to

obtain the analytical expression of the autocorrelation.

3.5 Stylized facts of Bitcoin market index

Financial time series exhibit diverse stylized facts over time. Consequently, segmenting

the entire time series into distinct periods for detailed investigation becomes crucial. Our
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initial step involves identifying these different sections within the Bitcoin price index. We

collected Bitcoin price index data from March 9, 2017, to December 31, 2022, with a 10-

minute frequency. Using this dataset, we computed the simple price return X∗(t) (Eq. 3.4) and

volatility σ(t). The latter was calculated as the standard deviation of X∗(t) on a rolling window

of one hour. The results are shown in Figure 3.1 (a-c) for the price index I(t), simple price

return X∗(t), and volatility σ(t) respectively, providing a reference for segmenting the dataset.

Data preceding April 2, 2019, was deemed spurious due to unrealistic jumps of the order of

100 USDs and was, therefore, excluded from further analysis. Figure 3.1(a) illustrates the price

index, revealing a substantial upsurge in price since 2021. This significant rise coincides with

Elon Musk’s purchase of $1.5 billion worth of Bitcoin and Tesla’s announcement to accept

Bitcoin as payment. This marked a significant turning point, necessitating the recognition of

data from 2021 onward as a distinct period. Consequently, data points spanning from April 2,

2019, to December 31, 2020, constitute an independent segment denoted as Period 1 in this

study. A notable shift in market dynamics unfolded between 2021 and May 2022. During this

period, cryptocurrency prices surged significantly. However, a significant change occurred

post-May 2022. This period witnessed a series of crises impacting multiple cryptocurrencies

and trading platforms. The collapse of LUNA from Terraform Labs resulted in a total loss of

market value of over $400 billion. Concurrently, the decision by Elon Musk to discontinue

Bitcoin acceptance for Tesla car purchases contributed to an environment characterized by an

increased frequency of substantial market downturns. Consequently, the data recorded after

May 2022 warrants categorization as a distinct time period. Therefore, we label the dataset

from January 1, 2021, to May 9, 2022, as Period 2 in this study. Figure 3.1 (b&c) depicts the

simple price return and volatility respectively, illustrating that Period 2 exhibits notably higher

returns and volatility compared to Period 1.

3.5.1 Anomalous diffusion and fat-tailed distribution

Our analysis commences with an examination of the PDF of simple price return X(t0, t) as

shown in Eq. 3.1. For both Period 1 and Period 2, we calculate the PDFs across various time

intervals t = t− t0, i.e. we plot the relative diffusion time instead of the absolute time, ranging
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FIGURE 3.1: (a) Bitcoin market index I(t) from 03/09/2017 to 31/12/2022.
(b) Simple price return X∗(t) obtained from Î(t) following Eq. 3.4. (c) The
standard deviation σ(t) of simple price return calculated by using a 1-hour

moving window, where σ(t) =
√

1
N−1

∑N
t=1(X

∗(t)− µ)2, X∗
i indicates a

specific segment of the price return, and µ is the mean value of that segment.

from the smallest diffusion interval t = 1 to a year’s diffusion period t = 326 days. The

kernel density estimator, known for its capacity to provide a smooth and accurate estimation of

PDFs (Węglarczyk 2018), is employed with a kernel bandwidth set to 0.001. This ensures that

the bandwidth is sufficiently small to capture the detailed structures of the PDFs. To compute

the PDFs, we calculate the price return using Eq. 3.1 for each time interval t and then use the

price return to calculate P (X, t).

In Figure 3.2 (a), we present the peak of the PDF Pmax for Periods 1 and 2 respectively

in relation to time t. Notably, both time periods exhibit a power-law relation between the

peak of the PDF and time, expressed as Pmax ∼ t−H . Linear curve fitting is applied to

the data of Periods 1 and 2 respectively to measure the power-law slope (H = 1/α). We

note a transition in the H values for both datasets is observed, signifying a shift in the
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diffusion mode. For Period 1, the Hurst exponent H is 0.415± 0.006 at small time intervals

and 0.610 ± 0.007 at large time intervals, corresponding to the values of α = 2.41 ± 0.03

and α = 1.64 ± 0.02, respectively. For Period 2, the slope is H = 0.478 ± 0.004 at

small time intervals and H = 0.646 ± 0.004 at large time intervals, corresponding to the

respective values of α = 2.09± 0.01 and α = 1.54± 0.01. The anomalous diffusion exponent

α is used to distinguish normal (Brownian, α = 2, H = 0.5) from anomalous diffusion

(α ̸= 2, H ̸= 0.5). The regimes of super- and subdiffusion correspond to α > 2, H < 0.5

and 0 < α < 2, H > 0.5, respectively (Sposini et al. 2022b). These results suggest that both

periods of the Bitcoin time series undergo a transition from a weak subdiffusion regime to a

weak superdiffusion regime over an extended period.
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FIGURE 3.2: (a) Time evolution of the peak of the PDF for Period 1 and 2
in the log-log scale shown in Black markers. Two well-defined slopes can be
observed for each period. The colored lines show the fitted slope of the power-
law relation. Both periods experience a transition from a weak subdiffusion
regimen to a weak superdiffusion regime over time. (b) Time evolution of the
PDF for Period 2 from 10 mins to 1000 mins. The PDFs present distinctive
peaks and heavy tails at small time intervals and become flat as the time interval
increases.
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Figure 3.2 (b) illustrates the time evolution of the PDF from 10 minutes to 1000 minutes

(approximately 16.5 hours) of trading time. The PDF at the minimal time interval t = 1

exhibits a heavy-tailed non-Gaussian distribution, gradually flattening and broadening as time

progresses. To further explore the fat-tailed distribution of the PDF, it is essential to determine

the tail slope of the PDF at the minimum time interval, P (X∗, t = 1). This slope, denoted as α,

is crucial for characterizing the type of distribution. The tail exponent for Lévy distribution is

calculated as P (x, t) ∼ x−(1+α), where 0 < α < 2 (Lévy 1954; Mantegna and Stanley 1994).

The exponent for the q-Gaussian distribution is P (x, t) ∼ xα, where α = 2
1−q

, and 1 < q < 3

(Alonso-Marroquin et al. 2019). In Figure 3.3, we present the calculated tail slopes of the PDF

for each period. The slopes of the tails for Period 1 and Period 2 are α = 3.95 ± 0.18 and

α = 4.04± 0.12 respectively. By comparing these values with the corresponding exponents

of Lévy and q-Gaussian distribution, we find that the slopes fall outside the Lévy regime and

instead fit well into the q-Gaussian regime. The values of q calculated based on the derived tail

slopes using the aforementioned relation are q = 1.51± 0.02 and q = 1.50± 0.02 for Period

1 and 2, respectively.

Upon examining the fat-tailed distribution, we discerned that the PDF at the minimum time

interval (t = 1) can be characterized by a q-Gaussian distribution. To substantiate this obser-

vation, we conducted a calibration to the q-Gaussian distribution for the PDFs corresponding

to both Period 1 and Period 2. The outcomes of this calibration process are depicted in Figure

3.4. This calibration procedure was conducted in a semi-logarithmic scale by applying the

relationship described in Eq. 3.10. This method involved taking the natural logarithm of the

PDF and fitting it to the simple price return using a linear scale. Figure 3.4 (a) plots the right

branch of the PDF using a log-log scale and Figure 3.4 (b) illustrates both branches of the

PDF in semi-logarithmic scale. In these figures, the grey dotted curves represent the PDF of

the simple price return, while the Black curves represent the fitted q-Gaussian distribution.

Notably, the fitted distribution captures both the central and tail portions of the PDFs. The

q values derived from the semi-logarithmic fitting were determined as q = 1.53 for Period 1

and q = 1.57 for Period 2. Importantly, these values align with the q values fitted from the

power-law tail slope, affirming the consistency of the results that the diffusion is q-Gaussian.
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FIGURE 3.3: Tail slope of PDF at the minimum time interval t0 for Period
1 and 2 respectively in log-log scale. The dotted grey lines are the PDFs of
price return, and the colored lines show the fitted slope of the tail for each time
period. The fitted slopes show that the tail slope is outside the Lévy regime,
and fits to a q-Gaussian distribution.

3.5.2 Volatility clustering

We use the autocorrelation function (ACF) to quantify volatility clustering in the time series.

The ACF is calculated on the incremental price return X∗(t) using two methods: sample

autocorrelation and chopping autocorrelation. The detailed definitions for each method are

presented below.

The time lag of the autocorrelation is denoted as s, representing real-time intervals in minutes

for this study. For each s, the sample autocorrelation is defined as

C(s) =

∑n−s
t=1 (X

∗
t+s − X̄∗)(X∗

t − X̄∗)∑n
t=1(X

∗
t − X̄∗)2

, (3.26)
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FIGURE 3.4: q-Gaussian fitting conducted in semi-log scale for PDFs of
simple price return at t0 for both Period 1 and 2. The grey dotted curves are the
PDFs and the Black curves are the fitted q-Gaussian distribution. (a) The right
branch of the PDFs for Period 1 and 2 are plotted in log-log scale respectively.
(b) The full PDF and the fitted distribution are plotted in a semi-log scale.

where X∗ is the simple price return, X∗
t+s is the price return shifted by s minutes, and X̄∗ is

the mean value of the price return, calculated as

X̄∗ =
1

n

n∑
t=1

X∗
t .

We also computed the chopping autocorrelation of the price return for both periods, following

the concept of calculating the ensemble autocorrelation. In the context of stochastic processes,

the ensemble represents the statistical population of the process, where each member of

the ensemble is one possible realization of the process (McCauley 2008; Lahiri 2016). For

finance data where only a singular historical time series exists, constructing this ensemble

involves decomposing the time series into an ensemble of sub-intervals of the data. Here, each

trading day effectively constitutes one realization of the dataset, given the recurring nature
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FIGURE 3.5: Sample and chopping autocorrelation with fitting for Periods
1 and 2. For both periods, anti-correlation is observed for short times, and
weak long-term autocorrelation is presented. (a) For Period 1, chopping ACF
is plotted in blue, and sample ACF is plotted in yellow. Anti-correlation is
observed in short times with periodicity. (b) Absolute sample and chopping
ACF of Period 1 plotted in log-log scale, representing a power-law relation. A
linear fitting in the log-log scale measures the slope of the power-law relation
as -1.17. (c) For Period 2, chopping ACF is plotted in blue, and sample ACF
is plotted in yellow. Anti-correlation is also observed in short times with
periodicity. (d) Absolute sample and chopping ACF of Period 2 plotted in
log-log scale, with a power-law relation at initial times. A linear fitting in the
log-log scale measures the slope of the power-law relation as -1.07.

of market statistics on a daily basis (Bassler et al. 2007). To build the ensemble in our study,

we partitioned the data into discrete segments, where each segment serves as an independent

realization of the time series. The total length of the time series for the price return is denoted

as N , while the length of each segment is represented as S, and thus the number of segments

is Ns = N/S. The chopping autocorrelation is formulated as

⟨Cs⟩ =
Ci

s

Ns

, (3.27)

where Ci
s corresponds to the ith segment within the ensemble. In the typical practice of

establishing the ensemble, each segment is often delineated based on individual trading days.

However, due to the continuous nature of the Bitcoin market, we chose to employ calendar

weeks as the partitioning markers for our dataset. Given that our data is recorded at 10-minute

intervals, resulting in 6 data points recorded per hour and 1, 008 data points accumulated each
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week. We rounded this to 1,000 data points for the length of each segment. Subsequently, we

computed the autocorrelation for each segment and averaged it over the ensemble. The error

associated with the ensemble autocorrelation was calculated as the standard error within the

ensemble.

The results of the ACF calculated with both methods are presented in Figure 3.5 for Periods

1 and 2, respectively. The sample autocorrelation is plotted in yellow, while the chopping

autocorrelation is in blue. The absolute sample autocorrelation functions are illustrated in

Figure 3.5 (b) and (d) using a log-log scale, corresponding to Periods 1 and 2 respectively.

In both time periods, a noticeable power-law relationship emerges, particularly evident at

short time intervals (below 100 minutes). Over the longer term, the absolute autocorrelation

exhibits a modest yet non-negligible value, persisting notably beyond the 200-minute mark

(C(s) = 0.002 for larger s). To quantitatively assess this power-law behavior, we conducted

linear fitting, obtaining slope values of −1.17 for Period 1 and −1.07 for Period 2. This slope

of absolute autocorrelation is related to the Hurst exponent (H), a relationship established

as C(s) ∼ s−2−2H (Kantelhardt et al. 2002c). By calculating the Hurst exponent from the

power-law slope of the absolute autocorrelation, we obtain the respective values of the Hurst

exponent for Periods 1 and 2 as H = 0.415 and H = 0.486. Notably, these values align

with the findings detailed in Section 3.5.1. To further examine the behavior of the short-time

autocorrelation, we plot the ACF for the first 200 minutes in Figure 3.5 (a) and (c). Both

sample and chopping autocorrelation show negative values at short time lags, indicating an

anti-correlated relationship in short time frames. Additionally, ACFs manifest oscillations

around 0 from 30 minutes to 200 minutes (approximately 2.5 hours). While both the sample

autocorrelation and chopping autocorrelation exhibit similar characteristics in general, they

differ in terms of magnitude. Although there are disparities between the two, these differences

are not substantial enough to definitively conclude whether they indicate non-ergodic behavior

in the time series or are simply a result of statistical noise.
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3.5.3 Self-similarity of detrended PDF of price return

While the previous section focused on the stylized facts within the trended time series, it is

important to note that the underlying trend inherent in financial data can potentially influence

these characteristics. To address this, we now redirect our attention to exploring the stylized

facts in the detrended time series. In previous sections, we found that for the Bitcoin market

index, the market characteristics for Periods 1 and 2 are similar. From here, we focus the

analysis on Period 2 only.

Self-similarity in the evolution of the PDF of price return is another important stylized fact

in the stock market. We first tested the self-similarity of the trended time series, yet it does

not present clear self-similar behavior. Thus, the detrending process is required following the

relation described in Eq 3.3.

3.5.3.1 Detrending time series

The detrending process was conducted using the Moving Average (MA) method. In MA, a

time window is shifted from the start to the end of the time series, and the arithmetic average

is used for each time window to record the trend. The two parameters that are vital to the

MA are the size of the time window tw and the step in which each time window is shifted

forward. In this analysis, we used a continuous sliding window with overlaps, thus the step is

1. These time windows are extended from a segment of [t, t+ tw] to the consecutive window

of [t+ 1, t+ tw + 1]. To achieve an effective detrending result, it is necessary to select an

optimal time window tw for detrending. In this study, the criteria for choosing the optimal

time window are set so that the PDFs of the detrended price return P (x∗, t) show the best

convergence to a Gaussian distribution at large time intervals t and the goodness of fit (R2)

indicates a valid fitting (R2 ≥ 0.95) for all PDFs.

We tested the time window for detrending from 1 hour to 26 weeks in order to find the best

time window that meets the criteria. The optimal time window tw of 1 week is chosen for

detrending, and for each time window, the arithmetic average of the index I(t) from [t, t+ tw]

is used as the trend at time t. Considering at the beginning and the end of the time series where
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t < tw
2

and t > N − tw
2

(N is the total length of the time series), the size of the time window

is truncated, we define the sliding window with three pieces:

• For t < tw
2

:

I(t) =
2

tw + 2t

⌈(tw−1)/2⌉∑
k=−t+1

I(t+ k), (3.28)

• For tw
2
< t < N − tw

2
:

I(t) =
1

tw

⌈(tw−1)/2⌉∑
k=−⌊(tw−1)/2⌋

I(t+ k), (3.29)

• For t > N − tw
2

:

I(t) =
2

2N − 2t+ tw

⌈N−t⌉∑
k=−⌊(tw−1)/2⌋

I(t+ k), (3.30)

with the time step of t = 1, 2, 3....N for the index fluctuations.

The results of detrending are shown in Figure 3.6. Subfigure 3.6-a presents the trended market

index I(t) as the blue curve and the trend Ī(t) in red after applying MA analysis using the

optimal time window of 1 week. Subfigure 3.6-b shows the detrended price as a result of

subtracting the trend, following Eq 3.2. Subfigure 3.6-c shows the detrended price return by

taking the difference of the adjacent terms in the detrended price, using Eq. 3.4

x∗(t) = Î(t+ 1)− Î(t).

3.5.3.2 Self-similarity in PDF of detrended price return

We then test the self-similarity on the detrended price return. Recall the expression of the PDF

to be:

P (x, t) =
1

(Dt)H

[
gq

(
x

(Dt)H

)]
where (Dt)H is the scaling factor, and H = 1/α is the Hurst exponent, and is related to the

parameter characterizing the anomalous diffusion. Taking the result of H = 0.478 in Section

3.5.1 for time series Period 2, we conducted the q-Gaussian fitting to the detrended PDFs at
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FIGURE 3.6: Results from detrending analysis for Period 2. (a) Trended price
index I(t) is shown as the blue curve, and the trend Ī(t) obtained from the MA
is shown as the red curve. (b) The detrended price index Î(t) was obtained
by subtracting the trend from the price index. (c) Detrended price return x∗(t)
calculated from the detrended price index.

each time t of price return in a semi-log scale, with two fitting parameters q and β = (Dt)1/α

to find the scaling factor. The PDFs are rescaled using these factors, and the resultant PDFs

were collapsed onto each other as shown in the grey curves in Figure 3.7. The collapsed PDF

shows a good agreement with the q-Gaussian distribution with q = 1.51, shown as the blue

curve.

3.5.4 Scaling analysis on the fractality of price return

In the preceding sections, we have demonstrated the presence of self-similarity in Bitcoin

price returns, suggesting a fractal nature of the time series. In this section, we aim to establish

whether the time series is monofractal or multifractal by performing a scaling analysis. In the
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FIGURE 3.7: (Grey curves) Collapse of the PDF of detrended price return for
Bitcoin Period 2. The collapsed PDFs are fitted with a q-Gaussian distribution
(blue curve) with q = 1.51.

latter scenario, self-similarity is preserved, but the Hurst exponent is not unique. Instead, it

exhibits a range of values forming a Hurst exponent profile.

Various methods can demonstrate the fractality of a time series, with commonly used ap-

proaches including rescaled range (R/S) analysis and detrended fluctuation analysis (DFA).

Currently, DFA is becoming a more favored method because of its effectiveness in handling

nonstationary time series. In our study, we applied DFA to Bitcoin Period 2 to determine

fractality and calculate the Hurst exponent. DFA was performed on the trended time series.

The first step of DFA involves removing the trend of the original time series by assuming the

trend is the linear fitting of each non-overlapping segment.

• Step 1: For the trended price return with length N , the process of the DFA starts with

defining the ‘profile’ of the time series by calculating the mean-centered cumulative
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sum of the simple price return (X):

I∗(t) =
i∑

k=1

[Xk − ⟨X⟩] , i = 1, ..., N. (3.31)

where ⟨X⟩ is the mean value of the time series.

The second part of DFA aims to calculate the scaling function Fw(s) as a function of the time

segment s, and w is the order of the mathematical moment. This is achieved by applying the

following steps:

• Step 2: Divide the profile I∗(t) into non-overlapping segments with the same length s. The

number of segments Ns is calculated as Ns = ⌊N/s⌋.

• Step 3: Calculate the local trend for each segment by a linear least-square fitting of the time

series. Then the variance of each segment v from 1, 2, 3....Ns is calculated using the

equation:

F 2(v, s) =
1

s

s∑
i=1

(I∗[(v − 1)s+ i]− I∗(v, s))2, (3.32)

where I∗(v, s) is the mean of each segment of I∗(t).

• Step 4: The statistical moments are calculated utilizing different values of order w:

Fw(s) =

{
1

Ns

Ns∑
i=1

[F 2(v, s)]w/2

}1/w

(3.33)

For detrended time series that present long-range correlations, the following power law is

obtained: Fw(s) ∼ sh(w). If the time series is monofractal, h(w) is independent of w value

thus a constant is obtained where H = h(w) is the Hurst exponent. For multifractal time

series, h(w) is dependent on w and can be a linear or quadratic function.

Results of the DFA are shown in Figure 3.8 for positive and negative range of w respectively.

A linear fitting is conducted for each order of w to obtain the power law and plotted as the

dashed black lines. It is clear that the slope of h(w) varies for different w, indicating that the

time series is multifractal. Figure 3.9 plots the resultant spectrum for the Hurst exponent.
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FIGURE 3.8: Calculation of the statistical function Fw on Bitcoin price return
for Period 2 using Eq. (3.33). The function of Fw vs s display power laws
Fw(s) ∼ sh(w), where h(w) depend on w. This feature demonstrates that the
time series is multifractal. (a) Calculated Fw(s) function with a negative range
of w, each w value presents a power-law relationship. (b) Profile of h(w) for
negative w values. (c) Calculated Fw(s) function with a positive range of w,
each w value presents a power-law relationship. (d) Profile of h(w) for positive
w values.
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FIGURE 3.9: Evaluation of the scale exponents hw of detrended Bitcoin price
return for Period 2. This profile of scale exponent can be described using a
linear relationship, with a1 = −0.044± 0.006, and b1 = 0.556± 0.002.

3.6 Discussion
TABLE 3.1: Summary of stylized facts

Stylized Facts Period 1 Period 2 S&P500
Fat-tailed Distribution
P (x, t) ∼ x

2
1−q for large x

q = 1.51 q = 1.50 q = 1.50

Anomalous Diffusion
P (x = 0, t) ∼ t−H , H = 1/α

H = 0.415
α = 2.41

H = 0.478
α = 2.09

H = 0.79
α = 1.26

q-Gaussian Diffusion

P (x, t) =
1

(Dt)H

[
gq

(
x

(Dt)H

)]
q = 1.53 q = 1.57

q = 1.71
q = 2.73

Volatility Clustering
C(s) ∼ (cs)2H−2cos(bs) H = 0.415 H = 0.465

C(s) ∼ e−ρs

ρ = 1.07
Scaling Analysis
Fw(s) ∼ sh(w), H = h(2)

/ H = 0.461 H = 0.48

We investigated the stylized facts of the Bitcoin time series from 2019 to 2022. The Bitcoin

price index was divided into two periods based on changes in volatility. Table 3.1 summarizes
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the stylized facts observed in the Bitcoin price index. Here we compare the results of the

Bitcoin price index to the well-studied conventional market S&P500 for the period from

January 1996 to May 2018.

The prevalence of a heavy-tailed distribution is a characteristic feature in traditional financial

markets, such as the S&P500. In line with this, we found fat-tailed distribution for both time

periods of Bitcoin price return. This finding aligns with previous studies on cryptocurrencies,

where the majority of types of cryptocurrencies exhibit heavy-tailed non-Gaussian distributions

(Zhang et al. 2018a). Our study extends previous findings by illustrating that the PDF of

Bitcoin’s price return is best captured by a q-Gaussian distribution, making these results directly

comparable with our previous results for the S&P500. Specifically, we find q = 1.51± 0.02

for Period 1 and q = 1.50± 0.02 for Period 2.

In comparison to the S&P500 index, the anomalous diffusion of Bitcoin presents distinctive

characteristics. While Bitcoin and the S&P500 have undergone a shift in diffusion behavior,

their respective diffusion patterns differ. For the S&P500 price return, research has shown

that it displays a strong superdiffusion regime with α = 1.26 ± 0.04 (H = 0.79) for short

time intervals, and in the long term, it exhibits a weak superdiffusion regime with α =

1.79 ± 0.01 (H = 0.56) (Alonso-Marroquin et al. 2019). In contrast, Bitcoin price returns

exhibit a transition in diffusion behavior in both periods, shifting from a subdiffusion regime

to a weak superdiffusion regime. In Period 1, α = 2.41 ± 0.02 (H = 0.415) for short time

intervals, and α = 1.64 ± 0.02 (H = 0.610) for extended time intervals. In Period 2, short

time intervals reveal α = 2.09 ± 0.01, (H = 0.478), while extended time intervals exhibit

α = 1.54 ± 0.01, (H = 0.646). Notably, the diffusion parameters indicate that Period 1 of

Bitcoin demonstrates a more pronounced subdiffusion than Period 2 for short time intervals.

The anomalous diffusion of Bitcoin can be described by a q-Gaussian diffusion process, similar

to the findings of S&P500. However, the values of the q parameter are different between the

two markets. For S&P500, the q-Gaussian exponents are q = 1.71±0.01 and q = 2.73±0.005

for the two diffusion regimes, respectively (Alonso-Marroquin et al. 2019). Conversely, for

Bitcoin, the q-Gaussian exponents are notably lower, at approximately q = 1.55± 0.02 for

both Periods 1 and 2.
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The autocorrelation functions are calculated based on the price returns of Bitcoin. Regarding

the ACF for absolute returns, it demonstrates a power-law decay, with the calculated Hurst

exponents shifting from less than 0.5 in Period 1 (H = 0.415) to slightly closer to 0.5 in

Period 2 (H = 0.486). In terms of the ACF of price returns, both time periods exhibit short-

term negative autocorrelation. The autocorrelation in small intraday time scales (less than

20 minutes) can be attributed to the microstructure effects of the market (Cont 2001). This

negative autocorrelation aligns with the findings on feedback traders in Bitcoin (Karaa et al.

2021), confirming that the high volatility and positive trading strategy can yield significant anti-

autocorrelations in market dynamics. The ACF pattern observed in Bitcoin price return differs

from the observations in S&P500; in the case of S&P500, the ACF presents an exponential

pattern at short times, then transitions to a power-law relationship (Arias-Calluari et al. 2022).

From the scaling analysis, we found that both time periods of the Bitcoin price index are

multi-fractal, which aligns with other studies on the fractality of the Bitcoin market (Takaishi

2018; Shrestha 2021). This multi-fractality characteristic is similar to the observations in

the traditional financial markets and other complex systems (Lee et al. 2017; Mali and

Mukhopadhyay 2014; Wang et al. 2013; Gu et al. 2010; Chen et al. 2016a). The multi-

fractal nature of Bitcoin can be attributed to the presence of volatility clusters varying across

different time scales and fat-tail distributions, as these aspects make essential contributions to

multi-fractality in a given time series (Lahmiri and Bekiros 2018).

3.A Fitting for detecting self-similarity

In this chapter and the previous chapter, the diffusion coefficients are defined in a constant

order, and the q-Gaussian diffusion is formulated with q and β. When exploring the self-

similarity in the PDF of the detrended price return and producing Figure 3.7, we rescaled the

PDF at different time intervals to obtain a q-Gaussian fitting for all the rescaled PDFs. This

process is conducted by assuming the self-similarity exponent is constant, and for each time t,

we fit the PDF with parameters q and β. Then we collapse all the PDFs at different times and

fit them with a q-Gaussian function to describe the collapsed PDFs.



CHAPTER 4

Variable order porous media equations: Application on modeling the

S&P500 and Bitcoin price return

In the previous chapter, we examined the statistical characteristics of the Bitcoin cryptocurrency

market in comparison to the conventional financial market of S&P500. The nonlinear fractional

Fokker-Planck equations are used as the model describing the market fluctuations. We found

that the market experienced a q-Gaussian diffusion process. Here the diffusion coefficients

are defined in a constant order. From the analysis in the previous chapters, as well as other

empirical evidence, we found that the parameters characterizing the PDFs experience time

dependence. For example, α and q changes with time, and the type of anomalous diffusion

experience transitions. Therefore, in this chapter, we aim further than fitting the price return

for a specific time. Our objective is to understand the mechanism of the evolution of q(t) and,

at the same time, how this influences other scaling parameters. In this chapter, we derive

the variable order diffusion equation as an improvement to the model describing the market

dynamics.

This chapter reveals a specific category of solutions for the 1+1 Variable Order (VO) nonlinear

fractional Fokker-Planck equations. These solutions are formulated using VO q-Gaussian

functions, granting them significant versatility in their application to various real-world

systems. We validate the VO model using datasets from both the conventional stock market

and cryptocurrency. Data sets used in this chapter are at different frequencies. For the S&P500,

the dataset is at 1-minute time intervals, and for Bitcoin, the data is every 10 minutes. The

VO q-Gaussian functions provide a more robust expression for the distribution function of

price returns in real-world systems. Additionally, we analyzed the temporal evolution of the
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anomalous characteristic exponents derived from our study, which are associated with the

long-term (power-law) memory in time series data and autocorrelation patterns.

4.1 Introduction

Anomalous diffusion has manifested itself in various fields of science, such as physics (So-

lomon et al. 1993; Chechkin et al. 2005; Umarov and Steinberg 2009), chemistry (Magin et al.

2008; Metzler et al. 2014), biology (Santamaria et al. 2006; Guigas and Weiss 2008), and

socioeconomic systems such as stock markets (Alonso-Marroquin et al. 2019; Gharari et al.

2021). Although it was proposed for transport and wave propagation paradigms (Richardson

1926; Gennes et al. 1976; West and Nonnenmacher 2001), now its relation with other phe-

nomena is well-established, including but not limited to fractals and percolation in porous

media (Puech and Rammal 1983; Mardoukhi et al. 2015), cell nucleus, plasma membrane

and cytoplasm in biology (Saxton 2007). Anomalous diffusion is manifested in the process

where the mean squared displacement of the random walker scales with time exhibiting a

fractional exponent, as a result of the correlations in the stochastic process (Sokolov and

Klafter 2005; Pekalski and Sznajd-Weron 1999). Under specific assumptions, a fractional

version of the Fokker-Planck equation (FPE) can be employed to describe the time evolution

of these systems’ probability density function (PDF). Non-local fractional derivatives are

relevant when dealing with the Levy process, for example (Yanovsky et al. 2000; Anderson

and Moradi 2018). Intuitively, a non-local operator requires information from a whole interval

when operating on a function, in contrast to local operators that only need information from

a single point in their immediate vicinity (Almeida et al. 2016; Gharari et al. 2021), for

a comprehensive review, see Ref. (Teodoro et al. 2019) and the references therein. This

fractionalization can occur in the time and the space derivatives of the FPE. While the linear

fractional FPE is suitable for describing a wide range of systems with anomalous diffusion,

its non-linear version has been implemented in more diverse domains, including biological

systems (Murray 1993), thermostatistics (Umarov and Tsallis 2007; Quirós and Vazquez 1999;

Gilding and Peletier 1976; Pamuk 2005; Plastino and Wedemann 2020), and stock markets

(Gell-Mann and Tsallis 2004; Alonso-Marroquin et al. 2019; Gharari et al. 2021). It was also
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shown that the PDF of the detrended price return of the S&P500 index is governed by the

porous media equation (PME)— which is a non-linear FPE— through a curve fitting analysis

of the PDFs after collapsing self-similar q-Gaussian functions (Alonso-Marroquin et al. 2019;

Arias Calluari 2014; Gharari et al. 2021).

Despite the relative success of the q-Gaussian distributions in explaining the time evolution

of the PDF of many stochastic systems, some studies show that the numerically estimated

exponents exhibit slow time dependence. The stock market is an example where the PDF

of price return does not follow a constant order (CO) non-linear FPE, or at least has a

limited validity (Frame et al. 1970), as the price returns of stock market indexes exhibit

characteristic exponents that depend on time (Arias-Calluari et al. 2021), aligned with the

central limit theorem (CLT). More specifically, the stochastic fluctuations in the price return of

the S&P500 index can be modeled using superdiffusive self-similar q-Gaussian functions and

the anomalous diffusion exponent α, which has initial values (α > 2, q > 1), and then slowly

converge to α → 2, q → 1 corresponding to the Gaussian (normal) distribution as required

by CLT (the same happens to the diffusion coefficient D) (Arias-Calluari et al. 2021). The

diffusion process in a porous medium is another example, where if the medium structure or

external field changes over time, the CO fractional diffusion is not applicable (Atangana and

Bildik 2013; Hantush and Jacob 1955). This characteristic poses fundamental challenges and

introduces the need to reconsider the governing equation, considering the time dependence of

these exponents. To address this limitation, using “variable order" (VO) fractional diffusion

equations has been proposed (Frame et al. 1970; Atangana and Bildik 2013; Hantush and

Jacob 1955). In many complex systems, the inclusion of VO fractional derivatives can provide

a more accurate representation of their underlying dynamics (Li and Chen 2004; Yang 2016;

Almeida 2017; Atangana 2015; Alkahtani et al. 2016).

This paper considers the VO fractional porous media equation (FPME) with local fractional

derivative operators, where the characteristic exponents can change slowly with time. The

formalism is kept as general as possible to include a general time dependence of the exponents.

By proposing a separable form for the solutions, we identify an important class of solutions

that yield the ordinary q-Gaussian solution in the static (CO) limit. These solutions are not
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self-similar (SS), but the self-similarity is retrieved once we take the CO limit. In the second

part of the paper, we relate these solutions to the PDF of price return in the traditional stock

markets and the cryptocurrency. We assess the VO q-Gaussian function and inspect how this

system approaches the normal diffusion counterparts over extended periods.

The paper is organized as follows: the constant order (CO) fractional diffusion process will

be presented in the following section. Section 4.3 is devoted to the time-dependent variable

order (VO) exponents and their solutions with and without drift. The application to the stock

markets is studied in Section 4.4.

4.2 Constant Order (CO) fractional diffusion process

The anomalous diffusion is a diffusion process with a non-linear relationship between the

mean squared displacement and time with an anomalous diffusion exponent α. For any

d-dimensional space, it is characterized by the following scaling relation

R(t) ≡
√

⟨r2(t)⟩ ∝ tH , (4.1)

where r(t) is the end to end distance at time t, ⟨...⟩ is the ensemble average and H = 1/α is

the corresponding Hurst exponent. For a normal diffusion α = 2, while for the super- (sub-)

diffusion α < 2 (α > 2). The anomalous diffusion can be due to time correlations, as well as

the fractal structure of the space. An important primitive example of anomalous diffusion was

given by Havlin and Ben-Avraham for random walks on fractal objects, the PDF of which is

given by (Havlin and Ben-Avraham 1987)

P (x, t) ∝ R(t)−df exp

[
−c

(
x

R(t)

) α
α−1

]
, (4.2)

where df is the fractal dimension of the space in which the random walker is doing an

exploration process. Other types of distributions with the same scaling relation between

x and R(t) are proposed to describe anomalous diffusion processes in different physical

systems, which are special solutions of the FPEs. These modifications of the FPE may
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include the fractionalization of the space as well as the time derivative operators, and non-

linearization depending on the system that the FPE is going to describe. Various fractional

diffusion equations have been introduced each of which has its own advantages and weaknesses

(Umarov and Steinberg 2009; Magin et al. 2008; Chechkin et al. 2005). A fractionalization

of the derivative can be either local or non-local depending on the (temporal and spatial)

nature of the system (Arias-Calluari et al. 2022). The examples are the Schneider and Wyss

time-derivative fractionalization (Schneider and Wyss 1989), O’Shaugnessy and Procaccia

space-derivative fractionalization (O’Shaughnessy and Procaccia 1985), Giona and Roman

space-time-derivative fractionalization (Giona and Roman 1992), and more general cases

(Metzler et al. 1994).

An important feature in Eq. 4.2 is related to its scaling behavior. This equation suggests that

for a d-dimensional system, r = |x| (where x shows the position of a random walker) scales

with a general function of time ϕ(t), so that

x → λx , ϕ(t) → λϕ(t) , P → λ−dP (4.3)

(see Appendix 4.A for more details). Here ϕ(t) is a time-dependent function characterizing

the anomalous diffusion. This suggests the following scaling solution

P (x, t) =
1

ϕ(t)d
F

[
x

ϕ(t)

]
. (4.4)

The nature of anomalous diffusion is directly calculated using

R2 =
〈
r(t)2

〉
∝
∫

ddx|x|2F
[

x
ϕ(t)

]
∝ ϕ(t)2. (4.5)

The scaling properties of the time series are associated with the form of ϕ(t). In fact, for the

solution of Eq. 4.1 we have ϕ(t) = ϕSS(t) where the index “SS” points out the self-similarity

law, given by (Gharari et al. 2021; Alonso-Marroquin et al. 2019)

ϕSS(t) ∝ t1/α. (4.6)

Combining Eq. 4.5 and Eq. 4.6, one reaches Eq. 4.1.
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An important well-known example is the fractional Brownian motion (fBm), in which the

PDF follows a Gaussian distribution with a self-similar structure. For a good review see

Appendix 4.B and (Beran 1994; Mandelbrot and Van Ness 1968). The Levy-stable distri-

bution is another example of a self-similar system that has vast applications in stochastic

processes, including the stock markets. The heavy-tail behavior observed in stock market price

fluctuations has been a cornerstone for many scientists in supporting the use of Levy-stable

distributions for modeling the stochastic behavior of the price return (Bielinskyi et al. 2019b;

Chang 2020; Montillet and Yu 2015; Bielinskyi et al. 2019a; Scalas and Kim 2006; Bucsa

et al. 2014; Arias-Calluari et al. 2021).

There are, however, some pieces of evidence indicating that Levy-stable distributions are

not sufficient to describe the stylized facts of the price return. Recent observations of the

PDF of price returns for the S&P500 have shown that they follow more general distributions

(Alonso-Marroquin et al. 2019). The Levy-stable distribution provides only an estimation

of the stock market fluctuations at low frequencies where the correlations can be neglected.

However, correlations during the first minutes on the price fluctuations were observed at high

frequencies, making the Levy regime no longer applicable. Additionally, the characteristic

exponents employed to model the power-law tails in the PDF of price increments for one-

minute time intervals lie outside the Levy regime (Gharari et al. 2021). This divergence

highlights a common occurrence in the modeling of complex systems, which can be attributed

to the nonlinear nature of the governing physical phenomena.

In nonlinear systems, the principles of homogeneity and superposition do not hold. These

systems exhibit a distinctive property known as non-extensivity, meaning that their corres-

ponding entropy is not additive (Tsallis 1988). A notable example of non-extensive systems is

observed in the PME, which possesses broad applications in stochastic processes, including

the analysis of stock markets. More accurate models can be created by introducing a fractional

version of the PME. This extension offers a powerful theoretical framework with the potential

to effectively describe a wide range of stochastic systems. The local fractional PME reads
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(Gharari et al. 2021)

∂ξ

∂tξ
P (x, t) = D

∂2

∂x2
P (x, t)ν , (4.7)

where ξ, D, and ν ≡ 2− q are the constant parameters to be found by fitting the data with the

time series under investigation. D is the diffusion coefficient in the limit q, ξ → 1 where the

normal diffusion is retrieved. Eq. 4.7 admits solutions in terms of q-Gaussian and generalized

q-Gaussian functions (Alonso-Marroquin et al. 2019; Gharari et al. 2021), which forms an

important class of functions with a wide range of applications (Alonso-Marroquin et al. 2019;

Borland 2002b), shown as

P (x, t) =
1

CqϕSS(t)
eq

[
−
(

x

ϕSS(t)

)2
]
, (4.8)

where

eq(x) ≡ (1 + (1− q)x)
1

1−q (4.9)

is q-exponential function (a generalization of the exponential function), and Cq is a normaliza-

tion factor, given by

Cq =


2
√
πΓ( 1

1−q )
(3−q)

√
1−qΓ( 3−q

2(1−q))
−∞ < q < 1

√
π q = 1

√
πΓ( 3−q

2(q−1))√
q−1Γ( 1

q−1)
1 < q < 3

. (4.10)

In this relation, Γ(x) is the standard Gamma function. The self-similar time part reads

ϕSS(t) ≡ (D′t)1/α, (4.11)

where the parameter α = 3−q
ξ

is the anomalous diffusion exponent associated with the self-

similarity of the time series and D′ ≡ (D/ξ)1/ξ is the modified diffusion parameter to be

estimated using the real data analysis. The evolution equation of the price return’s PDF

can be constructed based on the q-Gaussian fitting. Originally conceived for studying fluid

propagation in porous media, PME has significantly broadened its scope over time. Now PME

is used to investigate any diffusion process where the diffusion coefficient depends on the
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state variable, the most important of which is the stock market with q-Gaussian PDF (Alonso-

Marroquin et al. 2019; Adams and Gelhar 1992). In our previous studies, we investigated the

fractional PME with local and non-local fractional derivatives, focusing solely on its solutions

for describing the PDF of S&P500 market index. Considering both cases, the results obtained

from the non-local derivatives were found to be more accurate (Gharari et al. 2021).

Despite the fact that a generalized form of q-Gaussian PDFs better describes the PDFs of

S&P500 data at any time, the exponents have been shown to vary over time (Arias-Calluari et

al. 2021). Solving Eq. 4.7 with “time-dependent exponents" introduces a contradiction because

the time dependence of the exponents should have been considered in the governing equation

from the outset. Such governing equations with time-dependent exponents are referred to as

VO governing equations. The very important question we should answer is: Which is the

generalized non-linear fractional Fokker-Planck equation that governs the PDF with variable

orders?

Variable exponents are observed in complex diffusion processes (Fedotov and Falconer 2012;

Wang and Zheng 2019; Liu et al. 2016; Fang et al. 2020; Kian et al. 2018). The diffusion prop-

erties of homogeneous media are usually modeled by CO time-fractional diffusion processes,

for example, see (Carcione et al. 2013). However in complex media where heterogeneous

regions are present the CO fractional dynamic models are not robust over long time scales. Ad-

ditionally, when considering diffusion processes in porous media where the medium structure

or external field changes with time, the use of CO fractional dynamic models may not yield

satisfactory results (Atangana and Bildik 2013; Hantush and Jacob 1955). In such cases, the

VO time-fractional model emerges as a more suitable approach for describing space-dependent

anomalous diffusion processes (Sun et al. 2009). Previous works on VO diffusion models have

made substantial contributions to the modeling and analysis of complex systems (Fedotov

and Falconer 2012; Frame et al. 1970; Wang and Zheng 2019; Kian et al. 2018; Fang et al.

2020; Liu et al. 2016). Building upon these works, this paper aims to generalize the PME by

incorporating variable exponents. The investigation focuses on systematically exploring the

problem with variable exponents and solving a time variable order porous media equation
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(VO-PME). The VO-PME reads

∂ξ(t)

∂tξ(t)
P (x, t) = D(t)

∂2

∂x2
P ν(t)(x, t), (4.12)

where ξ(t), D(t), and ν(t) ≡ 2 − q(t) now vary with time. Some properties of the CO

equations cannot be extrapolated to the VO counterpart. For example, while one may be

tempted to derive the effective time-dependent Hurst exponent as H(t) ≡ ξ(t)
3−q(t)

, it is crucial

to exercise caution when utilizing this expression. The reason is that the definition of the Hurst

exponent is based on the autocorrelation function, which has not been explicitly obtained for

the VO-PME in this study. Therefore, the aforementioned expression should be interpreted

with care. In the following sections, we find an important class of solutions for the VO-PME.

4.3 A local variable order non-linear time diffusion equation

In this section, we consider a time-dependent VO-PME as follows

∂ξ(t)

∂tξ(t)
P (x, t) = D(t)

∂2

∂x2
P ν(t)(x, t), (4.13)

where ξ(t) and ν(t) = 2− q(t) are VO exponents and D(t) is a slow-varying time-dependent

diffusion coefficient. In this equation the time derivative is fractionalized using a Katugampola

derivative, see Appendix 4.C for the details. Note that in the limit ξ, ν,D are constant, the

solution given by Eq. 4.8 is retrieved, i.e. the q-Gaussian distribution. In the analogy of Eq. 4.4

(d = 1), we consider the factorized solution P (x, t) = 1
ϕ(t)

F
(

x
ϕ(t)

)
. This approach enables us

to use the method of separating variables, where ϕ(t) satisfies a time-fractional equation. By

inserting Eq. 4.4 into Eq. 4.13, we find that (also see Appendix 4.C)

−ϕν(s)(s)

D(s)

∂ξ(s)ϕ(s)

∂sξ(s)
=

(
d

dz
[zF ]

)−1
d2

dz2
F ν(s), (4.14)

where we make the change of variables (x, t) → (z ≡ x
ϕ(t)

, s ≡ t). To simplify the calculations,

we assume that the function q(s) is a slow-varying function so that the derivatives of q(s) with

respect to s can be neglected as a first-order approximation. Thus, the right-hand side is a sole
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function of z, while the left-hand side is a sole function of s. Then we find
ϕν(s)(s)
D(s)

∂ξ(s)ϕ(s)

∂sξ(s)
= k (I)

(
d
dz
[zF ]

)−1 d2

dz2
F ν(s) = −k (II)

(4.15)

where k is a real number, which serves as a free parameter. Using the properties of VO-K

derivative (K stands for Katugampola, see Appendix 4.C) we find that

∂ξ(s)ϕ(s)

∂sξ(s)
=

1

sξ(s)−1
ϕ′(s), (4.16)

where (here and throughout of the paper) f ′(s) shows the first derivative of f(s) with respect

to the argument s. Therefore, Eq. 4.15-(I) leads to

ϕν(s)(s)ϕ′(s) = kD(s)sξ(s)−1. (4.17)

To solve this equation, taking a similar approach from Eq. 4.6, we assume

ϕ(s) = ϕ0s
1/α̃(s), (4.18)

where α̃(s) is a slow VO exponent, and ϕ0 is a constant. Note that, in the constant order case

α̃(s) is identical to α. Substituting this into Eq. 4.17 we find (qs ≡ q(s), νs ≡ ν(s), ξs ≡ ξ(s),

α̃s ≡ α̃(s) and Ds ≡ D(s))

ϕνs+1
0 s

νs+1
α̃s

d

ds

(
ln s

α̃s

)
= kDss

ξs−1, (4.19)

or in terms of a new variable y ≡ (νs + 1) ln s
α̃(s)

(so that ey =
(

ϕ(s)
ϕ0

)νs+1

) we have

(νs + 1)ey
d

ds

(
y

νs + 1

)
= kD̃ss

ξs−1, (4.20)

where

D̃s ≡
(νs + 1)

ϕνs+1
0

Ds. (4.21)
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When νs is a smooth function of s, by considering that νs = 2 − qs, we can ignore its first

derivative, so one can easily cast the equation to the form

d

ds
ey = kD̃ss

ξs−1, (4.22)

and the solution with initial condition y0 ≡ y(s0) is

ey = ey0 + kG(s, s0). (4.23)

In Eq. 4.23 we define

G(s, s0) ≡
∫ s

s0

D̃tt
ξt−1dt ≡

∫ s

s0

g(t)dt, (4.24)

where

g(t) ≡ Dt(νt + 1)

ϕνt+1
0

tξt−1. (4.25)

Equation 4.23 can be written in the following form

ϕ(s) = ϕ0 [k1 + kG(s, s0)]
1

νs+1 , (4.26)

where k1 ≡
(

ϕ(s0)
ϕ0

)νs0+1

. Note that for the solution to be real, we should always have the

condition

G(s, s0) ≥ −k1
k
. (4.27)

By choosing

k > 0, (4.28)

we see that this condition is satisfied given that k1 ≥ 0. Note k1 is a location parameter, and

it is related to the initial condition, i.e. it sets the initial width of the PDF. When k1 = 0, the

PDF is initially the Dirac delta function, and the solution of the equation will correspond to

the Green Function. In applications where the initial condition is not given, we can set k1 to

zero. The constant k is a scale parameter so that without loss of generality we can set k = 1.

Equations 4.18 and 4.26 the exponent α̃(s) is obtained as

1

α̃s

=
ln [k1 + kG(s, s0)]

(νs + 1) ln s
. (4.29)
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The initial time s0 can be set to zero. One can easily demonstrate that, when considering

fractional constant exponents, νs = ν, ξs = ξ, Eq. 4.26 coincides with the result of ordinary

PME, that is

α̃s → α, ϕ(s) → ϕss(s), (4.30)

which is given in Eq. 4.11. Specifically, in the limit Ds → D = const., νs → 1, ξs → 1 and

k1 = 0, one retrieves the normal diffusion (ND), for which

ϕ(s) → ϕ
(ND)
SS ≡ asαND , α̃s → αND =

1

2
, (4.31)

where a = k
√
2D.

In the next step, we find the solution of F . From now on we set k = 1 and k1 = 0, bearing in

mind that the formulas can be generalized by considering other values of these parameters.

We recall Eq. 4.15-II
d

dz
[zF ] = − d2

dz2
F νs . (4.32)

Let us consider the following trial special solution as a standard form

F (z, s) = (c+ ηsz
2)

1
νs−1

, (4.33)

where c is a constant, and ηs is a pure function of s to be determined. Before going into the

details, let us comment on the real-positivity of this solution. To guarantee this, one has to

impose

c+ ηsz
2 ≥ 0. (4.34)

This inequality is satisfied, for any value of z, only when

ηs ≥ 0, (4.35)

and at the same time c ≥ 0, which we arbitrarily set it to c = 1 (which can be done using a

normalization). For the trial solution Eq. 4.33, one has

d

dz
[F νs ] =

2νsηs
νs − 1

zF. (4.36)



964 VARIABLE ORDER POROUS MEDIA EQUATIONS: APPLICATION ON MODELING THE S&P500 AND BITCOIN PRICE RETURN

After incorporating this expression into Eq. 4.32, we obtain

ηs =
1− νs
2νs

, (4.37)

which completes the solution. After all, the Eq. 4.35 has to be satisfied, for which we should

satisfy the following inequality

qs − 1

2− qs
≥ 0. (4.38)

Noting that

qs − 1

2− qs

≥ 0 if 1 ≤ qs < 2

< 0 if qs < 1 or qs > 2,
(4.39)

we find a physically relevant interval where the Eq. 4.34 is fulfilled: 1 ≤ q < 2. Outside of

this range, the solutions become imaginary. Finding another set of solutions is beyond the

scope of the present paper as the study cases of price return in the stock market are restricted

to the interval 1 < q ≤ 2; therefore, the lower branch in Eq 4.39 is applicable. Note that for

k ̸= 1 we should satisfy qs−1
k(2−qs)

≥ 0, which is automatically satisfied for 1 ≤ q < 2 given the

Eq. 4.28.

Altogether, we realize that F (z) and ϕ(t) are positive functions, and eventually

P (x, t) ∝ Aq(t)

ϕ(t)

[
1 + ηt

(
x

ϕ(t)

)2
] 1

νt−1

, (4.40)

where Aq(t) is a normalization factor (independent of x). Now defining ηqt = ηt
qt−1

=
1

2(2− qt)
, we find that

P (x, t|x0, t0) =
Aq(t)

ϕ(t)
eqt

[
−ηqt

(
x

ϕ(t)

)2
]
,

where eq(x) is given in Eq. 4.9. To make the notation more compact, we define

Φ(t) ≡ ϕ(t)
√
ηqt

. (4.41)
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which gives

P (x, t) =
1

CqtΦ(t)
eqt

[
−
(

x

Φ(t)

)2
]
. (4.42)

where Cqt =
√
ηqtA

−1
q (t) is the new normilization factor, given in Eq. 4.10 with respect to VO

parameter qt. For the most applications 1 < qt < 3, leading to (see Eq. 4.10)

Cqt =

√
πΓ
(

3−qt
2(qt−1)

)
√

(qt − 1)Γ
(

1
qt−1

) . (4.43)

Φ(t) is an important function that gives the time-scaling properties of the model. Using

Eq. 4.26 we find the explicit form

Φ(t) = ϕ0

√
2(2− qt)

(∫ t

t0

g(s)ds

) 1
3−qt

. (4.44)

For example the standard deviation is √
⟨x2⟩ = Φ(t). (4.45)

If we represent

Φ(t) ≡ Φ0t
1
αt , (4.46)

which defines the new exponent α(t), then using Eq. 4.18 one finds

t1/α̃t

√
ηqt

= Ct1/αt → 1

αt

ln t =
1

α̃t

ln t− 1

2
ln (ηqt)− lnC, (4.47)

where C ≡ Φ0

ϕ0
. Using Eq. 4.47, we can calculate αt if α̃t and ηt are provided and vice versa.

In the practical situations, one calculates αt using Eq. 4.46, and the α̃t can be obtained from

Eq. 4.47. A similar formulation for the case with drift is presented in Appendix 4.D.

In the rest of this section, we provide some results for the VO q−Gaussians for various

functions q(t), ξ(t) and D(t). Figure 4.1 displays the behavior of Eq. 4.40 and compares

it with the solutions of normal diffusion and porous media processes, respectively. Figure

4.1-a shows the solution of the diffusion equation or Fick’s second law, i.e. Eq. 4.7 for q = 1

and ξ = 1 with D = 0.3, in Figures 4.1-b and 4.1-c we can observe q = 1 and Φ =
√
4Dt

respectively. Figure 4.1-d exhibits the solution of P (x, t) with respect to time and space for a
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PME, see (Eq. 4.7), applicable for 1 < q < 3. For this example we use the values of q = 1.5,

ξ = 3/4, and D = 0.3 in Figures 4.1-e and 4.1-f we can observe that q = 1.5, remains

constant, and Φ = (Dt)1/α with α = 3−q
ξ

respectively. Finally, Figure 4.1-g represents the VO

q-Gaussian presented in Eq. 4.40 and applicable for 1 < q ≤ 2 with k = 1, k1 = 0, q0 = 1.7,

ξ0 = 1.3, and D0 = 1.3. The value of q(t) = (q0 − 1)e−at + 1, with a = 0.0003, and Φ(t),

see Eq. 4.44, are shown in Figures 4.1-h and 4.1-i, respectively.

4.4 Application to stock markets and cryptocurrency

In this section, we apply the VO q-Gaussian diffusion model to describe the evolution of PDF

of stock market price return. Our empirical investigation focuses on two prominent market

indices: the S&P500 stock market index and the Bitcoin cryptocurrency. The S&P500 dataset

encompasses the period from January 2nd, 2018, to August 9th, 2022, per minute. For the

Bitcoin currency, we analyze data spanning from January 1st, 2021, to May 9th, 2022, with

data points collected at ten-minute intervals. Prior to conducting our price return analysis,

we undertake a pre-processing step to remove time frames characterized by trading amounts

falling below 0.10 USD. These instances predominantly occur approximately one hour before

the stock market closes, specifically observed in the context of the S&P500.

The price return is defined as (Arias-Calluari et al. 2021)

X(t) = I(t0 + t)− I(t0), (4.48)

where I(t) is the index at time t, and t0 is some reference time. By decomposing the price

return X(t) into a deterministic component X̄(t) and a stationary fluctuating component x(t),

we have

X(t) = X̄(t) + x(t). (4.49)

The trend X̄(t) was obtained by calculating the moving average of the index over a specific

time window, twin the S&P500 and Bitcoin datasets, following the methodology described

in (Arias-Calluari et al. 2022). For the S&P500 price return, a three-month optimal time

window was used, while a one-week optimal time window was employed for the Bitcoin
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIGURE 4.1: Summary of PMEs’ solutions. (a) The time evolution of the
diffusion equation or Fick’s second law is described by q = 1 and Φ =

√
4Dt

presented at (b) and (c), respectively. (d) Time evolution of P (x, t) with
respect to time and space for the PME presented in Eq. 4.7 for q = 1.50 and
Φ = (Dt)1/α shown at (e) and (f), respectively. (g) Time evolution of VO
q-Gaussian for a q(t) = (q0 − 1)e−at + 1 with a = 0.0003 and q0 = 1.7, at
panel (h). Panel (i) displays the variation of Φ(t) according to Eq. 4.44.
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dataset. These specific time windows were carefully chosen to ensure that the fluctuations

around the trend show stationary behavior. To confirm the validity of the observed stationary

behavior, we experimented with different window sizes for detrending and ultimately selected

the one that allowed the PDF to show the closest convergence to a Gaussian distribution for

large times. The PDFs were calculated for x(t) of S&P500 and Bitcoin at the time range t ∈

[1, 47000]min. By an error-minimization process, we found that the VO q-Gaussian diffusion

described in Eq. 4.42 provides the closest match to the observed time-dependent evolution of

the PDF P (x, t) for both S&P500 and Bitcoin.

Figure 4.2 presents the results of the calibration process, displaying the functions q(t), Φ(t),

and Pmax(t) obtained by curve fitting the PDFs derived from the datasets to Eq. 4.42. We

observed that the PDFs of S&P500 and Bitcoin converge to a Gaussian distribution function

as time t increases, and this convergence is positively correlated with the chosen optimal time

window tw. Figures 4.2-a and 4.2-d present the converge of q towards 1 as t approaches tw,

indicating a Gaussian distribution function with σ2 = 1/2, and µ = 0. The convergence to the

normal distribution is expected given the fact that for large enough times, the conditions for

the central limit theorem are satisfied. We observe also that q(t) for S&P500 and Bitcoin can

be effectively modeled using the following relationship

q(t) = (q0 − 1)

(
1− 1

π
arctan(at)

)
+ 1,

where q0 represents the initial value of q at t0 and a is a parameter obtained through fitting. The

fitting parameters for the S&P500 are q0 = 1.414 and a = 1.28× 10−4, while for Bitcoin, the

fitted values are q0 = 1.514 and a = 2.0× 10−3. The black curves in Figures 4.2-a and 4.2-d

represent the results of this fitting process. It is notable that the Bitcoin time series exhibits a

closer fit to this relationship compared to the S&P500 time series. Specifically, for S&P500,

the fitted values of q(t) remain constant q(t) = 1.4 for approximately the first three days of

trading, followed by a rapid convergence to q(t) = 1. Conversely, for Bitcoin, the transition

takes place over a shorter duration of around 16 hours, with q(t) stabilizing at q(t) = 1 for

larger values of t. These findings highlight the varying dynamics and characteristics between

the S&P500 and Bitcoin markets, with Bitcoin demonstrating a more pronounced adherence to

the modeled relationship for q(t). Figures 4.2-b and 4.2-e present the parameter Φ(t) obtained
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FIGURE 4.2: Results of fitting VO q-Gaussian to the PDFs for S&P500 and
Bitcoin. The vertical dashed line indicates the point from where Φ(t) and the
peak of the PDFs oscillate around a constant value. (a) Fitting parameter q(t)
for S&P500, which presents a constant of 1.5 initially and slowly converges
to 1. (b) Fitting parameter Φ(t) for S&P500, with a slope of 1/α = 0.538.
(c) The peak of the PDFs (Pmax(t)) for S&P500 with a slope of −0.532. (d)
Fitting parameter q(t) for Bitcoin, initially at 1.5 and converges to 1 faster than
S&P500. (e) Fitting parameter Φ(t) for Bitcoin, with a slope of 1/α = 0.598.
(f) The peak of PDF (Pmax(t)) for Bitcoin with a slope of −0.512.

from the q-Gaussian fitting for S&P500 and Bitcoin respectively. Φ(t) showcases a distinct

slope and remains constant at large times. These slopes correspond to the anomalous diffusion,

where Φ(t) ∝ t1/α(t) (Eq. 4.6). The average slopes obtained for S&P500 and Bitcoin are
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1/α = 0.54 and 1/α = 0.60 respectively, while the local slopes depend on time. Moreover, as

time t increases, a constant value for Φ(t) becomes evident. This behavior is a consequence of

the detrending process applied during the analysis.

An important feature of the VO diffusion is that the anomalous diffusion cannot be always

derived from the temporal evolution of the peak of the PDF, it has been done in previous

analyses of the S&P500 index Mantegna and Stanley 1995; Alonso-Marroquin et al. 2019.

Figure 4.2-c and Figure 4.2-f shows the height of the PDF of price return (Pmax(t)) for S&P500

and Bitcoin respectively. This term is obtained as the value of the PDF at x = 0. For both

stock markets, Pmax(t) exhibits a slope initially and remains constant over a large time. A

linear fitting is conducted and the slopes obtained are −0.532 and −0.512 for S&P500 and

Bitcoin, respectively. This slope is consistent with the anomalous diffusion exponents for the

S&P500 but not in the Bitcoin data. As in the case of Bitcoin, the exponent obtained from

Φ(t) is α = 1.672 and does not correspond to the exponent 1.953 obtained from Pmax. This

apparent discrepancy can be understood in the light of Eq. 4.42. There one can derive the

relationship Pmax(x = 0, t) = 1
CqtΦ(t)

, where Cqt is a time-dependent parameter associated

with q as shown in Eq. 4.43. It is noteworthy that the absolute value of the slopes in Φ(t) and

Pmax(t) shows a better agreement for S&P500 than for Bitcoin. This disparity can be attributed

to the distinction in the time-dependent term q(t) for both markets. In the case of S&P500, the

value of q(t) remains approximately constant for a longer period than for Bitcoin. As a result,

Cqt closely approximates a constant value, leading to a relationship of Pmax(t) ∝ 1/Φ(t),

which aligns with the results. Whilst for Bitcoin, where q(t) varies with time, the effect of Cqt

becomes more significant.

We now realize that neither Pmax(t) nor Φ(t) obtained from curve fitting are reliable methods to

derive the exponent of the anomalous diffusion in VO diffusion processes. In fact, the function

Φ(t) obtained in Figures 4.2-b and 4.2-e present Φ(t) calculated as a fitting parameter of the

PDF to the q-Gaussian distribution. The results of Φ(t) shown have some fluctuations and the

fitting of the slope is not perfect. These fluctuations and deviations arise due to errors in the

fitting process, as fitting to the q-Gaussian distribution may not always be perfect. Therefore,
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FIGURE 4.3: (a) Φ(t) calculated for both S&P500 and Bitcoin price return
based on the second moment, both present clear slopes. (b) 1/α(t) calculated
as the localized slope of Φ(t). Both S&P500 and Bitcoin present a convergence
to 0.5, yet at a different pace. S&P500 converges to 0.5 faster than Bitcoin. (c)
1/α̃(t) calculated following Eq. 4.47 for S&P500 and Bitcoin. (d) Parameter
Dtt

ξt−1 calculated for both time series based on the relationship in Eq. 4.25.

to get rid of systematic fluctuations it is more reliable to use the variance formula (Eq. 4.45)

to estimate Φ(t) and the associated exponent αt as we do in the rest of this section.

The power-law relation obtained using Eq. 4.45 is presented in Figure 4.3-a. An adjustment

was performed on the time series of both S&P500 and Bitcoin by rescaling the price return

using the data frequency (T ). Specifically, for the S&P500, T = 1 minute, while for Bitcoin,

T = 10 minutes. The slopes of Φ(t) were computed for both S&P500 and Bitcoin. The results

reveal that Φ(t) for S&P500 price return has a slope of 0.50(4), whereas for Bitcoin, the

slope of 0.47(3). This shows that the slope of Φ(t) is related to the type of diffusion process.

However, these exponents are the averaged ones over time, and the local slopes show different

behaviors, i.e., they change over time which needs a “variable order” analysis.
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We calculate the local slope of Φ(t) to determine 1/αt based on the aforementioned relation

in Eq. 4.46, and the results are shown in Figure 4.3-b. The light-blue curve is the local

slope of S&P500, indicating superdiffusion at small time scales (t) with 1/α(t) > 0.5,

transitioning towards normal diffusion at large t with 1/α(t) → 0.5. On the other hand, the

dark blue curve in Figure 4.3-b represents the local slope of the Bitcoin time series, displaying

subdiffusion at small times t with 1/α(t) < 0.5, and gradually converging towards normal

diffusion. Upon comparing the two curves, we observe that the S&P500 slope exhibits a slow

decrease in 1/α at small t, while for Bitcoin, it remains relatively constant at approximately

0.46. As time progresses, the S&P500 local slope converges to 0.5 faster than Bitcoin,

indicating a quicker convergence to Gaussian diffusion. In contrast, the local slope of Bitcoin

fluctuates between 0.46 and 0.5, gradually converging to normal diffusion over an extended

time period. The difference in the rate of convergence to a normal diffusion process between

the S&P500 and Bitcoin (Figure 4.3-b) can be attributed to several key factors. Firstly, the

high volatility of Bitcoin contributes to its distinct diffusion characteristics. Additionally, the

high decentralization of Bitcoin allows it to be influenced by investor sentiment, which further

impacts its diffusion dynamics. Lastly, the regulatory framework surrounding cryptocurrency,

or rather its absence within traditional regulatory frameworks, adds to the unique behavior

observed in Bitcoin.

A numerical estimation of the value of 1/α̃t was made using Eq. 4.47, which is shown in

Fig. 4.3-c. Using this function, one is able to calculate G(t, t0) using and 4.29, and g(t)

as its time drivative (Eq. 4.24). Here we applied an approximation in the derivative to the

Bitcoin time series to eliminate the negative values. As the final step, we are able to estimate

the variable order exponents using the relation in Eq. 4.24. More precisely, the parameter

Dtt
ξt−1 is calculated for both time series and plotted in Figure 4.3-d. Apart from the stochastic

fluctuations, we observe that this parameter decreases with time in the small time regime,

showing that the diffusion process becomes slower over time as becomes constant for a time

period. The decrease of the diffusion coefficient with time is consistent with previous analysis

of the S&P500 data (Arias-Calluari et al. 2021). Note that the PDF of the detrended data

becomes constant when the time reaches the detrended time window. Thus, the diffusion

coefficient should also become zero when the time reaches the time windows used to detrend
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the time series. The explanation of this trend of the diffusion coefficient is elusive, but there is

no reason to expect that the diffusion coefficient remains constant in VO diffusion processes.

4.5 Discussion

We have proposed a variable-order differential equation to describe nonlinear fractional

diffusion processes with anomalous diffusion, applicable for the regime 1 ≤ q < 2. In

the variable-order equation, the analytical solution is self-similar in the broad sense, with

x ∼ ϕ(t) as the scaling variable, which is given in terms of the q−Gaussian distribution. In the

constant-order equation, the scaling variable reduces to x ∼ tH , where H = 1/α is the Hurst

exponent and α defines whether the diffusion process is either normal or super/sub diffusive.

The variable-order exponents α(t) and q(t) are related to time correlations and non-linear

diffusion. The time-dependency of the exponents allows them to comply with the Central

Limit Theorem, which requires α(t) → 2 and q(t) → 1 as t → ∞. Typically, alpha is related

to the Hurst exponent (H = 1/α) of the time series associated with the diffusion process.

This can be discussed in light of the fBm, which is a self-similar Gaussian stochastic process

characterized by stationary power-law correlated increments. In the fBm, the Hurst exponent

provides a crucial link between the diffusion coefficient α through the relation H = 1/α

(Gharari et al. 2021). This exponent measures the long-range memory in time series data and

can also be associated with autocorrelation patterns. Specifically, for 0 < H < 0.5 (or α > 2)

the time series exhibits anti-correlated behavior. In the case of H = 0.5 (or α = 2), the time

series is uncorrelated. Finally, for 0.5 < H < 1 (or α < 2), the time series displays positively

correlated behaviour (Kantelhardt et al. 2002d). Moreover, in positive long-range correlated

series, the autocorrelation function follows a power-decay pattern described by C(s) ∼ s−γ

where γ = 2− 2H (Kantelhardt et al. 2002d).

The dynamics of the market ecosystem suggest that traders’ behavior can influence autocor-

relation patterns. In the stock market, traders employ various strategies, including positive

feedback traders where they buy after price increases and sell when prices decline, and negative

traders who follow the ’buy-low sell-high approach (Koutmos and Saidi 2001). Sentana and
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Wadhwani (Sentana and Wadhwani 1992) explored the connection between volatility, returns

autocorrelation, and trading strategies using a GARCH model. They conducted empirical

investigations using the Dow Jones index data and discovered that positive traders can lead

to negative autocorrelation, while negative traders can result in positive autocorrelation. Fur-

thermore, they found that in an index comprising numerous securities with different trading

frequencies, positive cross-autocorrelation emerges, contributing to positive autocorrelation

within the index. This finding aligns with our study, specifically in the context of the S&P500

market index.

In our analysis, the variable order exponents are observed in both stock markets and crypto-

currencies. In the S&P500 market α(t) < 2 while gently increasing to the value α(t) = 2 for

large times. This behavior is consistent with the ecology of this market, consisting of short

to moderate-time investors that lead to short-time correlations. The behavior is different in

the Bitcoin index where α(t) oscillates slightly above 2, indicating anticorrelation in the time

series. This behavior is consistent with the peculiar ecology of the cryptocurrencies mainly

dominated by speculators who are frequently changing their strategy to maximize utilities. For

large times, the time series of price returns become uncorrelated, leading to the expectation

that α converges to 2 in this limit.

The underlining mechanism of the values of the exponent q(t) may be attributed to the

interaction between the equities of the stock market, This can be understood from the Langevin

equation of the non-linear FPE (Eq. 4.7) that is converted by using the property of the

Katugampola derivative dξ/dtξ = t1−ξd/dt to (Katugampola 2014)

∂P (x, t)

∂t
= Dtξ−1∂

2P (x, t)2−q

∂x2
. (4.50)

The corresponding Langevin equation describing the stochastic dynamics of the price return

X(t) has been derived by Borland (Borland 1998)

X(t+ dt) = X(t) + η(t)(Dt1−ξP (X(t), t)1−q)1/2dt, (4.51)
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where η(t) is the white noise signal. Let us consider the case of an idealized gas of particles

experiencing Brownian-like motion, For q = 1 and ξ = 1 the stochastic dynamic corresponds

to the classical random walk that describes ideal gases. For more dense situations, q may take

values larger than zero, indicating that the random walk of each particle is influenced by the

local density of the particles around its location. This physical picture can be extrapolated

to financial markets as follows: Assuming that X(t) is the index of a particular stock, the

dependency of the fluctuations on its probability density functions may be attributed to the

interaction between different equities in the stock market. In fact, the S&P500 index is

calculated based on the 500 largest companies in the US, and it should be noted that the

performance of these companies cannot be assumed to be independent. The exponent q ≈ 1.4

is observed for price returns calculated within t = 103 minutes (roughly 3 days). For larger

times q converges to 2 since the CLT requires the PDF of the price return to converge to a

Gaussian distribution when t → ∞. In the case of Bitcoin, the exponent q is larger (q ≈ 1.5)

and it converges to q = 2 faster (in the order of hours), which may be directly related to the

transaction between different crypto-currencies. In both cases, the CLT is guaranteed since the

standard deviation of the q−Gaussian distribution is finite for q < 5/3. Further investigation

of these peculiar dynamic features from microscopic models such as agent-based models

or order book models would provide some light on the underlines mechanism of the time

evolution of these exponents.

4.A Dimensional analysis

In this appendix, we describe the scaling properties of the PDFs. From the dimensional

analysis of the normality condition, one realizes that the dimension of any PDF P (x) is

[P (x)] = [x]−d, where [Q] shows the space dimension of the quantity Q. To see this more

explicitly, we apply the scaling transformation x → y ≡ λx, and using the conservation of

probability P (x)ddx = P (y)ddy, one finds

P (λx) = λ−dP (x). (4.52)



1084 VARIABLE ORDER POROUS MEDIA EQUATIONS: APPLICATION ON MODELING THE S&P500 AND BITCOIN PRICE RETURN

For a stochastic process, where P changes with time, we use the root mean displacement

relation r ≡ |x| 〈
r2
〉
∝ ϕ(t)2 (4.53)

to predict the form of the PDF, where ϕ(t) is a function of time the form of which determines

the anomalous diffusion nature. In this case, the equation 4.52 generalizes to

P (λx, λϕ(t)) = λ−dP (x, ϕ(t)), (4.54)

which is realized using the normality condition∫ ∞

−∞
P (x, ϕ(t))ddx = λd

∫ ∞

−∞
P (λx, λϕ(t))ddx = 1

→ P (λx, λϕ(t)) = λ−dP (x, ϕ(t)).
(4.55)

A solution of this equation is a factorized form as follows

P (x, t) =
1

ϕ(t)d
F
[
ϕ(t)−1x

]
, (4.56)

where the function F is a well-behaved one to be determined using the governing equation.

Note that F is invariant under x → λx, ϕ(t) → λϕ(t), and also

〈
r2
〉
=

∫
ddxr2F

[
x

ϕ(t)

]
∫

ddxF
[

x
ϕ(t)

] =

[∫
ddz|z|2F [z]∫

ddzF [z]

]
ϕ(t)2, (4.57)

where z ≡ x
ϕ(t)

. The scaling properties of the time series are associated with the form of ϕ(t).

In fact, for the solution of the Eq. 4.7 we have ϕ(t) = ϕSS(t) where the index “SS” points out

the self-similarity law, given by Gharari et al. 2021; Alonso-Marroquin et al. 2019

ϕSS(t) ∝ t1/α ≡ t−H , (4.58)

where α is a self-similarity exponent, and H is the Hurst exponent. Combining Eq. 4.5 and

Eq. 4.58, one reaches the Eq. 4.1.
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4.B Relationship between fBm, time fractional FPE and SDE

This short appendix is devoted to some scaling properties of the fBm, especially by focusing

on its Langevin equation, and the corresponding FPE. Our primary objective is to explore the

relationship between time-fractional generalized Lagevine and FPE equations for fBm. This

example sheds light on the essential difference between the driving processes of Brownian

motion (Bm) as an example of semi-martingales and fBm as a representative of non-semi-

martingales. The complexity of the latter case arises mainly from the presence of correlations,

resulting in sub- or super-diffusion. This also shows the consequences of the presence of

non-local effects (Gharari et al. 2021).

The classical FPE establishes a relationship between the stochastic differential equation (SDE)

driven by Bm and its associated partial differential equation. The fBm BH := {BH(t), t ⩾ 0}

is a family of stochastic processes indexed by the Hurst index H ∈ (0, 1). For each H , the

process BH is defined as a weighted moving average of a Bm process

BH(t) =

∫ t

0

(t− τ)H−1/2dB(τ), (4.59)

where B := {B(t), t ⩾ 0} is a Bm and H is the Hurst parameter. The fBm with variance σ(t)

is the solution of the following fractional SDE (Di Paola and Pirrotta 2022)

dξX

dtξ
= σ(t)η(t), (4.60)

where η(t) = dB/dt is the normalized white noise, 1/2 < ξ = H + 1/2 ≤ 1.5 and dξ/dtξ is

the Riemann–Liouville fractional operator that is defined as

dξf

dtξ
=

1

Γ(ξ)

∫ t

0

(t− τ)ξ−1f(τ)dτ . (4.61)

Further, the fractional FPE of the fBm process is given by (Di Paola and Pirrotta 2022)

d2HPX(x, t)

dt2H
=

Γ(2H)

2Γ2(H + 1/2)
σ(t)

∂2PX(x, t)

∂x2
. (4.62)

There are two main differences between the fBm and the fractional q-Gaussian process

investigated in this paper. Firstly, the FPE of the fBm is linear and its solution is expressed in
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terms of Gaussian distribution, while the latter is nonlinear and the solution is given in terms

of the q-Gaussian distribution. Secondly, the fractional FPE of the fBm involves non-local

fractional derivatives while the fractional q-Gaussian process involves local (Katugampola)

fractional operators. Yet in both cases, one can recover the Bm by either taking H = 1/2 in

the fBm or q = 1 and α = 1 in the fractional q-Gaussian diffusion.

On the other hand, discussing the relationship between the fractional FPE (or the governing

equation) and the SDE of their associated time series are equivalent to discussing the relation

between the auto-correlation of the time series and the fractionalization scheme in the govern-

ing equation. The key point is the scaling properties of the governing equation describing a

self-similar time series. If {X(t)}t∈Z denotes a self-similar time series with the property√
⟨X2⟩ ∝ tH . (4.63)

Then, the corresponding governing equation should have the same symmetry. It means the

invariance of the PDF (of the governing equation) up to a scaling factor, i.e.

P (X, t) = t−HF (X/tH), (4.64)

where F is a function to be fixed by the governing equation. Fractional Brownian motions are

described by Eq. (4.64) when F is an exponential function

P (X, t) ∝ t−H exp

[
−1

2

(
X

tH

)2
]
. (4.65)

In fact, the governing equation for a self-similar time series should include fractional operators,

or one should use a space- or time-dependent diffusion coefficient with power-law dependence.

The symmetry of the system can easily be found in the corresponding PDF of the time series,

and also by calculating the second moment of X, which X denotes a self-similar time series.

This means the fractionalization exponent is manifest in the PDF.

Consider a general H-self-similar time series {X(t)}t∈Z defined by the relation {X(ct)}t∈Z ≡

{cHX(t)}t∈Z, where c > 0, and H is the Hurst exponent. If this process has stationary incre-

ments Yn = X(n)−X(n− 1), then the auto-correlation γY (k) ≡ ⟨YkY0⟩− ⟨Yk⟩⟨Y0⟩ behaves

like k2d−1 as k → ∞, where d = H− 1
2
, and 0 < d < 1/2, ensuring that

∑∞
k=−∞ γY (k) = ∞.
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From a spectral domain perspective, the spectral density of {Yn} behaves as ω−2d as the

frequency ω → 0. This relates self-similar time series with fractionalization which is applied

to the price return time series which becomes stationary by normalizing the detrended data set

(see Eq. 4.48) (Gharari et al. 2021). Let us consider the special case Φ(t) ∼ t1/αt in Eq. 4.45.

Following these facts, we suggest a relation between the Hurst exponent Ht = 1/αt given in

Eq. 4.13, with a self-similar function Eq. 4.42 for the VO-nonlinear case.

4.C Some details of VO calculations for PME

In this appendix, we introduce and inspect a VO extension of the Katugampola fractional

operator, denoted as VO-K in this paper. We outline the definition of this operator and discuss

some of its key properties. For a more comprehensive understanding of the Katugampola

fractional operator and its underlying principles, we recommend referring to Katugampola

2014.

A VO-K fractional operator, which is used to construct the VO-PME in Section 4.3 is defined

as

Dα(t)f(t) = lim
ϵ→0

f(teϵt
−α(t)

)− f(t)

ϵ
, (4.66)

for t > 0 and α(t) ∈ (0, 1]. If 0 ≤ α(t) < 1, the VO-K operator generalizes the classical

calculus properties of polynomials. Furthermore, if α(t) = 1, the definition is equivalent to

the classical definition of the first-order derivative of the function f . When α(t) ∈ (n, n+ 1]

(for some n ∈ N, and f is an n−differentiable at t > 0), the above definition generalizes to

Dα(t)f(t) = lim
ϵ→0

f (n)(teϵx
n−α(t)

)− f (n)(t)

ϵ
.

If f is (n+ 1)−differentiable at t > 0, then we have

Dα(t)f(t) = tn+1−α(t)f (n+1)(t). (4.67)
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The properties of the VO-K derivatives are a simple extension of the ordinary derivatives

Dα(t)[af + bg] = aDα(t)(f) + bDα(t)(g), ∀a, b ∈ R

Dα(t)[C] = 0, C ∈ R

Dα(t)[fg] = fDα(t)(g) + gDα(t)(f)

Dα(t)[f/g] =
gDα(t)(f)− fDα(t)(g)

g2

Dα(t)(fog)(t) = f ′(g(t))Dα(t)g(t),

where fog(t) ≡ f(g(t)). The proof of the properties of the variable order Katugampola

fractional operator (VO-K) is analogous to the proof presented in (Katugampola 2014). In our

case, we replace the constant order parameter α with the variable order parameter α(t).

Throughout this paper, the notations Dα(t) and ∂α(t)

∂tα(t) is used with the same meaning. The

fractional Katugampola calculations for the VO-PME are performed, as shown in Section 4.3,

between Eq. 4.4 and Eq. 4.13. Applying the properties of the VO-K derivative, we get

∂ξ(t)

∂tξ(t)

(
1

ϕ(t)
F

(
x

ϕ(t)

))
= F

(
x

ϕ(t)

)(
−Dξ(t)ϕ(t)

ϕ2(t)

)
+

1

ϕ(t)

(
F

′
(

x

ϕ(t)

)
Dξ(t)

(
x

ϕ(t)

))
= F (z)

(
−Dξ(t)ϕ(t)

ϕ2(t)

)
+ zF

′
(z)

(
−Dξ(t)ϕ(t)

ϕ2(t)

)
=

−Dξ(t)ϕ(t)

ϕ2(t)

d

dz
[zF (z)], (4.68)

where z = x
ϕ(t)

. Then, we get the following two equations

∂2

∂x2
P ν(t)(x, t) =

1

ϕν(t)+2

d2

dz2
F ν(t)

∂ξ(t)P (x, t)

∂tξ(t)
=

−1

ϕ2(t)

∂ξ(t)ϕ

∂tξ(t)

[
F + z

d

dz
F

]
,

(4.69)

so that
−1

ϕ2(t)

∂ξ(t)ϕ

∂tξ(t)
d

dz
[zF ] =

D(t)

ϕν(t)+2

d2

dz2
F ν(t). (4.70)
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4.D The local VO fractional non-linear time diffusion

equation with drift

The drift is often an inevitable part of stochastic systems, that should be analyzed in detail for

every case study to control its effects. Although it is suggested to define the equations for the

general drift term. For the case where it depends only on time (as is the case for many physical

systems of interest), the situation becomes easier. In this case, the governing equation is

∂ξ(t)

∂tξ(t)
P (x, t) = −a(t)

∂P (x, t)

∂x
+D(t)

∂2P ν(t)(x, t)

∂x2
. (4.71)

Through a change of variable τ = tξ(t) and VO-K fractional derivative, provided h(t) =

ξ(t) ln t has an inverse function, we have

∂τP (x, t) = −a1(τ)∂xP (x, t) +D1(τ)∂
2
xP

ν1(τ)(x, t),

where a1(τ) = a(t(τ))(tξ′(t) ln t + ξ(t))−1, D1(τ) = D(t(τ))(tξ′(t) ln t + ξ(t))−1, and

ν1(τ) = ν(t(τ)). By using the change of variable (s, y) = (τ, x − x0 − f(τ)), where

f(τ) =
∫ τ

0
a1(τ

′)dτ ′, and using the fact that ∂y
∂τ

= −a1(τ) and ∂τ + a1(τ)∂x = ∂s, one finds

that the governing equation P (y, τ) is

∂τP (y, τ) = D(τ)∂2
yP

ν(τ)(y, τ),

for which the solution is (x0 ≡ 0 and k ≡ 1 and k1 ≡ 0)

P (y, τ |y0, τ0) =
Aq(t)(∫ τ

τ0
g(s)ds

) 1
ν(τ)+1

×

c+
(ν(τ)− 1)

2ν(τ)

y2(∫ τ

τ0
g(s)ds

) 2
ν(τ)+1


1

ν(τ)−1

, (4.72)
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where g(s) = D(s)(1 + ν(s)). Let us equate P (y, τ)

P (x, t) =
∂y

∂x
P (y, τ(t)).

Then, we obtain

P (x, t|0, t0) =
Aq(t)(∫ t

t0
g(s)ds

) 1
ν(t)+1

×

c+
(ν(t)− 1)

2ν(t)

(x− f(t))2(∫ t

t0
g(s)ds

) 2
ν(t)+1


1

ν(t)−1

,

(4.73)

where Aq is a normalization factor, and c and k are constant. Eq. 4.73 is a VO q-Gaussian

solution with a drift.



CHAPTER 5

Comparative analysis of stationarity for Bitcoin and the S&P500

In previous chapters, we proposed the governing equation for the financial market, incorpor-

ating a deterministic trend and a stochastic q-Gaussian noise. We started with constructing

the governing equations using constant order parameters and extended them to variable order

parameters. A sigmoid function is used to describe the time-dependence of q(t), which allows

a smooth transition between the initial q value for the q-Gaussian distribution and the final

convergence to a Gaussian distribution with q = 1. We approached the nonlinear fractional

Fokker-Planck equations with the Katugampola fractional derivative. Similar attempts were

made to construct the time-dependent solution to the fractional Fokker-Planck equation using

the Riemann–Liouville fractional derivative (Bologna et al. 2000). In the constant order limit,

the solution we proposed in the previous chapter coincides with the literature in some respects,

yet the hyper-scaling relations between the exponents are different. The governing equation

we proposed accommodates the non-stationary characteristics inherent in financial systems.

We assessed the stationarity of the S&P500 price return, determining that global stationarity

is achieved when detrending the time series with a 1-year window and normalizing it with a

60-minute window.

In this chapter, we aim to compare and contrast stationarity between the conventional stock

market and cryptocurrency. The datasets used for the analysis are the intraday price indices of

the S&P500 from 1996 to 2023 and the intraday Bitcoin indices in USD from 2019 to 2023.

We adopt the definition of ‘wide sense stationary’, which constrains the time independence of

the first and second moments of a time series. The testing method used in this paper follows

the Wiener-Khinchin Theorem, i.e. that for a wide sense stationary process, the power spectral

density and the autocorrelation are a Fourier transform pair. We demonstrate that localized

115
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stationarity can be achieved by truncating the time series into segments, and for each segment,

detrending and normalizing the price return are required. These results show that the S&P500

price return can achieve stationarity for the full 28-year period with a detrending window of

12 months and a constrained normalization window of 10 minutes. With truncated segments, a

larger normalization window can be used to establish stationarity, indicating that within the

segment the data is more homogeneous. For Bitcoin price return, the segment with higher

volatility presents stationarity with a normalization window of 60 minutes, whereas stationarity

cannot be established in other segments.

5.1 Introduction

In this study, we apply a novel method to the comparative analysis of the stationarity of

two univariate time series: The intraday S&P500 and the intraday Bitcoin index in USD

(BTC/USD). Stationarity plays a central role in much of stochastic time series analysis, see for

example prediction and non-linearity (Cheng et al. 2015; Aue et al. 2015) and the distinction

between varieties of stationarity (Jentsch and Rao 2015; Dahlhaus 2012). In the absence of

stationarity, temporally localized dynamics can be informative of important market dynamics,

such as volatility (Bhowmik and Wang 2020; Harvey et al. 2016; Jin 2017) and other forms

of market instability (Onnela et al. 2003c; Onnela et al. 2003a; Onnela et al. 2003b; Harré

and Bossomaier 2009; Harré 2015; Harré 2022; Harré and Zaitouny 2023). In this sense the

study and estimation of the stationarity of market dynamics has played an important role in

broadening our understanding of these dynamics. Of particular interest are the transformations

that translate a non-stationary processes into some form of stationarity (Gardner 1978), e.g.

strict-sense, wide-sense, or locally stationary process.

In order to introduce the approach we use (please see our previous work (Arias-Calluari

et al. 2018; Alonso-Marroquin et al. 2019; Arias-Calluari et al. 2021; Arias-Calluari et al.

2022; Tang et al. 2024a) for a more detailed introduction to the markets and recent results on

non-linear analysis) we first introduce the notion of stationarity we will be working with and
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then discuss the approach we have taken. We first recall the following definitions that will be

useful to us:

DEFINITION 5.1.1 (Strictly Stationary Process). A continuous time random process {Xt}

is a Strictly Stationary Process (SSP) if, for a finite integer n, subscripts t1, t2, . . . , tn, and a

cumulative distribution function FX(xt1 , xt2 , . . . , xtn), the following property holds:

FX(xt1+τ , . . . , xtn+τ ) = FX(xt1 , . . . , xtn)

for all τ, t1, . . . , tn ∈ R and for all n ∈ N0 ■

This definition is often too restrictive, accounting as it does for all moments of the distribution.

Instead a more tractable definition is often used, accounting only for a subset of the moments,

one of the most common retaining equality only of the first two moments:

DEFINITION 5.1.2 (Wide-Sense Stationary Process). A continuous time random process {Xt}

(as above) is a Wide-Sense Stationary Process (WSP) if it constrains the mean µX(t) ≜ E[Xt]

and auto-covariance KXX(t1, t2) ≜ E[(Xt1−µX(t1))(Xt2−µX(t2))] in the following fashion:

µX(t) = µX(t+ τ) for all τ, t ∈ R

KXX(t1, t2) = KXX(t1 − t2, 0) for all t1, t2 ∈ R

E[∥Xt∥2] < ∞ for all t ∈ R ■

In this chapter we use the WSP definition to establish the transformations needed to be applied

to {Xt} (defined in the following section) to establish stationarity of the time series via the

Wiener-Khinchin Theorem. The purpose of this analysis is to compare and contrast the local

stationarity of the S&P500 and BTC/USD. This is central to improving our understanding of

the extent to which the dynamics reflect qualities desirable of a mature asset market that is not

dominated by speculation or bubbles and crashes.

Our approach broadly follows that of Stărică and Granger (Stărică and Granger 2005), in

their study they considered the inter-day S&P500 statistics by “identifying the intervals of

homogeneity, that is, the intervals where a certain estimated stationary model describes the
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data well.” In that approach, parameters are time-dependent co-factors to be estimated within

each temporal interval. In its specifics though, our approach differs somewhat from that of

Stărică and Granger though. Our alternative looks at the intra-day price returns {Xt} and

considers what (fixed) size of a moving window over which the mean and standard deviation

are estimated is necessary to bring the entire time series into a stationary state, this contrasts

with local parameter estimation for establishing locally stationary intervals in Stărică and

Granger.

This novel extension of previous methods localizes the stationarity constraint in the sense that

the entire series is then stationary, but this stationarity depends on a specific time windowing of

parameter estimation, rather than using the entire time series or a large time window defining an

estimation interval of years. In effect, the narrower this window, the more temporally unstable

the time series, and in principle there is no obvious requirement that any fixed estimation

window of, for example, the variance should necessarily be adequate to bring the entire time

series into a stationary state. Ultimately we find that we still do need to consider multiple (but

quite large) partitions of the whole times series, but we also find that in some cases it works

for entire time series, and in others it simply is not possible to establish stationarity.

5.2 Methodology

We recall the definitions for the governing equations of the stock market Arias-Calluari et al.

2022, starting with defining the price return at time t:

X(t0, t) = I(t0 + t)− I(t0), (5.1)

where I(t0) is the stock market index at time t0, and I(t) is the stock market index for any

time t > t0.

It is assumed that the stock market index I(t) can be decomposed into two time series,

consisting of a deterministic trend I(t) and a stochastic noise I∗(t):

I(t) = I(t) + I∗(t). (5.2)
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Then, the price return X(t) can also be decomposed into a deterministic component X(t) and

a stochastic noise x(t), which has been modelled as q-Gaussian noise (see (Arias-Calluari

et al. 2018; Alonso-Marroquin et al. 2019)):

X(t) = X(t) + x(t), (5.3)

where X(t) = I(t0 + t)− I(t0) and x(t) = I∗(t0 + t)− I∗(t).

We perform the analysis on the price returns for both markets, which includes a detrending

process to eliminate the mean, and a regularization process to eliminate the standard deviation.

The detrending process uses the Moving Average technique, where a sliding window of size

∆1t is shifted forward along the time series (with total length N ), and the arithmetic average

of the index I(t) from [t, t+∆1t] is calculated as the trend at time t. For the windows at the

beginning and the end of the time series where t < ∆1t
2

and t > N − ∆1t
2

, we identify three

segments for calculating the moving window with respect to the window position:

• For t < ∆1t
2

:

I(t) =
2

∆1t+ 2t

⌈(∆1t−1)/2⌉∑
k=−t+1

I(t+ k), (5.4)

• For ∆1t
2

< t < N − ∆1t
2

:

I(t) =
1

∆1t

⌈(∆1t−1)/2⌉∑
k=−⌊(∆1t−1)/2⌋

I(t+ k), (5.5)

• For t > N − ∆1t
2

:

I(t) =
2

2N − 2t+∆1t

⌈N−t⌉∑
k=−⌊(∆1t−1)/2⌋

I(t+ k), (5.6)

with the time step of t = 1, 2, 3....N for the index fluctuations.

From the detrended price return (x∗(t)), a normalization process is performed to obtain the

normalized price return (x∗∗), given by the standard score:

x∗∗ =
x∗(t)

σ(x∗)
, (5.7)
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where σ(x∗) is the standard deviation of the time series. A sliding window is shifted forward

for calculating σ(x∗), following the same segmenting technique introduced in eq. 5.4-5.6. The

size of this sliding window is denoted as ∆2t for this calculation.

Based on previous results (Arias-Calluari et al. 2022), the stationarity test is conducted on the

normalized price return (x∗∗). We first calculate sample autocorrelation of a time series as

(Box et al. 2015; Liu et al. 1999):

Cx(s) =
⟨x(t)x(t+ s)⟩

σ2
x

, (5.8)

where x(t) denotes the time series used for calculation, s is the time lag, and σ2
x = ⟨(x(t)−µ)2⟩.

In this analysis, the autocorrelation is calculated on the normalized price return by replacing

x(t) by x∗∗.

The Fourier transform of a time series xt is calculated as:

x̂(f) =
1√
T

T∑
t=0

x(t)e−2πift. (5.9)

The method for the stationarity test follows the Wiener–Khinchin theorem, where for a wide-

sense-stationary stochastic process, the Fourier transform of the autocorrelation (Ĉx(f)) of a

time series equals its power spectral density (PSD), denoted as |x̂(f)|2:

|x̂(f)|2 = Ĉx(f). (5.10)

A smoothing technique of the Savitzky-Golay filtering (Schafer 2011) is applied on both

Ĉx(f) and |x̂(f)|2 in order to reduce the noise in the data without affecting their trends. The

smoothed result is based on the least squares of a linear fitting across a moving window,

applying the normalized convolution integers of Savitzky-Golay, denoted as Ci. Here, the

smoothing window size is chosen as 3.97×10−5 Hz following a previous study (Arias-Calluari

et al. 2022).
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5.3 Data and Results

The dataset used in this study includes the S&P500 price index and BTC/USD exchange rate,

both reported at one-minute intervals. The S&P500 index data cover the period from Jan 1st,

1996 to Dec 31st, 2023, and Bitcoin data span from Apr 2nd, 2019 to Dec 31st, 2023. We

conduct a stationarity test on the S&P500 time series first before moving to Bitcoin data. Both

detrending and normalizing processes are required for each dataset before the stationarity test

can be performed.

The initial step is to replicate the stationarity test result for the S&P500 normalized price return

in the previous study, covering the sample period from Jan 1996 to March 2021. Detrending

time window of ∆1t = 1 year is used, then the detrended price return is normalized with a

regularization window ∆2t = 60 mins to arrive at the normalized price return (x∗∗). Figure

5.1 presents the result of the stationarity test, with the blue curve representing the Fourier

transform of autocorrelation, and the orange curve for PSD. A match between |x̂∗∗(f)|2 and

Ĉx∗∗(f) is achieved for time lags larger than 30 min, indicating stationarity.

We expanded the dataset to include the more recent time period from April 2021 onwards.

Applying the same parameters with ∆1t = 1 year, and ∆2t = 60 mins, the testing results are

illustrated in Figure 5.2-a. It can be observed that |x̂∗∗(f)|2 and Ĉx∗∗(f) appear as parallel

curves, indicating that stationarity does not hold with these parameters. Attempts were made

to narrow the detrending time window ∆1t to 1 week while keeping ∆2t = 60 mins; however,

stationarity still could not be achieved. Figures 5.2-b, 5.2-c, and 5.2-d presents the test results

with a gradual decline in the regularization window ∆2t, which takes values of 40 min, 20 min,

and 10 min, respectively. The gap between |x̂∗∗(f)|2 and Ĉx∗∗(f) decreases with a gradual

decrease in the size of ∆2t, indicating an increase in the degree of stationarity. The normalized

price return achieves stationarity with ∆2t = 10 min for the full data set from Jan 1996 to Dec

2023.

Since stationarity does not hold for the extended time series with the same regularization

window, we truncate the time series into segments, and investigate the stationarity of each

period on a local scale. We use the COVID-19 pandemic as the flagging event for dividing
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FIGURE 5.1: Reproduced results with the S&P500 price return from Jan 1996
to March 2021, detrended with a 1-year window, and normalized with a 1-
hour window. The PSD aligns with the Fourier transform of autocorrelation,
presenting stationarity.

the time series to explore the stationarity before and after Covid, given the higher market

fluctuations observed post-pandemic. The initial impact of the pandemic on the US stock

market was evident on Feb 24, 2020, when the S&P 500 and Nasdaq declined by 3% (McCabe

2020). Therefore, we consider the time series from Jan 1996 to Feb 21st, 2020 (market closed

on the weekend of 23-24 Feb) as the first period. The second period is from Feb 24th, 2020

to Dec 31st, 2023. For each segment, we apply the detrending time window ∆1t = 1 week,

and the normalization window ∆2t is gradually narrowed down from 60 min to 40 min, 20

min, and 10 min. Results of stationarity test for each time period are shown in Figure 5.3 and

Figure 5.4. In Figure 5.3, normalized price return before Covid presents stationarity with a

regularization window at 60 mins, also at smaller window sizes, consistent with the results in

the previous study. However, for the period after Covid, a gap is observed between |x̂∗∗(f)|2

and Ĉx∗∗(f) at ∆2t = 60 mins, indicating non-stationarity. This gap narrows as ∆2t decreases,

and approaches a close-to-stationary result at ∆2t = 10 min.



5.3 DATA AND RESULTS 123

0 2 4 6 8

10-3

0

0.5

1

1.5

2
(a)

0 2 4 6 8

10-3

0

0.5

1

1.5

2
(b)

0 2 4 6 8

10-3

0

0.5

1

1.5

2
(c)

0 2 4 6 8

10-3

0

0.5

1

1.5

2
(d)

FIGURE 5.2: Stationarity test with S&P500 data from Jan 1st, 1996 to Dec
31st, 2023. (a) regularization window of 60 min. (b) regularization window of
40 min. (c) regularization window of 20 min. (d) regularization window of 10
min.

As the normalized price return after Covid did not exhibit a satisfactory level of stationarity,

we further divide this period into two segments. The time series from Feb 24th, 2020, to

Dec 31st, 2020, is taken as a separate segment, representing the first year of coronavirus

spread. The second segment spans from Jan 1st, 2021 to Dec 31st, 2023. Stationarity tests

are performed on these two time periods following the same parameters of ∆1t and ∆2t, and

results are presented in Figure 5.5 and Figure 5.6. By further segmenting the time series

into shorter periods, both periods achieve stationarity at a better level. Figure 5.5-c present

stationarity for at ∆2t = 20 min, and an improved match is obtained at ∆2t = 10 min. For

the time period from 2021 to 2023, |x̂∗∗(f)|2 and Ĉx∗∗(f) match at ∆2t = 60 mins, without

requiring a smaller size for ∆2t.

Testing results for the S&P500 demonstrate global non-stationarity for the full 28-year dataset.

However, from a local perspective, the normalized price returns are stationary. In the following
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FIGURE 5.3: Stationarity test with S&P500 data from Jan 1st, 1996 to Feb
21st, 2020. (a) regularization window of 60 min. (b) regularization window of
40 min. (c) regularization window of 20 min. (d) regularization window of 10
min.

part of this paper, we focus on testing the normalized price return of Bitcoin. In our previous

examination of the statistical characteristics of Bitcoin price returns, we identified two time

periods for Bitcoin (Tang et al. 2024a). Here, we follow the same truncated time periods and

extend the dataset to December 2023. The three segments for Bitcoin are: (1) Apr 2nd, 2019,

to Dec 31st, 2020; (2) Jan 1st, 2021, to May 3rd, 2022; (3) May 4th, 2022, to Dec 31st, 2023.

The price return is detrended with ∆1t = 1 week, and the normalization window of 60 min,

40 min, 20 min, and 10 min is applied to the respective time period. Results for each period

are plotted in Figure 5.7, Figure 5.8, and Figure 5.9, respectively. For Bitcoin periods 1 and

3, the detrended price return requires a smaller regularization window of 10 mins to achieve

a certain level of stationarity. In contrast, for period 2, during which the price experienced

larger fluctuations, a stationary result can be obtained with ∆2t = 60 min.
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FIGURE 5.4: Stationarity test with S&P500 data from Feb 24th, 2020 to Dec
31st, 2023. (a) regularization window of 60 min. (b) regularization window of
40 min. (c) regularization window of 20 min. (d) regularization window of 10
min.

5.4 Discussion

In the earlier work of Stărică and Granger (Stărică and Granger 2005) they carried out a

detailed analysis of the period 1957 - 2000 as they had found this was a particularly ‘simple’

interval in the history of the S&P500. In this 47-year period, they established that the absolute

log-returns of the S&P500 was an i.i.d., non-stationary random process with time-varying

unconditional variance. The model is indeed quite simple, the absolute log-returns are given

by a well-studied diffusion model:

X(t) = µ(t) + σ(t)ϵt (5.11)

that had used a test statistic given by:

T =
X(t)− µ(t)

σ(t)
(5.12)
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FIGURE 5.5: Stationarity test with S&P500 data from Feb 24st, 2020 to Dec
31st, 2020. (a) regularization window of 60 min. (b) regularization window of
40 min. (c) regularization window of 20 min. (d) regularization window of 10
min.

See eq. 17 in (Stărică and Granger 2005), c.f. the standard score normalization of price returns

in eq. 5.7 above.

While the current study did not take advantage of the test score to validate a specific model,

what it does do is standardize the distribution with an estimated time-varying mean and

variance µ(∆1t) and σ(∆2t) where ∆it indicates the width of the time window over which

these terms are estimated (recall that ∆1t removes the trend, while ∆2t attempts to make the

time series WSP). This provides an extra degree of freedom over the Stărică and Granger

method while the data used provides a temporal resolution that was not possible using their

inter-day data. What we have demonstrated here is a novel approach to understanding the

‘complexity’ of a univariate time series by seeking the maximum window size (if it exists)

that allows the time series to be brought into a stationary state: the shorter this window, the

more heterogeneous the time series is. Further work will develop this approach into a more
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FIGURE 5.6: Stationarity test with S&P500 data from Jan 4th, 2021 to Dec
31st, 2023. (a) regularization window of 60 min. (b) regularization window of
40 min. (c) regularization window of 20 min. (d) regularization window of 10
min.

complete analytical methodology that we believe has shown here some considerable promise

as a tool.

5.A Time window for detrending

In this chapter, when performing the detrending process, we tested with different detrending

window sizes for ∆1t from a small time window of 1 week to the optimal time window of 1

year found in Chapter 2, and tested the detrended price return for stationarity. Results show

that changing ∆1t does not affect the testing results of stationarity. Our results present that

∆2t is more sensitive to the stationarity test. Thus in this chapter, we used the detrending

window size ∆1t = 1 week and used various normalization windows for ∆2t.
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FIGURE 5.7: Stationarity test with Bitcoin data from Apr 2nd, 2019 to Dec
31st, 2020. (a) regularization window of 60 min. (b) regularization window of
40 min. (c) regularization window of 20 min. (d) regularization window of 10
min.
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FIGURE 5.8: Stationarity test with Bitcoin data from Jan 1st, 2021 to May 3rd,
2022. (a) regularization window of 60 min. (b) regularization window of 40
min. (c) regularization window of 20 min. (d) regularization window of 10
min.
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FIGURE 5.9: Stationarity test with Bitcoin data from May 4th, 2022 to Dec
31st, 2023. (a) regularization window of 60 min. (b) regularization window of
40 min. (c) regularization window of 20 min. (d) regularization window of 10
min.



CHAPTER 6

Conclusions and Future Work

This thesis analyzed the univariate time series of both the conventional market, the S&P500,

and the Bitcoin cryptocurrency. We examined the detrended price return in all chapters and

extended the analysis to the normalized price return in Chapter 2 and 5 for the stationary

test. We applied the detrending process to both time series to decompose the trend and the

noise. The optimal time window for detrending used in this thesis varies. In Chapter 2, we

determined the time window based on the kurtosis of the time series and found 13 months to

be the optimal time window for the S&P500. We rounded the optimal window to one year and

used this window size for the analysis in Chapter 2 and 4 for the S&P500. For Bitcoin, the

optimal time window for detrending is one week, determined by the best convergence of the

detrended PDF to a Gaussian distribution at large times, and this window size is used in each

chapter of the thesis. Later in Chapter 5, we found that the size of the detrending window is

less critical to the stationarity of the detrended price return, and we used a one-week detrending

window for both time series. Moreover, in Chapter 2 and 3, a rolling standard deviation of a

one-hour window is used. Larger window sizes were tested; however, this window size was

chosen because the literature shows that the highest volume of options trading occurs within a

one-hour period. Therefore, the standard deviation is captured before it dissipates. We used a

q-Gaussian distribution to describe the PDF of price return for both markets, and the power-law

tails are measured by the slope of the linear fittings in the log-log scale throughout the thesis.

For both markets, the q value for simple price returns is around 1.7, and for detrended price

returns, the value drops to approximately q = 1.4. Multifractal detrending fluctuation analysis

(MF-DFA) was performed for both time series, and both markets are multifractal, with a Hurst

exponent under but close to 0.5. The Hurst exponent is also obtained from the slope of the

height of the PDFs for Bitcoin, and the result agrees with the MF-DFA findings. We developed

131
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an analytical connection between H and the root square of mean-squared displacement to

classify anomalous diffusion regimes directly from PDF. In terms of stationarity, the S&P500

presents a higher level of stationarity than Bitcoin on local scales.

Developing an appropriate model to describe the statistical characteristics and estimate the

future properties of a market has been a continuous area of interest. For over a century,

consistent attempts were made to analyze univariate financial time series, leading to various

models aiming to describe the evolution of financial markets over time.

This research explored the statistical analysis of univariate time series in financial markets,

with a specific focus on comparing traditional markets represented by the S&P500 index

with the emerging and evolving landscape of digital assets, namely Bitcoin. We qualitatively

investigated the statistical characteristics of Bitcoin price return and compared them to the

observations in the S&P500. The results revealed that despite the market formation and

structure of cryptocurrency being very different from conventional markets, they share similar

stylized facts. This convergence of statistical characteristics between digital assets and

traditional markets provided evidence of the maturation of the cryptocurrency market and its

potential integration into broader financial systems.

This thesis demonstrated the applicability of the q-Gaussian distribution from a financial

economic perspective. Compared to the Gaussian distribution, Lévy-stable distribution, and

fractional Brownian motion model, the q-Gaussian distribution is a more suitable model to

describe the evolution of the market due to its ability to capture the heavy-tailed and weakly

correlated features in price returns. We proposed governing equations for the markets, con-

sidering that the time series can be decomposed into a deterministic trend and stochastic

fluctuations. By deriving solutions to these governing equations, we developed the q-Gaussian

diffusion process with time-varying exponents. The q-Gaussian diffusion process is character-

ized by a fractional, non-linear diffusion equation with two exponents: the Hurst exponent (H),

which defines the fractionality and accounts for anomalous behavior and autocorrelation, and

the q-exponents that define the non-linearity of the diffusion and contribute to the heavy-tailed

distribution. These solutions have denoted their effectiveness in capturing the underlying
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mechanisms driving price movements in both conventional and digital markets, supporting

current developments in financial modeling.

Furthermore, by exploring non-stationary characteristics in the time series, we found that the

extent to which stationarity holds shifts with time and is affected by exogenous events. In

the pre-Covid period for the S&P500, stationarity can be achieved globally by removing the

trend and volatility in the price return. However, the S&P500 in the post-pandemic period

presents stationarity only on a localized scale, indicating that the market is still recovering

from the crisis. For Bitcoin, temporal variations in stationarity are also observed. Examining

stationarity in financial time series provides insight into a better understanding of market

dynamics.

This thesis examined both the S&P500 price index and Bitcoin. A typical issue in dealing with

indices, such as the S&P 500, is the problem of how the night gaps or weekends are considered.

In Chapter 2 and 5 of this thesis, we used all the data available from the database. The dataset

records both active trading periods and some inactive trading periods at the beginning and the

end of a trading day. In Chapter 4, we removed the data from the inactive trading period (when

a price change is less than 0.1 USD) and only worked with the dataset from the active trading

periods. Whereas Bitcoin runs 24/7, so the dataset is continuously recorded without gaps.

Future work could expand the analysis to other financial markets and assets for a thorough

comparison.

In this thesis, we consider the q-Gaussian diffusion process within the range of q ∈ (1, 3).

However, for q ∈ (5/3, 3), the solution to the q-Gaussian diffusion diverges and exhibits

infinite variance. This issue can be mitigated by adding a non-symmetric term (β′x3) and a

positive term (β′′x4) to the normalized q-Gaussian distribution. The introduction of asymmetry

is crucial as it can lead to entropy optimization. Consequently, future research could focus on

how this additional term could be beneficial when applying the q-Gaussian distribution model

to financial markets.

We decomposed the univariate time series of financial market price fluctuations into determin-

istic trend variation and a stochastic process, with a greater focus on the stochastic component.
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We identified changes in market dynamics related to external crises and revealed localized

stationarity. Subsequent research could explore the deterministic component of the time

series. Recognizing financial markets as complex systems with numerous relevant influences,

it is intriguing to distinguish chaoticity from regularity in deterministic dynamical systems.

Moreover, potential future research may aim to examine how market dynamics evolve in

response to both exogenous and endogenous events.

Furthermore, we have provided empirical evidence that the financial price returns can achieve

localized stationarity when the trend and volatility are removed. The stationarity test used in

this thesis requires a Fourier transform, and potential future work can explore the possibility of

using a q-Fourier transform for the analysis. Subsequent research could also focus on building

an analytical framework for modeling the time-varying dynamics of market returns. Moreover,

as volatility can be connected with the autocorrelation function of a time series using the

Hurst exponent, it is promising to explore how the autocorrelation function may be different

in segmented time series and how the Hurst exponent evolves in different time periods.

As we conclude, this study not only contributes to the academic understanding of financial

markets but also provides practical implications for investors, policymakers, and stakeholders

navigating the complexities of contemporary financial systems. As digital assets continue

to gain prominence, these findings can serve as a reference for future research and decision-

making in an evolving financial landscape.

6.1 Future outlook

Bitcoin was the first cryptocurrency introduced, holding the largest market share in the rapidly

expanding cryptocurrency market. The debate over categorizing Bitcoin as a currency or an

asset gained traction with its increasing prominence. Bitcoin price exhibits high volatility,

closely related to its substantial market capitalization, which has been further witnessed by

the significant rise since the beginning of 2024. Our findings indicate that Bitcoin behaves

more like an asset and is not yet ready to replace fiat currency. The statistical characteristics
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of Bitcoin change significantly in different periods, indicating evolving market dynamics that

point towards market inefficiency.

Furthermore, the results in this thesis support that Bitcoin is still in its infancy and has not

yet reached maturity. Comparing the statistical characteristics of digital assets to mature

markets such as the S&P500 provides opportunities to develop techniques that can be used

to understand how the future of mature digital asset markets could unfold. These techniques

can be applied to various types of digital assets, from cryptocurrency to non-fungible tokens

(NFTs), potentially contributing to the development of modern digital asset management

services, risk management, and portfolio optimization.

The mutual cross-fertilization between economics and other disciplines has led to the develop-

ment of robust empirical observations, diverse models, and theories in understanding financial

markets. The methodology used in this thesis aligns with approaches that conceptualize

financial markets as complex adaptive systems. Describing markets in terms of emergence,

scale-invariance, and universality allows for a better understanding of them at macroscopic

levels, characterized by stylized facts and statistical regularities. This interdisciplinary per-

spective recognizes the need for a systemic and complex approach to economic and financial

systems. Combining financial economics analysis with complex systems analysis can con-

tribute to theories and models suitable for adaptive evolutionary systems in areas such as

ecology, cognitive systems, and network science. We argue that a new science of economic

and financial systems should integrate findings from various scientific fields to pave the way

for a multidisciplinary complex systems science of financial markets.
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APPENDIX A

Amendment to Figures

This appendix revises some figures in this thesis.

Figure A.1-a is a revised version of Figure 2.6-a, correcting fitting parameter γ to γ =

0.60± 0.32.

Figure 2.6-b is correct, also shown in Figure A.1-b. Here we add a comment that a jump in the

correlation function is observed at s = 30 min. We classify this as a transition from q-Gaussian

to Gaussian from 30 min to 1 hr due to the standardization process divided by sigma. We tried

different window sizes for standardization and found that the rate of convergence to Gaussian

is related to the window size.

Figure A.2 is a correction of Figure 2.13 in terms of the expression of errors in the fitting.

Figure A.3-a is a correction of Figure 2.14-a in terms of the expression of errors in the fitting.

Figure A.4 is a correction of Figure 2.15 in terms of the expression of errors in the fitting.

Figure A.5-a and A.5-b is a correction of Figure 3.8-a and 3.8-b in terms of the expression of

errors in the fitting.
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FIGURE A.1: Autocorrelation of the detrended price return calculated as

Cx(s) ≡
⟨xtxt+s⟩

σ2
x

. Short-time correlations are observed for the first 6 minutes.

A weak long-time correlation appears after 100 minutes.
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FIGURE A.2: Detrended price return case: Calculation of the “generalized
statistical functions" Gw(s) vs s for negative (a) and positive (b) values of order
w. The “generalized statistical functions" is calculated by applying Eq. (2.36).
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FIGURE A.3: Normalized price return case: Calculation of the statistical
function Fw using Eq. (2.31). The function of Fw vs s display power laws
Fw(s) ∼ sh(w), where h(w) depend on w. This feature demonstrates that the
time series is multifractal.
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FIGURE A.4: Normalized price return case: Calculation of the “generalized
statistical functions" Gw(s) vs s for negative (a) and positive (b) values of order
w. The “generalized statistical functions" is calculated by applying Eq. (2.36).



176 A AMENDMENT TO FIGURES

101 102 103

s

101

102

103

F
w

(s
)

(a)

h(w)=0.78 0.14 w=-5.00 h(w)=0.75 0.12 w=-4.00
h(w)=0.73 0.10 w=-3.50 h(w)=0.69 0.08 w=-3.00
h(w)=0.67 0.07 w=-2.50 h(w)=0.64 0.06 w=-2.00
h(w)=0.63 0.05 w=-1.75 h(w)=0.62 0.04 w=-1.50
h(w)=0.61 0.04 w=-1.25 h(w)=0.60 0.03 w=-1.00
h(w)=0.59 0.03 w=-0.75 h(w)=0.57 0.02 w=-0.50
h(w)=0.56 0.02 w=-0.25 h(w)=0.56 0.02 w=-0.10
h(w)=0.56 0.02 w=-0.05 h(w)=0.55 0.02 w=-0.03

-5 -4 -3 -2 -1 0
0.55

0.60

0.65

0.70

0.75
(b)

FIGURE A.5: Calculation of the statistical function Fw on Bitcoin price return
for Period 2 using Eq. (3.33). The function of Fw vs s display power laws
Fw(s) ∼ sh(w), where h(w) depend on w. This feature demonstrates that the
time series is multifractal. (a) Calculated Fw(s) function with a negative range
of w, each w value presents a power-law relationship. (b) Profile of h(w) for
negative w values.
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