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Abstract

Underactuated systems are becoming an essential field of study within robotics
given the rapid advancement and prevalence of legged and flying systems within the
modern world. Planning motions that are dynamically feasible for these systems
is integral to achieving natural and dynamic movement, however, a great difficulty
posed by underactuation is that the space of feasible motions for these systems is
strongly constrained by their dynamics.

This thesis investigates the viability of extending path-parameterised motion plan-
ning to underactuated systems, where algorithms are proposed in two key areas,
sample-based and optimisation-based planning. A focus is placed on systems with
a single degree of underactuation, where the scalar dynamics revealed under a path
parameterisation can be used for efficient kinodynamic querying and dynamic feasi-
bility verification of generated paths. Within a sample-based context, these features
are exploited through the development of a path-parameterised RRT algorithm with
a state-based steering strategy that accommodates this degree of underactuation.
Within the numerical optimisation front, these features are used to develop a path-
parameterised trajectory optimisation method with dynamic feasibility detection,
enabling the rapid generation of feasible motions with fine dynamical accuracy.

The proposed algorithms provide the ability to generate dynamic behaviours for a
number of underactuated systems of this class. The sample-based algorithm demon-
strated strong success in generating feasible trajectories for an acrobot and planar
UAV system. Additionally, the optimisation framework presented the ability to
rapidly generate high-fidelity dynamically feasible motion plans, with success demon-
strated in the gait design of a planar walking system. This work demonstrates the
advantages of these algorithms in relation to existing approaches, highlighting the
successes attributed to the exploitation of this class of underactuated system under
a path parameterisation.
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Chapter 1

Introduction

Generating dynamically feasible motions is fundamental to the planning and control
of robotic systems [1]. Underactuated systems such as flying and legged systems
are becoming increasingly relevant to modern robotics, with growing applications
towards remote inspection and surveillance of high-risk areas [2, 3]. A large challenge
in planning for underactuated systems however is that their space of feasible motions
is strongly constrained by their dynamics. Plans generated by motion planning
algorithms must therefore exploit the natural dynamics of the system given this
coupling [4].

Figure 1.1: Underactuated legged and flying systems surveilling an unknown en-
vironment.
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CHAPTER 1. INTRODUCTION

One perspective of planning robotic motions has been through path parameterisa-
tion, a technique developed in the 1980s [5] that views trajectories from a decoupled
perspective where a motion is broken into its geometric and temporal components.
This decomposition has been regarded as a very natural representation of robotic
trajectories given most constraints fall into either geometric or energy-related cate-
gories [6]. Path parameterising robotic motions has enabled the efficient generation
of time-optimal executions along prescribed paths, achieving smooth and predictable
behaviours under this construction [7]. Current successes within path-parameterised
trajectory generation rests however in the fact that a system is fully or redundantly
actuated [8]. The control space of these systems allows for paths to be designed
fairly arbitrarily with control laws that can dominate the dynamics of the system
to follow along the prescribed paths [9].

Currently, there is limited research related to extending path parameterisation to-
wards holistic motion planning, designing both the motion of the system and execu-
tions simultaneously. Whilst these are often performed in the separate stages of path
planning and subsequent paraneterisation [10], recent literature has seen advances
in combining the path parameterisation method for continuous optimisation [11] as
well as through sample-based planning [12]. These methods however do not extend
to underactuated systems, given path parameterisation techniques require dynami-
cally feasible paths, which in the case of underactuated systems is very difficult to
produce.

The path parameterisation technique draws strong parallels to the field of virtual
constraints [13], which has long considered underactuated systems where the number
of actuators is one less than the degree of the system [14], known as Underactuated
Degree-One (UA1) systems. The studies of this class of system under virtual con-
straints have offered insights into the development of stabilising controllers [15, 16]
that ensure the underactuated dynamics are respected along a desired path by the
study of a scalar quantity dictating the motion along the path and its dynamics
associated with the degree of underactuation. This achievement in creating a scalar
differential equation to dictate the behaviour of these systems highlighted that the
velocities of these systems are determined purely by their designed virtual con-
straints or paths [17], revealing the strong coupling between their dynamics and
space of feasible motions. The complexity in designing virtual constraints such that
their dynamics are respected can range from being trivial such as in gait designs
for planar walkers [16] to very challenging such as in the swing-up of a cartpole or
acrobot.
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1.1. PROBLEM STATEMENT

Despite the structure these systems present under path parameterisation, there are
few motion planning algorithms that specialise in this class of underactuation. Bullo
and Lynch [18] presented a tree-based planner that grew branches along the “decou-
pling vector fields” of these systems, ensuring the underactuated dynamics were
respected. This approach was however limited to systems with no potential bias,
ignoring effects such as gravity which greatly restricted the applicability. In pre-
vious work, Manchester and Umenberger [19] demonstrated an efficient tree-search
method for motion primitive planning of planar walking systems. Through exploita-
tion of the scalar dynamics of these systems under their virtual constraints for each
primitive, direct computations for the feasibility of a step could be made, allow-
ing multiple-step horizons to be computed. Although conservative motions were
enforced to enable efficient quadrature computations, the same querying procedure
could be applied to systems with more dynamic behaviours and thus promote mo-
tion planning applications towards systems that are currently difficult to consider
under path parameterisations.

1.1 Problem Statement

The merits offered by UA1 systems under path parameterisation promote investiga-
tions into the computational advantages that may emerge when incorporated into
existing motion planning algorithms. Currently, methods using path parameteri-
sation offer fairly conservative motion capabilities, however, in the current climate
of robotics systems, dynamic motion is becoming a necessity. With these current
limitations, several questions become apparent

• Can path parameterisation be used for creating agile and dynamic motions
that utilise the natural dynamics of underactuated systems?

• What improvements to existing motion planning algorithms can be made by
exploiting the path parameterisation technique?

• What systems can this approach be extended to?

In light of these queries, this thesis will examine how the structure of underactuated
systems under path parameterisation can benefit existing motion planning frame-
works. Specifically, this thesis places focus on two frameworks that can be enhanced
under this parameterisation, random sampling and continuous optimisation. With
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the works of [12, 11] providing foundations to path-parameterised motion planning
in these areas, we extend these frameworks towards underactuated systems, specifi-
cally UA1 systems, where path parameterisation enables efficient dynamic querying
and feasibility detection that are exploited in separate ways under each framework.

1.2 Thesis Structure and Primary Contributions

To address this problem, the main contribution of this thesis is an investigation
into the applicability and exploitation of path parameterisation for motion planning
of underactuated systems. This is achieved through the development of several
algorithms that utilise the path parameterisation technique and numerical validation
of these methods through various simulations. Continuing forward, this thesis is
structured as follows

Chapter 2 provides an overview of the current literature pertaining to the field of
motion planning. We highlight the developments in computing system dynamics and
how they are used within continuous optimisation and sample-based algorithms for
generating motion plans for systems. We also highlight the current caveats within
these methods and present the motivation for this thesis.

Chapter 3 formally introduces Underactuated Degree-One (UA1) systems and illus-
trates the structure the dynamics of these systems have when employing the path
parameterisation technique. This chapter forms a basis for Chapters 4 and 5, with
this structure achieved from path parameterising UA1 systems allowing a specialised
forward-integration algorithm capable of rapidly computing dynamic feasibility and
other kinodynamic quantities to be developed.

Chapter 4 presents a sample-based motion planning framework that utilises the path
parameterisation technique for tree construction, where exploiting the dynamics of
UA1 systems under this parameterisation is highlighted for the purpose of rapid tree
expansion and dynamic querying. In particular, the following main contributions
are made in this chapter.

• A new random search motion planning algorithm, UA1-RRT, is proposed
which specialises the standard RRT routine to UA1 systems.

• Development of a state-based steering mechanism specialised to UA1 systems
where no such method currently exists.
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• A configuration-space distance metric is introduced for nearest neighbours
selection which allows the distinguishing of points with different velocities
under state-based steering.

• Simulation experiments are performed on two models, with results demonstrat-
ing our approach provides a much higher rate of success in generating motions
for these systems, whilst not incurring additional computational overhead.

• Analysis of our algorithm’s performance, presenting superior rates of success
to existing state-based RRT method and standard RRT implementations as
well as lower computation time as a result of our designed steering method.

• This chapter has been prepared as a paper and submitted to the 2024 Inter-
national Conference on Intelligent Robots and Systems (IROS) for review.

Chapter 5 presents insights into constructing trajectory optimisation programs un-
der a path parameterisation. Within this chapter, specialisations to UA1 systems are
presented, leading to a bilevel formulation as well as a feasibility detection algorithm
for early program termination. Within this chapter, the following key contributions
are made.

• A path-parameterised representation of the trajectory optimisation problem
as a nonlinear program is proposed, with considerations for the discretisation
of path and time parameterisation highlighted.

• Exploitation of the dynamics of UA1 systems under path parameterisation
to enable an embedded feasibility detection mechanism for early termination
of path-parameterised programs, returning feasible trajectories with high dy-
namic accuracy if requested.

• A bilevel formulation of the path-parameterised trajectory optimisation is pro-
posed that simplifies the inner problem given the scalar dynamics of UA1
systems under the parameterisation.

• Relaxations to the created nonlinear programs are proposed to encourage prob-
lem feasibility.

• Motion planning simulations for several UA1 systems are performed using the
created methods with results demonstrating the capabilities of our approach
and analysed relative to a direct collocation formulation.
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• Demonstration of this method as a trajectory refinement scheme for sample-
based planner outputs from UA1-RRT in Chapter 4.

• A paper covering these results is currently under preparation.

Conclusions to this thesis as well as promising directions for future research are then
finally presented in Chapter 6.
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Chapter 2

Background

This chapter offers an overview of related literature surrounding motion planning for
robotic systems. We wish to provide context and motivation towards the objectives
of this thesis. Motion planning is a broad area and thus we must consider specific
areas pertaining to the objectives of this thesis. This chapter is structured as follows:
Section 2.1 provides an overview of the motion planning field and introduces the
necessary components required by kinodynamic planning with an emphasis on rigid
body dynamics. Section 2.2 introduces the theory, nomenclature and algorithms
related to the path parameterisation method. Section 2.4 provides an overview
of trajectory optimisation methods for solving the motion planning problem and
the numerical methods for solving these problems. Section 2.3 offers insights into
sample-based approaches for kinodynamic motion planning with an emphasis on
tree-search methods. Lastly Section 2.5 provides a summary of this chapter, giving
direction for the remainder of this thesis.

2.1 Kinodynamic Motion Planning

Designing motions for mechanical systems is a fundamental requirement for robotic
applications where tasks performed must account for the dynamics of the system [1,
20]. Robotic manipulators have played a critical role in the development of modern
society with their presence in the industrial sector [21] and growing presence within
the biomedical field [22]. Moving beyond robotics which are fixed in place, the
desire to create agile systems that can move freely within their environments offers
many benefits to society. Safely deploying systems in risk-filled environments [3]
for monitoring and searching can lead to the betterment and preservation of human
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life. The current successes in developing dynamic systems [23] also offer promising
horizons for mobile robotics. Within future years may these systems be seen as a
platform for exploration purposes both terrestrially and extra-terrestrially.

Achieving systems of this calibre requires many different fields to be combined seam-
lessly into a single framework [24, 25, 26]. Similarly to biological systems, robots
must be able to sense, plan and act, often referred to as the robotic paradigm [27].
Within this thesis, we will pay particular attention to the planning aspect of this
paradigm, responsible for generating motions that achieve a desired goal whilst re-
specting the physics of the system.

Having an understanding of these dynamics is thus critical given they dictate the
space of possible motions for a system. In many cases, frameworks use an explicit
mathematical model for assessing the dynamics of a system in motion planning
frameworks and in most cases are sufficiently accurate representations of the true dy-
namics. Whilst not covered within this thesis, we acknowledge the current advances
in reinforcement learning with model-free planning and control [28, 29]. Under this
framework, the dynamics of the system are not explicitly known and are instead
learned iteratively over time. Such approaches are advantageous where systems are
prone to disturbances, noise and external perturbations, all components which are
challenging to model explicitly given their often stochastic nature.

2.1.1 Kinodynamic Planning

We consider n-dimensional systems with generalised coordinates q and configuration
space Q such that q ∈ Q. Each of the n elements qi in q will represent a degree
of freedom in the system, such as the location or rotation of a body in space or
the position of a particular joint in the system. The system possesses m individual
actuators u ∈ Rm and a set of constraints of the form

f(q, q̇, q̈, u) = 0 (2.1)

with q̇ and q̈ being the generalised velocities and accelerations of the system respec-
tively.

The constraints (2.1) impose conditions such as the physical laws acting on the sys-
tem, typically termed dynamics constraints. Furthermore (2.1) may also encompass
constraints of the form hc(q) = 0 associated with the geometry of the system such
as end-effector locations and relationships between configuration coordinates which

8
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are termed kinematic constraints. As a result, (2.1) is often referred to as the kin-
odynamic constraints of a system. With this established, the kinodynamic motion
planning problem is defined as follows

Definition 2.1.1 (Kinodynamic Motion Planning Problem). For a mechan-
ical system described by generalised coordinates q ∈ Rn with control inputs u ∈ Rm

and configuration space Q, the kinodynamic motion planning problem seeks to find
trajectories q(t) : [0, T ] → Q of duration T connecting an initial state (q0, q̇0) to a
final state (qF , q̇F ) whilst satisfying kinodynamic constraints (2.1) ∀t ∈ [0, T ].

Being able to compute kinodynamic constraints (2.1) is fundamental to solving prob-
lems described by Definition 2.1.1. As a result, significant attention is required to
the derivation, construction and utilisation of these kinodynamic constraints.

2.1.2 Rigid Body Kinematics and Dynamics

Rigid Body Dynamics

We focus on rigid body systems within this thesis, those which can be represented
as a series of interconnected inelastic bodies. Given the mechanical nature of most
modern robotic systems, rigid body approximations provide a sufficiently accurate
representation of these systems. Describing the dynamics of a rigid body system
mathematically can take several perspectives such as energy-based Lagrangian and
Hamiltonian methods [30, 31] and the force-based Newton-Euler approach [32]. In
all cases, the dynamics of the system are invariant to which method is chosen and
hence the choice is problem-specific.

Most commonly, the equations of motion for a rigid body system are described using
Euler-Lagrange mechanics, which considers the Lagrangian of the system L(q, q̇)
as the difference between kinetic energy T (q, q̇) and potential energy V (q) of the
system

L(q, q̇) = T (q, q̇)− V (q) (2.2)

The action of the system, S, denotes the scalar quantity that describes the balance
of kinetic and potential energy within a system. The principle of least action shows
that for mechanical systems, the trajectory of a system is a stationary point to the
system’s action functional S[q]. For mechanical systems, the action functional is

9



CHAPTER 2. BACKGROUND

given by the integrand of the Lagrangian in (2.2) such that for any trajectory q(t)

over the interval t ∈ [t1, t2]

S[q, t1, t2] =

∫ t2

t1

L(q, q̇, t)dt (2.3)

Locating stationary points q∗ of the action functional (2.3) will therefore yield the
trajectory of the system through the use of the principle of least action. Omitting
the proof for brevity [33], it can be shown that a trajectory q is a stationary point
of S[q] if and only if

d

dt

(
∂L
∂q̇j

)
− ∂L
∂qj

= τj j = 1, 2, . . . , n (2.4)

where this system of equations is known as the Euler-Lagrange identity [34]. Within
these system of equations, we define τ ∈ Rn as the generalised inputs for each
dimension of (2.4) created by the control inputs u by a mapping gi : Rn×Rn×Rm →
R such that

τi = gi(q, q̇,u) (2.5)

For most second-order mechanical systems, these mappings are in fact linear in u

such that τi = gi(q, q̇)u. By evaluating each equation in (2.4), a control-affine
second-order system can be attained

f1(q, q̇, q̈) + f2(q, q̇)u = 0 (2.6)

which can be arranged into the canonical second-order form

M(q)q̈ +C(q, q̇)q̇ +G(q) = B(q, q̇)u (2.7)

The matrix/vector coefficients of this system are the inertial matrix M (q) ∈ Rn×n

containing the inertial effects of all bodies on each other within the system, Coriolis
matrix C(q, q̇) ∈ Rn×n containing the bias effects caused by each body’s velocity and
potential vector G(q) ∈ Rn which groups all potential terms such as gravitational
and elastic. We note that M (q) is positive definite for mechanical systems and is
thus invertible [35, 36].

The control-mapping matric B(q, q̇) ∈ Rn×m maps the control inputs u ∈ Rm to
their generalised inputs on the system as in (2.5). Unless nonlinear behaviours such
as viscous friction are considered [37], this mapping can often be expressed as purely
dependent on q (i.e. B(q, q̇) = B(q)) which we will continue to use throughout
this thesis for notational convenience.
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Remark 2.1.1 (Linearity of Coriolis Matrix). We state that for second-order
mechanical systems with lagrangian given by (2.2), the corresponding Coriolis ma-
trix C(q, q̇) in (2.7) is linear in q̇. This can be shown by using the well-known
construction of C(q, q̇) by its Christoffel symbols [38, 20] such that for the (k, j)-th
entry of C(q, q̇)

ckj =
n∑

i=1

1

2
(
∂mkj

∂qi
+
∂mki

∂qj
− ∂mij

∂qk
)q̇i

Given all entries mij of the inertia matrix M (q) are dependent purely on q, each
entry of C(q, q̇) is thus linear in q̇. This realisation can also be arrived at by directly
observing the Lagrangian in (2.2) which possess kinetic energy given by T (q, q̇) =
q̇TM(q)q̇ which by applying the Euler-Lagrange identity, presents terms linear in q̇

under similar assumptions that M(q) only depends of q.

In many applications related to the control of these systems, the Coriolis and po-
tential terms are grouped together to form the bias vector h(q, q̇) = C(q, q̇)q̇ +

G(q) [39]
M(q)q̈ + h(q, q̇) = B(q)u (2.8)

The dynamics of (2.7) are autonomous which can be made clear by considering the
state x = [q, q̇]T and expressing the dynamics of the state under (2.8) [16]

d

dt

[
q

q̇

]
=

[
q̇

M−1(q)(B(q)u− h(q, q̇))

]

=

[
q̇

−M−1(q)h(q, q̇)

]
+

[
0

M−1(q)B(q)

]
u

ẋ = f1(x) + f2(x)u

= f(x,u)

(2.9)

the control affine nature of this representation apparent. This structure has been
utilised well within feedback linearisation [16, 40, 41] for the control design of second-
order mechanical systems.

Applications to flying and legged systems must also consider the state of the sys-
tem within the inertial frame, termed floating-base systems [42]. As a result, posi-
tion states xb ∈ R3 and rotational states ϕ ∈ SO(3) must be included along with
the generalised coordinates q, leading to the augmented state [xT

b , ϕ
T , qT ]T (Fig-

ure 2.1). Whilst the translational component is trivial to describe the dynamics
for, the rotational component has several options. Euler angles can represent ro-
tational states, they are plagued by singularities which can hinder applicability to
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free-flying systems. Despite their greater overhead in implementation due to their
four-dimensional representation of three-dimensional space, quaternions are the pre-
ferred representation. Their singularity-free nature and ease of representation of the
Lie group SO(3) [43] make them a primary choice for rotational representations in
state estimation [44] and dynamics representation [45].

Figure 2.1: Floating base coordates [xb, ϕ] of the pelvis frame {1} with respect
to the inertial frame {0}.

Degrees of Actuation

The degree of actuation in a mechanical system largely dictates the complexity of
its motion planning and control. For an n-dimensional system with m independent
control inputs u ∈ Rm, actuation is mapped to the dynamics of the system by the
mapping B(q) ∈ Rn×m as in (2.7). Based on the rank of B(q) there are three
primary classes of actuation, if:

• rank(B(q)) = n the system is fully actuated.

• rank(B(q)) > n the system is redundantly actuated.

• rank(B(q)) < n the system is underactuated and the value n −m is referred
to as the degree of underactuation.
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The class of actuation is essential when computing the required control inputs to
achieve a desired state (q, q̇, q̈). Without considering actuation limits, fully actu-
ated systems always ensure a solution to the inverse dynamics problem given the
invertibility of B(q).

u = B−1(q)(M (q)q̈ + h(q, q̇)) (2.10)

In redundantly actuated cases the over-determined nature of B(q) requires a suitable
pseudo-inverse to compute a solution, one of many options is the Moore-Penrose
pseudo-inverse B+ = (BTB)−1BT , which achieves the least-squares solutions which
can be desirable if control effort is to be conserved. Systems with this class of
actuation have sufficient large spaces of feasible motion, where the motions of the
system can be designed without too much attention to the dynamics of the system.
Systems such as robotic manipulators are of this class and as seen, these systems can
perform arbitrary motion within their workspace given their actuation capabilities.

Solving the inverse dynamics problem for underactuated systems is not as trivial in
the fully or redundantly actuated case. Due to rank-deficiency of B(q), solutions
can not be solved as in (2.10). In most systems, the selection of an appropriate
coordinate system will allow the resulting dynamics (2.7) to be arranged in the
following form (e.g. by considering body coordinates and the net wrench acting at
each degree of freedom)

M(q)q̈ + h(q, q̇) =

[
0

τ

]
(2.11)

which creates a clear separation of the (n−m) unactuated components m actuated
components with generalised inputs τ ∈ Rm. Partitioning the inertial matrix and
bias vector to accommodate reveals the following structure[

M11 M12

M21 M22

][
q̈u

q̈a

]
+

[
h1

h2

]
=

[
0

τ

]
(2.12)

Investigating the top rows of (2.12),

q̈u = −M−1
11 (h1 +M12q̈a) (2.13)

with this constraint in place, by substitution of (2.13) into the bottom block rows
of (2.12),

τ = (M22 −M21M
−1
11 M12)q̈a − h2 +M21M

−1
11 h1 (2.14)

yielding constraint-consistent accelerations q̈u, q̈a and generalised inputs τ which
achieves these. This method is known as collocated linearisation however there is a
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non-collocated variant that solves for q̈a first and then computes q̈u [9].

Despite the challenges of underactuated systems, this class of dynamics remain a
relevant and interesting area of research, particularly in legged and flying robotics
given their floating bases can contribute up to six degrees of underactuation when
performing aerial motion. Where aerial motions are not considered, the underac-
tuated degrees are often resolved by external forces, typically by external wrenches
created by contact with the environment [46]. Some systems may not have access
to external forces but are still able to perform a wide range of motions such as the
classical cartpole and acrobot systems from control theory. These systems along
with others will be studied in Chapter 3 and the following chapters.

Constrained Systems

Systems subject to holonomic constraints hc : Rn → Rmh such that hc(q) = 0

are considered regularly for articulated systems, representing aspects such as end-
effector positions and joint relationships (e.g. for virtual constraints [41]). Adding
such constraints into (2.8) creates the following equations and introduces several
new quantities

M (q)q̈ +C(q, q̇)q̇ +G(q) = B(q)u+ JT (q)λ

hc(q) = 0
(2.15)

here J(q) = ∂hc(q)
∂q
∈ Rmh×n is the Jacobian of the constraints and λ are the multi-

pliers associated with the virtual forces which ensures hc(q) = 0.

The most common holonomic constraints within legged systems are those of contact
constraints (or loop-closure constraints [45]), imposing the conditions that a point
on a system must remain in contact with a surface. In these cases, hc(q) describes
the position of the point in the inertial frame. Contact then ensures that the velocity
and acceleration of the point in the inertial frame remain zero, indicating no motion
of the point occurs during contact (Figure 2.2). Mathematically these conditions
are

d

dt
hc(q) = J(q)q̇ = 0

d2

dt2
hc(q) = J(q)q̈ + J̇(q)q̇ = 0

(2.16)

having an affine expression for the constraint satisfaction in q̈ allows for these con-
straints to be embedded within (2.15) (Appendix B). which allows for the compu-
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tation of λ and consequently control inputs [39, 47] to achieve a desired task such
as in operational space control frameworks [48, 49, 50, 51].

Figure 2.2: Robot system with three points of contact and their corresponding
reaction forces. End-effector positions in the inertial frame (xi) must remain sta-
tionary under contact.

The constraint forces λ from this formulation are conveniently the reaction forces
the surface imposes on the system. Unlike other holonomic constraints, contact
presents further constraints to λ given contact forces are unilateral and thus the
normal reaction λz can only act in the direction of the surface normal such that
λz ≥ 0 if friction is not considered. These conditions present a contact model such
that contacts made will remain in contact regardless of the motion generated by the
system. This is however not the case when accounting for frictional effects, such as
slippage which can occur if tangential forces are too large. Due to this, frictional
models are often implemented to ensure the resulting contact forces reside within
the friction cone F , a popular model is the Coulomb friction model.

F = {λ ∈ R3 |
√
λ2x + λ2y ≤ µλz} (2.17)

Whilst these constraints can be challenging to satisfy given they are conic in nature,
polygonal relaxations can be performed to approximate F as an n-sided polyhedral
pyramid Fn [52] which yields simpler constraints the expense of a more conservative
frictional model [51] as shown in Figure 2.3.

Motion planning for systems under fixed-contact conditions will result in accounting
for static contact forces as above, determining the appropriate wrenches acting on
the system to continue motion. Where systems make and break contact, such as in
manipulation tasks and walking systems, impulsive dynamics must be considered.
The impulsive effects of contact introduce discrete dynamics into the system, altering

15



CHAPTER 2. BACKGROUND

Figure 2.3: Friction cone F with two polyhedral pyramid approximations with
varying accuracies.

the velocities and accelerations of the system upon contact. From our previous
discussion, a system that experiences a contact event will experience a change in
velocity given by

q̇+ = δq̇− (2.18)

where q̇+ is the post-impact velocity and q̇− is the velocity of the system right
before impact. In most robotics applications, plastic events are considered [53, 54]
such that when contact is made the end-effector remains fixed to the surface without
lifting off. This assumption results in a linear mapping ∆q̇ for the change in velocity,
given by (Appendix B)

q̇+ = ∆q̇q̇
− (2.19)

Systems that experience different dynamics throughout their trajectory are referred
to as hybrid systems and a large body of research surrounds the ideas of hybrid
dynamics. Due to the constant changes in contact state throughout locomotion,
walking systems are a primary class of systems that present hybrid dynamics and
were the motivation behind developing hybrid-zero-dynamics [41] theory surround-
ing the developments of stable periodic gaits subject to impact events [40].

Rigid Body Dynamics Algorithms

For systems where q is at most three dimensions, deriving the dynamics for the sys-
tem can be trivial by adhering to the procedure discussed in Section 2.1.2. Where
the dimension becomes higher than this, deriving these expressions manually be-
comes rapidly intractable due to the sheer amount of terms that emerge from their
kinematic and dynamic relations [55]. Moving forward with systems such as ma-
nipulators and legged systems which possess considerable degrees of freedom is it
necessary to call upon computational methods to generate these expressions.
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Figure 2.4: Kinematic tree of a bipedal system with floating base (the inertial
frame is considered a virtual body with its connection representing the floating base
coordinates).

Approximating these systems as rigid body networks provides the benefit that all
bodies interact under the same physical laws. These bodies are assembled under a
tree-like structure known as a kinematic tree which is an effective means of repre-
senting systems with several linkages and appendages [56] (Figure 2.4).

By using the Newton-Euler method [57] to compute the dynamics of each body in
a kinematic tree, a level of serialisation can be performed due to the nature of force
transmission across adjacent bodies. Under this realisation, a recursive algorithm
was first shown in [58] which performed a forward traversal of the kinematic tree to
compute the body velocities and accelerations and then a backward pass to compute
the resulting forces on the system. This method was later refined and popularised
by Featherstone [45, 36] in developing a series of rigid-body dynamics algorithms
which made use of the tree structure of rigid body systems and spatial algebra (i.e.
using screw theory to describe motions [59, 36]), greatly reducing the computational
complexity of these algorithms. These algorithms are capable of efficiently comput-
ing every term within (2.15) and are largely the reason they have become standard
within the robotics community for computing these quantities [60, 61, 62]

There are several algorithms of Featherstone’s that are of significant use towards
rigid-body systems. The Composite Rigid Body Algorithm (CRBA) computes the
inertial matrix M (q) such that

crba(q) = M(q) (2.20)

The Recursive Newton-Euler Algorithm (RNEA) computes the left-hand side of
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(2.7) and is often referred to as an inverse-dynamics algorithm given it computes
the required generalised forces τ needed to match the dynamic quantities

rnea(q, q̇, q̈,λ) = τ = M (q)q̈ +C(q, q̇)q̇ +G(q)− λTJ(q) (2.21)

Lastly the Articulated Body Algorithm (ABA) acts in the opposite manner and
computes the generalised accelerations q̈ given q, q̇ and τ

aba(q, q̇, τ ,λ) = q̈ = M−1(q)(τ + λTJ(q)−C(q, q̇)−G(q)) (2.22)

applied which makes it attractive for forward integration in simulation environments.
Whilst ABA is used as a means of computing q̈, as can be seen in (2.22) q̈ can also
be constructed by generating each term individually. In order to get the Coriolis and
potential terms separately we exploit the RNEA algorithm by appropriate choice of
inputs through

G(q) = rnea(q,0,0,0)

C(q, q̇)q̇ = rnea(q, q̇,0,0)−G(q)
(2.23)

as well as computing J(q) through use of forward kinematics [45].

Several implementations of these algorithms are presented within toolboxes widely
used across robotics, including the Rigid Body Dynamics Library (RBDL) [61] and
Pinocchio [62]. Simulation environments such as Mujoco [60] and more recently
Dojo [63] provide very efficient versions of these algorithms which allow for fast
and accurate simulations of robotic platforms which have become very attractive
for reinforcement learning tasks which require large numbers of simulations to be
performed [29].

In real-time or simulation contexts is there the requirement to consistently call these
algorithms at high-speed rates. Whilst it has been shown that the execution of
these algorithms scales well with the number of bodies in the system [64, 36], for the
majority of applications a computational overhead still persists. The growing popu-
larity and accessibility of automatic differentiation and code generation capabilities
have been an appropriate platform to express dynamic algorithm outputs and their
derivatives as single expressions that can be evaluated over a hundred times faster
than their algorithmic equivalents [65].

Whilst the derivatives of these algorithms are able to be computed in a closed
form [66, 67, 68], most modern robotics tool-kits adopt the code-generation ap-
proach to avoid the complexity of implementation and arguably provide greater
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freedom given the capabilities of modern automatic differentiation methods. Tool-
kits such as FROST* [69], RBDL and RigidBodyDynamics.jl [70] utilise automatic
differentiation for their derivative data whereas Pinocchio offers both. Even though
it has been shown that both methods are near equivalent in performance [65], au-
tomatic differentiation provides a significant layer of abstraction when extracting
differential data. This is particularly evident with the recent achievements in differ-
entiable solvers such as Dojo [63] which present the ability to extract gradients of
the entire simulation for the learning approaches as well as for tuning purposes in
control frameworks such as model predictive control [71].

2.2 Trajectory Representation Under Path Param-

eterisation

We introduce the idea of decomposing a trajectory into its spatial and temporal
components. These decompositions are a natural means of representing a number of
kinodynamic systems due to most constraints falling into either configuration-based
(e.g. end-effector positions, contact events, joint limits) and time-based (e.g. bounds
for q̇ and q̈, actuation limits, energy-related measures). Pioneered by Bobrow et
al. in 1985 [5] for the purpose of time-optimal execution of robotic manipulators,
this technique addresses the motion planning problem from a geometric perspective
whereby the execution of a system is designed to follow along a prescribed path.

2.2.1 Path Parameterisation of a Trajectory

We first describe the process of extracting the spatial and temporal components of
a trajectory q(t) by making the following definition

Definition 2.2.1 (Path Parameterisation of a Trajectory). A trajectory q(t) :

[0, T ]→ Rn can be decomposed into a spatial component P(s) : [s0, sf ]→ Rn and a
corresponding temporal component s(t) : [0, T ] → [s0, sf ] such that the composition
of these returns the original trajectory i.e. q(t) = P(s(t)) as shown in Figure 2.5.

The spatial components P(s) are referred to as geometric paths (or simply paths)
provided they indicate the geometric behaviour of the trajectory. They do not how-
ever consider when in time each point in P(s) is visited, resting upon the behaviour
of the path parameter s(t) to determine this.
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Figure 2.5: Geometric path P(s) (black) and path parameter profile s(t) (red),
determining q(t) for each instant in time (red dot).

Under Definition 2.2.1, the converse can also be applied such that trajectories can be
formed by the composition of a geometric path and a time parameterisation. Due
to this the design of geometric paths and their corresponding parameterisations
are a point of interest for trajectory generation. Most notably is this used for
developing trajectories of systems following pre-determined paths P(s) by designing
appropriate parameterisations s(t). The most popular class of trajectory design is
time-optimal methods where s(t) is designed to maximise |s̈(t)| at each instance to
achieve the shortest execution times [5, 72, 73] (discussed in Section 2.2.5).

Constructing s(t) for the execution of a geometric path requires few conditions to
be valid. We first make an assumption on the provided geometric paths given for
these problems

Assumption 2.2.1 (Conditions of P(s) for Path Parameterisation). The
geometric path P(s) : [s0, sf ] → Rn is a smooth curve that at least C1-continuous
over the domain s ∈ [s0, sf ]

Hence with a provided path P(s) meeting the criteria of Assumption 2.2.1, the
definition of a valid parameterisation is as follows

Definition 2.2.2 (Valid Path Parameterisations). Given a geometric path sat-
isfying Assumption 2.2.1, a trajectory q(t) is attained if s(t) : [0, T ] → [s0, sf ]

satisfies the following two conditions:

• s(t) is continuous over the domain [0, T ]

• s(t) is non-decreasing over this duration (i.e. ṡ ≥ 0 ∀t ∈ [0, T ])

The first condition ensures that trajectory q(t) = P(s(t)) is continuous in t provided
both P(s) and s(t) are continuous. The second condition imposes that movement
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along the path is uni-directional, such that points along the path can not be visited
more than once. Whilst we have provided an arbitrary domain [s0, sf ] for s, most
applications use the domain s ∈ [0, 1] [74].

Performing this decomposition to trajectories offers many attractive features towards
planning purposes. At a high level, the problem can be handled from two separate
perspectives, one a geometric sense and the other a temporal sense. Developing
plans from a geometric perspective is widely used within path planners [75] which
design collision-free paths connecting an initial point to a desired final point.

Whilst geometric path design can be a trivial task, designing paths and consequently
trajectories that are also dynamically feasible becomes much more challenging. In
light of this, we now consider the representation of a system’s kinematic and dynamic
expression under path parameterisation.

2.2.2 Kinematic and Dynamic Relations

By considering a trajectory of a system under the path parameterisation q(t) =

P(s(t)), taking the first and second derivatives of this function composition yields

q̇(t) = P ′(s)ṡ

q̈(t) = P ′′(s)ṡ2 +P ′(s)s̈
(2.24)

where the conventions for derivatives with respect to t and s are □̇ and □′ respec-
tively.

Consider the dynamics of an arbitrarily actuated rigid body system (2.7) (i.e. no
requirements for rank(B(q))). If a system is undergoing a trajectory q(t) param-
eterised as P(s(t)) then by the kinematic relationships of (2.24), the system’s dy-
namics can be expressed under this parameterisation as

M (P)(P ′′ṡ2 +P ′s̈) +C(P , ṡP ′)(ṡP ′) +G(P) = B(P)u (2.25)

As shown by Remark 2.1.1, C(q, q̇) possesses linearity in q̇ such that C(q, αq̇) =

αC(q, q̇). The system dynamics can be further simplified using this by factoring
out the scalar ṡ within C, resulting in

M(P)(P ′′ṡ2 +P ′s̈) +C(P ,P ′)(P ′ṡ2) +G(P) = B(P)u (2.26)

21



CHAPTER 2. BACKGROUND

What can be noticed is the existence of only two terms relating to the time param-
eterisation within this expression, ṡ2 and s̈. By rearranging the above terms, we
achieve an affine expression in (ṡ2, s̈, u)

(M (P)P ′)s̈+ (M (P)P ′′ +C(P ,P ′)P ′)ṡ2 +G(P) = B(P)u (2.27)

The separation of geometric and temporal quantities becomes apparent by introduc-
ing the dynamics coefficient vectors a, b, c ∈ Rn such that

a(s)s̈+ b(s)ṡ2 + c(s) = B(P)u (2.28)

where
a(s) = M(P)P ′

b(s) = M(P)P ′′ +C(P ,P ′)P ′

c(s) = G(P)

(2.29)

Computing these expressions by acquiring individually M , C and G and performing
several multiplicative procedures can be computationally expensive. Given (2.28) is
derived under the inverse dynamics of (2.7), a, b, c can all be computed using the
RNEA algorithm using the following inputs

c(s) = rnea(P ,0,0)

a(s) = rnea(P ,P ′′,0)− c(s)

b(s) = rnea(P ,P ′,P ′′)− c(s)

(2.30)

2.2.3 Relationship to Virtual Constraint Design

Whilst physical constraints were discussed in Section 2.1.2, virtual constraints can
instead be imposed such that each coordinate of the system must track C2-smooth
functions q1 = ϕ1(ψ), q2 = ϕ2(ψ), . . . , qn = ϕn(ψ), with virtual forces being applied
through an appropriately designed control law [16] to regulate this behaviour [14].
In this formulation, ψ(t) ∈ R is a phase variable for the system, driving the evolution
of the system along each ϕi simultaneously. Path parameterisation as a technique is
arguably synonymous to virtual holonomic constraint design, given system motions
are created by constraining each coordinate to follow qi(t) = P i(s(t)) phased by a
scalar variable s. It is clear that the path parameterisation method reflects the vir-
tual constraint structure identically, in its case representing the collection of n virtual
holonomic constraints ϕ as an n-dimensional path P(s) = [ϕ1(s), ϕ2(s), . . . , ϕn(s)]

T .

22



2.2. TRAJECTORY REPRESENTATION UNDER PATH
PARAMETERISATION

The phase variable ψ amongst virtual constraint design often corresponds to a phys-
ical parameter of the system, such as a particular joint whereby all motion is syn-
chronised against the evolution of that joint. From the path parameterisation per-
spective, this phase variable is defined to be the distance along the path or orbit
specified by P(s) (i.e. s(t) from Definition 2.2.1) and thus does not have as strong
a physical significance.

Underactuated Systems

Where systems are fully actuated, the behaviour of ψ(t) can often be arbitrarily cho-
sen with the assumption that feedback control can regulate the motion of a system
along the motion profiles ϕ within its actuation bounds, provided the designed ϕ

are dynamically feasible. If the system is underactuated, the design of ψ(t) may not
be freely chosen and instead will be determined by the virtual constraints and the
dynamics of the system. If a system has a single degree that is not actuated, such
that rank(B(q)) = n − 1 in (2.7), then rather than satisfying a series of equations
as in (2.29) the phase variable is constrained to the scalar second-order differential
equation

αvc(s)s̈+ βvc(s)ṡ
2 + γvc(s) = 0 (2.31)

now with
αvc(s) = B⊥(ϕ)M (ϕ)ϕ′

βvc(s) = B⊥(ϕ)(M(ϕ)ϕ′′ +C(ϕ,ϕ′)ϕ′)

γvc(s) = B⊥(ϕ)G(ϕ)

(2.32)

where B⊥(q) is an annihilator vector such that B⊥(q)B(q) = 0

Equation (2.31) highlights that it is impossible to alter the velocity of the system
without changing the virtual constraints, given s(t) is determined directly by evalu-
ation of the differential equation. This class of system has been extensively studied
under this parameterisation, particularly for developing feedback controllers to reg-
ulate these systems in following periodic cycles [14]. It has been shown that for
a given set of constraints, the dynamics define a family of profiles determined by
(2.31). If a feasible solution exists, then the dynamics remain zero throughout the
cycle and thus produce a solution for the dynamics. This quality led to the study of
these systems and their zero-dynamics [16] under virtual constraints q(t) = P(s(t))

could be exploited to ensure orbital stabilisation was maintained. Several systems
have been studied under this decomposition, with motion plans and their defined
phase cycles created for local cartpole control [76].
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Path parameterisation and virtual constraint theory are strongly linked under this
class of underactuated systems. Virtual constraint design typically considers the
development of feedback control for the regulation of given profiles, with systems
such as planar walkers and vehicles having smooth motion profiles [17, 15]. Designing
trajectories for more challenging systems such as acrobots and cartpoles requires
closer attention given their stronger dynamic coupling, with virtual constraint design
for these systems limited. Local controllers have however been considered to regulate
these systems around periodic orbits [77].

2.2.4 Underactuated Systems and Decoupling Vector Spaces

Designing feasible geometric paths for underactuated systems was investigated by
Bullo and Lynch [18] in the early 2000s, where they derived criteria that a path
must possess to be dynamically feasible for a given system. For an n-dimensional
system with τ ∈ Rm (m ≤ n), the system dynamics considered were

M(q)q̈ +C(q, q̇)q̇ +G(q) =

[
τ

0

]
(2.33)

where n−m equality constraints are obtained similarly to the previous section due
to underactuation, which can be parameterised through q(t) = P(s(t)) to achieve
the familiar path-parameterised dynamics

a(s)s̈+ b(s)ṡ2 + c(s) = 0 (2.34)

If the system (2.34) is satisfied for a trajectory P(s(t)) for all time scalings s(t)
(i.e. all ṡ(t) and s̈(t)), the paths were defined as kinematic motions. If a path P(s)

is defined as a kinematic motion, then the vector field V := P ′ = ∂P
∂s

is called a
decoupling vector field.

Under this notion, a field V that ensures the curve q(t) with

q̇(t) = s(t)V (s) (2.35)

satisfies the n−m equations of (2.34) for any time scaling s(t) is a decoupling vector
field.

With these definitions, a system is considered locally kinematic controllable if there
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exists p decoupling vector fields Vi such that the kinematic system

q̇ =

p∑
i

wiVi(q) (2.36)

is locally controllable, where wi is the i-th basis vector in Rp (e.g. w1 = (1, 0, . . . , 0)).
If a system is found to be kinematically controllable, there exists a path between
two configurations in the same open connected component of free space, allowing
feasible trajectories P(s) to be generated by any generic path planning technique.

The focus of Bullo and Lynch’s work was to generate kinodynamic motions for all pa-
rameterisations s(t) in (2.34). For any generalised coefficient vectors a(s), b(s), c(s),
to be a kinematic motion they stated that c(s) = 0. Due to this, they considered
systems with no potential terms, such as planar manipulators and systems in the
absence of gravitational effects. This differs from our proposed approach, as within
this thesis we consider systems with a single underactuated degree as in Section 2.2.3
where potential terms can be considered. In these cases, we look for motions that
produce a time parameterisation s(t) that satisfy the dynamics of the system (2.33)
rather than looking for motions that allow all possible s(t) to be feasible. For inter-
ested readers, the following section is dedicated to providing context to the latter
approach, however, it is not essential for the work performed within this thesis.

Under these assumptions, the systems for consideration were of the form

q̈ +M−1(q)q̇ = Y1(q)u1 + . . .+ Ym(q)um (2.37)

with Yi(q) = M−1(q)Bi(q) being the m input vector fields and Bi(q) ∈ Rn, i =

1, 2, . . .m are the m input co-vector fields.

The co-distribution generated by the input co-vector fields span{B1, . . . , Bm} has
an annihilator which is an n−m dimensional distribution, defined as the constraint
distribution, generated by some vector fields {X1, . . . , Xn−m} such that

BT
i (q)Xj(q) = 0, 1 ≤ i ≤ n, 1 ≤ j ≤ n−m (2.38)

Through this, they showed that for systems of the form (2.33), a field V is a decou-
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pling vector field if and only if

V TM(q)Xi = 0 (2.39)

∇V V
TM(q)Xi = 0 (2.40)

with ∇ being the Levi-Civita connection for the mechanical system [78].

It can be noted that V TM(q)Xi = a(s) and ∇V V
TM(q)Xi = b(s) in (2.34) and

the terms of (2.39) are equivalent to those of (2.32) if m = n− 1. As described by
Bullo and Lynch, the requirements of (2.39) loosely indicate that motion along V

is feasible at a constant speed and the system can speed up and slow down along
the motion of V .

With this achieved, it is evident that to generate kinematic motions for a system,
decoupling vector fields V must be found to generate them. For trivial systems, these
fields can often be computed trivially, with several examples shown in [18], including
planar manipulators and a planar body with pure force and torque input. Finding
decoupling vector fields, in general, was shown to result in finding m functions wi

that constructed the decoupling vector field

V =
m∑
i

wiYi (2.41)

where the wi satisfy (2.39), which was shown to result in requiring a solution to the
system

m∑
a=1

m∑
b=1

wawbX
T
c M (q)∇YaYb = 0 (2.42)

for all annihilator vector fields c = 1, . . . , n −m. This system is nonlinear in the
functions wi and currently, no general solution methodologies are available.

Throughout this work, it was made clear that to generate feasible motions for under-
actuated systems, determining the decoupling vector fields for the system is essential
to constructing these paths. As a result, such motions could be generated by fol-
lowing along different decoupling fields, as shown with tree-search methods [79] and
switching between decoupling fields at points of rest [80]. Whilst a strong theory
was developed for the motion planning of underactuated systems under path pa-
rameterisation, the practical implementations are quite restrictive given the range
of systems and motion generation capabilities given the need to move incrementally
over the decoupling fields.
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2.2.5 Time Optimal Path Parameterisation

Generating trajectories that followed a pre-defined path as fast as possible was a
large focus of the path parameterisation technique [5, 81], with applications tar-
geting industrial manipulators for maximum production output. The motivation of
achieving the fastest traversal times in s(t) led to the advent of the Time Optimal
Path Parameterisation (TOPP) problem in robotics

Definition 2.2.3 (Time Optimal Path Parameterisation Problem). Given
a fixed geometric path P(s) : [s0, sf ]→ Rn, compute a monotonic parameterisation
s(t) : [0, T ] → [s0, sf ] such that (2.28) is respected and T is minimised. Bounds
q̇L ≤ q̇ ≤ q̇U , q̈L ≤ q̈ ≤ q̈U and uL ≤ u ≤ uU may also be considered.

The following theory is presented well within the literature, in particular, Pham [74]
provides an in-depth analysis of the theory surrounding this technique which we
draw upon for this brief overview.

Time-optimal motivations in a trajectory lead to little regard for the inputs u other
than ensuring their limits are respected, as a result, they can be eliminated from
the dynamics equations, resulting in a set of inequalities

τmin ⪯ a(s)s̈+ b(s)ṡ2 + c(s) ⪯ τmax (2.43)

where the generalised inputs are now considered (i.e. τmax = (B(P)u)max, τmin =

(B(P)u)min). The constraints (2.43) can be adjusted to the general form[
−a(s)
a(s)

]
s̈+

[
−b(s)
b(s)

]
ṡ2 +

[
−c(s) + τmin

c(s)− τmax

]
⪯

[
0

0

]
⇒ ā(s)s̈+ b̄(s)ṡ2 + c̄(s) ⪯ 0

(2.44)

Given this approach was designed towards fully and redundantly actuated sys-
tems [8], (2.43) represents a closed convex set in the space of (ṡ2, s̈) for each point
s. Other acceleration-based constraints can be expressed by (2.43) as well, such
as task-space accelerations [7] and zero-moment point stability criterion as shown
by [82, 83] for motion retiming of humanoid gaits. Velocity-related constraints can
also fit under (2.44) with expressions having ā = 0.

Since s̈ and ṡ2 are scalar, care must be taken in designing s(t) such that all equations
of (2.44) are respected ∀s ∈ [s0, sf ]. Upper and lower bounds can be established for
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s̈ by considering each equation of (2.44)

ai(s)s̈+ bi(s)ṡ
2 + ci(s) ≤ 0 (2.45)

where solving for s̈ provides the following classifications [74]

• If ai(s) > 0 then s̈ ≤ −biṡ
2−ci
ai

and presents an upper bound βi(s, ṡ) = −biṡ
2−ci
ai

• If ai(s) < 0 then s̈ ≥ −biṡ
2−ci
ai

and presents a lower bound αi(s, ṡ) =
−biṡ

2−ci
ai

• If ai(s) = 0 then s̈ is non-unique and these points are regarded as zero-inertia
points [73]

with p lower bounds and q upper bounds, the path acceleration bounds α(s, ṡ) and
β(s, ṡ) can then be defined as

α(s, ṡ) = max
p
αi(s, ṡ), β(s, ṡ) = min

q
βi(s, ṡ) (2.46)

such that for a point (s, ṡ), constraints (2.44) are satisfied if

α(s, ṡ) ≤ s̈(s) ≤ β(s, ṡ) (2.47)

In the case that α(s, ṡ) > β(s, ṡ) no valid path acceleration exists for the point (s, ṡ).
The point (s, ṡ) where α(s, ṡ) = β(s, ṡ) defines the maximum velocity for s defines
the upper limit for ṡ. The collection of these points over s ∈ [s0, sf ] describes the
Maximum Velocity Curve (MVC) [5] and is defined as

MVC(s) =

min{ṡ > 0 | α(s, ṡ) = β(s, ṡ)} if α(s, 0) ≤ β(s, 0)

0 if α(s, 0) > β(s, 0)
(2.48)

hence, 0 ≤ ṡ(s) ≤MVC(s) ∀s ∈ [s0, sf ].

The profiles α(s, ṡ) and β(s, ṡ) are vector fields within the (s, ṡ) plane and thus can
be forward integrated to achieve profiles ṡ(s) with minimum and maximum path
acceleration respectively [74]. As a result, there exists a number of approaches that
handle the TOPP problem from a numerical integration perspective [5, 72, 74] and
in fact, was the first proposed method for computing time-optimal profiles.

Whilst considerations for contact were not considered in this derivation, it is trivial
to provide this addition by augmenting τ = B(q)u + λTJ(q), with these contact
terms entering the c(s) term in (2.44). As shown in [10], the convex set for (ṡ2, s̈)
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Figure 2.6: Feasible space shown as a shaded polygon in the (ṡ2, s̈)-plane for
contact-based environments (limited to three dimensions).

must now also consider the frictional constraints λ ∈ F . In the case of k contact
points in three-dimensional space, the feasible space in (ṡ2, s̈, λ) is a convex polytope
P ⊂ R2+3k and hence must instead consider the projection of P onto the (ṡ2, s̈)-plane
as the feasible region (Figure 2.6).

Bobrow [5] showed that time-optimal motions in s(t) could be achieved by adopting
a bang-bang-style control to attain maximum accelerations in q̈ at every instance
(i.e. at least one actuator in the system exerts maximum effort at every instance).
This implied that s̈ would be at either α or β for each s. By switching between these
profiles whilst ensuring ṡ(s) was contained under the MVC, time-optimal profiles
ṡ(s) could be computed for a given path P(s) with desired starting and ending path
velocities ṡ(s0) = ṡ0 and ṡ(sf ) = ṡf .

The trajectory of the system could then be recovered by computing the time parame-
terisation s(t) through the integration of ṡ(t) with t and then finding q(t) = P(s(t)).
As systems considered under this framework were fully actuated, control inputs were
then recovered through inverse-dynamics calculations of (2.28). Control profiles
could be computed to a high resolution provided the integration step size in s was
sufficiently fine (e.g. 500 - 1000 points [10]) and paths can be evaluated at any arbi-
trary point. A summary of the time-optimal routine in [5] is as follows (visualisation
in Figure 2.7)

1. Follow along β(s, ṡ0) until reaching the MVC

2. Search forward along the MVC until a α → β switch-point is reached. In-
tegrate backwards along the α profile until intersecting a computed β profile
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Figure 2.7: TOPP numerical integration procedure, with the time-optimal profile
highlighted in green.

from before, constituting a β → α switch-point.

3. Integrate forwards along β from the previous found α→ β switch point until
crossing the MVC and repeat Step 1

4. To complete the profile at a desired final velocity ṡf , integrating backwards
the α profile from ṡf and finding an intersection to a previously computed β

profile.

Integration of these profiles does not require a significantly complex scheme, with
[74] performing a first-order stepping scheme in α and β to create the profiles for
ṡ(s).

It is evident from the above routine that knowledge of the locations of the α → β

switch-points is key to creating these profiles. Whilst β → α switch points are
trivial to determine by computing intersections between α and β profiles, α → β

switch-points lie on the MVC. Several works [73, 84] have shown conditions that
these switch points satisfy in order to identify them. For a point s,

1. If the MVC is discontinuous at s, this is a discontinuous α→ β switch-point.

2. If the MVC is undifferentiable but continuous at s, this is a singular α → β

switch-point or dynamic singularity. These points were often referred to as
zero-inertia points [73] (where ai = 0) as this was a means of locating such
points. [74] however showed that not all zero inertia points constitute singular
switch-points.

30



2.3. SAMPLE-BASED KINODYNAMIC PLANNING

3. If the MVC is continuous and differentiable at s and its tangent vector at s is
collinear with the α and β profiles, this is a tangent α→ β switch-point.

Implementations of this method are efficient and in most cases compute time-
parameterisations within several milliseconds [74]. Whilst similar, more recently
has this time-optimal approach been considered through reachability analysis (de-
tails in [85]), computing reachable sets for a given velocity and then back-tracking
these sets to determine the time-optimal approach. These methods appear to be
more performant in time and currently, this is the primary algorithm used in the
standard TOPP library1.

These methods are however limited to fixed-path problems, those where the path
of a system is predetermined and the execution of the path is to be determined.
As a result, the aforementioned algorithms enjoy the convexity of these resulting
problems. These problems require that the paths provided are dynamically feasible
to the system, which for fully actuated or redundantly actuated systems can be
a trivial process given most paths are traversable given sufficient actuation. Mat-
ters can be complicated if paths are required to be designed for systems where the
dynamics play a much larger role, in these circumstances designing paths that are
dynamically feasible is much more challenging. As a result, time-parameterisation
methods for dynamically challenging systems such as underactuated systems do not
currently appear under traditional path parameterisation formulations. Creating
paths for these systems can often be as challenging as the original motion planning
problem, leading to most trajectories for these systems being addressed by other
motion planning algorithms, such as continuous optimisation methods.

2.3 Sample-Based Kinodynamic Planning

Motion planning problems can also be addressed by sample-based perspectives which
explore the available state space of a system and iteratively construct trajectories
in a stochastic manner. Local search methods such as gradient descent methods
discussed in Section 2.4 often find difficulty in generating motion plans for complex
environments given the presence of tighter constraints. Whilst earlier grid-based
methods such as Dijkstra’s algorithm [86] and A⋆ [87] were designed for dynamic-
programming purposes catered towards complex terrain, the computational expense

1https://github.com/hungpham2511/toppra, accessed August 2023
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these methods incur for high dimensional systems makes such methods intractable
for modern robotic systems.

The difficulty in creating high-dimensional plans for systems has also motivated the
use of motion-primitive methods for trajectory generation. In these methods, a set
of feasible motions is pre-computed and constructed into a library whereby motions
can be chained together to create holistic motions. Of course, the extendibility of
these methods in generating natural or complex motions rests in the creation of a
sufficiently large library of motions. In these cases, the complexity of the motions
can grow combinatorically large which can lead to slow growth and a limited range
of motions for systems. Methods in this area have shown success in creating motions
such as with Monte-Carlo search [88, 89]. These methods however are restricted to
performing a fixed set of motions, which can limit the capabilities of these systems
if dynamic movement is required.

Sample-based approaches have demonstrated low computational overhead and ap-
plicability to high dimensional problems [90] that are difficult to transcribe under
trajectory optimisation motivations such as manipulability tasks [91] and naviga-
tion within obstacle-filled environments [75]. Additionally, these methods have been
shown to be probabilistically complete, such that they are guaranteed to find a
solution (if one exists) if run for an infinite amount of time [90]. Sample-based
methods have been typically designed for two types of applications, single-query
and multiple-query [92]. Single-query problems regard the generation of a single
motion plan through a given environment, in these circumstances are these motions
to be generated as quickly as possible without the need to pre-process the envi-
ronment [93]. Multiple-query methods on the other hand relate to the generation
of potentially multiple different plans within the same environment, thus making
pre-processing and storing of data relating to the environment essential for repeated
use in the planning.

Probablistic Road Map (PRM) methods were the first to address these multiple-
query planning problems where they operated in two stages, a pre-processing and
a querying phase. The pre-processing phase involves creating numerous samples
within the available configuration space and then creating connections between
nearby samples to create a network or “road map” within the configuration space.
The querying phase then uses this developed road map to create paths that move
between configurations in the network, such as by using grid-based methods [94]
before or some other means of planning. The reliability of PRM methods allowed
them to be the preferred approach to single-query search methods as opposed to
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other existing single-query methods such as randomised potential fields that often
struggled when encountering local minima and compromised reliability [93]. When
faced with differential constraints, PRM schemes can however find it difficult to de-
sign local planners that successfully generate plans between nearby configurations
in the road map [95].

With the desire to create a reliable planning algorithm specialised in single-query
path planning, Kuffner and Lavalle pioneered the Rapidly-Exploring Random Tree
(RRT) [93]. RRTs operate in a similar fashion to the PRM however construct
their trees iteratively by sampling Xfree and attempting to connect the tree to the
point. These methods are more extensible to higher-dimensional systems under
this premise, with the extension process also naturally extendible to non-holonomic
constraints thus allowing the planning of kinodynamic systems in high dimensions.
RRTs have also been able to operate in dynamic environments [96]. Due to these
features, the RRT has become a foundational component in sampling-based meth-
ods for single-query path planning, finding applicability in many different systems
such as high-dimensional manipulators and holonomic vehicles, as well as offering
foundations to optimal tree-search methods such as RRT⋆ and its variations [90].

With the extensibility of the RRT method towards dynamic systems, the remain-
der of this section places focus on the RRT method regarding motion planning for
dynamic systems.

2.3.1 Rapidly-Exploring Random Trees

The standard RRT established by [93, 97] is outlined in Algorithm 2.1. Given the
state space of a system X ⊂ Rn and state-space obstacles Xobs ⊂ X , sample-based
approaches concern themselves with finding trajectories in the admissible state space
x(t) : [0, T ] → Xfree where Xfree = X \ Xobs. By sampling states within Xfree and
iteratively building obstacle-free connections between these points, trajectories are
assembled which meet this criteria [75].

Implementations of RandomState (Algorithm 2.1 Line 3) are fairly trivial with
x ∼ Xfree. Uniform sampling over these sets tends to work well for systems with
large regions of admissible state space however can lead to bottlenecks where regions
are considerably narrow, as the sampling of these regions can be rare. Whilst PRM
methods naturally account for these spaces by equally breaking Xfree into regions
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Algorithm 2.1 The RRT Method
Input: Initial state x0, goal state xg

Output: A trajectory x(t) connecting x0 to xg

1: T ← {x0}
2: for i = 1, 2, . . . , N do
3: xr = RandomState()
4: xi = Nearest(T ,xr)
5: xe = Extend(xi,xr)
6: if Extend successful then
7: T ← T ∪ {xe}
8: end if
9: ReachGoal(xg)

10: if ReachGoal successful then
11: x(t) = ComputeTrajectory(T )
12: return x(t)
13: end if
14: end for

for sampling [98, 99]. Adding bias towards the selection process can accelerate tree
growth.

If the tree manages to connect to the goal state through ReachGoal (Algorithm 2.1
Line 9), ComputeTrajectory (Algorithm 2.1 Line 11) constructs the trajectory
x(t) by connecting all states in the branch between x0 and xg, often by concate-
nating the edges of the tree together to create x(t). Trajectory refinement can be
performed such as by using the solutions for x(t) as an initial solution for a trajec-
tory optimisation formation of the problem. Path smoothing and clipping can also
be performed to encourage smoother behaviour in the trees, which is often lacking
with sample-based approaches.

2.3.2 Extension

The Extend routine (Algorithm 2.1 Line 5) is the most essential aspect of these
algorithms, responsible for creating new connections in a tree to a sample point. At
its core, a routine is required to connect a target state to a point in the tree. Under
the RRT algorithm, given RandomState can select any point in the configuration
space, regulating tree growth can be essential to avoid over-extending and limiting
coverage of the state space. In most implementations of the RRT method is a limit
enforced in tree extensions, such that vertices in the tree can only extend a maximum
distance Dmax (Figure 2.8). Removing this limit and offering a greedy search such
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Figure 2.8: Tree T performing an extension to a target (red) from vertex Vi under
limited distance Dmax.

that the tree connects directly to any target point can be compromising if system
dynamics are considered, otherwise offering a trade-off between reaching goals and
state space exploration.

Planners operating in the configuration space of a system can create connections
trivially, provided the resulting connections are obstacle-free. In many cases for
short steering distances can linear interpolations be sufficient for joining new points
to the tree. In obstacle-filled environments can this interpolation be hindered, par-
ticularly where narrow gaps exist. Extension methods adapted to narrow passages
have been proposed such as using optimisation programs to compute paths that
move around such obstacles [100]. Utility-guided RRTs were proposed in [101] which
selected nodes for expansion in Nearest by a measure of their capability of explor-
ing the available state space. As a result, this routine allowed trees to negotiate
narrow regions under the motivation of maximising expected progress towards an
expected path. Conversely, [102, 103] reduced the number of iterations required to
find solutions by using reachability analysis to avoid tree growth in areas that were
not reachable. This however required the computation of each node’s reachable set
which demanded several integration procedures. An informed search method was
proposed in [104] which restricted extensions within an admissible ellipsoidal re-
gion and enabled improvements upon existing solutions. This heuristic enabled the
search space to be reduced significantly which can enable the negotiation of smaller
spaces given their greater likelihood of sampling if within the region.

RRT-based planning under differential constraints places greater restrictions on
the extension process as these trajectories must satisfy the constraints throughout.
These are most critical within kinodynamic planning as these constraints reflect the
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(a) Control-based steering. (b) State-based steering.

Figure 2.9: Steering methods to a target point (red).

dynamics of the system. Creating dynamically consistent connections from a vertex
in a tree to a point xr is referred to as steering the vertex to xr. Determining trajec-
tories that connect two points whilst satisfying the constraints of the dynamics thus
becomes a two-point boundary value problem [105]. The difficulty of these prob-
lems is dependent on the dynamics of the system, with longer computation times
to arrive at a feasible solution often experienced for systems presenting underactua-
tion [75]. To ensure branches within the tree respect the underactuated dynamics of
these systems, these algorithms must have a well-designed steering routine. There
are two primary approaches to handling the steering problem, control-based and
state-based.

2.3.3 Control-Based Steering Methods

Control-based steering methods adopt a forward-dynamics approach which attempts
to find control policies that drive the system towards a target vertex (Figure 2.9a).
These approaches thus ensure the created branch is dynamically consistent however
successful tree growth can greatly depend on the policy chosen.

Early works with kinodynamic RRTs considered selecting inputs from a discrete set
of the admissible control space U ⊂ U [75, 106]. Motion primitives could then be
generated from these inputs and used to determine suitable input to reach a goal.
This method is efficient and well-known to be a simple but effective approach that
often leads to exploration of the entire state space [12], however, there are several
limitations to this approach. Firstly the performance of these methods is directly
tied to the size of the input space provided. If the set of available inputs is small,
poor exploration of the space will be inevitable. If the provided set is too large, the
steering process can take extended periods of time to compute. Secondly, primitives
may not reach the goal exactly which often requires the addition of considering a
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collection of simulation times T , considering problems of the form (2.49) to determine
the best choice of input and duration to reach the goal [107].

(t,u) = argmin
t∈T,u∈U

∥∥∥∥xr −
∫ t

0

f(x,u)dt

∥∥∥∥2

(2.49)

Despite these drawbacks, success has been shown on systems with complex dynamics
such as floating base systems, which are particularly challenging given their state
occupies the space SO(3) [75].

Whilst effective at exploration, selecting from a fixed pool of inputs in most cases
leads to unnecessary motions, which can make steering exactly to a target chal-
lenging as the system explores more of the state space. To avoid the uncertainty
of final state location, optimal control problems such as LQR [108, 109] and non-
linear programming [110] have been used to compute the control laws which steer
to a point exactly. Branches created in this manner are also optimal for a user-
defined objective. These methods are however much more expensive to compute
than the sample-based approach and can become increasingly expensive to solve as
the dimension increases.

Control-based steering naturally includes underactuation within their approaches
given they operate on a forward-dynamics principle. Longer computational times
are often incurred in comparison to fully actuated cases [75] provided most inputs
to these systems create undesirable behaviours. Optimal control methods can avoid
this issue with their exact steering capabilities and have been shown to generate
trajectories on low-dimensional models such as the acrobot [108].

2.3.4 State-Based Steering Methods

Steering to a specific state can also be performed without the need for optimal control
by using state-based steering. These methods construct the state trajectory as a path
q(t) between two points and then assess the dynamic consistency of the created path
through inverse dynamics [111] (Figure 2.9b). Under this construction, the search
space need only be in the configurational space which halves the dimension of the
problem when compared to traditional state-space search methods. This however
requires an appropriate choice of control inputs and acceleration-based parameters to
ensure the chosen paths are dynamically consistent, much like in the reduced-order
tree-search method of [112].
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Smooth path-based approaches for tree growth have been desirable for the plan-
ning of smooth motions for kinodynamic systems such as aerial vehicles and planar
systems. [95] presented a spline-based approach for generating smooth splines as
branches in the tree which were able to satisfy non-holonomic constraints by solv-
ing the two-point boundary value problem to reach a state exactly. Along with
nodal pruning mechanisms, the resulting trees highlighted the spline-based repre-
sentation in describing motion with fewer vertices in the tree. Smooth paths for
tree growth were also shown to be useful in describing motion primitives for walking
systems. [113] presented a connection routine that performed a linear transforma-
tion on nominal path primitives in order to connect points within the admissible
configuration space.

This path-driven approach has enabled path parameterisation to be used for the dy-
namic evaluation of these created paths. Pham et al. [12] presented a random tree
search algorithm AVP-RRT which displayed success in finding feasible trajectories
for a double pendulum system with severe torque limitations. Tolerance to infea-
sible paths was demonstrated by this formulation, which discarded branches that
were infeasible based on their resulting TOPP problems using admissible velocity
propagation (AVP). AVP performs the same profile generation as in Section 2.2.5,
however computes the interval of admissible velocity profiles for a given path. As
a result, this tree search method enables a family of trajectories to be generated
with each extension, until the goal is reached and then the time-optimal trajectory
is extracted.

2.3.5 Distance Metrics

To explore the state space effectively, choosing appropriate candidates within the
tree to extend and steer from is essential. Nearest (Algorithm 2.1 Line 4) selects
a vertex x ∈ T which is closest to the point xr by some measure of distance. An
appropriate distance metric is thus required to base this selection on, however even
for low dimensional systems can the design of a suitable metric be non-trivial. For
geometric path planners, Euclidean-based metrics are often suitable as the dynamics
of the system do not need to be accounted for and thus configuration-space distance
translates well as a metric [12]. These metrics promote Voronoi bias in the RRT
method such that areas in the state space that have not been explored as much are
more likely to be extended into [75].
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Where kinodynamic planning is incorporated into these methods, it has been shown
for nonlinear systems that Euclidean-based metrics often lead to poor performance [114,
102]. For methods that use an optimal control policy for steering, metrics based on
their associated cost-to-go [108, 115] are fairly representative of a node’s reacha-
bility, providing more informed selection criteria in node selection for an exten-
sion. Euclidean-based distance metrics have however been demonstrated within the
state-based steering approach [12] given the search space in this context is purely
configurational.

Within configuration space, the distance between vertices is typically defined by the
Euclidean distance which allows for Nearest to find the closest points geometrically
as extension candidates. The notion of distance for kinodynamic trees is much more
sensitive where in many cases Euclidean-based metrics may not reflect the dynamic
nature of a system and lead to poor performance [114, 102].

2.3.6 Reaching Goals

The routine ReachGoal at Line 9 of Algorithm 2.1 determines whether the tree is
capable of extending to the final goal xg and if so, signals termination of the program.
Determining if the tree has reached the goal typically requires an evaluation of
whether a vertex is sufficiently close to the goal state. In many cases, a goal region
can be specified to relax the terminal conditions, with the premise that a local
controller can compensate for the discrepancy [116].

It can be desirable to bias the tree towards the goal by performing an additional Ex-

tend procedure towards the goal state xg. Unlike the original Extend procedure
of Line 5 in Algorithm 2.1, this bias routine is typically performed less frequently,
with the frequency of this biasing dictating the exploration of the search routine
within the space [117]. Higher biasing frequencies, whilst encouraging growth to-
wards the goal and the possibility of terminating in fewer iterations, can lead to
less exploration of the search space. This may hinder the tree’s ability to discover a
greater set of motions that may achieve a goal and instead provide a narrow view of
the true motion space for the system. Conversely, lower bias frequencies can allow
a more uniformly distributed exploration of the search space, however as would be
expected, the movement towards the goal will be much slower given a lower empha-
sis is made on biasing the tree towards the goal region. Due to these differences, it
is necessary to find an appropriate balance in biasing the tree to ensure a sufficient
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level of exploration is performed of the search space whilst reaching a desired goal
simultaneously [12].

If a specific state must be reached, growing two separate trees simultaneously, with
one rooted at the initial state and the other at the goal state, can ensure that the
goal is exactly reached provided the trees intersect. This was demonstrated with the
configurational planner RRT-CONNECT [93] and later extended to kinodynamic
systems [75]. Whilst there exists the concern of discontinuous behaviour at the
junction where the trees connect, methods exist to smooth this junction such as
including a steering routine between trees or path smoothing [118]. Bidirectional tree
searches are used commonly in high-dimensional environments, where the coverage
of the state space can be performed much faster given two trees are grown from
different points [119].

2.3.7 Optimality

The stochastic nature of tree-search methods largely classes them as sub-optimal
planners, shown by [120] that the RRT method almost certainly returns suboptimal
solutions to the motion planning problem. Solutions from these methods can be
post-processed through continuous optimisation frameworks, however, this requires
the overhead of including a separate problem. Optimal tree-search methods were
first introduced by Karaman and Frazzoli [120] with the RRT⋆ algorithm which
demonstrated a probabilistically complete algorithm which returned optimal solu-
tions for configuration space planning problems. The method followed the original
RRT method closely, with an additional routine after the extension phase, which
considers rewiring the tree to the new point such that connections which can attain
a lower cost than a vertice’s original connection is replaced. This was later extended
to kinodynamic systems [121] where much like the original RRT method, has been
foundational in developing further algorithms with optimal methods such as LQR-
RRT [108], with an extensive overview of many others in the survey of Noreen et
al. [90]. The rewiring process is fundamental to the refinement of tree-search meth-
ods from an initial solution, with many methods encouraging smoother trajectory
outputs amenable for real-world trajectory tracking [116, 104].
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2.4 Trajectory Optimisation

With the knowledge to compute the kinematic and dynamic quantities of a system
from Section 2.1.2, we now turn to the transcription of the motion planning prob-
lem of Definition 2.1.1 into a mathematical program that can be numerically solved.
Where the space of feasible motions for a system can be infinite, the inclusion of
an objective enables users to find trajectories that are “best” based on the objec-
tive and results in a trajectory optimisation problem. The majority of programs
constructed in this manner are solved by numerical optimisation, a core component
within modern robotics for sensing, planning and acting [122, 123] Given these tra-
jectories must satisfy kinematic and dynamic constraints throughout, problems of
this kind result in constrained optimisation problems. As noted within the previ-
ous sections, these constraints are generally nonlinear and therefore often call upon
nonlinear optimisation techniques to solve.

In general, the motion planning problem of Definition 2.1.1 can be written as a
continuous mathematical program using the state x = (q, q̇)

min
x,u

J(x,u)

s.t. ẋ = f(x,u)

x(0) = x0, x(T ) = xf

x ∈ X , u ∈ U

(2.50)

with X and U defining the admissible state and control spaces respectively, objec-
tive J(x,u) and kinodynamic constraints ẋ = f(x,u) such as in (2.9), accepting
any degree of actuation (i.e. fully-actuated, redundantly-actuated or underactuated
systems). In most applications are the constraints x ∈ X , u ∈ U inequality con-
straints of the form xmin ≤ x ≤ xmax, umin ≤ u ≤ umax. As a continuous problem,
(2.50) does not normally present closed-form solutions, with the exception of low
dimensional trivial systems (obtained through the necessary and sufficient condi-
tions of optimality [124]). Under this motivation problems of this form are solved
numerically where there are two classes of methods, indirect and direct.

Indirect methods solve these problems by constructing the necessary and sufficient
conditions for optimality, discretising these conditions and then solving the resulting
problem. These methods are considered more accurate than direct methods given
they are constructed from the conditions for optimality [125, 126]. These meth-
ods are however hindered in practice with strict regions of convergence which can
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make initialisation for these problems much harder than direct methods, as well as
increasing in complexity where inequality constraints are included [127].

Direct methods apply the converse strategy, by discretising the problem directly and
then imposing the conditions for optimality of this discrete problem. As opposed to
indirect methods, analytically constructing the optimality conditions is not required
and initialisations are less complex as a result given adjoint variables do not have
to be initialised [128]. Whilst both methods present their advantages and disad-
vantages, most current numerical solvers utilise direct methods due to their simpler
construction and implementation. Hybrid approaches have however been proposed
which incorporate the benefits of both strategies [129].

2.4.1 Problem Discretisation

The continuous problem (2.50) presents an infinite-dimensional problem, which is
intractable to solve unless there exists a closed-form solution. Due to this, problems
are discretised such that states and inputs of the system are described by a finite set
of variables (e.g. x = {x0, x1, . . . ,xN}). The accuracy of these discretised problems
to the original continuous problem depends largely on the resolution chosen for
discretisation, with higher resolutions generally providing more accurate solutions
at the expense of larger problem sizes. It is essential that the constraints of the
problem are translated to the discrete domain. There are two primary strategies
used to ensure this, shooting methods and collocation methods (with either direct
or indirect construction).

Shooting Methods

Given a set of boundary constraints and initial conditions such as the initial state
of the system x0 and control input u0, shooting methods numerically integrate the
system dynamics ẋ = f(x,u) from these points to generate a trajectory. Based
on the resulting trajectory, parameters are adjusted in order to move the trajectory
towards satisfying the boundary constraints such as a desired final state. Under
this construction, it is clear that shooting methods provide dynamically accurate
solutions given they are created by integrating along the dynamic constraint vector
fields. Furthermore, solutions can be produced with very fine resolution without
increasing the problem size [130].
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Figure 2.10: Multiple shooting approach for a trajectory (red) between x0 and xf

with three shootings. Errors between shootings are indicated by ϵi.

These methods however are very sensitive to changes in their inputs, which can cause
difficulties in problems of high dimension and relatively strict boundary conditions.
To combat this vulnerability to sensitivity, the problem can be broken into a series
of smaller shooting problems where smaller integration horizons are considered for
better numerical stability [131] as shown in Figure 2.10. This multiple-shooting
approach however imposes more constraints on the problem to ensure connectivity
along these trajectories [132].

For each shooting segment, the control input ui for the segment is arguably the
most significant parameter that can be adjusted to alter the trajectory of each seg-
ment [133, 132]. As a result, the choice of representation for ui within a segment
has a large influence on the success of the problem. In many cases, ui is repre-
sented as piecewise polynomials, with higher degrees allowing greater flexibility in
control over a segment at the expense of more variables and larger program sizes. In
many cases, despite the simplicity, zero-order holds for ui are commonly used across
segments [134] with the necessity to include higher counts of shooting segments to
provide higher resolution profiles. For greater control of a segment and the possi-
bility of having fewer shooting segments, higher order representations for ui(t) can
be used such as piecewise linear functions and other polynomial bases [135]. Even
with this freedom of choice, most modern implementations of direct shooting meth-
ods use piecewise constant representations for ui(t) and despite this simplicity, have
demonstrated success in generating trajectories for systems presenting reasonably
simple dynamics and have seen applications in the design of trajectories for air-
craft and satellites [136] as well as more recently articulated robotics under contact
sequences [137, 138].
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Figure 2.11: Direct collocation representation for x with dynamics ẋ = f(x,u)
(black), collocation points and interpolating splines (coloured).

Collocation Methods

Whilst shooting methods parameterise their variables by a set of initial states xi and
then construct x(t) by forward simulation, collocation methods instead represent
x(t) as a series of finite points with constraints imposed to enforce the dynamics
of the system. In particular is it common to discretise these systems into N points
in time t = {t0, t1, . . . , tN−1} so that the state and control of the system can be
described by a finite sequence of collocation points

x = {x0, x1, . . . ,xN−1}, u = {u0, u1, . . . ,uN−1} (2.51)

where over each interval [ti, ti+1] the state and control are approximated by an
interpolant (e.g. ℓ(t,xi,xi+1) : [ti, ti+1]×Rn ×Rn → Rn for the state) as portrayed
in Figure 2.11. Imposing the dynamics of the system under a collocation strategy
differs from shooting methods in that they are represented explicitly as constraints
to be satisfied using the collocation points xi, ui.

The resulting accuracy depends largely on the choice of interpolant ℓ(·) approximat-
ing the behaviour of x and u between collocation points. This as well as the level
of discretisation in T are both problem-dependent and can greatly affect problem
size and complexity [139]. As a result, collocation techniques possess much larger
parameter spaces for optimisation compared to shooting strategies. This is often
outweighed by their ability to apply to generic constraints with relative ease [132]
and the structure of their constraints for sparse optimisation purposes [140].
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2.4.2 Imposing Dynamic Constraints

Continuing forward, considerations for direct collocation strategies will be considered
given their wider application within robotic trajectory optimisation [141, 142, 143,
53]. By numerically integrating the dynamics f from (2.9) of a system over a segment
between points [ti, ti+1], a relationship between adjacent collocation points can be
written as

xi+1 = xi +

∫ ti+1

ti

f(x(t),u(t))dt (2.52)

if x(t) and u(t) are known exactly then this would yield the true trajectory of the
system. For most nonlinear systems we can only approximate the state and control
behaviour through polynomial interpolation over these intervals. With the com-
mon occurrence of nonlinear dynamics f , the integrand of (2.52) rarely possesses
a closed-form solution, requiring quadrature techniques to offer approximations of
these expressions. The style of quadrature is strongly coupled to the choice of spline
interpolation for the state and control [133],. Simpler interpolation schemes result
in trivial but less accurate quadrature evaluations and conversely, higher-order in-
terpolations offer higher accuracy quadrature at the expense of greater program size
and complexity. Two popular collocation schemes are the trapezoidal and Hermite-
Simpson approaches which both approximate the state and control profiles as low-
order polynomials.

Under the trapezoidal scheme, the integrand in (2.52) can be evaluated under trape-
zoidal quadrature to provide the following sequence of collocation constraints

xi+1 = xi +
∆ti
2

(fi + fi+1) (2.53)

where fi := f(xi,ui) and ∆ti denotes the segment duration ∆ti = ti+1 − ti. State
and control behaviour under this scheme are represented as piecewise quadratic and
linear functions respectively between collocation points ti and ti+1.

Trapezoidal collocation is a widely used scheme for trajectory optimisation [144,
145] however in these instances it is often required to sample reasonably dense to
provide accurate approximations at the expense of higher computational power.
The structure of these constraints can however be amenable to sparse optimisation
solvers which can provide efficient handling of these problems [132].

A more natural approximation to smooth motions is polynomial splines of third-
order. Cubic splines have the ability to create smooth C2-continuous paths and
with a sufficient number of segments, can represent very complex motions. Cubic
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polynomials are used extensively within robotic planning due to these qualities,
largely in path planning systems are these curves used to represent smooth motions
of components [95] as well as end-effector trajectories and centre-of-mass motions
for mobile robotic systems [146, 4].

Simpson-Hermite collocation employs this approach, where state and control be-
haviour under this scheme are represented as piecewise cubic and quadratic functions
respectively between collocation points ti and ti+1. Whilst in the trapezoidal case
the splines were determined exactly by their collocation points, these higher-order
polynomials require an additional set of variables to define their behaviour. In this
case, a series of midpoint states xi+ 1

2
are required to specify the behaviour of the

cubic interpolants given their extra degree of freedom.

With these variables, the resulting quadrature evaluations for this approach lead to
the following set of collocation constraints for a segment

xi+1 = xi +
∆ti
6

(fi + 4fi+ 1
2
+ fi+1)

xi+ 1
2
=

1

2
(xi + xi+1) +

∆ti
8

(fi − fi+1)

(2.54)

Although trapezoidal and Simpson-Hermite collocation schemes are the most promi-
nent within trajectory optimisation, higher order collocation schemes exist which can
offer greater levels of accuracy and representations of the system dynamics. Orthog-
onal polynomials are a class of polynomial interpolants that have been used for direct
collocation purposes [53, 147, 148]. These methods have several properties which
make them desirable, in particular, they present high degrees of accuracy when
quadrature approximations are made [149]. These methods however require collo-
cation points to be located at specific points, where evenly space collocation points
as in our previous cases would lead to numerically unstable approximations [150].

Contact Handling

Accounting for contact within an optimisation problem is a particularly challenging
task given the introduction of event-driven impulsive dynamics. Encoding events
in a continuous problem is difficult as whilst the dynamics are known, positioning
these events within time can be difficult to transcribe through direct collocation
since these events are triggered by the state of the system.
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Contact-scheduling methods address this uncertainty of contact times by having the
dynamics of the system follow a known sequence of contact events. With knowledge
of the contacts made within each phase, the dynamics of the system are known
for the entire duration of each phase and impact events can be resolved through
appropriate impact maps [151]. Under this construction, the resulting problems are
of identical structure to (2.50) and can be transcribed and solved by traditional
direct collocation methods. Contact scheduling is a suitable approach where a finite
number of contact sequences can be considered. This is most useful within bipedal
planning as these systems experience few contact modes. In the simplest case, a
bipedal system can be in single stance (one foot in contact with the ground) and
double stance (both feet on the ground) which is a common schedule used for walking
at a moderate rate. This two-stage cycle has a well-known sequence that alternates
between single and double stances. This mode of walking has been used extensively
for modern robotic systems [26, 69].

The restrictiveness of these two-stage cycles has led to extending this schedule to
more modes, in particular adding a flight phase to the system enables the ability to
perform running behaviours as seen in [152]. Scheduling has also been applied within
quadrupedal systems, with gaits designed for various modes of travel such as walking,
running, trotting and hopping [153, 154]. These systems however require fine-tuning
of these gaits for success and grow combinatorically in complexity as more modes
and contacts are included. Winkler et al. [146] recently proposed a gait-scheduling
method that instead views the mode of each end-effector as either in-contact or
not and adjusts the times of these binary sequences within the optimisation to
create various gaits with this simplification demonstrating very natural motions for
a number of legged systems.

2.4.3 Cost Metrics

Designing trajectories for robotic systems with a degree of performance in mind
often calls upon trajectories to be created that are either efficient in time, energy
or a mixture of both. Whereas time optimality is typically desired for applications
such as manufacturing for maximum output, energy efficiency is often considered
within mobile robotic systems to conserve energy for extended performance.

One such effort metric is considering the effort-squared of a system which is indica-
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tive of power over the duration of the trajectory

Ju(u) =

∫ T

0

uT (t)u(t)dt (2.55)

which is indicative of the power used by the actuators in the system. The dura-
tion of a trajectory can also be optimised to encourage time-optimal behaviour, in
these cases the segment widths ∆ti and/or total duration T become variable to the
optimisation, with associated duration cost

Jt =

∫ T

0

dt = T =
∑
i

∆ti (2.56)

Whilst these two metrics are offered here, it is acknowledged that there are infinitely
many objectives that could be designed for a system and in most applications are
the objectives designed for their specific system and manually tuned to achieve the
best possible outcome (with this process also becoming a point of interest for au-
tomisation [71]). Other possible objectives that are also widely used across mobile
systems are the cost-of-transport used to evaluate the efficiency of a gait in walk-
ing systems [155, 156] and cost-to-go measures based on local LQR planning for
trajectory tracking [25].

Similarly to dynamic constraint discretisation, these costs can be approximated by
numerical quadrature depending on the collocation scheme chosen. In the case of
trapezoidal quadrature, these costs are approximated as

J ≈
∑
i

∆ti
2

(Ji + Ji−1) (2.57)

where Ji = J(xi,ui). Decisions surrounding which collocation scheme to use for the
respective cost depend largely on the choice of collocation scheme for the state and
control variables.

2.4.4 Numerical Solvers

Having constructed mathematical programs containing kinodynamic constraints and
costs, solving these programs is a rich field with numerous approaches catered to
different applications within robotics. We focus on a select few classes of solvers
most relevant to the themes of this thesis however it is acknowledged that this is far
from an extensive overview of this field.
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In the broadest case, we consider solving constrained optimisation programs of the
form

min
x

f(x)

s.t. cE(x) = 0

cI(x) ≥ 0

(2.58)

The nature of objective f(x), equality constraints cE(x) and inequality constraints
cI(x) dictate the complexity of these problems and the required methods for solving
them. The lagrangian [127] for (2.58) is defined as

L = f(x) + λT cE(x) + νT cI(x) (2.59)

where x are considered the primal variables of the system and λ, ν are the dual
variables of the the system.

Necessary and sufficient conditions for first-order optimality of (2.58) were first
created by Karush [126] and later Kuhn and Tucker [125] such that optimality of
(2.58) is satisfied if

∇xf +∇xc
T
Eλ+∇xc

T
I ν = 0

cE = 0

cI ≥ 0

νicI,i = 0

ν ≥ 0

(2.60)

These conditions are known as the Karun Kush Tucker (KKT) conditions and are the
driving force behind most existing numerical solvers, with their goal of computing
a solution (x, λ, ν) to the system of equations (2.60) [127].

Constraints brought forward by trajectory optimisation programs are typically non-
linear and non-convex, requiring the use of nonlinear optimisation techniques [133] to
solve these programs. Under this realisation, we discuss several techniques adhering
to nonlinear programming and their applications within trajectory optimisation.
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Interior Point Methods

Interior point methods are a class of nonlinear solvers which focus on problems of
the form

min
x

f(x)

s.t. c(x) = 0

x ≥ 0

(2.61)

where inequality constraints g(x) ≥ 0 can be implemented trivially through the
addition of slack variables and further equality constraints such that

min
x

f(x)

s.t.

[
c(x)

g(x)− σ

]
= 0[

x

σ

]
≥ 0

(2.62)

These methods address constraints x ≥ 0 by introducing convex penalty functions
known as barrier functions ψ(x) : R+ → R+ which encourages solutions away from
the boundary x = 0 (i.e. ψ(x) → ∞ as x → 0+). These functions replace the
constraints in (2.61) and are incorporated into the cost with a scaling parameter
µ ≥ 0, leading to an equality-constrained formation

min
x

f(x) + µψ(x)

s.t. c(x) = 0
(2.63)

By solving a sequence of subproblems of the form (2.63) with a decreasing value of
µ in each, the solution tends towards the optimal solution of (2.61) µ→ 0+.

In most applications, barrier functions are constructed as logarithmic (i.e. ψ(x) =
− log(x)) given their strong penalisation for small values of x. Such barrier func-
tions are used in the most renowned interior point optimiser IPOPT [157] which
is a mature solver for these class of problems offering many mechanisms within the
algorithm to ensure fast convergence to solutions (e.g. filter-based line search [158],
inertia corrections and restoration phase [157]). Interior point methods are largely
regarded as the most suitable method for nonlinear large-scale problems given the
structure they present in solving the KKT conditions [127, 157]. As a result, many
nonlinear programs developed for robotic trajectory optimisation are solved with
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interior point methods [51] since these problems tend to have large variable spaces
especially when considering contact [53].

Bilevel Perspectives

Bilevel programming has gained traction in recent years with advancements in sym-
bolic algebra and automatic differentiation capabilities to compute complex gradi-
ents [159]. Problems such as actor-critic systems, two-player games and learning
strategies have been posed as these two-stage optimisation problems. In the general
case, bilevel programs consider variables x ∈ X , y ∈ Y constrained to be within sets
X and Y , with an upper-level problem minimising objective f(x, y) with constraints
c(x, y) ≥ 0. It also constrains y to be a member of the set of solutions to a lower-level
program that minimises a cost g(x, y) with constraints d(x, y) ≥ 0

min
x

f(x, y)

s.t. c(x, y) ≥ 0

y ∈ argmin
y

g(x, y)

s.t. d(x, y) ≥ 0

x ∈ X , y ∈ Y

(2.64)

To solve problems of this form, the inner problem can be represented by its KKT
conditions and hence include these equations as constraints in the upper program.
As seen from the conditions, these constraints present strong couplings between
variables, particularly in the complementarity conditions of the dual variables. This
single-level representation has been performed for small programs where the inner
problems are relatively small, however for larger problem sizes this approach loses
applicability given the number of constraints added to the problem [160].

The more natural approach for bilevel methods is to solve the inner problem as an
independent program. This is normally the motivation behind creating a bilevel
representation as the resulting subproblems typically possess desirable properties
such as convexity or simpler constraints which can lead to efficient handling of the
inner problem. Computing descent directions from the upper level must take into
account the behaviour of y as x changes given y can now be treated as a nonlinear
function in x (i.e. y = ψ(x)). As in the single-level representation, the KKT
conditions (2.60) of the inner problem can be expressed as a series of constraints of
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the form
ckkt(x, y) = 0 (2.65)

with the assumption that the inner problems are solved to a solution y⋆, it satisfies
the KKT conditions for the (x, y⋆). The implicit function theorem can thus be
applied to compute the derivatives of the inner variables with respect to the upper
variables [161]. By taking a first-order approximation of the KKT conditions ckkt =
0 around the current iterate (x, y), the derivative of y with respect to x can be
computed as

∂ckkt
∂y

δy +
∂ckkt
∂x

δx = 0

∂y

∂x
= −

(∂ckkt
∂y

)−1∂ckkt
∂x

(2.66)

For convex inner programs, these solutions can be solved by the evaluation of a lin-
ear system constructed by the KKT conditions of the system [162] where this can be
solved exactly or in the presence of linearly dependent constraints or numerical inac-
curacies, by a pseudo-inverse metric [163]. [164] proposed an augmented lagrangian
formulation of the inner problem, where the update procedure could be represented
smoothly as a continuous function for a fixed amount of iterations. As a result, the
inner problem could be differentiated naturally under automatic differentiation and
used naturally within a traditional solver for nonlinear programs.

Trajectory optimisation problems have shown to be suitable candidates for bilevel
representations, with features such as contact handling, motion time scaling and
some system dynamics [161] presenting the ability to be a separate program that
can be jointly optimised within the problem.

The treatment of contact from a bilevel framework places the determination of con-
tact force events and their resulting forces as the inner problem with the planning of
the configuration space motions in the outer layer. In this sense, the inner problem
determines the resulting contact forces required for a given trajectory computed in
the outer problem. By this separability, the challenging complementarity constraints
of (6.1) become linear constraints given the configuration is fixed. Along with the
conic constraints of Coulomb friction, these inner problems present themselves as
conic programs, with polygonal approximations for friction reducing these further to
quadratic programs [163]. Bilevel constructions with contact-implicit trajectory op-
timisation have thus gained popularity due to this enhanced structure with these ap-
proaches demonstrating competitive performance to single-level formulations [163].
The efficient handling of these inner problems has motivated applications where
many contact events can be made and broken [165].
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The time scaling of a trajectory has also been demonstrated to be a convex inner
problem [166]. In Sun et al. [167] the retiming of UAV flight paths leads to linear
constraints in both program levels. This separability is particularly useful where
initial flight plans can be constructed by configuration-space methods (in their case
by corridor creation) and then refined by the program where paths are altered and
time-scaled simultaneously.

2.4.5 Path Parameterisation Considerations

Direct collocation frameworks for state-space systems design trajectories q(t) by
constructing expressions for q(t) and q̇(t) and having these satisfy the dynamic
constraints (2.7). The path parameterisation approach considers a similar problem,
instead designing P(s) and s(t) and ensuring these components respect the dynamics
(2.28).

This approach has the advantage of considering n + 1 variables as opposed to the
2n-sized state space that the direct collocation methods require. Describing the ge-
ometry of q(t) as polynomial splines P(s) can also reduce problem sizes significantly
if motions for these systems are relatively simple, thus being approximated by few
splines rather than tens of collocation points. Having a path-based representation
for the trajectory also allows for the state of the system to be readily evaluated
at any point along the path given P ′(s) and P ′′(s) are trivial to compute from a
polynomial expression of P(s) (such as through Horner’s method [168], Chapter 3
Section 3.3.3).

Collocation Constraints and Cost

The majority of trajectory planners that use this decomposition instead create sep-
arate planning and time-scaling problems. The time-parameterisation problem can
be solved through a similar direct-collocation framework, here the geometric path is
considered fixed and so the problem solves for a trajectory s(t) which satisfies the
dynamics (2.28) and other kinodynamic constraints.

Given the spatial behaviour of the system is fixed by P(s), there are no requirements
for forward integration of the system dynamics in the spatial sense as they are pre-
determined by P(s). Due to this, the dynamic behaviour of the systems is observed
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solely through s(t), responsible for determining constraint consistent velocities q̇(t)

and accelerations q̈(t) by (2.24).

Continuous methods often represent s(t) as a piecewise quadratic polynomial pa-
rameterised by N + 1 discrete rates {ṡ0, ṡ1, . . . , ṡN} which are positioned at N + 1

collocation points {s0, s1, . . . , sN} over s ∈ [s0, sf ] [10]. Each segment [si, si+1]

also possesses an unknown time interval ti, ti+1], with widths ∆si = si+1 − si and
∆ti = ti+1 − ti. For each segment profile si(t) to connect collocation points si and
si+1 as well as possess endpoint velocities ṡ(ti) = ṡi and ṡ(ti+1) = ṡi+1, ∆t and s(t)
must be [10]

∆ti =
2∆si

ṡi+1 + ṡi
, si(t) =

ṡ2i+1 − ṡ2i
4∆si

(t− ti)2 + ṡi(t− ti) + si (2.67)

which results in path velocity profiles

ṡi(t) =
ṡ2i+1 − ṡ2i
2∆s

(t− ti) + ṡi

= (ṡi+1 − ṡi)
(t− ti)
∆ti

+ ṡi

(2.68)

and path acceleration profiles

s̈i(t) =
ṡ2i+1 − ṡ2i
2∆s

(2.69)

From (2.68) it is apparent that ṡi(t) is a linear interpolation between ṡi and ṡi+1 and
from (2.69) that s̈i(t) is constant across the segment. If control inputs are considered
within the optimisation, these variables are considered nonlinear functions [7] and
in most circumstances are they represented as discrete points τi, where the true
profile is recovered post-optimisation from P(s) and the resulting s(t) profile through
(2.28).

Selecting ṡ as the variable for optimisation to compute profiles for s(t) is therefore
desirable given we can represent constraints (2.28) and (2.24) explicitly in ṡ provided
s̈ is defined by (2.69). Costs related to the duration of the trajectory can also be
expressed through the path rate

T =

∫ T

0

dt =
∑
i

∆ti =
∑
i

2∆si
ṡi+1 + ṡi

(2.70)

Perspectives utilising ṡ as the decision variable for constructing s(t) are best suited
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for numerical integration strategies that operate in (s, ṡ)-space. Approaches do exist
within trajectory optimisation whereby ṡ is considered a parameter [169] and thus
requires the use of nonlinear programming to solve the resulting problems.

A more popular choice for parameterising s(t) is through the rate-squared term θ :=

ṡ2 where it can be seen in (2.69) that s̈ is determined directly by ṡ2. Furthermore,
the dynamics of (2.28) naturally contain ṡ2 along with the generalised accelerations
(2.24).

We recognise the following identity relating the path acceleration to the path rate-
squared

s̈ =
1

2

dṡ2

ds
=

1

2

dθ

ds
=

1

2
θ′ (2.71)

Thus if the profile of θ(s) is considered for optimisation, there is a clear differential
relationship between θ and s̈. For a fixed path P(s) : [0, 1] → Rn, the continuous
optimisation problem for finding s(t) : [0, T ]→ [0, 1] is given by (2.72)

min
θ,u

J(θ, u)

s.t.
1

2
a(s)θ′ + b(s)θ + c(s) = B(s)u

ṡ(0)P ′(0) = q̇0, ṡ(T )P ′(1) = q̇f

q̇L ≤ ṡP ′ ≤ q̇U , uL ≤ u ≤ uU

θ ≥ 0

(2.72)

If s̈ is piecewise constant, then θ(s) is piecewise linear over s [10]. Using (2.67), the
total duration of the trajectory in terms of θ is now however

T =
∑
i

∆ti =
∑
i

2∆si√
θi +
√
θi

(2.73)

where further costs such as effort-related terms can also be represented in this man-
ner. Due to the nonlinear nature of τ (s) in this collocation scheme, approximations
to the integral must be made, unlike the purely time-optimal case. The work of
Verscheure [7] presented analytic costs for effort-squared and absolute work utilising
this collocation scheme, which motivated the use of second-order cone program to
solve (2.72) given the square-root expressions in θ. In many other cases are these
problems solved through interior point methods, where the sparsity of the problem
can be exploited when using a linear solver to compute solutions to the KKT system
which scales well with problem size [170, 11].
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Using the variables {θ0, θ1, . . . , θN}, the dynamics constraints can thus be expressed
purely in terms of θ and u (u can be removed if considering a purely time-optimal
cost, creating constraints of the form (2.43)). Care must be taken in where to
evaluate the dynamics of a system under this collocation scheme, as there exist
discontinuities in s̈(s) at the collocation points present in the piecewise constant
acceleration profile. Existing methods present two schemes for the evaluation of
the dynamics. In many cases selecting the points si+ 1

2
:= si+si+1

2
to evaluate the

dynamics is suffice. Whilst dynamics of the system are not evaluated at the terminal
points s = s0, s = sf , given evaluations are sufficiently dense along the path does
this have little impact on the resulting trajectories [170, 7, 11].

Dynamics can also be evaluated directly at the collocation points [10] although
additional constraints must be enforced to account for the differing accelerations on
either side of each point si. As a result, dynamic collocations of this nature have
almost twice as many constraints (and control variables, if used) as the midpoint
technique.

Satisfaction of velocity and acceleration bounds are also convex under the fixed-
path requirement. As shown in [10], by adopting a cubic representation for the
geometric paths, guarantees can be made regarding the boundedness of q̇ and q̈

across segments provided the constraints for θ and s̈ are satisfied at the collocation
points. Including these rate bounds within these frameworks can rapidly increase
the number of constraints in the program. Hyperplane cutting methods can be used
to remove redundant constraints generated by these bounds, which have shown to
provide significant computational savings [10].

Whilst the collocation scheme of (2.67) is widely used within robotics applica-
tions, other collocation schemes have been proposed. Quadratic representations
were shown to offer better accuracy [171] at the expense of higher variable counts.
More recently has been a proposal for expressing s(t) and its rates as pseudospec-
tral polynomials, leading to effective matrix-based representations of the collocation
constraints [172].

Full Motion Planning

With most applications of trajectory planning with path parameterisation focusing
on fixed-path time-optimal motions, there are few methods currently that jointly
solve the path-planning and time-scaling problem.
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Recently Tang et al. [11] proposed a bilevel program to generate motion plans that
utilise the path-parameterisation technique. With the path planning problem as the
outer level and the time parameterisation as the inner level, the convex properties of
the inner problem could be used to achieve an efficient solver. This method however
had to ensure that all path iterates generated in the upper level remained feasible
throughout the program’s run-time, selecting outer-level gradients that ensured the
inner problem feasibility was maintained throughout. Whilst this is an effective
method for systems where changes in the path maintain dynamic feasibility, design-
ing motions for more complex systems where dynamics play a critical role does not
fit within this framework, as finding feasible initial solutions to these systems is
already a non-trivial task. Furthermore, the time-parameterisation method has not
been well catered for systems that present underactuation, where if a provided path
is not dynamically feasible, the problem will not compute a feasible solution.

An issue that presents itself under this formulation is the positivity of the path
parameter throughout the optimisation. As is seen in time-optimal cases, the feasi-
bility of the path will ensure the existence of a positive time parameterisation, which
can allow the use of costs with strict domain requirements as is seen with temporal
costs in this parameter space [8] [171]. A loss in the ability for this guarantee can
pose issues within these problems, requiring either a guarantee in feasibility or ad-
justing system costs. Addressing systems where it may be difficult to maintain path
feasibility such as in underactuated systems, creating an initial path that is feasible
may be as difficult as the original motion planning problem, thus creating paths for
these systems under this framework is currently not tractable.

2.5 Summary

This chapter has offered an overview of the background theory and current research
related to the main areas of this thesis. Section 2.1 presented the core components
of the kinodynamic planning problem such as problem definition and methods for
computing kinodynamic terms related to these problems. Section 2.2 introduced
the path parameterisation problem and the theory surrounding it for time-optimal
problems. Section 2.4 offered an introduction to trajectory optimisation and nu-
merical optimisation techniques for solving these problems. It also highlighted the
current methods addressing the path parameterisation problem from a continuous
optimisation perspective. Lastly Section 2.3 presented sample-based approaches for
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the motion planning problem with an emphasis on RRT-based methods, with addi-
tional insight into current methods using the path parameterisation technique from
a sample-based perspective.

As seen, the path parameterisation approach to motion planning provides a natural
decomposition of trajectories into their geometric and temporal constraints, well
accustomed to the robotics field given most constraints are of either form. Dynam-
ically consistent trajectories have been generated using TOPP and have shown to
work experimentally on high-dimensional systems [74]. It has been identified that
these methods are not specialised to systems that present purely passive degrees of
freedom [6]. Designing dynamically feasible paths for these systems is a naturally
difficult problem and as a result, the majority of paths will lead to failure of the
resulting path parameterisation problem. This is further highlighted by the existing
trajectory planners which embed the TOPP problem for full motion planning, as
these methods must ensure the inner TOPP problem is provided with a dynamically
feasible path to avoid inner-problem breakdown [11].

This is a current limitation of motion planning methods incorporating the path
parameterisation method, where systems with strong coupling between their dy-
namics and motions are intractable to this problem formulation. Whilst there have
been investigations into extending this problem structure to dynamic motions as in
AVP-RRT [12], this was considered on fully actuated systems with severe actuation
limitations however no purely passive degrees were considered.

Virtual constraint design has shown the strong coupling between paths and their
executions for underactuated systems where the number of actuators is one less
than the degree of the system. Given the parallels to the path parameterisation
technique, the studies of this class of system under virtual constraints have offered
insights into the development of stabilising controllers that ensure the underactuated
dynamics are respected along a desired path by the study of the path parameter at its
dynamics associated with the degree of underactuation. Earlier work as commented
in discussions of [6] was the work of Bullo and Lynch [18] which highlighted the
structure that systems with a single passive degree of freedom presented to the
path parameterisation problem. This structure was extended to walking systems
in [19] which utilised this structure for a motion primitive-based trajectory planner,
assembling pre-determined motions for the purpose of step navigation.

The motions and systems considered by this class of underactuated systems have
highlighted that there is applicability for path parameterisation in planning motions
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for underactuated systems. With these approaches offering inspiration, we wish to
extend this method to handle systems capable of more dynamic motions, given the
growing prevalence of agile and underactuated systems within modern robotics.
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Chapter 3

Path-Parameterising Underactuated
Degree One Systems

This brief chapter provides the necessary theory and algorithms used throughout
the remainder of this thesis related to the definition and path parameterisation of
Underactuated Degree-One (UA1) systems. Firstly, Section 3.1 provide context for
this chapter in light of the findings in Chapter 2. Secondly, Section 3.2 provides a
formal definition of UA1 system. Thirdly, Section 3.3 presents the theory surround-
ing the path parameterisation of this dynamics class and presents our algorithm for
computing s(t). Lastly, Section 3.4 provides an overview of the remainder of this
thesis and highlights how this theory will apply to the remaining chapters.

3.1 Introduction

Our review of literature in Chapter 2 has highlighted the computational merits
of path parameterisation for trajectory design of fully and redundantly actuated
systems following fixed paths. Efficient numerical integration schemes and con-
vex programs have demonstrated the ability to compute high-resolution trajectories
that satisfy kinodynamic constraints within milliseconds. Despite this success, the
overview of current path parameterisation methods in Chapter 2 have shown limited
extension to systems where their dynamics must be critically accounted for in the
design of their motions, such as those presenting passive degrees of freedom. Whilst
these time parameterisation methods hold for all classes of dynamics, the equality
constraints created by the underactuation (Section 2.1.2) remove a great level of
freedom in designing geometric paths and their respective time parameterisations
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as opposed to the cases seen for fully-actuated systems. The introduction of these
constraints makes the design process non-trivial in comparison to fully-actuated sys-
tems by forcing all paths and parameterisations to satisfy these constraints, which
can greatly impact the solvability of these parameterisations using existing TOPP
implementations (which are catered for the freedom provided by fully actuated sys-
tems).

Drawing from the work of Bullo and Lynch [18] and virtual constraints discussions
in Section 2.2.3, Underactuated Degree-One (UA1) systems restrict the dynamics of
(2.28) to follow a precise vector field (known as the “decoupling vector field”) rather
than the interior of a polytopic region [10]. The study in [18] examined models with
no potential bias terms (such as a three-link planar manipulator) which aided in
deriving closed-form expressions for these fields. This idea was furthered in [19] for
planar walking systems which also presented this single degree of actuation, where
step plans were generated by a motion primitive library where each primitive was a
stepping action described by a geometric path. The feasibility of a motion primitive
could be assessed by analysing if the resulting path parameterisation of the sys-
tem satisfied the requirements of Definition 2.2.2. In these cases were there several
assumptions regarding the complexity of the motions which focused on behaviours
that had a single exchange of energy. Furthermore, feasibility was only associated
with the behaviour of the stance foot and thus actuation limits of other components
of the system were not considered greatly. As a result, motions were fairly conserva-
tive however the concatenation of these primitives enabled walking gaits that could
traverse varying terrain.

These current methods however depend upon creating a series of motion primi-
tives, such as through the use of the decoupling vector fields to create primitive
motions [80, 79], or constructing libraries of actions [19]. Whilst these may be effec-
tive for creating motions, these do not extend well to systems that require complex
movements and dynamic behaviours. As a result, the lack of motion planning al-
gorithms specialised towards more dynamic underactuated systems motivates our
consideration for extending planning algorithms to creating dynamic motions for
UA1 systems, given the properties their dynamics present under path parameteri-
sation. Whilst this is a subset of underactuated systems, this class captures several
relevant models in modern robotics [14]. These systems along with their connec-
tion to path parameterisation will be closely considered throughout the remainder of
this thesis. Whilst the remaining chapters handle motion planning for these systems
with differing approaches, they are unified by the underlying theory and algorithms
specialised for them. For conciseness, we hence offer this supplementary chapter to
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capture the main theoretical and computational merits of this class of system to be
later used throughout this thesis.

3.2 Definition

We formally introduce Underactuated Degree-One (UA1) systems, defined as follows

Definition 3.2.1 (Underactuated Degree-One Systems). An n-dimensional
second order mechanical system with generalised coordinates q and dynamics

M (q)q̈ +C(q, q̇)q̇ +G(q) = B(q)u

is Underactuated Degree-One (UA1) if rank(B(q)) = n− 1.

By an appropriate choice of coordinates, these systems can be represented in the
canonical form

M(q)q̈ +C(q, q̇)q̇ +G(q) =

[
0

τ

]
(3.1)

where τ ∈ Rn−1 are the generalised inputs to this system such that [0 τ T ]T = B(q)u.

Control theory’s classic cartpole (Figure 3.1a) and acrobot (Figure 3.1b) models
are two low-dimensional examples of this class. Whilst simple, these systems pose
relevance to the robotics field, particularly within reduced-order models where the
cartpole can resemble the behaviours of quadrupedal and bipedal systems in regular
gaits [173].

Following along this theme, an additional subset of models of the UA1 class are pla-
nar walking models popularised by the studies of hybrid zero dynamics and virtual
constraint design [16, 13]. The pin-joint connection between the stance leg of these
systems and the ground makes these models UA1 provide all other links are actu-
ated. These models can range from arguably trivial systems such as the compass
gait (mechanically identical to the acrobot) to increasing complexity such as the
three and five-link walker [16] (Figure 3.1c). Models of arbitrary links can be built
around this pin-joint connection whilst retaining the UA1 class provided all other
links are actuated. As highlighted in Section 2.1.2, simpler models tend to capture
the essence of walking systems remarkably well for gait design without unnecessary
complexity.
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(a) Cartpole (b) Acrobot

(c) Five-link walker (d) Planar UAV

Figure 3.1: A collection of UA1 systems. Where applicable, actuated (green) and
passive (magenta) degrees of freedom are highlighted.

The planar UAV (Figure 3.1d) is also an example of a UA1 system, as it possesses
two actuators but three separate degrees of freedom. If a change of coordinates
is performed to examine the net wrench acting on the system, the underactuated
degree of freedom is the body-frame lateral axis (i.e. no force can be applied to
make the UAV move instantly sideways). We investigate this coordinate change in
detail in Chapter 4. Other models also fall under this category, including a three-
degree-of-freedom ship model [17], the devil-stick and the inertial wheel pendulum,
with an overview of these systems highlighted in [14].

Assumption 3.2.1 (Configuration Spaces for Generalised Coordinates q).
Throughout this thesis, we will make the assumption that q contains only prismatic
and revolute coordinates that can be readily mapped or “unwrapped" [174] respectively
to Rn.

Remark 3.2.1 (UA1 Systems with External Forces). Whilst in the provided
models there are no considerations for external forces, the generalised inputs τ could
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include external forces, that is[
0

τ

]
= B(q)u+ λTJ(q)

Whilst rare to have such a system, Definition 3.2.1 naturally includes this possibility,
an example being the cartpole model experiencing a collision along the track.

3.3 Path Parameterisation

Within Section 2.2.3, extracting the underactuated dynamics of a system when
following virtual constraints q(t) = P(s(t)) were achieved by considering the vector
annihilator B⊥(q). Within this section, we will derive the zero dynamics for UA1
systems following a path P(s) (i.e. creating virtual holonomic constraints qi =

P i(s(t))) by considering the dynamics of the system from a path parameterisation
perspective. With a path parameterisation q(t) = P(s(t)), UA1 system dynamics
can be expressed in the form[

au

aa

]
s̈+

[
bu

ba

]
ṡ2 +

[
cu

ca

]
=

[
0

τ

]
(3.2)

where the coefficient vectors a, b, c of (2.29) are partitioned into their actuated
aa, ba, ca ∈ Rn−1 and underactuated au, bu, cu ∈ R components. Similarly to (2.44),
a series of 2n− 1 inequality constraints [74] can be achieved when considering gen-
eralised actuation bounds

au(s)s̈+ bu(s)ṡ
2 + cu(s) = 0

−aa(s)s̈− ba(s)ṡ
2 − ca(s) + τmin ⪯ 0

aa(s)s̈+ ba(s)ṡ
2 + ca(s)− τmax ⪯ 0

(3.3)

with ⪯ denoting element-wise inequality. Under time-optimal motivations can the
maximum path acceleration α(s, ṡ) and deceleration β(s, ṡ) be found for each (s, ṡ)

using (3.3) and following the method described in Section 2.2.5. The equality con-
straint in (3.3) brought forth by the underactuated component however removes the
relevance of the 2n−2 inequality constraints in (3.3). By this equality the evolution
of s(t) is instead driven purely by the underactuated dynamics

au(s)s̈+ bu(s)ṡ
2 + cu(s) = 0 (3.4)
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therefore fixing s̈ to comply with (3.4). Comparing to Section 2.2.3, we have in this
case αvc = au, βvc = bu, γvc = cu.

The dynamics of these underactuated systems are invariant to the choice of coordi-
nates to represent them, as shown in the above cases, provided the system exhibits a
single underactuated degree of freedom, the underactuated dynamics can be achieved
through an appropriate coordinate transformation. This can be shown explicitly, by
finding the annihilator vector B⊥ ∈ R1×n for the UA1 system

M (q)q̈ +C(q, q̇)q̇ +G(q) = B(q)u (3.5)

such that B⊥B = 0 and extracting the underactuated dynamics

B⊥M (q)q̈ +B⊥C(q, q̇)q̇ +B⊥G(q) = 0 (3.6)

which is identical to the method of virtual constraints in (2.31) which also gives the
form of (3.4) regardless of the coordinate choice.

It is at this point that we explicitly highlight the differences between our approach
within this thesis and that of Bullo and Lynch [18] discussed in Section 2.2.4. Bullo
and Lynch placed a large emphasis on creating vector fields that paths can be
created from such that any parameterisation s(t) would yield a feasible or kinematic
motion. Due to this requirement, it was essential that systems do not have any
potential terms c(s) within the underactuated components, thus restricting a large
number of systems to consider. Furthermore, whilst decoupling vector fields can be
generated for trivial systems, this work was restrictive in that motions created by
these approaches consisted of piecewise movements within the decoupling fields [79,
80], which can be difficult to produce for systems if more complex motions are
required.

Within our approach, as highlighted by our discussions of UA1 systems, only select
path parameterisations can be feasible to (3.4). Instead of focusing on generating
kinematic motions for this class of system (i.e. create paths P(s) that satisfy (3.4)
for all s(t)), we instead choose to create paths P(s) and unique profile s(t) that sat-
isfy (3.4). With this in mind, rather than construct paths by finding the necessary
decoupling fields as described in Section 2.2.4, we instead generate paths indepen-
dently of the system and utilise the solutions for s(t) to assess the kinodynamic
feasibility of the path.

Under this design philosophy, we require different criteria to consider a path and

65



CHAPTER 3. PATH-PARAMETERISING UNDERACTUATED DEGREE ONE
SYSTEMS

trajectory feasible. As we show in Appendix E, motions can be performed in the
underactuated degree of freedom (which decoupling fields do not normally extend
to [18]) provided potential (i.e. from G(q)) exists to cause motion. Due to this, pro-
vided sufficient actuation exists in all other degrees of freedom, feasible trajectories
can be created that respect the system’s underactuated dynamics by designing paths
that produce time parameterisations s(t) that satisfy the following proposition

Proposition 3.3.1 (Feasibility of a Path to UA1 Systems). Consider a UA1
system with configuration q(t) ∈ Rn, inputs τ ∈ Rn−1 and dynamics given by (3.4).
Consider a path parameterisation for a trajectory q(t) : [0, T ] → Rn such that for
geometric path P(s) : [s0, sf ] → Rn and time parameterisation s(t) : [0, T ] → R,
q(t) = P(s(t)).

Ignoring actuation bounds, the path P(s) is dynamically feasible to the UA1 system
if and only if there exists a strictly monotonic increasing time parameterisation
s(t) : [0, T ]→ [s0, sf ] that satisfies

B⊥(P)(M(P)P ′s̈+ (C(P ,P ′)P ′ +M (P)P ′′)ṡ2 +G(P)) = 0 (3.7)

where B⊥(P) ∈ R1×n is the annihilator vector that extracts the underactuated dy-
namics of (3.4) as described previously.

Proof. We utilise the fact that since P(s(t)) = q(t), P(s) can be considered the
underlying path of the trajectory q(t) such that all points in q(t) are visited at some
point along the path P(s) over s ∈ [s0, sf ]. To be representative of a trajectory,
all points in q(t) (and thus P(s)) should be visited exactly once, hence requiring
s(t) to be strictly monotonic increasing. This requirement should be clear, as points
of rest (ṡ = 0) would indicate halting along the trajectory and ṡ < 0 would imply
backtracking along the path such that points get revisited.

Given we do not consider actuation bounds, we assume sufficient actuation τ is
present such that all n− 1 equations of (3.2) will be satisfied for some choice of τ .
As a result, we must only consider the purely unactuated dynamics of the system,
given by the single equation which we can extract from (3.4) using the annihilator
B⊥(P) as discussed above.

With this in mind, we first prove that if a monotonic time parameterisation s(t)

exists, the P(s) satisfies the dynamics of the system. Since ṡ > 0, s(t) moves
forwards along P(s(t)) and therefore q(t) will also move forwards in time. By the
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reasoning above, this describes a feasible trajectory in t in the sense it respects the
flow of time. Given this, since s(t) satisfies (3.7) then P(s) and s(t)

B⊥(P)(M(P)P ′s̈+ (C(P ,P ′)P ′ +M (P)P ′′)ṡ2 +G(P)) = 0 (3.8)

B⊥(P)(M (P)(s̈P ′ + ṡ2P ′′) +C(P , ṡP ′)ṡP ′ +G(P)) = 0 (3.9)

using the fact q(t) = P(s(t))

B⊥(P)(M (q)q̈ +C(q, q̇)q̇ +G(q)) = 0 (3.10)

Thus showing that the underactuated coordinate of the system dynamics is re-
spected. Hence, P(s) is dynamically feasible given the existence of s(t) with ṡ > 0

that satisfies (3.7).

We now prove that if the P(s) is dynamically feasible, there exists a monotonic path
parameterisation s(t) that satisfies (3.7). Given P(s) is dynamically feasible, then
for some s(t), q(t) = P(s(t)) satisfies

B⊥(P)(M (q)q̈ +C(q, q̇)q̇ +G(q)) = 0

We can always select the strictly monotonic increasing parameterisation s(t) = t

(ṡ(t) = 1 > 0) such that P(s) = q(t) (i.e. the path P in s is identical to the
trajectory q in t). Under this parameterisation, P ′(s) = q̇(t), P ′′(s) = q̈(t), ṡ(t) = 1

and s̈(t) = 0. Since the path is dynamically feasible, we can see that

B⊥(P)(M(q)q̈ +C(q, q̇)q̇ +G(q)) = 0

B⊥(P)(M(P)((1)P ′′) +C(P ,P ′)(1)P ′ +G(P)) = 0

B⊥(P)(M (P)((1)P ′′ + (0)P ′) +C(P ,P ′)(1)P ′ +G(P)) = 0

B⊥(P)(M (P)(0)P ′ + (C(P ,P ′)P ′ +M (P)P ′′)(1) +G(P)) = 0

B⊥(P)(M (P)P ′s̈+ (C(P ,P ′)P ′ +M (P)P ′′)ṡ2 +G(P)) = 0

Thus, showing the existence of a monotonic increasing s(t) that satisfies (3.7). This
completes the proof.

Remark 3.3.1 (Relationship to the MVC). The equality constraint (3.4) creates
the acceleration profile

s̈ =
−bu(s)ṡ2 − cu(s)

au(s)

which can be considered as both the upper and lower acceleration bounds α and β
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such that
α =

−bu(s)ṡ2 − cu(s)
au(s)

≤ s̈ ≤ −bu(s)ṡ
2 − cu(s)

au(s)
= β

By this definition, the profile of s̈ from (3.4) is also the MVC, implying that profiles
generated by these dynamics are also time-optimal for the provided path.

A large advantage in computing ṡ(s) for UA1 systems is that there are no switch
point calculations required since only one α and β profile exist for the entire path,
which turns out to be the same (i.e. α = β) and thus also represent the MVC for
the system. This avoids precomputing these points and thus the profile ṡ(s) can be
computed in a single forward pass along s. Whilst not a switch point, the MVC
can experience discontinuities. With our assumptions of a smooth path for P(s)

by Assumption 2.2.1, these discontinuities can only occur if for a point sz we have
au(sz) = 0, which we class as a zero-inertia point [73].

The differential equation in (3.4) can be solved by numerical integration and does not
necessitate the use of a convex program. As opposed to the classic TOPP approach
of Section 2.2.5, we instead choose to solve for the profile of θ(s) := ṡ2(s) over s, as
shown in [19, 10] presents a desirable form of (3.4) as a first-order linear differential
equation

au(s)θ
′ + 2bu(s)θ + 2cu(s) = 0 (3.11)

where we recall the relationship between θ and s̈ from (2.71). Solutions θ(s) to (3.11)
can be found trivially by numerical quadrature methods given an initial positive path
velocity θ0 = ṡ20 and derivative extracted from (3.11) as

θ′(s) =
−2(bu(s)θ(s) + cu(s))

au(s)
(3.12)

In our implementation, we perform a first-order forward integration scheme similarly
to [74] for computing θ(s) with integration step size ∆s such that

θi = θi−1 +∆sθ′i−1 (3.13)

3.3.1 Handling Zero Inertia Points

Our integration scheme (3.13) is trivial to perform where θ′(s) is well-defined. There
are points however where θ′(s) can become undefined, namely in the presence of zero
inertia points as discussed in Section 2.2. Within [74], a number of conditions were
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considered in handling and classifying dynamic singularities. They highlight that
not all zero-inertia points are dynamic singularities to the system. This is true for
the generalised systems where there exist several equations in (2.44) which s̈ can be
selected from if one experiences a singularity. By definition of UA1 systems under a
path parameterisation, the acceleration profile is constrained to (3.4) and therefore
all zero-inertia points for this system will correspond to dynamic singularities such
that θ′ is unbounded.

Encountering a zero-inertia point reduces (3.11) to the form

bu(sz)θ + cu(sz) = 0 (3.14)

which allows us to define whether this path is traversable along s based on the
resulting sign of θ.

If:

• cu(si)bu(si) ≤ 0 then θ = −cu
bu

> 0 and P(s) traversable at this point with
θi = − cu

bu

• cu(si)bu(si) > 0 then P(s) is not traversable since θ = −cu
bu

< 0 at this point,
implying ṡ2 < 0.

We approximate the gradient of the curve at these singular points by a finite dif-
ference approximation. Whilst not as sophisticated as the method in [74] which
considers computing the tangent vector to the MVC, with the scalar nature of (3.4),
finite differencing performs a similar effect. We can select the interval over which
the gradient is approximated, such that the estimate is given by

θ′i ≈
θi − θi−h

h∆s
(3.15)

3.3.2 Kinodynamic Feasibility

The path parameterisation of a geometric path provides the temporal encoding of
the trajectory of a system. By Definition 2.2.2, we require that this path parameter
is positive and monotonic increasing with respect to time such that when moving
along the path P(s), every point is visited once. With this mechanism in mind, we
make the following definition regarding dynamic feasibility for systems under a time
parameterisation s(t)
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Definition 3.3.1 (Dynamically Infeasible Paths). By Proposition 3.3.1, a path
P(s) is dynamically feasible if there exists a positive monotonic time parameterisa-
tion s(t) that is a solution to (3.4). By this understanding, if no such time parame-
terisation exists for the given, the path is defined to be dynamically infeasible.

The profile θ(s) is the solution of the first-order linear differential equation (3.4) and
therefore a solution will always exist given an initial path velocity θ0 = ṡ20. Although
solutions exist, the restriction that θ(s) > 0 is independent of this process, thus
solutions θ(s) can be positive or negative throughout. If a path is infeasible, there
will be a point where the solution θ(s) < 0, which will yield no real solution for ṡ(s)
given θ(s) = ṡ2(s) < 0 for those particular durations.

To provide physical meaning to this phenomenon, the significance of a point in s

having ṡ(s) < 0 in mechanical systems can be viewed as a point where insufficient
kinetic energy is available to the system to perform the prescribed path. In these
cases, the trajectory turns back on itself such that points in the path are revisited
(i.e. the path is traversed in the opposite direction such that ṡ < 0). This perspective
can be reinforced by considering the kinetic energy (T (q, q̇)) of the system

T (q, q̇) = q̇TM (q)q̇ (3.16)

under a path parameterisation q(t) = P(s(t))

T (q, q̇) = (ṡP ′)TM(P)(ṡP ′) (3.17)

= P ′TM (P)P ′ṡ2 (3.18)

= Ξ(s)ṡ2 (3.19)

Given M (q) is positive definite, then Ξ(s) ≥ 0. As a result, T ≥ 0 if and only if
ṡ2 ≥ 0. Where ṡ2 < 0, this is an indication that insufficient kinetic energy is available
to complete the motion along the path, thus the system will move backwards along
the path, regaining kinetic energy whilst doing so, as shown in Figure 3.2.

Dynamic feasibility conditions under θ(s) are identical to ṡ(s) such that provided
an initial ṡ0 ≥ 0, zero-crossings of θ(s) are also non-traversable points within the
trajectory.
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Figure 3.2: “Ball on a wire” representing the physical significance of the rate-
squared profile ṡ2(s) when following a prescribed path. At the zero-crossing of ṡ2(s),
the system does not have enough kinetic energy to follow along the fixed path. As
a result, the ball begins to travel backwards along the path due to the effects of
gravity.

3.3.3 Polynomial Evaluation

Computing the dynamic coefficient vectors a, b, c of (2.29) requires the efficient
evaluations of the path P(s) and its derivatives with respect to s (i.e. P ′ and P ′′).
We represent paths in this thesis as polynomial splines which are a foundational
component in describing motions for robotic systems [133][75]. We describe an n-
dimensional path as a vector of polynomials

P(s) =


p1(s)

p2(s)
...

pn(s)

 (3.20)

where each polynomial pi is of order m such that they can be written under the
canonical form with scalar coefficients ai,j

pi(s) = ai,0 + ai,1s+ ai,2s
2 + . . .+ ai,ms

m (3.21)

Regardless of spline representation, all splines of the same order can be written in the
form of (3.21). We efficiently evaluate these polynomials and their derivatives using
Horner’s method [168] which operates under a recursive principle by acknowledging
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that (3.21) can be written as

pi(s) = ai,0 + s(ai,1 + s(ai,2 + . . . s(ai,m−1 + ai,ms)) . . .) (3.22)

allowing for algorithmic handling of Horner’s method (Algorithm 3.1).

Algorithm 3.1 Horner’s Method
Input: Abscissa s, polynomial coefficients {a0, a1, . . . , an} for p
Output: p(s), p′(s), p′′(s)

1: function Horner(s, {a0, a1, . . . , am})
2: p← 0, p′ ← 0, p′′ ← 0
3: for i = 0, 1, 2, . . . , m do
4: p′′ ← sp′′ + p′

5: p′ ← sp′ + p
6: p← sp+ am−i

7: end for
8: p′′ ← 2p′′

9: return p, p′, p′′

10: end function

3.3.4 Computing Profiles by Numerical Integration

We now detail our numerical integration algorithm PathProfile that computes
θ(s) for UA1 systems following a path P(s) : [0, 1] → Rn starting with an initial
positive path velocity ṡ0. A summary of our algorithm is presented in 3.2. The
process follows a first-order numerical integration which utilises a forward-stepping
method identical to the integrations performed in the original TOPP library [74] and
that proposed in [19]. In light of dynamic singularities, we perform checks at points
in s that have au(s) ≈ 0 and perform a finite-differencing around a neighbourhood
of these points to approximate the derivative of θ. This is largely different to the
singularity handling of the general TOPP method, where in these situations the
degree of freedom that is singular is omitted and the derivative is estimated from
the remaining degrees of freedom [74] as in our case, the profile of θ must be produced
from the underactuated coordinate and thus can not be disregarded. Throughout the
integration, we also include an additional feature within our method which assesses
the other kinodynamic constraints on the system as velocity, acceleration and effort
bounds, which we trivially compute through (3.2) and can compare against imposed
bounds

q̇min ≤ q̇ ≤ q̇max, q̈min ≤ q̈ ≤ q̈max, τmin ≤ τ ≤ τmax (3.23)
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which mimics the assessment of the MVC in TOPP for our specialised case. If a
profile exceeds these limits, the algorithm terminates immediately at the current
step of the integration. Our algorithm returns a profile θ(s) which over a duration
[0, s⋆] ⊆ [0, 1] is feasible to the kinodynamic constraints of the system.

Algorithm 3.2 UA1 Profile Computation
Input: Geometric path P(s), initial path velocity ṡ0
Output: Path rate-squared profile θ(s), integration breakpoint s⋆

1: function PathProfile(P , ṡ0)
2: s0 = 0, θ0 = ṡ20, ∆s =

1
N−1

3: for i = 1, 2, . . . , N do
4: (a, b, c) = PathCoefficients(si−1) ▷ (2.29)
5: if au = 0 then
6: if cubu > 0 then
7: θi−1 =

−cu
bu
, θ′i =

θi−θi−h

h∆s

8: else
9: return (θ(s), s⋆)

10: end if
11: else
12: θ′i =

−2buθi−2cu
au

13: end if
14: si = si−1 +∆s, θi = θi−1 +∆sθ′i−1

15: if θi < 0 then
16: return (θ(s), s⋆)
17: end if
18: q̇ =

√
θiP ′(si), q̈ = θiP ′′(si) +

1
2
θ′iP ′(si)

19: if q̇ > q̇max ∨ q̇ < q̇min ∨ q̈ > q̈max ∨ q̈ < q̈min then
20: return (θ(s), s⋆)
21: end if
22: τ = 1

2
aaθ

′
i + baθi + ca ▷ (3.2)

23: if τ > τmax ∨ τ < τmin then
24: return (θ(s), s⋆)
25: end if
26: s⋆ = si
27: end for
28: return (θ(s), s⋆)
29: end function

We highlight several components of Algorithm 3.2. ComputeCoefficients of
Line 4 calculates the coefficient vectors at the point si (2.29), extracting the actuated
and underactuated components as in (3.2). Lines 5-13 determine if a zero-inertia
point has been crossed, if so it is approximated by a finite-difference operation over
a width of h∆s, where in our application we select h = 4 to provide a reasonable
smoothing. Otherwise, θ′ is computed normally. If the point is non-traversable, the
program terminates, returning θ(s) and the breakpoint s⋆. Lines 18-25 compute the
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generalised rates and inputs to the system using the remaining n − 1 equations of
(3.2). If any bounds are violated, the routine terminates prematurely. If all checks
are successful, the breakpoint s⋆ is updated to si and the process repeats until either
a kinodynamic bound is violated or the integration reaches the final point s = 1.

3.3.5 End-Point Velocities

Within classical TOPP-based methods, the initial and final velocities are very im-
portant for generating the time-optimal profile for s(t). As shown in Section 2.2.5,
the intervals [ṡ0,min, ṡ0,max] and [ṡf,min, ṡf,max] are used to propagate the profile ṡ(s)
both forwards and backwards over s ∈ [s0, sf ] such that when the two profiles in-
tersect, the profile is complete [5, 74]. From this, it is clear that there is a level
of freedom in choosing both the initial and final velocity for the system and if the
TOPP algorithm succeeds, it ensures that a trajectory exists that achieves both
end-point velocities. This was further generalised within TOPP-RA [85] where the
reachable sets could be obtained for each preceding interval [ṡi,min, ṡi,max, thus creat-
ing a family of parameterisations for a starting interval and returning an interval of
final velocities for each path. This ability enabled the TOPP method to be utilised
within tree-search methods for ease of connecting branches provided the intersection
of their final velocity intervals was non-empty [6].

As can be seen from our current work with UA1 systems, the initial and final path
velocities for a system are not decoupled, either the initial or final velocity can be
set, but not both. This is a result of the path dynamics being uniquely determined
by (3.4), such that ṡ(s) is uniquely determined by solving an initial value problem
and thus the velocity of the system is determined purely by the path [175]. As
highlighted within Section 3.3, the profile s(t) must be evaluated along the path
in one direction only and therefore a final desired velocity can only be achieved by
designing the appropriate path, initial path velocity or both.

This coupling between the path and parameterisation thus indicates the limitations
in designing feasible paths for UA1 systems, as a trajectory can only be feasible if
the path is feasible or a sufficient initial path velocity is given. This critical nature
of the initial velocity is essential for designing motions for underactuated systems,
as this determines whether sufficient energy is available in the system to perform the
given motion. If unsuccessful, this can warrant a change in either the path design,
the initial path velocity or both and thus highlights the numerous factors involved
in designing feasible trajectories for this class of system. This was highlighted in
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Manchester and Umemburger’s work [19] where the initial path velocity of the system
often led to trajectories where the velocity was not large enough to complete the
motion, thus falling back on itself as shown in Figure 3.2. From this, having sufficient
path velocity to execute a motion is critical, however unlike the traditional cases,
the final path velocity may not be desirable, such as where ṡf = 0, which can often
be performed by TOPP methods, but in this case it may not. If zero velocity is
required, it may be possible to design paths where the final path gradient is zero
given the kinematic relationship of (2.24) however arbitrary final velocities can not
have similar guarantees. Where paths designed require several exchanges of energy,
predicting the feasibility of the path is non-trivial unlike in walking systems [19] and
thus must be determined by numerical evaluation.

3.3.6 Relationship to Collocated Inverse Dynamics

Whilst we have extracted the underactuated dynamics of the system by (3.2), this
method is identical to performing the generalised inverse-dynamics procedure for
underactuated systems as in (2.12) and (2.13). Expanding (2.12) into the form of
(2.7) such that[

M11 M12

M21 M22

][
q̈u

q̈a

]
+

[
C11 C12

C21 C22

][
q̇u

q̇a

]
+

[
G1

G2

]
=

[
0

τ

]
(3.24)

by considering the underactuated component as in (2.13), now under the path pa-
rameterisation q(t) = P(s(t)) = [Pu(s(t)), Pa(s(t))]

T , we find that

P ′′
uṡ

2 +P ′
us̈ = −M−1

11 (C11ṡ
2P ′

u + C12ṡ
2P ′

a +G1 +M12P ′′
aṡ

2 +P ′
as̈) (3.25)

(M11P ′
u +M12P ′

a)s̈ = −(C11P ′
u + C12P ′

a +M11P ′′
u +M12P ′′

a)ṡ
2 −G1 (3.26)

(M11P ′
u +M12P ′

a)s̈+ (C11P ′
u + C12P ′

a +M11P ′′
u +M12P ′′

a)ṡ
2 +G1 = 0 (3.27)

which we recognise as the scalar coefficients of the time-parameterisation coefficient
vectors as in (3.4). We can thus see that the partitioning of (3.2) is identical to the
collocated inverse dynamics of (2.12).

Remark 3.3.2 (Extending to Higher Degrees of Underactuation). We can
observe from (3.2) that for m ∈ Z+, an underactuated degree-m system will create
m equality constraints for s(t) to satisfy. It has been shown that this can be solved
exactly for m = 1, the class of UA1 systems. Where m > 1, an over-determined
system is created. In the majority of cases are the m equations linearly independent,
thus solutions rarely exist for s(t).
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This comparison highlights the limitations of the path parameterisation method for
underactuated systems, as due to the requirement that the virtual constraints q(t) =

P(s(t)) be satisfied, higher degrees of underactuation generate over-determined sys-
tems in (3.2), which may not always have a solution. In the case of inverse dynamics
trajectory computations, only constraint-consistent accelerations must be computed
and thus the degree of underactuation does not affect solutions to (2.13) provided
M11 is invertible.

3.4 Continuing Forward

With the theory and algorithms for UA1 systems established, the remainder of this
thesis will explore the development of two motion planning algorithms for this class
of systems. We will first consider the effectiveness of embedding Algorithm 3.2
into an RRT-based algorithm for the purpose of kinodynamic feasibility evaluation.
Secondly, we will investigate the worth of including Algorithm 3.2 as a means of
feasibility detection for early termination of a continuous optimisation variant of
the motion planning problem under a path parameterisation.
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Chapter 4

Path-Parameterised RRTs for
Underactuated Systems

Having developed an efficient algorithm to compute path parameterisations for UA1
systems in Chapter 3, this chapter presents a path-parameterised sample-based mo-
tion planning algorithm, using the previous chapter’s work as a foundation. In
doing so, we present a specialised state-based steering mechanism for this class of
underactuated systems where no current method exists. After providing motivation
for this chapter in Section 4.1, Section 4.3 outlines the structure and algorithms of
our search routine, UA1-RRT. We detail considerations related to the design of our
algorithm, UA1-RRT in Section 4.3. Section 4.4 details the implementation of our
algorithm and the simulation experiments performed on a planar UAV and acrobot
model for program testing. These results are provided in Section 4.5 then displays
where the significant improvements in performance in success and computation time
are discussed. Section 4.6 provides a summary of this chapter and highlights work.

This chapter has been written as the paper Path-Parameterised RRTs for Under-
actuated Systems and has been submitted to the 2024 International Conference on
Intelligent Robots and Systems (IROS).

4.1 Introduction

Sample-based methods for motion planning have shown to be effective in creat-
ing collision-free trajectories within complex environments, with algorithms such as
Rapidly-Exploring Random Trees (RRT) [93] and Probabilistic Road Maps (PRM) [176]
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demonstrating the ability to compute feasible solutions by exploring the available
state space. Whilst sampling-based methods extend to underactuation, the dif-
ficulty of creating feasible connections between sampled points for these systems
can lead to longer computation times to arrive at a feasible solution [75]. To ensure
branches within the tree respect the underactuated dynamics of these systems, these
algorithms must have a well-designed steering routine.

Chapter 2 provided coverage of various steering methods for RRT expansion, with
control-based and state-based methods. It was evident that whilst underactuated
systems can be handled under control-based steering, there are currently no imple-
mentations of state-based steering that extend to systems with underactuation [6].
As explored throughout Chapter 2, designing geometric paths for underactuated
systems is a challenging task, particularly in a sample-based context. This is due to
the non-trivial nature of performing searches in targeted directions, which may re-
quire complex motions to be feasible however difficult to generate when constructing
branches. As a result, path-parameterisation techniques for underactuated systems
have often used motion-primitive approaches to assemble complex motions, however,
in more dynamic cases, these approaches may not be tractable.

Although underactuated systems were not considered, [12] presented an RRT-based
algorithm AVP-RRT that displayed success in finding feasible trajectories for a dou-
ble pendulum system with severe torque limitations. Paths were accepted depending
on the success of their resulting path parameterisations by admissible velocity prop-
agation (AVP), successively growing a tree of feasible paths.

Having created a specialised dynamic evaluation routine in Chapter 3 for the class of
UA1 systems traversing paths, this chapter considers embedding this method into
a path-parameterised RRT to extend state-based steering towards underactuated
systems and assess the computational benefits this may provide in relation to existing
approaches for sample-based planning. Continuing forward, this chapter makes the
following contributions:

• The proposal of UA1-RRT, a sample-based motion planning algorithm spe-
cialised for UA1 systems through the use of path parameterisation.

• Development of a state-based steering mechanism for random sampling of UA1
systems where no such method currently exists.

• A configuration-space distance metric is introduced for nearest neighbours
selection which allows the distinguishing of points with different velocities.
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• Demonstration of our algorithm on two simulated UA1 systems, the planar
UAV and the acrobot.

• Analysis of our algorithm’s performance, presenting superior rates of success
to existing state-based RRT method and standard RRT implementations as
well as lower computation time as a result of our designed steering method.

4.2 Problem Statement

We consider the problem of generating trajectories q(t) : [0, T ] → Rn for UA1
systems within configuration space Q ⊂ Rn connecting an initial state (q0, q̇0) to
a goal state (qg, q̇g). These trajectories must satisfy the dynamics (3.2) whilst
respecting velocity and actuation bounds

q̇L ≤ q̇(t) ≤ q̇U , τL ≤ τ (t) ≤ τU (4.1)

The approach taken finds geometric paths P(s) : [0, 1] → Rn joining q0 to qg

within Q with corresponding time parameterisations s(t) : [0, T ] → [0, 1] such that
q(t) = P(s(t)) satsifies (3.4) and (4.1). We now detail these components in the
following sections.

4.3 UA1-RRT Routine

In this section, we present the main contribution of this chapter, the UA1-RRT algo-
rithm. We adopt a parameterisation perspective to the trajectory planning problem,
breaking the problem into the coupled subproblems of configuration space planning
and time parameterisation of the resulting paths. Our algorithm follows the general
structure of AVP-RRT [12], using a standard RRT procedure [93] (Section 2.3.1)
for generating collision-free geometric paths in the configuration space. Rather
than performing AVP on each branch to compute the trajectory of the system,
we can now compute trajectories through our developed algorithm PathProfile

(Algorithm 3.2) from Chapter 3, thus allowing us to extend this approach to UA1
systems.

UA1-RRT creates configuration-space trees T composed of vertices V ∈ Q inter-
connected by edges which we define as geometric paths as shown in Figure 4.1. Our
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Figure 4.1: Visualisation of the UA1-RRT algorithm with starting state given by
V0 and the goal state Vg(green). The non-shaded regions of the manifold Q are
the collision-free regions where points can be sampled from. The tree is extended
to a target point Vt using a smooth C1 path and path rate squared θ (magenta) is
computed for each trialled path. Infeasible paths such as where θ < 0 at some point
along the path (the blue path connecting to Vt) are discarded.

vertices possess the following data: V.q - the location of the vertex in configuration
space; V.λ - the parent vertex in the tree; V.P - the geometric path connecting V.λ
to V ; V.θ - the path rate-squared at V.q when moving along V.P . An overview of
UA1-RRT is given in Algorithm 4.1.

4.3.1 Algorithm Overview

The tree T is initialised with a root vertex V0 which is given the initial configuration
q0 and velocity q̇0. V.P ′(0) and rate-squared term V0.θ are then computed such that
q̇0 =

√
V0.θV0.P ′(0). We arbitrarily select V0.θ = 1.0 and V0.P ′(0) = q̇ to satisfy

this, however in cases where q̇ = 0, we also have the option to make V0.θ = 0

and V0.P ′(0) ∈ Rn. RandomConfiguration (Algorithm 4.1 L4) generates a
randomly sampled obstacle-free point qr ∈ Q for T to extend towards. ReachGoal

(Algorithm 4.1 L15) checks whether a vertex V ∈ T is sufficiently close to the goal
state, and if so, terminates the program. On termination, the final trajectory is
computed by ComputeTrajectory (Algorithm 4.1 L16) which successively moves
through each vertex of the branch connecting root to goal, concatenating the edges
of each vertex to create the path of the trajectory. q(t) and q̇(t) are then computed
through running PathProfile (Algorithm 3.2) for the concatenated path P(s)

with the initial root path rate squared V0.θ.
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Algorithm 4.1 UA1-RRT
Input: q0, P ′

0, ṡ
2
0, qg, q̇g

Output: Trajectory joining q0 to qg

1: V0.q ← q0, V0.θ ← ṡ20, V0.P ′(0)← P ′
0

2: T = {V0}
3: for i = 1, 2, . . . , N do
4: qr = RandomConfiguration()
5: Ve = Extend(T , qr)
6: if Extend successful then
7: T ← T ∪ {Ve}
8: end if
9: if PerformGoalBias() = True then

10: Ve = Extend(T , qg)
11: if Extend successful then
12: T ← T ∪ {Ve}
13: end if
14: end if
15: if ReachGoal(T , qg, q̇g) successful then
16: (q(t), q̇(t)) = ComputeTrajectory(T )
17: return (q(t), q̇(t))
18: end if
19: end for

4.3.2 Extension

The Extend procedure (Algorithm 4.1 L5) attempts to create a new vertex which
is as close as possible to target configuration qr to be added to T , with details of
the routine shown in Algorithm 4.2.

Suitable vertices must be selected within the tree to be extended from to a tar-
get point qr. Nearestk (Algorithm 4.2 L2) returns a set of k vertices X ⊂ T
which are closest to qr by distance metric d. The distance metrics in AVP-RRT
used the Euclidean distance within the configuration space with the option to in-
clude the final path orientation [12]. For systems that require repetitive motions or
high-velocity manoeuvres, incorporating the orientation/velocity in these metrics is
essential given vertices with different velocities but close together in configuration
space are indistinguishable unless such a metric is used. We thus propose the metric
dp which considers the distance between qr and the projection of a vertex Vi ∈ T
under its current velocity for a user-defined duration γ ∈ R+ (Figure 4.2). We define
this projected point qp ∈ Rn as

qp = Vi.q + γ
√
Vi.θVi.P ′(0) (4.2)
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Algorithm 4.2 Extend
Input: Tree T , configuration qr to extend T towards
Output: A new vertex to be added to T or Failure

1: function Extend(T , qr)
2: X = Nearestk(T , qr), Y = ∅
3: for xi ∈ X do
4: δq = qr − xi.q
5: if ∥δq∥2 > Dmax then
6: qr ← xi.q +Dmaxδ̂q
7: end if
8: Vs = Steer(xi, qr)
9: if ObstacleFree(Vs.P) = True then

10: Y = Y ∪ {Vs}
11: end if
12: end for
13: if Y ̸= ∅ then
14: return argmin

y∈Y
∥qr − y.P(1)∥2

15: else
16: return Failure
17: end if
18: end function

with the metric being given as

dp = ∥qr − qp∥2 (4.3)

This metric is well suited towards state-based steering as it prioritises vertices in
the tree that the system has the most potential to reach qr from (or at least move
in the direction of qr).

Each vertex xi ∈ X is then steered towards the target point qr. A maximum
extension distance Dmax is enforced to regulate tree growth such that extensions for
the tree do not exceed this distance (Algorithm 4.2 L4-7). Steer (Algorithm 4.2
L8) returns a vertex Vs with a feasible edge connected to xi ∈ T extending as close
as possible to qr (details in Section 4.3.3).

ObstacleFree (Algorithm 4.2 L9) performs collision checking of the path Vs.P
with any configuration-space obstacles and if no collisions are made, adds Vs to the
candidate vertex set Y . After all vertices in X are steered towards, the closest vertex
in Y to qr by Euclidean distance is returned as the new vertex to be added to T
(Algorithm 4.2 L10).

To encourage growth towards the goal region, an additional Extend procedure (Al-
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Figure 4.2: Projected distance metric with qp for each vertex shown as green
points, in this example, vertex V3 would possess the lowest metric dp.

gorithm 4.1 L5-8) is included that performs an extension towards the goal state [12].
Ensuring a balance between exploring the available motion space as well as biasing
towards the goal region is dictated by the frequency of this procedure, indicated
by a function PerformGoalBias. In our application, PerformGoalBias will
return True every five iterations, which we found to be an appropriate choice that
balances these criteria. As the tree grows closer to the goal region throughout the
program, the projected point qp in (4.3) will likely overshoot the goal when using a
fixed γ. To account for this, we set γ = 0 for dp in (4.3) for this extension process to
base distance purely on proximity to the goal in Q. Together with the original Ex-

tend procedure, we offer a search method that encourages dynamically conscious
tree growth in configuration space coupled with refined goal-reaching capabilities
once significantly extended.

4.3.3 Steering

The path-velocity decomposition enables a state-driven steering approach, where we
create connecting paths first and then test their dynamic consistency. Our algorithm
requires geometric paths P(s) to be smooth with C1 continuity such that q(t) and
q̇(t) are continuous. Adding a new vertex to the tree must therefore ensure its path
created by Steer (Algorithm 4.2 L8, Algorithm 4.3) is C1-continuous to the path
of its parent vertex. An exception to these continuity requirements is where q̇ ≈ 0

at an existing vertex in the tree. In these cases, the initial tangent vector of the new
vertice’s path can be non-zero provided its initial rate-squared value θ = 0.
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Algorithm 4.3 Steer
Input: Vertex x0 ∈ T , target configuration qr

Output: A vertex at qr with parent x0 or Failure
1: function Steer(x0, qr)
2: for i = 1, 2, . . . , Nrndm do
3: P(s) = GeneratePath(x0, qr)
4: (s⋆, θ⋆) = PathProfile(P(s), x0.θ)
5: if s⋆ ≥ s† then
6: y.P ← {P(s) | ∀s ∈ [0, s∗]}
7: y.θ = θ⋆

8: Y = Y ∪ {y}
9: end if

10: end for
11: if Y ̸= ∅ then
12: return argmin

y∈Y
∥qr − y.P(1)∥2

13: else
14: return Failure
15: end if
16: end function

GeneratePath (Algorithm 4.3 L3) is responsible for creating paths P(s) which
meet these aforementioned requirements. Specifically, paths are created which con-
nect a vertex x0 ∈ T to configuration qr such that P(s) is tangent to the tree at
x0.q. Whilst any polynomial of degree three or higher meets this criterion, Gener-

atePath selects paths from the family of cubic polynomials with fixed end-point
positions and initial gradients. These polynomials have one remaining degree of free-
dom which we use to parameterise this family of paths (selecting the parameter to
be the final gradient of the curve). Randomly selecting this parameter within a user-
defined range is performed on each call to GeneratePath, providing a randomised
C1-continuous path steering from x0.q to qr.

As explored within Section 3.3.5, the largest contrast between our specialisation to
UA1 systems and the work of AVP-RRT is the treatment of propagating velocities
along each path. With UA1-RRT, we emphasised that a unique profile θ(s) is
created for each path and a given terminal velocity (at either the beginning or end
of the path) as also discussed in Chapter 3. As a result, the velocity of the system
is dictated by the geometry of the path, thus the ending velocity (if the solution is
entirely feasible) is unique and determined through our ComputeProfile routine
in Algorithm 3.2. Determining the final velocity of these profiles from the path
and initial condition alone is not readily available as we require the solution to
the nonlinear dynamic system (3.4). This restriction is not the case within AVP-
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RRT, as through the TOPP method, an interval of velocities can be chosen for both
endpoints of the given path. Due to this, these intervals can be propagated along
the tree, allowing a larger family of trajectories to be considered for each branch, as
well as allowing trivial implementation of bi-directional tree search methods given
connections only need to rely on an intersection between velocity intervals.

Creating paths from one point to another that are feasible can be particularly chal-
lenging for underactuated systems, as in many cases non-trivial motions are required
to feasibly move between points and thus will rarely be a smooth interpolation be-
tween the two points unless the points are sufficiently close together. This often
requires a strong heuristic to guide paths into feasible motions. These features thus
make it rather difficult to produce paths that are feasible over the entire duration
of a path s ∈ [s0, sf ], as the path must capture the dynamics exactly. To address
this limitation we allow for the truncation of paths P(s) such that for a point s⋆,
the values of the path beyond s⋆ are removed (i.e. P(s) ← {P(s) | ∀s ∈ [0, s⋆]})
with the remaining path being feasible to some user-defined definition.

PathProfile (Algorithm 4.3 L4) computes the point s⋆ as well as the rate-squared
profile θ⋆ at the point s⋆ when following P(s) from GeneratePath. θ(s) is com-
puted by iterative numerical quadrature of (3.4) using the initial path velocity of
the tree vertex x0. For our method, we define s⋆ as follows:

We first define SP(s), the set of admissible path rates for the bounds (4.1)

SP(s) = {(ṡ, s̈) | q̇L ≤ q̇(s) ≤ q̇U , τL ≤ τ (s) ≤ τU} (4.4)

where q̇(s) and τ (s) are computed by (2.24) and (3.2) respectively. Equipped with
this, s⋆ is then defined as

s⋆ = inf{s(t) ∈ [0, 1] | (3.4), (ṡ, s̈) /∈ SP(s)} (4.5)

Our definition for s⋆ does not include paths that encounter dynamic infeasibility
(Definition 2.2.2), as we believe creating paths that terminate at zero crossings of
θ lead to poor future extensions since they indicate paths of insufficient kinetic
energy to complete future motion (blue branch of Figure 4.1). The search for s⋆ is
performed simultaneously with the numerical integration of θ(s). When s⋆ is found,
PathProfile terminates, returning s⋆ and θ⋆.

We impose a cut-off threshold 0 < s† ≤ 1 such that paths with s⋆ < s† are discarded
to avoid extensions that are too short. In our implementation, we choose the fairly
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conservative value s† = 5∆s. The time-parameterised method for state-based steer-
ing has the additional advantage of computing the duration of the trajectory since
it is encoded by the profile θ(s), a difficult task in the standard RRT method [75]
without resorting to a sophisticated control policy.

To increase the likelihood of returning a vertex with a feasible path when Steer

is called, we perform PathProfile Nrndm times, each with a randomly generated
path from GeneratePath. After all Nrndm paths are computed and parameterised,
Steer returns the vertex whose path terminates closest to qr in the Euclidean sense.

4.3.4 Terminal Conditions

ReachGoal (Alg. 4.1 L15) determines if any vertex in T is within a user-defined
distance of the goal (qg, q̇g) and signals termination of the program if so. With
our assumption that all models will possess only prismatic and revolute degrees of
freedom (Assumption 3.2.1), normalised goal metrics for prismatic (T ) and revolute
(R) coordinates towards a terminal state q = V.q and q̇ =

√
V.θV.P ′(1) of a vertex

V ∈ T are given by

d2g,i =


∥qg,i−qi∥2

q2i,max
i ∈ T

(1− cos(qg,i − qi))2 i ∈ R
(4.6)

Together with the normalised velocity error, the overall distance-to-goal dgoal is then

dgoal =
1

2n

(√√√√n−1∑
i=0

d2g,i +

√√√√n−1∑
i=0

(q̇g,i − q̇i)2
q̇2i,max

)
(4.7)

For a distance threshold ϵg, the tree has reached the goal if a vertex V ∈ T returns a
goal metric dgoal ≤ ϵg. We select a value of ϵg = 10−2 to provide sufficient accuracy
in the resulting trajectories akin to AVP-RRT [12]. With our current algorithm,
the graph uniformly extends outwards for the majority of the routine, thus the time
complexity of the algorithm is expected to grow exponentially with the dimension
of the system, as is the case with classic RRT routines.
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Figure 4.3: UAV model with coordinate frames shown.

4.4 Simulation Experiments

Having established the UA1-RRT routine, we now consider its application in creating
motion plans for two UA1 systems, a planar UAV that must navigate an obstacle-
filled tunnel and an acrobot performing a swing-up procedure.

4.4.1 UAV Fly-Through

We consider a planar UAV with mass m, length ℓ and moment of inertia Ixx that
must fly from one end of a tunnel to the other, whilst avoiding several obstacles.
The chosen physical characteristics for the UAV are given in Table 4.1.

m (kg) ℓ (m) Ixx (kgm2) umax (N)
0.1 0.2 1.0× 10−4 2.5

Table 4.1: UAV parameters

We imposed maximum translational and rotational velocities of 20ms−1 and 50rad/s

respectively. The dynamics of the UAV in the inertial frame are given by

M(q)q̈ +G(q) = τ (4.8)
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with

M (q) =

m 0 0

0 m 0

0 0 Ixx

 , G(q) =

 0

mg

0



τ =

 (u0 + u1) cos(ϕ)

−(u0 + u1) sin(ϕ)

0.5ℓ(u1 − u0)


(4.9)

It is clear that this coordinate frame does not readily produce dynamics of the
form (3.2). As stated in Section 2.1.2, the dynamics of the system are invariant
to the choice of coordinates, thus we consider the dynamics within the body frame
(y′, z′, ϕ), with the net translational and rotational forces on the body (F , τ ) as
inputs to the system (Figure 4.3). This is achieved by considering the coordinate
mapping

y′ = z sin(ϕ) + y cos(ϕ)

z′ = z cos(ϕ)− y sin(ϕ)
ϕ = ϕ

(4.10)

and transforming the dynamics to

M (q) =

m 0 0

0 m 0

0 0 Ixx

 , G(q) =

mg sin(ϕ)mg cos(ϕ)

0



τ =

 0

F

τω


(4.11)

As a result, the passive degree of freedom becomes the lateral axis y′ as no input
can create additional acceleration in this direction.

To simplify trajectory planning, we perform the tree search within the inertial frame
such that paths are created in the space of (y(s), z(s), ϕ(s)) in order to make ob-
stacle avoidance trivial. To perform dynamic querying through PathProfile, we
must convert each candidate path in the inertial frame, Pw = [y(s), z(s), ϕ(s)]T ,
to the body frame which we can perform by defining (4.10) as the mapping func-
tion [y′, z′, ϕ]T = f(y, z, ϕ), and then computing the body frame path components
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Figure 4.4: Acrobot model with coordinates shown.

Pb = [y′(s), z′(s), ϕ(s)]T and its derivatives in s as

Pb = f(P i)

P ′
b =

∂f

∂Pw

P ′
w

P ′′
b =

(∑
i

P ′
w,i

∂2f

∂Pw,i∂Pw

)
P ′

w +
∂f

∂Pw

P ′′
w

(4.12)

We specify the endpoints of the trajectory to be the start and end of the tunnel with
target velocities q̇0 = q̇g = 0. For tree search parameters, we selected Dmax = 1.0

and γ = 1.0.

4.4.2 Acrobot Swing-Up

The physical parameters for the acrobot are based on those of [12] (presented in
Table 4.2) with our actuation now being a purely passive shoulder joint and an
actuated elbow joint with torque limit |u| ≤ 50Nm. We also impose the velocity
bounds |q̇0,1| ≤ 50rad/s.

We assume each link to be of uniform density such that the centre of gravity of
each link is at its midpoint. The equation of motion for the acrobot can be trivially
computed through the methods described in Section 2.1.2. The dynamics of the
acrobot are given by [9]

M(q)q̈ +C(q, q̇)q̇ +G(q) = τ (4.13)
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with

M (q) =

[
I0 + I1 +m1l

2
0 +m1l0l1c1 I1 + 0.5m1l0l1c1

I1 + 0.5m1l0l1c1 I1

]

C(q, q̇) =

[
−m1l0l1s1q̇1 −0.5m1l0l0s1q̇1

0.5m1l0l1s1q̇0 0

]

G(q) =

[
−0.5m0gl0s0 −m1g(l0s0 + 0.5l1s0+1)

−0.5m1gl1s0+1

]

τ =

[
0

u

]
(4.14)

with si = sin(qi) and ci = cos(qi)

m0, m1(kg) ℓ0, ℓ1 (m) I0, I1(kgm
2) umax (N)

8.0 0.5 0.167 50.0

Table 4.2: Acrobot parameters

Our acrobot is free to swing any number of rotations around its first joint but with a
constrained second joint to reside in q2 ∈ [−π, π]. We choose to perform a swing up
procedure such that qg = [π+2πk, 0]T , q̇ = 0 and thus provide multiple goal points
within the tree search, in our case k = {−2,−1, 0, 1} with a goal reach threshold of
ϵg = 10−2. For the tree search, we select a maximum steering distance Dmax = 2.0

and a projected distance constant γ = 0.1.

4.4.3 Simulation Setup

We implemented the UA1-RRT routine within C++. We compare our approach to
two other methods, also implemented in C++. The first is an adaptation of the
AVP-RRT algorithm [12] performing the same procedure in Algorithm 4.1 with the
exception of the path profile step (Alg. 4.3 L4) being the AVP algorithm provided
by the TOPP library [74]. The second method is a standard RRT routine with
k nearest neighbours (KNN-RRT ) [93]. As discussed earlier, standard state-based
steering is only viable for fully or redundantly actuated systems as finding profiles
q(t) for underactuated systems that satisfy the dynamics exactly is non-trivial. Due
to this restriction, we instead adopt the control-based steering approach of [93] for
our KNN-RRT implementation. Given UA1-RRT also uses a sample-based steering
approach we believe this choice enables a fair comparison.
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All tests were run using a nearest neighbours value of k = 10 in Nearestk to
avoid excessively long run times. For each method, we used the same random seed
sequences for point selection in RandomConfiguration. We performed 20 seeds
for the UAV example and 10 for the acrobot. We set a maximum run time of
5000 seconds for each run. For the path-parameterised methods, the integration
procedures in s used a resolution of ∆s = 10−3 and for KKN-RRT we used a
time step ∆t = 10−2s. For each Extend procedure in UA1-RRT and KNN-RRT
we trialled Nrndm = 200 random paths/controls respectively whereas in AVP-RRT
we performed one extension similar to their original approach. We recorded the
computation time for each Steer action within Extend, with average steering
times tSteer recorded for each run of the examples.

4.5 Results and Discussions

All tests were performed on an Intel i7-2600 3.40 GHz processor, with the statistics
for the UAV and acrobot tabulated in Tables 4.3 and 4.4 respectively. It is clear
that of the three methods, UA1-RRT achieves the lowest mean run time and highest
success rates in computing feasible trajectories for both examples.

Success (%) Run Time (s) Feasible Edges (%)
UA1-RRT 100.0 229.9 / 1214.0 100.0 / 100.0
AVP-RRT 0.0 3188.1 / 5000.0 10.5 / 16.8
KNN-RRT 15.0 4474.2 / 5000.0 100.0 / 100.0

tSteer (ms) Iterations Vertices
UA1-RRT 1.00 / 1.29 11619 / 38571 10133 / 31619
AVP-RRT 1.1 / 1.18 72747 / 133692 22443 / 46262
KNN-RRT 0.40 / 0.53 102283 / 121742 122739 / 146090

Table 4.3: UAV fly-through (mean / max).

Evaluation of AVP-RRT’s resulting trajectories using ComputeProfile (Alg. 4.3
L4) were found to be only partially feasible, with trees containing at most 54.8%
feasible branches across all runs (Table 4.4). Infeasible branches in these trees
often admitted much higher values for θ in subsequent branches, leading to greater
difficulty in reaching states of rest, typically reaching the maximum run time with
very large iteration counts. Compared with the 100% branch feasibility from UA1-
RRT and KNN-RRT, it appears that AVP-RRT in its current form is not well suited
for UA1 systems despite accommodating such constraints [6].
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Success (%) Run Time (s) Feasible Edges (%)
UA1-RRT 100.0 686.7 / 1886.7 100.0 / 100.0
AVP-RRT 0.0 5000.0 / 5000.0 34.5 / 54.8
KNN-RRT 60.0 2076.5 / 5000.0 100.0 / 100.0

tSteer (ms) Iterations Vertices
UA1-RRT 0.10 / 0.15 37282 / 69581 26933 / 50329
AVP-RRT 0.8 / 0.82 103991 / 291111 795 / 2305
KNN-RRT 2.0 / 2.3 29440 / 69351 52990 / 124831

Table 4.4: Acrobot swing-up (mean / max).
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Figure 4.5: Percentage of successful runs vs. time for UAV fly-through

Figures 4.5 and 4.6 shows the percentage of successful attempts achieved in each ex-
ample over time, with UA1-RRT achieving greater success than KNN-RRT in both
Figure 4.5 and Figure 4.6. This could be attributed to the path smoothness encour-
aged by UA1-RRT’s steering, enabling the growth of steady and feasible motions
towards the goal whereas KNN-RRT’s more aggressive approach will often create
branches from which motion to the goal can not be recovered, leading to the higher
failure rate and greater computational time. Figure 4.7 confirms this for the UAV,
with the path-parameterised approaches generating visually smoother motions for
the UAV in comparison to the sharper movements from the random-control steer-
ing of KNN-RRT, particularly in pitch angle. This is also evidenced in Figure 4.8,
where this steady progress to the goal for UA1-RRT is highlighted, whereas KNN-
RRT highlights its inability to reach the goal with much greater time taken to move
towards the goal region.

In the acrobot case (Figure 4.6), it is clear that KNN-RRT rapidly achieves 60%
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Figure 4.6: Percentage of successful runs vs. time for acrobot swing-up
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Figure 4.7: UAV trajectories for each method (feasible portions shown).
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Figure 4.8: UAV distance-to-goal metric over program iterations (average in bold,
standard deviation shaded).

of program success before stalling, whereas UA1-RRT’s rate of success grows more
steadily and reaches 100% success. This difference also offers the insight that path
smoothness could impede tree growth as well if more aggressive maneuvres are re-
quired to encourage tree expansion or continue system motion. Figure 4.10 illus-
trates an example in which our smooth path construction leads to conservative
motion, with the requirement of several build-up swings before the final swing-up is
achieved. Comparing this with the motions generated by the random-control steer-
ing of KNN-RRT (Figure 4.11), the upright state is achieved without the need for
such large build-up swings. As shown in the plots for q̇, the smooth construction of
UA1-RRT leads to a maximum velocity of approximately 11 rad/s, whereas KNN-
RRT’s motion can reach velocities in excess of 25 rad/s. The ability of KNN-RRT
to move much quicker through areas of its state space such as in the final seconds
of motion may offer an explanation for the shorter completion times to UA1-RRT
in 4.6, with the ability to reach the goal from greater distances in state space. To
increase our approach’s flexibility in creating non-smooth behaviour, Dmax can be
decreased appropriately, at the expense of denser and ultimately slower tree growth.

Observing the distance-to-goal for the acrobot cases (Figure 4.9), conversely to the
UAV example, UA1-RRT performs the most iterations of the three methods before
visibly approaching the goal. Furthermore, UA1-RRT and AVP-RRT remain at their
initial dgoal over 103 and 101 iterations respectively whilst in 102 iterations KNN-
RRT arrives nearly at the goal. Whilst this suggests no progress is made over these
durations, this is a consequence of our goal metric design (4.7) and the choice to
move between the two equilibria of the acrobot. Our selected q0 is a local minimum
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Figure 4.9: Acrobot distance-to-goal metric over program iterations (average in
bold, standard deviation shaded).

of (4.7), hence local states of non-zero velocity around this configuration will create
higher values in dgoal. This will remain the case until the first link moves close to the
upright position. This is confirmed by Figure 4.10) where several build-up swings
are needed before the final swing-up is achieved, indicated by the rapid reduction in
dgoal in Figure 4.9. This also explains KNN-RRT’s behaviour in Figure 4.9, with the
random-control steering driving the system to perform aggressive maneuvers that
reach the goal’s vicinity in fewer build-up swings than the other two methods, whose
motion plans are more conservative from their smooth path construction.

The rapid detection of infeasibility in PathProfile allows UA1-RRT to discard
paths with s⋆ < s† immediately in Steer (Algorithm 4.3). As a result, little com-
putation time is spent on paths created by generatePath that are not feasible.
This is beneficial for systems with strong couplings between their paths and dy-
namics as the majority of generated paths will be entirely infeasible and will not
contribute to computational overhead. This is particularly the case for the acrobot,
with steering times for UA1-RRT being the lowest by a considerable margin (Table
4.4). AVP-RRT on the other hand performs several orders of magnitude slower for
both examples, given they must pre-compute several components such as limiting
curves and switch points [74], which UA1-RRT and KNN-RRT need not consider.

In order to accelerate UA1-RRT’s computational time, future work may consider
employing a bi-directional search strategy similar to AVP-RRT [6]. A current limita-
tion of this consideration is that connections between trees will require a connecting
branch with terminal velocities matching the path velocities at each tree’s connecting
vertex. Whereas in AVP-RRT, connecting branches rested upon an intersection of
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Figure 4.10: Example acrobot motion produced by UA1-RRT demonstrating the
several pumping motions required to account for its passive first joint. Profiles of
the trajectory components are also included for clarity.
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Figure 4.11: Example acrobot motion produced by KNN-RRT demonstrating the
much more aggressive swings applied to bring the acrobot into the upright position.
Profiles of the trajectory components are also included for clarity.
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each branch’s velocity intervals, our specialisation to UA1 causes this problem to be-
come a two-point boundary problem. These problems are much harder to solve and
are currently not solvable through our current dynamic evaluation method Path-

Profile, as the final path velocity is determined by forward integration of the
dynamics.

4.6 Summary

This chapter has presented the development of a random search algorithm specialised
to UA1 systems, making use of the structure they present when viewed under path
parameterisation. This included the construction of a novel state-based steering
routine, as well as the addition of a new metric that encourages tree growth in
configuration space whilst accounting for dynamic quantities. The simulated results
conveyed superior success rates in computing feasible trajectories where existing
approaches found difficulty. Additionally, faster computational times were apparent
as a result of the little computational overhead our proposed steering strategy offers.

98



Chapter 5

Path-Parameterised Trajectory
Optimisation with Feasibility
Detection

This chapter investigates the applicability of the path parameterisation technique in
creating trajectory optimisation problems for mechanical systems. It also presents
two additions to this formulation specialised to UA1 systems, a feasibility detection
mechanism and a bilevel formation of the problem. Section 5.1 provides context for
the forthcoming chapter, giving motivation for the problem in light of the current
state of the literature and progress in this field. Section 5.2 details the method
used in establishing trajectory optimisation problems from a path parameterisation
perspective, highlighting the changes to the dynamic constraints and variables used
within the problem, as well as their representation as mathematical programs. Sec-
tion 5.3 then takes the algorithms and techniques developed in Chapter 3 to enable
a feasibility detection mechanism within the trajectory optimisation framework for
UA1 systems. Furthermore, additional problem formations utilising the structure
of UA1 systems under the parameterisation are presented as additional planning
algorithms. The developed algorithms are tested on a number of UA1 systems with
problem setups and results detailed in Section 5.4. The discussion of the results and
their significance to this thesis are then presented in Section 5.6. Lastly, Section 5.7
summarises the contributions of this chapter.
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CHAPTER 5. PATH-PARAMETERISED TRAJECTORY OPTIMISATION
WITH FEASIBILITY DETECTION

5.1 Introduction

Our work in Chapter 4 presented a sample-based motion planning algorithm that
generated trajectories by designing paths and time parameterisations separately. As
a result, feasible paths could be iteratively constructed by branching out and adding
paths to the tree that are verified to be dynamically feasible by the parameterisa-
tion routine created in Chapter 3. While we were capable of generating dynamically
consistent trajectories for some arguably challenging systems, the resulting com-
putation times remain reasonably large and whilst probabilistically complete [111],
from a practical implementation with finite run-times success of these procedures
is not always guaranteed. Furthermore, the generated motions are not optimal, as
although we can attain a time-optimal trajectory for a given path, the paths them-
selves are a prime factor in generating optimal trajectories (e.g. avoiding excessive
swinging actions).

We move our attention to continuous optimisation perspectives for the motion plan-
ning problem. Under this perspective, we improve upon the caveats of random-
search methods in terms of computation time and optimal search capabilities, given
optimisation methods are designed to produce optimal solutions in an efficient man-
ner. We draw this motivation from the current success and popularity of trajectory
optimisation through local search strategies, computing feasible and optimal mo-
tions for high-dimensional systems [133, 132, 25, 69]. As explored in Section 2.4.4,
catered solvers exploiting the structure of dynamic systems such as convex pro-
grams for contact-based systems and time-optimal methods have been presented for
a number of robotic systems which has inspired many efforts to use the structure of
dynamic systems for specialised solvers which can gain computational advantages
from these exploited features.

Creating paths and their time parameterisations have often been performed sepa-
rately, in many cases constructing geometric paths that satisfy holonomic constraints
of the system, then determining appropriate time parameterizations such as through
TOPP [10] and possibly repeating the process until a desired trajectory is achieved.
Path-parameterised trajectory optimisation has only recently been proposed, with
an any-time bilevel algorithm proposed by Tang et al. [11] in 2019 which consid-
ered trajectory planning for a planar vehicle under friction. Comparisons with their
bilevel formation of the motion planning problem to an equivalent single-level rep-
resentation were made which highlighted the merits of the bilevel approach. Of
key importance were the feasibility retention and inner problem convexity allowing
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efficient and any-time behaviour. The any-time behaviour resulted from computing
upper-level gradients that were within the null space of the inner time parame-
terisation problem such that feasibility was maintained when altering the path in
the upper level. This comparison was performed on a two-dimensional vehicle with
frictional effects. It was highlighted that the single-level variant had very poor con-
straint satisfaction and never achieved a feasible solution, with both IPOPT and
SNOPT tried as solvers.

We hypothesise that this failure of their single-level representation may be due to
reflecting the same level of discretisation as their bilevel equivalents. In the bilevel
scheme, having a separate program to handle the time-parameterisation problem
allows for the efficient solving of the time-scaling problem for a large number of
collocation points as shown by many existing works [74, 10]. With the construction
of the problem ensuring path iterates remain feasible, the inner problems are always
well-posed and can be solved without fear of problem failure.

In many trajectory optimisation contexts the feasibility of a trajectory takes a
higher priority than the optimality of a trajectory, particularly in real-time con-
texts [177, 178]. As shown in [11], satisfaction of the constraints can be a demand-
ing task for a continuous optimisation formulation. Addressing the problem from a
path-based perspective does provide an intuitive means of evaluating the feasibility
of a geometric path by the success of the path parameterisation as in Chapter 4.
With the ability to extract the path of the system trivially at any point during a
program’s run, the feasibility of the path can be evaluated to a user-defined res-
olution independent of the discretisation, thus offering a high-resolution feasibility
detection mechanism under this decomposition. The separation of path and time
parameterisation also motivates the use of approximating system motions with fewer
splines without compromising dynamic accuracy. For systems that can be described
in this manner, this may allow programs of small sizes to generate motions with
high-fidelity dynamic accuracy.

The simplified dynamics of UA1 systems also suggest the use of a bilevel approach,
with a greatly simplified inner problem given the path velocity of the system is de-
termined directly by the path. Rather than construct an inner optimisation problem
as in [11], solutions to the time parameterisation are determined directly by the path
of the system as explored in Section 3.3. Through this, an analytical solution can
be achieved for this inner problem for this class of system.

With this, this chapter makes the following contributions:
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• A path-parameterised representation of the trajectory optimisation problem
as a nonlinear program is proposed, with considerations for the discretisation
of path and time parameterisation highlighted.

• Exploitation of the dynamics of UA1 systems under path parameterisation to
enable an embedded feasibility detection mechanism for early termination of
path-parameterised programs.

• A bilevel formulation of the path-parameterised trajectory optimisation is pro-
posed that simplifies the inner problem given the scalar dynamics of UA1
systems under the parameterisation.

• Relaxations to the created nonlinear programs are proposed to encourage prob-
lem feasibility.

• Motion planning simulations for several UA1 systems are performed using the
created methods and analysed relative to a direct collocation formulation.

• Demonstration of this method as a trajectory refinement scheme for sample-
based planner outputs from UA1-RRT in Chapter 4.

5.1.1 Problem Statement

We consider solving problems of finding collision-free trajectories q(t) : [0, T ]→ Rn

from an initial state (q0, q̇0) to a final state (qf , q̇f ) for mechanical systems with
dynamics

M (q)q̈ +C(q, q̇)q̇ +G(q) = B(q)u (5.1)

and any degree of actuation (i.e. no restrictions on rank(B(q)) whilst adhering to
the generalised bounds

q̇L ≤ q̇(t) ≤ q̇U

uL ≤ u(t) ≤ uU

(5.2)
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These problems can be posed as a continuous optimisation problem, with constraints
addressing the aforementioned kinodynamic constraints and an objective J .

min
q,q̇,u,T

J(q, q̇, u, T )

s.t. M(q)q̈ +C(q, q̇)q̇ +G(q) = B(q)u

q(0) = q0, q(T ) = qf

q̇(0) = q̇0, q̇(T ) = q̇f

qL ≤ q ≤ qU , q̇L ≤ q̇ ≤ q̇U

uL ≤ u ≤ uU

(5.3)

We also consider the problem of finding feasible trajectories q(t), which can be
expressed in the form of (5.3) with J(q, q̇,u, T ) = 0.

We look for solutions to this problem by treating (5.3) under a path parameterisa-
tion, with the following sections detailing our approach.

5.2 Trajectory Optimisation through Path Param-

eterisation

We first formulate the path-parameterised problem from a single-level perspective,
where we can achieve a clear separation of constraints within the system into geo-
metric and time-based, as well as reduce the number of variables within the resulting
programs. Preliminary knowledge of path parameterisation and system dynamics
within a trajectory optimisation context have been discussed within Sections 2.2
and 2.4 for the brevity of this chapter and for consistency, we adopt identical nota-
tion.

Rather than finding profiles of q(t) and q̇(t) as functions of time, we instead seek to
find a profile P(s) : [s0, sf ]→ Rn and monotonic path parameter s(t) : R+ → [s0, sf ]

such that the trajectory can be constructed by q(t) = P(s(t)) (Figure 5.1). We can
now see that this reduces the variable space to n + 1 variables rather than 2n in
the traditional case, with n configuration variables encoded by the path P(s) and
a single parameter for s(t).
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Figure 5.1: Path-parameterised trajectory optimisation visualisation, with path
P(s) and path parameter s(t) changing with each iteration.

Continuing with kinodynamic constraints, we represent the dynamic constraints of
the system as in Section 2.4.5. Furthermore we must also impose the relation-
ship between s̈ and ṡ, similarly to how we require collocation constraints in (q, q̇)

and (q̇, q̈). Whilst configuration-space constraints are easily translatable in P(s),
velocity bounds must now introduce coupled constraints in P ′(s) and ṡ(t), the de-
composed problem is now

min
P,s,u

J(P , s, u)

s.t. a(s)s̈+ b(s)ṡ2 + c(s) = B(q)u

s̈ =
1

2

d

ds
ṡ2

P(0) = q0, P(1) = qf

ṡ(0)P ′(0) = q̇0, ṡ(T )P ′(1) = q̇f

qL ≤ P ≤ qU , q̇L ≤ ṡP ′ ≤ q̇U

uL ≤ u ≤ uU

(5.4)

We have retained the control variables u within this problem. Whilst these could be
eliminated from the problem as in time-optimal cases and replaced by their extremal
values, we wish to include input-related objectives and thus having explicit variables
allows this to be a trivial process.

In the current form of (5.4), we must relate each derivative of s to achieve the overall
constraints. Given these constraints are expressed within ṡ2 and s̈, we can instead
consider θ := ṡ2 as the decision variable, with s(t) able to be recovered through
numerical quadrature. For further generality do we consider the actuation forces as
their generalised effects on the degrees of freedom, providing a layer of abstraction
to the problem and allowing actuated and underactuated degrees of freedom to be
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addressed in a simpler manner

min
P,θ,τ

J(P , θ, u)

s.t. a(s)s̈+ b(s)θ + c(s) = τ

s̈ =
1

2

d

ds
θ

qL ≤ P ≤ qU , q̇L ≤
√
θP ′ ≤ q̇U

τL ≤ τ ≤ τU

(5.5)

We must make it clear that under this formulation, the vector coefficients for the
dynamic constraints are now nonlinear in P (i.e. a(s) := a(P(s))) which ultimately
causes these dynamic constraints to be nonlinear. By having the nonlinear dynamic
constraints in (5.5), we allow for constraint violation throughout solving, thus path
infeasibility does not lead to program failure when jointly solving for P(s) and θ(s)
as in the bilevel case where the inner path parameterisation problem would lead to
an infeasible solution.

When comparing this method to direct-collocation schemes, these two operate under
the same principle of representing their variables by polynomial splines. Splines
used in the parameterised method typically extend over larger periods of motion,
whereas in direct collocation they are used as interpolants, whereby the knot points
dictate the motion of the system and the interpolants provide sufficient degree to
approximate the motions in between. Time parameterisation approaches offer a
reduced representation by representing these motions by continuous splines which
can capture similar motions described by several knot points with fewer variables.

We now must consider the transcription of these problems into a finite-dimensional
problem that can be solved numerically.

5.2.1 Geometric Path Representation and Discretisation

We require geometric paths to be at least C1-continuous in order to achieve contin-
uous position and velocity profiles for our trajectories. We select piecewise polyno-
mials to represent this family of curves, as capturing complex motions with a single
polynomial would call for a sufficiently high-order polynomial to be used, which
can introduce higher levels of sensitivity to the optimisation and more parameters
required to shape the paths.
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For an n-dimensional geometric path P(s)

P(s) =


p0(s)

p1(s)
...

pn(s)

 (5.6)

we represent each dimension of the path P i(s) as a piecewise polynomial pi(s)
comprising of nseg polynomials pij

pi(s) = {pi,0, pi,1, . . . , pi,nseg−1} (5.7)

where each polynomial pij occupies a segment of uniform width h over the domain
s ∈ [jh, (j + 1)h].

In our implementation, we choose third-order polynomials to describe each segment
given their wide use in trajectory planning for systems with complex motions despite
their relatively low order.

pij(s) = βij,0 + βij,1s+ βij,2s
2 + βij,3s

3 (5.8)

If these coefficients were used as the variables within our program, a total of 4nnseg

variables would be required to describe the path. To reduce this, we instead define
our polynomials pij as interpolating polynomials between nseg + 1 knot points P ij

(circles on each polynomial in Figure 5.2). Through this, the geometric path is
instead parameterised by n(nseg + 1) variables (i.e. nseg + 1 knot points), reducing
the variable space significantly.

The choice to represent the geometric path as an interpolating polynomial is advan-
tageous given the reduced set of variables required to describe it. It is also desirable
as under our interpolation scheme, continuity is naturally embedded within the poly-
nomial, and thus does not require a series of constraints to be imposed as would be
the case if we selected the coefficients of each polynomial βijk as the optimisation
variables.

Given a set of discrete points {P0, P1, . . . , Pnseg}, the path P(s) is created as a
natural cubic interpolation between the nseg + 1 points. For each coordinate pi of
the path, the polynomial coefficients for the natural cubic interpolant through the
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Figure 5.2: Example two-dimensional geometric path comprised of four segments
with knot points (dots) and interpolating polynomials pij(s) over each segment of
width h.

points {pi,0, pi,1, . . . , pi,nseg} is given by [179]
β0

β1
...

β4nseg−1

 = A


pi,0

pi,1
...

pi,nseg

 (5.9)

The interpolation matrix A is constant for a fixed number of knot points (detailed
in [179]), thus it can be precomputed once, factorised and used efficiently for eval-
uation of our paths or used directly with symbolic algebra to generate expressions
directly in terms of the points {pi,0, pi,1, . . . , pi,nseg}. In our environment, we select
the latter option as this allows us to build analytical expressions for each path to
be later used with automatic differentiation.

Due to this, we attain a closed-form solution for the knot points. Furthermore, with
this representation do we have the ability to evaluate the path and its derivatives
along any point in s given the knot points, hence useful for rapid evaluation once
a solution is achieved (by computing the coefficients in (5.9) and evaluating the
polynomials through Horner’s method by Algorithm 3.1). These coefficients are a
function of the discrete points β(p), which define the geometric paths. Thus there
is a direct mapping from the control points to the geometric path, allowing us the
generate the necessary differential data.
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5.2.2 Path Parameterisation Discretisation

As outlined in Section 2.4.5, we choose to describe s(t) as a piecewise quadratic
polynomial that is C0-continuous in order to achieve trajectories that are continuous
in q(t) and q̇(t) given our restrictions imposed on P(s) in the previous section.
It was shown that by this selection, ṡ(t) is piecewise linear in t, s̈(t) is piecewise
constant in t and s and θ(s) := ṡ2(s) is piecewise linear in s. This combination
of path discretisation and parameterisation is commonly used within fixed-path
path parameterisations, as highlighted in Section 2.4.5 as well the choice of these
discretisations can lead to guarantees that kinematic bounds are respected [10].
The work of [10] also commented on the difficulty in guaranteeing dynamic bounds
are respected given those particular bounds are nonlinear as opposed to the linear
constraints offered by the velocity-squared and acceleration of (2.24). To address
systems with underactuation where these dynamic bounds are made to be zero,
given no guarantees for the bounds within segments to be respected, the resolution
of the discretisation for the path parameterisation is thus essential. As a result,
providing a denser representation for θ will force the program to ensure constraints
are satisfied at more points along the path, however this will, in turn, create much
larger-scale problems which can hinder program execution time.

For our discrete representation of these profiles, we discretise s into N + 1 evenly-
spaced points s = {s0, s1, . . . , sN} over the domain s ∈ [s0, sf ], with points sep-
arated by distance ∆s =

sf−s0
N

. For each point in s, we have a discrete point θk
describing the profile θ(s). As a result, over the interval [sk, sk+1] for k = 0, 1, . . . N ,
the profile of θk(s) can be written as

θk(s) = (1− s̄)θk + s̄θk+1, s̄ =
s− sk

sk+1 − sk
, s ∈ [sk, sk+1] (5.10)

Under this discretisation, close attention is required when expressing the dynamics

a(s)θ′(s) + b(s)θ(s) + c(s) = τ (s) (5.11)

as the term θ′(s) is discontinuous at each collocation point sk due to the piecewise
linear nature of θ(s). To address this issue, there are two collocation strategies
that can be employed to handle this. These methods stem from fixed-path variants
of the time-parameterisation problem where they solve for s(t) by use of convex
programming techniques (given the problems are convex when P(s) is fixed and
dynamically feasible) [7, 10, 170].
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Figure 5.3: Midpoint collocation. Dynamic evaluation points are indicated with
blue stars.

Midpoint Collocation

Given the collocation points s = {s0, s1, . . . , sN} and rate-squared terms θ =

{θ0, θ1, . . . , θN}, we establish N evaluation points for the dynamics at points s =

sk+ 1
2

(Figure 5.3) defined as

sk+ 1
2
=

1

2
(sk + sk+1) (5.12)

Given our interpolants for θk(s) are also linear through (5.10), we can also compute
the rate-squared term at these points as well

θk+ 1
2
:= θ(sk+ 1

2
) =

1

2
(θk + θk+1) (5.13)

As in [7], a discrete set of variables for τ are now also evaluated at these midpoint
locations such that by an abuse of notation τk := τk+ 1

2
for k = 0, 1, . . . , N−1. There

are N sets of control variables for this scheme {τ0, τ1, . . . , τN−1}. The dynamics of
the system are unique at these midpoint locations, given by the N sets of equations
of the following form

a(sk+ 1
2
)s̈k+ 1

2
+ b(sk+ 1

2
)θk+ 1

2
+ c(sk+ 1

2
) = τk, k = 0, 1, . . . N − 1 (5.14)

and when expanded

a(sk+ 1
2
)
(θk+1 − θk)

2∆s
+b(sk+ 1

2
)
(θk+1 + θk)

2
+c(sk+ 1

2
) = τk, k = 0, 1, . . . N −1 (5.15)
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making use of the identity (2.69) for s̈(s).

For constraints related to generalised velocity and accelerations such as endpoint
conditions and bounds, we can compute these terms at the dynamic evaluation
points, given by

q̇k =

√
(θk+1 + θk)

2
P ′(sk+ 1

2
)

q̈k =
(θk+1 + θk)

2
P ′′(sk+ 1

2
) +

(θk+1 − θk)
2∆s

P ′(sk+ 1
2
)

(5.16)

using the identity (2.24).

We consider time and effort-based costs within our approaches, the temporal cost is
a well-known identity and under this choice of collocation is a closed-form solution [7]
(Section A.2)

JT =

∫ T

0

dt =

∫ 1

0

ds√
θ(s)

=
∑
i

∫ si+1

si

ds√
θ(s)

=
∑
i

2∆s√
θi +

√
θi+1

(5.17)

The effort cost is of a similar derivation, with an approximation to the integral first
presented in [7], leading to the expression

Jτ =

∫ T

0

τ Tτdt =

∫ 1

0

τ Tτds√
θ(s)

=
∑
i

∫ si+1

si

τ T
i τids√
θ(s)

≈
∑
i

2τ T
i τi∆s√

θi +
√
θi+1

(5.18)

where we take advantage of the location of the inputs being at the midpoints of
the collocation points. We further normalise this cost by scaling the inputs by their
maximum allowable value τ̂ij =

τij
|τij,max| for j = 0, 1, . . . , n

Jτ =
∑
i

2τ̂ T
i τ̂i∆s√

θi +
√
θi+1

(5.19)

Whilst this method has been used well in fixed-path contexts, extending this to
a motion planning framework has the limitation that dynamic constraints at the
endpoints of the trajectory (i.e. s = s0, sf ) can not be readily expressed. In fixed-
path implementations this does not pose as much of an issue, as in these contexts
the paths are assumed to be dynamically consistent, otherwise, the problem will be
infeasible. This is also aided by the high-resolution discretisations in s made with
these methods (often in the hundreds or thousands [10, 7, 74]) and thus sampling
exactly at the endpoints becomes less of a concern.
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Figure 5.4: On-point collocation. Dynamic evaluation points are indicated with
blue stars.

In a holistic motion planning scheme where P(s) is subject to change, a similar dense
sampling in N can be used to ensure the path is feasible around the endpoints. This
will however increase the problem size and complexity drastically and will likely
result in slow program convergence, as shown in [11]. Another approach would be
to introduce additional variables for the endpoints however handling these separately
to the original variables does add an additional level of overhead in implementation.
We thus introduce another scheme that focuses on the dynamic of the system exactly
at the knot points sk, on-point collocation.

On-Point Collocation

The on-point strategy has a higher level of dynamic resolution as opposed to the
midpoint strategy given the dynamics are evaluated exactly at the knot points. The
piecewise linear profile for θ(s), however, requires the dynamics of the system to be
evaluated twice at each collocation point (except for the endpoints) to account for
the different values of θ′(s) on the left and right side of each sk (Figure 5.4). The
potential to change acceleration under a discontinuous profile for s̈ leads us to ensure
the dynamics of the system are respected on both sides of each collocation point sk.
For each knot point sk, we thus have two acceleration values for each point, given
by

s̈+k =
θk+1 − θk

2∆s
, s̈−k =

θk − θk−1

2∆s
(5.20)

with the exception of the first point only requiring s̈+0 and the last point only re-
quiring s̈−N . This results in 2N sets of dynamics constraints and 2N sets of control
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inputs such that the dynamics of the system are of the form

a(sk)s̈
−
k + b−(sk)θk + c(sk) = τ−

k , k = 1, . . . N

a(sk)s̈
+
k + b+(sk)θk + c(sk) = τ+

k , k = 0, 1, . . . N − 1
(5.21)

where we acknowledge the general case where P(s) may only be C1-continuous and
thus P ′′(s) may have different values on either side of sk, hence requiring different
values of b(s) by (2.29). The expanded form of (5.21) is then

a(sk)
(θk − θk−1)

2∆s
+ b−(sk)θk + c(sk) = τ−

k , k = 1, . . . N

a(sk)
(θk+1 − θk)

2∆s
+ b+(sk)θk + c(sk) = τ+

k , k = 0, 1, . . . N − 1

(5.22)

The 2N sets of generalised inputs τ also account for this differing acceleration
profile, which can lead to sharp changes in actuation which may be necessary for
certain manoeuvres such as rapid braking. This technique differs significantly from
direct-collocation methods, which consider control profiles as smooth interpolations.
Within the path-parameterisation field are control signals often generated after so-
lutions are computed solving the inverse dynamics problem from the profiles q, q̇, q̈
generated by the program. Emulating this behaviour in a direct-collocation context
would require fine sampling over the time domain or a variable-time problem formu-
lation for a similar effect, which can be computationally expensive if dense sampling
is required.

Under this scheme, the duration of the trajectory remains the same given the dis-
cretisation of θ are identical. The effort cost however must account for the two
control inputs at the endpoints of each segment. By a similar approximation to the
midpoint method, we consider the effort cost as the following expression∫ T

0

τ Tτdt =

∫ 1

0

τ Tτds√
θ(s)

=
∑
i

∫ si+1

si

τ T
i τids√
θ(s)

≈
∑
i

1
2
(τ−T

i τ−
i + τi

+Tτ+
i ) · 2∆s√

θi +
√
θi+1

(5.23)
where normalisation of τ can also be performed as in the midpoint method.

5.2.3 Terminal Conditions

As in Chapter 4, there is also the ambiguity of selecting appropriate values for P ′

and ṡ to ensure the velocity of the system is achieved at the terminal points of
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the trajectory. Direct collocation schemes do not face this difficulty as they have
an explicit representation for the generalised velocity of the system and thus these
conditions are imposed by trivial equality constraints (i.e. q̇(0) = q̇0, q̇(T ) = q̇f ).
There are infinite possibilities to describe the velocity q̇ by P ′(s) and ṡ(t). Fixed-
path variants of the trajectory optimisation problem need not consider this to such
an extent as the P ′(s) is predetermined for the entire motion. Thus finding the
correct velocity is a matter of selecting an appropriate ṡ(t). If an equilibrium is
required, it is often the case that ṡ is chosen to be zero, P ′ = 0 or both. Having
P ′ = 0 will however create a zero-inertia point (Section 2.2.5) which may encourage
unbounded behaviour in s̈ and lead to numerical difficulties when solving these
problems.

With this in mind, we instead allow the optimiser to decide the appropriate path gra-
dients and velocity profile to achieve terminal constraints by including the coupled
constraints √

θ0P ′(0) = q̇0,
√
θNP ′(1) = q̇f (5.24)

These constraints will result in complementarity conditions if equilibria are requested
(i.e. q̇0 = 0, q̇f = 0). We accept this additional complexity in order to allow an
adaptive approach to the motion planning problem such that the program can adjust
the path and velocity profile to achieve feasible solutions rather than being limited
to fixed conditions. If program complexity is a concern, this can be trivially adjusted
such that either one or both quantities are fixed for each terminal point.

5.2.4 Program Formulation

Having the variables and corresponding constraints discretised, we are now able to
create nonlinear programs that solve for paths P(s) and rate-squared profiles θ(s)
that produce kinodynamically feasible trajectories q(t) between two goal states.

A nonlinear program formulation of this problem using midpoint collocation as an
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example is

min
P,θ,τ

J(P ,θ, τ )

s.t. a(sk+ 1
2
)
(θk+1 − θk)

2∆s
+ b(sk+ 1

2
)
(θk+1 + θk)

2
+ c(sk+ 1

2
) = τk

qL ≤ P ≤ qU

P(0) = q0, P(1) = qf√
θ0P ′(0) = q̇0,

√
θNP ′(1) = q̇f

q̇L ≤
√

(θk+1 + θk)

2
P ′(sk+ 1

2
) ≤ q̇U

τmin ≤ τ ≤ τmax

θk ≥ 0

k = 0, 1, . . . N − 1

(5.25)

The variable space of (5.25) can be reduced by removing the control inputs τ if a
time-optimal objective is desired, converting the dynamic constraints to a series of
inequalities with their maximal control limits as in Section 2.2.5. This formulation
also naturally captures the dynamics of underactuated systems as the control bounds
can be adapted to equality constraints 0 ≤ τi ≤ 0 to emulate this behaviour (or
relaxed to a threshold −ϵ ≤ τi ≤ ϵ as will be discussed in Section 5.3). This
formulation of the trajectory optimisation problem is generalised to the system’s
actuation such that any degree of the dynamics can be made unactuated by imposing
the aforementioned constraints. As discussed in Remark 3.3.2, whilst the path of the
system can change under this optimisation, the solution for the parameterisation will
still require solving an overdetermined system if higher degrees of underactuation
is considered, which can affect optimisation solvability drastically and bring further
complications for the path parameterisation.

Program Sizes

For an n-dimensional system, representing the motion planning problem in (5.5) with
a path P comprising of nseg segments and a discrete path profile θ = {θ0, θ1, . . . , θN}
consisting of N +1 points, the total number of variables for each collocation scheme
are shown in Table 5.1.

It is clear that from these tabulations, the size of on-point collocated problems
will ultimately be larger than midpoint collocation formulations. In comparison
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θ P τ Total
Midpoint N + 1 n(nseg + 1) Nn N(n+ 1) + nsegn+ 1
On-point N + 1 n(nseg + 1) 2(N − 1)n (N + 1) + 2(N − 1)n+ nsegn

Table 5.1: Number of variables for each collocation choice.

Dynamics Terminal Position Terminal Velocity Total
Midpoint nN 2n 2n n(N + 4)
On-point 2n(N − 1) 2n 2n 2n(N + 1)

Table 5.2: Number of equality constraints for each collocation choice.

to direct collocation methods, the path-parameterised problems allow the separate
discretisations of q(t) and q̇(t) by changing nseg and N respectively.

Solving the Programs

As evident from the velocity and dynamic constraints in (5.25), the resulting math-
ematical program has nonlinear constraints in (P , θ, τ ) and necessitates a nonlinear
programming method to solve these problems. We choose to solve this class of
problems using an interior point method as inspired by the fixed-path variants [171]
which benefit from the convexity of these problems. Whilst these methods used
their own custom solvers, the nonlinearity introduced by pv(s) for these constraints
depletes the sparsity patterns familiar to the TOPP specialisation. As a result,
we instead use the popular IPOPT solver, as was used in the comparisons between
single-level and bilevel performance in Tang et al. [11]. Whilst SQP methods are also
a viable option, with fewer works using these approaches in recent times, interior
point methods have demonstrated robust behaviours. Whilst these constraints may
be amenable to SQP given their partially linear structure in the time-parameterised
variables, we do not consider this within this thesis and mark this as a future con-
sideration.

5.3 Exploiting the Structure of UA1 Systems

The following section considers two potential improvements to path-parameterised
trajectory optimisation brought forth by the properties of UA1 systems. The scalar
nature of the path parameterisation problem motivates a bilevel formulation of
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(5.25) given its trivial computation. Additionally, we also introduce the feasibil-
ity detection mechanism which can be applied to all of these solvers and enables
early termination of a program if the current path iterate is feasible, enabled by our
PathProfile algorithm unique to UA1 systems.

5.3.1 Bilevel Approach

The scalar nature of the time parameterisation problem (3.4) suggests the appli-
cability of treating the problem from a bilevel perspective similarly to [11]. The
path parameterisation of the motion planning problem naturally forms a decoupled
problem, with the first subproblem considering the configuration-space planning of
the system whilst the second associates itself with the execution of the resulting
paths. As a result, the outer level can determine the geometric path for the system
whilst the inner problem addresses the dynamic aspects of the path by computing
an appropriate time parameterisation.

In the case of UA1 systems, we can solve the inner problem efficiently given it is
a matter of evaluating the first-order linear differential system (3.4) to compute
the dynamically consistent rate-squared profile θ(s), then computing the actuated
components by direct evaluation of the remaining n− 1 equations in (3.2). In doing
so, the complexity of the inner problem is reduced significantly and avoids solving
an optimisation problem for every call to the time parameterisation problem in
comparison to existing approaches which must use convex programming [10, 170]
or nonlinear programming methods [11]. We can thus write (5.25) as the following
bilevel program

min
P, θ, τa

J(P , θ, τa)

s.t. qL ≤ P ≤ qU

(θ, τa) = ϕ(P , θ0)

θ ≥ 0

(5.26)

where the inner problem ϕ(P) is defined as

ϕ(P , θ0)

 θ(s) = θ0 − 2
∫ s

0
a−1
u (ν)(bu(ν)θ(ν) + cu(ν))dν

τa(s) =
1
2
aa(s)θ

′(s) + ba(s)θ(s) + ca(s)), ∀s ∈ [0, 1]

which can be established from (3.2). The inner problem assumes that the path P(s)

is fixed, thus θ(s) and τ can be computed by first evaluating θ(s) and then computing
the generalised inputs for actuated degrees through θ as in Algorithm 3.2. As shown
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in this problem structure, imposing inequality constraints for θ and τ are within the
upper level, as the solutions to the inner problem are determined purely by θ0 and
P(s) and can not change depending on the bounds given. These constraints are
placed in the outer level to encourage the path P(s) to change such that these
bounds are satisfied when evaluating the inner problem.

Identical to (5.25), the bilevel problem is discretised such that P(s) is represented
by a cubic interpolation of nseg + 1 knot points P i and θ is represented by N + 1

discrete points θk at equally spaced locations sk ∈ [0, 1]. We now focus on creating
a discretised form for the inner problem ϕ(P , θ0). We will use the midpoint colloca-
tion technique for this discretisation example, however, the same procedure can be
performed for the on-point method (Appendix C).

We extract the underactuated component of (5.22) for each of the N − 1 dynamics
constraints, leading to scalar equations of the form

au(sk+ 1
2
)
θk+1 − θk

2∆s
+ bu(sk+ 1

2
)
θk+1 + θk

2
+ cu(sk+ 1

2
) = 0 (5.27)

which can be arranged to form a set of linear equations

αkθk+1 + βkθk = γk (5.28)

with
αk = (∆sbu + au)

βk = (∆sbu − au)
γk = −2∆sci

(5.29)

The collection of these constraints along with the initial condition for ṡ20 forms the
bidiagonal linear system

1

α0 β0
. . . . . .

αN−1 βN−1



θ0

θ1
...
θN

 =


ṡ20

γ1
...

γN−1


A(P ,∆s)θ = b(P)

(5.30)

Provided this system is well posed, solutions for ṡ2 can be achieved through solving
the above system efficiently through Gaussian elimination given its structure. The
on-point collocation scheme arrives at a similar linear system however the matrix A

is tridiagonal (Appendix C).
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Equation (5.30) presents a continuous solution to the path parameterisation problem
for UA1 systems and therefore is attractive from a continuous optimisation context
for evaluations of functions and their derivatives. To some extent, this parallels with
single shooting strategies within early optimisation, in this case, we adjust the input
parameters P(s) in order for the forward-simulated profiles θ(s) through (5.30) to
achieve an optimal solution.

There is however one large caveat to this approach, where the system encounters
points where P ′ = P ′′ ≈ 0 which can result in an ill-posed matrix given αk = βk ≈ 0.
Within our approach, we anticipate that the motions of systems can be arbitrary and
thus there are no guarantees of how many points of this nature may be encountered
unlike in other situations where this is either not addressed [11] or constructed to
avoid [19]. Any point within s therefore has the potential to induce this complication
within the system.

To avoid such singular points, we add Tikhonov regularisation to the system in
Equation (5.30) with matrix Γ and regularisation parameter α > 0 such that

θ = (ATA+ α2ΓTΓ)−1ATb (5.31)

For Γ, we select the finite difference matrix

Γ =
1

∆s


−1 1

. . . . . .

−1 1

 ∈ R(N−1)×N

where ∆s = 1
N−1

. This regularisation is used in order to encourage smoothness
in θ where these singular configurations may be encountered instead of becoming
unstable. Whilst this regularisation emulates a similar finite difference procedure
as in Algorithm 3.2 when encountering dynamic singularities, the continuous nature
of this regularisation affects all points within θ(s) and thus the overall accuracy of
solutions to (3.4) can degrade rapidly when increasing α too high.

We can also compute the derivative of solutions to (5.30) with respect to the path
variables P in order to compute descent directions for the program. Defining Q =
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(ATA+ λΓTΓ), the derivative is then given by

∂θ

∂P = −Q−1∂PQQ−1ATb+Q−1(∂PA
T )b+Q−1(AT )∂Pb

= Q−1(−∂PQQ−1ATb+ (∂PA
T )b+ (AT )∂Pb)

= Q−1(−∂PQθ + ∂PA
Tb+AT∂Pb)

(5.32)

Computing these derivatives for the purpose of bilevel programming can be computa-
tionally intensive given the requirement to compute multiple matrix-vector products
as well as the factorisation of Q for each change in P . To avoid this expense, we
instead treat the inner problem as a series of constraints within the outer level, in
order to compute the constraints symbolically and thus the differential data can be
computed directly and avoid intensive bilevel descent computations.

To perform this, we treat θ and τ as slack variables to capture the behaviour of the
inner problem solution.

min
P,θ,τ

J(P ,θ, τ )

s.t. θ = (ATA+ α2ΓTΓ)−1ATb

τk = a(sk+ 1
2
)
(θk+1 − θk)

2∆s
+ b(sk+ 1

2
)
(θk+1 + θk)

2
+ c(sk+ 1

2
)

qL ≤ P ≤ qU

q̇L ≤
√

(θk+1 + θk)

2
P ′(sk+ 1

2
) ≤ q̇U

τmin ≤ τ ≤ τmax

θk ≥ 0

k = 0, 1, . . . N − 1

(5.33)

The solution for θ is computed symbolically through the use of a differentiable
symbolic QR decomposition, where its derivative data can also be used to compute
descent directions for the program. Through this, the exact hessian of the system
can be used to avoid approximation routines such as L-BFGS which tend to perform
slower and with more iterations than using the exact hessian of the system [127].

5.3.2 Feasibility Detection for Early Termination

The problem formulated in (5.25) presents a path-parameterised version of the gen-
eralised trajectory optimisation problem (2.1.1). Any system with dynamics of the
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form (2.7) can therefore be addressed through this problem formation. As shown
by [11], trajectory optimisation problems of this form can make it difficult for numer-
ical solvers to satisfy constraints for these systems where high-resolution dynamic
evaluations are required. Even in their cases where the initial paths were close to
their final solutions and the space of feasible motions was large the continuous opti-
misation formulations struggled to satisfy the constraints of the system. Addressing
systems where the path design and dynamics are strongly coupled will likely result
in a similar drawback in these problems, if not worse.

One of the most significant contributions in the work of Tang et al. [11] related to
time-optimal trajectory optimisation was the generation of an anytime algorithm.
With this structure, the program was able to terminate at any point and ensure
that the geometric path of the system was dynamically consistent and that a valid
time parameterisation existed. Their work however considered systems where it
was tractable to construct initial trajectories that were already feasible and as a
result, the gradients that they generated related to the inner problem guaranteed
descent directions would maintain this feasibility property. This feasibility detection
capability highlights the suitability of UA1 systems within this context, as shown in
Chapter 3 and Chapter 4, our efficient implementation of PathProfile to evaluate
θ(s) provides the rapid evaluation of a path’s feasibility.

By Definition 2.2.2, if a path is feasible, then a positive profile for ṡ(s) exists over
the entire domain of the path. With the ability to determine where a UA1 system
becomes infeasible through s⋆ in PathProfile (Algorithm 3.2), the current geo-
metric path iterate can have its dynamic consistency evaluated, with success if s⋆ is
equal to the end of the path as shown in Algorithm 5.2.

Algorithm 5.1 Feasibility Detection
Input: Geometric path P(s) : [s0, sf ]→ Rn, initial pate rate ṡ0
Output: Feasible or Infeasible

1: function IsFeasible(P , ṡ0)
2: θ(s), s⋆ = PathProfile(P , ṡ0) ▷ Algorithm 3.2
3: if s⋆ = sf then
4: return Feasible
5: else
6: return Infeasible
7: end if
8: end function

Whilst our problem formulations may not guarantee an anytime property, we can
still provide this feasibility detection mechanism and allow a program to terminate
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early if a feasible iterate is found. Under these mechanisms are we able to reduce
the computational time of the program, which may make this method attractive in a
real-time planning context. From a gradient-descent approach, we call IsFeasible

at every iteration of the program, shown in Algorithm 5.2 where this is run after
each iteration is performed. After moving with descent direction gi, the variables xi,
objective fi and constraints ci are computed and passed to our detection mechanism.
Algorithm 5.2 provides a very high-level view of the gradient-descent method, where
we direct readers to [127] if further detail of the other elements of Lines 4 and 5 are
desired. Once the geometric path is obtained as well as the initial path velocity, we
can compute the profile of θ to a resolution of ∆s through PathProfile. We note
that this resolution is independent of the resolution of the optimisation program
and thus we can perform much higher levels of discretisation without increasing
the problem size. Given the efficient evaluations of our PathProfile algorithm
as demonstrated in Chapter 4, we can ensure this additional checking procedure
provides a negligible effect on the resulting program runtime.

Algorithm 5.2 Generic Gradient Descent with Feasibility Detection
1: P ← P0, θ ← θ0, τ ← τ0
2: x0 ← [P0, θ0, τ0]
3: for i = 1, 2, . . . , N do
4: gi = ComputeDescentDirection(xi)
5: xi, ci, fi = LineSearch(xi, gi)
6: (P i, θ0) = ExtractVariables(xi)
7: if IsFeasible(P , θ0) = Feasible, ||ci||∞ < ϵ then
8: return
9: end if

10: end for

We additionally require that selected equality constraints are satisfied to a user-
defined tolerance ϵ > 0, to avoid trajectories that are feasible but do not satisfy the
constraints other than the dynamics. For problems that compute the trajectory of
a robotic system, these constraints are typically geometric, ensuring aspects such as
configurations are reached or joint limits are satisfied. To this end, the constraint
threshold does not need to be significantly small in this context, for instance, ϵ =
10−2 if we rely on feedback control to compensate for this error margin.

We note that this feasibility detection metric is a consequence of our choice to
represent the problem under a path parameterisation. as evaluating the path of the
system and the corresponding time-scaling of it provides a natural indication of the
dynamic feasibility of the path. Comparing this to the direct collocation method,
such an approach is not as readily available given the need to consider both q(t) and
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q̇(t) as separate trajectories which in turn must satisfy the differential constraints,
which are often only satisfied at the collocation points.

5.3.3 Relaxations

As previously discussed, the decoupling of the motion planning introduces several
sensitivities to the resulting problems. Altering the geometric path of the system
influences the resulting time parameterisations considerably and in turn, the path
rate squared θ influences the behaviour of the path. This was shown to be a pro-
nounced aspect of the bilevel planning problem of Tang et al. [11], where the desire
for time-optimal behaviours leads to paths with small turns and long stretches to
encourage as fast a manoeuvre as possible.

For underactuated systems, the space of feasible paths will be significantly smaller
and thus constraint satisfaction will be harder to maintain given (5.25) will have
to satisfy constraints of the form τi = 0 in addition to the dynamics constraints.
This may call for a dense sampling of the dynamics along the path to encourage
solutions towards dynamic feasibility, this can however create problems of large
sizes and lead to poor performance. With our focus on UA1 systems, the solution
for θ is predetermined by the configuration of the path, with solutions evaluated by
numerical integration of (3.4).

In light of this, we propose several relaxations to the problem to encourage feasible
solutions and well-posed mathematical programs.

Curvature Penalisation

The path parameterisation technique suggests that the geometric qualities of the
trajectory can be largely decoupled from their corresponding time parameterisation,
such as in designing new gaits [16] or motions [10, 82]. Under this decision, we
impose curvature-related costs within the objective to regulate the smoothness of
the resulting trajectory profiles which may encourage profiles s(t) that generate
feasible solutions. We introduce the curvature cost JP ′′ defined as

JP ′′ = wP ′′

∫ 1

0

||P ′′(s)||22ds (5.34)
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We approximate this integral by evaluating the curvature of the path at the selected
collocation points, then perform a trapezoidal quadrature for this integral such that

JP ′′ ≈ ∆s

2

∑
(||P ′′(si)||22 + ||P ′′(si+1)||22) (5.35)

Whilst we could embed this behaviour into the P(s) by using an interpolation
scheme that provides minimum curvature such as natural splines [180], having the
ability to adjust the degree of smoothness of the path will be system-specific where
dynamic motions may require less smoothness in the path to capture their be-
haviours, as seen with the differing requirements of the UAV and acrobot in Chap-
ter 4.

Actuation

As the dynamics of the system are implicitly satisfied by the construction of a
geometric path P(s), this does lead to challenging constraints to satisfy since the
profile of P(s) must ensure its first and second derivatives are constraint consistent
at all times. We choose to relax the conditions on the dynamic constraints where
underactuation is present. Under normal circumstances is underactuation imposed
by setting the bounds

0 ≤ τu ≤ 0 (5.36)

We relax these bounds by allowing a small range of actuation for these degrees of
freedom such that

−ϵτ ≤ τu ≤ ϵτ (5.37)

which may encourage better behaviour in gradient computations for optimisation.
If needed we can solve a series of problems with a decreasing sequence of values
to encourage true solutions as in [53]. In our implementations, we selected a fixed
value of ϵτ = 10−4 for our problems, which we observed to allow IPOPT to solve
without reverting to a restoration phase [158], as was the case with no regularisation
(ϵτ = 0).

5.4 Motion Planning Examples

We now apply our generated programs to a collection of UA1 systems for the pur-
poses of generating feasible trajectories. This chapter considers all the models de-
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Figure 5.5: Five-link model and naming conventions

scribed in 3.1. Although unified by their single passive degree of freedom, each
model possesses differing levels of complexity for their motion planning, as will be
explored throughout this section.

We now detail our problem construction for the motion planning of each model.

5.4.1 Five-Link Walker

Planar walking models are a canonical platform for the design of gaits for bipedal
systems and the five-link walker model (Figure 5.5) demonstrates sufficient complex-
ity to capture these behaviours. The mechanical parameters chosen for this system
are based on the RABBIT walking system [181], a pioneering system for the study
of virtual constraints and zero dynamics. The dynamics of the acrobot are given
by [9]

M(q)q̈ +C(q, q̇)q̇ +G(q) = τ (5.38)

[16] provides a derivation for each of the matrices and vectors, in our application we
rely on our dynamics library to compute these terms automatically. The physical
parameters selected for our five-link system are shown in Table 5.3.

Link Name Mass (kg) Length (m) Ixx (kgm2) τmax (Nm)
Torso 12.0 0.625 1.33 100.0
Femur 6.8 0.4 0.47 100.0
Tibia 3.2 0.4 0.20 100.0

Table 5.3: Five-link mechanical parameters
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Motions for planar walking systems are considerably smooth, rarely possessing sharp
changes. This provides further motivation in providing a path-based approach to
this planning, as the system motion can be captured by a few low-order, with our
discretisation for θ (i.e. N) a design choice for higher or lower dynamic resolu-
tion. The variable space for this system under path parameterisation has the most
pronounced reduction as the velocity is encoded by the scalar s rather than an addi-
tional five components for describing q̇. The generalised coordinates for our model
are shown in Figure 5.6 with both local coordinates and global coordinates.

Figure 5.6: Five-link walker local coordinates ql (left) and global coordinates qg

(right)

We have the global-to-local transform X l
g and local-to-global transform Xg

l such
that

ql = X l
gq

g, qg = Xg
l q

l (5.39)

We now detail the two classes of problems we addressed for this system.

Periodic Gait

We first consider generating a periodic cycle where the system achieves a desired
walking velocity. We specify a desired step time Tstep such that an average velocity
for the duration of the step is met. We compute the system dynamics within the
local frame to be easily generated by our dynamics algorithms (Figure 5.6). As a
result, we select the coordinates ql to be path-parameterised such that

ql(t) = P(s(t)) (5.40)
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To ensure a periodic cycle, we must account for the impactive event at the end of
each step and its effect on the velocity of the system post-impact. We define the
pre-impact configuration in the global frame q− and post-impact configuration in
the global frame q+ as

q− = Xg
l P(1), q+ = Xg

l P(0) (5.41)

thus indicating that the path P(s) provides the motion profile between impact events
of a single step.

Periodicity constraints for the configuration of the system are enforced by equating
the configuration of the system at the start and end of the trajectory in the global
frame by a reset map R. The reset map R remaps the configuration of the walker
such that in the global frame, the legs swap their roles (Figure 5.7).

R =


0 0 0 0 −1
0 0 0 −1 0

0 0 1 0 0

0 −1 0 0 0

−1 0 0 0 0

 (5.42)

Figure 5.7: Reset map for five-link walker, with stance leg (red) and swing leg
(blue)

We can create our impact map which resets the configuration qg and adjusts velocity
q̇g to account for the impact event at the end of the step

q+ = Rq−

q̇+ = R∆q̇q̇
−

(5.43)

with ∆q̇ being the impulse map that can be readily calculated by considering the
constrained dynamics of the swing leg becoming fixed to the ground (Section 2.1.2,

126



5.4. MOTION PLANNING EXAMPLES

Appendix B).

Expressing (5.43) using the parameterisation (5.40), we thus have the periodicity
constraints

Xg
l P(0) = RXg

l P(1)√
θ0X

g
l P

′(0) =
√
θfR∆q̇X

g
l P

′(1)
(5.44)

To impose a target velocity for the system to reach, we consider the average velocity
of a step. Provided we specify the stepping distance D, we have that the average
velocity of the system can be given as

vavg =
D

T
(5.45)

Hence, we can specify a velocity to reach by ensuring the execution time T = D
vavg

.
We encourage the execution time to be equal to the target time through the cost

JT = (T −
∑
i

2∆s√
θi+1 +

√
θi
)2 (5.46)

We also wish to create gaits where the torso of the system is regulated to an upright
position, encouraging the legs to be the main contributors to the motion of the
system. We can easily create objectives that relate to the holonomic aspects of the
system, in our case we include the objective

Jq =

∫ 1

0

(Xg
l P2(s)− qg2,d)2ds (5.47)

where qg2,d is the desired torso orientation in the inertial frame we desired the system
to maintain throughout the gait. In our implementations, we select an angle of
qg2,d = 0.2 rad to encourage the system to lean slightly forward to influence the
system forwards during its motion.

We augmented the problem in (5.25) with these additional periodicity constraints
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and step-length constraints to achieve the following problem

min
P,θ,τ

J(P ,θ, τ )

s.t. a(sk+ 1
2
)
(θk+1 − θk)

2∆s
+ b(sk+ 1

2
)
(θk+1 + θk)

2
+ c(sk+ 1

2
) = τk, k = 0, 1, . . . N − 1

qL ≤ P ≤ qU

fk,y(P(s)) ≥ 0, fk,y(P(1)) =
D

2

Xg
l P(0) = RXg

l P(1)√
θ0X

g
l P

′(0) =
√
θfR∆q̇X

g
l P

′(1)

q̇L ≤
√

(θk+1 + θk)

2
P ′(sk+ 1

2
) ≤ q̇U , k = 0, 1, . . . N − 1

τmin ≤ τ ≤ τmax

θk ≥ 0

(5.48)
with fk(q) representing the forward kinematics of the system for the position of the
swing foot in the inertial frame. In this case, constraints are placed to ensure the
swing foot remains above the ground, as well as touching down at half the length of
the desired step.

We define the objective for these problems as

J(P ,θ, τ ) = wTJT + wτJτ + wP ′′JP ′′ + wqJq (5.49)

where wi is the weighting of each cost term.

Step Plan Refinement

Having the ability to compute stepping motions for the periodic gait, we can also
trivially extend this to a multi-step planning routine navigating known terrain ht(x).
To avoid complications of encoding footstep placements in the problem, which in
most cases introduces challenging constraints, we fixed footstep placements through
the use of providing the problem with an initial step plan of nstep footholds (px, py),
provided by an external method.

For each step, we create a path P i (comprised of nseg segments each) to describe
the motion for that step, identical to the periodic case. We also impose a cost J
with the same objectives as in (5.49), where each term is constructed for each step
and summated for the total cost J .

128



5.4. MOTION PLANNING EXAMPLES

Figure 5.8: Multiple step plan with known terrain ht(x) and provided footholds
(px,i, py,i) (red) that must be reached.

min
P,θ,τ

J(P ,θ, τ )

s.t. ai(sk+ 1
2
)
(θi,k+1 − θi,k)

2∆s
+ bi(sk+ 1

2
)
(θi,k+1 + θi,k)

2
+ ci(sk+ 1

2
) = τi,k

qL ≤ P i(sk) ≤ qU

(fk(P i))y ≥ ht((fk(P i))x)

(fk(P i(1)))x = pi,x, (fk(P i(1)))y = pi,y

P i+1(0) = RP i(1)√
θi+1,0P ′

i+1(0) =
√
θi,fR∆q̇P ′

i(1)

q̇L ≤
√

(θk+1 + θk)

2
P ′(sk+ 1

2
) ≤ q̇U

τmin ≤ τi,k ≤ τmax

θk ≥ 0

i = 1, 2, . . . , nsteps, k = 0, 1, . . . N − 1

(5.50)

Given the strong resemblance of this problem to Manchester and Umenberger’s step
planning algorithm [19], we choose to generate these step plans through the use of
their best-first-search motion primitive approach. Given their method also adopted
a path-parameterised approach for feasibility verification, we can also initialise our
problems with solutions from the tree search, as they naturally output geometric
paths and their corresponding path velocity profiles.

We can consider this problem formulation as a refinement step to the tree-search
problem. In the tree search case, motions are planned with trajectories focusing
purely on the underactuated degree for motion feasibility. Whilst this is a large as-
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pect of these problems, there is no consideration for other bounds in the system such
as torque limits and velocity bounds. Through this, we can provide the geometric
paths specified by these plans and then refine the trajectory such that these motions
are achieved with these bounds respected. Furthermore, we can impose a cost to
further improve these motions. We construct these problems using the single-level
representation in (5.25) using midpoint collocation.

Feasibility detection for our step plans performs identically to the periodic gait
problem, in this case, we run PathProfile n separate times, using θi,0 for each
call where θi is the rate-squared profile for the i-th stepping motion. Each call to
PathProfile is then only executed if the previous step returns fully feasible, thus
continuing a feasible motion, otherwise the routine is stopped and the next iteration
of the optimisation proceeds.

5.4.2 UAV Fly-Through

We reconsider the UAV traversal problem of Chapter 4, now posed as a continuous
optimisation problem. This example showcases the benefit of planning within a
decoupled approach as obstacle avoidance can be achieved by bounding splines to
a given region. We choose to compute trajectories for the inertial frame (y, z, ϕ)

whilst computing the dynamic constraints to be within the body frame (y′, z′, ϕ), as
is the case in UA1-RRT. This allows for the trivial implementation of path bounds
qL ≤ P(s) ≤ qU in (5.25) given these are typically box-bound constraints in the
inertial frame.

We choose to decompose the environment into convex regions (shown in Figure 5.9),
with a fixed number of splines included in each region each given box constraint to
remain in the segment. This example highlights the event-driven nature this decom-
position enables since although execution times are not specified, we ensure that
each stage of the motion(i.e. each region) is traversed given the path is constructed
through all the regions [71, 167].

The cost considered within problem (5.25) is similar to the walker system, with the
duration cost JT reverted to its original form of (5.17).

J(P ,θ, τ ) = wTJT + wτJτ + wP ′′JP ′′ (5.51)
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Figure 5.9: Convex decomposition of UAV environment (alternating pink and
white rectangles), highlighting path segmentation for each region.

Figure 5.10: Cartpole model.

5.4.3 Cartpole Swing-Up

The swing-up procedure of a cartpole is an effective test for trajectory optimisation
frameworks given an understanding of the system dynamics required to indirectly
swing the pendulum from one equilibrium to another. The behaviour of the system
is also impacted by the objective within the planning, where effort-optimal methods
tend to generate a series of ’build-up’ swings whereas time-optimal approaches a
more assertive single-swing manoeuvre to achieve the goal. The dynamics of the
cartpole are given by [9]

M(q)q̈ +C(q, q̇)q̇ +G(q) = τ (5.52)
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with

M (q) =

[
mc +mp mpℓ cos q1

mpℓ cos q1 mpℓ
2

]

C(q, q̇) =

[
0 −mpℓq̇1 sin q1

0 0

]

G(q) =

[
0

−mpgℓ sin q1

]

τ =

[
u

0

]
(5.53)

We select the following physical parameters for the cartpole model. In this case,
we assume the pole is a rod of uniform mass, possessing a moment of inertia rather
than treating it as a point mass at a distance from the cart.

mc (kg) ℓ (m) mp (kg) τmax (N)
10.0 0.5 2.5 20.0

Table 5.4: Cartpole parameters

We impose the terminal constraints q0 = [0, 0], qf = [1.0, π], q̇0 = q̇f = [0, 0]. We
set the objective for problem (5.25) as

J(P ,θ, τ ) = wTJT + wτJτ + wP ′′JP ′′ (5.54)

5.4.4 Acrobot Swing-Up

We also return to the acrobot model of Chapter 4 to generate swing-up motions. As
shown in the results of Chapter 4, the acrobot system requires a series of build-up
swings to gain energy to perform the final swing-up. This system thus requires a
number of splines to be used to describe P(s) along with careful consideration for
path smoothing given the motions will generally be erratic. Due to these motions,
this system will be the most challenging for our developed algorithms given the re-
quirement to create dynamic motions whilst respecting the underactuated dynamics.

Similarly to the cartpole example, we do not need to augment the problem in (5.25)
for this problem as all constraints and bounds can be readily expressed in this form.
We impose the terminal constraints q0 = [0, 0], qf = [π, 0], q̇0 = q̇f = [0, 0] where
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unlike our UA1-RRT implementation, we specify a single final state. As a result,
we do not allow for multiple rotations of the shoulder joint, specifying bounds of
[−1.5π,−π] ≤ q ≤ [1.5π, π], |q̇i| ≤ 50.0 rad/s and |u| ≤ 50Nm. We select the
weightings of wT = 10−2, wτ = 10−3 wP ′′ = 10−4. Along with our standard linear
interpolation, we can also use the solutions acquired from Chapter 4 as an initial
guess.

We set the objective in problem (5.25) as

J(P ,θ, τ ) = wTJT + wτJτ + wP ′′JP ′′ (5.55)

5.4.5 Problem Implementation and Setup

The dynamic quantities of all systems considered in this thesis were constructed us-
ing a custom-built rigid-body dynamics library, the Damotion library. Developed in
C++, it utilises the well-known rigid-body dynamics algorithms of Featherstone [45]
to compute the kinodynamic quantities for the constraints in these problems. This
library was designed to be compatible with the powerful auto-differentiation library
CasADi [182] which enables these algorithms to be code-generated as well as gen-
erate differential data for use in gradient descent optimisation. The nonlinear pro-
grams (5.25) are created using CasADi and the Damotion library to create the costs
and constraints and are then interfaced to IPOPT [157] (Version 3.12.1) for solving,
where we use the MUMPS (Version 5.5.1) linear solver library. We run IPOPT us-
ing the default parameters, using the exact hessian for descent computation (given
our automatic differentiation abilities) and a maximum allowable iteration count of
3000.

We compare our approaches to a direct collocation formulation of (5.3) to com-
pare against the characteristics of our path-based method. We can not compare
our approach to the bilevel formulation in [11] given underactuated systems will
likely produce infeasible paths and lead to no solutions to the inner time parame-
terisation problems. This is almost guaranteed for our UA1 systems given we will
often initialise our problems with an infeasible linear interpolation. We thus use the
traditional direct collocation approach to compare against solution outputs, using a
Simpson-Hermite collocation scheme (Section 2.4.2) given we represent the system
behaviour with cubic splines in our path-parameterised approach. We perform a
similar number of dynamic evaluations for each problem to achieve a similar num-
ber of constraints and create the costs to be comparable to our algorithms to the
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best of our ability. Given the capabilities of our time-parameterised approach to op-
timise execution time and other objectives simultaneously, we consider an equivalent
comparison in the direct collocation approach by allowing execution time to also be
optimised. To emulate this behaviour, we allow each segment ∆ti to be variable to
the optimisation given the nonlinear time-scaling of typical time parameterisations
s(t).

min
x,u,∆t

J(x,u, T )

s.t. xi+1 = xi +
∆ti
6

(fi + 4fi+ 1
2
+ fi+1)

xi+ 1
2
=

1

2
(xi + xi+1) +

∆ti
8

(fi − fi+1)∑
i

∆ti = T

xL ≤ x ≤ xU , umin ≤ u ≤ umax

∆tmin ≤ ∆ti ≤ ∆tmax

(5.56)

For each motion planning problem, we construct the single-level formulation (5.5),
bilevel formulation (5.33) and direct collocation equivalent (5.56) with costs and
constraints designed to match the other formulations as close as possible. In all cases,
the problems were initialised with a linear interpolating trajectory (or path) between
the points q0 and qf . Velocity initialisation was unnecessary as the gradients of the
path are specified by the interpolation, however, in the direct collocation case we use
an average velocity estimate [133]. We however must select an appropriate choice for
the initial profile of ṡ(t). In [11] this was initialised by the TOPP program for the
initial path however in these cases the paths were feasible and thus a valid profile
exists. In our cases, we do not have this ability as the paths we begin with are almost
always dynamically infeasible and hence we instead choose a naive uniform profile
θ(s) = 1 with endpoints augmented to satisfy the terminal constraints if applicable.

For the path-parameterised problem formulations, we embed our IsFeasible rou-
tine into IPOPT such that it is called after each iteration. We set a resolution of
∆s = 10−3 within PathProfile (Algorithm 3.2) similarly to Chapter 4 to evaluate
the computed path P(s) at each iteration.
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5.5 Results

5.5.1 Five-Link Walker

Periodic Gait

For a stride length of D = 0.4m, we compared each algorithm’s performance when
varying the number of dynamic evaluations (i.e. by increasing N) along the path
with and without feasibility detection. The results are presented in Figure 5.11.
Where feasibility detection is enabled for the single-level case, computation time
is reduced considerably relative to when optimality is requested for all evaluations.
Whilst this reduction is also apparent for the bilevel formulation, there are several
instances where no feasible solution is achieved, as indicated by the identical number
of iterations taken when feasibility detection is enabled and disabled. This poorer
performance of the bilevel approach to the more consistent single-level method in
producing feasible solutions encourages us to consider the single-level formulation
as a platform of comparison for the remaining results.

With a key contribution of this decomposition offering separate discretisations for
q and q̇ for optimisation formulations, we consider representing the path P(s) for
the D = 0.4m stride length problem with a varying number of spline segments (i.e.
nseg). We ran the resulting program for a number of different values for nseg. We
recorded the computation times required to reach a feasible solution as indicated by
IsFeasible for increasing levels of discretisation in θ for each path resolution to
a maximum threshold of 100 evaluations per spline segment. The results of these
trials are shown in Figure 5.12.

The effort costs Jτ for each run in Figure 5.12 were also computed, with resolutions of
∆s = 10−3 and ∆t = 10−3 s for path-parameterised and direct collocation methods
respectively. For each choice of nseg costs were computed up to 100 evaluations per
spline. The resulting costs are shown in Figure 5.13. We see that for nseg = 2, the
cost of the system is comparable to direct collocation throughout, whereas the other
cases fluctuate greatly. For nseg = 3 in lower evaluation counts and nseg = 10 for
larger evaluations, the cost is also comparable to direct collocation.

It is clear from Figure 5.12 that for the walking system, fewer splines representing
the motion lead to much shorter computation times to arrive at a feasible solu-
tion. Interestingly nseg = 1 has much more varied behaviour with lower dynamic
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Figure 5.11: Five-link execution time and iterations before termination for Fig-
ure 5.15b.

136



5.5. RESULTS

10 20 30 40 50 60 70 80 90 100
Dynamics Evaluations Along Path

10−1

100

101

A
ve

ra
ge

C
P

U
T

im
e

(s
)

nseg = 1

nseg = 2

nseg = 3

nseg = 10

Direct Collocation

Figure 5.12: Program run times for five-link gait generation with different numbers
of splines (nseg) comprising the path P(s) describing the motion.

resolutions, with nseg = 2 providing the shortest computation times with higher
dynamic evaluations. With higher spline counts, it is apparent that the path pa-
rameterisation approach takes longer to compute solutions in comparison to the
direct collocation instance. Whilst our path-parameterised programs were termi-
nated early, their resulting effort costs are comparable to direct collocation, with
the exception of nseg = 1.

Whilst it may be a concern that paths with fewer spline segments may compromise
the dynamic accuracy of the resulting solutions, in addition to Figure 5.12 we also
recorded the maximum dynamic error for each produced trajectory. We performed
a high-resolution interpolation across each trajectory and computed the error in
the dynamics equations for each of these trajectories. For the direct collocation
examples, we performed this with a resolution of ∆t = 10−3 s and for the path-
parameterised solutions (single-level with feasibility detection) we used a resolution
of ∆s = 10−3 from the solution achieved by PathProfile within the feasibility
detection routine.

It must be noted that comparing the dynamic error of two methods is not completely
accurate, as the error for these frameworks is computed in two fundamentally dif-
ferent ways. For direct collocation frameworks, the output of these programs is
(q⋆(t), q̇⋆(t),u⋆(t)), where q̈(t) must be computed for the system through forward
dynamics and interpolation of the state and control variables [133]. The dynamics
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Figure 5.13: Effort costs Jτ for Figure 5.12 compared to direct collocation.

error for these systems is then evaluated as

ϵ(t) = fwddyn(q⋆, q̇⋆,u⋆)− q̈ (5.57)

The path parameterisation method on the other hand computes all generalised co-
ordinates, with q⋆(t), q̇⋆(t) and q̈⋆(t) satisfying the dynamics of the system. The
control torques τ (t) are then computed through inverse dynamics. As a result, if the
system is fully actuated, the path parameterisation approach will yield a solution
that is exactly accurate to the modelled dynamics of the system. For underactuated
systems, the error in the dynamics equations can be computed through

ϵ(s) = invdyn(q⋆, q̇⋆, q̈⋆)−B(q⋆)invdyn(q⋆, q̇⋆, q̈⋆) (5.58)

The maximum error, ∥ϵ(t)∥∞, for each trajectory are presented in Figure 5.14. While
these errors are computed differently, given the magnitudes of difference between the
direct collocation method and the path parameterisation approach in Figure 5.14,
we believe this still offers grounds for comparison given the trends they present with
increasing dynamic evaluations. As can be seen, much larger numbers of collocation
points are required to reduce the dynamic error of the direct collocation approach
considerably, whereas our path-parameterised approach has much less error given our
PathProfile routine addresses the underactuated dynamics directly by computing
θ(s) that satisfies the dynamics (3.4) for the given path.
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Figure 5.14: Maximum dynamic error encountered in Figure 5.12 for our single-
level formulation and direct collocation.

Figure 5.15 presents a collection of feasible solutions produced by our single-level
program (5.25) using midpoint collocation with nseg = 3. N was selected such that
there were five dynamic evaluations per spline segment (i.e. N = 16). Each figure in
Figure 5.15 presents a different stride length D of the walking system, all targeting a
step duration of one second. We used the weightings wτ = 10−3, wT = 10−1, wP ′′ =

10−2, wq = 10−1 for the objective J in order to encourage smooth paths, a natural
choice for periodic walking motions.

As can be seen in Figure 5.15, with greater step distances, the system requires
a greater build-up with the swing leg in order to reach the target foothold, with
this behaviour being most noticeable in Figures 5.15c and 5.15d. The generated
motions also highlight how the planner has accounted for the underactuated degree
of freedom with the stance leg performing minimal motion throughout gaits with
wider stride lengths, passively swinging through the step as a result of the swing
leg’s momentum. Whilst the effect of the torso regulation cost Jq is apparent in
Figures 5.15b to 5.15d, for Figure 5.15a, the torso of the system remains more upright
given greater stability is required over the stance foot throughout the shorter step
length.

Running the single-level program with feasibility detection and adjusting control
effort weightings resulted in the motions displayed in Figure 5.16. With a higher
weighting towards conserving energy, the gaits present motions that exploit the nat-
ural dynamics of the system through pivoting around the stance foot with minimal
motion in the swing. Where feasible trajectories are taken, the higher weighting
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(a) D = 0.2m (b) D = 0.4m

(c) D = 0.6m (d) D = 0.8m

Figure 5.15: Periodic gaits for varying step widths (D).

towards conserving effort persists with a lower cost in Jτ between Figures 5.16a
and 5.16c. Where effort conservation is a priority, the optimal solution can reduce
this cost significantly as shown by the improvement in Jτ from Figure 5.16c to Fig-
ure 5.16d. This is however not the case with Figure 5.16b, where effort is remarkably
higher than when it is terminated early. The smaller motions and greater leaning
back of the body lead to a trajectory that requires significantly higher effort to per-
form. It is from these results that the effects of objective weightings on the resulting
paths and parameterizations are highlighted.

Step Plan Refinement

We generated feasible step plan motions using an implementation of the motion
primitive-based planning algorithm from Manchester and Umenberger [19]. Specifi-
cally, we generated a set of random terrains with each step change selected from an
interval h ∈ [−∆h,∆h] after a defined distance ∆x. In our examples, we selected
a maximum step change of ∆h = 0.1m changing at every ∆x = 0.4m. We created
20 motion primitives for each set of step widths and heights (in our case we consid-
ered ten equally spaced step heights and widths) and created a binary tree of these
primitives sorted by their critical velocities in θ as detailed in [19].
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(a) wτ = 10−5 (Feasible), Jτ = 943.21 (b) wτ = 10−5 (Optimal) Jτ = 2528.36

(c) wτ = 10−1 (Feasible), Jτ = 816.87 (d) wτ = 10−1 (Optimal), Jτ = 229.14

Figure 5.16: Periodic gait behaviour with varying wτ .

We considered a four-step horizon (i.e. nstep = 4) for planning, with 20 trialled
terrains. Solutions from this planner were then passed to our optimisation formula-
tion (5.50). In this application, we only consider the single-level approach given the
poorer success of the bilevel formulation in the periodic gait case. With the success
of the periodic gait examples using a low number of splines to describe a stepping
action, we used nseg = 4 for each path describing a step, with N chosen such that 10
dynamic evaluations were performed along each path (i.e. N = 41 for each path).

Of the 20 terrains tested, only 9 step plans returned feasible trajectories. Selected
step plans that returned feasible trajectories are shown in Figures 5.17 to 5.19,
comparing the original step plan created by the tree-search algorithm in [19] and
their refined trajectories by our approach. Table 5.5 displays the reduction in Jτ

achieved by each run as well as the average computation times required for each.

A tabulation of improvements in effort cost Jτ and execution times for the displayed
plans are shown in Table 5.5.

By selecting a conservative value of 20 motion primitives per step for the tree search,
it is clear that the initial trajectories in Figures 5.18 and 5.19 have several unde-
sirable qualities, such as excessive torso motions, inconsistent stepping actions and
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(a) Initial (b) Refined

Figure 5.17: Five-link step plan for moderately ascending terrain.

(a) Initial (b) Refined

Figure 5.18: Five-link step plan for descending terrain.

brief periods of swing foot penetration due to discretisation errors within our imple-
mentation of the tree search. These initial motions can be improved by increasing
the number of primitives within the library, as well as having a more refined collision
avoidance algorithm. Whilst these could be included, it is clear that our refinement
program significantly improves upon these caveats in the initial trajectories, with
smooth behaviours that respect the terrain of the system. This is highlighted by
considering the refinement of the effort over each motion, reducing these costs by
several orders of magnitude. These improvements can be seen within the motions of
Figures 5.17 to 5.19, where the larger swinging actions of the torso from trajectories
created by the tree-search algorithm are minimised by our refinement.

Motion Plan Jτ (initial/refined) CPU Time (s) (avg. / std. dev.)
Figure 5.17 8390.4 / 161.4 21.376 / 2.508
Figure 5.18 14678.6 / 218.3 14.336 / 0.041
Figure 5.19 10220.9 / 207.6 15.301 / 0.948

Table 5.5: Five-link step plan refinement results
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(a) Initial (b) Refined

Figure 5.19: Five-link step plan for varying terrain.

Path Parameterised

Direct Collocation

Figure 5.20: Feasible UAV fly-through and direct collocation output.

5.5.2 UAV

The outputs of the fly-through for varying dynamic resolutions are shown in Fig-
ure D.5. In contrast to the five-link case, it is clear that the feasibility detection
and optimisation outputs are identical, indicating that the solvers were unable to
compute a feasible solution to the problem for trajectory for these tests. After a
careful selection for nseg, N and cost weightings, we were able to generate a purely
feasible trajectory with nseg = 10, N = 30, wT = 10−1, wτ = 10−2, wP ′′ = 10−2

and the resulting profile is shown in Figure 5.20 along with trajectory produced by
direct collocation.

Compared to the direct collocation output, the path-parameterised approach stays
further from the obstacles throughout its motion, with the direct collocation example
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Initial Guess

Solution

Figure 5.21: UAV trajectory refinement of an existing solution from UA1-RRT

Initialisation Iterations Avg. CPU Time (s) Objective Feasibility
Linear Interpolation 85 3.92 4.545 0.766

RRT 73 3.72 4.820 0.762

Table 5.6: UAV fly-through initialisation comparisons

almost touching the obstacles near the end. Additionally, the path-parameterised
trajectory tends to limit its pitch angle much more than the direct collocation case
throughout the motion.

In light of the discussion in Section 4.5, we consider the potential for trajectory
refinement of our sample-based solutions from UA1-RRT. An example trajectory
from this strategy is shown in Figure 5.21, showing the original trajectory and the
refined output.

We compare this initialisation with our standard linear interpolation between the
start and end positions. Figure 5.22 shows an example trajectory of the system at
the termination of the program. As can be seen, the obstacles are avoided and the
resulting motion is smooth as a result of the curvature penalty JP ′′ from (5.34). A
tabulation of key results from these tests is shown in Table 5.6.

Table 5.6 shows that the RRT-seeded solution takes 12 iterations less to arrive at a
solution, however possesses a slightly increased cost and a feasibility which is slightly
less than the linear interpolation guess. By inspection of Figure 5.21, the reduced
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Initial Guess

Solution

Figure 5.22: UAV trajectory optimisation output with naive linear interpolation
initial guess

(a) Path parameterisation. (b) Direct collocation.

Figure 5.23: Cartpole swing-up trajectories.

iteration count is likely a result of our initial solution being quite similar in profile
to the optimal solution, thus requiring fewer iterations to move to the optimal path.

5.5.3 Cartpole

As in the UAV example, our results detailing the computation times and iterations
(Figure D.6) for the path parameterised methods indicate that no feasible trajec-
tories were produced. Whilst infeasible, comparing an example motion from our
single-level implementation with midpoint collocation (nseg = 25 with five dynamic
evaluations per spline) to the direct collocation output shows there are similar be-
haviours achieved by the system (Figure 5.23).
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(a) RRT Initialisation (b) Optimal Solution

Figure 5.24: Acrobot RRT refinement.

5.5.4 Acrobot

Our results detailing the computation times and iterations (Figure D.7) for the
path parameterised methods indicate that no feasible trajectories were produced.
Despite this, for completeness, we considered refining the trajectory for the acrobot
in Chapter 4. The refinement is shown in Figure 5.24, with cost improvements and
other solver-related details shown in Table 5.7.

J (Initial / Refined) Iterations Avg. CPU Time (s) Final Feasibility
1.469 / 0.269 288 24.273 0.0

Table 5.7: Acrobot swing-up refinement from UA1-RRT solution in Figure 5.24.

We observe from the RRT improvement case that the motion of the acrobot is
reduced considerably, performing a very short swing-up similar to those in [108]. As
shown in Table 5.7, whilst the cost is reduced substantially, the resulting trajectory
is entirely infeasible in accordance with our PathProfile, despite initialising with
a feasible path.
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5.6 Discussions

5.6.1 Trajectory Generation

The trajectories shown throughout Section 5.5 verify the capability of our path-
parameterised trajectory optimisations in generating motions for a range of under-
actuated systems.

The strong geometric requirements of the holonomic periodicity and obstacle avoid-
ance constraints are favourable to our path-parameterised approach, as shown with
success in motion generation for the five-link gait designs of Figure 5.15 as well
as the UAV traversal in Figure 5.20. These examples highlight the suitability of
our path-driven approach for planning motions when the desired behaviours of the
system are smooth. This is further verified with our feasible results for the step
refinement examples in Figures 5.17 to 5.19, as the refined motions clearly possess
smoother motions in the torso and legs whilst negotiating the terrain.

By penalising path curvature, Figure 5.20 demonstrates that this can be advanta-
geous for obstacle avoidance given the superior avoidance of the obstacles compared
to direct collocation. Under curvature minimisation, the entire path of the system
must change to accommodate all obstacle constraints, whereas in direct collocation
these bounds apply to each discrete point and thus only ensure that each are within
their bounds as shown by their much closer proximity to the obstacles. [167] and [11]
also highlighted this advantage for the motion planning of systems where their path
constraints are primarily geometric, adopting similar decompositions of geometric
planning and motion retiming.

Although our approaches operate on the decoupling of path and time, we demon-
strate that varying the objectives of our programs can lead to joint changes in P(s),
θ(s) and τ (s) to account for the adjusted objective. An example of this behaviour
can be seen in Figure 5.16. With a larger value of wτ , the walker performs a higher
initial step in order to generate enough forward momentum to allow the system to
‘coast’ along the remainder of the motion. This enables energy to be conserved by
the stance leg as shown by its limited range of motion in comparison to a gait with
less weighting on effort in Figures 5.16a and 5.16b. This behaviour is not reflected
as notably in the UA1 models that returned infeasible solutions. In the cartpole
case, it was observed that a single swing-up action was always performed even when
the effort weighting was considerably large. We may attribute this behaviour to our
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(a) nseg = 5 (b) nseg = 25 (c) nseg = 50

Figure 5.25: Cartpole motions with increasing path segments for P(s).

initialisations of the path, which may force the motion of the system into this local
minima as the path adapts however we observed that with more splines, similar
behaviours were performed (Figure 5.25) which may be due to issues faced with
dynamic infeasibility of the solutions.

Compared to [11], the dynamic constraints in our formulation did not find difficulty
in being satisfied to our desired tolerance ϵc. This is likely due to our choice to
provide fewer dynamics constraints along P(s) in our problems from our sparser
representation for θ(s). Although this sparse sampling often correlates to poorer
dynamic accuracy as in the direct collocation methods [133] (Figure 5.14), we are
compensated by our feasibility detection mechanism which computes the dynamic
consistency of the system to a high resolution without compromising the program
size. If our programs terminate under the feasibility conditions, the resulting path
generates a trajectory where the underactuated dynamics are respected to the res-
olution of the PathProfile method.

5.6.2 Advantages of the Path-Parameterised Approach

Figure 5.14 highlights the key contribution of this chapter, in that whilst a signifi-
cant error is seen for the direct collocation examples with smaller problem sizes (i.e.
fewer segments comprising the collocation), the error of the path parameterisation
approach is much smaller and appears to be independent to the number of segments
comprising a path. As can be seen in Figure 5.14, direct collocation begins to be
comparable to our approach in error only after a sufficiently large number of evalua-
tions are performed (upwards of 200 evaluations required). Whilst this lower error is
already advantageous to our approach, the computation times of these tests shown
in Figure 5.12 highlight a further advantage to the path-parameterised approach.
It is evident from Figure 5.12 that problems that represent P(s) the with fewer
splines (nseg ≤ 3) have much smaller computation times than direct collocation. If
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we impose an acceptable dynamic accuracy of ∥ϵ(t)∥∞ ≤ 10−4 for a gait, it is clear
that we can produce such trajectories with our path-parameterised approach with
nseg = 2 in less than 0.1 seconds with 10 dynamic evaluations, whereas we would
require upwards of 200 evaluations for direct collocation, which corresponds to a
computation time of over 5 seconds in Figure 5.11a. A similar justification can be
found when considering the costs attained for these examples in Figure 5.13, where
in select cases (nseg = 2, 3) programs with fewer evaluations result in lower costs.

When considering the geometric qualities of the generated motion plans for the five-
link walker, it is clear that the success of this system is a result of their motions being
amenable to path parameterisation. Their smooth motion profiles promote the use
of describing their behaviour with very few, splines as seen by their study within
virtual constraint design and their relative ease in developing feasible trajectories [16,
19, 183]. The ability to discretise positional and velocity components independently
under this framework is thus invaluable to this class of system, enabling geometric
motions to be encoded with very few spline segments that capture the essence of
motion whilst still having control of the dynamic discretisation along the path.
When specialised to UA1 systems, the detection of feasible solutions can shorten
computation times significantly as seen with the five-link system, allowing programs
to rapidly produce paths that are dynamically accurate to a high resolution.

The number of iterations required to compute solutions may also be a platform for
comparison rather than execution time such as in [71]. For the five-link walker,
the feasibility-terminated solutions take significantly fewer iterations to perform
compared to both the direct collocation approach and the optimal versions (Fig-
ure 5.19a). Increasing the number of evaluations per spline appears to have less of
an effect on the number of iterations taken for these algorithms, thus highlighting
that the geometric path is the primary factor in determining the performance of the
problem. Combining these results with their corresponding execution times high-
lights the longer durations our algorithms take to perform each iteration, given the
direct collocation approach outperforms our method in time despite running more
iterations. We believe this time difference is most related to the poorer structure
our problems present to the KKT solver. The sparsity created by direct collocation
methods has been well-studied in [132], with their compatibility with sparse solvers
such as IPOPT made evident by the low computational times presented across all
examples. Path-parameterised problems have also been studied for their sparsity
patterns, with [170, 11] highlighting the banded structure they produce. This how-
ever only becomes apparent if a fixed-path problem is considered. Including the
path within the optimisation causes strong couplings between these terms and thus
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(a) Five-link gait (Figure 5.15b).

0.0 0.2 0.4 0.6 0.8 1.0

s

0.0

0.2

0.4

0.6

ṡ(
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(b) UAV (Figure 5.20).

Figure 5.26: ṡ(s) profiles for feasible trajectories with discrete profiles from opti-
misation (blue) and profiles generated by PathProfile (orange).

the sparsity of the system becomes compromised given each path will be associated
with each constraint in a nonlinear nature.

It is clear that the ability to generate dynamically feasible solutions varied signif-
icantly across each system. Figure 5.11a highlights the consistent success of the
five-link periodic gait examples, with feasible trajectories generated for each case.
Feasible trajectories were also generated for the step plan problems, as shown in Fig-
ures 5.17 to 5.19. Each problem did however require careful tuning of the objective
weights to generate feasible trajectories, where curvature costs were often decreased
for systems performing larger stepping actions and increased where the terrain was
more straight-forward. Fixing the objective across all terrains we found only 9 of the
20 terrains were feasibly traversed, thus highlighting the sensitivity of the problem
to objective weightings in producing a feasible output. Whilst the step-plans were
able to generate feasible motion plans, the resulting execution times in Table 5.5 do
not currently present real-time capability.

We see in Figure 5.26a that for the motion of Figure 5.15b, the discretised profile for
ṡ(s) (blue) closely resembles the high-resolution profile computed by PathProfile

(orange). This is also the case for the UAV example in Figure 5.20 (Figure 5.26b),
however, the true profile diverges from the discretised profile near s = 1, with the
path velocity increasing. While these profiles are different to each other, similar to
what was seen in Chapter 4 for the acrobot (Figure 4.10), the created path P(s)

reaches a point where P ′(1) = 0, thus reaching the terminal state q̇(T ) = 0.

The short computation times to generate trajectories for the five-link system may be
a consequence of our choice to initialise paths with linear interpolation between q0

and qf , given their resemblance to the final motions produced. The UAV refinement
results of Table 5.6 also show that if a path is supplied that is close to the expected
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(a) wP ′′ = 10−5 (b) wP ′′ = 10−2

Figure 5.27: Behaviour of acrobot swing-up solutions with varying wP ′′ .

motion of the system, fewer iterations can be taken to arrive at a solution. These
results suggest that if a path is created with sufficient complexity to approximate
the motion, the programs can be run to adjust the path in light of the dynamics
imposed on them.

Achieving the trajectories in Section 5.4 required careful tunings of the cost weight-
ings. The decomposition created by the path parameterisation technique results
in the largely decoupled problems of path design and time parameterisation, as a
result, we found that the curvature penalisation weight wP ′′ played a significant role
in determining the complexity, feasibility and optimality of each system’s motion.

This separability can be advantageous for choice systems, as this provides another
design aspect for motion planning. In the case of the acrobot model (Figure 5.27),
the smoothness of the path has a great influence in determining the number of
build-up swings the system performs, with a higher curvature penalty restricting
the behaviour to a single-kick swing-up similar to that seen in [108]. This penalisa-
tion of curvature can thus also be perceived as a penalisation of directional changes
in the system, limiting the number of times a degree of freedom may switch direc-
tion. Whilst the trajectories still remain infeasible, this does convey the significant
influence path curvature has on the resulting motion profiles, in this case changing
the entire motion quite drastically.

It is interesting to note that with smoother motions created, the resulting effort
required to produce these motions also increases. This is evident in the difference
between the five-link gaits for the feasible and optimal components in Figure 5.16.
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Whilst smoother motions were generated, the required effort rose drastically where
effort was not optimised. It is with these results that a strong link between path
design and execution is established, whilst smoother paths can be desired, these are
not separable to the dynamics of the system for these underactuated cases.

5.6.3 Current Limitations of the Path-Parameterised Approach

Despite the success of our approach for the five-link walker, the remaining systems
we considered did not achieve success in reliably producing feasible trajectories. A
collection of their computational times and iterations are shown in Section D.2.

The lack of success with the acrobot in this chapter contrasts with the success we
achieved in Chapter 4, where we generated feasible trajectories with a 100% success
rate. This comparison hints that systems that require indirect use of their natural
dynamics for motion, such as through pumping actions from the pendulum-based
systems (e.g. the acrobot and cartpole) may not be suitable for motion planning
under our optimisation framework given the complexity of their motions and the
difficulty to represent this with few smooth paths. This is also highlighted in Fig-
ure 5.25 for the cartpole model, demonstrating that the number of splines can dictate
the behaviour of the resulting path and can be non-trivial to select an appropriate
value for nseg that captures the essence of the motion of a system. Particularly for
the acrobot model, despite all trajectories being infeasible we observed that out-
put motions similar to those achieved in Chapter 4 were only possible for spline
resolutions of nseg ≥ 10.

It can be noted across the examples that our bilevel formulation takes the longest
computation times (Figure 5.11a). The constraints created for the rate-squared term
θ may be a contributing factor to these extended run times given they present greater
nonlinearity to the program than the dynamic constraint of the single-level program,
which does not include matrix factorisation and inversion. If an infeasible path is
encountered throughout the optimisation, by Definition 3.3.1 θ will return a solution
that is not entirely positive, thus causing strong constraint violation throughout the
optimisation.

We observed that the bilevel program (5.33) did not work well for α < 1, often pro-
ducing trajectories that were entirely infeasible with program iterations reaching the
maximum allowable limit. A consequence of these large regularisation factors is that
the resulting profiles for θ(s) and ṡ(s) will be very smooth, which can over-smooth
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ṡ(
s)

Path Velocity Profile

Discretised Profile

True Profile

(b) α = 100

0.0 0.2 0.4 0.6 0.8 1.0

s

0.6

0.8

1.0

1.2

1.4

ṡ(
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Figure 5.28: ṡ(s) profiles computed by bilevel formulation of five-link perdiodic
gait problem, with varying Tikhonov regularisation (α).

the discrete profile θ and become very different from the true profile (Figure 5.28c)
within the optimisation and cause the path P(s) to change undesirably due to this
new profile. This is also the case if α is too small, with unregularised behaviours in
θ leading to much sharper changes in θ, particularly if the profile encounters a zero
inertia point. As shown in Figure 5.28a, trajectories created with small values of α
did not produce feasible trajectories.

Figure 5.29 presents the feasibility of the path P(s) (i.e. s⋆ from 3.2 as a percentage
over the interval s ∈ [0, 1]) over the program run-time for each system. The tra-
jectory considered for each system was those that achieved the greatest duration of
feasibility. The UAV example in Figure 5.29 shows that once a path has reached a
feasible solution, it is not necessarily constraint-consistent for the remainder of the
optimisation unlike in [11]. This is also verified by the performance of the cartpole,
and acrobot with their fluctuating profiles also demonstrating the non-monotonicity
of path feasibility, rapidly shifting between a partially feasible solution and one that
is entirely infeasible. These results suggest that the intricacies of these systems may
not be able to be captured by our smooth path approximations, leading to infeasible
motions despite qualitatively describing the necessary motions similar to the direct
collocation results.
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Figure 5.29: Path feasibility for each system over program iterations.

(a) wP ′′ = 10−5 (b) wP ′′ = 10−1

Figure 5.30: Behaviour of cartpole swing-up solutions with varying wP ′′ .

Whilst low-curvature paths were desirable for systems that undergo smooth be-
haviour, these may not always be an appropriate choice, as shown by the cartpole
and acrobot examples. Over-smoothing a path can cause the program to find so-
lutions that do not capture the essential motion of the system for feasibility, such
as Figure 5.30b where smooth paths force the system to perform an extreme kick-
ing motion to swing the pole up similarly to Figure 5.27b. The systems in which
our algorithms were able to compute feasible trajectories highlight that our path-
parameterised motion planning algorithms may be only suitable to a subset of the
UA1 class rather than applicable to the entire set of UA1 systems despite our gen-
eralised formulation.
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Figure 5.31: On-point (OP) vs. midpoint (MP) collocation for five-link periodic
gait example.

5.6.4 Effects of Collocation Choice

We compared the on-point collocation scheme to the midpoint collocation scheme
for our five-link gait problem as a platform of comparison on a problem known to
generate feasible solutions. A comparison of their execution times and iterations at
termination is shown in Figure 5.31.

It is clear that the on-point scheme takes much longer to compute a solution than
the midpoint method. Where feasibility detection is enabled, the on-point scheme
does find feasible solutions as shown by a different profile created when optimality is
requested. Even with the execution time reduced by feasibility detection, the mid-
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point scheme still outperforms the on-point scheme considerably in both execution
time and number of iterations taken. If these programs are run to optimality, it
is clear that the on-point method takes far longer than the midpoint method, with
their increase in execution times and iteration far greater than the midpoint scheme
as the number of evaluations increases.

This difference is however expected given the increased number of variables and
constraints present in the on-point method compared to the midpoint method as
highlighted in Section 5.2.4. This increase is apparent in the number of iterations
required by the on-point method for the same problem as the midpoint method.
Despite the increased number of dynamic constraints, the feasibility of the system
appears to be less successful than the midpoint method. This once again highlights
the benefit of our feasibility detection mechanism for these solvers, whilst the mid-
point scheme possesses fewer dynamics evaluations, this is made up for by the dense
evaluation provided by our IsFeasible routine.

5.7 Summary

This chapter has studied the viability of path parameterisation for trajectory optimi-
sation of Underactuated Degree-One systems. By exploiting the ability to compute
the feasibility of a system path, a mechanism was developed that enabled the pro-
grams to terminate with feasible solutions that were accurate to a high resolution.
This enabled programs of much smaller sizes to compute feasible trajectories in much
less computational time compared to traditional direct collocation. A bilevel pro-
gram was also proposed however current findings show worse performance in execu-
tion time and feasibility compared to our single-level formulation. We demonstrated
the potential of this approach in refining trajectories created by other algorithms
that use this decomposition, with walking gaits using the best-first-search primi-
tive planner of [19] and our UA1-RRT sample-based planner on motions created in
Chapter 4. The current successes with this approach suggest that for planning mo-
tions that present smooth behaviours, path-parameterised trajectory optimisation
may be a desirable choice if high-fidelity dynamic solutions are required.
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Conclusion

This thesis has investigated the applicability of path parameterisation for the mo-
tion planning of underactuated systems. A recurring theme throughout this thesis
is that the exploitation of Underactuated Degree-One systems under a path param-
eterisation enables the efficient querying of kinodynamic quantities as well as rapid
verification of a path’s dynamic feasibility. These features were explored through the
development of sample-based and optimisation-based motion planning algorithms,
where improvements to the computational efficiency and kinodynamic evaluation of
these frameworks were achieved.

With an efficient algorithm for evaluating path velocity profiles established in Chap-
ter 3, Chapter 4 placed focus on developing a path-parameterised RRT planner that
utilised this algorithm for the rapid evaluation of candidate branches. This enabled
the use of a novel state-based steering mechanism for underactuated systems. Our
algorithm was successful on a planar UAV and acrobot, creating feasible trajecto-
ries that respected the imposed kinodynamic bounds of each system. The proposed
UA1-RRT algorithm was shown to have significantly higher success rates in finding
feasible trajectories than existing solutions KNN-RRT [93] and AVP-RRT [12]. The
low computational overhead of our path velocity computation also resulted in our
algorithm achieving the fastest mean run times, thus highlighting the improvements
made by exploiting the structure of these systems under a path parameterisation.

Chapter 5 presented the developments of a path-parameterised trajectory optimisa-
tion framework, where the specialisation to UA1 systems enabled the implementa-
tion of a feasibility detection mechanism for early termination, as well as allowing
a bilevel programming approach to be considered. It was within this framework
that the decoupling of path and time parameterisation enabled the generation of
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programs capable of representing system motions with far fewer variables whilst
maintaining dynamic accuracy throughout. Assessment of our algorithms with a
planar walking system demonstrated the benefits of feasibility detection, with the
ability to produce smooth motions with few splines whilst being feasible with high
dynamic accuracy. Success was demonstrated with a single-level and bilevel ap-
proach, however, despite the ability to provide a closed-form solution for the inner
problem of the bilevel program, poorer performance in terms of execution time and
ability to generate feasible solutions was found in comparison to the single level pro-
gram. Extending this framework to other UA1 systems where expected motions are
less smooth resulted in poorer success, suggesting that this approach may be best
suited for generating high-fidelity dynamic solutions for systems that are expected
to undergo smooth motions.

6.1 Perspectives for Future Research

Having established a foundation in path-parameterised motion planning for under-
actuated systems, there are several avenues of research that may offer interesting
extensions to the work in this thesis.

Experimental Verification

This thesis has investigated the generation of dynamically feasible trajectories for a
range of systems within the UA1 class, however, the work and results of this thesis
have only currently been verified within simulation. Given the mechanical simplicity
of most of the systems considered, and the success of the path parameterisation
method in generating feasible motions in an experimental context [8], the work of
this thesis can be strengthened by testing these trajectories through experimental
validation. A possible use-case may be of the double-pendulum system considered
in Chapter 4, where a trajectory tracking controller (e.g. LQR) can be created to
track the paths made. Feedback linearisation presented in Westervelt’s work [16]
may also be an appropriate tracking mechanism for the legged systems considered
in Chapter 5 given the strong connection this work has to virtual constraint design
and control.
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Short-Horizon Planning

As shown within Chapter 5, a strong property of UA1 systems under path param-
eterisation is the assessment of path feasibility through their computed time pa-
rameterisations. Whilst our motion planning approaches disregarded solutions with
partial feasibility, this property may be applicable to short-horizon planning such
as in model predictive control. Within these frameworks, trajectories are constantly
replanned, with the first action of each trajectory being performed at each time step.
Given the success of our optimisation method in computing feasible solutions to sys-
tems that can be described with few polynomial splines, at short horizons, system
behaviours could be approximated in a similar manner. With partial path feasibility
covered in Chapter 4, this may also be applicable for short-horizon planning, guar-
anteeing motion can be continued provided the first portion of the plan is feasible,
removing the requirement of full path feasibility and possibly saving computation
time.

Contact-Implicit Trajectory Optimisation

The geometric nature of contact handling has been explored extensively within
robotics and has recently become a very active field with advances in optimisa-
tion techniques for handling these conic constraints [184, 185, 138, 165, 71]. In light
of gait-scheduling methods generating more restrictive ranges of motion, contact-
implicit frameworks provide an alternative perspective that allows for contact to be
made and broken freely at any point within the trajectory. This approach derives
from the nature of contact only existing when a point on the system is touching a
surface. By introducing the signed-distance function ϕ(q) : Rn → R which indicates
the distance between a target point and its shortest distance to a contact surface S,
the normal reaction force λz ∈ R related to contact with this surface then satisfies
the following complementarity condition

λzϕ(q) = 0, λz, ϕ(q) ≥ 0 (6.1)

which intuitively indicates that the reaction force can only be non-zero if the system
is touching the contact surface (ϕ(q) = 0) and zero otherwise (Figure 6.1).

As can be seen, under this formulation there is a clear decoupling between the ge-
ometric configuration of the system ϕ(q) and the forces acting on it throughout a
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Figure 6.1: Contact implicit diagram showing the complementarity conditions and
their physical significance.

contact event. This separation may be a suitable application for the path parame-
terisation technique, with these kinematic constraints easily addressed through con-
straints in P(s), and contact conditions handled through the corresponding time
parameterisation [8]. Whilst success with our bilevel approach was limited, this
problem can also be addressed in a bilevel sense similarly to [11], with contact and
friction now being considered on a conditional basis depending on ϕ(s) throughout
each path iterate. With our promising results achieved in creating dynamically ac-
curate motion plans for walking systems with very few polynomial splines, this may
be able to be extended to contact-implicit trajectory generation whilst maintain-
ing the low-order representations for system motions. Whilst the complementarity
conditions (6.1) can lead to many constraints of this form within the optimisa-
tion [141, 71], [53] presented a means for reducing these conditions on a per-spline
basis, which naturally falls into the structure created from our path-parameterised
formulation. Under this construction, it may be possible to design contact schedules
for systems under this decoupling by first determining where the contacts are made
in space and then determining how they are executed in time, similarly to motion
retiming [82].

Augmented Lagrangian Schemes

Creating solvers that adopt an augmented Lagrangian scheme [127, 186] has been
particularly applicable to robotics applications where kinodynamic constraints can

160



6.1. PERSPECTIVES FOR FUTURE RESEARCH

be easily violated. As a result, these methods offer less pressure on the solver
to satisfy constraints strictly and can encourage better convergence despite poorer
initialisation, which in many situations can be difficult for systems with difficult con-
straints such as complementarity conditions [187]. The solver ALTRO [188] presents
an augmented lagrangian adaptation of the iLQR method [189] which demonstrated
the effectiveness of the penalty-based method for moving rapidly towards solutions
with coarse constraint satisfaction. These coarse solutions were then rapidly re-
fined by a constrained gradient descent method and showed to be competitive with
IPOPT and SNOPT in execution time and finding feasible solutions. Furthermore,
the solver CALIPSO [71] employs an augmented lagrangian within an interior point
context and also demonstrates the ability to find feasible trajectories where tradi-
tional interior point methods found difficulty.

Similar to our bilevel formulation in Chapter 5, it may be advantageous to set
the constraints associated with the dynamics and time parameterisation of a path-
parameterised trajectory as augmented penalty costs, with strict constraints placed
on the geometric aspects of the path such as holonomic constraints, bounds and
endpoint conditions. Under this framework, paths can be constraint-consistent very
early within the optimisation, allowing the penalty terms to gradually adjust the
path to become dynamically feasible. As explored within Section 5.6, with our
current optimisation approach having limited applicability to systems where rapidly
changing motions are required, it may be possible to achieve solutions for these
systems if the dynamics constraints are gradually imposed.

Tree Refinement for UA1-RRT

Chapter 5 offered a brief investigation into the potential to refine trajectories pro-
duced by our sample-based planner UA1-RRT. The resulting trajectories were smoother
and reduced the costs associated with the trajectories significantly however in many
cases feasible trajectories did not result. This also required the development of a
separate optimisation program in addition to UA1-RRT.

Providing an optimal search refinement within UA1-RRT such as in RRT⋆ [90] would
allow for the tree-search algorithm to continue refining feasible solutions towards
an optimal cost, eliminating the requirement for a separate optimisation program.
A current difficulty within this specialisation to UA1 systems is that the rewiring
process may not be feasible to perform. Rewiring one vertex to another within these
trees requires that the endpoint velocities of the rewired branch be equal to their
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connecting vertices. Given the velocity profile for UA1 systems is determined by the
path and initial path velocity (Section 3.3), creating a path that also matches the
target vertex velocity will require a nonlinear solver, similarly to the work performed
in Chapter 5. Similar to AVP-RRT [6], it may be possible to optimise an existing
solution from UA1-RRT by adjusting each segment within the tree and assessing
the effect it has on the cost of the trajectory.

Proving Probabilistic Completeness for UA1-RRT

It was shown in [111] that the AVP-RRT method proposed in [6] is probabilistic
complete. They defined a distance metric d between two trajectories Π(t) and Π̂(t)

as
d(Π̂,Π) = sup

t∈[0,T ]

||Π(t)− Π̂(t)||

and similarly for geometric paths P and P̂ as

d(P1,P2) = sup
s∈[s0,sf ]

||P1(s)−P2(s)||+ sup
s∈[s0,sf ]

||u1(s)− u2(s)||

with ui(s) being the unit tangent vector for P i(s). With this distance metric defined,
it was shown that the following properties were true for AVP-RRT:

1. Given a path P(s) and any ∆ > 0, over a finite number of iterations the
path-sampling procedure of AVP-RRT will generate a path P̂(s) that satisfies
d(P̂ ,P) ≤ ∆.

2. If a smooth path P̂(s) produced by the above sampling procedure can be
time-parameterised into a trajectory according to a velocity profile ˙̂

Π(t), then
˙̂
Π(t) is contained within the velocity band propagated by the AVP routine.

The probabilistic completeness of AVP-RRT was then proven by considering a fea-
sible, smooth state-space trajectory Π(t) with ∆-clearance such that all smooth
trajectories Π̂(t) with d(Π̂,Π) ≤ ∆ are also feasible. With the underlying path
of Π(t) given by P(s), by Property 1, there exists a point in the sampling process
where a sampled path P̂(s) will satisfy d(P̂ ,P) ≤ ∆

2
. By AVP, P̂(s) could then

be time-parameterised to produce a trajectory Π̂(t) within a radius of ∆ of Π(t)

such that Π̂(t) is also feasible since it is within the clearance region of Π(t). If
the velocity profile for Π̂(t) is feasible, then by Property 2, the velocity profile of
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Π̂(t) is within the AVP velocity band and therefore the path P̂(s) can be time-
parameterised by the planner. Thus, the sampled path created by the sampling
procedure will produce a feasible trajectory when time-parameterised.

Whilst the aforementioned ∆-clearance region relied on the considered systems to
be fully actuated, it may be possible to adapt this approach to UA1-RRT described
in Chapter 4 so that it can be proven to be probabilistically complete. There are
however additional considerations unique to the UA1 approach that were not con-
sidered within AVP-RRT. Firstly, extending to points within configuration space for
UA1 must require exact satisfaction of the dynamics of the system and as a result we
offered several mechanisms such as path truncation and a projected distance metric
to aid tree growth. With these additional mechanisms, we will need to show that
in the limit, all points along a given trajectory will be sampled by our proposed ap-
proach. This would likely follow a similar approach to [111], however, care for what
points are selected and if all points can be selected using the proposed projected
distance metric and truncation will need to be considered.

If this path sampling procedure is shown to satisfy Property 1, we will then be
required to check if there exists a similar ∆-clearance region around feasible tra-
jectories of UA1 systems such that all trajectories within the region create feasible
paths and time parameterisations (i.e. verify Proposition 3.3.1). Proving the con-
tinuity of solutions for (3.11) under small changes in the parameters P(s) would
indicate there exists such a region and reasoning may follow a similar approach
to [190] (Theorem 3.5), given the continuous behaviour of (3.11) in (s, θ,P) (with
care taken around points of dynamic singularities). Unlike the flexibility of AVP
with velocity bounds, proving velocity limits are respected throughout will require
close attention, given the stronger coupling between path and velocity profile for
UA1 systems (Section 2.2.3).

If both properties are shown to be verified by UA1-RRT, it would then be possible
to confirm its probabilistic completeness by a similar reasoning to [111] as stated
above.

Extending to Higher Degrees of Underactuation

Whilst there are a number of unique systems within the UA1 class [14], the examples
we have addressed within this thesis can be quite limiting for physical application.
The most relevant example we applied our methods to were planar walking systems,
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which are a large focal point of legged gait design [191, 16, 13, 151]. The current
horizon of robotic motion planning has however sought the use of three-dimensional
models to describe more advanced walking behaviours [4, 25]. Of course, approxi-
mating the motion of these systems by low-order models will be effective and may
allow our planar studies to be used if motions in the lateral and sagittal axes can
be decoupled and approximated as planar movements [51, 26, 152, 192, 193, 194]

Moving beyond this specialisation to UA1 systems, investigations into whether mo-
tion planning through path parameterisation can be extended to systems of higher
degrees of underactuation may be an interesting avenue. Planning motions for hu-
manoid robots under path parameterisation has been demonstrated in several appli-
cations, however, these systems are under fixed contact conditions and thus forces
resolve these degrees of underactuation. Having greater levels of underactuation such
as in quadrotors and floating base systems performing aerial actions would require
consideration for more than one degree of underactuation. Remark 3.3.2 highlights
that solving for the time parameterisation θ for higher degrees of unactuation may
be impossible given these often result in over-determined systems. It may however
be possible to produce approximate solutions to these problems through our general
formulation of the motion planning problem in (5.25), given it applies to any generic
actuation for the system. If coarse solutions can be produced, this may be valuable
to traditional trajectory optimisation frameworks for initialisation purposes.

164



Appendices

165



Appendix A

Path Parameterisation Identities

A.1 Path Acceleration and Velocity-Squared Rela-

tionship

This velocity-squared relationship is well known for relating a system’s acceleration
to its velocity.

s̈ =
dṡ

dt
(A.1)

=
ds

dt

dṡ

ds
(A.2)

= ṡ
dṡ

ds
(A.3)

=
1

2

dṡ2(s)

ds
(by the chain-rule) (A.4)

=
1

2

dθ

ds
(A.5)

A.2 Exact Time For Linear Collocation

Suppose we have a piece-wise linear representation for the squared rate of the time
parameterisation ṡ2(t) discretised by the n + 1 points {ṡ20, ṡ21, . . . , ṡ2n} at the n + 1

points {s0, s1, . . . , sn}. With time given by the integrand

T =

∫ T

0

dt (A.6)
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We first transform this identity into the path space by recognising that ṡdt = ds.
Furthermore, we define the mapping of the parameterisation s(t) : [0, T ] → [0, 1]

such that

T =

∫ T

0

dt =

∫ 1

0

ds

ṡ
(A.7)

which when using the rate-squared expressions becomes

T =

∫ 1

0

ds√
ṡ2

(A.8)

We now consider the discretised trajectory for ṡ2 := θ(s), we can partition the above
integral into n expressions such is is the sum over each interval ∆si = si+1 − si

T =
n−1∑
i=0

∫ si+1

si

ds√
θ(s)

(A.9)

For the interval [si, si+1], the profile of θ(s) is a linear interpolation between the
points θi and θi+1 such that

θ(s) =
1

si+1 − si
(θi(si+1 − s) + θi+1(s− si)) (A.10)

By using the subsitution τ = s−si
si+1−si

and (A.10), each integrand in (A.9) becomes

T =
n−1∑
i=0

∆si

∫ 1

0

dτ√
τθi+1 + (1− τ)θi

(A.11)

=
n−1∑
i=0

∆si

[
2
√
τθi+1 + (1− τ)θi
(θi+1 − θi)

]1
0

(A.12)

=
n−1∑
i=0

∆si
2(
√
θi+1 −

√
θi+1)

(θi+1 − θi)
(A.13)

=
n−1∑
i=0

∆si
2(
√
θi+1 −

√
θi+1)

(
√
θi+1 −

√
θi+1)(

√
θi+1 +

√
θi+1)

(A.14)

=
n−1∑
i=0

2∆si√
θi+1 +

√
θi+1

(A.15)
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Impact Map

Under the conservation of momentum, the pre-impact generalised velocity q̇− ∈ Rn

and post-impact generalised velocity q̇+ ∈ Rn of the system (both expressed in the
inertial frame) are related by [53]

M(q)(q̇+ − q̇−) = JT (q)Λ (B.1)

where J(q) is the end-effector Jacobian for the point of contact expressed in the
inertial frame. With the assumption that the impact causes the end-effector to
come to rest, we additionally have the constraint

J(q)q̇− = 0 (B.2)

which ensures the swing foot remains planted on the ground at the moment of
impact. Solving for Λ, the impulse at impact can be determined by

q̇+ = q̇− +M−1(q)J(q)Λ (B.3)

J(q)q̇+ = J(q)q̇− + J(q)M−1(q)JT (q)Λ (B.4)

J(q)q̇+ = 0+ J(q)M−1(q)JT (q)Λ (B.5)

(J(q)M−1(q)JT (q))−1J(q)q̇+ = Λ (B.6)

(B.7)

Hence by substitution into the original momentum exchange equation, the post-
impact velocity has a closed-form solution

q̇+ = (In +M−1(q)J(q)(J(q)M−1(q)JT (q))−1J(q))q̇− (B.8)
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which is clearly affine in q̇−, hence we can consider this as a map ∆q̇ such that

q̇+ = ∆q̇q̇
− (B.9)

169



Appendix C

On-Point Collocation Matrix for
Bilevel Trajectory Optimisation

Similarly to (5.30), we can construct N − 1 sets of constraints for the on-point col-
location method. For each discrete point 0 < sk < 1, we extract the underactuated
component of the dynamic constraints to the right and left of sk, leading to the two
equations We extract the underactuated component of (5.22) for each of the 2N

dynamics constraints, leading to scalar equations of the form

au(sk)
(θk − θk−1)

2∆s
+ b−u (sk)θk + cu(sk) = 0, k = 1, . . . N

au(sk)
(θk+1 − θk)

2∆s
+ b+u (sk)θk + cu(sk) = 0, k = 0, 1, . . . N − 1

(C.1)

Adding these equations together, we achieve a single expression

au(sk)
θk+1 − θk−1

2∆s
+ b+u (sk)θk + b−u (sk)θk + 2cu(sk) = 0 (C.2)

which can be arranged to form a set of N − 1 linear equations

αkθk+1 + βkθk + γkθk−1 = δk (C.3)

with
αk = au

βk = 2∆s(b+u − b−u )
γk = −au
δk = −4∆scu

(C.4)
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The collection of these constraints along with the initial condition for ṡ20 forms the
tridiagonal linear system

1

α0 β0 γ0
. . . . . .

αN−1 βN−1 γN−1



θ0

θ1
...
θN

 =


ṡ20

δ1
...

δN−1


A(P ,∆s)θ = b(P)

(C.5)

171



Appendix D

Additional Figures for Chapter 5

D.1 Generalised Coordinates Trajectories
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Figure D.1: Five link walker periodic gait trajectory in Figure 5.15b (local coor-
dinates).
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Figure D.2: UAV fly-though of Figure 5.20 (global coordinates).
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Figure D.3: Cartpole swing-up of Figure 5.23a.
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Figure D.4: Acrobot swing-up of Figure 5.27a.
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D.2 Program Computation Times and Iterations

The following figures present the computation times and iterations taken for each
trajectory optimisation formulation from Chapter 5 for the UAV, cartpole and ac-
robot.
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Figure D.5: UAV traversal execution time and iterations at termination
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Figure D.6: Cartpole swing-up execution time and iterations before termination
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Figure D.7: Acrobot swing-up execution time and iterations before termination
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D.3 Path Feasibility and Errors

Given PathProfile did not produce a feasible profile for θ(s), we assess the dynam-
ics error of the system through the discrete representation of θ in (5.25). Through
(5.58), the dynamic error throughout the trajectory is shown in Figure D.8.
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Figure D.8: Dynamics error along the cartpole trajectory in Figure 5.23a.

181



APPENDIX D. ADDITIONAL FIGURES FOR CHAPTER 5

0.0 0.2 0.4 0.6 0.8 1.0

s

0

2

4

6

8
ṡ(
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Figure D.9: ṡ(s) profiles for cartpole trajectory (Figure 5.23a) with PathProfile
generated profile (orange) and discretised profile (blue).
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Figure D.10: Final path feasibilities for each system over tests in Figure 5.11 and
Figures D.5 to D.7.
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D.4 Motion Behaviours with Curvature Weighting

(a) wP ′′ = 10−6 (b) wP ′′ = 10−2

Figure D.11: Behaviour of five-link gait solutions with varying wP ′′ .

Low Curvature (wP” = 10−5)

High Curvature (wP” = 10−1)

Figure D.12: Behaviour of UAV fly-through solutions with varying wP ′′ .
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Figure D.13: Path feasibility behaviour for cartpole swing-up with varying splines
segment counts and curvature weightings wP ′′ .
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Appendix E

Motions for UA1 Systems Along
their Unactuated Degree

For the generalised UA1 system dynamics

M(q)q̈ +C(q, q̇)q̇ +G(q) =

[
0

τ

]
(E.1)

Bullo and Lynch [18] defined kinematic motions to be those that followed the decou-
pling vector fields V in the cases that G(q) = 0 in the underactuated coordinate.
By a coordinate change described in Section 3.3, the underactuated degree of free-
dom can be made explicitly the first degree of freedom in the system such that in
this coordinate frame, a motion within that space P(s) = [p(s), 0, 0 . . . , 0] can be
performed. We assume the system begins at rest such that ṡ(0)P ′(0) = 0

B⊥(MP ′s̈+ (CP ′ +MP ′′)ṡ2 +G) = 0 (E.2)

B⊥(M1p
′(s)s̈+ (C1p

′(s) +M1p
′′(s))ṡ2 +G) = 0 (E.3)

(E.4)

If ṡ(0) = 0

B⊥(M1p
′(s)s̈+G) = 0 (E.5)

s̈ = − B⊥G

B⊥M1p′(s)
(E.6)
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UNACTUATED DEGREE

If P ′(0) = 0

B⊥(MP ′s̈+ (CP ′ +MP ′′)ṡ2 +G) = 0 (E.7)

B⊥((M1p
′′(s))ṡ2 +G) = 0 (E.8)

ṡ2 = − B⊥G

B⊥M1p′′(s)
(E.9)

We see here that as long as there is gravitational energy available in this dimension,
it is possible to achieve motion and thus there will exist some s(t) that allows motion
to perform. If there is no potential energy available, then it is clear that in both
cases, s(t) = 0 for all t, thus indicating no motion is performed. It is by this that we
show that due to the presence of potential, motions in the underactuated coordinates
can be performed without the need to determine the decoupling vector fields.

E.0.1 Example: UAV flying sideways

The decoupling vector fields for this system are

V1 = M−1(q)

01
0

 , V2 = M−1(q)

00
1

 (E.10)

Consider the motion of the body-centric UAV where P(s) = [p0(s), 0, 0]
T (a directly

horizontal motion). The dynamic coefficients for this system are then

a(s)u = mp′0(s) (E.11)

b(s)u = mp′′0(s) (E.12)

c(s)u = 0 (E.13)

(E.14)

The underactuated dynamics are thus

mp′0(s)s̈+mp′′0(s)ṡ
2 = 0 (E.15)

We thus see that d
ds
ṡ2 = −2p′′0 (s)

p′0(s)
ṡ2.
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We assume that the system begins at rest, such that no existing motion exists
beforehand, thus we have two separate cases.

• ṡ0 = 0 With this case, we see that d
ds
ṡ2 = 0, for all future values of s, the path

will remain constant (i.e. not move at all and thus not execute the path)

• p′0(s) = 0 As can be seen, regardless of the starting path velocity, an infinite
path acceleration is required to continue moving along the path
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