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Abstract

The thesis investigates quantum gravity effects on the topological θ−vacua in Yang-Mills

theories and their implications for the problem of violation of combined CP parity in strong

interactions. Namely, we argue that a new set of Yang-Mills instantons on Eguchi-Hanson

spaces (the coloured Eguchi-Hanson instantons) are responsible for the violation of CP in

strong interactions in addition to the CP violation due to the Yang-Mills instantons on flat

spacetime. This additional CP violation, like the standard one is dominated by large-size

instantons. Being dominated by infrared physics, it is only marginally suppressed relative to

the standard strong CP and hence provides a sizable contribution to the physical observables,

most notably to the electric dipole moment of the neutron. Consequently, we find that the

standard one-axion Peccei-Quinn mechanism is insufficient to enforce CP symmetry in strong

interactions to the level that is consistent with experimental bounds on the neutron electric

dipole moment.

We have proposed an extension of the standard Peceei-Quinn mechanism to provide a

genuine solution to the strong CP problem. This extension introduces an additional axion

field, a companion to the standard QCD axion. Our model offers a rich and interesting

phenomenology that is studied in this thesis. In particular by reviewing constraints on axion-

photon couplings, quite remarkably we find that future axion searches with haloscopes and

helioscopes may well discover two QCD axions, perhaps even within the same experiment.

We also study the cosmological production of companion-axion dark matter in order to

predict windows of preferred axion masses and calculate the relative abundances of the two

particles. Additionally, we show that the presence of a second axion solves the cosmological

domain wall problem automatically in the scenarios in which one or both of the axions are

post-inflationary. We also suggest unique cosmological signatures of the companion-axion

model, such as the production of a ∼ 10 nHz stochastic gravitational wave background, and

∼ 100M⊙ primordial black holes.
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CHAPTER 1

Introduction

1.1 Overview

Quantum theory and general relativity form the two cornerstones of modern physics.

Although many reliable experiments have verified them, the two are incompatible. We apply

quantum theory on smaller scales relevant to particle physics. However, general relativity,

such as astronomy and cosmology, is essential on larger scales. The strength of gravitational

interactions is so small that we usually ignore them when we study particle interactions. This

is not always the case due to the existence of complex vacuum structures with transitions

between vacua mediated by instantons.

Instantons usually refer to the (anti) self-dual solutions to the Yang-Mills equations[1].

They are closely related to the topology of the gauge field vacua. Later, the (anti) self-dual

solutions to the Einstein field equation were also found and are known as gravitational

instantons[2]. Yang-Mills and gravitational instantons induce topological interaction terms

and contribute to neutron electric dipole moment. The instantons effects are non-perturbative

and led to the well-known strong CP problem [3].

The strong CP problem has not been solved yet. A hypothetical particle called axion is a

widely accepted and desirable resolution. The axion comes from the spontaneous breaking

of a new global U(1) symmetry called the Peccei-Quinn symmetry, which Roberto Peccei

and Helen Quinn originally proposed in 1977[4, 5]. The Peccei-Quinn solution essentially

promotes the θ parameter as a field, explaining why the CP violation effect is so tiny in strong

interactions.
1
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Besides solving the strong CP problem, axion is also a compelling candidate for dark

matter [6, 7, 8, 9]. The axion is exceptionally light, non-relativistic, and weakly interacting,

which aligns with the characteristics of dark matter particles. Numerous experiments, such as

the Axion Dark Matter Experiment (ADMX)[10, 11, 12, 13, 14], are actively searching for

axions to confirm their existence and shed light on the nature of dark matter.

This thesis focuses on gravitational instanton contribution to the big CP problem and

relevant implications on various topics. The rest of this chapter will briefly review general

relativity and some basics of quantum field theory and the Standard Model. In Chapter 2, we

will review the path integral of the derivation of chiral anomaly. We will introduce instanton in

Chapter 3. In Chapter 4, we will present the well-known strong CP problem and its resolution:

axion. Chapter 6 will introduce the companion-axion model. Chapter 7 and 8 are implications

of the companion-axion model.

1.2 General Relativity

1.2.1 Special Relativity

Special relativity was formulated by Einstein, Lorentz, and Poincare and applied to

the inertial reference frame of spacetime theory. This is an extension and modification

of Newtonian spacetime theory. By the end of the 19th century, Maxwell’s theory had

been verified by many experiments, but it did not transform covariantly under the Galilean

transformation of classical mechanics. Covariance means that the laws of physics have the

same form in different reference frames. To solve this issue, physicists proposed the "aether

hypothesis" to abandon the relativity principle and hold that Maxwell’s equations only fit

for an absolute reference frame (aether). According to this hypothesis, the speed of light

in a vacuum calculated by Maxwell’s equations is relative to the absolute reference frame

(aether). The speed of light has different values in the reference frame of motion relative

to the "aether". But Michelson-Morley’s experiments [15] negated the aether hypothesis.

The experiment results showed that the speed of light is independent of the motion of the
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reference frame. Einstein realized that a new theory of time and space could be established

if the experimental fact that "the speed of light in a vacuum is independent of the reference

frame" was accepted as the basic principle. In 1905, Einstein published his famous paper

"On the Electrodynamics of Moving Bodies" [16], which established the theory of special

relativity, successfully describing the motion of macroscopic objects. The basic principles of

special relativity include the following two postulates [17]:

(1) Special principle of relativity: the laws of physics take the same form in all inertial

systems.

(2) Principle of the invariant speed of light: the speed of light in a vacuum is the same

in all inertial systems.

Special relativity also holds that there is no absolute space and time and that space and

time are not independent. Still, they should be described as a unified four-dimensional

space-time, like Minkowski. This can be seen from the well-known Lorentz transformation of

special relativity. The Lorentz transformation states that an event with spacetime coordinates

(t, x, y, z) in reference S and another event (t′, x′, y′, z′) in a reference frame S ′ moving at a

velocity v along the x-axis are related in the following way:

t′ =
t− vx/c2√
1− v2/c2

x′ =
x− vt√
1− v2/c2

y′ = y

z′ = z.

(1.1)

It can be seen that if one changes the reference frame, the time of the events he observed

changes accordingly. A relatively simple conclusion is that when we see two events happening

simultaneously in an inertial frame, they might not co-occur by changing the inertial frame. So,

simultaneity is relative. This is different from Newtonian mechanics. Except for the relativity

of simultaneity, we can also conclude the time dilation and length contraction from Lorentz

transformation. Time dilation means that when an object moves, everything about it slows

down from the point of view of the frame of reference. According to Lorentz transformation,
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the dilation factor is 1/
√

1− v2/c2. Length contraction means that the length of the moving

axis observed by an observer moving relative to an object gets a factor
√

1− v2/c2 and is

shorter than the same length observed by an observer at rest close to the thing.

1.2.2 The birth and development of General Relativity

After special relativity was established, Einstein began to think about how gravity could

fit into the framework of special relativity. He conceived two thought experiments:

(1) stationary elevator on the ground versus upward accelerating elevator in deep space.

(2) freely falling elevator on the ground versus still standing elevator in deep space.

Assuming someone is in a closed elevator for the first experiment. Scenario one: This person

is standing still on Earth and feels gravity. Another scenario: The elevator is accelerating

upward through space (meaning without the gravitational pull of any star). As a man in

an elevator, he felt a force pulling down. Still, he couldn’t tell whether it was an inertial

system in a gravitational field (a stationary elevator on the ground) or a non-inertial system

without a gravitational field (an upward accelerating elevator in deep space). We have similar

conclusions for the second thought experiment by the same analysis. Einstein then proposed

the famous weak equivalence principle as a fundamental postulate of general relativity: locally,

gravity has the same effect as an accelerating reference frame (non-inertial frame). This

means that we cannot distinguish gravitational and non-inertial systems in a local region.

Local region means that this region is small enough to have a uniform gravitational field. We

can view the gravitational field as the dynamic effect of a non-inertial frame or vice versa.

The weak equivalence principle also gives profound insight into another puzzle: Why does

inertial mass mI equal gravitational mass mG? Inertial mass mI is the mass that measures

the net force on an object, while gravitational mass mG measures the gravitational force.

When there only exists gravity, the acceleration a of an object is then a = (mG/mI)g. Two

objects with different mG/mI will have different accelerations. But it’s not weird to have

different accelerations, like in an electric field: two charged bodies usually have different
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charge-to-mass ratios and, therefore, have different accelerations. There is no doubt about

that. However, numerous experiments have shown that mG/mI is the same for every object

and can be adjusted to 1, that is, mI = mG. Why does mI = mG hold for every object? This

universal phenomenon shows that gravity is something intrinsic of spacetime itself. Spacetime

is like a table. If one bottle falls on the table, something may be wrong. But the problem could

be the table itself if all the bottles fall. So it’s reasonable to think that gravity doesn’t exist as

a force but as spacetime bends, changing how things move. Therefore, two free particles with

the same initial state must have the same four-dimensional spacetime trajectory (worldline),

so they must have the same acceleration, and it can be deduced that the inertial mass is equal

to the gravitational mass. With this level of understanding, geometry is a natural tool for

describing spacetime: we regard spacetime as a manifold and relate its curvature to gravity.

In addition to the weak equivalence principle, Einstein also proposed the strong equival-

ence principle. The strong equivalence principle states that any physical experiment cannot

distinguish between gravity and acceleration in a local region. In the weak equivalence prin-

ciple, the motion of a free-falling body cannot distinguish between gravity and acceleration,

while the strong equivalence principle emphasizes that all experiments cannot distinguish

between them, not just dynamics. In other words, in any small enough free-falling local

reference frame, all the laws of physics should be the same as in an inertial reference frame

without gravitational fields. Another point is that the weak equivalence principle is concerned

with point-like masses; the strong equivalence principle extends this to encompass all types

of matter, even self-gravitating.

Another pillar of general relativity is the general covariance, which states that the laws of

physics take the same form in all reference frames. The essential idea is that coordinates do

not exist innately in nature but are merely a trick to help formalism. It should, therefore, play

no role in formulating the fundamental laws of physics. Regarding this principle, physical

quantities are expressed as tensor fields on spacetime, treated as a manifold. This way, when

two tensors T and T ′ are equal, their components are equal under any coordinate system. This

point also holds for equations. For example, Newton’s equations of gravity

∇2Φ = 4πρ (1.2)
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is not invariant under arbitrary coordinates transformation and must be modified. General

relativity dramatically changed the study of physics, and its effects were profound. Two

important objects of study are black holes and gravitational waves.

A black hole is a region of spacetime where gravity is so strong that nothing, including

light, can escape. The boundary of a black hole is called the event horizon. Despite black

holes’ complex and mysterious structure, only three variables must be specified to classify

them: mass, electric charge, and angular momentum. This is known as no-hair conjecture.

Human scientists took the first image of a black hole in 2019 for the first time.

As matter moves through spacetime, the warping of spacetime moves with it. The

twisting changes caused by these accelerating objects spread like waves at the speed of light.

This propagation is known as gravitational waves. In 2015, the LIGO Scientific and Virgo

Collaboration observed transient gravitational wave signals from merging two black holes.

Since then, many more gravitational wave events have been observed, such as GW170817,

the first gravitational wave event from the merger of two neutron stars, detected on August 17,

2017. In 2017, Reiner Weiss, Barry Clark Barish, and Kip Stephen Thorne won the Nobel

Prize in Physics for their successful observation of gravitational waves.

1.2.3 Mathematics of General Relativity

In this subsection, we briefly review the mathematical elements of general relativity

[18, 19, 20, 21]. Four-dimensional spacetime is treated as a manifold M . Physical quantities

are treated as tensor fields on M . A tensor field is a map T that smoothly assigns each point p

of M a tensor Tp. T can be expanded under M ’s local coordinate chart xµ = (x0, x1, x2, x3)

as

T = T µ1..µlν1ν2...νm
∂µ1 ⊗ ∂µ2 ...⊗ dxµl ⊗ dxν2 ...⊗ dxνm , (1.3)

where T µ1..µlν1ν2...νm
is called T ’s components. ’Local’ means this expansion only holds in an

open subset of M . When we choose a new coordinate system or expand it in another local

coordinate chart, x′µ = (x′0, x′1, x′2, x′3), T µ1..µlν1ν2...νm
must change correspondingly to keep T
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invariant. Let x′µ = fµ(x) be the transformation between two coordinate systems, we have

∂µ =
∂x′λ

∂xµ
∂′λ, dx

ν =
∂xν

∂x′α
dx′α. (1.4)

Expanding T in another coordinates system x′µ:

T = T ′λ1..λl
α1...νm

∂′λ1 ⊗ ∂′λ2 ...⊗ dx′α1 ⊗ dx′α2 ...⊗ dx′αm . (1.5)

Using Eq.1.4, we have the following covariant transformation rule between components

under different coordinate systems

T ′λ1..λl
α1...νm

= T µ1...µlν1...νm

∂x′λ1

∂xµ1
...
∂x′λl

∂xµl
...
∂x′ν1

∂xα1
...
∂x′νm

∂xαm
. (1.6)

The physical laws and equations are expressed in terms of relationships between tensors

(field), and these relationships are independent of the coordinate system. This means if we

have T = 0, then all its components are zero under any coordinate system.

Spacetime manifold M is usually equipped with a second-order tensor field called metric,

denoted as g or ds2. Metric smoothly assigns each point a symmetric bilinear form that takes

two tangent vectors there as input. In particular, taking two basis vectors ∂µ, ∂ν from a given

coordinate chart as input gives the metric’s components:

gµν = g(∂µ, ∂ν). (1.7)

Just as we use derivatives to study functions, we also need some derivatives to study tensor

fields on a manifold. This kind of derivative is called connection. Further, we require it to be

compatible with metric and torsion-free. The fundamental theorem of (pseudo) Riemannian

geometry states that there is a unique such connection ∇ called the Levi-Civita connection

that satisfies two conditions. Components of ∇ are written as Γαβλ, which is not a tensor but

simply an object carrying three indices:

Γαβλ =
1

2
gαµ(∂βgµα + ∂αgµβ − ∂µgαµ). (1.8)
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Differentiating a tensor T a1a2..alb1b2..bm
along a direction given by vector field X = Xµ∂µ gives a

new tensor T ′ = ∇XT whose component is given by

T ′α1α2...αl
β1β2...βm

= Xµ(∇µT )
α1α2...αl
β1β2...βm

= Xµ(∂µT
a1a2..al
b1b2..bm

+ Γα1
µτT

τα2...αl
β1β2...βm

+ Γα2
µτT

α1τ...αl
β1β2...βm

+ ..+ Γαl
µτT

α1α2...τ
β1β2....βm

− Γτµβ1T
α1α2...αl
τβ2....βm

− Γτµβ2T
α1α2...αl
β1τ....βm

− ...− ΓτµβmT
α1α2...αl
β1β2....τ

).

(1.9)

With the Levi-Civita connection at hand, we can write down the Riemann curvature tensor

Rα
βλτσ, which measures the deviation of a vector concerning the original vector after it travels

around a closed loop:

Rα
βλσ = ∂λΓ

α
σβ − ∂σΓ

α
λβ + ΓαλτΓ

τ
σβ − ΓαστΓ

τ
λβ. (1.10)

Contracting the first and the third indices of the Riemann curvature tensor, we get Ricci tensor

Rβσ:

Rβσ = Rα
βασ. (1.11)

Roughly speaking, the Ricci tensor measures how a volume in a curved space differs from

that in a flat space. Contracting the indices of the Ricci tensor, we get Ricci scalar R:

R = Rβσg
βσ. (1.12)

In terms of Ricci tensor, Ricci scalar, and metric, Einstein field equations read

Rµν −
1

2
gµνR = Tµν , (1.13)

where Tµν is the energy–momentum tensor, determined by the distribution of matter. These

ten equations express the relationship between the geometric properties of spacetime and the

distribution of matter and energy. The geometric term on the left describes the curvature of

spacetime, and the matter term on the right describes the distribution of energy and momentum

in spacetime. The equations thus determine the curvature of spacetime and the motion of

matter. Einstein field equations is a nonlinear system of equations whose solution needs to

include the specific energy-momentum distribution and boundary conditions. Einstein field

equations are vital in studying gravitational fields, black holes, cosmology, and other fields,

providing a basis for understanding the universe’s evolution and the nature of gravity.
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1.3 Field theories and the Standard Model

1.3.1 Quantum field theory

In theoretical physics, quantum field theory is a language used to describe the interaction

of elementary particles. It is a self-consistent set of concepts and tools that combines quantum

mechanics with classical field theory and is compatible with special relativity. Quantum field

theory has had very mature contents and achievements, but the development process is very

tortuous.

Quantum mechanics dates back to Max Planck’s work on black-body radiation in 1900.

Planck regarded the atoms emitting and absorbing radiation in the object as tiny quantum

harmonic oscillators and assumed that the energy of these quantum harmonic oscillators was

not continuous but discrete values and that the radiation energy absorbed and emitted by indi-

vidual quantum harmonic oscillators was quantized. Five years later, Einstein’s photoelectric

effect experiments showed that light comprises discrete clumps of energy called photons,

which are quanta of light. This means that electromagnetic radiation is a form of particle. In

1924, Louis de Broglie proposed the wave-particle duality hypothesis, which states that mi-

croscopic particles behave as waves and particles under different circumstances. The success

of early quantum theory, which consisted of many back-of-the-envelope calculations and gut

guesses like these, depended on its ability to explain previously unexplainable experimental

results. Between 1925 and 1926, thanks to the valuable contributions of de Broglie, Werner

Heisenberg, Max Born, Erwin Schrodinger, Paul Dirac, Wolfgang Pauli, and others, quantum

theory was developed into a self-consistent theory called "Quantum Mechanics". Since then,

the framework of quantum theory has been laid. In those days, electromagnetic fields were

a hot topic. Dirac first coined the term "Quantum Electrodynamics" (QED) in his famous

paper "The Quantum Theory of the Emission and Absorption of Radiation". His method

successfully explained both the emission and absorption of radiation by atoms. His method

could also explain the scattering of photons and resonance fluorescence up to second-order

perturbation. However, the calculation of higher-order perturbation diverged. Later, in 1928,

Dirac proposed the Dirac equation, which could describe the motion of relativistic electrons.
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However, the Dirac equation showed electrons seemed to have a negative energy state. Dirac

realized that to explain the negative energy state, he would have to assume that antiparticles

exist. Finally, in 1932, Carl David Anderson discovered positrons. However, the development

of quantum field theory stalled because of the infinity problem mentioned earlier in the

calculation. It wasn’t until 20 years later, around 1950, that Julian Schwinger, Feynman,

Freeman Dyson, and Shinichiro Tomonaga finally found a more reliable method for removing

infinity in quantum electrodynamics [22, 23, 24, 25, 26, 27, 28, 29]. This method is now

called renormalization. Renormalization regards quantities like coupling, mass, and charge

as infinity and splits them as finite parts plus the so-called counter-terms. Counter-terms are

additional terms introduced into quantum field theory to cancel out divergent contributions

from loop diagrams and ensure that physical observables remain finite and well-defined.

At the same time, Feynman invented Feynman diagrams and path integral representations,

which made the calculation more intuitive. Thus, the framework of quantum field theory

gradually becomes complete. However, new difficulties arose. First, there are only a hand-

ful of renormalizable theories, which means most still suffer from infinity. Secondly, the

perturbation expansion calculation of Feynman diagrams is only suitable for small coupling

constants and is no longer suitable for large coupling constants, such as strong interactions.

In 1954, Chen-Ning Yang and Robert Mills generalized global gauge invariance to local

gauge invariance and thus established non-Abelian gauge field theory. In 1960, Sheldon

Glashow used gauge field theory to unify electromagnetic and weak interactions. Abdus

Salam and John Clive Ward had the same theory four years later. However, the theory is

not renormalizable. Subsequently, Peter Higgs, Robert Brout, and Francois Engler proposed

that the massless boson in the gauge field theory could gain mass by breaking the symmetry

spontaneously, which became known as the Higgs mechanism. In 1967, Steven Weinberg and

Salam applied the Higgs mechanism to describe the interaction between leptons, successfully

establishing the electroweak theory. Weinberg and Salam’s electroweak interaction theory

was finally extended to quarks in 1970 by Glashow, John Iliopoulos, and Luciano Maiani.

Abdus Salam, Sheldon Glashow, and Steven Weinberg later won the 1979 Nobel Prize for

unifying elementary particles’ electromagnetic and weak interaction. But this was not taken

seriously until 1971 when Gerard ’t Hooft proved that non-Abelian gauge field theories could
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be renormalizable. Quantum field theory is back to life. In 1971, Quantum Chromodynamics

was systematically established. Two years later, David Gross, Franck Wilczek, and Hugh

Politzer proved that non-Abelian gauge field theory is asymptotically free, meaning the strong

coupling becomes small when the energy scale increases and vice versa. This series of

profound results has brought quantum field theory back to the center of particle physics.

Electroweak interaction theory and Quantum Chromodynamics form today’s Standard Model

of elementary particle physics, which describes all fundamental interactions except gravity.

1.3.2 The basics of the Standard Model

The Standard Model of particle physics provides the theoretical framework that describes

three of the four fundamental forces except gravity in the universe: electromagnetic, weak,

and strong forces, as well as the elementary particles that make up matter and mediate these

forces.

Force Strength Theory Mediator Range
Strong 1 Quantum chromodynamics gluons 10−15

Electromagnetic 10−2 Quantum electrodynamics photons ∞
Weak 10−5 Electroweak theory W and Z bosons 10−18

Elementary particles generally fall into two main categories: fermions and bosons.

Fermions serve as the foundational elements of matter and are comprised of quarks and

leptons. Quarks come in six flavors—up, down, charm, strange, top, and bottom, and they

usually form neutrons and protons in groups of three, which make up the nucleus of atoms.

Leptons constitute another subcategory of matter particles, among which the electron is the

most commonly recognized. The lepton family also includes the muon, tau, and corresponding

neutrinos.

Bosons are force carriers that mediate the fundamental interactions among particles. The

photon mediates the electromagnetic force, the W and Z bosons are responsible for the weak

nuclear force, and the gluon mediates the strong nuclear force. The Higgs boson, discovered

in 2012, is associated with the Higgs field and generates mass for other particles. The
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Standard Model has remarkably succeeded in predicting and explaining various phenomena

and is confirmed through numerous experiments, but it is imperfect. It cannot explain several

phenomena such as gravity, dark matter/dark energy, neutrino masse, etc.

1.3.3 Gauge theory

Gauge theory describes the particle interactions of the SM. The interaction between gauge

bosons and fermions can be derived from local gauge invariance. We start with the simplest

U(1) or electromagnetic gauge theory. Consider a Dirac Lagrangian that includes fermions

only:

L = iψ̄γµ∂µψ −mψ̄ψ, (1.14)

where ψ are spinors representing fermions, and γµ’s are called Dirac matrices. In terms of

Pauli matrices σ⃗ = (σ1, σ2, σ3) and 2× 2 identity matrix I2, Dirac matrices are given by

γ0 =

I2 0

0 −I2

 , γ1 =

 0 σ1

−σ1 0

 , γ2 =

 0 σ2

−σ2 0

 , γ3 =

 0 σ3

−σ3 0

 , (1.15)

and they satisfy anticommutation relation:

{γµ, γν} = 2gµν , gµν = diag{+1,−1,−1,−1}. (1.16)

Eq.1.14 is invariant under global phase transformation (also called U(1) transformation)

ψ → eiθψ. (1.17)

Global means θ is independent of spacetime coordinates. Now we set θ as a function of

spacetime, i.e., θ = θ(x). The Lagrangian is not invariant due to the existence of ∂µ operator:

∂µ(e
iθψ) = i∂µθe

iθψ + eiθ∂µψ, (1.18)

and it is shifted by a term −∂µθψ̄γµψ:

L → L− ∂µθψ̄γ
µψ. (1.19)
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There’s nothing extraordinary about this math. But now, we require the whole Lagrangian to

be invariant under this local transformation. We must modify it so that the additional term can

be canceled. In physics, we usually think about the most straightforward and handy method.

We now add an interacting term

Aµψ̄γ
µψ (1.20)

to the Lagrangian, where Aµ is the electromagnetic potential that transforms as

Aµ → Aµ − ∂µθ. (1.21)

This is called gauge transformation and cancels the extra term −∂µθψ̄γµψ. From Maxwell’s

equations, we know the physics is unchanged when Aµ transforms in this way. That is to

say, the Lagrangian now is locally gauge invariant. In the reality, we write θ(x) as −Qλ(x),

where Q is a constant depends on the fermion ψ. Thus the local gauge transformation and the

rule that Aµ follows read
ψ → e−iQλ(x)ψ

Aµ → Aµ + ∂µλ(x).
(1.22)

We also need to add the kinetic term for Aµ:

− 1

16π
F µνFµν , (1.23)

where F µν = ∂µAν − ∂νAµ. In conclusion, we start with Dirac Lagrangian and require it to

be invariant under local phase transformation. Then we introduce Aµ and its kinetic term.

The complete Lagrangian is now

L = − 1

16π
F µνFµν + iψ̄γµ∂µψ −mψ̄ψ −Qψ̄γµψAµ (1.24)

and is invariant under local gauge transformation Eq.1.22. We usually combine the gauge

potential Aµ and derivative operator as the so-called covariant derivative Dµ

Dµ = ∂µ + iQAµ. (1.25)

Then we have

iψ̄γµ∂µψ −Qψ̄γµψAµ = iψ̄γµDµψ. (1.26)
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Therefore the local gauge invariance is equivalent to Dµ commuting with local phase trans-

formation:

Dµ(e
−iQλ(x)ψ) = e−iQλ(x)Dµψ. (1.27)

The key point is that the electromagnetic interacting term Aµψ̄γ
µψ enters by considering

local gauge invariance. It is not hard to write down a non-Abelian gauge theory. Consider a

Dirac theory with N massless fermions ψ1, ψ2...ψN :

L =
n∑
i=1

iψ̄iγ
µ∂µψi

= iψ̄γµ∂µψ,

(1.28)

where we have defined ψ = (ψ1, ψ2, ...ψN)
T . We require L to be invariant under local

transformation

ψ → U(x)ψ, (1.29)

where U(x) is a N ×N matrix in group SU(N). U(x) can be written as

U(x) = e−igθa(x)T
a

, (1.30)

where g is the coupling constant and {T a} is the basis of Lie algebra of SU(N) and satisfies

the commutation relation

[T a, T b] = ifabcT
c. (1.31)

We introduce gauge field Aµ = AaµT
a with N components Aaµ and write the covariant

derivative operator

Dµ = ∂µ + igAaµT
a. (1.32)

The covariant derivative operator should be commuting with local transformation ψ →

e−igθa(x)T
a
ψ:

Dµ(e
−igθa(x)Ta

ψ) = e−igθa(x)T
aDµψ, (1.33)

which gives the transformation rule for Aµ:

Aµ → e−igθa(x)T
a

Aµe
igθa(x)Ta

+
i

g
(∂µe

−igθa(x)Ta

)eigθa(x)T
a

. (1.34)
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In this way, non-Abelian gauge theory is established, also known as Yang-Mills theory:

L = iψ̄(∂µ + igAaµT
a)ψ − 1

16π
F a
µνF

aµν − gψ̄γµT aψAaµ

F a
µν = ∂µAν − ∂νAµ + gfabcAbµA

c
ν .

(1.35)

When N = 3, the theory is the well-known Quantum chromodynamics (QCD), which

describes the strong nuclear force that binds quarks together to form hadrons, like neutrons,

and so forth. Yang-Mills theory also provides the framework for the electroweak theory,

which unifies electromagnetic and weak forces. Experimental observations have extensively

verified the predictions of Yang-Mills theory, including the discovery of the W and Z in 1983

and the observation of the Higgs boson in 2012. In summary, gauge theory is a pillar of

modern theoretical physics and is central to understanding the universe’s building blocks.

1.3.4 Glashow–Weinberg–Salam model

Electromagnetic and weak forces are unified at high energy scales, known as the Glashow-

Weinberg-Salam model [30, 31]. At this moment, the electroweak possesses a SU(2)w ×

U(1)Y symmetry, where SU(2)w is associated with weak isospin, and U(1)Y is associated

with hypercharge. At a low energy scale, SU(2)w × U(1)Y is broken by the non-vanishing

vacuum expectation value (vev) of Higgs doublet H of hypercharge 1/2. This symmetry

breaking gives mass to the W and Z bosons, which mediate the weak force, while the photon,

which mediates the electromagnetic force, remains massless. This mechanism by which

particles aquire mass from symmetry breaking is known as the Higgs mechanism. The

Lagrangian of Glashow–Weinberg–Salam model is given by

L = −1

4
W a
µνW

aµν− 1

4
BµνB

µν+(DµH)†DµH+m2H†H−λ(H†H)2+Lfermions, (1.36)

where W a
µν is the SU(2)w gauge boson, and Bµν is the U(1)Y gauge boson. The covariant

derivative of H is given by

DµH = ∂µH − igW aτaH − 1

2
ig′BµH, (1.37)
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where g and g′ are couplings, and τa’s are SU(2) generators. When H gets a non-vanishing

vev v/
√
2, we can expand H as

H =

 0

v√
2
+ h√

2

 . (1.38)

Substituting 1.38 into 1.36, we have

L =− 1

4
FµνF

µν − 1

4
ZµνZ

µν +
1

2
m2
ZZµZ

µ

− 1

2
(∂µW

+
ν − ∂νW

+
µ )(∂

µW ν− − ∂νW µ−) +m2
WW

µ+W−
µ + other terms,

(1.39)

where we have defined
Zµ = cos θwW

3
µ − sin θwBµ

Aµ = sin θwW
3
µ + cos θwBµ

θw = arctan
g′

g

W±
µ =

1√
2
(W 1

µ ∓W 2
µ).

(1.40)

We also find that W and Z bosons are massive, and their masses mw and mZ are given by

mW =
gv

2
, mZ =

mW

cos θw
. (1.41)

The W and Z bosons were discovered in 1983 at CERN. Their discovery was a significant

milestone in particle physics, confirming the predictions of the Standard Model.

1.3.5 Fermions in electroweak interaction

Gell-Mann–Nishijima formula

In the weak interaction SU(2) gauge bosons only couple to left-handed fermions, which

means the weak interaction is chiral. The left-handed leptons (eL, µL, τL and corresponding

neutrinos νeL, νµL, ντL) are paired into three generations L1, L2 and L3

Li =

νeL
eL

 ,

νµL
µL

 ,

ντL
τL

 , (1.42)
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and a similar grouping happens to left-handed quarks

Qi =

uL
dL

 ,

cL
sL

 ,

tL
bL

 . (1.43)

The right-handed fermions are not paired into doublets for weak interactions as left-handed

fermions are. Instead, they are treated as singlets under the SU(2) gauge symmetry. The

right-handed fermions are labeled as follows:

eiR = {eR, µR, τR}, νiR = {νeL, νµL, ντL}

uiR = {uR, cR, tR}, diR = {dR, sR, bR}.
(1.44)

The weak interaction between fermions and bosons is

Lfermions =iL̄iγµ(∂µ − igW a
µ τ

a − ig′YLBµ)L
i

+ iQ̄iγµ(∂µ − igW a
µ τ

a − ig′YQBµ)Q
i

+ iēiRγ
µ(∂µ − ig′YeBµ)e

i
R + iν̄iRγ

µ(∂µ − ig′YνBµ)ν
i
R

+ iūiRγ
µ(∂µ − ig′YuBµ)u

i
R + id̄iRγ

µ(∂µ − ig′YdBµ)d
i
R,

(1.45)

where Y ’s are hypercharges. We want to apply 1.40 to rewrite the interaction. Focusing on

W 3
µ and Bµ, we have

−igW 3
µτ

3 − ig′BµY = −ie(T 3 + Y )Aµ − ie(cot θwT
3 − tan θwY )Zµ, (1.46)

where e = g sin θw is the electromagnetic coupling strength and T 3 = τ 3 = diag{1/2,−1/2}

is the weak isospin operator. Therefore, T 3 + Y is exactly the electric charge Q. This relation

is called Gell-Mann–Nishijima formula [32, 33, 34]:

Q = T 3 + Y, (1.47)

which tells us that a fermion’s electric charge is the sum of its weak isospin and hypercharge.

For example, the electron has weak isospin −1/2 and hypercharge −1/2, so its electric charge

is −1/2− 1/2 = −1.

Quark masses and the CKM matrix

Similar toW and Z bosons, fermions acquire mass from vev of Higgs doubletsH . For quarks,
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the mass term reads

Lquark−mass = −Y d
ijQ̄

iHdjR − Y u
ij Q̄

i(iσ2H
∗)ujR + h.c. (1.48)

Y d
ij and Y u

ij are called Yukawa matrices, which mix different left-handed and right-handed

quarks. After H gets vev v/
√
2, the mass term becomes

Lquark−mass = − v√
2
d̄iLY

d
ijd

j
R − v√

2
ūiLY

u
iju

j
R + h.c., (1.49)

where different quarks are mixing. We can manipulate Yukawa matrices to get diagonal mass

matrices. First, we take the square root of YdY
†
d and YuY †

u :

YdY
†
d = UdM

2
dU

†
d , YuY

†
u = UuM

2
uU

†
u, (1.50)

where Ud and Uu are unitary matrices, and Md and Mu are diagonal matrices. In the next, we

can write Yd and Yu as

Yd = UdMdK
†
d, Yu = UuMuK

†
u (1.51)

for some unitary matrices Kd and Ku. After applying transformation dR → KddR, uR →

KuuR, dL → UddL and uL → UuuL, we can get diagonal matrices. The interesting thing

is that when diagonalizing the mass term, the interaction between quarks and W± is also

changed, while Zµ and Aµ part is invariant:

Lquark−W =
e√

2 sin θw

(
W+
µ ū

i
Lγ

µV ijdjL +W−
µ d̄

i
Lγ

µV †ijujL

)
, (1.52)

from which we find different quarks are mixing via a matrix V = U †
uUd. This matrix V is

known as Cabibbo–Kobayashi–Maskawa (CKM) matrix [35, 36]. The CKM matrix uniquely

provides quark flavor change transitions in the Standard Model that cannot occur in strong or

electromagnetic interactions.

Neutrino masses and PMNS matrix

Neutrinos are one of the more interesting particles in particle physics, mainly because of

their chirality, mass term, and flavor change (oscillation). So far, all observed neutrinos are

left-handed, and there is no evidence of right-handed neutrinos. We still assume the existence
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of right-handed neutrinos. The general mass term of leptons is

Llepton−mass = −Y e
ijL̄

iHejR − Y ν
ij L̄

i(iσ2H
∗)νjR − iMij(ν

i
R)

cνjR + h.c. (1.53)

What we’re interested in is the neutrino part. In terms of Dirac spinors, the mass term for a

neutrino can be written as

Lneutrino−mass = −mψ̄LψR − M

2
ψ̄RψR, (1.54)

where M is called Majorana mass, and m is called Dirac mass. Diagonalizing the mass

matrix, we get the physical neutrino masses:

m±
ν =

√
m2 +

M2

4
± M

2
. (1.55)

When M ≫ m, m+
ν ≈ M and m−

ν ≈ m2/M . We find when one mass increases, the other

mass gets smaller, and vice versa. This is called see-saw mechanism.

Next, we face a situation similar to the one we discussed earlier with quark mass: diagonalizing

the neutrino mass term affects the neutrino’s interaction term with the W bosons. Suppose

we diagonalize the neutrinos’ mass via a unitary matrix U , i.e.,
νeL

νµL

ντL

 = U


ν1L

ν2L

ν3L

 , (1.56)

where ν1L, ν2L, and ν3L are called mass basis. The transformed neutrino-W interaction is

Lν−W = − g√
2
(ēiLU

ijWµγ
µνjL) + h.c. (1.57)

The matrix U is called Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix [37, 38], an

analog of the CKM matrix. The PMNS matrix provides an extraordinary and exciting

mechanism: neutrino oscillation [39, 40], meaning that different types of neutrinos can be

converted into each other. A neutrino of a given flavor α at t = 0 is a superposition of different
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mass eigenstates, with the probability |Uαj|2:

|α, t = 0⟩ =
∑
j

Uα,j |j⟩ . (1.58)

As it travels, its evolution is described by quantum mechanics:

|α, t⟩ =
∑
j

Uα,je−iEjt |j⟩

=
∑
j

Uα,je−iEjt
∑
β

U∗
j,β |β⟩

=
∑
β

∑
j

Uα,jU∗j,βe−iEjt |β⟩ ,

(1.59)

from which we can read the transition probability of α → β after time t:

P (α → β) = |
∑
j

Uα,jU∗j,βe−iEjt|2. (1.60)

The discovery of neutrino oscillations solved the solar neutrino problem and provided crucial

insights into the sun’s and other stars’ inner workings. Studying neutrino oscillations also

helps in probing the fundamental properties of neutrinos, such as their mass hierarchy and

the possibility of CP-violation in the lepton sector, which could explain the matter-antimatter

asymmetry in the universe.



CHAPTER 2

Anomalies in Quantum Field Theory

A transformation that leaves the physical system/state unchanged is called a symmetry. A

classical physical system may have various symmetries. For instance, rotation is a symmetry

for an object in a central force potential; Spacetime symmetries imply that the form of the

laws of physics has nothing to do with how we set the coordinate frame. But when it comes

to the quantum level, some of the symmetries held at the classical level might be violated.

This phenomenon is called anomaly. This chapter will discuss anomalies in quantum field

theory, starting with the famous decay π0 → γγ. Eventually, we will see that the so-called

chiral symmetry is an anomaly.

2.1 Triangle diagrams and π0 → γγ

There has been much controversy over π0 → γγ, mainly over the calculation method.

Before quantum field theory was mature, calculations were confusing until Adler-Bell-Jackiw

anomaly was discovered in 1969 [41, 42].

To study the π0 → γγ, we start with a simple model [43]: QED Lagrangian with a

pseudoscalar π. The Lagrangian is given by

L = −1

4
FµνF

µν − 1

2
π(∂2 +m2

π)π + ψ̄(i/∂ − e /A−m)ψ + iλπψ̄γ5ψ. (2.1)

Then, the leading contribution of decay amplitude M is given by

iM ∼ ⟨q1, q2| iλπψ̄γ5ψψ̄e /Aψψ̄e /Aψ |p⟩ (2.2)

There are two Feynman diagrams contributing to M:
21
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FIGURE 2.1: 1-loop Feynman diagrams for π0 → γγ: two non-equivalent contractions

Through a long calculation, we get M and the decay width:

M = λ
e2

4π2m
ϵµναβϵ1∗µ ϵ

2∗
ν q1αq2β, Γ(π → γγ) =

λ2

64π3

(
e2

4π

)2
m3
π

m2
. (2.3)

The real π0 decay is given by λ = mN/fπ and m = mN , where fπ is decay constant and

mN is nucleon mass. Substituting fine structure constant αe = 1/137, pion decay constant

Fπ = 92MeV, and pion mass mπ = 139.5MeV we get:

Γ(π0 → γγ) =
α2
e

64π3

m3
π

F 2
π

= 7.8eV, (2.4)

which is consistent with the experimental value 7.73± 0.16eV .

The connection between π0 → γγ and chiral anomaly can be seen as follows. The QED

Lagrangian

LQED = ψ̄(i/∂ − e /A−m)ψ (2.5)

is invariant under global chiral (axial) transformation U(1)A in the massless limit m→ 0:

ψ → eiαγ
5

ψ. (2.6)

The corresponding current is

J5
µ = ψ̄γµγ5ψ, (2.7)
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which is called axial current and its divergence is given by the equations of motion:

∂µJ5
µ = 2imψ̄γ5ψ. (2.8)

Substituting ψ̄γ5ψ by ∂µJ5
µ/2im in Eq.2.2 and using Eq.2.3, we obtain the expectation value

of ∂µJ5
µ in the QED background:

QED ⟨0| ∂µJ5
µ |0⟩QED = − e2

16π2
ϵµναβFµνFαβ. (2.9)

Eq.2.9 is called Adler-Bell-Jackiw (ABJ) anomaly [41, 42]. The right-hand side of Eq.2.9 is

independent of fermion’s mass m, meaning that in the massless limit m = 0, J5
µ is conserved

at the classical level but is violated at the quantum level. A more intuitive derivation of ∂µj5µ
is to use path integral.

2.2 The Path integral

The path integral is an alternative formulation of quantum mechanics developed by

Richard Feynman in the 1940s. Instead of tackling the wave functions and the associated

Schrödinger equation, the path integral formulation considers all possible paths a particle

could take between two points in space-time. Each path represents a possible state of the

system, and the path integral assigns each path an amplitude. The total amplitude is obtained

by summing over all such amplitudes. The same thought works in quantum field theory. We

will briefly review path integral in this section and use it to derive chiral anomaly.

2.2.1 General formalism

Let us consider a one-dimensional quantum system whose Hamiltonian is given by

Ĥ =
p̂2

2m
+ V (x). (2.10)

We want to calculate the amplitude of a particle initially localized at xI at time tI and finally

localized at xF at time tF : ⟨tF , xF |tI , xI⟩. In classical mechanics, particles only move along

trajectories determined by their initial states, whereas in quantum mechanics, the movement
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of particles is random. We have to include all possibilities. We slice the time tF − tI into

small intervals t0 = tI < t1... < tN+1 = tF , tj+1 − tj = δt. Then, the amplitude can be

written as

⟨tF , xF |tI , xI⟩ =
∫
dx1dx2...dxN ⟨xF , tF | e−iĤδt |tN , xN⟩ ⟨xN , tN | e−iĤδt |tN−1, xN−1⟩

...× ⟨x2, t2| e−iĤδt |t1, x1⟩ ⟨x1, t1| e−iĤδt |tI , xI⟩ .
(2.11)

Inserting the identity operator I =
∫
dp/2π |p⟩ ⟨p| at each left ket ⟨tj, xj| and using Gaussian

integrals gives

⟨tF , xF |tI , xI⟩ ∝
∫
dx1dx2...dxNe

iL(x1,ẋ1)δteiL(x2,ẋ2)δt...eiL(xN , ˙xN )δt, (2.12)

where L(xi, ẋi) is the Lagrangian 1
2
mẋi

2 − V (xi). As δt approaches 0,
∫
dx1dx2...dxN

includes all the points of a path, and therefore all possible paths are summed. The functional

integral should replace the usual integral:∫
dx1dx2...dxN →

∫ x(tI)=xI

x(tF )=xF

Dx(t), (2.13)

where the symbol
∫
Dx(t) means integrating over all paths. The final result of the amplitude

is

⟨tF , xF |tI , xI⟩ = N

∫ x(tI)=xI

x(tF )=xF

Dx(t)ei
∫ tF
tI

L(x,ẋ)dt, (2.14)

where N is some normalization constant.

The path integral for quantum field theory follows the same philosophy: we must add

all field configurations. In the above example from quantum mechanics, a configuration

corresponds to a path the particle moves along. We will not repeat the long derivation but

directly present the result for quantum field theory. For a scalar field Φ(t, x⃗), the vacuum-to-

vacuum amplitude is:

⟨0; tF |0; tI⟩ = N

∫
DΦ(t, x⃗)eiS[Φ], (2.15)

where the quantity S (called the "action") is an integral of the Lagrangian density:

S[Φ] =

∫
d4xL[Φ]. (2.16)
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We are interested in the vacuum expectation values of the product of single or more operators:

⟨0|T{Ô1Ô2..Ôn} |0⟩ =
N

∫
DΦ(t, x⃗)O1..One

iS[Φ]

N
∫
DΦ(t, x⃗)eiS[Φ]

=

∫
DΦ(t, x⃗)O1..One

iS[Φ]∫
DΦ(t, x⃗)eiS[Φ]

,

(2.17)

where the operator T is the time-ordering operator and we have normalized the vacuum

⟨0|0⟩ = 1.

2.2.2 Fermionic path integral

Fermions obey Fermi-Dirac statistics and the Pauli exclusion principle, therefore the

path integral for them is subtly different from the case of bosons which obey Bose-Einstein

statistics.

We shall start with introducing Grassmann algebra. A Grassmann algebra is a vector

space G over C taking {θi} as a basis, and these basis vectors are anticommutative with each

other under multiplication: θiθj = −θjθi. The integrations of Grassmann numbers are defined

as follows: ∫
dθiθj = δi,j. (2.18)

Usually, we have ∫
dθndθn−1...dθ1θi1θi2 ...θin = ϵi1i2...in , (2.19)

where ϵi1i2...in is the Levi-Civita symbol. In quantum field theory, we need to deal with an

integral of an exponential of the quadratic form of two independent Grassmann algebras {θi}

and {θ̄j}, a handy formula is:∫
dθ̄1dθ̄2...dθ̄ndθ1dθ2...dθne

−θ̄iMijθj = detM. (2.20)

This is quite different from the Gaussian integral:∫
dx1dx2...dxne

− 1
2
xiMijxj =

√
(2π)n

detM
. (2.21)
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Under the continuum limit, the Grassmann field Ψ = Ψ(x) is labeled by continuous variable x,

just like θ labeled by integers. Then the fermionic path integral goes through all configurations

Ψ(x) and Ψ̄(x):

Z =

∫
DΨ̄DΨei

∫
d4xL[Ψ,Ψ̄] (2.22)

A formula analogous to Eq.2.20 is∫
DΨ̄DΨe−

∫
d4xd4yΨ̄(x)K̂x,yΨ(y) = det K̂, (2.23)

where K̂ usually is an operator, and det K̂ is the product of its all eigenvalues. An unusual

feature of Grassmann’s field is that the Jacobian determinant’s power will differ from the

usual integrals when the integral variables are changed. Specifically, we have:

DΨ̄′DΨ′ = detF−1 detF †−1DΨDΨ̄, (2.24)

where

Ψ′ = F [Ψ, Ψ̄] Ψ̄′ = F †[Ψ, Ψ̄]. (2.25)

2.3 Fujikawa method

Fujikawa method was proposed by Kazuo Fujikawa [44, 45, 46, 47] in 1970s. He

introduced a systematic way to compute chiral anomalies in quantum field theory. The

core idea is that the path integral should be invariant under renaming integral variables.

Specifically, we have:

Z =

∫
DΨ̄′DΨ′ei

∫
L[A,Ψ̄′,Ψ′] =

∫
DΨ̄DΨei

∫
L[A,Ψ̄,Ψ], (2.26)

where Ψ′ = F [Ψ, Ψ̄], Ψ̄′ = F †[Ψ, Ψ̄]. In the next, we take QED Lagrangian with a massless

fermion as an example:

L[A, Ψ̄,Ψ] = −1

4
FµνF

µν + Ψ̄(i/∂ − e /A)Ψ. (2.27)
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Consider the local chiral transformation on fermionic fields:

Ψ′(x) = eiα(x)γ
5

Ψ(x) =

∫
d4yJx,yΨ(y)

Ψ̄′(x) = Ψ̄eiα(x)γ
5

=

∫
d4yJx,yΨ̄

′(y),

(2.28)

which is treated as a transformation of the vectors carrying continuous index x, and the

corresponding matrix J with two continuous indices x, y is given by:

Jx,y = δ(x− y)eiα(x)γ
5

. (2.29)

The new Lagrangian is related to the old one by:

L[A, Ψ̄′,Ψ′] = L[A, Ψ̄,Ψ] + α(x)∂µJ5
µ, (2.30)

where J5
µ is the axial current Eq.2.7:

J5µ = Ψ̄γµγ5Ψ. (2.31)

Because this is a fermionic path integral, according to Eq.2.24, we have

DΨ̄′DΨ′ = (det J)−2DΨ̄DΨ. (2.32)

We now compute the determinant by applying the identity log det J = Tr log J . Also, notice

that powering the matrix J is equivalent to powering its exponent factor:

J2
x,y =

∫
dzJx,zJz,y

= δ(x− y)e2iα(x)γ
5

, and so forth.
(2.33)

Therefore we conclude

log Jx,y = δ(x− y) · iα(x)γ5. (2.34)

Using log det J = Tr log J , the determinant can be written as

(det J)−2 = exp

[
− 2i

∫
d4xα(x)Trδ(x− x)γ5

]
. (2.35)



28 2 ANOMALIES IN QUANTUM FIELD THEORY

Substituting Eq.2.35 and Eq.2.30 into Eq.2.26, we have∫
DΨ̄DΨexp

[
i

∫
d4x

(
L[A,Ψ, Ψ̄] + α(x)∂µJ5

µ

)
− 2i

∫
d4xα(x)Trδ(x− x)γ5

]
=

∫
DΨ̄DΨexp

[
i

∫
d4xL[A,Ψ, Ψ̄]

]
.

(2.36)

Due to the presence of δ(0), we must regulate δ-function. We introduce a regulator M in

momentum space and set it to be ∞ at the end of the calculation:

δ(x− y) =

∫
d4k

(2π)4
e(i /D)2/M2 ◦ e−ik(x−y)

=

∫
d4k

(2π)4
e−ik(x−y)e(i /D+/k)2/M2

,

(2.37)

whereDµ = ∂µ− ieAµ is the covariant derivative and /D = γµDµ, and ◦ operator here implies

the composition, instead of product. Expanding the square, we have

(i /D + /k)2 = k2 + 2ikµDµ − γµγνDµDν

= k2 + 2ikµDµ −D2 +
ie

4
[γµ, γν ]Fµν .

(2.38)

Putting Eq.2.38 into Eq.2.37 and setting kµ =Mqµ, the regularization now reads

δ(x− y) =M4

∫
d4q

(2π)4
e−iMq(x−y)eq

2+2ikµDµ/M−D2/M2+ie[γµ,γν ]Fµν/4M2

.

(2.39)

The Trδ(x− x)γ5 at M → ∞ limit is now:

Trδ(x− x)γ5 =
e2

2

∫
d4q

(2π)4
eq

2

FµνFαβTr
{
i

4
[γµ, γν ]

i

4
[γα, γβ]γ5

}
. (2.40)

To calculate the integral, we perform a Wick rotation q0 → iq0, and this gives:∫
d4q

(2π)4
eq

2

=
i

16π2
. (2.41)

The trace of gamma matrices is given by:

FµνFαβTr
{
i

4
[γµ, γν ]

i

4
[γα, γβ]γ5

}
= iϵµναβFµνFαβ. (2.42)
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The final result of regularization is then:

Trδ(x− x)γ5 = − e2

32π2
ϵµναβFµνFαβ. (2.43)

For Eq.2.36 to hold, we must have

∂µJ5
µ = − e2

16π2
ϵµναβFµνFαβ. (2.44)

It is straightforward to generalize the above to non-Abelian gauge theory:

∂µJ5
µ = − g2

16π2
T (R)ϵµναβF a

µνF
a
αβ, (2.45)

where T (R) is the index of the representation R of the gauge group.

The chiral anomaly has been a cornerstone in deepening our understanding of the interplay

between symmetries and quantum mechanics, enriching the landscape of quantum field theory,

and bridging the gap between theory and experiment. Notably, the chiral anomaly provided

explanations for experimental observations inconsistent with the theoretical framework. Fur-

thermore, it has become a fundamental concept in various branches of theoretical physics,

inspiring research in condensed matter physics, especially in topological materials.



CHAPTER 3

Instantons

An instanton is a classical solution to equations of motion on a Euclidean spacetime

[48]. Instanton can exist in both quantum mechanics and quantum field theory. Quantum

mechanical instanton gives the amplitude of penetration of energy barrier: tunneling between

different vacua. In quantum field theory, instanton is the solution of the (anti)self-dual solution

of the Yang-Mills equation. The so-called winding number, a topological invariant, classifies

it. Therefore, the true vacuum is a superposition of topologically inequivalent vacua. This

chapter aims to present some basics of the instanton. We start with tunneling in quantum

mechanics and BPST solution [1] in quantum field theory. We also briefly review the U(1)A

problem and Eguchi–Hanson gravitational instanton.

3.1 Instanton in quantum mechanics

3.1.1 Double-well potential

Let us consider the motion of a single particle [49], and the action is given by:

S =

∫
dtL, L =

(
dx

dt

)2

− V (x), V (x) = λ(x2 − a2)2, (3.1)

where V (x) is called double-well potential. The system possesses two lowest energy states:

x = −a and x = a. Classically, the particle can’t go from −a to a and vice versa due to the

energy barrier. We then would like to calculate the transition amplitude ⟨±a| e−iHt |±a⟩ for

large t in quantum mechanics. We shall focus on ⟨a| e−iHt |−a⟩, and the rest will follow a
30
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similar way. Following the formalism of path integral, the amplitude is given by

⟨a| e−iHt/ℏ |−a⟩ = N

∫
Dx(t)eiS/ℏ, (3.2)

where N is a normalization constant. Performing a Wick rotation T = it, we have

iS = −SE,

SE =

∫
dτ

(
dx

dτ

)2

+ λ(x2 − a2)2 =

∫
dτ

(
dx

dτ

)2

− (−λ(x2 − a2)2).
(3.3)

The amplitude ⟨a| e−iHt/ℏ |−a⟩ now reads

⟨a| e−iHt/ℏ |−a⟩ = ⟨a| e−HT/ℏ |−a⟩ = N

∫
Dx(τ)e−SE/ℏ. (3.4)

It is straightforward to solve the classical equation of motion X(τ) subject to boundary

condition X(±∞) = ±a:

X(τ) = a tanh
ω(τ − τ0)

2
, ω2 = 8λa2 = V ′′(0), (3.5)

where τ0 is an integral constant called the center of instanton. We can also reverse the

boundary condition as X(±∞) = ∓a to get the anti-instanton solution:

X̄(τ) = −a tanh ω(τ − τ0)

2
. (3.6)

FIGURE 3.1: Instanton solution X(τ)
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FIGURE 3.2: The potential λ(x2 − a2)2 gets reversed.

The physical interpretation for instanton/anti-instanton here is intuitive: by Wick rotation,

the potential λ(x2 − a2)2 gets reversed. Therefore the original potential barrier becomes a

track connecting −a and a. For large T , Eq.3.5 is not the unique solution describing the

motion −a→ a. We can also construct other solutions by alternatively arranging n widely

separated instanton/anti-instanton along the time axis. For instance, n = 3, the particle goes

from −a to a via an instanton solution, returns to −a through an anti-instanton solution, and

again goes from −a to a via another instanton solution.

FIGURE 3.3: n = 3: a string of two instantons and one anti-instanton. The
red segments represent the steeper parts of the instanton/anti-instanton, while
the blue segments represent the asymptotic behavior (approaching ±a)

Generally, there will be an odd number of instanton/anti-instantons along the time axis for

−a→ a. For each odd n, the leading contribution to ⟨a| e−HT/ℏ |−a⟩ reads [49](
ω

πℏ

)1/2

e−ωT/2
(κe−S0/ℏT )n

n!
, (3.7)
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where S0 = SE[X(τ)] and κ is some constant which indicates one instanton effect. Thus, the

total amplitude is

⟨a| e−HT/ℏ |−a⟩ =
∑

n=1,3,5..

(
ω

πℏ

)1/2

e−ωT/2
(κe−S0/ℏT )n

n!

=

(
ω

πℏ

)1/2

e−ωT/2 sinh
(
κe−S0/ℏT

)
.

(3.8)

Similarly,

⟨−a| e−HT/ℏ |−a⟩ =
(
ω

πℏ

)1/2

e−ωT/2 cosh
(
κe−S0/ℏT

)
. (3.9)

To get the ground state energy, we can insert identity I =
∑

n |n⟩ ⟨n| of energy eigenstates

|n⟩ into ⟨a| e−HT/ℏ |−a⟩:

⟨±a| e−HT/ℏ |−a⟩ =
∑
n

e−EnT/ℏ ⟨±a|n⟩ ⟨n|−a⟩ . (3.10)

Comparing to Eq.3.8 and Eq.3.9, we can define:

E0
± =

1

2
ℏω ± ℏκe−S0/ℏ, (3.11)

where E+ corresponds to the energy of reflection-odd vacuum state |+⟩ = (|+a⟩−|−a⟩)/
√
2,

and E− corresponds to the energy of reflection-even vacuum state |−⟩ = (|+a⟩+ |−a⟩)/
√
2.

The above calculation shows that instantons enable the particle to penetrate the potential

energy barrier at the quantum level, allowing some motion that cannot be seen at the classical

level. Moreover, the ground state energy also gets a correction proportion to κ, which indicates

the instanton effect.

3.1.2 Collective coordinates

In the previous discussion, we see there is an integration constant τ0 in Eq.3.5:

X(τ) = a tanh
ω(τ − τ0)

2
. (3.12)

Changing τ0 leaves total action SE invariant, but it does affect the shape of X(τ). This

integration constant τ0 is called collective coordinate. The path integral can be changed
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to an ordinary integral of collective coordinate. To do this, we first expand the x(τ) as

X(τ, τ0) + δx(τ):

SE[X(τ) + δx(τ)] = S0 +

∫
dτ ′δx(τ ′)

[
− 1

2

d2

dτ ′2
+ V ′′[X(τ ′)]

]
δx(τ ′). (3.13)

The linear order of δx(τ) vanishes due to the equation of motion. The functional measure

now reads ∫
Dx(τ) =

∫
Dδx(τ). (3.14)

Choosing a set of orthonormal eigenfunctions {xi(τ ′)} as basis for operator −1
2
d2/dτ ′2 +

V ′′[X(τ ′)] and expanding x(τ ′) as:

x(τ ′) = X(τ, τ0) + δx(τ)

= X(τ, τ0) +
∑
i

cixi(τ)
(3.15)

then
∫
Dδx(τ) can be further written as∫

Dδx(τ) =
∫ ∏

dci. (3.16)

The whole path integral is evaluated as

Z ∝ e−S0

∫ ∏
dci exp

{
−1

2
λic

2
i

}
= e−S0

∏
i

λ
−1/2
i .

(3.17)

But changing τ0 leaves SE invariant:

SE[X(τ, τ0 +∆τ0)] = SE[X(τ, τ0)]

=⇒ SE[X(τ, τ0)] = SE[X(τ, τ0) + ∂τ0X ·∆τ0].
(3.18)

Therefore S−1/2
0 ∂τ0X(τ, τ0) is a zero mode of −1

2
d2/dτ ′2+V ′′[X(τ ′)], which implies

∏
i λ

−1/2
i

is badly defined. To fix this, let us set the first eigenfunction x1(τ) to be S−1/2
0 ∂τ0X(τ, τ0) and

λ1 = 0. We must change integral
∫
dc1 to

∫
dτ0. If one changes c1 by dc1, then the increment

of x(τ) is

dx(τ) = x1(τ)dc1. (3.19)
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On the other hand, a shift dτ0 of τ0 gives

dx(τ) =
dX(τ, τ0)

dτ0
dτ0 =

√
S0x1(τ)dτ0. (3.20)

Equating two dx(τ)’s we have

dc1 =
√
S0dτ0, τ0 ∈ (−T/2, T/2). (3.21)

In summary, when calculating path integral involving instantons, one can convert functional

integral to ordinary integral of collective coordinates and compute the Jacobian. This is true

not only for quantum mechanics but also for quantum field theory.

3.2 Yang-Mills instanton

3.2.1 BPST solution

We have seen that the presence of an instanton allows a particle to penetrate a potential

barrier. The next question we would like to ask is, are there similar phenomena in field theory?

Consider SU(2) Yang-Mills theory in Euclidean spacetime (+,+,+,+). The ground

state has vanishing field strength tensor Fµν = 0. The corresponding gauge potential Aµ is

therefore a pure gauge:

Aµ =
i

g
U∂µU

†, U ∈ SU(2). (3.22)

We restrict ourselves to temporal gauge A0 = 0, which implies U is independent of time, so

U = U(x⃗). We also require U(x⃗) to be defined at |x⃗| = ∞, independent of direction. This

means U(x⃗) is defined on R3 ∪∞, which is a topological space homeomorphic to S31. On

the other hand, the gauge group SU(2) is homeomorphic to S3 as well. This can be seen from

the explicit construction:

a0I + a⃗ · iσ⃗ ∈ SU(2), a20 + |⃗a|2 = 1, (3.23)

1Topologically, this is called one-point compactification
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where σ⃗ are Pauli matrices. Therefore U(x⃗) is a map from S3 to itself. Consider two such

pure gauge configurations:

Aµ =
i

g
UA∂µU

†
A, Bµ =

i

g
UB∂µU

†
B. (3.24)

Both Aµ and Bµ give vanishing field strength. If UA can be deformed to UB smoothly2, then

Aµ and Bµ are equivalent, and there is single quantum vacuum state. The real thing is, such

U(x⃗) is a map from S3 to itself that can be classified by a topological invariant called winding

number, usually denoted as ν, a mathematical concept used to quantify how many times a

closed path encircles a point. In quantum field theory, the winding number determines how

often a field wraps around a specific space, e.g., S3. It has been shown that ν is given by:

ν = − 1

24π2

∫
S3

d3xϵijkTr(U∂iU †U∂jU
†U∂kU

†). (3.25)

The winding number has some important properties:

• ν is always an integer. If U1 has winding ν1 and U2 has winding number ν2, then

U1U2 has winding number ν1 + ν2, i.e., ν(U1U2) = ν(U1) + ν(U2).

• Two U ’s give the same ν if and only if they are homotopic (one can be smoothly

deformed to the other).

• The integral is coordinate-free. One can simple replace d3x and ∂x with d3y and ∂y

when working in new coordinate frame y⃗.

So we conclude that the SU(2) pure Yang-Mills theory has infinitely many vacuum states |n⟩

classified by winding number n. Energy barriers separate these vacua because the tunneling

between two distinct vacuum states(of different winding numbers) is not smooth and hence

must experience a moment when Aµ is not a pure gauge, giving non-vanishing field strength

tensor Fµν .

To find a classical solution to the Yang-Mills equation, we can view Euclidean spacetime

R4 as a cylinder with sufficiently large radius R and height T . At t = ±T/2, Aµ is pure

gauge iU±∂µU
†
±/g with winding number ν± and is vanishing at |x⃗| = ∞ for any time

2Topologically, UA is homotopic to UB
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FIGURE 3.4: A visualization of A: we have chosen A0 = 0 so A is perpen-
dicular to time axis. A is always vanishing at the space boundary at any time.

t. Since the surface of a cylinder is homeomorphic to S3 as well, we therefore have a

map U : S3 → SU(2) at r =
√
t2 + |x⃗|2 = ∞. The corresponding winding number

ν is clearly ν+ − ν− and can be conventionally written in terms of spherical coordinates

(t, x⃗) = (r sinχ sinψ cosϕ, r sinχ sinψ sinϕ, r sinχ cosψ, r cosχ):

ν = − 1

24π2

∫ π

0

dχ

∫ π

0

dψ

∫ 2π

0

dϕϵαβγTr(U∂αU †U∂βU
†U∂γU

†), (3.26)

where α, β, γ run over angles, and U is independent of r. It is also useful to define the

Chern-Simons current:

Jµ = 2ϵµναβTr(AνFαβ +
2

3
igAνAαAβ). (3.27)

A simple calculation shows:

ν =
g2

32π2

∫
d4x∂µJ

µ

=
g2

16π2

∫
d4xTr(∗FµνF µν),

(3.28)

where ∗Fµν = 1
2
ϵµναβF

αβ is the dual field strength tensor. The boundary condition for Aµ is

lim
r→∞

Aµ(t, x⃗) =
i

g
U(x/r)∂µU

†(x/r). (3.29)

Since Yang-Mills theory is gauge-invariant, we can gauge Aµ with any gk ∈ SU(2) of

winding number k. This will shift ν± by k, but the total winding number ν is unchanged. To

derive the Yang-Mills equation, we shall minimize Euclidean action

SE =
1

2

∫
d4xTr(FµνF µν) (3.30)
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with the given winding number ν. The key point is the following equality:

Tr(∗Fµν ± Fµν)
2 = 2Tr(FµνF µν)± 2Tr(∗FµνF µν), (3.31)

from which we have

SE ≥ 1

2

∣∣∣∣ ∫ d4xTr(∗FµνF µν)

∣∣∣∣ = 8π2

g2
|ν|. (3.32)

We can see that the equation holds if and only if

∗Fµν = ±Fµν , (3.33)

i.e., Fµν is (anti)self-dual, and corresponding Aµ is (anti) instanton. Using Eq.3.29, we can

make the ansatz

Aµ(t, x⃗) =
i

g
f(r)U(x/r)∂µU

†(x/r), (3.34)

where f(∞) = 1 and f(0) = 0. We consider ν = 1 instanton solution Fµν = ∗Fµν , and U is

precisely constructed from Eq.3.23:

U(x/r) =
t+ x⃗ · iσ⃗

r
. (3.35)

Solving the self-dual equation, we get

Aµ =
i

g

r2

r2 + a2
U(x/r)∂µU

†(x/r), (3.36)

where a is a constant of integration, known as the size of instanton. The solution Eq.3.36 is

called BPST solution [1]. It mediates the tunneling between a vacuum of winding number ν−

at t = −T/2 and another vacuum of winding number ν+ = ν− + 1 at t = T/2. This once

again confirms the property of instanton: it allows the system to penetrate barriers, tunneling

between inequivalent vacua.

3.2.2 θ-vacuum and θ-term

Due to the instantons, we see that the true SU(2) Yang-Mills theory vacuum should be a

superposition of an infinite set of topologically inequivalent vacuum states |n⟩’s, where n is
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the instanton number. This is known as θ-vacuum:

|θ⟩ =
∑
n

e−inθ |n⟩ . (3.37)

To understand more about the θ vacuum, we calculate the amplitude |θ⟩ → |θ′⟩:

⟨θ′| e−HT |θ⟩ =
∑
ν+,ν−

⟨ν+| e−HT eiν+θ
′−iν−θ |ν−⟩

=
∑
ν+,ν−

⟨ν+| e−HT eiν−θ
′+iνθ′−iν−θ |ν−⟩

= δ(θ − θ′)
∑
ν

⟨ν+| e−HT eiνθ |ν−⟩

= δ(θ − θ′)
∑
ν

∫
DA[ν]e

−SE+iνθ,

(3.38)

where A[ν] represents a gauge potential of winding number ν. To complete the summation, we

can see that the
∑

ν

∫
DA[ν] sums over all possible configurations of A, and we can replace it

with
∫
DA. Using Eq.3.28, we have∑

ν

∫
DA[ν]e

−SE+iνθ =

∫
DA exp

{∫
d4x

[
− 1

2
Tr(FµνF µν) +

ig2θ

16π2
Tr(∗FµνF µν)

]}
.

(3.39)

We can see an additional interacting term Tr(∗FF ), and the coupling constant is proportional

to θ. We can go back to Minkowski spacetime to get the path integral of Yang-Mills theory:

Z(A) =

∫
DAei

∫
d4x(LY M+Lθ)

=

∫
DA exp

{∫
d4x

[
− i

2
Tr(FµνF µν)− ig2θ

16π2
Tr(∗FµνF µν)

]}
,

(3.40)

where

LYM = −1

2
Tr(FµνF µν), Lθ = − g2θ

16π2
Tr(∗FµνF µν). (3.41)

The Lθ is known as θ-term, and it didn’t appear in Yang-Mills theory until we consider the

nontrivial topology of the vacuum. θ-term is a total divergence by Eq.3.28 and therefore

doesn’t affect the equation of motion or the Feynman rules. However, this term is gauge-

invariant and violates CP symmetry, leading to the well-known strong CP problem.
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3.3 U(1)A problem

For a long time, chiral symmetry has been considered spontaneously broken. According

to Goldstone’s theorem, there must be a very light boson. However, it was not observed in

the experiment. This is the U(1)A problem [50]. We will review the basic chiral symmetry

breaking and present ’t Hooft’s instanton solution to U(1)A problem.

3.3.1 Chiral symmetry breaking and the missing Goldstone boson

Let us consider a simple QCD model with only up and down quarks:

L = −1

4
Ga
µνG

aµν + iū /Du+ id̄ /Dd, (3.42)

where we have ignored quarks’ mass since it is small compared to ΛQCD ∼ 300MeV . To

demonstrate the symmetry better, we can also write the Lagrangian in terms of left- and

right-handed spinors uL/R = 1
2
(1∓ γ5)u and dL/R = 1

2
(1∓ γ5)d:

L = −1

4
Ga
µνG

aµν + iūL /DuL + iūR /DuR + id̄L /DdL + id̄R /DdR. (3.43)

We see that the Lagrangian is invariant under chiral symmetry U(2)L × U(2)R = SU(2)V ×

SU(2)A × U(1)V × U(1)A. In terms of flavour doublet qiL/R = (uL/R, dL/R)
T , these four

symmetries are written as:

SU(2)V : qL → gqL, qR → gqR

SU(2)A : qL → gqL, qR → g†qR

U(1)V : qL → eiθqL, qR → eiθqR

U(1)A : qL → eiθqL, qR → e−iθqR,

(3.44)

where g ∈ SU(2) and θ ∈ R. At low temperatures (roughly below ΛQCD), the bilinear quark

operator qiLq̄
j
R acquires a non-vanishing expectation value:

< q̄iLq
j
R >= −V 3δij, V ∼ ΛQCD. (3.45)
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This phenomenon is known as quark condensate. We see that the vacuum only respects

symmetry SU(2)V × U(1)V , and SU(2)A × U(1)A is spontaneous broken. According to

Goldstone theorem, there will be four massless bosons3. The first three bosons are pions

π⃗ = (π±, π0), and the fourth has never been observed in the laboratory. This is called U(1)A

problem [50]. In fact, there is a candidate particle: η’, but its mass (950MeV ) is much heavier

than theoretic bound
√
3mπ ≈ 240MeV . An alternative form of the U(1)A problem is: Why

is η’ so heavy?

3.3.2 Instanton solution

The resolution is pretty simple: from Chapter 2, we know that U(1)A is an anomaly;

therefore, we shouldn’t expect any Goldstone boson. Gerard ’t Hooft presented a toy model

[51] to visualize how instanton solves this issue. As shown in [52], the instanton induces an

effective quark determinant interaction:

Leff = κeiθ det q̄RqL + h.c, (3.46)

where κ is a constant and det is taken on flavour indices. This interaction violates U(1)A. To

model the instanton solution, we define a meson field ϕ that transforms under U(2)L×U(2)R:

ϕij = q̄iRq
j
L. (3.47)

We also have an Lagrangian invariant under U(2)L × U(2)R:

L0 = −Tr∂µϕ∂µϕ† − V (ϕ) (3.48)

Because ϕ is a 2×2 complex field, we can expand it as eight physical particle states σ, η, α⃗, π⃗:

ϕ =
1

2
(σ + iη) +

1

2
(α⃗ + iπ⃗) · τ⃗ , (3.49)

where τ⃗ are Pauli matrices. Since the symmetry breaks down to SU(2)V × U(1)V , we must

have

⟨σ⟩ = f ̸= 0, ⟨η⟩ = ⟨α⃗⟩ = ⟨π⃗⟩ = 0. (3.50)

3In reality, chiral symmetry is explicitly broken by the mass of quarks. Hence the bosons are not massless.
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The four massless Goldstone bosons are η and π⃗. However, due to the instanton effect, L0

gets modified by interaction Eq.3.46:

Leff = κeiθ det q̄RqL + h.c

= κeiθ[(σ + iη)2 − (α⃗ + iπ⃗)2] + h.c.
(3.51)

We can use the U(1) symmetry of ϕ to rotate θ via

ϕ→ ei(π−θ)/2ϕ. (3.52)

So Leff becomes

Leff = −2κ(σ2 + π⃗2 − η2 − α⃗2). (3.53)

We see that η’s mass is lifted by instanton effect κ, while pions are still massless. The key

ingredients of the Instanton solution are:

• The axial U(1)Asymmetry is explicitly broken by effective interaction Leff which is

induced by instanton.

• For L0, the symmetry is spontaneously broken, but one of the resulting Goldstone

bosons acquires mass from the instanton effect.

3.4 Gravitational instanton

Gravitational instanton [53, 54, 2] is a solution to the vacuum Einstein field equations

with finite action on Riemannian manifold, giving (anti)self-dual curvature tensor. They

are analogs in Yang-Mills theory’s quantum theories of gravity of instantons. This chapter

discusses an (anti)self-dual solution to Euclidean gravity and Yang-Mills instanton in this

background.
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3.4.1 Eguchi–Hanson solution

Let (t, x, y, z) be a coordinate system on a Riemannian manifold. Changing to spherical

coordinates (r, θ, ϕ, ψ), we have

x+ iy = r cos
θ

2
exp

{
i

2
(ψ + ϕ)

}
, z + it = r cos

θ

2
exp

{
i

2
(ψ − ϕ)

}
, (3.54)

where r2 = t2 + x2 + y2 + z2 and the range of angles θ, ϕ, ψ are

0 ≤ θ ≤ π, o ≤ ϕ ≤ 2π, 0 ≤ ψ ≤ 4π. (3.55)

It is useful to introduce three useful 1-forms:

σx =
1

2
(sinψdθ − sin θ cosψdϕ)

σy =
1

2
(− cosψdθ − sin θ sinψdϕ)

σz =
1

2
(dψ + cos θdϕ).

(3.56)

These 1-forms satisfy identities

dσx = 2σy ∧ σz, and so forth. (3.57)

Consider the structure equations for connection 1-form ωab:

dea + ωab ∧ eb = 0, (3.58)

where ea is the tetrad under which the metric is locally flat, i.e., the component is δab.

Differentiating Eq.3.58, we get the first Bianchi identity

Ra
b ∧ eb = 0 ⇐⇒ ϵebcdR

a
bcd = 0, (3.59)

where R = dω + ω ∧ ω is the Riemann tensor. Define the "dual’ of R:

R̃a
b =

1

2
ϵabcdR

c
d, (3.60)

then the vacuum Einstein equation Rac
bc = 0 can be conventionally written as

R̃a
b ∧ eb = 0. (3.61)
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Combining with Eq.3.59, we see that if the Riemann tensor R is (anti) self-dual:

Ra
b = ±R̃a

b, (3.62)

then the vacuum Einstein equation is solved. Further, it can be shown that the corresponding

connection 1-form ω is (anti) self-dual as well by choosing the appropriate gauge, i.e.,

ωab = ±1

2
ϵabcdω

c
d. (3.63)

We now make an axially symmetric ansatz for the metric:

ds2 = f 2(r)dr2 + r2(σ2
x + σ2

y + g2(r)σ2
z), (3.64)

where the boundary conditions for the unknown function f(r) and g(r) are

f(+∞) = 1, g(+∞) = 1. (3.65)

That is to say, at r = ∞, the metric is flat. It is not difficult to get corresponding tetrad ea’s

e = (f(r)dr, rσx, rσy, g(r)σz), (3.66)

and the connection ω is

ω0
1 =

1

rf(r)
e1, ω2

0 =
1

rf(r)
e2, ω3

0 =

(
1

rf(r)
+

g′(r)

f(r)g(r)

)
e3

ω2
3 =

g(r)

r
e1, ω3

1 =
g(r)

r
e2, ω1

2 =
2− g2(r)

rg(r)
e3.

(3.67)

Imposing anti self-dual condition, we get differential equations for f(r) and g(r):

f(r)g(r) = 1, g(r) + rg′(r) = f(r)(2− g2(r)). (3.68)

This system is solvable, and the result is

f 2(r) =
1

1− a4

r4

, g2(r) = 1− a4

r4
, (3.69)

where a is a constant. Therefore the metric is

ds2 =
1

1− a4

r4

dr2 + r2(σ2
x + σ2

y) + r2(1− a4

r4
)σ2

z , (3.70)
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which is known as Eguchi-Hanson metric [55, 56, 57].

We now analyze the singularity r = a. By defining

u2 = r2
(
1− a4

r4

)
, (3.71)

the metric Eq.3.70 can be written as

ds2 =
1

(1 + a4

r4
)2
du2 + u2σ2

z + r2(σ2
x + σ2

y). (3.72)

Near r = a (u = 0), the metric is

ds2 ≈ 1

4
du2 +

1

4
u2(dψ + cos θdϕ)2 +

a2

4
(dθ2 + sin2 θdϕ2). (3.73)

We find that for fixed θ, ϕ the metric reduces to the flat one on R2 provided we half the range

of ψ:

0 < ψ < 4π → 0 < ψ < 2π. (3.74)

By doing so, u = 0 is a removable singularity caused by a bad choice of coordinates frame,

and the topology near there is then R2 × S2. However, the boundary now is not S3, although

the metric there is flat as r becomes large. Instead, the boundary is S3/Z2 = RP 3, locally

homeomorphic to Euclidean space. Such a manifold is called asymptotically locally Euclidean

[58].

3.4.2 Gauge fields in Gravitational instanton background

Consider the Einstein–Yang-Mills theory, which involves gravity and gauge field on the

Riemann manifold:

S = − 1

16π

∫
M

d4x
√
gR +

1

4g2QCD

∫
M

d4x
√
gF a

µνF
aµν . (3.75)
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The equations of motion read:

Rµν −
1

2
gµνR = Tµν ,

Tµν =
8π

g2QCD

[
F a
µβF

aβ
ν − 1

4
gµν(F

a
λτF

aλτ )

]
,

Dµ(
√
g ∗ F aµν) = 0,

(3.76)

where Rµν is the Ricci tensor, R is the Ricci scalar and Dµ = ∂µ + Aµ is the covariant

derivative operator. The first is the Einstein equation, and the third is the Yang-Mills equation.

On the Riemann manifold, energy–momentum tensor Tµν has an important property: its sign

gets flipped when replacing Fµ by its dual ∗Fµν . Therefore when the Yang-Mills equation is

solved by F = ± ∗ F , we get a vacuum Einstein equation. In other words, the first and the

third equations in Eq.3.76 can be satisfied by vacuum solutions simultaneously [59]:

Rµν −
1

2
gµνR = 0, Fµν = ± ∗ Fµν . (3.77)

When the gauge group is Abelian, i.e., U(1) gauge theory, the solution is given by [58, 55, 56]:

Ar = Aθ = 0, Aϕ =
Qa2

r2
cos θ, Aψ =

Qa2

r2
. (3.78)

Solution Eq.3.78 violates the chiral charge, leading to an extra CP-violation term [60]. This is

quite different from the situation in flat spacetime where there does not exist U(1) instanton

due to the triviality of π3(S1).

The interesting thing here is the solution for the non-Abelian gauge theory. We choose

Eguchi-Hanson metric Eq.3.70 to satisfy Einstein’s equation:

ds2 = c2rdr
2 +

3∑
i=1

c2i (σ
i)2,

cr =
1√

1− a4

r4

, c1 = c2 =
1

2
r, c3 =

1

2
r

√
1− a4

r4
,

(3.79)
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where we have re-scaled it. We also remove the factor −1/2 of 1-forms Eq.3.56:

σ1 = − sinψdθ + cosψ sin θdϕ,

σ2 = cosψdθ + sinψ sin θdϕ,

σ3 = −dψ − cos θdϕ.

(3.80)

We shall focus on SU(2) gauge theory:

A = Aiσi, Ai = Aai T
a, (3.81)

where Ai’s are matrices and T a = −iτa/2 is anti-Hermitian SU(2) generator: [T a, T b] =

ϵabcT c. The corresponding field strength tenor F is then

F = dA+ A ∧ A

=
∂rAi
crci

e0 ∧ ei −
∑
j<k

Ai
cjck

ϵijkej ∧ ek +
∑
j<k

[Aj, Ak]e
j ∧ ek

(3.82)

where eµ = {e0 = crdr, e
i = ciσ

i} is the tetrad basis. The self-dual equation F = ∗F

explicitly reads
∂rA1

crc1
= − A1

c2c3
+

1

c2c3
[A2, A3]

∂rA2

crc2
= − A2

c1c3
+

1

c1c3
[A3, A1]

∂rA3

crc3
= − A3

c1c2
+

1

c1c2
[A1, A2].

(3.83)

The solution is then

A1
1 = A2

2 = 2
√
∆

λ(r4 − a4)
√
∆/(2a2)

λ2(r2 + a2)
√
∆/a2 − (r2 − a2)

√
∆/a2

· 1√
r4 − a4

A3
3 =

√
∆
λ2(r2 + a2)

√
∆/a2 + (r2 − a2)

√
∆/a2

λ2(r2 + a2)
√
∆/a2 − (r2 − a2)

√
∆/a2

· 1

r2
,

(3.84)

where λ and ∆ are integration constants. Solution Eq.3.84 is equivalent to [61, 62, 63, 64, 65],

and we can also recover the solutions in [59] and [66]. For instance, choosing

λ = 1,
√
∆ = 2a2 (3.85)
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gives

A1
1 = A2

2 =

√
1− a4

r4
, A3

3 = 1 +
a4

r4
, (3.86)

Which is the solution in [59]. Choosing

√
∆ = a2, t2 =

λ2 + 1

λ2 − 1
a2 (3.87)

and keeping λ general gives

A1
1 = A2

2 =

√
t4 − a4

r2 + t2
, A3

3 =
t2r2 + a4

r2(r2 + t2)
, (3.88)

which is the solution in [66]. We call this combined solution (gµν , Aµ) colored gravitational

Eguchi-Hanson instanton (CEH), for the reason that Fµν is a non-Abelian gauge field living

in gravitational instanton background.

3.5 Appendix:tetrad and Bianchi identities

3.5.1 tetrad in geometry

The concept of a tetrad, also known as a vierbein, is a set of four linearly independent

vectors (usually denoted as ea, a = 0, 1, 2, 3) at each point of a four-dimensional spacetime

manifold. Under a tetrad, the metric is locally flat, meaning it is Minkowski (−1,+1,+1,+1)

or Euclidean (+1,+1,+1,+1) within certain open set. A vector T ’s components under vector

basis ∂µ and tetrad are related by matrix eµa :

T = T µ∂µ, T = T aea,

T µ = T aeµa ,
(3.89)

where eµa is defined by

ea = eµa∂µ. (3.90)

The physical meaning of tetrad is the "free-falling frame" in which the effects of gravity are

not experienced. The physics of free-falling observers see is as if they were in an inertial

frame.
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3.5.2 Bianchi identities

Recall Riemann curvature tensor is given by

Rijkl = ∂jω
l
ik − ∂kω

l
ij + ωljmω

m
ik − ωlkmω

m
ij (3.91)

It is easy to see, for a fixed l, we have the first Bianchi identity:

Rijkl +Rkijl +Rjkil = 0. (3.92)

For the second Bianchi identity, we first compute the covariant of the Riemann tensor:

∇pRijkl = ∂pRijkl − ΓmpiRmjkl − ΓmpjRimkl − ΓmpkRijml − ΓmplRijkm. (3.93)

We then sum cyclically over the indices p, j, k to get the second Bianchi identity:

∇pRijkl +∇jRikpl +∇kRijpl = 0 (3.94)



CHAPTER 4

The strong CP problem and the axion

Nature has three fundamental discrete symmetries: charge conjugation C that converts

particles with their antiparticles and vice versa; parity P that reverses the spatial axes,

converting left-handed particles into right-handed ones and vice versa; time reversal T that

reverses the direction of time. CPT theorem [67, 68] states that physical laws are invariant

under the product of these three transformations. People are interested in some symmetry-

breaking effects, especially CP-violating ones. CP violation refers to the product CP being

broken, giving unusual differences between particles and antiparticles. The earliest CP-

violating phenomenon was the decay of neutral kaons, observed in 1964 [69]: neutral kaon

decays into two pions, while its antiparticle decays into two antipions. These two processes

had different rates, implying CP violation.

In the electroweak theory, the CKM matrix [35, 36], which mixes different generations of

quarks, is a source of CP violation. Its phase is crucial for matter-antimatter asymmetry from

the baryogenesis in the early universe.

PMNS matrix [37, 38], is another source of CP violation in the electroweak theory. It

describes the mixing between different generations of neutrinos, giving so-called neutrino

oscillations, and its phase leads to different survival probabilities of neutrinos and antineut-

rinos. Nevertheless, it is hard to detect CP violation in QCD, which is inconsistent with its

mathematical construction, leading to the well-known strong CP problem.

50
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4.1 The Strong CP problem

The neutron possesses a non-zero electric dipole moment (nEDM), which measures

the separation of positive and negative electric charges. The nEDM violates parity P and

time-reversal T symmetry, implying CP is also violated. The current bound of nEDM is

dn < 3× 10−26ecm [70, 71, 72, 73, 74, 75, 76], which leads to a rather tiny bound on QCD-θ

parameter (see Eq.3.41) [3, 77]:

θ < 10−10. (4.1)

This is the strong CP problem: why is θ so small?

As a fundamental parameter in QCD, θ is expected to be of order one, but it is hard to

detect CP violation in strong interactions in the experiment. Moreover, any physical laws or

principles do not constrain it, and even the SM cannot account for this tiny bound.

4.2 Axion

4.2.1 Peccei–Quinn solution

The key point of Peccei–Quinn (PQ) solution [4, 5] to the strong CP problem is to

promote θ as a field such that its expectation value is small enough. To achieve this, one has

to extend SM with an additional Higgs field such that a new U(1) symmetry called U(1)PQ is

spontaneously broken, and the resultant Goldstone boson is called axion [78, 79, 80, 81, 82,

83].

The fermion-Higgs Yukawa coupling for two flavors (u, d) reads

LY = YuQ̄LH2uR + YdQ̄LH1dR + h.c. (4.2)

where QL = (uL, dL), H1 = (ϕ+
1 , ϕ

0
1) is the SM Higgs field and H2 = (ϕ+

2 , ϕ
0
2) is the new

introduced Higgs field. This modified Yukawa coupling possesses a new charged symmetry
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U(1)PQ:

QL → eiXLQL, uR → e−iXuR , dR → e−iXdRdR, H1,2 → e−iX1,2H1,2, (4.3)

and these PQ charges satisfy

X1 = XL −XdR , X2 = XL −XuR . (4.4)

Evidently, U(1)PQ is comprised of U(1)A and another two U(1)’s from Higgs sector. When

ϕ0
1,2 acquire their vacuum expectation value v1,2/

√
2, the spontaneous symmetry breaking

occurs. One Goldstone boson is eaten by Z0 boson, and its orthogonal complement part is the

axion field a = a(x). Specifically, we have

H1 =
v1√
2
e
i

av2
fav1

0

1

 , H2 =
v2√
2
e
i

av1
fav2

1

0

 , (4.5)

where fa =
√
v21 + v22 is the symmetry breaking scale. We can continue to rotate a field away

from mass term 1:

u→ e
−iγ5 av1

2fav2 u, d→ e
−iγ5 av2

2fav1 d. (4.6)

This local U(1)A induces a modification of θ term in Lagrangian:

g2θ

16π2
Tr(∗GµνG

µν) → g2

16π2

[
θ +

a

fa
N

(
x+

1

x

)]
Tr(∗GµνG

µν), (4.7)

whereN is the anomaly coefficient and x = v1/v2. The axion now extends the SM Lagrangian:

L = LSM +
g2

16π2

[
θ +

a

fa
N

(
x+

1

x

)]
Tr(∗GµνG

µν)− 1

2
∂µa∂

µa+ L[∂a,Ψ]. (4.8)

This model is called Peccei-Quinn-Weinberg-Wilczek (PQWW) model [4, 5, 78, 79]. Integ-

rating out QCD instanton, the coupling between axion and gluons gives rise to the effective

potential for the axion:

Veff = −K cos

(
N
a

fa
+ θ

)
. (4.9)

This potential is minimized when

N
⟨a⟩
fa

+ θ = 0, (4.10)

1In the original model, left-handed quarks are not PQ charged.
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so that the CP -odd term in QCD is eliminated. This ingenious idea has been ruled out by

the experiment [84, 85, 86, 87]. Because fa is the source of both fermions and W/Z bosons,

SM requires a small fa ≈ 246GeV, which predicts a detectable signal in the laboratory. Yet

nothing has been detected.

4.2.2 Invisible axion models

The flaw of the PQWW model is that the axion field is identified with the phase of the

scalar field whose vacuum expectation value fa is also the source of SM particles. The

smallness of fa implies a relatively large coupling (∝ 1/fa) between the axion and other

particles. To avoid this dilemma, it is reasonable to introduce a scalar field Φ (generally called

the PQ field) whose vacuum expectation value is much higher than the electroweak scale

and carries no electric or weak charge. Large fa gives a rather weak coupling between axion

and other particles, therefore ’invisible’.There are two benchmark invisible axion models:

Kim-Shifman-Vainshtein-Zakharov (KSVZ) model and Dine-Fischler-Srednicki-Zhitnisky

(DFSZ) model.

The KSVZ model

In the KSVZ model [80, 81], the scalar field Φ couples to a heavy quark Q which is a singlet

under electroweak symmetry SU(2)L × U(1)Y and fundamental in color symmetry SU(3)c:

LPQ = −λQQ̄LΦQR + h.c. (4.11)

Only Φ and Q are PQ-charged, while the fermions are not. The U(1)PQ symmetry reads

QL → eiα/2QL, QR → e−iα/2QR, Φ → eiαΦ, (4.12)

and the symmetry of potential V (|Φ|2 − f 2
a ) of Φ is spontaneous broken under U(1)PQ. In

the KSVZ model, axion does not couple to fermions at tree level, and the unique coupling

between axion and SM is aGG̃.

The DFSZ model

The construction of the DFSZ [83, 82] model is a little complicated. We still have two Higgs

fields as in the PQWW model, and the PQ field Φ is an SM singlet. They couple to each other
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via a quartic term:

LPQ = −λϕT1C(Φ†)2ϕ2 + h.c. (4.13)

The fermions are PQ-charged but indirectly couple to Φ via Higgs potential.



CHAPTER 5

Axion phenomenology

This chapter discusses the phenomenology of the axion. We will briefly review the observation

methods of axions and the constraints of the coupling coefficients of axions with electrons,

photons, and nucleons. We will also discuss dark matter axions and their production. The

axion-photon limit picture is from github.com/cajohare/AxionLimits.

5.1 Axion detection

We generally use helioscopes to detect solar axions. Typical experiments in solar axion

detection include the CERN Axion Solar Telescope (CAST) [88, 89, 90] and the proposed

International Axion Observatory (IAXO) [91, 92]. CAST uses a decommissioned Large

Hadron Collider (LHC) test magnet to convert solar axions back to photons. IAXO represents

the next generation of axion helioscopes. Its design includes a new large-scale magnet, a

superconducting, multi-bore, toroidal configuration, producing an intense magnetic field over

a large volume. IAXO aims to be more sensitive to the axion-photon coupling than an order

of magnitude beyond the CAST bound. It will also be capable of testing the range of values

for axion-electron coupling, exploring areas beyond current astrophysical bounds.

In addition to solar axions, research also focuses on dark matter axions. Experiments like

the Axion Dark Matter Experiment (ADMX) [93] and the Haloscope at Yale (HAYSTAC)

[94] use haloscopes, which comprise a powerful magnet and a microwave cavity to convert

dark matter axions into photons for detection. Further developments in dark matter axions

detection are seen in the CAST-CAPP [95] and RADES [96], which experiment with new

cavity designs to enhance sensitivity to higher axion mass ranges.
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Some detections are just done in the laboratory. The OSQAR [97] experiments at CERN

explore axion-like particles (ALPs) through a technique known as "Light Shining through

Wall" (LSW). In this innovative approach, a laser beam is directed at a barrier that blocks

photons but theoretically allows axions to pass through. If axions exist and are produced, they

would traverse the barrier and then convert back into detectable photons on the other side,

essentially "shining" light through an opaque wall. This conversion is expected to occur in

strong magnetic fields, facilitating the photon-axion-photon transformation.

FIGURE 5.1: Current axion-photon limits. Red: purely laboratory experi-
ments. Green: astrophysical detection. Blue: cosmological constraints. The
yellow band is the so-called "QCD-band, " which shows KSVZ and DFSZ
models.
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5.2 Axions in Astrophysics

The axions can be produced in the stars and can escape easily. This process makes the

star lose energy and shortens the star’s life. We can make use of this mechanism to constrain

the axion.

Helium Ignition and white dwarfs

When a star like the Sun exhausts its hydrogen fuel in the core, it doesn’t immediately

begin to burn helium. Instead, the core (now predominantly helium) contracts and heats

up due to gravitational pressure. This contraction of the core triggers hydrogen burning in

a surrounding shell, expanding the star’s outer layers, cooling them, and giving the star a

reddened appearance. This begins the Red Giant Branch (RGB) phase of a star’s life. The

star does not burn helium at the beginning of this phase. Instead, the increasing pressure and

temperature in the core eventually lead to helium ignition. This event, known as the helium

flash, occurs at the end of the RGB phase.

If the axion couples to electrons, they would be produced via two processes: γ + e→ e− + a

and e− + Z → Z + e− + a. The core of a red giant could cool more rapidly if axions carry

away the energy, potentially delaying the onset of helium ignition, which makes helium

ignition a potential mechanism to constrain axions.

The star sheds its outer layers after the Asymptotic Giant Branch (AGB) phase, creating

a planetary nebula. The remaining core then cools and contracts, forming a white dwarf

composed primarily of carbon and oxygen. By measuring the cooling rates of white dwarfs,

we can test for deviations from the expected rates to constrain axion-electron coupling.

The bound of axion-electron coupling gaee from Helium ignition and white dwarfs cooling

reads [98, 99]:

gaee < 1.3× 10−27. (5.1)

Horizontal branch

The Horizontal Branch (HB) is a significant phase in the life cycles of low to intermediate-

mass stars, such as the Sun, characterized by the fusion of helium into carbon and oxygen
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in the core and hydrogen burning in a shell around the core. This phase is characterized

by the star having a nearly constant luminosity and surface temperature, and it appears in a

horizontal line on the Hertzsprung-Russell diagram, hence the name.

In the core of an HB star, the axions are produced mainly through the Primakoff effect:

γ + Ze→ Ze+ a. (5.2)

The escape of axions reduces HB lifetime and the number of HB stars. Measuring the HB

lifetime gives the constraint on axion-photon coupling gaγγ [100]:

gaγγ < 1.0× 10−10GeV−1. (5.3)

Supernova 1987A

During a Type II supernova explosion, when a massive star ends its life, the main energy

released is a flux of neutrinos. The potential release of axions can influence the duration

of these neutrino bursts emitted. Observations of neutrino bursts from supernovae, such as

SN1987A, can, therefore, be used to place constraints on the axion-nucleon coupling gaNN .

If the axion-nucleon coupling is small, axions can be produced efficiently and escape the

supernova core, leading to rapid energy loss and a shorter neutrino burst due to faster core

cooling. On the other hand, if the axion-nucleon coupling is large, axions would interact more

with the core’s matter, becoming trapped. This trapping would diminish their role in energy

transport, reducing the cooling efficiency and potentially not shortening the neutrino burst as

expected. The bound of gaNN from Supernova 1987A is [101, 102]

3× 10−10 < gaNN < 3× 10−7. (5.4)

5.3 Axions as dark matter

An invisible axion is an ideal candidate for dark matter [103, 104, 105, 106, 107, 108, 109]

due to its stability and very weak coupling to ordinary matter. Cutting-edge dark matter

research focuses on finding mechanisms that generate the correct abundance of cold dark

matter. We first review the mechanisms by which they were produced in the early universe.
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Misalignment mechanism

The picture of the misalignment mechanism [103, 105, 109] is quite simple: when the

temperature is high enough (i.e., early universe), the axion field takes some initial value θ0

differing from the CP-conserving one. When the temperature decreases, the axion field will

’roll down’ to its final value and oscillate around it. Such oscillation sources the population of

the axion (recall that the field value is related to the expected value of the particle number).

To get a basic impression of this mechanism, we first write down the Klein-Gordon equation

for the axion field in an expanding universe:

∂2t a+ 3H∂ta−
1

R2(t)
∇2a+m2

a(t)a = 0, (5.5)

where R(t) is the scale factor of FLRW metric and H = Ṙ/R is the Hubble parameter. When

the temperature is very high such that ma(t) > 3H , the oscillation does not occur. The axion

field oscillates once the temperature decreases with time such that ma(t) < 3H . The energy

density is then given by [107]

Ωah
2 ≃ 0.4×

(
6µeV

ma

)7/6

⟨θ20⟩. (5.6)

Therefore, initial value θ0 and mass ma contribute to the abundance of dark matter. For θ0,

we have to consider two scenarios due to casual connectivity:

(1) PQ symmetry breaking occurs before inflation (pre-inflation).

(2) PQ symmetry breaking occurs after or during inflation (post-inflation).

For the pre-inflation scenario, only one casual patch influences θ0, so it picks a random value

and is homogeneous in the universe. For the post-inflation scenario, several casual patches

contribute to θ0, and we must take the average ⟨θ20⟩ = π2/3.

Thermal production

The thermal production of axions refers to the generation of axions during the early universe

when it was in a state of thermal equilibrium. When the temperature of the primordial plasma

is sufficiently high, axions are produced from the thermal bath of the QCD plasma [110, 111].
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The Boltzmann equation governs the number density na:

dna
dt

+ 3Hna = Γ(neq − na), (5.7)

where Γ is the total interaction rate at which the axion interacts with other particles. There are

three main processes contributing to Γ [112, 113]:

(1) a+ g ⇌ q + q̄

(2) a+ q ⇌ g + q and a+ q̄ ⇌ g + q̄

(3) a+ g ⇌ g + g,

where where q/q̄ is quark/anti-quark and g is gulon. The density of axions from thermal

production reads [112, 113]

Ωah
2 ≈ manah

2

ρc,0
= 4.4× 10−9

(
100

g∗(TD)

)(
1012GeV

fa

)
, (5.8)

where ρc,0 is the critical density today, g∗(TD) is degree of freedom when axion is decoupled

and fa ∼ 109−12GeV . As the universe expanded and cooled down, the axion’s number density

was diluted, but its population was not changed significantly due to rather weak interactions.

Topological defects

When symmetry breaking occurs in the early universe, axion fields in different regions may

take different vacuum expectation values, forming topological defects, such as strings, domain

walls, and monopoles.

(1) Monopoles: A monopole is a hypothetical point-like topological defect, not homo-

topic to a point, meaning it cannot be smoothly deformed into a single point without

breaking the structure. A monopole can decay or annihilate like strings and domain

walls to produce axions.

(2) Strings: Strings can be considered one-dimensional tubes where the points all have

the same vacuum states. Strings can oscillate and decay, producing axions.

(3) Domain walls: Domain walls are formed when PQ symmetry breaking occurs so

that different regions take different vacuum expectation states. Domain walls are

two-dimensional and separate different vacuum states. Domain walls store energy
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and, if stable, can persist throughout the universe’s evolution. Energy can be released

as axions when domain walls collide and annihilate.



CHAPTER 6

Companion axions

In the first few chapters, we have seen how instanton gives rise to QCD θ-term in QCD

Lagrangian and the strong CP problem caused by it. A surprising and understandable fact is

that the nEDM also takes contribution from gravity [60, 114, 115] due to the gravitational

topological term. This gravitational topological term also generates another cosine potential

for the axion if one requires PQ mechanism. When minimizing the potential, a simple

calculation shows the potential is not minimized at a CP-conserving value, leading to a new

strong-gravity-CP problem. A reasonable way out of this dilemma is to introduce a new axion

such that two cosine functions attain their minimum value simultaneously, which is the origin

of the companion-axion model.

6.1 Theoretic framework

Recall that the divergence of the chiral current is

∂µj5µ = − g2

32π2
ϵµναβF a

µνF
a
αβ, (6.1)

where SU(3) gluon field F a
µν is assumed. When gravity is involved, the divergence in curved

spacetime reads [44, 45, 46, 47]:

∇µj5µ = − g2

32π2
ϵµναβF a

µνF
a
αβ −

1

384π2
ϵµναβRλτ

µνRαβλτ , (6.2)

where ∇µ is the Levi-Civita connection, and Rµ
αβλ is the corresponding Riemann curvature.

The term ϵµναβRλτ
µνRαβλτ is also a topological term, known as Pontryagin density. The

62
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integral of Pontryagin density is an integer called the Pontryagin index:

p =
1

16π2

∫
d4x

√
g ∗RµνλτR

µνλτ ,

∗Rµνλτ =
1

2

√
gϵµναβR

αβ
λτ .

(6.3)

The Pontryagin index is related to the topology of background spacetime, and the vacuum

state should be labeled by two integers: one is the winding number of gauge field A, and the

other is the Pontryagin index. This leads to a second θ-term in the Lagrangian in addition to

∗FF or ∗GG:

Lθ =
θQCD
32π2

∫
d4x

√
g ∗ F a

µνF
aµν +

θEH
48π2

∫
d4x

√
g ∗RµναβR

µναβ. (6.4)

Now both θ-terms violate CP , and the true θ that contributes to nEDM is a combination of

them, called θCEH :

θCEH =
3

2
θQCD + θEH , (6.5)

where we have normalized the coefficients, 3/2 comes from the fact that the Pontryagin index

of Eguchi-Hanson metric is 3 and the range of ψ angle is halved (see Eq.3.74).

In the presence of fermions, the vacuum-to-vacuum transition amplitude is proportional

to the determinant of the Dirac operator iγµ∇µ. When the Dirac operator has zero modes,

the amplitude vanishes trivially. These zero modes can be classified by eigenvalues ±1 of γ5,

which is anti-commuting with iγµ∇µ. The modes of eigenvalue −1 are called left-handed,

and +1 is called right-handed. Only those amplitudes that violate the same chiral charge

∆Q5 = 2(n+ − n−) are non-vanishing, where n± is the number of right/left-handed zero

modes. The quantity n+ − n− is also called the index of the Dirac operator and can be

computed analytically via characteristic class according to index theorems [116]. For the

CEH instanton Eq.3.70 and Eq.3.84, the index of Dirac operator iγµ∇µ = iγµ(∂µ−Γµ− iAµ)

has been computed exactly in [66] for generic representation of SU(2) of dimension dR:

νCEH1/2 =

{1

4
dR(d

2
R − 2), dR = 2, 4...

1

4
dR(d

2
R − 1), dR = 1, 3...

(6.6)
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So pure EH gravitational instantons (dR = 1) do not mediate chiral-symmetry breaking

transitions for gauge-singlet fermions. For SU(2)-coloured fermions, the Dirac operator

has index νCEH1/2 = 1. Therefore, the induced effective interaction [52] is proportion to

e
− 8π2

g2
× 3

2 det
(
ψ̄iLψ

j
R

)
= e

− 12π2

g2 det
(
ψ̄iLψ

j
R

)
, while the one induced by BPST instanton is just

∝ e
− 8π2

g2 det
(
ψ̄iLψ

j
R

)
. On the other hand, it is known there are 16 collective coordinates

(bosonic zero modes)1 [117, 48] for CEH instanton, but it is hard to find them explicitly.

An educated guess is that each bosonic zero mode contributes a factor (8π2/g2)1/2, and the

dimension of the Jacobian requires a factor ρ−5dρ, where ρ is the size of instanton. Finally,

the renormalisation gives a factor (ρΛ)3b/2, where b = 11− 2
3
Nf is the one-loop beta-function

and Λ is the regularisation scale. Collecting everything, the effective interaction [52, 118]

induced by BPST and CEH instantons reads

∆L = −d
(

2π

αs(Λ)

)6

exp

[
− 2π

αs(Λ)
+ iN

a

fa
+ iθQCD

]
× dρ

ρ5
(ρΛ)b det(qiLq̄iR)

− d̄

(
2π

αs(Λ)

)8

exp

[
− 3π

αs(Λ)
+ iNg

a

fa
+ iθCEH

]
× dρ

ρ5
(ρΛ)3b/2 det(qiLq̄iR) + h.c.,

(6.7)

where, N and Ng are anomaly coefficients, αs(Λ = 1GeV ) = 0.4− 0.6 [119] and d ≈ 0.017

[52] (we expect d ≃ d̄). Integrating out fermions loops (each pair qiLqiR gives a factor miρ)

[48], we get the axion potential

V (a) = −2KQCD cos

(
N
a

fa
+ θQCD

)
− 2KCEH cos

(
Ng

a

fa
+ θCEH

)
, (6.8)

where

KQCD =
d

8

(
2π

αs(Λ)

)6

e−
2π

αs(Λ)mumdmsΛ (6.9)

Evidently, minimizing this potential depends on the ratio κ = KCEH/KQCD:

κ =
16

25

(
2π

α(Λ)

)2

e−π/α(Λ) ∈ (0.06, 0.4) ≫ 10−10, (6.10)

1we embed this SU(2) gauge field into SU(3), so there are 4 additional bosonic zero modes
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where α(Λ = 1GeV ) = 0.4−0.6 is the running coupling evaluated at energy scale Λ = 1GeV .

The potential is not minimized at the CP-conserving point unless N/Ng = θQCD/θCEH .

Therefore original single axion does not work, and we call this issue strong-gravity-CP

problem. One way out of this is to introduce the existence of another axion a′, with symmetry

breaking scale f ′
a and anomaly coefficients N ′ andN ′

g so that θQCD and θCEH can be canceled

simultaneously. The potential now reads:

V (a, a′) = −2KQCD cos

(
N
a

fa
+N ′ a

′

f ′
a

+ θQCD

)
− 2KCEH cos

(
Ng

a

fa
+N ′

g

a′

f ′
a

+ θCEH

)
.

(6.11)

The solution, which consists of two axions, is called companion-axion model. We also reason-

ably assume N/N ′ ̸= Ng/N
′
g, which implies these two cosine functions can be minimized at

the same time
N
a

fa
+N ′ a

′

f ′
a

+ θQCD = 0

Ng
a

fa
+N ′

g

a′

f ′
a

+ θCEH = 0.

(6.12)

Therefore, the strong-gravity-CP problem is solved. The next step is to read masses from the

potential. We can diagonalize the mass matrix by defining the states

a1 = a cosα− a′ sinα

a2 = a sinα + a′ cosα,
(6.13)

where the mixing angle α is given by

tan 2α =
2ϵ(NN ′ + κNgN

′
g)

N2 + κN2
g − ϵ2N ′2 − κϵ2N ′2

g

, (6.14)

and ϵ = fa/f
′
a, κ = KCEH/KQCD. Without loss of generality, we assume a1 is the heavier

one so that ϵ ≤ 1. The axion masses are given by

m2
1 =

∆m2

2
+
KQCD

f 2
a

[
(N2 + κN2

g ) + ϵ2(N ′2 + κN ′2
g )

]
, (6.15)

where ∆m2 is the difference of mass square ∆m2 = m2
1 −m2

2:

∆m2 =
2KQCD

f 2
a

[
4ϵ2(NN ′ + κNgN

′
g)

2 +

(
(N2 + κN2

g )− ϵ2(N ′2 + κN ′2
g )

)2]1/2
. (6.16)
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We do not need such complicated expressions and will perform some approximations. We

consider two cases: (1) hierarchical regime: f ′
a ≫ fa and (2) a strong-mixing regime:

f ′
a ∼ fa. We also assume all anomaly coefficients are in the same order and ignore terms

O(κ2). For hierarchical case, we have

m2
1 ∼

2KQCD

f 2
a

, m2
2 ∼ κϵ2m2

1. (6.17)

The second axion a2 acquires mass due to CEH instanton effect κ but is suppressed by ϵ.

Meanwhile, the first axion’s mass is the same as the single-axion case. The mixing angle is

also tiny:

α ≈
NN ′ + κNgN

′
g

N ′2 + κN ′2
g

ϵ ∼ ϵ≪ 1. (6.18)

For mixing case ϵ ∼ 1, we have

m2
1 ≈

2KQCD

f 2
a

[
N2 +N ′2 + κ

N2N2
g +N ′2N ′2

g

N2 +N ′2

]
m2

2 ≈
2κKQCD

f 2
a

N2N2
g +N ′2N ′2

g

N2 +N ′2 ∼ κm2
1.

(6.19)

We see that a1 is still of the same order of magnitude as the mass of the standard QCD axion,

but a2’s mass is purely generated from CEH instanton effect κ. Below, we plot the parameter

space of the companion axion model.
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FIGURE 6.1: The parameter space of companion-axiom model.

As shown in Fig.6.1, the lower vertical axis represents ϵ, and the upper and lower hori-

zontal axis represents fa and the mass of the first axion m1. The second axion mass m2

is demonstrated by color. In this plot, each point (ϵ, fa,m1,m2) corresponds to a solu-

tion to the strong-gravity CP problem. We also require f ′
a less than Planck scale MPI , so

the grey part has been ruled out. Notice that when one axion is excluded, the other is

excluded because they are coupled. At the end of this chapter, we would like to point

out that the multi-axions model is not new. In particular, the string axiverse scenario

[120, 121, 122, 123, 124, 125, 126, 127, 128, 129] led to the birth of many studies of systems

of coupled axions [130, 131, 132, 133, 134]. In the next two chapters, we will investigate

some phenomenological aspects of companion axion model.



CHAPTER 7

Phenomenology of the companion-axion model: photon couplings

This chapter is based on publications [135, 136]. The figures from this chapter can be

reproduced using the code available at github.com/cajohare/CompAxion.

7.1 Phtoton constraints from companion-axion model

In laboratory experiments and astrophysical observations to search for axions, the Pri-

makoff effect is a notable mechanism where axions can convert into photons in a strong

electromagnetic field. Thus the axion-photon interaction is an important subject to study. For

single axion case, the interaction reads [119, 137, 138]

Laγγ =
1

4
agaγ ∗ FµνF µν . (7.1)

It is straightforward to write down companion-axion coupling to photon

Laγγ =
1

4
(agaγ + a′g′aγ) ∗ FµνF µν , (7.2)

where the coupling gaγ and g′aγ are given by

gaγ = −αEMN
2πfa

ζ, gaγ = −αEMN
′

2πf ′
a

ζ. (7.3)

ζ = 1.92 is fixed to avoid mixing axions with QCD mesons [139]. We can also get the

couplings g1, g2 of mass eigenstates (a1, a2):

g1 =
αEM
2πfa

ζ(N cosα− ϵN ′ sinα),

g2 =
αEM
2πfa

ζ(N sinα + ϵN ′ cosα).
(7.4)
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FIGURE 7.1: Photon coupling-mass relation for the two axion mass eigen-
states. We connect the larger axion with its partner which is required to solve
the strong-gravity CP problem. Both axions must be constrained when the
haloscopes bounds [12, 14, 141, 142] reach the lighter axion band, similarly
for the stellar cooling and helioscope [143, 144]. This figure is plotted to
illustrate the non-trivial constraints and must be recast.

To plot the coupling and mass, we choose a representative set of the anomaly coefficients

{N,N ′, Ng, N
′
g} = {3, 1/2, 13/2, 3/2} and CEH instanton effect κ = 0.04 [140]. In Fig.7.1,

we plot the coupling-mass relation for the two axion mass eigenstates for mixing regime

ϵ = 0.1, and the existing haloscope and helioscope constraints on the single-axion are overlaid

as well. As shown in Fig.7.2, we again use a color scale to represent the lighter axion a2’s

mass, and the mass of the heavier one a1 is given by the upper horizontal axis (hierarchical

approximation). The shaded area of solution space is excluded. Later we will show how to

derive these bounds.

Stella cooling
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FIGURE 7.2: Left: Current bounds on the companion-axion model. The
color scale shows the lighter axion a2’s mass, while the upper horizontal axis
shows the heavier axion a1’s mass. Right: MADMAX [145], IAXO [146],
and DMRadio/ABRACADABRA [147, 148] constraints.

As introduced in the previous chapter, the lifetime of a horizontal branch star is shortened by

the Primakoff effect. The most strict upper bound on the photon coupling is given by [149]:

|gaγ| < 6.6× 10−11GeV−1, (7.5)

which holds independently of the axion mass up to around 30keV. For recasting the bound to

our companion axion model case, we first point out that it is necessary to define an active

state aA that couples to photon and a hidden aH state [130] that does not:

Laγ =
1

4
(a1g1 + a2g1) ∗ FµνF µν

=
1

4
g̃aA ∗ FµνF µν , g̃ =

√
g21 + g22

aA =
g1√
g21 + g22

a1 +
g2√
g21 + g22

a2,

aH =
g2√
g21 + g22

a1 −
g1√
g21 + g22

a2.

(7.6)

For the hierarchical case, g2 ≪ g1, we have g̃ ∼ g2, and the bound would be the same as the

single axion model. For mixing case, g2 ∼ g1, the bound gets a overall factor
√
N2 +N ′2/N .

Helioscopes
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Helioscopes [150] are used to detect the axions produced in the sun. A typical helioscope

consists of a long magnetic bore pointed to the sun, an X-ray optics system, and detectors

that are used to capture the axions converting to photons in the magnetic field. When the

axion mass is equal or below 0.02eV, the axion and photon oscillate coherently, enhancing

the signal significantly. For the heavier axion, the momentum mismatch between the massive

axion and the massless photon oscillates the conversion probability at a shorter length scale

than the experiment. Therefore, the bore must be filled with a buffer gas such as Helium

[151, 152] by which the photon acquires an effective mass to eliminate this mismatch. There

are two phases we have to take into account [130]. The first phase is the axions leave the sun

and reach the Earth. The second is the time when axions pass the magnetic field. For the

first phase, we must consider the conversion between active and hidden states and calculate

the survival probability of the active axions. The second phase gives rise to a three-body

oscillation problem which is quite tricky to solve, and we will show that the axion-photon

coupling is small compared to the coupling between the active and hidden states.

The mixing angle between active and hidden states is given by

cos θ =
g1√
g21 + g22

, (7.7)

leading to two equal non-vanishing off-diagonal terms in mass matrix M12, M21:

M12 = −∆m2 cos
2 α

1 + ϵ2

(
tanα + ϵ(1− tan2 α)− ϵ2 tanα

)
. (7.8)

The survival probability P of the active axion of energy ω after travelling distance L is given

by

P = 1− sin2 2θ sin2

(
∆m2L

4ω

)
. (7.9)

The first sine is approximated as

sin2 2θ =

{4ϵ2, ϵ≪ 1

cos2 2α, ϵ ∼ 1,
(7.10)

and the second sine is averaged to be 1/2. Choosing L = 1AU, ω ∼ keV we see that when

∆m2 ≳ 10−12GeV2, it is guaranteed that axion-axion oscillation length is shorter than the

Earth-Sun distance.
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When the axions enter the magnetic field B of the helioscope, the active axions can be

converted to hidden axions and photons, with g̃Bω and ∆m2ϵ strength, respectively. Using

Eq.7.8, we have
g̃Bω

∆m2ϵ
=
αEMζBω

4πKQCD

f ′
a ≲ 10−2, (7.11)

where f ′
a < MPL is assumed. A similar calculation can be done for the mixing regime.

Because of Eq.7.11, we can detect photon flux as in a single-axion case. The number of

photons we observe on the earth is proportional to g4aγ . Considering survival probability,

the old bound for gaγ gets an overall factor P−4. The result of this calculation is plotted in

the right panel of Fig.7.2, where The CAST bounds [141] are less sensitive than the stellar

cooling bounds, and therefore, we haven’t shown it. Instead, we plot bounds from helioscope

IAXO [146] in the right panel of Fig.7.2.

Haloscopes

Haloscopes are used to detect axions constituting the dark matter halo of the Milky Way. We

assume both axions are produced by the misalignment mechanism, neglecting topological

defects. We also assume axion darker matter has no additional structures like miniclusters,

which form via gravitational attraction and are dense. Dealing with two axions is relatively

more complicated than the single axion case. To make progress, we have crudely estimated

the abundance ratio of a1 and a2 (Eq.8.8), so rescaling the constraints from experiments such

as ADMX for the single axion case is straightforward. Eq.8.8 also indicates that the lighter

axion dominates the abundance unless ϵ ≈ 1. Here, we assume θ1 = θ2, but if one or both

PQ symmetries are broken before inflation, these angles could need manual modification.

Therefore, our haloscope bounds for companion-axion depend on a specific cosmological

scenario and are more model-dependent than the single-axion case.

Resonance-based haloscopes, when searching for signals, have to scan through the axion

mass range slowly. Thus, in the standard axions case, they have only been able to search

in a small area near the classic preferred dark matter mass range. The haloscope’s optimal

region for the companion axion would be the lighter axion since its abundance dominates.

This means we must extend the haloscope experiment beyond the classical axion region, to a

much smaller mass range than the previous one.
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FIGURE 7.3: Projected sensitivity for future axion experiments: IAXO+, res-
onant cavity experiments (1−100µeV region) and DMRadio-like experiments
(neV − µeV region). Both axions can be seen in the region where a1 and a2
overlap. We can even see both axions in one experiment in the region where
the same color overlap.

Another interesting feature of haloscope bounds is that we do not know whether it is a1 or

a2. But once one axion gets constrained, another can be constrained immediately (ϵf ′
a = fa)

because CP-conserving requires both. Thus we expect two bands in (fa, ϵ) space. We have

shown the ADMX [10] and future MADMAX [145] haloscopes constraints in the right panel

of Fig.7.2.

Black hole superradiance

Black hole superradiance [153, 154, 155, 156, 157, 158, 159, 160, 161] is a booming topic.
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Even if there is only one axion field, the solution of the perturbation equation is extremely

complicated, let alone two coupled axions. Here we assume the off-diagonal term does not

affect the bound states of two axions, so the existing constraints [162, 163, 164] are easily

mapped to the companion axions case. But remember that the constraint may be incorrect for

ϵ ≈ 1. We plot four bands corresponding to the black hole superradiance in Fig.7.2.

Unique signal in experiments

Judging the single axion or one of the two companion axions is usually tricky when detecting

signals. We conclude this section by estimating how much of our companion-axion parameter

space would leave a unique signature in experiments. We have plotted some of the regions,

using relatively ambitious projections for these experiments, including IAXO+ [165, 146,

166], resonant-cavity [167, 168, 142, 169, 170, 171] and LC-circuit-based haloscopes [172,

147, 173, 174]. As shown in Fig.7.3, both signals will be seen in the regions where two axions

overlap. We can even observe two axions in the same experiment.



CHAPTER 8

Cosmological implications

This chapter is based on publications [135, 136]. The figures from this chapter can be

reproduced using the code available at github.com/cajohare/CompAxion.

8.1 Companion axions as dark matter

In this section, we investigate companion axions as dark matter. In particular, we focus

on misalignment mechanism [103, 13, 105]. The previous discussion on the single-axion case

shows two scenarios where the PQ symmetry was broken before or after inflation. For the

companion axions, we have to deal with three scenarios:

(1) Both PQ symmetries are broken before the end of inflation (two pre-inflationary

axions). Both θ1,2 are ranging from −π to π.

(2) The heavier one a′ symmetry is broken before the end of inflation, while the lighter

one a is post-inflationary. In this scenario, θ2 is a random variable, while θ1 is the

stochastic average π/
√
3.

(3) Both axions are post-inflationary (equivalently, no inflation), and we use the average

π/
√
3 for both angles.

We still need to explicitly calculate the abundance of each axion since their ratio will be

significant for implications. The zero-mode evolution equations for the two axions as a
75
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linearized system of coupled oscillators reads

∂2t a+
3

2t
∂ta+M11a+M12a

′ = 0

∂2t a
′ +

3

2t
∂ta

′ +M22a
′ +M21a = 0,

(8.1)

where we have assumed a radiation-dominated universe H = 1/2t and ignored non-linear

terms in the potential [8, 175, 176, 177, 178]. To calculate the abundance more precisely, we

must include thermal effects on the mass. The temperature-dependent mass of axions obeys

the power law [9]

m2
i (T ) = min

[
m2
i ,m

2
i

(
Tc
T

)n]
, i = 1, 2, (8.2)

where n = 6.68 and Tc = 103MeV. The mass matrix is then given by

Mij(T ) = m2
1(T )

 1 −ϵ2

−ϵ2 κϵ2.

 (8.3)

Since the temperature dependence has been factored out, we can diagonalize the mass matrix

Eq.8.1 to rewrite the equations under mass eigenstates:

∂2t a1 +
3

2t
∂ta1 +m2

1(T )a1 = 0

∂2t a2 +
3

2t
∂ta2 + κϵ2m2

1(T )a2 = 0.

(8.4)

We would like to know the temperature T1,2 at which the condition mi(Ti) = 3H(Ti) is

satisfied so that the oscillations start. Solving mi(Ti) = 3H(Ti), we have

Ti =

(
miMPL

√
90

24π2
√
gi∗

)2/(n+4)

T n/(n+4)
c (8.5)

where gi∗ is the relativistic degrees of freedom at temperature Ti, MPL is the Planck mass. In

hierarchical regime ϵ≪ 1, the the temperature at the onset of oscillations for the lighter axion

is smaller by a factor,
T2
T1

= (κϵ2)1/(n+4). (8.6)
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The oscillation equations are solved by Wentzel–Kramers–Brillouin (WKB) approximation,

giving the energy density for each axion (assuming entropy conservation):

ρi|today = mi(Ti)mi

(
T0
Ti

)3
g0∗s
gi∗s

, (8.7)

where T0 = 2.7K, and gi∗s are the entropy degrees of freedom. The total axion abundance Ωa

is the sum of two components Ωa = Ωa1 + Ωa2 . The ratio of two abundances reads:

Ωa2

Ωa1

∼ θ22
θ21
κ0.41ϵ−1.19 (ϵ≪ 1), (8.8)

and
Ωa2

Ωa1

∼ θ22
θ21
κ0.41 (ϵ ≲ 1), (8.9)

where misalignment angles θi’s are given by

θ1 =
⟨a1(t1)⟩
fa

,

θ2 =
⟨a2(t2)⟩ϵ

fa
.

(8.10)

In the hierarchical case, the lighter axion a2 dominates relic abundance due to the factor

ϵ−1.19, unless θ2 ≪ θ1, which could occur in scenarios (1) and (2). However, when the

misalignment angles are of the same order in the strong mixing case, the heavier axion a1

dominates slightly. The relative abundances are plotted in Fig.8.1. As we can see, the axion

abundance is generally always dominated by the lighter axion a2 unless ϵ approaches 1. A

few bounds are shown, where helioscope bounds from ADMX [10] are shown in red, while

the projected SKA [179, 180, 181] bounds on gravitational waves from axion domain wall

collapse are shown in pink. Black hole superradiance bounds are in dark grey. It is worth

mentioning that Scenario (3) is a special case of scenario (2) when θ = π/
√
3, so a thin

straight line represents it.

8.2 Isocurvature bounds

The massless axion fields experience large amplitude quantum fluctuations during the

universe inflation. Still, the energy density of these fluctuations does not contribute to
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FIGURE 8.1: The range of companion axion parameter space for which the
two axions represent viable dark matter candidates. Scenario (1), when both
axions are pre-inflationary, is shown in the colored region of the left panel.
Scenarios (2), when only fa is post-inflationary, are shown in the colored
region right panel. Scenario (3), when both axions are post-inflationary, is
shown by the white line of the right panel.

the perturbations of the total energy density. Because they are negligible compared to

the inflaton field’s energy density which dominates the inflation, however, this kind of

fluctuation contributes to the perturbations of the ratio of axion number density to entropy,

giving rise to the so-called entropy, or isocurvature perturbations [182, 183, 184, 185]. One

important characteristic of isocurvature perturbation is that it does not perturb the background

geometry. Unlike isocurvature perturbation, the adiabatic perturbation has a non-vanishing net

perturbation of matter content. As the axions would survive after recombination in the form

of dark matter, the isocurvature perturbations contribute to the temperature and polarisation

fluctuations in the cosmic microwave background radiation and are uncorrelated with the

adiabatic fluctuations.

Assuming both the companion axion fluctuations are uncorrelated, the perturbation power
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spectrum at the pivot scale klow ≈ 0.002Mpc−1 is:

∆2
a1

= ∆2
a2
ϵ2
θ22
θ21

≃ H2
I

π2f 2
aθ

2
1

, (8.11)

where HI is the Hubble expansion rate during inflation. For scenario (1), where both axions

are pre-inflationary, the isocurvature power spectrum ratio reads

β =
∆2
a1

As

(
1 + ϵ−2 θ

2
2

θ21

)
, (8.12)

where As ≃ H2
I /(π

2MPLη) = 2 × 10−9 is the adiabatic power spectrum evaluated at the

pivot scale, and η is the ’slow roll’ parameter. The Planck constraint β < β∗ (95% C.L.) [186]

gives

HI ≲

√
β∗Asπfaθ1

(1 + ϵ−2θ22/θ
2
1)

1/2
, senario (1). (8.13)

In Fig.8.2, we have illustrated how the constraint depends on (θ1, θ2) for a particular choice fa

and ϵ. We see that when θ1 must be tuned very close to 0, we get a very low scale of inflation.

In scenario (2), the isocurvature bounds on the pre-inflationary axion are the same as in the

literature, with fa → f ′
a.

8.3 Domain Walls

Without the CEH instanton, the companion-axion model has aZN×ZN ′ discrete symmetry

from the first cosine term in the potential Eq.6.11. The vacuum state is not invariant under

this symmetry. Therefore ZN ×ZN ′ is spontaneously broken, and uncorrelated casual patches

choose one of the N × N ′ states via the ZN × ZN ′ symmetry, leading to the formation of

the domain wall. The energy density in these domain walls decays slower than cold matter

as well as radiations and can easily overclose the universe, which is known as the domain

wall problem [187, 188, 189]. Now the CEH instanton induces a second cosine term (known

as bias term) in the potential 6.11, breaking the symmetry explicitly and vice-versa. The

degeneracy of these axion vacuum states is therefore lifted, and the bias term induces the

energy difference between the vacua [190, 191, 192, 193, 194, 195, 196, 197, 198]:

Vbias ∼ κKQCD. (8.14)
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FIGURE 8.2: Isocurvature bounds for a particular choice of fa and ϵ. The
red band shows where the dark matter abundance is correct, while the shade
illustrates the constraints on the inflationary scale. The position of the bend
depends on the choice of vacuum scales. For different vacuum scales, the red
band would occupy a different portion of the θ1 − θ2 plane

Bias term can destroy the domain walls, and we can explicitly estimate the temperature at

which this destruction will occur and show that for most of the companion axion solution

space. This temperature is higher than temperature Ti at which the axions pick up their

masses. The interpretation of this scenario is that bias terms annihilate the domain walls

before causing the problem. We assume here that two domain walls of the two axions form

independently at the QCD phase transition via the Kibble mechanism [199, 200]. The width

of each wall scales like the Compton wavelength:

δi ∼
1

mi

. (8.15)

Surface tensions σi can be written in terms of the energy barrier that separates discrete vacua

V0:

σi ∼ V0δi, V0 ∼ KQCD(1 + κ). (8.16)

The energy density difference Vbias acts as a volume pressure pV on the walls. When this

pressure becomes comparable to their tension pT ∼ σ/t, a domain wall of size r ∼ t gets
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annihilated. In the radiation-dominated era, the temperature Tann at the time tann when

annihilation occurs is estimated as

Tann ∼ 13.5MeV
(

mi

10−12eV

)1/2(
11κ

1 + κ

)1/2(
10

g∗

)1/4

. (8.17)

The domain walls must annihilate before Big Bang nucleosynthesis at temperature Tbbn =

1MeV, so it is required Tann < Ti, where Ti is defined in Eq.8.5, giving an upper bound for

axion mass

mi ≲ 10−9eV. (8.18)

When mi ≲ 10−9eV is violated, it implies that the bias term is large enough to prevent the

domain wall formation. We also require that the domain walls not be thicker than the horizon

size: mi ≳ H(T ), giving a lower bound:

mi ≳ 10−10eV. (8.19)

Hence, we conclude that domain walls are relevant for a very narrow mass range 10−10eV −

10−9eV, and the misalignment production is not significantly impacted.

8.4 Gravitational Waves

The decay of domain walls will strongly perturb the spacetime and thus result in a

gravitational Wave (GW). The power spectrum of GW goes like k3, up to its comoving

wavenumber kpeak, above which it falls off as k−1 with a cut-off set by the thickness of the

domain wall [201, 202, 203, 204]. The peak frequency fpeak is estimated as

fpeak =
kpeak
R(t)

∼ 1.1× 10−8Hz
(

mi

10−10eV

)1/2(
11κ

1 + κ

)1/2

, (8.20)

where we have taken g∗(Tann) = g∗s(Tann) = 10. The relic density at the peak reads

(Ωgwh
2)peak ∼ 3× 10−10

(
10−10eV
mi

)4(
(1 + κ)2

12.1κ

)2

. (8.21)

In Fig.8.3, we have plotted the predicted signals of GWs expressed in terms of the relic density

as a function of frequency. The bands for each mass span are due to the uncertainty of the
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CEH instanton effect κ. We also present power-law integrated exclusion curves from previous

pulsar timing array experiment IPTA (comprising EPTA [205, 206, 207], NANOGrav-11 yr

[208, 209, 210, 211], PPTA [212, 213]) and the future sensitivities of LISA [214] and SKA

[215]. In addition, the strong signal reported by NANOGrav-12.5 yr [216, 217] (orange

curves) recently is also shown and is very close to our largest prediction. Classifying this

signal as gravitational waves is too early, although it touches our largest prediction.

Although current gravitational wave observations are not quite sensitive enough to see such

a signal, future pulsar timing arrays are expected to probe this range. The diagonal band in

Fig.8.1 corresponds to the case where the second axion has mass 10−9eV so that the domain

wall can form, which would occur when both axions are post-inflationary (scenario (3)). A

vertical stripe to the right of the diagram corresponds to the case where the larger axion a1

forms the domain walls.

8.5 Primordial Black Holes

Primordial Black Holes (PBHs) [220] can be formed from the collapse of closed domains

containing a false vacuum, which start shrinking once their radii approach the Hubble horizon

∼ 1/H . The energy is comprised of the wall tension (surface effect) and the interior false

vacuum energy (volume effect), so it gives the mass

Mi = 4πr2i σi +
4π

3
r3i Vbias. (8.22)

The domain will collapse into a black hole if its radius is smaller than the Schwarzschild

radius 2Mi/M
2
PL [220]. For the small range of relevant masses, the bias term dominates,

giving the black hole mass after the collapse

MPBH =

√
3

4
√
2

M3
PL√

πκKQCD

∼ 150M⊙

√
0.1

κ
, (8.23)

and the temperature at the collapse

Tcoll ∼ 25MeV
(
κ

0.1

)1/4(
g∗
10

)−1/4

. (8.24)
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FIGURE 8.3: Relic abundance of GWs from domain wall decay. Previous
pulsar timing array searches for GWs background EPTA, NANOGrav-11
yr, and PPTA are shown. We make use of the power-law integrated curves
presented in [218] with the exception of the sensitivity to gravitational waves
with astrometric data from [219].

In previous consideration [221] of PBHs, to preserve a single-axion solution to the strong CP

problem, only a small bias term is allowed (equivalent to κ ∼ 10−12 in our model). Therefore,

the PBHs could only be formed by having long-lasting N > 1 domain wall networks. For the

single-axion model, the survival probability of domain walls can be estimated via numerical

simulations [221, 222]. But using these results for the companion-axion model would be

unreliable due to the complexity of the domain wall network and the large bias potential.

Instead, we make a very crude analytical estimate as follows. We treat this process as the
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decay of a false vacuum with mean lifetime tann. Since the tunneling processes which destroy

false vacuums have exponential time dependence, we can estimate that the fraction of closed

domains which survive until the collapse temperature Tcoll would be:

pcoll ∼ e−(Tann/Tcoll)
2 ∼ 10−22 − 10−9. (8.25)

The considerable uncertainty in the prediction comes from κ ∈ [0.06, 0.4]. We also choose the

axion mass to be 10−10eV because a larger mass will make the survival probability negligibly

small. The present-day PBH energy density then reads.

ρPBH ∼ pcoll
MPBH

r3i

(
T0
Tcoll

)3

= pcoll
M6

PL

M2
PBH

(
T0
Tcoll

)3

, (8.26)

giving a fraction of the dark matter density they constitute

fPBH ∼ 34.9pcoll
M6

PL

H2
0M

2
PBH

(
T0
Tcoll

)3

. (8.27)

We see that the dramatic uncertainty of the dark matter fraction for m = 10−10eV goes

from O(10−13) to O(1) inherited from κ. For heavier axions, PBH abundance is negligibly

small. Although this calculation has many inaccuracies, it still explains the formation of a

subdominant population of LIGO-sized PBHs.
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Conclusion

In this thesis, we have studied quantum gravity effects through the Yang-Mill-gravitational

instantons that define the global structure of the vacuum and have unsuppressed effects on

CP violation in strong interactions. The analysis in Chapter 6 has revealed a new source of

CP violation that is bundled with the standard strong CP phase via coloured gravitational

instantons (CEHs). Hence the vacuum structure of non-Abelian gauge theories, such as QCD,

is more complicated when the gravitational effects are included than it is widely assumed

based on the analysis that excludes gravity. We have stressed that this violation is an infrared

topological effect and, hence, is unsuppressed by the Planck scale as it would naively be

expected. Consequently, the size of the additional CP violation is only marginally smaller

than the standard CP violation in flat spacetime and provides a sizable contribution to the

relevant physical observables, most notably, to the electric dipole moment of the neutron.

Therefore, the strong CP problem involves two, a priori unrelated, CP violating phases, that

cannot be removed by the standard Peccei-Quinn mechanism to make the theory CP invariant

to a level dictated by the observations.

We have introduced an axion extension to the standard Peccei-Quinn mechanism, offering

fresh perspectives in axion phenomenology and cosmology.

In Chapter 6, we first computed the effective interaction induced by CEH instantons

(in the dilute instanton gas approximation) and confirmed quantitatively that the standard

Peccei–Quinn solution to the strong CP problem is compromised due to the new source

of CP violation in the gravity-QCD sector. We proposed a simple remedy that extends the

Peccei-Quinn symmetry to incorporate two axion fields.

85
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The phenomenology of the companion axion model has been studied in Chapter 7,

focusing on axion-photon couplings. The analysis is complicated relative to the one-axion

model as it involves axion-axion interactions that may be relevant when two axion decay

constants are of the same order of magnitude. In all cases though we find that the standard

QCD axion state is accompanied with the lighter companion axion. We carefully re-evaluate

the existing bounds on axion-photon couplings as well as present projections for future

experiments. Most remarkably, we predict that future axion searches with haloscopes and

helioscopes may well discover two QCD axions, perhaps even within the same experiment.

The companion axion model offers an interesting and lively cosmology as well. We have

estimated the abundance of axions in all possible cosmological scenarios: where both axions

are produced before inflation, after inflation or when the lighter axion is produced before and

the heavier axion after inflation. In a large range of parameters, both axions can contribute to

dark matter with in most cases the highest of them having a higher abundance.

The companion axion model naturally resolves the infamous axion domain wall problem

once the two different contributions to the axion potential exhibit non-overlapping residual

discrete symmetries. This is expected in a generic model. The cosmological consequences

of this are quite interesting for a very small range of the theory parameters. In particular,

we predict the generation of stochastic ∼ 10 nHz gravitational wave background with large

enough amplitude to be observable in pulsar timing arrays. In addition, the collision of fastly

decaying unstable axion walls can produce primordial black holes of ∼ 100M⊙. Remarkably,

there is tantalizing preliminary evidence of these effects reported in current astrophysical

observations.

The identification of quantum gravity effects and their relevance for particle physics is

a fascinating area of research. In this thesis, we just discussed one such object, the CEH

instanton, that links quantum gravity with particle phenomenology. It is clear that further

study of this area, in conjunction with theoretical and experimental aspects, can greatly

enhance our understanding of particle physics.
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