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Abstract

In this thesis, we study four problems related to robotics and computa-
tional geometry.

In Chapter [3] we consider the Mutual Visibility problem for fat robots
with lights: given a set of n > 1 unit disk robots in the Euclidean plane,
the robots must reposition themselves to reach a configuration where they
all see each other. We present an algorithm that requires only 2 colors and
O(n) rounds. The number of colors is optimal since at least two colors are
required for point robots [28]].

In Chapter [d]and Chapter [5| we consider the Pattern Formation problem
for fat robots: given a set of n > 1 unit disk robots in the Euclidean plane,
the robots must reposition themselves to form a given target pattern. In
Chapter 4] we consider this problem for robots with lights and reduce the
number of colors needed. In particular, we present an algorithm requiring
7 colors when scaling the target pattern is allowed and an 8-color algorithm
if scaling is not allowed. Our algorithms run in O(n) rounds plus the time
needed for the robots to elect a leader. In Chapter[5, we consider robots with
memory and present an algorithm that runs in O(n) + O(gqlogn) rounds,
where ¢ > 0 is related to Leader Election. We assume that the robots have
a small O(1)-sized memory that they can use to store information, but that
cannot be communicated to the other robots.

In Chapter [0 we consider the shortest paths of mutually visible robots:
given a set of n point robots inside a simple polygon P, the task is to move
the robots from their starting positions to their target positions along their

shortest paths, while the mutual visibility of these robots is preserved. We

il
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present an O(mn) time algorithm, where m is the complexity of the poly-
gon, when all the starting positions lie on a line segment .S, all the target
positions lie on a line segment 7', and .S and 7" do not intersect. We also
argue that there is no polynomial-time algorithm, whose running time de-
pends only on n and m, that uses a single strategy for the case where S and

T intersect.
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CHAPTER 1

Introduction

1.1 Computational Geometry

Computational geometry is a field of computer science that concerns the
study of algorithms and geometric problems [27]. There are many vital
applications of computational geometry, including robotics that consider the
motion and visibility of robots, computer vision concerning 3D problems,

and other important applications [46, |54].

The measure of efficiency of an algorithm in computational geometry is
related to the computational complexity of that problem. Every algorithm
has an input and performs a process to give the desired output. The effi-
ciency of an algorithm is expressed as the number of rounds or running time
in general needed to solve a problem. Examples of algorithms in compu-
tational geometry comprise convex hull algorithms, polygon triangulation

algorithms, and others [27].

In this thesis, we focus on subjects of computational geometry related to
robotics, including mutual visibility, pattern formation, and shortest paths
in simple polygons. We consider different models, which we introduce in

Chapter 2]
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1.2 Background and Motivation of Robotics

Robots are machines that are provided with vision capabilities and/or loco-
motion capabilities depending on the types of robots. Robots can be divided
into two types based on mobility: static and mobile robots. Static robots
cannot move since they do not have locomotion capabilities, where mo-
bile robots have locomotion capabilities in addition to vision capabilities,
so they move from one place to another [53]]. Mobile robots can be further
classified into two types: robots with external control and robots without
external control (autonomous mobile robots). In Chapters [3] {] and [5| we
consider autonomous mobile robots since this type of robot works in an
unknown environment [35]. Autonomous mobile robots do not know any
information about each other because they cannot communicate with each
other. They work independently. They can only observe the environment

using their vision capabilities and perform their actions.

Autonomous mobile robots have been used for inspection, surveillance,
transportation, and cleaning, with applications in fields such as household
maintenance, space exploration, delivery of goods and services, and waste-
water treatment [[12} 42]]. The autonomous mobile robots have been widely
used in solving many different problems in computational geometry, dis-
tributed computing, robotics community, and sensor network because of
their flexibility when they are used in many different applications. In this
thesis, we solve many fundamental problems of mutual visibility, pattern

formation, and shortest paths in robotics.

1.3 Mutual Visibility

We consider a set of n unit disk robots in R? and aim to position these robots

in such a way that each pair of robots can see each other (see Figure[I.1]for
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an example initial configuration where not all robots can see each other and
an end configuration where they can). This problem is fundamental in that
it is typically the first step in solving more complex problems. We consider
the problem under the classical oblivious robots model [33], where robots
are autonomous (no external control), anonymous (no unique identifiers),
indistinguishable (no external markers), history-oblivious (no memory of
activities done in the past), silent (no means of direct communication), and
possibly disoriented (no agreement on their coordination systems). We con-
sider this problem under the fully synchronous model, where in every round
all robots are activated. All robots execute the same algorithm, following
Look-Compute-Move (LCM) cycles [26] (i.e., when a robot becomes act-
ive, it uses its vision to get a snapshot of its surroundings (Look), computes
a destination point based on the snapshot (Compute), and finally moves to-

wards the computed destination (Move)).

(a) (b)

FIGURE 1.1: An example of an initial instance (a) and an
end configuration (b).

This classical robot model has a long history and has many applications
including coverage, exploration, intruder detection, data delivery, and sym-
metry breaking [22]]. Unfortunately, most of the previous work considered

the robots to be dimensionless point robots which do not occupy any space.

The classical model also makes the important assumption of unobstructed
visibility, i.e., any three collinear robots are mutually visible to each other.

This assumption, however, does not make sense for the unit disk robots
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we consider. To remove this assumption, robots under obstructed visibility
have been the subject of recent research [1} 13} 19, 23-25] 28, 29| 32, 40,
41,148,149, 151, 155]. Under obstructed visibility, robot r; can see robot r; if
and only if there is no third robot on the straight line segment connecting r;

and ;.

Additionally, a variation on this model received significant attention: the
luminous robots model (or robots with lights model) [28, 40, 41, 44} 48|
49, 155]]. In this model, robots are equipped with an externally visible light
which can assume colors from a fixed set. The lights are persistent, i.e.,
the color of the light is not erased at the end of the LCM cycle. When
the number of colors in the set is 1, this model corresponds to the classical

oblivious robots model [28, 33]].

Being the first step in a number of other problems, including the Gathering
and Circle Formation problems [4/], the Mutual Visibility problem received
significant attention in this new robots with lights model. When robots are
dimensionless points, the Mutual Visibility problem was solved in a series
of papers [28, 40, 41, 48, 49, 55]. Unfortunately, the techniques developed
for point robots do not apply directly to the unit disk robots, due to the
lack of collision avoidance. For unit disk robots, much progress has been
made in solving the Mutual Visibility problem [1} [13} 19, 24, 25| 29, 45,
477, 150], however these approaches either require additional assumptions
such as chirality (the robots agree on the orientation of the axes, i.e., on
the meaning of clockwise), knowledge of n, or without avoiding collisions.
Additionally, some approaches require a large number of colors and not all

approaches bound the number of rounds needed.
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1.3.1 Related Work

Most of the existing work in the robots with lights model considers point
robots [28] 140, 49, 55]. Di Luna et al. [28] solved the Mutual Visibility
problem for those robots with obstructed visibility in the lights model, us-
ing 2 and 3 colors under semi-synchronous and asynchronous computa-
tion, respectively. Sharma et al. [49] provided a solution for point robots
that requires only 2 colors, which is optimal since at least two colors are
needed [28]]. Unfortunately, the required number of rounds is not analyzed.
Sharma et al. [52] also considered point robots in the robots with lights
model. In the asynchronous setting, they provide an O(1) time and O(1)
colors solution using their Beacon-Directed Curve Positioning technique to

move the robots.

Mutual visibility has also been studied for fat robots. Agathangelou et
al. [1] studied it in the fat robots model of Czyzowicz et al. [25], where
robots are not equipped with lights. Their approach allows for collisions,
assumes chirality, and the robots need to know 7, making it unsuited for our
setting. Sharma et al. [50] developed an algorithm that solves coordination
problems for fat robots in O(n) rounds in the classical oblivious model,

assuming n is known to the robots.

Poudel et al. [45] studied the Mutual Visibility problem for fat robots on
an infinite grid graph GG and the robots have to reposition themselves on the
vertices of the graph GG. They provided two algorithms; the first one solves
the Mutual Visibility problem in O(y/n) time under a centralized scheduler.
The second one solves the same problem in ©(y/n) time under a distributed

scheduler, but only for some special instances.

When considering both fat robots and the robots with lights model, the main
result is by Sharma et al. [47]. Their solution uses 9 colors and solves the

Mutual Visibility problem in O(n) rounds.
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1.3.2 Contributions

In Chapter 3] we consider n > 1 unit disk robots in the plane and study the
problem of providing mutual visibility to them. We address this problem
in the lights model. In particular, we present an algorithm that solves the
problem in O(n) rounds using only 2 colors while avoiding collisions. The
number of colors is optimal since at least two colors are needed for point

robots [28]].

Our algorithm works under fully synchronous computation, where all ro-
bots are activated in each round and they perform their LCM cycles simul-
taneously in synchronized rounds. The moves of the robots are rigid, i.e., an
adversary does not have the power to stop a moving robot before reaching

its computed destination [33]].

Our results improve on previous work in terms of the number of colors
used [47]] and by using fat robots and having a linear number of rounds [28),
49]. Additionally, we require no additional assumptions such as chirality or

knowledge of n.

1.4 Pattern Formation

We consider a set of n > 1 unit disk robots in the two-dimensional Euc-
lidean plane and aim to position these robots to form a given pattern. This
problem is commonly referred to as the Pattern Formation problem. Sim-
ilar to the Mutual Visibility problem, the robots work under the classical
oblivious robots model [33]] which means they are autonomous (no external
control), anonymous (no unique identifiers), indistinguishable (no external
markers), in some cases history-oblivious (no memory of activities done in
the past), silent (no means of direct communication), and possibly disori-

ented (no agreement on their coordinate systems). All robots execute the
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same algorithm and operate following Look-Compute-Move (LCM) cycles
[26] (i.e., when a robot becomes active, it uses its vision to get a snap-
shot of its surroundings (L.ook), computes a destination point based on this
snapshot (Compute), and finally moves towards the computed destination
(Move)). In this problem, the robots are scheduled using the fully syn-
chronous model, where there is a (discretized) notion of rounds and in every

round all robots are activated.

A logical continuation of the Mutual Visibility Problem studied under ob-
structed visibility is the Pattern Formation problem: Starting from arbitrary
distinct positions in the plane, determine a schedule to reposition the robots
such that they form the given (target) pattern without collisions [[15}117,156].
We say that two robots collide if at any time they share the same position. In
previous work, the target pattern is allowed to be scaled, rotated, translated,

and reflected.

We study this problem under two different models. The first is the robots
with lights model described earlier. The other model, called the memory
model, equips the robots with a small amount of memory. The aim of this

model is to solve the problem while minimizing the size of the memory.

1.4.1 Related Work

There has been considerable work on the Pattern Formation problem for
point robots [14, 16, 18} 136, 37,139, 43]] and some of these also considered
the lights model while solving the problem [17, 56]]. Other work in this
area includes that by Cicerone et al. [21], who presented an algorithm to
solve the Pattern Formation problem for point robots with chirality (the ro-
bots agree on the orientation of the axes, i.e., on the meaning of clockwise),

and Flocchini et al. [34], who studied the problem for point robots in the
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asynchronous setting, but they required that the robots agree on their envir-
onment and observe the positions of the other robots. While these works
provided techniques to overcome various difficulties, they did not take the
physical extents of the robots into account. Unfortunately, the techniques
developed for point robots cannot be applied directly to solve the Pattern
Formation for fat robots, due to the effect these extends have on collision

avoidance.

The work most closely related to our result is due to Bose et al. [15]. They
studied the Pattern Formation problem for fat robots in the robots with lights
model and used 10 colors. Unfortunately, their solution assumes that all ro-
bots agree on an axis of the coordinate system. Our solutions remove this
assumption and reduces the number of colors required. Our other solutions
remove this assumption and use a constant memory while solving the prob-

lem without lights and without knowledge of the total number of robots.

Other related work for fat robots includes the work by Kundu er al. [39],
who studied the Pattern Formation problem for fat robots with lights on an
infinite grid with one axis agreement. They solved the problem using 9 col-

ors. Unfortunately, they did not bound the running time of their algorithm.

To the best of our knowledge, there are no published results where the ro-

bots are allowed a small amount of memory only.

1.4.2 Contributions

In Chapter 4, we consider the robots with lights model. We first present
two algorithms using at most 11 colors, which through careful analysis we
improve to use only 7 colors when scaling of the pattern is allowed and 8 if
this is not allowed. None of our algorithms require the pattern to be rotated,

translated, or reflected. Our algorithms require O(n) + O(qlogn) rounds.
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Here g > 0 is related to leader election, which can be solved in O(qlogn)

rounds with probability at least 1 — n =7 [S6]].

Our algorithms work under the fully synchronous model and are collision-
free. Interestingly, unlike previous work, our algorithms do not require
any additional assumptions on the capabilities of the robots or any shared
information or coordinate system. The moves of the robots are rigid, i.e., an
adversary does not have the power to stop a moving robot before reaching

its computed destination [33]].

In Chapter [5] we consider robots with memory. We present an algorithm
using a constant memory to solve the Pattern Formation when scaling of
the pattern is allowed. Our algorithm does not require the pattern to be
rotated, translated, or reflected. Our algorithm requires O(n) + O(qlogn)
rounds. Here ¢ > 0 is related to leader election, which can be solved in

O(qlogn) rounds with probability at least 1 — n =9 [56].

Our algorithm works under the fully synchronous model and are collision-
free. Our algorithm does not require any additional assumptions on the
capabilities of the robots or any shared information or coordinate system
except using a constant memory to let the robots store which phase they are
in, and they can determine when a phase changes without communicating

with each other.

1.5 Shortest Paths of Mutually Visible Robots

The problem of navigating robots in a polygonal domain has been studied
extensively. In our problem, we assume that robots are independent point
robots and execute the same centralized algorithm. The robots cannot com-
municate with each other, but they have full visibility of their environment.

We study the following problem in this model:
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PROBLEM 1.5.1. SHORTEST PATH MUTUAL VISIBILITY (SPMYV) Given
a simple polygon P consisting of m vertices, a set R of n point robots,
where each robot r; € 'R has a starting position s; and a target position
t;, the problem is to move all robots from their starting positions to their
target positions along their shortest paths while keeping all robots mutually

visible.

In Figure|l.2| we show two examples for the restricted case where the start-
ing points lie on a segment .S and the target points lie on a segment 7.

(a) (b)

FIGURE 1.2: Two examples showing the SPMV problem
instances considered in this thesis. (a) The case when S and
T do not intersect, and (b) when S and 7" intersect.

Most of the existing work in the field focuses on the shortest path problem.
Guibas et al. [38] presented algorithms to solve the shortest path problem
between two points inside a simple polygon and showed the relationship
between visibility and the shortest path problem. See also [2, 3,5, 16, 8-11]]
for more recent work on shortest paths in simple polygons and polygonal

domains.

The mutual visibility problem for robots in a polygonal domain has been
widely studied; starting from any initial configuration, the aim is to move
the robots into positions where every robot can see all other robots. The
problem was solved under both obstructed visibility (i.e., three collinear
robots are not mutually visible to each other) and unobstructed visibility
(i.e., three collinear robots are mutually visible to each other) (4}, 28,140, 45,

49,150, 551
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However, these works do not consider mutual visibility while the robots
are moving. The most closely related work is by Fenwick et al. [30, 31].
They considered the SPMYV problem for the special case where n = 2
(i.e., there are two moving robots the need to remain mutually visible while
moving through the domain), whereas we consider the problem for 7, i.e.,

an arbitrary number of robots.

1.5.1 Contributions

The results presented for this problem are twofold. In Section we give
an O(nm) time algorithm for the SPMV problem when the start and target
positions lie on two non-intersecting line segments S and 7', respectively.
In Section[6.3|we argue that when S and T intersect, any efficient algorithm
must move the robots along a rotating line segment, however, we also show
that there are instances where moving the robots along a rotating line seg-
ment does not give a running time that can be bounded using only n and
m. Hence, this indicates that any polynomial-time algorithm for the SPMV

problem cannot rely on a single strategy.

1.6 Thesis Outline

In this thesis, we proceed as follows. We present the models and preliminar-
ies needed for Chapters [3| [ and [5]in Chapter[2] In Chapter 3] we consider
the Mutual Visibility problem for fat robots in the robots with lights model.
We then shift our attention to the Pattern Formation problem for fat robots,
first for robots with lights in Chapter 4] and then for robots with memory in
Chapter [5] In Chapter [6] we consider the shortest paths problem for mutu-
ally visible robots in a simple polygon. Finally, we conclude in Chapter

with a consideration of future work.



CHAPTER 2

Models and Preliminaries

In this chapter, we present the model and the preliminaries used in Chapters3]

Ml and [5] of this thesis.

2.1 Mutual Visibility and Pattern Formation for
Fat Robots with Lights

Consider a set of n > 1 anonymous robots R = {ry,rs,...,r,} operating
in the Euclidean plane. During the entire execution of the algorithm, we
assume that n is not known to the robots. Each robot r; € R is a non-
transparent disk with diameter 1, sometimes referred to as a fat robot. The
center of the robot r; is denoted by ¢; and the position of ¢; is also said to be
the position of r;. We denote by dist(r;, ;) the Euclidean distance between
the two robots, i.e., the distance from ¢; to ¢;. To avoid collisions among
robots, we have to ensure that dist(r;,r;) > 1 between any two robots 7;
and r; at all times. Each robot r; has its own coordinate system centered at
itself, and it knows its position with respect to its coordinate system. Robots
may not agree on the orientation of their coordinate systems, that is, there
is no common notion of direction. Since all robots are of unit size, they
implicitly agree on the unit of measure of other robots. The robots have
a camera to take a snapshot, and the visibility of the camera is unlimited
and has a 360° field of view provided that there are no obstacles (i.e., other

robots) [1]].
12
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Following the fat robot model [1, 25]], we assume that a robot r; can see
another robot r; if there is at least one point on the bounding circle of r;
that is visible from r;. Similarly, we say that a point p in the plane is visible
to a robot r; if there is a point p; in the bounding circle of r; such that the
straight line segment p;p does not intersect any other robot. We say that
robot r; fulfills the mutual visibility property if r; can see all other robots in
‘R. Two robots r; and r; are said to collide at time ¢ if the bounding circles
of r; and r; share a common point at time ¢. For simplicity, we use r; to

denote both the robot r; and the position of its center c;.

Each robot r; is equipped with an externally visible light that can assume
any color from a fixed set C of colors. The set C is the same for all robots
in R. The color of the light of robot 7 at time ¢ can be seen by all robots

that are visible to r at time ¢.

A configuration C is a set of n tuples in C x R? that define the colors and
positions of the robots. Let C,; denote the configuration at time . Let Cy(r;)
denote the configuration C, for robot r;, i.e., the set of tuples in C x R?
of the robots visible to r;. A configuration C is obstruction-free if for all
r; € R, we have that |C(r;)| = n. In other words, it is obstruction free

when all robots can see each other including themselves.

Let H; denote the convex hull formed by C,. Let 0H; = V; U S, denote
the set of robots on the boundary of H;, where V; C R is the set of corner
robots lying on the corners of H; and S; C R is the set of robots lying in
the interior of the edges of H;. The robots in the set V, are called corner
robots and those in the set S; are called side robots. The robots in the set
7, = H,\OH, are called interior robots. Given a robot r; € R, we denote
by H,(r;) the convex hull of C(r;). Note that H;(r;) can differ from H, if

r; does not see all robots on the convex hull.
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Given two points a, b € R?, we denote by |ab| the length of the straight line
segment ab connecting them. Given a,b,d € R?, we use Zabd to denote

the clockwise angle at point b between ab and bd.

At any time ¢, a robot ; € R is active or inactive. When active, r; performs

a sequence of Look-Compute-Move (LCM) operations:

e Look: arobot takes a snapshot of the positions of the robots visible
to it in its own coordinate system;

e Compute: executes its algorithm using the snapshot. This returns
a destination point € R? and a color ¢ € C; and

e Move: moves to the computed destination z € R? (if z is different

than its current position) and sets its own light to color c.

We assume that the execution starts at time 0. Therefore, at time ¢ = 0, the
robots start in an arbitrary configuration C, with dist(r;,r;) > 1 for any

two robots r;, ; € R?, and the color of the light of each robot is set to Off.

Formally, the Mutual Visibility problem is defined as follows: Given any
Co, in finite time, reach an obstruction-free configuration without having
any collisions in the process. An algorithm is said to solve the Mutual Vis-
ibility problem if it always achieves an obstruction-free configuration from
any arbitrary initial configuration. Each robot executes the same algorithm
locally every time it is activated. We measure the quality of the algorithm
both in terms of the number of colors and the number of rounds needed to

solve the Mutual Visibility problem.

The Pattern Formation problem is defined as follows: Given any initial po-
sitions of the robots, the robots must reposition themselves to form a given
target pattern without having any collisions in the process. The target pat-
tern is given as input as a list of locations, one for each robot in the pattern

and allowed to be scaled, rotated, translated, and reflected. An algorithm is
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said to solve the Pattern Formation problem if it always achieves the target
pattern from any initial configuration. The pattern should be constructed if
this is indeed possible. We measure the quality of the algorithm using the
number of distinct colors in the set C' and the number of rounds needed to

solve the Pattern Formation problem.

Finally, we need the following definitions to present the Mutual Visibility

and Pattern Formation algorithms.

Let e = U175 be a line segment connecting two corner robots v; and vy of
H;. Following Di Luna et al. [40], we define the safe zone S(e) as a portion
of the plane outside H; such that the corner robots v; and v, of H; remain
corner robots when a side robot is moved into this area: for all points x €
S(e), we ensure that Zxvivy < w and Zvjvexr < w,
where v', vy, vo, and v5 are consecutive vertices of the convex hull of H (see
Figure a)). Side robots may not always be able to compute S(e) exactly
due to obstructions of visibility leading to different local views. However,
if there is only one side robot on e, then it can compute S(e) exactly. When
there is more than one robot on e, S’(e) is the safe region computed by
a robot based on its local view. It is guaranteed that S’(e) C S(e) (see

Figure [2.1b) for the safe zone of robot ).

FIGURE 2.1: (a) The safe zone of ¢ = v;05. (b) The safe
zone of a side robot 75 on e. Throughout the thesis the robots
are shown as dots for simplicity.
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2.2 Pattern Formation for Fat Robots with

Memory

There are many similarities between this model and the lights model includ-
ing the robot features, movements, visibility, and robots working according
to Look-Compute-Move (LCM) cycles. These similarities are presented in

Section[2.1] and thus we focus on the differences here.

We assume the robots have no lights. Instead, each robot is equipped with a
small amount of memory. We assume that a single unit of memory suffices
to store an integer of value at most n. In other words, a single unit of
memory can store O(logn) bits. We also assume that the locations of the
robots can be stored efficiently, using a constant number of units of memory,
or a constant amount of memory for short. As all previous work assumes
that the robots can perform computations based on the observed (locations
of) robots, the only difference between this model and the existing model is
that we allow a small number of things to be stored between rounds. Crucial
is that the robots have no way to communicate with each other and thus they

cannot combine what is stored in their respective memories.

The Pattern Formation problem in this setting is defined similarly as before:
Given any initial positions of the robots, the robots must reposition them-
selves to form a given target pattern without having any collisions in the
process. The target pattern is given as input as a list of locations, one for
each robot in the pattern and allowed to be scaled, rotated, translated, and
reflected. An algorithm is said to solve the Pattern Formation problem if it
always achieves the target pattern from any initial configuration. The pat-
tern should be constructed if this is indeed possible. We measure the quality
of the algorithm using the amount of memory required to execute it and the

number of rounds needed to solve the Pattern Formation problem.



CHAPTER 3

The Mutual Visibility for Fat Robots with Lights

In this chapter, we consider the Mutual Visibility problem in the robots with

lights model.

3.1 The Mutual Visibility Algorithm

In this section, we present an algorithm that solves the Mutual Visibility
problem for n > 1 unit disk robots under rigid movement in the robots
with lights model. Our algorithm assumes the fully synchronous setting of
robots. The algorithm needs two colors: C = {Off, Red}. A red robot
represents a corner robot. A robot whose light is off represents any other
robot. See Figure [3.1] for an example. Initially, the lights of all robots are
off.

FIGURE 3.1: The different colors of the robots: corner ro-
bots (red), side robots (off), and interior robots (off).

It has been shown that positioning the robots in the corners (i.e., vertices) of
an n-vertex convex hull provides a solution to the Mutual Visibility prob-
lem [28, 32, 40, 48, 149] 55]. Hence, our algorithm also ensures that the
robots eventually position themselves in this way with the well-separation,

so the convex hull provides full visibility if the robots are not all touching.
17
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Conceptually, our general strategy consists of two phases, though the robots
themselves do not explicitly discern between them. In the Side Depletion
phase, some side robots move to become corner robots, ensuring that there
are only corner and interior robots left. In the Interior Depletion phase,
interior robots move and become corner robots of the convex hull. The
move-algorithm checks if the robot’s path shares any point with any other
robots, ensuring that no collision occurs. Throughout both phases, corner
robots slowly move to expand the convex hull to ensure that the interior
robots can move through the edges of the convex hull when needed. This
movement is deterministic and is taken into account when moving robots to

become corners of the expanding hull.

Detailed pseudocode of the algorithm and its subroutines can be found in

Section[3.31

3.1.1 The Side Depletion Phase

The first phase of our algorithm is the Side Depletion (SD) phase. During
this phase, every robot first determines if it is a corner, side, or interior robot
and sets their light accordingly. Note that robots can make this distinction
themselves, by checking what angle between consecutive robots it sees: if
some angle is larger than 180° it is a corner robot, if the angle is exactly

180° it 1s a side robot, and otherwise it is an interior robot.

In every round, all corner robots move a distance of 1 along the angle bi-
sector determined by its neighbors in the direction that does not intersect the
interior of the convex polygon. In other words, in each round, the corner
robots move to expand the size of the convex hull. We note that since all
corner robots move this way, they all stay corner robots throughout this

process.
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Side robots that see at least one corner robot move to become new corner
robots of H (using the safe zone described earlier and taking the above
movement of corner robots into account) and change their light to red. Side
robots that do not see a corner robot on their convex hull edge do not move
and will become interior robots in the next round (due to the change to the

convex hull), while keeping their light off.

More precisely, a side robot r on edge e = v7v; of Hj, moves as follows:
If at least one of its neighbors on U105 is a corner robot, » moves to a point
in the safe zone S(e). There are at most two such robots 7 and 75 on each
edge 770 (see Figures [3.2] and [3.3). Sharma et al. [47] showed that these
can move simultaneously to the safe zone outside the hull. Both r; and 7,

become new corners of H and change their lights to red (see Figure[3.3).

1 1
U1 V2 U1 V2
T3 . ° 3 ° °
v’ . v’ o
U3 V3 U3
(a) (b) (c)

FIGURE 3.2: One side robot ; on an edge e = 1770, moves
to become a corner robot.

- T2 Vo v r T2 Vo
rLoT2 7“3(/.—.\ 7“3(/.—.\
* * v v’ ° U3 v’ ) U3
(b) )

(c

(a)
FIGURE 3.3: Two side robots r; and 75 on an edge e = 1705
move to become corner robots.
If both of its neighbors on 7775 are not corners (see Figure [3.4)), robot - does
not move and stay in its place, and it will become an interior robot in the

next round.

We only execute this phase once, at the start of our algorithm and only move

each robot once.
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FIGURE 3.4: When there are more than two side robots on
an edge of the convex hull, only two side robots on the edge
move to become corner robots. These are the clockwise and
the counterclockwise extreme side robots. In this case, ro-
bots r; and 5 move to become corner robots.

3.1.2 The Interior Depletion Phase

Once the SD phase finishes, the Interior Depletion (ID) phase starts. During
this phase the robots in the interior of the hull move such that they become

new vertices of the hull.

In every round, all corner robots move as in the SD phase, expanding the
convex hull. This ensures that the length of all edges increases and thus in-
terior robots can move through these edges to in turn become corner robots
themselves. All movement described in the remainder of this chapter takes

the (predictably) expanding convex hull into account.

Next we describe how an interior robot moves. Given a robot r;, we define
its eligible edges as those edges of length at least 3 for which no other
robot is closer to the edgeE] The interior robots start by determining their
eligible edges (see Figure [3.5(a)). In the figure, robot r; finds edges v;70
and v,v3 eligible, whereas 7 finds U303, and 7; finds U304 eligible. However,
the robots between r;, r; find no edge eligible. Let ) denote the set of
edges that are eligible to an interior robot r;. Every interior robot that has
an eligible edge moves perpendicular to some eligible edge towards this
edge to become a corner robot by moving through this eligible edge (see

The length of 3 is used to ensure that two robots can move through the same edge

without colliding with each other (requiring a length of 2) while ensuring that they also do
not collide with the corner robots on the edge (adding a length of 0.5 per corner robot).
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Figure [3.5(b)), checking its path to avoid collisions with other robots (see
Figure [3.5(c)). If the path is clear, it moves outside the hull into its safe
zone to become a new corner as described earlier (see Figure [3.5(d)) and

changes its color to red (see Figure [3.5(e)).

Vo U3 Vs U3 (%) U3
. . ° r; r.
r; T r; T5 ? J
‘ceee”’ oo J ) v
V1 [ ° (% v ° o V4 U1 (] r 4
Tk T ! T Tl Tk !
(b)

(a) ()

T Tj T Tj
Vg U3 Vg U3
T T
[ N [ N
U1 K V4 U1 K V4
k k

(d) ()

FIGURE 3.5: (a) The eligible edge computation. The robot
r; finds edges v1v; and vyv3 eligible, whereas r; finds vyv3,
and r; finds v3v4 eligible. The robots between r;, r; find
no eligible edges. (b) The intermediate movements of the
interior robots r;, r; and r;. (c) The interior robots 7;, 7;
and r; check their paths to avoid collisions with other robots
while moving outside the hull to become corners. (d) After
the interior robots 7, r; and 7; move, they become corners.
(e) Robots r;, r; and r; change their lights to red.

When both phases are finished, the Mutual Visibility problem is solved, and

all the robots are in the corners of the convex hull with red lights.

3.1.3 Special Cases

There are two special cases to consider: n = 1, and the case where the
initial configuration is a line. The case n = 1 can be easily recognized by

the only robot, since it does not see any other robot and thus it can terminate.

If in the initial configuration all robots lie on a single line, we differentiate
between the robots that see only one other robot and the robots that see two

other robots. If a robot 7; sees only one other robot 7;, when r; is activated
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for the very first time it sets its light to red and moves orthogonal to the
line 7;7; for some arbitrary positive distance. When 7; is activated in future
rounds and Hy(r;) is still a line segment, it can conclude that there are only
two robots and it does nothing until it sees r; set its light to red. Once r;

sets its light to red, r; terminates.

If a robot r; sees two other robots r; and 7, robot r; will be able to tell if
Hy(r;) is a line segment as follows. Robot r; will move orthogonal to line
7,77 and set its light to red if and only if it sees that the lights of r; and 7,
are set to red, as this indicates that both other robots see only a single other
robot, i.e., n = 3. Otherwise, moving the two extremal robots of the initial
configuration as described above ensures that the configuration is no longer

a line segment, allowing the SD and ID phase to solve the problem.

As these special cases add only a constant number of rounds to the running
time and do not influence the number of colors, we focus on the general

case in the remainder of this chapter.

3.2 Analysis

We proceed to prove that our algorithm solves the Mutual Visibility problem
in a linear number of rounds, using only two colors and while avoiding

collisions between the robots.

We start with some properties of the Side Depletion phase.

LEMMA 3.2.1. Given a configuration Cy, and an edge e = v1v5 of Hy, if a

robot r; € e moves away from e, it will move into the safe zone S(e).

PROOF. We prove this lemma using proof techniques similar to those
of Lemma 3 in [40]]. Let v; and vy be the two corner robots that define e.

If there is a single robot r € e, r can compute S(e) exactly and then move
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into S(e), proving the lemma. Consider the situation when there are at least
two side robots on e. Let r; and 7, be the two robots on e that are neighbors
of vy and v9, respectively. In the fully synchronous setting, both r; and 7,
move from e in the same round. Consider only the move of 5 to S(e) (the

move of r; follows similarly).

Robot 5 orders the robots it can see in clockwise order and let this order-
ing be {v', v, 79, v9,v3}, where v’ is the first robot non-collinear to 7, in
the clockwise direction with its light set to red, v is the robot that is col-
linear with r in the clockwise direction, and v, is the collinear robot in
the counterclockwise direction with its light set to red, and v3 is the first
non-collinear robot in the counterclockwise direction with its light set to
red. Following the rules of Algorithm[5] 75 computes o = 180° — Zv'vwv,,
p = 180° — ZLvwvyus, and § = min{a/4, 5/4}. We note that since we cal-
culate a by subtracting Zv'vv, from 180°, v is in fact a lower bound on the
actual angle used to define S(e). Therefore, any point x in the safe zone
computed by 75 is inside the safe zone of e, and thus, 7, will move inside
S(e). The same holds for r;. The other robots on e between r; and 7 do

not move. ]

LEMMA 3.2.2. Let r; and r; be the robots that are neighbors of endpoints
v, and vy on edge e, respectively. When there are p < 2 side robots on e, r;
and r; become corners and change their light to red in the next round. When
there are p > 2 side robots on e, r; and r; become corners and change their
light to red after which all the robots on e between r; and r; lie inside the

convex hull and become interior robots.

PROOF. If p < 2, r; and r; see only the corners and each other on e.
Hence, both robots move and by Lemma they move into S(e). By
moving r; and 7; to S(e), they become corner robots, as was also argued by

Di Luna et al. [40].
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When p > 2, a similar argument shows that both 7; and r; become corners
of Hi,, after they move once and change their light to red in the next round.
The other side robots on e remain in their places and since Cy, is not a line,
moving r; and r; creates a hull that has more than three sides, implying that
the robots between r; and r; lie strictly inside this hull. Thus, the other side

robots become interior robots. O

LEMMA 3.2.3. Given a configuration Cy with ¢ > 1 side robots. After one

round, all side robots become either corner robots or interior robots.

PROOF. The movements of side robots on different edges of H do not
interfere with each other. Therefore, we prove this lemma for a single edge

e and the same argument applies for the side robots on other edges of H.

When there is only one robot r on e, then r can compute S(e) exactly and
move to a point z € S(e) as soon as it is activated. When there are two or
more robots on e, two side robots (the extreme ones on this edge) become
corners in one round by Lemma [3.2.2] This causes the other robots on e to

become interior robots.

Since the robots on different edges do not influence each other and the

moves on any edge end in one round, this phase ends in one round. U

Now that there are no more side robots, we argue that the interior robots
also eventually become corners. We first show that the interior robots can

determine whether the SD phase has finished.

LEMMA 3.2.4. Given a configuration Cy and an edge e = 105 of Hy, no

robot in the interior of H, moves to S(e) if there is a side robot on e.

PROOF. If there are side robots in Hy, it is easy to see that every corner
robot of Hj, on an edge that contains side robots sees at least one side robot.

Similarly, when there are side robots, interior robots can easily infer that
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the SD phase is not finished, and hence they do not move to their respective

S(e). O

Next, we argue in a series of lemmas that every interior robot will eventually
become a corner robot and it does not collide with any robots in doing so.
Let Cgp denote the configuration of robots after the SD phase is finished

and let Hgp be the convex hull created by Cgp.

LEMMA 3.2.5. Let I, be the set of interior robots in round k. In each round
k € Nt until I}, = 0, if there is an edge of length at least 3, there is at least

one robot in I, for which the set () of line segments is not empty.

PROOF. We note that every edge of the convex hull of the corner robots
Hj, is the closest to some interior robot(s). In particular, this holds for any
edge of length at least 3. We note that this set of interior robots forms a line,
as they all have the same closest distance to the edge. Out of these robots,

by definition, the left and right extreme ones have the edge in their ). [

LEMMA 3.2.6. Let Cgsp be the configuration after the SD phase ended and
let e = vivy be the edge of Hgp closest to some interior robot r;. If the

robot r; € 1), moves, it moves inside the safe zone S(e).

PROOF. We prove this lemma using the proof technique similar to the
proof of Lemma 3 in [40]. When there is a single closest interior robot
r € I, r can compute the region S(e) and move to it, proving the lemma.
Consider now the situation when there are at least two closest interior ro-
bots. Let r; and 5 be two of these robots. Since we work in the fully
synchronous setting, both r; and 7, move at the same time. Consider only
the move of ry, (the move of r; follows similarly). Robot r, orders the
corner robots that are visible to it according to its local notion of clockwise
direction and let this ordering be {v’, vy, v2, v3}, where v’ is a corner robot

preceding v; in the clockwise direction and v3 is the corner robot following



26 3 THE MUTUAL VISIBILITY FOR FAT ROBOTS WITH LIGHTS

vo in clockwise direction. Following the rules of our algorithm, 7, com-
putes o« = 180° — Lv'vyvq, f = 180° — ZLvyvavs, and § = min{a/4, /4}
(see Figure[2.1). We note that since we calculate « by subtracting Zv'v1vs
from 180°, « is in fact a lower bound on the actual angle that any robot in
I, at the same distance from edge e will compute. Let 2’ be the nearest to
e in the safe zone outside the convex hull such that either Z2'vivy = § or
Z1'vyvs = § and define x = 2’ + T3m, where m is the intersection point of
e. The same holds for r;. Our algorithm guarantees that in every round at

most two closest interior robots to an edge can move through this edge. [J

LEMMA 3.2.7. Given any initial configuration Cy, no collisions of robots

occur until I;, = (.

PROOF. This lemma is proved by considering Algorithm[2] An interior
robot r; with light off does not collide with any other interior robot since
the move of r; is perpendicular to the closest edge 7175 and there is suffi-
cient space on the edge for the robot to move through it. The robots mov-
ing through different edges of Hj do not collide since those robots are the
closest robots to those edges because the S(e) of different edges are dis-

joint. U

LEMMA 3.2.8. There exists an integer k € N7 such that the robots in I,
closest to their eligible edge are able to move outside the convex hull Hj,

and become corner robots with their light set to red.

PROOF. By Lemma the robot 7; does not collide with other in-
terior robots while it tries to move toward the edge v7v; of Hy. Since there
is no side robot after the first round by Lemma those cannot block
r;’s movement. By Lemma there is no collision for robot r; while it
passes e = U105 where v; and v, are the endpoints of the edge that r; passes

through to its computed point in S(e). Since the movements are rigid, ;
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reaches its computed point in the safe zone once it moves and changes its

color to red. O

LEMMA 3.2.9. Given any initial configuration C, there exists an integer
k € N* such that I, = () in C;, and the corner robots do not move in any

round k' > k.

PROOF. When I, # () each corner robot sees at least one robot with
light off. Therefore, combining the results of Lemmas [3.2.5] [3.2.6, 3.2.7]
and with this observation, we have that, given any C,, there is some
round k£ € N7 such that [, = 0.

Corner robots do not move after I;, = (), since they do not see robots with

light off, thus terminating. U

THEOREM 3.2.10. Given any initial configuration C, there is some round

k € N7 such that all robots lie on Hy, and have their lights set to red.

PROOF. Lemma shows that there exists a round & such that there
are no interior robots left. Interior robots that moved to become corner
robots changed their lights to red as soon as they reached their corner po-
sitions. Furthermore, the interior robots move to the safe zone where they
by definition become corners. Since Lemma [3.2.9) guarantees that there are
no collisions, the robots occupy different positions of Hj, and all their lights

will be red. U

Next, we argue that the robots can determine when there are no interior

robots left.

LEMMA 3.2.11. If there exists a robot with light off, there is at least one

interior robot that is visible to any corner robot r;.



28 3 THE MUTUAL VISIBILITY FOR FAT ROBOTS WITH LIGHTS

PROOF. If there is at least one interior robot, every corner robot can see
some interior robot (for example the one closest to it). By definition, every

interior robot has its light off, proving the lemma. U

LEMMA 3.2.12. Given a robot r; € R with its light set to red and a round
k € N, if all robots in Cy(r;) have their light set to red, and no robot is in

the interior of Hy(r;), then Cy, does not contain interior robots.

PROOF. When all the robots in C(r;) have their light set to red, this
means that there is no robot with light off. Since any interior robot would
have color off and by Lemma [3.2.1T] at least one of these robots would be

visible to 7;, this proves the lemma. O

We are now ready to prove that the Mutual Visibility problem is solvable
using only two colors. Let C;p denote the configuration of robots after the

ID phase is finished and let H;, be the convex hull created by C;p.

THEOREM 3.2.13. The Mutual Visibility problem is solvable without colli-
sions for unit disk robots in the fully synchronous setting using two colors

in the robots with lights model.

PROOF. We have from Lemma [3.2.3|that from any initial non-collinear
Cy, we reach a configuration Cgp without side robots after one round, some
becoming corner robots and some becoming interior robots. Once the SD
phase is over, Theorem [3.2.10| shows that the ID phase moves all interior
robots to become corner robots. We have from Lemma [3.2.12] that robots
can locally detect whether the ID phase is over and configuration C;p is

reached. By Lemma(3.2.7] no collisions occur in the SD and ID phases.

Therefore, starting from any non-collinear configuration Cy, all robots even-
tually become corners of the convex hull, solving the Mutual Visibility

problem without collisions.
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It remains to show that starting from any initial collinear configuration
Cy the robots correctly evolve into some non-collinear configuration from
which we can apply the above analysis. If n < 3, this can be shown through
a simple case analysis: For n = 1, when the only robot becomes active, it
sees no other robot, changes its color to red and immediately terminates.
For n = 2, robot r; changes its color to red when it becomes active for
the first time and moves orthogonal to line 7;7; that connects it to the only
other robot r; it sees in C(r;). When r; later realizes that |C(r;)| is still 2
and r;.light = red, it simply terminates. For n = 3, when r; realizes that
both of its neighbors in C(r;) have light set to red and are collinear with it,
it moves orthogonal to that line and sets its light to red. The next time it
becomes active, it finds itself at one of the corners and simply terminates as

it sees all the other robots in the corners of the hull with light set to red.

For n > 4, let a and b be the two robots that occupy the corners of the line
segment Hj, (i.e. the endpoint robots of Hj). Nothing happens until ¢ or b is
activated, setting its light to red, and moving orthogonal to H. After a or b
moves, when another robot becomes active, it realizes that the configuration
is not a line anymore and enters the normal execution of our algorithm. It
is easy to see that after the line segment H, evolves into a polygonal shape,

it never reverts to being a line.

Finally, since our algorithm uses only two colors, the theorem follows. [J

It remains to analyze the number of rounds needed by our algorithm.

LEMMA 3.2.14. After O(n) rounds, the convex hull has grown enough in

size to allow all n robots to become corners.

PROOF. Since in every round all corner robots move a distance of 1
along the bisector of their exterior angle, the length of the convex hull grows

by at least 1 in every round. Note that when a robot becomes a corner,
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it moves outside the current convex hull and thus, by triangle inequality,

extends the hull that way as well.

Hence, after at most 4n rounds the convex hull is long enough to ensure
that there is space for all interior robots: there are at most n edges of the
convex hull and for each of them to not be long enough, their total length
is strictly less than 3n. Hence, by expanding the convex hull by a total of
4n, we ensure that there is enough space for each of the less than n interior
robots of diameter 1. Expanding the convex hull a total of 4n takes O(n)

rounds, completing the proof. U

‘We note that for the above lemma the corner robots do not need to know n,

as they can simply keep moving until the algorithm finishes.

LEMMA 3.2.15. The Interior Depletion phase of the mutual visibility al-

gorithm finishes in O(n) rounds.

PROOF. When an interior robot can move outside the convex hull to
become a corner robot, it needs at most a constant rounds to do so. During
those rounds the robot becomes active, checks its path while moving to the
safe zone to become a corner robot, and changes its light to red. There
are fewer than n interior robots and by Lemma [3.2.5] at least one robot
can move when there is an edge of length at least 3. By Lemma [3.2.14]in
O(n) rounds there are sufficient long edges to allow the less than n interior
robots to move through them. Therefore, the Interior Depletion phase of the

mutual visibility algorithm finishes in O(n) rounds. 4

We now have the following theorem bounding the running time of our al-

gorithm using Lemmas[3.2.3|and [3.2.15] and Theorem [3.2.13

THEOREM 3.2.16. Our algorithm solves the Mutual Visibility problem for
unit disk robots in O(n) rounds without collisions in the fully synchronous

setting using two colors.
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3.3 Pseudocode
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Algorithm 1: Mutual Visibility algorithm

1 // Look-Compute-Move cycle for robot r; of unit disk size

2 Ck(r;) + configuration Cy, for robot 7; (including r;);

3 Hy(r;) < convex hull of the positions of the robots in Cy,(r;);
4 if |Ci(r;)| = 1 then Terminate;

5 else if Hy(r;) is a line segment then

6 if |Cy(r;)| = 2 then

7 Letr; € Cg(ry);

8 if r;.light = Off then

9 Move orthogonal to line W by any non-zero distance;
10 ri.light < Red,

1 else if 7;.light = Red then

12 ri.light < Red,

13 Terminate;

14 else if |Cy(r;)| = 3 then

15 Letr;, 1 € Cg(r;);

16 if r;.light = Off A r;.light = Red A r1.light = Red then
17 Move orthogonal to line W by any non-zero distance;
18 ri.light < Red,

19 else if r; is a corner robot of Hy,(r;) then Corner(r;, Cy(r;), Hy(74));
20 else if r; is an interior robot of Hy(r;) then Interior(r;, Cy(r;), Hy(r;));
21 else if r; is a side robot of Hy(r;) then Side(r;, Cy(r;), H(r:));
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Algorithm 2: Interior(r;, Cy(r;), H(r;))

1 if r;.light = Off then
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Order the robots in Hy (r;) starting from any arbitrary robot v; in the clockwise order so that
T =A{v1,...,Viast, U1}, Where vy is the first robot and vy s is the last robot;
Let ¢, d be any pair of two consecutive robots in 7~ with c.light = Red and d.light = Red;
Let H P.4 be the half-plane defined by line parallel to <c_d> that passes through r; such that ¢, d
are in HP,4;
Q < set of line segments cd such that:
(a) the triangle ;, ¢, d does not contain (neither inside nor on its edges) any other robot
of Cg (), and
(b) there is no robot in edge cd, and
(c) there is no robot in Cy, (r;)\Hy, (;) closer to edge cd than r;, and
(d) there are no two robots with equal distance to cd appearing counterclockwise and
clockwise of r; with respect to the local coordinate system of r;, and
(e) the length of cd is at least 3;
if Q is not empty then
ujug < the line segment in @ between two robots w1, ug that is closest to 7;;
if there is no other robot with light Off that is at equal distance to ujuz then
m <— midpoint of wiuz;
L <+ line perpendicular to wiw2 passing through its midpoint m;
Order the robots in the counterclockwise order of r; (with respect to the local
coordinate system of ;) such that the order is 7; = {v1, v2,v3,v4};
Compute angles o = 180° — Zvgvswvg and § = 180° — Lv1v2v3, and set
6 = min{a/4,8/4};
Compute a point =’ such that Zz’v3ve = § and a point '/ such that
Zz vovy = 6;
L(r;m) < line segment connecting r; and m;
x =z’ + L(r;m), where @’ is the nearest point to e in the safe zone outside the
convex hull;
Move(r;, C(r;), Hy (r;:), u1,uz, z);
else if there exists a robot in the clockwise direction of r; (with respect to the local
coordinate system of r;) with light Off that is at equal distance to wiuz then
m <— point in uyuz at w from endpoint ug;
L < line perpendicular to wyug passing through the point m;
Order the robots in the counterclockwise order of r; (with respect to the local
coordinate system of ;) such that the order is 7; = {v1,v2,v3,v4};
Compute angles o = 180° — Zvgvzvg and 8 = 180° — Lvjvavs, and set
6 = min{a/4, B/4};
Compute a point 2’ such that Zz’v3v2 = § and a point 2’ such that
Zz vovs = 6;
L(r;m) <« line segment connecting r; and m;
x =z’ + L(r;m), where =’ is the nearest point to e in the safe zone outside the
convex hull;
Move(r;, C(r:), Hy (r:), u1, w2, z);
else if there exists a robot in the counterclockwise direction of r; (with respect to the
local coordinate system of ;) with light Off that is at equal distance to wiuz then

m < point in wyuz at w

from endpoint u2;

L < line perpendicular to wy w2 passing through the point m;

Order the robots in the counterclockwise order of r; (with respect to the local
coordinate system of ;) such that the order is 7; = {v1, v2,v3,v4};

Compute angles o = 180° — Zvav3vg and S = 180° — ZLvjvavs, and set
6 = min{a/4,8/4};

Compute a point 2’ such that Zz’vsve = & and a point 2’/ such that
Zz vovy = §;

L(r;m) < line segment connecting r; and m;

x =z’ + L(r;m), where @’ is the nearest point to e in the safe zone outside the
convex hull;

Move(r;, C(r;), Hg (r;), u1, u2, z);
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Algorithm 3: Corner(r;, Cy(r;), Hg(r;))

1 Move r; distance 1 along the angle bisector of its neighbors on Cy,(r;) in the
direction that does not intersect the interior of Cy(r;);

2 if r;.light = Off then r;.light < Red,

3 else if Vr € Cy(r;), r.light = Red then Terminate;

Algorithm 4: Move(r;, Cy(r;), Hy(r;), w1, us, )

1 L,,, < line segment connecting r; and z;

2 Ly ., L, « lines parallel to L, at distance 1/2 on either side of L, towards
ULU2;

3 if L, , and L;  share no point occupied by any other robot then

4 Move to point x in the safe zone;

5 r;.light < Red,

Algorithm 5: Side(r;, Cy(r;), Hg(r;))

1 if at least one neighbor of r; in the edge e it belongs to has light Red then

2 Order the robots in the counterclockwise order of r; (with respect to the
local coordinate system of ;) such that the order is 7; = {vs, va, r;, 7, v},
where v3 is the first robot non-collinear to r; in the clockwise direction of
r; with vs.light = Red, vs is the robot that is collinear with r; in the
clockwise direction of r;, and 7 is the collinear robot in the
counterclockwise direction of r;, and vg is the first non-collinear robot to
r; in the counterclockwise direction of r; with vy.light = Red,

3 Compute angles o = 180° — Lvgrr; and 8 = 180° — Lr;vqv3, and set
d = min{a/4, 5/4};

4 Compute points x’ and x”” such that Zx'ver; = § and Z2"rr; = § and r;z’
and r;x" are perpendicular to e;

5 x + z’ or 2" whichever is nearest to e;

6 Move perpendicular to e with destination z;

7 ri.light < Red,




CHAPTER 4

The Pattern Formation for Fat Robots with Lights

In this chapter, we consider the Pattern Formation problem in the robots

with lights model.

4.1 Algorithm

In this section, we present an algorithm that solves the Pattern Formation
problem for n > 1 robots of unit-size disk in the robots with lights model.
Our algorithm assumes the fully synchronous setting. We first present two
algorithms that use at most 11 colors: one algorithm allows the target pat-
tern to be scaled, while the other does not. Neither algorithm allows the
target pattern to be rotated or reflected. Our algorithms execute four phases:

Mutual Visibility, Leader Election, Line Formation, and Pattern Formation.

4.1.1 Mutual Visibility

Starting from any initial configuration, the goal of this phase is to move
the robots to positions where every robot can see all other n — 1 robots.
Chapter [3] achieves this by positioning all robots on a convex hull and the
presented algorithm runs in O(n) rounds and uses only two colors (off for
robots that are not yet a corner of the convex hull, and corner for robots that
are). This algorithm runs in the fully synchronous setting with obstructed
visibility in the robots with lights model and avoids collisions. While we

use this algorithm as a black box, the one important thing to note is that
34
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to ensure that there is always enough space for all robots on the boundary
of the convex hull, the corner robots expand the convex hull in each round.
Hence, until this phase is completed, the corner robots move each round.
Figure 4.1 shows an initial configuration as well as the final situation of the

Mutual Visibility phase.

FIGURE 4.1: An example of the Mutual Visibility phase:
(a) an initial configuration and (b) the end configuration.

4.1.2 Leader Election

The goal of the Leader Election phase is for a single robot to be elected
as a leader. After the Mutual Visibility phase, every robot sees all other
n — 1 robots, so the robots know the value of n (while they remain visible
to each other, as they have no memory). It is known that electing a leader
is not possible using a deterministic algorithm in an anonymous distributed
system [7]. Hence, we use the randomized algorithm by Vaidyanathan et

al. [56].

Initially, all robots are competing and use a color, say competing, to indicate
this. The algorithm proceeds in iterations until it finishes with a single
leader. Each iteration has a constant number of rounds. In an iteration with
n competing robots, each robot flips a coin whose probability of success is
1/n. If a robot is successful, then the robot leaves its color as competing.
Otherwise, it changes its color to non-competing. If there is exactly one
competing robot left, the robots have successfully elected a leader and this

robot changes its color to the /leader color. Otherwise, this iteration was
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unsuccessful and all robots change their color to back competing and try

again. Figure [4.2] shows an example of the Leader Election phase.

(a) (b) ()

FIGURE 4.2: An example of the Leader Election phase: (a)
initially all robots are competing (orange), (b) an unsuccess-
ful iteration with competing and non-competing (gray) ro-
bots, and (c) a successful iteration, where a single robot is
elected leader (purple).

4.1.3 Line Formation

The goal of the third phase is to move the robots from their convex hull
positions to a line away from both their old positions and away from where
the leader will build the target pattern in the next phase. In this phase, the
leader will consider its own coordinate system and move the other robots
one by one to achieve this goal. Where the leader forms the line of robots
depends on the current location of the convex hull of robots and the area
required to build the pattern (we assume without loss of generality that the
leader will use its origin (0, 0) as the topright corner of the bounding box of

the target pattern).

Since the leader is a robot on the convex hull, at least one of the quadrants
originating from the leader’s position points away from the convex hull and
thus does not contain any robots. We assume without loss of generality
that this is the lowerleft quadrant in the leader’s coordinate system. The
leader will use this quadrant to build the line. Without loss of generality,
we will explain the Line Formation and Pattern Formation phases using this
quadrant. This assumption can easily be removed by mirroring the approach

along the z- or y-axis.
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The leader computes the topmost position of the line as follows. Let xp,;
and yp,,; denote the minimum x- and y-coordinate of any robot on the con-
vex hull according to the leader’s coordinate system. Similarly, let Zpuzern
and Ypqstern denote the minimum z- and y-coordinate of the target pattern
according to the leader’s coordinate system. The leader now computes the
topmost position (Zyine, Yiine) 0N the line as ;e = min(Tpuu, Tpattern) — M
and Yyine = MiN(Ynuir, Ypattern) — M, where M is some large constant. Pick-
ing this coordinate guarantees that the line will be built below and to the left
of both the convex hull and the target pattern. We note that while the leader
can compute this coordinate, it cannot store it for use in future rounds, so it
needs to move directly from its current position to where it wants to build

the line.

If (Z4ine, Yiine) has only a single closest robot on the convex hull, the leader
now moves to this position (Zjine, Yine) and changes its color to follow the
leader. As there are no robots on the line yet, this signals that the robot
closest to the leader’s position should move to this location. In the next
round, the leader moves down one unit (and sets its color to do not follow)
to avoid colliding with the approaching robot. Once this robot reaches its
position, it sets its color to on the line. Figure 4.3 shows these movements
as well as the remaining ones in this phase. If (Zjine, Yiine) has more than
one closest robot on the convex hull, the leader moves to ensure that the
leftmost bottommost robot is the unique closest one in the next round. It
does this by computing an x..,, such that this is the case and then setting
Tpine = MIN(ZTtemp, Tiine) to get new coordinates (7., Yiine) ensuring that
the moves described earlier activate a single robot to move to the leader’s
position. Once the first robot is in place, this robot will not move for the

remainder of the phase.

Now that one robot is in place, the leader can observe the location of this

robot to “remember” where the line should be built. The leader proceeds to
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() (d)

FIGURE 4.3: An example of the Line Formation phase
(numbers indicate order of operations): (a) the leader
(purple) moves to the first position on the line and signals
(yellow) the closest robot to move there in the next round
before moving out of the way and setting its color to do not
follow (lightblue), (b) the first robot changes its color to on
the line (green) and the leader moves next to the next robot
to be moved, (c) the leader moves the next robot to its posi-
tion on the line while the following robot has its color set to
following the leader (brown), after which the leader moves
to guide the next robot, and (d) the result of the Line Form-
ation phase.
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move the remaining robots to the line one at a time. To move a robot, the
leader moves one unit to the left of the leftmost bottommost robot r; remain-
ing on the convex hull and changes its color to follow the leader. Robot r;
changes its color to following the leader, but does not move yet. The leader
then repeatedly moves while robot r; follows the leader by moving to the
leader’s previous observed position until it reaches its position on the line.
The movements of each robot are: (1) r; moves one unit to the left while
the leader moves down until it reaches the y-coordinate of robot r;’s inten-
ded position on the line, (2) r; moves down where the leader stopped, while
the leader moves left to r;’s intended position on the line, and (3) the leader
moves two units down and changes its color to do not follow while r; moves
to its position on the line and changes its color to on the line. The leader
now moves right to observe the remaining robots to find the new leftmost
bottommost remaining robot. This process is repeated until every robot is
positioned on the line. To avoid collisions, the leader ensures that there are
two units of vertical space between consecutive robots on the line. We note
that a robot can determine whether the phase has ended by seeing whether

it can see any colors other than on the line and any of the leader’s colors.

4.1.4 Pattern Formation

The goal of the Pattern Formation phase is to relocate the robots to form the
given target pattern. The leader can determine where the robots should be
placed by placing the first robot at (0, 0) with respect to its own coordinate
system and building the pattern from there. The leader will build the pattern
from this first robot towards the line, so given our assumed positioning this
will be done from right to left, top to bottom. As the placement of the
robots can be uniquely determined based on the robots on the line and the
origin of the leader’s coordinate system, the leader can determine what the

last placed robot is and thus which part of the pattern has already been
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completed. During this phase, unless instructed otherwise by the leader, the

robots stay on the line and do not move.

We present two versions of the Pattern Formation phase: one that allows
scaling of the pattern (requiring one new color) and one that does not (re-

quiring two new colors).

4.1.4.1 The Algorithm with Scaling of the Target Pattern

In this version, we assume that the target pattern can be scaled. The first po-
sition of the first robot is at (0, 0) in the leader’s coordinate system. Again,
we explain our algorithm in the setting where the leader builds the pattern
in the lowerleft quadrant of the origin, but the algorithm can be mirrored to
obtain the other quadrants. This phase uses one new color to allow robots

to remember that they have reached their final position in the pattern.

After the Line Formation phase, all the robots are on a line with their light
set to on the line, except for the leader. Similar to the previous phase, the
idea is that the leader moves a single robot to the pattern by moving next to
it and guiding the robot to the intended position in the pattern. The leader
moves the robots from top to bottom as ordered along the line. The follow-
ing process is illustrated in Figure To activate a robot r; on the line, the
leader moves next to it and sets its color to follow the leader. The leader
then moves such that its y-coordinate is equal to that of the intended pos-
ition in the pattern and in the next round the leader moves to the intended
position in the pattern. Robot 7; has set its color to indicate that it is follow-
ing the leader and repeatedly moves to the leader’s last observed position.
To avoid collisions in the last step, the leader moves two units down and
sets its color to do not follow to indicate that the robot reached its final po-
sition. At this point, 7; sets its color to at final position. The leader now

proceeds to pick up the next robot and repeats this process until the pattern
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is formed. If needed, the leader moves to fill the final position itself, if the

pattern required exactly n robotsﬂ

In order to ensure that after guiding a robot to its intended position the
leader can indeed move down two units, we scale the pattern by a fixed
constant factor, say 10. Since in the given target pattern robots can at most
be touching each other (otherwise the pattern cannot be constructed, which
can be detected by all robots before the algorithm even starts), scaling the
pattern this way ensures that there is ample space between the robots for the

leader to move as described.

4.1.4.2 The Algorithm without Scaling of the Target Pattern

In this version, we assume that the target pattern is not allowed to be scaled.
As in the previous case, the pattern is built with respect to the origin (0, 0) in
the leader’s coordinate system and the pattern will be built in the lowerleft
quadrant. This version of the phase needs two new colors: one to “push”
robots, and one to allow robots to remember when they have reached their

final position in the pattern.

The high-level idea in this version of the Pattern Formation phase is that the
leader first “pulls” a robot behind it to position it in such a way that there is a
straight line path from the robot to its intended position in the target pattern.
Once the robot reaches this position, the leader moves away to indicate to
the robot how far it needs to move in the direction opposite to the direction

the leader moved in, effectively “pushing” the robot to its final position.

In more detail (see also Figure 4.5), in order to move a robot r;, the leader
starts by moving to the position that has the same z-coordinate as the line
and same y-coordinate of the final position of 7; in the target pattern. Here it
changes its color to follow the leader, signaling to the topmost robot 7; of the

'We note that if the pattern requires more than n robots, it cannot be built and all robots
can detect this situation in the Leader Election phase and terminate at that point.
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FIGURE 4.4: An example of the Pattern Formation phase
when scaling is allowed (numbers indicate order of opera-
tions): (a) the leader moves to the position above the topmost
robot r; on the line and signals that it should follow (yellow),
which causes r; to change its color to following the leader
(brown) and move accordingly, (b) the leader moves out of
the way so robot r; can reach its final position, which the
leader indicates by changing its color to do not follow (light-
blue) and r; sets its color to at final position (blue), after
which the leader moves to be immediately above the next
robot on the line, (c) the leader guides the next robot to its
final position, and (d) all robots have reached their final po-
sition.
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line that it should move to the leader’s current position. Robot r; observes
this and changes its color to following the leader to remember what it is
supposed to do. Let d be the distance between the leader’s current position
and the position in the pattern where it wants to place r;. Note that since the
leader is already at the y-coordinate of this intended location, this distance
is just the difference in z-coordinate. After determining d, the leader moves
d to the left and changes its color to push. This indicates to robot r; that
in the next round it should move from its current position (where the leader
used to be) to the position a distance of d away from its current position
in the direction opposite to where it sees the leader. Once robot 7; reaches
its final position, it changes its color to at final position to remember this.
Since every robot is moved using exactly one “pull” and one “push”, they
know that after the push they have arrived at their final position without the

leader having to indicate this in any way.

The leader now moves to fetch the next robot and this process is repeated
until the pattern is formed. As before, if needed, the leader moves to fill the

final position itself.

4.2 Analysis

We proceed to prove that our algorithms solve the Pattern Formation prob-
lem for fat robots and that there are no collisions among the robots. Analog-
ous to our algorithm description, throughout this analysis we will assume
without loss of generality that the leader uses the lowerleft quadrant in the
Line Formation and Pattern Formation phases. We start by stating the result

of Chapter [3]on the Mutual Visibility phase.

THEOREM 4.2.1. Our algorithm solves the Mutual Visibility problem for
unit disk robots in O(n) rounds without collisions in the fully synchronous

setting using two colors.
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FIGURE 4.5: An example of the Pattern Formation phase
when scaling is not allowed (numbers indicate order of op-
erations): (a) the leader moves to the position on the line
with y-coordinate equal to where the first robot r; needs to
be placed and signals that r; should follow (yellow), which
causes 7; to change its color to following the leader (brown)
and move accordingly while the leader moves away prepar-
ing to push 71, (b) the leader changes its color to push (gold)
and r; moves distance equal to its current distance to the
leader away from the leader to reach its final position and
sets its color to at final position (blue), after which the leader
moves to pull the next robot on the line, (c) the leader first
pulls and then pushes the next robot to its final position, and
(d) all robots have reached their final position.

Next, we consider the Leader Election phase. This phase builds on the al-

gorithm described and analyzed by Vaidyanathan et al. [56]], who bounded
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the expected number of rounds needed for this phase as well as the associ-
ated probability. The number of colors follows directly from needing three

new colors to discern competing, non-competing, and leader robots.

THEOREM 4.2.2. For any q > 0, Leader Election can be solved in the fully
synchronous setting for n robots in O(qlogn) rounds with probability at

least 1 — n~? using three colors.

Next, we analyze the Line Formation phase.

LEMMA 4.2.3. In every round of the Line Formation phase, only one robot
that is not the leader moves from the convex hull to be positioned on the

line, avoiding collisions.

PROOF. Robots only move when the leader activates them to do so. If
there are no robots on the line, all robots can see each other and thus they
can determine whether they are the robot closest to the leader, resulting in
only a single robot being activated. Once there are robots on the line, the
leader moves next to a robot and sets its color to follow the leader to ac-
tivate it. As the leader activates the robots one at a time and completes
moving a robot to the line before activating the next robot, only one robot
moves from the convex hull to be positioned on the line. The “no collisions”
part of the lemma then follows from the fact that we have only one moving
robot, and that the robots are picked from left to right and start with a hori-
zontal movement to move them away from the convex hull before moving

vertically, thus ensuring there are no collisions. U

LEMMA 4.2.4. The Line Formation phase uses four new colors.

PROOF. The algorithm uses one color for the leader to indicate that a
robot should follow it, one for a robot to store that it is following the leader,
one for the leader to signal that the robot should stop following it, and one

final color for the robot to store it is done for this phase. U
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LEMMA 4.2.5. The Line Formation phase takes O(n) rounds.

PROOF. In the Line Formation phase, the leader moves each robot from
the convex hull to a line. The leader requires at most three rounds to move
a robot to its position on the line. After each robot is moved, the leader uses
at most three rounds to move next to the next robot. Therefore, the Line
Formation phase takes O(n) rounds to move all the robots from the convex

hull to the line. O

Lemmas[4.2.3] 4.2.4] and [4.2.5|imply the following theorem.

THEOREM 4.2.6. The Line Formation phase takes O(n) rounds, avoids col-

lisions, and uses four new colors.

Next, we analyze the Pattern Formation phase. We start with the version

where we can scale the pattern.

LEMMA 4.2.7. In every round of the Pattern Formation phase with scaling,
only one robot that is not the leader moves from the line to be positioned in

the target pattern, avoiding collisions.

PROOF. By construction, a robot only moves after it is activated by the
leader. Since the leader moves the robots one at a time, only one robot will
move. By moving the topmost robot of the line and starting by moving this
robot vertically up (away from the other robots on the line), there are no
collisions with other robots on the line. Furthermore, scaling the pattern
by a large enough factor (such as 10), we ensure that there are also no
collisions with robots in the pattern either: the pattern is built from right
to left, meaning that we can only collide with robots that were originally at
most a distance of 1 from the current robot. However, because the pattern

is scaled, this distance is now increased to 10, meaning that any overlap
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between the robot’s paths into the pattern and any previously placed robots

1s removed. O

LEMMA 4.2.8. The Pattern Formation phase with scaling uses one new

color.

PROOF. By construction, the algorithm uses only a single new color

during this phase: for a robot to store that it has reached its final position.

0

LEMMA 4.2.9. The Pattern Formation phase with scaling takes O(n) rounds.

PROOF. In the Pattern Formation phase, the robots move from the line
to the target pattern one by one. The leader moves at most three times to
move next to the robot it wants to move and it uses three rounds to move this
robot to its final position in the pattern. Hence, it takes a constant number
of rounds to move one robot from the line to the target pattern. As a result,
in total we require at most O(n) rounds to move all the robots to the target

pattern. U

Using Lemmas [4.2.7, [4.2.8] and[4.2.9] we get the following theorem.

THEOREM 4.2.10. The Pattern Formation phase with scaling takes O(n)

rounds, avoids collisions, and uses one new color.

Using Theorems [4.2.1] 4.2.2] 4.2.6] and 4.2.10] we can now conclude the

following.

THEOREM 4.2.11. Our algorithm solves the Pattern Formation problem
when scaling the target pattern is allowed for n unit disk robots in O(n) +
O(qlogn) rounds with probability at least 1 — n~? without collisions in the

fully synchronous setting using 10 colors.

Finally, we analyze the Pattern Formation phase if scaling is not allowed.
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LEMMA 4.2.12. In every round of the Pattern Formation phase without
scaling, only one robot that is not the leader moves from the line to be

positioned in the target pattern avoiding collisions.

PROOF. By construction, a robot only moves once it is activated by the
leader. Hence, only one robot moves at a time, and since the leader always
picks the topmost robot on the line and moves it vertically away from the
line, no collisions with the other robots on the line can occur. Since the
leader knows the pattern and can determine the last robot placed based on
the placement order of the pattern and the visible robots, it can also compute
how to push the robot into the pattern to avoid collisions (since the pattern is
built right to left from top to bottom, a left to right push exists). By pushing

the robot this way, there are thus no collisions. O

LEMMA 4.2.13. The Pattern Formation phase without scaling uses two new

colors.

PROOF. By construction, the algorithm uses two new colors: one to
signal that a robot is being pushed, and one for the robot to store it has

reached its final position. U

LEMMA 4.2.14. The Pattern Formation phase without scaling takes O(n)

rounds.

PROOF. In the Pattern Formation phase, the robots move from the line
to the target pattern one by one. The leader uses at most three moves to
position itself above the topmost robot on the line and then another three
rounds to move this robot to its final position in the pattern. Therefore, it
takes a constant number of rounds to move one robot from the line to the
target pattern. As a result, the total number of rounds used to move all the

robots to the target pattern is O(n). O
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Using Lemmas [4.2. 12} [4.2.13] and[4.2.14] we get the following theorem.

THEOREM 4.2.15. The Pattern Formation phase without scaling takes O(n)

rounds, avoids collisions, and uses two new colors.

Using Theorems [4.2.1} [4.2.2] [4.2.6] and[4.2.13] we obtain our final result.

THEOREM 4.2.16. Our algorithm solves the Pattern Formation problem
when scaling the target pattern is not allowed for n unit disk robots in
O(n) + O(qlogn) rounds with probability at least 1 — n~% without col-

lisions in the fully synchronous setting using 11 colors.

4.3 Improving the Number of Colors

In this section, we improve the number of colors used to solve the Pat-
tern Formation problem by reusing some of the colors used in the different

phases discussed in the previous sections.

The Mutual Visibility phase uses two colors: off for non-corner robots and
corner for corner robots. The Leader Election phase uses three new colors
to keep track of status of the different robots as competing, non-competing,
and leader. We start by arguing that instead of using a new color for non-

competing robots, we can use the color off instead.

LEMMA 4.3.1. The off color can be reused as the non-competing color in

the Leader Election phase.

PROOF. We need to argue that the Leader Election phase still works as
intended and that reusing the color does not cause any problems in later

phases.

When the robots activate in the Leader Election phase, they change their

color to competing. During this phase, unsuccessful robots change their
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color to off as non-competing robots. During this process all robots are
mutually visible and thus the non-competing robots can always see either
a competing robot or the leader robot which have colors that help them
identify the phase. Hence, they can conclude that they are in the Leader

Election phase and thus act accordingly.

Since some robots have the non-competing color during part of the Line
Formation phase, we now argue that changing this to the off color does not
cause any issues. We note that any robot that can see a robot with the leader
color or a robot with the on the line color can conclude that it should not
do anything unless the leader activates it and thus these robots cannot cause
issues in the execution of the algorithm. However, if a robot sees neither of
these colors it can mistakenly think that it is in the Mutual Visibility phase.
We note that the robot would conclude that it is a corner and thus set its
color to corner. As a corner robot, it would move to expand the convex hull
away from where the line is being built (as any robot that would expand the
convex hull towards the line can see the line). As robots are removed from
the convex hull by the leader, every robot will eventually see the line and
at that point it can conclude the correct phase again and stop moving. We
note that since the robots move to expand the convex hull away from the
other robots, no collisions can occur. Hence, while the robots can mistake
the phase they are in, the fact that they would stop the moment they see the
leader or a robot on the line implies that this does not cause issues for our

approach. O

The Line Formation phase uses four new colors in order to allow the leader
to activate a robot to follow it, for robots to store whether they are following
the leader, for the leader to indicate that a robot should stop following it, and

for a robot to store that it reached its position on the line. We argue that we

’If at any point all robots become non-competing, they could incorrectly conclude that
they are in the Mutual Visibility phase, but since they would restart the Leader Election
phase anyway, this is no issue.
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can reuse the competing color from the Leader Election phase as the color

to indicate that a robot is following the leader.

LEMMA 4.3.2. The competing color can be reused as the following the

leader color in the Line Formation and Pattern Formation phase.

PROOF. The competing color was originally used to elect a single leader,
so there was no leader before. Now since the robot with the competing color
sees the leader, it knows a leader has already been elected, and thus it can
conclude that this is the Line Formation or Pattern Formation phase, where
it has to follow the leader. Therefore, the competing color can be reused as

the following the leader color in these phases. U

Next, we argue that we can also reuse the leader color as the do not follow

color in these phases.

LEMMA 4.3.3. The leader color can be reused as the do not follow color in

the Line Formation and Pattern Formation phase.

PROOF. The function of both the leader color in the Leader Election
phase and the do not follow color in the Line Formation and Pattern Form-
ation phases is to indicate which robot is the leader, while ensuring that
the other robots do not move. Hence, both colors allow the leader to move
around without affecting moving the other robots, allowing it to get into
position to guide the robots one at a time to their new positions on the line

or in the pattern. O

The above reuse of colors implies the following theorems.

THEOREM 4.3.4. Our algorithm solves the Pattern Formation problem when
scaling the target pattern is allowed for n unit disk robots in O(n)+O(qlogn)
rounds with probability at least 1 — n™? without collisions in the fully syn-

chronous setting using 7 colors.
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THEOREM 4.3.5. Our algorithm solves the Pattern Formation problem when
scaling the target pattern is not allowed for n unit disk robots in O(n) +
O(qlogn) rounds with probability at least 1 — n~? without collisions in the

fully synchronous setting using 8 colors.



CHAPTER 5

The Pattern Formation for Fat Robots with Memory

In this chapter, we consider the Pattern Formation problem in the robots

with memory model.

5.1 Mutual Visibility

Our algorithm works in three phases. The first phase is the Mutual Visibility
phase. The goal of this phase is to move the robots such that at the end of
the phase every robot can see all other n — 1 robots. The algorithm we
present forms a convex hull with each robot positioned on a corner of the
convex hull (see Figure [5.1] for an example). We will argue later that our

approach runs in O(n) rounds and uses O(1) memory space.

FIGURE 5.1: An example of the Mutual Visibility phase:
(a) an initial configuration and (b) the end configuration of
this phase.

5.1.1 Algorithm

On a high level, our Mutual Visibility algorithm is similar to the algorithm

of Chapter [3] However, our algorithm works in the classical robots model
53
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(i.e., without the lights required in Chapter [3] Their algorithm used two
colors to distinguish (and communicate) which robots are corners of the
convex hull and which robots are in the interior. Their algorithm proceeds to
gradually expand the convex hull by moving the corner robots one unit away
from the interior of the convex hull using the angle bisectors of consecutive
robots on the hull. This ensures that the edges of the hull will become long
enough to let all interior robots move through them to the outside of the
convex hull to become new corners without collisions. The algorithm in

Chapter showed that this process completes in O(n) rounds.

We first observe that robots can easily determine whether they themselves
are interior or corner robots. Corner robots are those robots on the vertices
of the convex hull with interior angles less than 180°. There could initially
be robots with interior angle equal to 180°, but since all the corner robots
move in every round to expand the convex hull these robots will become

interior robots almost immediately.

Let us look a bit more closely at how algorithm in Chapter [3] moved the
interior robots. They define eligible edges for each robot as the set of convex
hull edges of length at least 3 for which no other robot is closer to the
edge. If an interior robot has eligible edges, it picks the closest one and
moves perpendicular to this edge through it to become a new corner of
the convex hull. In every round, there are at most two interior robots that
move through any single edge of the convex hull. By construction, the
movements of the robots through different edges do not interfere each other.
Therefore, there is no collision among interior robots. Since all the corner
robots move in every round, the edges of the hull are long enough to move
the interior robots through without any collisions. Therefore, there is no
collision among all robots. Since a robot can determine whether it is interior

or not, and all other computations for this process are based on the locations
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of the other robots it sees, this process does not require the colors and can

be mimicked in our algorithm.

Hence, it remains to argue that the robots can correctly determine when this
phase has ended. Since there are no lights to signal this (all robots having
the corner robots light does this in the original algorithm) and the robots
do not know n, it is difficult for the robots to know whether the phase has
ended even if the robots have a little memory. Specifically, there are cases
where from a corner robot’s perspective all other visible robots are in convex
position. For example, in Figure[5.2]robot r; cannot see robot r, since robot
r; blocks its view to that robot. However, since all robots that are visible to
7r; are in convex position, it can now incorrectly conclude that it can see all

robots.

FIGURE 5.2: An example configuration where a corner ro-
bot r; believes all robots are in convex position when there
18 an interior robot r; left which blocks visibility to robot ry.

Fortunately, the above problem can only occur for a single robot in the
configuration. All other robots can see robot r; as the interior robot it is.
In the next section, we will prove this claim. Now, what we need to avoid
is robot r; incorrectly and prematurely ending the Mutual Visibility phase
for itself, as we cannot correct this easily due to the lack of communication
between robots. Hence, when a corner robot believes the phase is over
because it observed that all other visible robots are in convex position, it
starts a counter with value 4% + 2, where £ is the number of visible corner
robots. It stores both the value k£ and the counter in its memory. Every

round, it continues expanding the convex hull as normal (i.e., it continues
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to behave the same way as if not all robots are in convex position yet),
but it also decrements the counter. This is to ensure that if at any point
it realizes that it made a mistake, we do not have to deal with correcting
the situation or computing where it should have moved due to a mistake a
certain number of rounds ago. If it sees more than k corner robots within
these 4%k + 2 rounds, it stops its current counter and concludes that it was
previously incorrect. Because the robot acted as normal, it is already in the
exact same location as it would have been if it had not made this mistake and
thus the algorithm can proceed as normal (and if it again observes all visible
robots in convex position, it will start a new counter using the new higher
value of k). In the next section, we will argue that this process ensures that
every corner robot correctly concludes that the Mutual Visibility phase has
ended and that they all conclude this in the same round. As a result, the
Mutual Visibility problem has been solved. All robots store this in their

memory.

5.1.2 Analysis

We proceed to prove that our algorithm solves the Mutual Visibility problem
in a linear number of rounds using a constant amount of memory, while

avoiding collisions between the robots.

Since our algorithm is similar to the algorithm in Chapter 3] the main parts
of the proof can be found there. We therefore focus on the differences

between the two algorithms.

We start by recalling that contrary to the original algorithm, robots cannot
always determine whether they are in convex position. Specifically, if mul-
tiple robots are collinear, some might observe all others to be in convex

position, while globally this is not yet the case (see Figure [5.2). We first
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argue that there can be at most one robot that incorrectly concludes that all

robots are in convex position.

57

LEMMA 5.1.1. If there exists an interior robot, then there exists at most one

corner robot that believes all robots are in convex position.

PROOF. We observe that for a robot to not be visible to a corner robot,
three robots have to be collinear. This implies that all robots except the two

extreme ones on this line can conclude that they are not in convex position.

Now consider such an extreme robot. If there are one or more interior ro-
bots that block the view of one corner robot, this corner robot observes the

position of at least one interior robot by using the line segments connecting

each pair of corner robots (see Figure [5.3).

\
\
\
Tie oL

\ Tj
o 'k T, ®
\

(a) (b)

FIGURE 5.3: Robot 7; blocks visibility between r; and 7:
(a) r; concludes that r; is an interior robot, (b) ; concludes
that the robots are not yet in convex position, and (c¢) r; in-
correctly concludes that the robots are in convex position,
but 7, still correctly concludes that this is not the case.

If an interior robot r; lies before a line segment between a pair of corner

robots (see Figure [5.3h), the corner robot r; observes that they are not in
convex position. If the interior robot 7; lies on the line segment between

a pair of corner robots (see Figure [5.3b), the corner robot 7; observes that

there are three collinear robots and thus the robots are not yet in convex
position. If an interior robot lies behind the line segment between a pair of
corner robots (see Figure @]c), corner robot r; may believe the robots are

in convex position because the interior robot blocks the view to the corner
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robot 7 that lies behind it. Hence, from r;’s perspective, all robots are in
convex position. However, note that from 7;,’s perspective 7; lies before this
same line segment and thus r; correctly concludes that the robots are not
in convex position yet. Hence, only one robot can incorrectly conclude that

all robots are in convex position and the lemma follows. U

Next, we argue that when a robot starts a counter, within 4k + 2 rounds
either it sees more corner robots or it can correctly conclude that mutual

visibility has been achieved.

LEMMA 5.1.2. If a robot r starts a counter with value 4k + 2 (where k
is the number of currently visible corner robots) then within that number of
rounds either it sees more than k corner robots or mutual visibility has been

achieved, and r terminates this phase.

PROOF. Lemma [3.2.14]in Chapter [3|in this thesis shows that it takes at
most 4k rounds to make enough space for the interior robots to move outside
the current convex hull. In addition to that, it takes two more rounds to move
at least one interior robot outside the current convex hull. Therefore, if there
is an interior robot inside the hull, it takes at most 4k + 2 rounds for a new
corner robot to appear. Since all other corner robots remain visible, this
implies the first part of the lemma. Otherwise, if there is no interior robot
inside the hull, then mutual visibility has been achieved, and r correctly

terminates this phase. 4

Now that we know that at some point the robots conclude that the phase has

concluded, we proceed to show that all robots terminate in the same round.

LEMMA 5.1.3. All robots terminate the Mutual Visibility phase in the same

round.
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PROOF. Since by Lemma [5.1.1] only one corner robot can incorrectly
believe that all robots are in convex position, only this robot can start a
counter with value 4%k + 2 by Lemma |[5.1.2] If there is an interior robot, by
Lemmal5.1.2]it will conclude this within 4k + 2 rounds.

Once there are no interior robots, every corner robot starts a counter with
value 4n + 2 when the last corner robot joins the convex hull, i.e., in the
same round. Therefore, all robots terminate the Mutual Visibility phase in

the same round. O

It remains to analyze the time complexity of the Mutual Visibility phase.

LEMMA 5.1.4. The Mutual Visibility phase takes O(n) rounds.

PROOF. This lemma follows from Lemma [3.2.14] in Chapter |3|in this
thesis, which states that the original algorithm takes O(n) rounds, and Lemmal5.1.2]
which adds an additional 4n+2 (i.e., O(n)) rounds for all robots to correctly

conclude that they are in convex position. U

LEMMA 5.1.5. The Mutual Visibility phase uses O(1) memory.

PROOF. In the Mutual Visibility phase, every robot needs to store the
termination counter and the number of visible robots at that time. Both
of these are upper bounded by O(k) which is at most O(n) and can thus be
stored in O(log n) bits, i.e., O(1) memory space. The additional bits needed

to store the current phase do not affect this bound. U

Therefore, we conclude the following theorem.

THEOREM 5.1.6. The Mutual Visibility phase finishes in O(n) rounds without

collisions in the fully synchronous setting using O(1) memory.
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5.2 Leader Election

The second phase of our algorithm is the Leader Election phase. The goal
of the Leader Election phase is for a single robot to be elected as a leader. It
is known that this problem cannot be solved with a deterministic algorithm
in an anonymous distributed system [7]. We present an algorithm which is

an adaptation of the slotted-Aloha protocol [56].

5.2.1 Algorithm

After the Mutual Visibility phase, every robot sees all other n — 1 robots
and thus n is known and can be stored by all robots. This implies that at
this point all robots can determine whether it is possible to build the given
pattern with the number of available robots: if the number of robots in the
given pattern is at most n, then the robots proceed and otherwise, they all
terminate. Hence, in the remainder, we assume that the number of robots

required to build the pattern is at most n.

The next phase of our algorithm aims to elect a single robot to be the leader
in the final Pattern Formation phase. The leader will store that it is the leader
and when a leader is elected all robots will be aware of this fact. However,
but since all robots are identical, once a leader is elected, the other (non-
leader) robots will not be able to store which robot is the leader. All that

each of these robots can remember is that it is not the leader.

In order to elect a leader all robots first compute the centroid c of the convex
hull formed by the robots. Next, they all determine the distance d from the
centroid to the robot farthest from the centroid. Since all robots are visible
to each other, all robots will compute the same ¢ and d. The leader is se-

lected from among all robots on the circle centered at ¢ having radius d. In
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other words, all robots on the boundary of the circle are competing to be-
come the leader and all robots in the interior of the circle are non-competing.
By construction, there are no robots outside the circle and there is at least
one robot on the boundary of this circle, but there could be multiple and

thus we need a mechanism to pick one of them.

To facilitate this, the following process is repeated until a leader has been
elected: All competing robots flip a coin where the probability of success
is 1/k, where k is the number of competing robots. If a robot is success-
ful, then the robot remains in its current position on the boundary of the
circle. Otherwise, it stores its current location on the circle and moves in-
side the circle some distance without crossing the straight line between its
two neighbours, to ensure that the convex hull remains convex and thus all
robots remain visible to each other (see Figure [5.4). If there are 0 or more
than 1 robot on the boundary of the circle, the robots conclude that this it-
eration failed to elect a leader and the robots that were competing in the
previous round return to their positions on the boundary of the circle using
their stored locations to repeat the algorithm at the next iteration. When
there is exactly one competing robot left on the boundary of the circle, this
robot becomes the leader and it stores this information. Note that all ro-
bots can observe this event, as we keep the convex hull convex and thus
the robots remain mutually visible throughout this process. Hence, all ro-
bots can determine whether a leader has been elected and whether they are
the leader. Every robot stores this information, along with the fact that the
Leader Election phase has ended and proceeds to the next phase of the al-

gorithm.

5.2.2 Analysis

We start by arguing the correctness of the Leader Election phase.
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FIGURE 5.4: An example of the Leader Election phase: (a)
centroid ¢ and distance d are computed and used to form a
circle, (b) an unsuccessful iteration where two robots remain
on the boundary of the circle, and (c) a successful iteration
where a leader is elected and the phase ends.

LEMMA 5.2.1. Leader election can be solved in the memory model with n

robots.

PROOF. The analysis is identical to that in [S6] with the lights replaced
by being on the circle or not being on the circle. As this can be observed by

all robots at all time, the lemma follows. [l

Next, we consider the memory required by our algorithm.

LEMMA 5.2.2. The Leader Election phase uses O(1) memory.

PROOF. In the Leader Election phase, every robot needs to store the
circle, i.e., the center and the radius. Since both are a linear combination
of the locations of the robots, these can indeed be computed and stored in
O(logn) bits. In order to allow competing robots to move back to their
original positions when an iteration is unsuccessful, we store their previous
location, which takes O(logn) bits. Finally, every robot needs a constant
number of bits to store whether it is a leader and whether the phase has
ended. In total, this requires O(logn) bits of memory, i.e., O(1) memory

space. U
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Finally, since the expected running time of the Leader Election phase has
already been analyzed in the asynchronous setting [56]], and the fully syn-
chronous setting takes at most the same number of rounds, we obtain the

following result.

THEOREM 5.2.3. For any q > 0, the Leader Election phase finishes in
O(qlogn) rounds, with probability at least 1 — n~9, without collisions in

the fully synchronous setting using O(1) memory.

5.3 Pattern Formation

The final phase of our algorithm is the Pattern Formation phase. The goal
of this phase is to move the robots to form the given (target) pattern and

thus solve the original problem.

5.3.1 Algorithm

Since we now have a leader, this robot will facilitate the other robots moving
and the other robots will not move unless instructed to do so by the leader.
Our algorithm depends on the leader’s position on the convex hull at the end
of the Leader Election phase. Since the leader is positioned on the convex
hull of the robots, this means that at least one of its quadrants does not
contain any robots. Once the leader has determined its empty quadrant,
it proceeds to build the target pattern in that quadrant. Without loss of
generality, we assume that the leader’s top left quadrant is empty, and thus
we want to build the pattern there. We define an ordering on the robots
(excluding the leader) r4,...,7,_1 and an ordering on the positions in the
pattern pyq, ..., pr (kK < n). Both orderings are left to right, with ties being
broken top to bottom. The high-level idea is that the leader moves robot 7;
to pattern position p; repeatedly until the full pattern is built. If needed, the

leader itself will fill position p,,.
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To avoid collisions during this process, the Pattern Formation phase allows
the given pattern to be scaled, as allowed by the problem. This is to ensure
that after leading a robot to its position in the pattern, the leader can move
away to get the next robot without colliding with previously placed robots
in the process. Since the pattern is given as part of the input, every robot
knows it and thus also knows the original size of the target pattern. The
leader computes the size of the pattern after scaling by multiplying the in-
put original size of the pattern by the scaling factor (say 5) to get the final
target pattern after scaling. Note that the scaled pattern does not need to
be stored, as the leader can simply recompute it when needed. The leader
stores the scaling factor, as well as the first and last locations of the pattern
after scaling in order to reconstruct the placement of the robots in the scaled

pattern.

In order to precisely define the robots’ movements, we need to determine
some coordinates. After the Leader Election phase, let the leader be posi-
tioned at (z,y). Let y,uq. be the y-coordinate of the topmost robot on the
convex hull and let x,,;, be the z-coordinate of the leftmost robot on the
convex hull. To ensure that there is no overlap between the convex hull and
the scaled target pattern, the leader will build the pattern such that py is at

(Zmin — 100, Ymas + 100) in the leader’s coordinate system.

Next, we describe how the leader moves the robots in more detail (see also
Figure [5.5). Initially the leader lies on the circle of the Leader Election
phase and in order to move away from that without colliding with any other
robot, the leader first moves perpendicular to the circle until it reaches the
x-coordinate x,,;, — 1 in one round. It then moves to (z;n — 1,y(r1)),
i.e., one position to the left of the leftmost topmost robot r; in the ordering.
Robot r; observes that there is a robot (the leader) touching it and concludes
that this robot must be the leader and that it needs to follow this robot. The

problem now is that the leader cannot communicate with robot 7; where it
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needs to go and since p; can essentially be arbitrarily far away, guiding the

robot using repeated unit distance steps is not feasible.
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FIGURE 5.5: An example of the Pattern Formation phase
(leader is colored red): (a) the situation after a leader has
been elected, (b) the leader moves next to 7, (c) the leader
moves 7, to pp, (d) the leader moves next to the next robot,
and (e) the pattern is built and the phase ends.

To work around this issue, the leader “instructs” the robot in two rounds. In
the first, it places itself next to the robot in the direction it wants the robot to
move in. Robot r; observes this and stores this direction, for example using
the location of the leader. In the next round, the leader moves the intended
distance in the direction of intended movement. Robot 7, having stored the
direction, sees how far the closest robot in that direction is and stores this
distance. Once the leader has moved out of the way, robot 7; is now free to

move to the indicated location. Whenever the leader wants to move a robot
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somewhere this process is executed a constant number of times, to facilitate

multiple sequential moves.

Moving a robot r; to its position p; always starts with the leader moving
one position to the left of robot r;, to (z(r;)) — 1,y(r;)). The leader uses
the above approach to guide robot r; horizontally left to (z,,;, — 90, y(r;)).
The leader then moves to (x,,;, — 90, y(r;) + 1) (one position above the
robot) to let robot r; store the next direction and follows the leader until
it reaches (i — 90, y(p;)) by moving vertically up. The leader is now
at (i — 91, y(p;)) (again one position to the left of r;) to guide 7; to its
final position p; at (z(p;),y(p;)) by moving horizontally left. In order to
ensure that r; does not follow the leader any further, the leader moves two
positions down to (x(p;), y(p;) — 2). Since the target pattern is scaled, this
extra movement of the leader cannot cause collisions with other robots in
the target pattern, as in the original pattern robots are at least a distance
of 1 apart and thus now they are at least a distance of 5 apart, which is
more than the required 2 units of movement plus two times the radius of a
robot. Once robot r; has reached p;, the leader moves horizontally right to
(x(riz1) — 1, y(p:;) — 2), then vertically down to (z(r;+1) — 1,y(ri11)) (the

position to the left of robot ;. 1).

The above process is repeated until a robot is placed at pj, or the final robot
r,—1 18 positioned at p_; when k = n. To create a clean pattern, without the
leader remaining in it, the leader moves horizontally right to x-coordinate
Tmin — 90. If & < n, the phase now ends. Otherwise £ = n and the leader

moves vertically to (Z,in — 90, y(pn)), and finally to p,, at (x(pn), y(pn))-

5.3.2 Analysis

We now argue the correctness of the Pattern Formation phase.
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LEMMA 5.3.1. In every round of the Pattern Formation phase, only one
non-leader robot moves from the convex hull to be positioned in the target

pattern avoiding collisions.

PROOF. In the Pattern Formation phase, the leader moves to the left of
the leftmost topmost robot 7; a distance one outside the convex hull. Robot
r; observes this and follows the leader to its final position. Once the leader
moves away from r;, r; stops at its final position. Since the leader moves
only one robot at a time and a robot moves only once activated by the leader,
only one non-leader robot moves in each round. Furthermore, due to the
order in which the robots are moved (left to right) and the first move being

horizontally to the left, no collisions can occur. U

Next, we analyze the time complexity of the Pattern Formation phase.

LEMMA 5.3.2. The Pattern Formation phase takes O(n) rounds.

PROOF. By Lemma [5.3.1] the leader activates and moves each robot
from the convex hull to the target pattern one robot at a time. The leader
moves next to a robot in a constant number of rounds and it moves a robot
to its final position in three moves, so in six rounds. Therefore, one robot
moves from the convex hull to the target pattern in a constant number of
rounds. As a result, the total number of rounds required to move all robots

from the convex hull to the target pattern is O(n). O

Next, we prove the memory space that our algorithm needs in total for all

phases.

LEMMA 5.3.3. The Pattern Formation phase uses O(1) memory.

PROOF. During the Pattern Formation phase, the leader stores the first

and last locations of the pattern after scaling and the scaling factor. As
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these are simply locations in the plane, they can be stored using O(logn)
bits. Every other robot stores the direction and distance while moving to its
final location in the target pattern. As these can be stored as locations of the
leader, this also requires O(logn) bits. Hence, O(1) memory suffices for

all robots. O

Lemmas[5.3.1},[5.3.2] and[5.3.3|together imply the following result.

THEOREM 5.3.4. The Pattern Formation phase finishes in O(n) rounds

without collisions in the fully synchronous setting using O(1) memory.

Theorems [5.1.6} [5.2.3] and[5.3.4] now imply our final result.

THEOREM 5.3.5. Our algorithm solves the Pattern Formation problem for
n unit disk robots in O(n) + O(q log n) rounds with probability at least 1 —
n~? without collisions in the fully synchronous model using O(1) memory

space.



CHAPTER 6

Shortest Paths of Mutually Visible Robots

In this chapter, we consider the problem of maintaining mutual visibility
between point robots in a simple polygon while they move from a starting

line segment S to a target line segment 7.

6.1 Model and Preliminaries

Consider a set of n > 1 point robots R = {ry,79,...,r,} operating in a
simple polygon P. The robots need to move along their shortest paths from
their starting positions s; to their targets ¢;, where s; and ¢; are known by
each robot r;, for all 1 < ¢ < n. Two robots are mutually visible if the
line segment connecting them does not intersect any obstacle (i.e., any edge
of the simple polygon). In other words, their visibility is obstructed, where
a robot cannot see another robot, if the straight line segment between the
robots intersects . We aim to find a sequence of (possibly synchronized)
robot movements along the shortest path between s; and ¢; such that at all

times every pair of robots is mutually visible.

We consider two different cases: (a) the start and target line segments do not

intersect (Section [6.2)), and (b) the start and target line segments intersect

(Section|[6.3).

69
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6.2 Non-Crossing Start and Target Lines

In this section, we present a centralized algorithm that solves the SPMV

problem when the start and target line segments, S and 7', do not intersect.

Let 7; be the shortest path within P from the start point s; on .S of robot r;
to its target point ¢; on 7', for 1 < ¢ < n. Let () be the minimal, possibly
degenerate polygon within P that includes the start line segment S, the

target line segment 7', and the set of 7;’s, 1 < i < n, as shown in Figure@

If all paths m;, 1 < 7 < n, share a single polygon vertex, we refer to this
vertex as their intersection point, as shown in Figure [6.1(a). If they share
multiple vertices, then we say that the first of these vertices along the paths

is the intersection point, see Figure [6.1|(b).

intersection point

~ intersection point

FIGURE 6.1: Illustrating the definition of an intersection point.

The following observation is immediate.

OBSERVATION 6.2.1. Ifthe shortest paths have no intersection point then ()
consists of S, T and two concave paths connecting the end points of S and
T, see Figurel6.2a). If the paths m;, 1 < i < n, have an intersection point
then Q) is a degenerate polygon consisting of two funnels; one containing S
and one containing T, and the two funnels are connected by either a joint

intersection point or a single path, as shown in Figure[6.2[D).

To simplify the description of the algorithm, rotate () so that S is entirely

to the left of T and neither S nor 1" are horizontal. Furthermore, assume
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FIGURE 6.2: Illustrating Observation (a)  consists
of S, T and two concave chains connecting .S and 7. (b) Q) is
a degenerate polygon consisting of two funnels; one contain-
ing S and one containing 7, and the two funnels are connec-
ted by either a joint intersection point or a single polygonal
path.

without loss of generality that sq, ..., s, are ordered from top-to-bottom

along S.

Let U(Q) = (s1 = uy, ug, . .., ug) denote the top boundary of () connecting
51 with the top-most endpoint of 7" and let V(@) = (s, = vq,vg,...,0)
denote the bottom boundary of () connecting s,, with the bottom-most end-
point of 7. Note that if () is a degenerate polygon with an intersection point

then at least one vertex of () will be in both U(Q) and V' (Q).

Our algorithm starts by computing a triangulation 7 of () in linear time [20].
Note that since () might contain an intersection point, a triangle in 7" might

degenerate to a single segment.

All robots are initially positioned on S. Let 7 be the unique triangle in 7
with the segment .S = (s1, $,,) as one of its sides and uy and/or v, as its third
vertex, according to Observation [6.2.1] Assume without loss of generality

that us is the third vertex of 7.
With the above notation, we next describe the algorithm.

Consider the initial configuration when all the robots are positioned on S.
If us = vy then move every robot r; along 7; to us. Otherwise, move every

robot r; along 7; from the segment (s, s,,) to the segment (s,,, uz). More
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formally, we move robot r; to the intersection of (s,,, us) and ;. We note

that since uy lies on U(Q) and s,, lies on V' (Q), every m; intersects (s, usa).

In a generic step of the algorithm, the robots are positioned on a (possibly

degenerate) segment (u,, v,) of 7. The algorithm considers four cases.

(@): If u, = vp and u,11 = vpyq then every robot r; moves from u,
o Ug+1-

(b): If u, = v, and u, 11 # vpy1 then every robot r; moves along 7;
from u, to the segment (41, Vpy1)-

(¢): If u, # vy and u,, 1 = vy, then every robot r; moves along 7;
from (g, vp) tO Ugy 1.

(d): Otherwise, if u, # v, and u,41 7 vp41 then let 7 be the unique
triangle in 7 with (u,, v,) as one of its sides and either u, 1 or vy
as its third vertex. Assume without loss of generality that w1 is
the third vertex of 7. Move every robot r; along 7; from segment

(g, vp) to segment (g1, Up).

This iterative process continues until all robots have reached 7.

The algorithm runs in O(mn) time since the triangulation can be computed
in linear time, and the shortest paths computation requires O(mn) time,

where m is the complexity of the polygon, and n is the number of robots.

It remains only to prove that the robots are mutually visible to each other

during their movement from S to 7.

LEMMA 6.2.2. The algorithm described above guarantees that every robot

r; moves from s; to t; along m; while being visible to every other robot.

PROOF. Within each (possibly degenerate) triangle 7 of 7, the robots
move along their shortest paths from one segment (or point) to another seg-

ment (or point) of 7. Since a triangle is convex, all robots are mutually
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visible within 7. Therefore, what is left to prove is that all the shortest
paths visit the same set of triangles in the exact same order. From Obser-
vation it follows that every non-degenerate triangle in 7 has at least
one vertex from V(Q) \ U(Q) and one vertex from U(Q) \ V(Q). That
implies that (1) any path from a point on S to a point on 7" must intersect
every triangle in 7, and (2) every robot r; following m; from s; to ¢; must
visit the triangles in the same order. Consequently, all the robots must visit
all the triangles in the same order, and as a result, every 7; is visible to every

other robot during the movement along their shortest paths. U

To summarize this section, we obtain the following theorem.

THEOREM 6.2.3. In the case when the starting positions and the target
positions lie on two non-intersecting segments, the SPMV problem can be

solved in O(nm) time.

6.3 Crossing Start and Target Lines

At first sight one might think that the case when .S and 7T’ intersect is not
much harder than the non-intersecting case. However, we will argue that it
is. Consider the instance shown in Figure[6.3(a). In Lemma|[6.3.1] we show
that any algorithm that does not move the robots along a rotating line seg-
ment around the intersection point g between S and T’ cannot terminate in
polynomial time with respect to the input size (assuming v, and v are very
close to ¢). However, any algorithm that keeps the robots on a line segment
pivoting around ¢ can also get stuck (Lemma|[6.3.2)). This implies that any
algorithm for the case when S and 7" intersect cannot use a single strategy
algorithm, i.e., it will have to analyse the input instance and depending on

the instance select an appropriate approach.
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We will need the following notations before formalising the above observa-

tions.

FIGURE 6.3: (a) An instance showing that the number of
steps of any algorithm that does not move all the robots
at the same time cannot be bounded by n and m. (b) An
example illustrating the concave paths together with the re-
gions Ay, Ay, A3, and Ay.

Let g be the intersection of the start and target line segments S and 7', as
illustrated in Figure [6.3(b). Define () as in the previous section. Further-
more, assume that sq, ..., s, are ordered from top-to-bottom along S, and

lett;,,...,t;, denote the target points along 7' ordered from top-to-bottom.

Let A; be the simple polygon bounded by the two segments (sq,q) and
(ti,,q), and the concave chain corresponding to the shortest path in () from

s1 to t;,. Symmetrically, we define A,, A3, and Ay, see Figure [6.3(b).

Note that a robot ; moving from s; € S to t; € T will stay within one of the
regions A, Ay, As, or A4 during their movement. Hence, we can partition
the robots into four sets R, R, Rs3, and R4 such that R;, 1 < j < 4,
contains the robots in R moving through A;. If a robot 7; only moves along
the boundary of two regions (not in their interior), then r; can be assigned

to either of the two sets.

Next, we argue that any algorithm for the case when S and 7" intersect that
does not move all robots at the same time requires an unbounded number of

steps.
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LEMMA 6.3.1. There exist instances where any algorithm that does not
move all robots of R, and R3 at the same time requires a number of steps

that is unbounded in n and m.

PROOF. Consider the instance shown in Figure[6.3((a). It consists of six
vertices v, . . . , vg, Where vy, v3, v4 and vg are at the endpoints of S and T’

while v, and v5 are arbitrarily close to q.

Let all robots in R start arbitrarily close to v; and move to a position ar-
bitrarily close to vg, and let all robots in R 3 start arbitrarily close to v4 and

move arbitrarily close to vs.

We observe that for the robots in R, and R3 to be visible to each other, they
all need to be contained in a narrow strip defined by two almostﬂ parallel

line segments through v, and vs.

Hence, in each step where not all robots are moved, the robots can move
at most twice the width of this narrow strip. Since this width is determined
by the distance of vy and v5 to g, this can be arbitrarily small, leading to a

number of steps not related to n and m. U

Next, we prove that any algorithm that moves the robots along a rotating

line segment around ¢ can also get stuck.

LEMMA 6.3.2. If S and T intersect, then any algorithm that keeps the ro-
bots in R1 and R3 on a line segment through q or that keeps R, and R4 on

a line segment through q can get stuck and be unable to proceed.

PROOF. We first show that any algorithm that keeps the robots in R4

and R3 on a line segment can get stuck, before extending this to also include

Ry and Ry.

TAs vy and v5 approach ¢, these line segments become more and more parallel.
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Let a and b denote the top and bottom endpoints of S, respectively, and let ¢
and d denote the top and bottom endpoints of 7', respectively. We have four
robots: ry starting at a and moving to d, r, starting at a and moving to ¢, 3

starting at b and moving to ¢, and r, starting at b and moving to d.

FIGURE 6.4: (a) An input instance showing that any al-
gorithm that keeps the robots on a line segment through ¢
can reach a situation where it is unable to proceed. (b) Illus-
trating the shortest paths for the four robots.

Consider the polygon in Figure [6.4(a) where a, b, ¢, and d are vertices of
P, (a,c) and (b, d) are edges of the polygon, a and d are connected by a
concave chain (a,u,v,d), and b and ¢ are connected by a concave chain

(b,w,c).

In order to ensure that ; and 5 remain visible, ; cannot move past v before
19 is on or past the projection z of wv onto (a, ¢). This also means that since
r1 and 73 lie on a line segment through ¢, 73 cannot reach w before r; passes
v. However, to maintain visibility between ry and r3, 75 needs to be on or

before the projection y of bw onto (a, c).

We now observe that since y occurs before x along (a, ¢), to maintain vis-
ibility, 7, needs to be both on or before y and on or after , meaning that
there is no position along (a, ¢) that maintains visibility of 7o with both 7

and r3 if we require ; and r3 to be on a line segment through q.

However, in the above example, keeping 5 and r4 on a line segment through

q would still work, so we now extend the above construction to create a
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similar situation for that line segment while maintaining the one for ; and

r3. The construction is shown in Figure [6.5(a).

FIGURE 6.5: (a) An input instance showing that any al-
gorithm for the crossing case that keeps the robots on a line
segment through ¢ can reach a situation where it is unable to
proceed. (b) Illustrating the shortest paths for the four ro-
bots.

Compared to the construction in Figure we replace the edge (a, ¢) with
the concave chain (a,v’, v/, ¢), and the edge (b, d) with the concave chain
(b,w',d). Using an analogous argument to the previous one, y still comes
before x along the path from a to ¢, and using v/, v" and w’, we can construct
2" and y' analogous to their counterparts to ensure that ¢/ comes before z’
along the path from a to d. Thus, neither the line segment connecting 7,
and r3 through ¢, nor the line segment connecting 7, and r4 through ¢ can

move from v or v’, respectively.

Since we assumed nothing of the algorithm other than that it keeps either S;
and S5 or S; and S on a line segment through ¢, we can conclude that any

such algorithm will reach a situation in which it is unable to proceed.  [J

The above results indicate that any polynomial-time algorithm for the SPMV
problem cannot rely on a single strategy. Instead, it must take the input in-

stance into account when choosing which strategy to choose.

The SPMV problem requires that all robots move along their shortest path
and that the robots are visible to each other at all time. We note that if we

remove either condition then polynomial-time algorithms are trivial.
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Conclusion and Future Work

7.1 Conclusion

We studied a number of problems related to robotics and computational

geometry.

We studied the Mutual Visibility problem for a system of autonomous fat
robots of unit disk size in the robots with lights model. We described an
algorithm for this problem that uses two colors and works for fully syn-
chronous computation of fat robots under rigid movements. Our solution
is optimal with respect to the number of colors used since even for point
robots at least two colors are required [49]. Also, our algorithm solves the

Mutual Visibility problem in O(n) rounds.

We also studied the Pattern Formation problem for unit disk robots in the
robots with lights model under obstructed visibility. We described two al-
gorithms for this problem, depending on the assumptions made to solve this
problem. If the target pattern is allowed to be scaled, our initial algorithm
used 10 colors, which we subsequently improved to 7 colors. If scaling is
not allowed, our algorithm needs one additional color: initially 11, which
we then improved to 8. Our algorithms run in O(n) + O(glogn) rounds,
where ¢ > 0 is a parameter of the Leader Election phase, which takes
O(qlogn) rounds with probability at least 1 — n~9. Interestingly, unlike

previous work, our algorithms do not require any additional assumptions

78



7.2 FUTURE WORK 79

on the capabilities of the robots or any shared information or coordinate

system.

Furthermore, we studied the Pattern Formation problem for a system of n
autonomous fat robots of unit disk size in the classical model where all
robots have a small persistent memory. We described an algorithm that
solves the Pattern Formation problem and works under the fully synchron-
ous model and under obstructed visibility. Our algorithm solves the Pattern
Formation problem in O(n) + O(qlogn) rounds, where ¢ > 0 is related
to Leader Election, which takes O(qlogn) rounds with probability at least
1 — n~9. The Pattern Formation problem uses O(1) memory space. As
a by-product, we also solve the Mutual Visibility problem in this memory

model.

Finally, we studied the SPMV problem for n point robots. We gave an effi-
cient O(nm) time algorithm for the case where the start and target line seg-
ments do not intersect. We also argued that any polynomial-time algorithm
for the case where these line segments do intersect has to take the input
polygon into consideration to determine the strategy to move the robots. In
particular, we showed that no single strategy will give a polynomial-time

algorithm for all simple polygons.

7.2 Future Work

There are a number of interesting directions which we could consider for

future work.

First of all, it is interesting to extend our Mutual Visibility algorithm for
non-rigid movements of robots and also for semi-synchronous and asyn-

chronous computations.
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Secondly, it is interesting to extend the results for Pattern Formation with
lights in several aspects. For example, we have no lower bounds indicating
that the number of colors we use is optimal and thus the natural open prob-
lems are both trying to improve the number of colors or showing that this is

not possible using a lower bound.

Additionally, it is interesting to extend our Pattern Formation algorithms in
both models to the semi-synchronous and asynchronous settings. Further-
more, it is interesting to extend our algorithms to solve the Pattern Forma-
tion problem in O(n) time complexity, which requires removing the Leader

Election phase.

Finally, there are still many open problems related to the SPMV problem.
Most importantly, is there a polynomial-time algorithm for the general case,
or even just for the case where .S and 7T’ intersect? If there is not, can one

prove any lower bounds?
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