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Abstract
Transient Chaos in Dissipative Chaotic Scattering

by Lachlan BURTON

For many physical systems, it is infeasible to study the underlying physical pro-

cesses experimentally. This can often be attributed to the experimental inaccessibility

of the relevant time and/or length scales. As an example, one of the foundational

problems in classical physics concerns the long-term stability of the solar system,

whose evolution takes place over billions of years. These issues are exacerbated

when the motion is chaotic. In such cases, chaotic transients are the only obser-

vations which are available. Dynamical systems theory can offer many insights to

such problems through both analytical and computational methods, although much

of the existing work concerns idealized scenarios which ignore the kind of pertur-

bations one may observe in reality, such as noise or dissipative effects. Such effects

can alter the qualitative behaviour of these chaotic systems in non-trivial and unex-

pected ways.

In this thesis we consider the influence of dissipative effects on dynamical sys-

tems whose unperturbed dynamics are already transiently chaotic. The class of sys-

tems we study have been used to model a wide range of physical processes, from

celestial-mechanical motions to hydrodynamic flows, which are susceptible to such

perturbations. We use existing theory on transient chaos and powerful numerical

methods to gain a comprehensive understanding of the dynamics of these scatter-

ing systems in both conservative and dissipative settings, in terms of macroscopic

quantities like the survival rate of trajectories in particular phase space regions, or

the fractal scaling of basin boundaries between final states. We then propose a gen-

eral framework, inspired by earlier work on pullback attractors, for understand-

ing the qualitative differences and general phenomenology visible in the numeri-

cal results for the dissipative system. In particular, we find that features related to

conditionally-invariant measures of the unperturbed system can be used to explain

the observations of the dissipative system, even when the dynamics of each case are

substantially different.
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Chapter 1

Introduction

1.1 Chaos

Deterministic chaos is by now a very well-studied phenomenon. The first evidence

of what we now understand as chaotic motion appeared during Poincaré’s famous

studies [57] of the three body problem in the late 19th century. The increase in ca-

pabilities of scientific computing in the second half of the 20th century revealed that

chaotic systems are ubiquitous across many scientific disciplines, and investigations

into this phenomenon have only grown in scope and depth since then. It is difficult

to point to a universally accepted definition of chaos, but it is usually associated [53]

with positive Lyapunov exponents, which describe the expansion (positive expo-

nents) and contraction (negative exponents) characteristics of chaotic sets, and also

with positive topological entropy, which is often taken as a quantitative measure of

dynamical complexity. Dynamical systems with these properties tend to exhibit ex-

ponential separation of nearby trajectories, which is a hallmark of chaotic dynamics.

In this thesis when we refer to a dynamical system as chaotic we are generally re-

ferring to systems with at least one positive Lyapunov exponent. Related to chaotic

dynamics is the concept of hyperbolicity, which implies a global splitting of the dy-

namics in phase space into stable and unstable directions, which is described by the

notion of stable and unstable manifolds associated to each point in a hyperbolic set.

Many computations and theoretical formulations rely on the assumption of hyper-

bolic dynamics, including the shadowing [31, 62] property, which justifies considering

numerically computed trajectories as representative of the ‘true’ dynamics in spite of

the accumulating error. However, many chaotic systems (e.g. generic Hamiltonian

systems [53, 71]) are not hyperbolic. In Chapter 3 we discuss the relevance of both

settings (hyperbolic and non-hyperbolic) for our purposes.
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1.2 Transient chaos

In recent years, a particular type of chaotic behavior known as transient chaos has

received attention in the literature as it demonstrates remarkable properties not typ-

ically seen in other chaotic systems, and finds unique applications in many scientific

settings [70, 4]. Transient chaos refers to chaotic dynamics that manifests for finite

times only; it is a non-equilibrium state that cannot be understood from the asymp-

totic behaviour. Trajectories may move around in a complicated way for some tran-

sient time before eventually settling to a steady state which may be simple or pe-

riodic, or even to a chaotic attractor for which ergodic averages on the transient1

and the attractor need not agree [71]. In open Hamiltonian systems, such as those

we study in this thesis, chaos can only appear in the form of transients as typical

orbits will leave the system asymptotically. Transient chaos gives a rich connection

between the dynamics of the system and the geometry of certain non-attracting in-

variant sets in phase space. These chaotic saddles are fractal objects of measure zero

made up of unstable orbits which can temporarily influence nearby trajectories and

are thus responsible for the transient behaviour. Statistical features of the transient

behaviour, such as the escape rate of trajectories from any neighbourhood of the

saddle, are properties of the saddle itself.

More recently [48, 14, 40], attention to undriven dissipative systems has led to

the discovery of a transiently chaotic behavior – termed doubly-transient chaos – that

is significantly distinct from the usual transient chaos observed in non-dissipative

or Hamiltonian systems. In these systems the monotonic decay of energy implies

that all motion, including the orbits on the chaotic saddles, must eventually cease.

It is proposed instead to view the chaotic invariant sets responsible for transient

chaos as transients themselves. These systems display peculiar properties such as

time-dependent settling rates to attractors as well as asymptotically non-positive

Lyapunov exponents [48] and topological entropy [40]. A natural question is to

what extent such systems can even be considered ‘chaotic’. The recent literature

has presented some exciting results on the topic of doubly-transient chaos, but there

are still unanswered questions. For instance, the foundational work [48] on doubly-

transient chaos concerned a mechanical system which is permanently chaotic when

dissipation is turned off. Open systems with extant transient chaos properties in the

absence of dissipation are not obviously comparable to this scenario, and there are

many such physical systems, e.g the chaotic motion of astronomical bodies like the

1These would necessarily be finite-time averages, but the lengths of chaotic transients can be arbi-
trarily long [71].
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three body problem, where dissipative effects are believed to be relevant. One of the

motivations of the work in this thesis is to investigate transient chaos in this class

of system, for which we use the term dissipative chaotic scattering, and to apply or

extend the theory of doubly-transient chaos to its description.

1.3 Chaotic scattering

Chaotic scattering is a prevalent phenomenon in open dynamical systems which

describes a wide range of physical phenomena, from the aforementioned complex

astrophysical motions to hydrodynamical flows and the interactions of charged par-

ticles [2, 50, 71, 63]. Such problems are often concerned with the motion of a point

particle inside a potential V which is either zero or dynamically negligible outside

of some bounded region of interest, the scattering region. The motion of the particle

outside the region is then trivial (e.g a straight line). The particle, usually incident to

the scattering region from outside, interacts with the potential for some time before

eventually escaping again and moving off to infinity [54, 21, 35]. This process can

also be observed in billiard systems, which involve free particles interacting with ob-

stacles through elastic collisions. In this thesis we use the term ‘chaotic scattering’ to

refer to the dynamics of an open chaotic system in a phase space region from which

typical trajectories will escape (and not return) after a finite time.

This definition is very general and encompasses both scattering in the usual

sense [54, 63] of a potential V(r) that goes to zero with r → ∞ and also systems

where the scattering process is artificially defined, e.g. in terms of a leak [4] or es-

cape of the particle from a specific subset in a naturally open system [65, 64]. The two

systems we study in Chapter 5, the Hénon-Heiles [33] system and the Copenhagen

problem [49] have been previously studied in this context [50, 78, 65, 64, 77]. Chaotic

scattering is well-understood as a phenomenon of transient chaos [71] which ex-

plains how hyperbolic dynamics leads to exponential decay of trajectories from the

vicinity of a chaotic set inside the scattering region, and non-hyperbolic scattering

leads to algebraic decay due to the stickiness around KAM islands.

A prototypical system that also fits this description is the Hénon map [32], a map

in two variables (x, y) with two parameters a and b. We will use this in Chapter 3 to

demonstrate some of the relevant phenomenology. The map is defined by

xn+1 = 1 − ax2
n + yn

yn+1 = bxn.
(1.1)
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FIGURE 1.1: Coloration of initial conditions in the Hénon map with
(a, b) = (2.0, 0.3) according to which direction, left (orange) or right

(blue) the trajectory first exited the region [−1, 1]× [−1, 1].

A generic problem in scattering systems is to relate some quantity associated

with a specific initial condition to another quantity associated to its final state. Such

an example of a scattering function that we will compute several times in this thesis

relates initial conditions of the system to their escape times from a bounded region.

Another common choice of "output" variable is the angle θ at which the trajectory

leaves the scattering region [54], or through which exit in the case of multiple exits,

which can be used to construct "exit basins", analogous to basins of attraction, for

different trajectory outcomes. These exit basins can display similar fractal proper-

ties to basins of attraction [50, 77, 63]. An example for the Hénon map is given as

Fig. 1.1. The scattering function here is mapping initial conditions to the sign of the

x coordinate when the trajectory leaves the initial square2. The interface between

initial conditions whose trajectories exit to the left (the orange points) and the right

(blue points) suggest a fractal structure, and this is indeed related to the set of initial

conditions that remain trapped in the scattering region. We construct these basins

for the Hénon-Heiles system and Copenhagen problem as part of our numerical ex-

plorations in Chapter 5.

2For the chosen parameter values, there is no attractor in the square and typical points will be
mapped out of the square after a short time.
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1.4 Dissipative chaotic scattering

Recent studies have focused on the effect of perturbations on the general chaotic

scattering picture, with the goal of expanding its applicability to other physical sit-

uations [63]. For instance, it has been shown that the effect of white noise leads to

enhanced trapping and intermediate-time regimes in the survival probability that

depend on the noise strength [63, 11]. Another important type of perturbation, on

which we focus in this thesis, is the effect of dissipative forces [65, 63] which ap-

pear not only in mechanical systems but also in astrophysical problems (due e.g to

frictional passage of the particle through proto-planetary nebulae, or to radiation

pressure-like effects, such as the Poynting-Roberston drag [12]) and in advection of

particles in fluids (inertial effects [47]).

Dissipation has a strong effect on chaotic scattering as it can lead to new asymp-

totic dynamics (e.g., attractors) that are not possible in the Hamiltonian setting and

it necessarily alters the escape rate (or distribution of trajectory lifetimes) as mono-

tonic energy decay due to dissipation implies that the average speed of any particle

is decaying. It also non-trivially affects non-hyperbolic dynamics: dissipation added

to an area-preserving map has the effect of stabilising periodic orbits inside the KAM

islands or destroying them entirely [47]; dissipation added to a mechanical system

in which the energy decayed to a unique minimum [46] led to piecewise-adiabatic

invariance of the action integrals, which manifested as complicated tube-like struc-

tures in the extended phase space. In any case, the destruction of the KAM islands,

the phase space objects responsible for stickiness [53], causes the decay law of the

survival probability to lose its algebraic tail. The fractal properties of scattering sys-

tems is also strongly affected by dissipation, with the appearance of different scaling

regimes at different strengths of the dissipation [47, 65, 63].

1.5 Main contributions

For weak dissipations, it may be natural to expect that the dynamics of the per-

turbed and unperturbed systems are still “close", in some sense. We seek to answer

the question of whether the transient dynamics in the dissipative system can be un-

derstood based on the properties of the unperturbed system, and if so, how and

to which extent? This is the main problem addressed in the thesis. The problem

is addressed by first performing comprehensive numerical studies of two systems,

both of which are motivated by celestial mechanics. We consider each system with
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and without dissipation, and confirm even small dissipation causes non-trivial ef-

fects on dynamical quantities such as survival probability/escape rate, and fractal

dimensions of basin boundaries. We then argue that these differences can be largely

understood as the dissipative system evolving along snapshots of the conservative

system, and that at any instant the distribution of trajectories in the dissipative sys-

tem can be quantified by the associated conditionally-invariant measures of the con-

servative system. Ultimately, we show that from this probabilistic description, our

numerical observations of the survival probability/instantaneous escape rate can be

recovered. As such, it provides an explanation for the observed effects of dissipation

in chaotic scattering systems.

1.6 About this thesis

The thesis is divided as follows:

• In Chapter 2 we revise the essential background material on chaotic Hamilto-

nian systems.

• In Chapter 3 we discuss the transient chaos description of open chaotic sys-

tems, which gives context to our problem of chaotic scattering. We also review

existing works on transient chaos in dissipative systems, including both in dis-

sipative chaotic scattering and also in mechanical systems.

• In Chapter 4 we discuss our choices of numerical integration scheme for our

experiments in both the conservative and dissipative systems.

• In Chapter 5 the Hénon-Heiles and Copenhagen problems are introduced and

framed as scattering systems, and we present some numerical experiments to

understand the dynamics and transient chaos phenomenology with and with-

out dissipation. This includes computations of the survival probability, fractal

dimension of exit basin boundaries, and approximations of the chaotic sets.

• In Chapter 6 we propose a novel probabilistic description of dissipative chaotic

scattering systems to explain these observations, based on the evolving spatio-

temporal distribution of trajectories and expressed in terms of the conditionally-

invariant measures of the non-dissipative system. The predictions of this de-

scription are verified through additional experiments.

• In Chapter 7 we summarise the main results and provide an outlook for future

work.
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Chapter 2

Hamiltonian Systems

The subject of this thesis concerns open dissipative chaotic dynamical systems that

are Hamiltonian in the dissipation-free limit. In the wider context of dynamical

systems, Hamiltonian systems form a somewhat special subset. A major appeal of

the Hamiltonian formalism is that Hamiltonian mechanics naturally describes many

properties of physical systems, such as symmetries and conservation laws.

We will eventually introduce dissipation as small additive terms to the equations

of motion of the Hamiltonian systems, and so we begin with a summary of the im-

portant details of Hamiltonian mechanics that can be found in most texts on classical

mechanics or dynamical systems such as [53, 51, 66]. These concepts will eventually

be explored in the Hénon–Heiles system [33] and the planar circular-restricted three

body problem, to which we will return several times in this thesis.

2.1 Basic Definitions & Properties

Definition 2.1.1 (Hamiltonian system). A Hamiltonian dynamical system is character-

ized by a smooth scalar function H, called the Hamiltonian, which is obtained from

another scalar function, a Lagrangian L, by a Legendre transform:

H(p, q, t) = p · q̇ − L(q, q̇, t). (2.1)

The Lagrangian is given by the difference between the kinetic (T) and potential (V)

energies of the system1, as expressed in terms of generalized position and velocity

coordinates q and q̇ and time t2. The Legendre transform maps the variables (q, q̇) to

new conjugate variables (q, p). The generalized momentum variables p are related

to the velocity variables by

p =
∂L
∂q̇

. (2.2)

1The definition of the Lagrangian is more general, but this is suitable for our purposes.
2The bold letters indicate q, and p are N-dimensional vectors.
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The dynamics of the system is given by Hamilton’s Equations:

q̇ =
∂H
∂p

ṗ = −∂H
∂q

.
(2.3)

Equation (2.3) is a set of 2N first-order differential equations, which are the equa-

tions of motion of the system. When the Hamiltonian has no explicit time depen-

dence, the system is said to be autonomous. N is the number of degrees of freedom.

The equations of motion describe a flow in pairs of conjugate variables (qi, pi). The

solutions to Equation (2.3) are trajectories which live in a 2N-dimensional space Ω

called the phase space.

Hamilton’s equations can be stated more succinctly as

ż = J∇H(z, t), J =

 0 In

−In 0

 , (2.4)

where z = [q, p]T ∈ Ω, In is an n × n identity matrix and J is called the symplectic

matrix. Hamiltonian systems possess a certain kind of symmetric structure; they

are known as symplectic, which implies3 the following (somewhat informally-stated)

result known as Liouville’s Theorem:

Theorem 1 (Liouville’s Theorem). Let A ⊆ Ω be a measurable set in phase space, and let

ϕt denote the flow generated by Hamilton’s equations. The volume V(A) is conserved by the

flow, i.e:

V(A) = V(ϕt(A)) for all t ≥ 0. (2.5)

The volume measure V on phase space is called the Liouville measure, and is de-

fined with respect to a symplectic manifold M2n with associated symplectic form

dω. For more details see [6].

By evaluating the flow map of a Hamiltonian system at discrete time points, one

is led to a discretized analogue of the continuous-time dynamics: a symplectic map, a

map whose Jacobian is a symplectic matrix.

Definition 2.1.2. A real 2n × 2n matrix B is symplectic if

BT JB = J. (2.6)
3Symplectic is actually a stronger condition than volume-preserving, but this is one of the most

important consequences.
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Symplectic matrices have determinant 1, and are invertible with inverse B−1 =

J−1BT J. Symplectic maps are a useful tool for studying Hamiltonian dynamics, both

as simplified settings for more general phenomena (e.g twist maps) and as the basis

of numerical schemes to model continuous-time systems (symplectic integrators.)

The symplectic character of Hamiltonian systems implies some other peculiar prop-

erties, such as the non-existence of attractors, and that non-zero Lyapunov expo-

nents occur in pairs of opposite sign.

Invariance under Hamilton’s equations (i.e, along a trajectory in phase space) can

also apply to functions of the phase space variables: if we have a function G(p, q, t)

then its rate of change along a trajectory is, by the chain rule:

dG
dt

=
∂G
∂t

+
∂G
∂q

· ∂q
∂t

+
∂G
∂p

· ∂p
∂t

=
∂G
∂t

+
∂G
∂q

· ∂H
∂p

− ∂G
∂p

· ∂H
∂q

=
∂G
∂t

+ {G, H}.

(2.7)

The term {G, H} is called the Poisson Bracket.

Definition 2.1.3 (Poisson Bracket). For two functions F(p, q, t) and G(p, q, t), the

Poisson bracket is

{F, G} =
∂F
∂q

· ∂G
∂p

− ∂G
∂p

· ∂F
∂q

. (2.8)

Definition 2.1.4 (First Integral). When there is no explicit time dependence ( ∂G
∂t = 0),

then G is a first integral (or invariant or constant of the motion) if and only if {G, H} = 0.

The existence of first integrals imposes constraints on how trajectories move

through phase space. If there are M first integrals, then the solutions to Hamil-

ton’s equations are constrained to a 2N − M-dimensional manifold. If the system

is autonomous (or can be made autonomous through an appropriate coordinate

change)4, then the Hamiltonian itself is a first integral. As the Hamiltonian repre-

sents the total energy of the system, this is expressing conservation of energy.

A naturally related concept to constants of motion is that of invariant measures,

which describe distributions of points that are stationary under the dynamics:

Definition 2.1.5 (Invariant Measure). A measure ν : X → R is said to be invariant

under the flow ϕt if ν(ϕt(A)) = ν(A) for all measurable sets A ⊆ X and t ∈ R. For

maps M, the invariance condition is ν(A) = ν(M−1(A)).
4This involves introducing a new degree of freedom (a fictitious time variable) against which the

old time becomes a coordinate with its own conjugate momentum. The resulting system will be au-
tonomous with respect to the new time, but the "energy" will not be conserved.
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Definition 2.1.6 (Ergodic Measure). An invariant measure ν is ergodic if any invariant

set A has full or zero measure, i.e ν(A) = 0 or ν(Ac) = 0.

An equivalent statement is that ν is ergodic if the state space cannot be decom-

posed into k > 1 invariant components.

2.2 Integrable Systems and Canonical Transformations

Given a Hamiltonian H(q, p), it can often be advantageous to study the dynam-

ics in a different coordinate system. The coordinate transform has to be chosen in

a particular way in order to preserve the symplectic structure. The mapping from

H(q, p) to a new Hamiltonian K(Q, P), through the transformations Q = Q(q, p, t)

and P = P(q, p, t) is called a canonical transformation. The canonical transformation

is defined by a generating function G : R2n+1 → R, which takes as inputs combina-

tions of the old and new generalized coordinates and possibly time. There are four

kinds of generating functions. We summarize them, and the canonical transforma-

tions they induce, in Table 2.1.

Generating Function Canonical Transformation
G1(q, Q, t) p = ∂G1

∂q and P = − ∂G1
∂Q

G2(q, P, t) p = ∂G2
∂q and Q = − ∂G2

∂P

G3(p, Q, t) q = ∂G3
∂p and P = − ∂G3

∂Q

G4(p, P, t) q = ∂G4
∂p and Q = − ∂G4

∂P

TABLE 2.1: The four kinds of generating function Gi and their associ-
ated canonical transformation.

The relationships between the new and old coordinates are obtained from the

canonical transformations. The new and old Hamiltonians are related by

K(Q, P, t) = H(q, p) +
∂G
∂t

. (2.9)

Definition 2.2.1 (Integrable System). A Hamiltonian system with N degrees of free-

dom is said to be completely integrable if:

1. the system has N independent first integrals [G1, G2, . . . , GN ], one of which can

be taken to be the Hamiltonian itself;

2. the Poisson brackets {Gi, Gj} vanish for all i, j.

For such systems it is possible (in principle) to find a canonical transformation

(p, q) 7→ (I, θ) for which trajectories trace out orbits on the surface of invariant tori
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of dimension N. These tori are spanned by N periodic angle variables. Explicitly,

Hamilton’s equations are transformed to

İ = −∂H
∂θ

= 0

θ̇ =
∂H
∂I

= ω(I),
(2.10)

where ω = [ω1, ω2, . . . , ωN ] are the frequencies of the rotations. The variables

(I, θ) are called action-angle variables. Note that Equation (2.10) implies that the

Hamiltonian is a function of the actions only. The result guaranteeing the existence

of this canonical transformation, is known as the Liouville-Arnold Theorem. For in-

tegrable Hamiltonians in action angle coordinates the equations of motion can be

trivially solved:

I = constant.

θ = ωt + θ0.
(2.11)

Completely integrable systems display simple regular motion: trajectories are either

periodic or quasiperiodic (depending upon the rational/irrational relations of the

frequencies, the latter scenario is generic.) Examples include rigid-body rotations,

two-body planetary systems and the simple harmonic oscillator.

2.3 Poincaré Maps

The dimension of phase space in Hamiltonian systems is equal to twice the number

of degrees of freedom. Consequently, it very quickly becomes difficult to analyze

the dynamics on the full phase space for systems with more than a few degrees

of freedom. A convenient tool to reduce the dimension of the studied problem is

the Poincaré map (or first return map), which gives the intersection of an orbit in the

full phase space with a lower-dimensional hypersurface (called a Poincaré surface of

section).

Definition 2.3.1 (Poincaré map). Let Φt be the flow of an n-dimensional dynamical

system on a phase space Ω, and let S ⊂ Ω be an (n − 1)-dimensional surface. A

diffeomorphism P : S → S is a Poincaré map if for every x⃗ ∈ S , ∃t′ > 0 such that

Φt′(x⃗) ∈ S , Φt(x⃗) /∈ S ∀0 ≤ t < t′ and

P(x⃗) = Φt′(x⃗). (2.12)
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The continuous dynamics are thus reduced to a discrete map from intersection to

intersection. It was proven by Poincaré that the return map preserves the properties

of the continuous dynamics, and so studying the return map can yield insights on

the original system if the section is chosen well. As an example, periodic orbits

can be difficult to identify in the continuous dynamics, but will intersect the section

S at only finitely-many points. Quasi-periodic orbits in two degrees of freedom

will densely fill out closed curves in the section, and chaotic orbits will present as

a diffuse cloud. In autonomous systems, the Hamiltonian is fixed, and hence S is

of dimension N − 2 in this case. The section condition x⃗ ∈ S is usually defined

by a function f (x⃗) that passes through zero at the point of crossing. As this can

happen two ways ((+ → 0 → −) and (− → 0 → +)), it is common to seek only

intersections of the same orientation.

In our experiments in Chapter 6 we utilise a modified version of a Poincaré map,

called a true time map, that also tracks the time between crossings of the Poincaré

section in the continuous system. Many of our computations in Chapters 5 and 6

also involve choosing initial conditions from a particular Poincaré section.

2.4 Near-integrable Systems and KAM theory

Chaos emerges in Hamiltonian systems only when the dynamics are not completely

integrable. The natural starting point is to consider systems that are “close" to inte-

grable, in that they have been perturbed slightly in a way that introduces irregular

motion that scales with perturbation size. These perturbations can violate integra-

bility by destroying first integrals. We will briefly discuss the case for systems with

two degrees of freedom.

Consider a perturbation5 of an integrable Hamiltonian H0 by another term H1,

where the perturbation strength is controlled by a small parameter ε:

H(p, q) = H0(p, q) + εH1(p, q). (2.13)

The question first studied by Poincaré [57] and finally answered by Kolmogorov,

Arnold and Moser (KAM) [53], is when it should be expected that this perturbed

system also admits invariant tori. In essence, this KAM theory shows that "most" of

the invariant tori in H0 survive the perturbation, albeit deformed, and the motion

is still confined to a two-dimensional subset of phase space. Which tori survive the

5The perturbation here is different from the perturbations (dissipation) we consider later - these
perturbed systems here are still Hamiltonian.
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perturbation is determined by a surprising number-theoretic criterion. The stability

of an invariant torus against the perturbation is decided by the irrationality of the

ratio of the frequencies ω1, ω2 of the motion on the torus. Explicitly, the tori whose

frequencies satisfy the Diophantine condition∣∣∣∣ω1

ω2
− r

s

∣∣∣∣ > K(ε)

s
5
2

(2.14)

for arbitrary integers r, s with gcd(r, s) = 1 still exist in the perturbed system. The

term K(ε) is a constant depending only on ε and goes to zero with ε → 0. The set

of frequency ratios satisfying Eq. (2.14) for increasing ε are those which are "badly

approximable" by rational numbers, a statement well-understood in terms of contin-

ued fractions. For more details, see e.g [22, 53], but the gist is that the more closely

the frequency ratio of a torus can be approximated by a rational number, the smaller

the perturbation size ε required to destroy that torus. Notably excluded by the sta-

bility criterion (2.14) are the tori with rational frequency ratios, corresponding to

periodic orbits. These are the so-called resonant tori, which are destroyed by pertur-

bations of any size. Additionally, any ratio in the interval[
r
s
− K(ε)

s
5
2

,
r
s
+

K(ε)

s
5
2

]
(2.15)

cannot not satisfy (2.14). The density of the rationals in R may suggest that (2.14) is

only satisfied by null-sets. However, the set of tori that survive has postive measure.

To see this, consider, consider the set of frequency ratios lying in [0, 1]. Around each

rational number r/s, delete an interval of width K(ε)/s
5
2 . For s = 1, 2, . . ., there are s

such intervals. The total length deleted is then

2
∞

∑
s=1

K(ε)

s
5
2

s = 2K(ε)
∞

∑
s=1

1

s
3
2

= 2K(ε)ζ(3/2),

(2.16)

where ζ(s) is the Riemann zeta function and ζ(3/2) ≈ 2.6124 . The sum thus goes

to zero with ε → 0 and so the phase space volume not foliated by invariant tori can

be made arbitrarily small6.

6Curiously, the original statement of the KAM theorem required the perturbation size ε be extremely
small, although this has since been strengthened, and there is plenty of numerical evidence that the
result applies for much larger ε than originally considered.
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2.5 Chaos in Hamiltonian Systems

KAM theory does not say anything about the manner in which the resonant and

nearly-rational tori disintegrate, only that they do. Consider a Poincaré surface of

section which transversely cuts an invariant torus with rational frequency ratio r/s.

A single orbit on this section would appear as s fixed points along the smooth curve.

The Poincaré-Birkhoff Theorem [53] states that, under a small perturbation, an even

number of fixed points on the torus survive. Moreover, half of them are stable (‘el-

liptic’) and the other half are unstable (‘hyperbolic’). In the Poincaré section, the

points are organised into island chains, with the elliptic points appearing at the cen-

ter of families of invariant tori, with the resulting KAM islands inter-spaced with the

hyperbolic points. The rational tori in these families are also destroyed in the same

way, generating ad-infinitum a self-similar structure of island chains at smaller and

smaller scales [53].

The dynamics around each hyperbolic point is very complicated, and is related to

so-called homoclinic and heteroclinic tangles formed by the infinite intersections of

the stable and unstable manifolds of the hyperbolic points. As written by Poincaré [57]:

“The intersections form a kind of lattice, web or network with infinitely tight

loops; neither of the two curves must ever intersect itself but it must bend in

such a complex fashion that it intersects all the loops of the network infinitely

many times. One is struck by the complexity of this figure which I am not even

attempting to draw. Nothing can give us a better idea of the complexity. . . of all

the problems in dynamics. . . "

The first chaotic orbits appear in the neighbourhoods of these objects. As they

are not constrained to lie on tori, these orbits tend to fill the available space in the

section between surviving tori in a chaotic sea. As ε is increased, more and more

of the tori will disintegrate and the surviving noble tori, associated with the ‘most

irrational’ frequency ratios will form isolated islands of stability in the chaotic sea.

For large enough ε, there are no surviving tori, and the chaotic sea forms a single

ergodic component.

2.6 The Hénon-Heiles Hamiltonian

To demonstrate the relevant phenomenology of chaotic Hamiltonian dynamics, we

introduce the Hénon–Heiles system [33], a Hamiltonian system serving as a toy

model of stellar motion in a 2D galactic potential that shows many of the generic
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properties discussed in this chapter. The original intent in [33] was to study the exis-

tence of additional integrals of motion in models of galactic dynamics. It was found

that regular motion occurs only for a subset of initial conditions (now understood

to correspond to KAM islands) whereas the rest of phase space is filled by chaotic

orbits. The Hamiltonian for a unit mass is given by

H =
1
2
(p2

x + p2
y) + V(x, y) = E (2.17)

where the potential function V(x, y) with parameters ω and ε is

V(x, y) =
ω2

2
(x2 + y2) + ε

(
x2y − 1

3
y3
)

, (2.18)

which combines a harmonic potential with cubic terms that create non-integrable

dynamics. Through Hamilton’s equations, we are led to a four dimensional ODE:

ẋ =
∂H
∂px

= px, (2.19a)

ẏ =
∂H
∂py

= py, (2.19b)

ṗx = −∂H
∂x

= −ω2x − 2εxy, (2.19c)

ṗy = −∂H
∂y

= −ω2y − ε(x2 − y2). (2.19d)

The system is often studied in a perturbative setting (i.e, for ε ≪ 1) to demon-

strate how chaos emerges as the harmonic terms in the potential become less dom-

inant. In this sense it is a near-integrable system of the type in Eq. (2.13). An alter-

native which we follow and that produces the same observations is to fix ε = 1 and

instead increase the value of the energy E from 0. For very small E the harmonic

terms dominate and the motion is regular. As E increases, the trajectories begin to

explore the regions of the potential dominated by the cubic terms. We set ω = 1.

A contour plot of the potential for ε = 1 is given in Fig. 2.1. The contours contain

closed curves for E ≤ 1
6 , which restricts the motion to a bounded region around the

origin.

The phase space is four-dimensional, but the energy conservation restricts the

motion to three-dimensional energy surfaces. To reduce the dimensionality further,

we will study two different Poincaré sections of the Hénon-Heiles system. The first

of them, denoted S1, is given simply by the condition x = 0. The energy integral is

then reduced to

E =
1
2
(p2

x + p2
y) +

1
2

y2 − 1
3

y3, (2.20)
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FIGURE 2.1: Contours in the Hénon–Heiles potential (2.18) for 20 val-
ues of the energy E ∈ (0.0, 0.5). The contour corresponding to E = 1

6
is shown in blue. The saddle points of the potential, are indicated by

green dots. Darker colours correspond to smaller values of E.

which we use to eliminate the px variable. We consider crossing of the section

with px > 0. The dynamics is thus reduced from a continuous system in a four-

dimensional space spanned by (x, y, px, py) to a discrete map in two dimensions

(y, py) and parameter E that nonetheless preserves the features of the continuous

dynamics. The second choice of Poincaré section S2 is given in radial coordinates:

S2 = {(x, y) ∈ R2|ṙ = 0, ϕ̇ > 0}, (2.21)

where r =
√

x2 + y2, x = r cos ϕ and y = r sin ϕ. The section condition is ṙ = 0.

It has two disjoint components corresponding to ϕ̇ < 0 and ϕ̇ > 0, from which

we choose the latter. The purpose of this choice of section is that it allows one to

specify the initial configuration (position) variables (x0, y0) freely, an advantage in

the chaotic scattering problems we study in a later chapter. The initial velocities ẋ0

and ẏ0 are chosen to match the value of the Hamiltonian. In Cartesian coordinates

they are determined by

ẋ0 = − y0√
x2

0 + y2
0

√
2(E − V(x0, y0))

ẏ0 =
x0√

x2
0 + y2

0

√
2(E − V(x0, y0)).

(2.22)
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FIGURE 2.2: Quasiperiodic (left) and chaotic (right) orbits in the
Hénon-Heiles system (2.19) for E = 0.14 in (x, y, py) space. The tra-
jectories are integrated until t = 1000 and are plotted at increments of

∆t = 0.1.

In Fig. 2.2, two example orbits – one quasiperiodic and one chaotic – are visu-

alized in (x, y, py) space. In Fig. 2.3 we show Poincaré maps in the section S1 for

increasing values of E. The destruction of most of the invariant tori and breakdown

of integrability is readily apparent. Also visible (up to finite spatial scale) for the

higher energy is the qualitative picture described by the Poincaré-Birkhoff theorem:

the central elliptic fixed points of the largest KAM islands are surrounded by an al-

ternating set of elliptic and hyperbolic fixed points, with successively smaller island

chains forming around the elliptic points.

FIGURE 2.3: Regular and chaotic orbits in the Hénon-Heiles system
– (2.18) and (2.19) – in the Poincaré section S1. (Left): E = 0.05. The
plotted orbits are all quasi-periodic. (Right): E = 0.125, for which
most tori have been destroyed. Island chains of quasiperiodic motion

are visibly embedded in a chaotic sea.
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Chapter 3

Transient Chaos

3.1 Transient Chaos

There are many examples of dynamical systems, particularly those motivated by

the study of physical, chemical or biological processes, which demonstrate qualita-

tively different behaviors across different timescales. Singularly-perturbed (“slow-

fast“) systems [74] feature scale dependencies in their equations of motion. Electri-

cal power systems disturbed beyond their normal operating tolerances can fluctuate

dramatically before suffering voltage collapse [71, 15] or multistable synchronization

behavior [30]. The gravitational interactions of n > 2 celestial bodies can exhibit rich

scattering dynamics on short timescales alongside stable quasi-periodic motion [50]

that persists asymptotically. The main takeaways from these examples is that the dy-

namics on the finite and asymptotic timescales need not agree, and that the transient

behaviour can be just as interesting and important as the asymptotic. The latter two

examples are both instances of transient chaos: a fascinating phenomenon in which

systems display a temporarily chaotic evolution before abruptly changing their be-

haviour, to either a stable or periodic asymptotic state or even to a different chaotic

dynamics. There is a rich body of theory of transient chaos describing the dynamics

of open chaotic systems. Comprehensive and modern reviews of the subject can be

found in [71, 4]. We begin this chapter by reviewing some of the fundamental re-

sults of transient chaos and how it pertains to such systems, along the way giving

illustrations in the examples of the Hénon map and Hénon-Heiles system.

3.1.1 Basic concept

In dynamical systems contexts, transient refers to the temporal evolution of a trajec-

tory that precedes its asymptotic state. As noted in [71], transients are often more
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relevant than asymptotic dynamics for the purposes of observation, modelling, pre-

diction and control of systems. Such purposes are critical in applications of dy-

namical systems arising in real-world contexts from the sciences, social sciences and

economics. A robust understanding of transient behaviour is therefore paramount.

Chaos is also often conceptualized as an asymptotic phenomenon that only man-

ifests after long times. In numerical experiments, it is common to discard a long

initial component of a trajectory in order to focus on the asymptotic dynamics. Ad-

ditionally, indicators of chaos such as Lyapunov exponents and fractal dimensions

are usually defined in the t → ∞ limit. Such definitions are inadequate to quantita-

tively assess complex transient dynamics. The finite lifetime of transient behaviour

thus requires an inherent notion of timescale separation. If t0 denotes the “charac-

teristic time" of the system (e.g the average return time to a Poincare section, the

discrete timestep, etc) and T0 the maximum time a system is observable (e.g maxi-

mum integration time in computer simulations, length of experimental runtime etc)

then the notion of a lifetime τ for which observations of the system ‘appear’ random

or chaotic before their behaviour qualitatively changes requires t0 ≪ τ < T0. Un-

der such a characterization, permanent (asymptotic) chaos is recovered by taking

τ, TO → ∞.

For demonstration, we consider again the Hénon map (1.1) We will use the

Hénon map several times to illustrate most of the phenomena of transient chaos.

Depending on the values of the parameters a and b, the map can display sustained

(permanent) or transient chaos. To illustrate this, first consider the bifurcation di-

agram obtained by fixing b = 0.3 and varying the parameter a, shown in Fig. 3.1.

There is a notable window between a = 1.2 and a = 1.3 where the map supports a

limit cycle of period 7, and chaos at other intermediate values. We select a candidate

value from each regime (a = 1.25, 1.4 respectively) and plot the xn component of a

trajectory for each.

The trajectory for a = 1.25 clearly converges to a periodic attractor, but its tran-

sient behaviour is just as, if not more irregular than that of the chaotic trajectory.

The length of this transient is also sensitive to the choice of initial condition: an ar-

bitrarily small perturbation may lead to dramatic changes in the transient lifetime.

This naturally leads one to consider a distribution of trajectories lifetimes, which ulti-

mately describes a probability P(t) of finding a trajectory with a lifetime longer than

t, called the survival probability. The irregularity of the transient in the limit cycle

orbit suggests that the mechanism responsible for the transient motion is altogether

different from a strange attractor. This is a key observation: the transient behaviour
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FIGURE 3.1: Bifurcation diagram in a for the Hénon map with b = 0.3

FIGURE 3.2: Chaotic and limit cycle orbits of length 500 in the Hénon
map (see legend) for the xn coordinate. To show the periodicity, only
every 7th iterate is shown (the value of n shown on the x-axis is 1/7th

of the actual timestep.) b = 0.3 in both cases.
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can be chaotic even if the asymptotic dynamics are not, and the asymptotic dynamics

can also be chaotic but demonstrably different than the transient dynamics.

The principle idea is that there exists a non-attracting fractal set in the phase space

which is responsible for the behaviour of chaotic transients. Just as strange attractors

are the driver of chaotic motion for asymptotic times, these so called chaotic saddles

(for invertible dynamics) or repellors (resp. non-invertible) are the phase space ob-

jects underlying transient chaos. A key consequence is that properties of the tran-

sient behaviour are universal across most choices of initial conditions. The following

working definition of transient chaos is thus offered in [71]: transient chaos is the form

of chaos due to non-attracting chaotic sets in phase space.

These sets have Lebesgue measure zero and are comprised of unstable orbits

with infinite transient lifetime. The transient is a result of their (temporary) influence

on nearby trajectories: in the case of a chaotic saddle, an orbit may approach the sad-

dle along the saddle’s stable manifold and eventually be repelled along the unstable

manifold. This is a surprising fact - the existence of a non-attracting set of measure

zero is observable in a finite-time observation.

The structure of this object as described gives clues as to its potential visualisa-

tion: if a large number of initial conditions are seeded in the vicinity of the saddle,

then after sufficient time1 τ⋆, the points which remain in the vicinity will be dis-

tributed along the unstable manifold. The initial conditions of these orbits must

have been distributed close to the stable manifold. At approximately τ⋆/2 is when

the trajectories should have been in the vicinity of the saddle itself. This procedure

is called the sprinkler method [71], and the results for the Hénon map are shown in

Fig. 3.3. For the parameter values chosen, (Lebesgue) almost every trajectory di-

verges (escapes any bounded region in finite time.) The asymptotic dynamics can

then be regarded as having an attractor at infinity. There are many existing methods

to numerically approximate non-attracting chaotic sets, but the sprinkler method

generally suffices for our purposes throughout.

When the dynamics is not invertible, the chaotic set is repulsive in every direction

and thus possesses only unstable manifolds. An example of such a system is an

iterated quadratic map zn 7→ z2
n + c, in which the repellor object forms a Julia set. In

this thesis we are generally considering systems described by differential equations,

for which existence and uniqueness results guarantee invertibility of the dynamics.

Thus, henceforth when we refer to nonattracting chaotic sets, we are talking about a

chaotic saddle.
1Choosing τ⋆ to be a small multiple of the average lifetime τ usually suffices.
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FIGURE 3.3: Stable manifold, chaotic saddle and unstable manifold in
the Hénon map for (a, b) = (2.0, 0.3). All three objects have Lebesgue
measure zero, but the stable and unstable manifolds have a recogniz-
able filamentary structure: they are expressible as the direct product
of a Cantor set with a smooth curve. The saddle itself, as the inter-
section of the two manifolds, is structured as a Cantor dust. These
figures were produced via the sprinkler method [71] by seeding ini-
tial conditions into the region Γ = [−1, 1]× [−1, 1] and iterating each

trajectory until τ⋆ = 16.
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In the following section we build up the relevant definitions to characterise tran-

sient chaos. We generally assume hyperbolicity in the dynamics for now, but discuss

how these concepts pertain to non-hyperbolic dynamics in Sec. 3.4.

3.2 Transient chaos in open systems

The preceding discussion was somewhat agnostic about exactly what dynamical be-

haviour could be described as ‘transient’. Here we give some clear context. Assume

that a hole or leak I of positive Lebesgue measure is opened in the phase space Ω of a

closed, chaotic dynamical system through which trajectories are allowed to "leave".

Under ergodicity assumptions, almost every trajectory from the chaotic component

of Ω will intersect the leak in finite time. The dynamics of these trajectories before

they encounter the leak can then be thought of as transient chaos. The introduc-

tion of a hole or leak to an otherwise closed system can have an intrinsic physical

meaning, or even be a tool to study the chaotic properties of the closed system.

If the dynamics of a trajectory x⃗0, x⃗1, . . . in the closed system is described by a

map M : Ω → Ω, then for the leaking system we have

x⃗n+1 =

M(x⃗n) x⃗n /∈ I ,

x⃗n x⃗n ∈ I ,
(3.1)

so that the leak can be thought of as an invariant component of phase space. It is

then possible to define the escape time tesc of a trajectory with an initial point x⃗:

tesc(x⃗) :=

min{t > 0|Mt(x⃗) ∈ I}, x⃗ /∈ I ,

0, x⃗ ∈ I ,
(3.2)

a definition which extends naturally to flows.

It is important to distinguish leakage, that is, removal or termination of individ-

ual trajectories upon meeting some dynamical condition, from dissipation, which

implies phase space contraction. One can often exercise control over some prop-

erties of the leak, such as its size or position, without fundamentally altering the

dynamics from those of the closed system. However, this is not always the case: in

some open systems, such as Hénon-Heiles, the position and sizes of the leaks is a

property of the potential, and adjusting the controlling parameter (the energy) has

dynamical consequences. More generally, many systems are naturally open in that

the dynamics are not bounded to any particular region and artificially opening a leak
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is unnecessary. We have already seen an example of this in Fig. 3.3: when trajectories

exit the set Γ they quickly go to infinity. In this case the "leak" I as we consider it is

the complement of Γ in R2. The important point is that the ‘interesting’ dynamics of

a system may take place in a bounded region of the phase space, so that trajectories

cease to be relevant once they have left this region. This is different from the more

intuitive notion of a closed system being opened with a small hole, but most of the

general phenomenology of transient chaos still applies. In this thesis we describe

this type of behaviour as chaotic scattering2.

3.2.1 Escape Rate and Survival Probability

It is natural to think geometrically about the collections of points which remain in-

side Ω for long times. To wit, we define a families of sets {St}t∈R with

St = {x⃗ ∈ Ω|tesc(x⃗) ≥ t}. (3.3)

In the limit as t → ∞, we obtain the forward-invariant set S∞ of points which never

leave Ω under the dynamics. We can analogously obtain the backward-invariant set

S−∞ by applying the time-reversed dynamics to x⃗. Points x⃗ belonging to both sets

(⃗x ∈ S−∞ ∩S∞) comprise a subset of Ω invariant in both forward and reverse time. It

is this set which forms the chaotic saddle, with the forward-invariant and backward-

invariant sets S∞ and S−∞ forming the stable and unstable manifolds respectively.

Since the chaotic saddle has measure zero, a typical (randomly seeded) trajectory

will eventually move away from a given neighbourhood of the saddle. As discussed,

it is difficult to predict how quickly this occurs for a single trajectory, but one can

describe the process statistically with an escape rate κ:

Definition 3.2.1 (Escape Rate). Suppose N0 ≫ 1 initial conditions are distributed

according to a density ρ0 on a phase-space region R. Let Γ ⊆ R3 be a bounded,

compact region which supports the chaotic saddle (i.e., S∞ ⊂ Ω). Let N(t) denote

the number of trajectories still inside Γ after time t. The escape rate κ is defined as

κ := lim
t→∞

1
t

log
(

N0

N(t)

)
(3.4)

2Historically, scattering has specifically referred to a process by which trajectories enter Ω from
outside and then leave again after some time. Here we are talking about starting the particles inside.
The difference is relevant mostly in non-hyperbolic systems for reasons we discuss in a later section.

3In scattering systems, R often won’t contain the saddle itself, but will at least intersect its stable
manifold (the forward-invariant set).
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In spite of what the definition suggests, κ is independent of the choices of ρ0, R, and

Γ. It is purely a property of the chaotic set. We remark that it is somewhat unsatisfy-

ing to present another asymptotic definition in light of the preceding discussion, but

the convergence is usually rapid and visible after a short time t0 so that

N(t) ≈ N(t0)e−κ(t−t0) for t > t0. (3.5)

The time t0 and pre-factor N(t0)4 however, are dependent on ρ0, R and Γ.

Definition 3.2.2 (Survival Probability). The survival probability is equal to the prob-

ability that a randomly chosen point x⃗ ∈ Ω belongs to St. When the space can

be normalized under Lebesgue measure µL so that µL(R) = 1, this is equal to the

Lebesgue measure of St:

P(t) = µL(St). (3.6)

If the dynamics is ergodic with respect to µL, then P(t) → 0 almost surely as

t → ∞. The volume of St is well-approximated by the ratio N(t)/N0, and so in light

of Eqs. (3.5) and (3.6) it is reasonable to write

P(t) ≈ P(t0)e−κt, for t > t0. (3.7)

The Hénon map displays this exponential decay, as shown in Fig. 3.4.

The mean lifetime τ is defined from the survival probability as:

τ := ⟨t⟩ =
∫ ∞

0
tP(t)dt. (3.8)

For maps, in the case of exponential decay one has the following estimate:

τ ≈ 1
κ

. (3.9)

3.2.2 Sensitive dependence of transient lifetimes

The escape rate quantifies how quickly trajectories move from the chaotic set. It does

not, however, describe the chaoticity of the motion while still inside Γ. Indeed, the

transient need not be chaotic at all, as is the case for trajectories which asymptotically

approach an attractor (regular or strange) but do not come close to any other chaotic

set on the way. The question arises of how to classify a transient as chaotic other than

by inspection as in Fig. 3.2. One option to consider Lyapunov exponents computed

4For most choices of ρ0, the decay will not be exponential immediately from t = 0, so N(t0) differs
from N0.
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FIGURE 3.4: Survival Probability in the Hénon map for (a, b) =
(2.0, 0.3). (Left): Survival probability (blue curve) which displays an
exponential decay after t0 ≈ 8. An escape rate of κ ≈ 0.35 was de-
termined, and the orange dashed line shows the fit to this decay law.
(Right): Histogram of trajectory lifetimes. N0 = 107 initial conditions

were used, chosen uniformly in the same region Γ as in Fig. 3.3.

on finite time intervals [67], for which the positivity of at least one finite-time Lya-

punov exponent is necessary. An alternative is to examine the sensitive dependence

of transient lifetimes on initial conditions. As an illustration we again consider the

Hénon map. In the top panel of Fig. 3.5 we sample trajectories initialized on the line

y0 = −0.5 and compute the number of iterates n required for the trajectory to leave

the region Γ. In some contexts this is called a scattering function [41].

It can be seen that the distribution is comprised of continuous segments of con-

stant n and highly irregular regions. The irregular regions correspond to intersec-

tions of the line with the chaotic saddle or its stable manifold.5 Viewed from bottom

to top (increasing n), the top panel of Fig. 3.5 can be considered as showing the con-

struction6 of a particular Cantor set. The limiting object is a measure-zero fractal

with non-integer dimension. Such an object clearly does not describe the structure

of a regular (non-chaotic) non-attracting set. In two dimensions (the bottom panel)

we can see that the longest-living trajectories approximate the stable manifold as in

the sprinkler method. Between the Cantor filaments are contiguous regions of one

5Strictly speaking, what we observe are the escape time of points close to the saddle or stable mani-
fold - these sets have measure zero. The lifetimes of the points inside these sets would be infinite. The
observed value of n is due, of course, to finite numerical precision.

6By removal of the plotted pieces at each n from the interval [−1, 1].
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FIGURE 3.5: Transient lifetimes in the Hénon map for (a, b) =
(2.0, 0.3). (Top): Lifetimes for initial conditions on the line segment
y0 = −0.5, x0 ∈ [−1, 1]. Each point corresponds to the time taken for
the trajectory seeded at that point to leave Γ = [−1, 1]× [−1, 1]. Bot-
tom: the same experiment for 106 initial conditions started uniformly
over Γ, where the points are colored according to their escape time.

color, analogous to the intervals of constant n in the top panel. Thus, sensitive de-

pendence on initial conditions in the transient lifetime can be taken as an additional

indicator of transient chaos.
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3.3 Fractal dimensions in transient chaos

Chaotic dynamics are generally associated with the existence of fractal structures in

phase space. We have already discussed some of these, like the chaotic saddles and

their stable/unstable manifolds. The fractal dimension of these sets provides intrigu-

ing connections between the geometric objects and the dynamics of the underlying

system, through relations such as the Kaplan-Yorke dimension [23] for strange at-

tractors, or the Kantz-Grassberger relation [37] for chaotic saddles. There are many

choices of how to define a fractal dimension, but they generally refer to the scaling

behaviour of some quantity as some characteristic size or scale is varied.

One intuitive and easy-to-compute choice is the box-counting dimension [53],

denoted D0. The box-counting dimension of a set is defined as the exponent of the

minimal number n(ε) of disjoint boxes of width ε needed to cover the set in the ε → 0

limit. Explicitly,

D0 = lim
ε→0

ln n(ε)
ln 1/ε

. (3.10)

It is defined similarly7 to another common choice of fractal dimension, the Haus-

dorff dimension, the scaling exponent of the number of balls of radius r > 0 needed

to cover the set [53]. The subscript zero in the box-counting dimension is chosen

because the box counting dimension is one of a spectrum of dimensions called the

Rényi spectrum [59], defined on probability measures µ:

Dq =
1

1 − q
lim
n→∞

ln ∑n(ε)
i=1,µi>0 µ

q
i

ln 1/ε
, (3.11)

for all q ∈ R. Here µi refers to the measure of the box i. These other dimensions are

useful because the box counting dimension fails to take into account how densely

each of the boxes is filled by the fractal set. Generally one has

N ≥ Dq ≥ Dq′ ≥ 0 (3.12)

where q′ > q and N is the dimension of the space in which the fractal object is

embedded. The case q = 18 is called the information dimension D1, and is related to

the Shannon entropy Hε of the probability distribution associated with the measure

7the box counting dimension is an upper bound to the Hausdorff dimension, and asymptotically
they are usually equal

8Undefined in Eq. (3.11), but the q → 1 limit is easily shown to exist.
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µ:

Hε := −
n(ε)

∑
i=1

µi ln µi. (3.13)

The relation between the two quantities is

D1 = lim
ε→0

Hε

ln 1/ε
. (3.14)

The information dimension thus describes how the information content grows with

the number of boxes. The Kaplan-Yorke formula mentioned earlier relates the in-

formation dimension D1 of a strange attractor to the Lyapunov exponents λi of the

dynamics:

D1 = k + ∑k
i=1 λi

|λk+1|
, (3.15)

where the integer k is defined as

k := max

{
j ∈ N :

j

∑
i=1

λi > 0

}
. (3.16)

For a 2D map to feature a chaotic attractor (e.g the Hénon map) there must be

one Lyapunov exponent of each sign, so Eq. (3.15) reduces to

D1 = 1 +
λ1

|λ2|
(3.17)

The spectrum of Rényi dimensions for q ∈ [0, 5] for the Hénon map is presented

in Fig. 3.6.

The Kantz-Grassberger relation for open systems relates the information dimen-

sion of the natural measure of the chaotic saddle to the Lyapunov exponents and

also to the escape rate κ. For 2D maps it reads [71]:

D1 = (λ1 − κ)

(
1

λ1
+

1
|λ2|

)
. (3.18)

Eq. (3.18) also generalizes to higher dimensional systems in terms of the information

dimensions along the unstable directions of the saddle. In particular, we also have

the following relationship between the information and box-counting dimensions of

the stable/unstable manifolds Di,s, Di,u (i = 0, 1)9 and the dimension of the saddle

Di [71]:

Di = Di,s + Di,u − N. (3.19)

9In Hamiltonian systems, time-reversal symmetry implies Di,s = Di,u.
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FIGURE 3.6: (Left): Chaotic attractor in the Hénon map (1.1) for
(a, b) = (1.4, 0.3) traced out by a single trajectory of length 106, dis-
carding a transient of length 104. (Right): Approximate Rényi di-
mensions Dq for this attractor. In particular, we compute Lyapunov
exponents of (λ1, λ2) ≈ (0.42,−1.62), leading to an information di-
mension of D1 ≈ 1.26 by the Kaplan-Yorke formula. This agrees well

with the value for q = 1 shown in the figure.

For the Hénon map with (a, b) = (2.0, 0.3) (see Fig. 3.3) we compute D1,s ≈ 1.62,

D1,u ≈ 1.29 and N = 2, so that D1 ≈ 0.91. This is close to the information dimension

of 0.95 we compute for the set obtained by the sprinkler method in the middle panel

of Fig. 3.3.

One more fractal dimension that frequently appears [71, 77, 73, 48, 14] in stud-

ies of transient chaos due to its computational convenience over other choices is the

uncertainty dimension [29]. In systems with more than one final state (e.g. multiple

attractors, different holes through which to escape the system, etc), the boundary

separating the disjoint basins of initial conditions leading to these different states

are often fractal. The reason behind this can be explained as transient chaos related

to chaotic sets supported on the boundary. Points belonging to the boundary appear

as singularities of any function assigning an initial condition x to one of the final

states, an example being the scattering function shown in Fig. 3.5 in which the es-

cape time function tesc is singular on the forward-trapped set S∞. A consequence of

the fractality is that determining the fate of initial conditions close to the boundary

requires exponentially more precision in the specification of that initial condition.

The uncertainty dimension quantifies the scaling of this precision requirement in

terms of how frequently perturbations of an initial condition by an amount ε lead to
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a different final state.

In more detail, a point x is called uncertain at the resolution ε if a new point

x′ = x + ε 10 belongs to a different basin than x. The fraction f (ε) of uncertain points

scales with a power law:

f (ε) ∝ εα, (3.20)

where the extreme case α = 1 corresponds to a smooth boundary (no fractality)

and the other extreme (α → 0) to total fractalisation of the space (riddled basins).

The uncertainty exponent α is related to the dimension Dα of the boundary by

Dα = N − α. (3.21)

where N = dim Ω. It was conjectured [29] that the uncertainty dimension is

equal to the box-counting dimension in typical dynamical systems, and this has been

proven in certain cases [52]. It is the uncertainty dimension we will use in Chapter 5

to quantify the scaling of exit basin boundaries.

3.3.1 Invariant and Conditionally-Invariant Measures

An important dynamical invariant is the natural measure µN . Several dynamical char-

acteristics such as Lyapunov exponents and fractal dimensions (e.g. box-counting,

information dimension) can be defined with respect to this measure. For Hamilto-

nian systems, the natural measure is the Liouville measure - the volume of phase

space.

Definition 3.3.1 (Natural Measure). Let A be a measurable set in state space Ω, and

let x⃗0, x⃗1, . . . be an orbit of a dynamical system in a state space Ω. The natural mea-

sure µN of A is defined by tracking the frequency of visits to A:

µN(A) :=
∫

A
dµN = lim

t→∞

1
t

t−1

∑
i=0

1A(x⃗i), (3.22)

where 1A is an indicator function on A.

In closed systems, ergodicity of the dynamics implies that the density of µN will

be generated by generic orbits. However, for open chaotic systems, the limiting

behaviour of Eq. (3.22) can only be guaranteed on the set S∞, i.e., on the chaotic

saddle. The support has measure zero, so in practice one can only approximate the

measure by either sprinkler method as previous described, or by a coarse-graining

10This can be a perturbation in a random direction of size |ε|, but a common choice to simplify the
computation is to choose points and their perturbations on a line intersecting the boundary.
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procedure such as Ulam’s method [24], which would involve covering the set with

boxes of width ε ≪ 1 and track the relative proportion of visits to the boxes by n ≫ 1

trajectories. The probability measure of box i is then approximated by

Pi(ε) ≈
ni

n
(3.23)

where ni is the number of visits to box i. A related concept that is perhaps more

useful is the conditionally-invariant measure, introduced by Pianigiani and Yorke [55]:

Definition 3.3.2 (Conditionally-invariant measure). A measure µc is said to be conditionally-

invariant with respect to a map M if, for any measurable A ⊂ Ω, we have

µc(A) =
µc(M−1A)

µc(M−1Ω)
. (3.24)

The conditionally-invariant measure (‘c-measure’ for short) is obtained as the

limiting distribution of a smooth ensemble of initial conditions in the neighbour-

hood of S∞. For long times (t ≫ 1/κ), the probability of a surviving trajectory being

in any region A ∈ Ω approaches µc(A) [4, 20, 71]. Thus, the c-measure acts similarly

to an attractor for generic ensembles of initial conditions which intersect the stable

manifold of the saddle, analogous to Sinai-Ruelle-Bowen (SRB) measures for attrac-

tors. This distribution is invariant provided it is re-normalized at each time-step of

the dynamics to account for the points which leave during this step (achieved by the

denominator in Eq. (3.24)). This amounts to supplying new points to A at the same

rate at which they are leaving asymptotically - that is, the number of points is mul-

tiplied by eκ at each step where κ is the escape rate. It is thus possible to uniquely

express the escape rate in terms of the c-measure:

κ = − log(1 − µc(E)), (3.25)

where µc(E) = 1 − µc(M−1(Ω)) is the c-measure of the set E of trajectories that exit

Ω in one iteration of the map M. It is worth noting that the same argument implies

that the stable manifold supports the c-measure of the time reversed dynamics. The

restriction of either c-measure to the support of the saddle yields a natural measure

of the saddle (in forward or reverse time), and these will agree if the system exhibits

time-reversal symmetry (e.g in Hamiltonian systems.)
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3.4 Transient Chaos and Non-Hyperbolicity

Until now we have assumed that the dynamics of the system in question is hyper-

bolic. This is a very strong statement: hyperbolicity implies exponential separation

of nearby trajectories, contributing to efficient mixing and ergodic exploration of the

phase space by generic orbits. However, it is generally accepted that typical Hamil-

tonian systems do not have strong hyperbolic properties [56, 71, 4]. They often have

a mixed phase space, with both regular (integrable) and chaotic components as we

have seen in Chapter 2. KAM tori form transport barriers which divide these compo-

nents from each other, meaning that a chaotic orbit cannot penetrate into the regular

region from outside, and regular orbits will never leave [53]. Remarkably, there is

still a possible interaction between the regions: when a chaotic trajectory approaches

the boundary between the chaotic and regular components, it can spend a long time

“stuck" close to the boundary.

This phenomenon is thus called stickiness, and occurs because the local Lyapunov

exponents go to zero (the same as on the KAM tori themselves) due to the smooth-

ness of the dynamics. Consequently, during their visit to the sticky region the orbit

ceases to be chaotic and instead the orbit behaves quasi-periodically. Eventually the

orbit will leave the sticky region and rejoin the chaotic sea, potentially to later return

to the same or another sticky region after an indeterminate time. This leads one to

speak of intermittent [45] phases of chaotic and regular behaviour in the evolution of

a trajectory.

The length of visits to these sticky regions obeys a power law (heavy-tailed) dis-

tribution, which has deep implications for any calculations and descriptions relying

on strong chaotic properties like uniform hyperbolicity. A direct consequence for

transient chaos is that the expected exponential decay in the survival probability

will not hold asymptotically: the trajectories with the longest (finite) lifetimes will

be those trapped close to regions of regular motion. Empirically, one instead ob-

serves a crossover between exponential and algebraic decay in P(t) after some finite

time t⋆ [71, 4]:

P(t) ∼

e−κt, t0 < t < t⋆

t−z, t ≥ t⋆.
(3.26)

In such cases, the chaotic saddle can be regarded as having both hyperbolic

(dominant on short times) and non-hyperbolic (resp. long times) components [4].

We demonstrate this phenomenon numerically in two open systems in Chapter 5.
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3.5 Dissipation

We consider the evolution of Hamiltonian systems perturbed with a dissipative ef-

fect. One way that friction-like dissipation can be added to Hamiltonian systems is

through a Rayleigh dissipation function F [28]. For a single-particle system with

two degrees of freedom, it is written as

F (t) =
1
2
(γ1q̇1

2 + γ1q̇2
2), (3.27)

where γ1, γ2 are parameters controlling the strength of the dissipation and q̇1, q̇2

are the generalized velocities11. The derivatives − ∂F
∂q̇i

and − ∂F
∂q̇j

represents the fric-

tional forces in the equations of motion. The relationship between F and energy E

is given by
dE
dt

= −2F (t). (3.28)

When we add dissipation to the Hénon-Heiles system, it will be in the form of

Eq. (3.27). The form of dissipation we consider for the Copenhagen problem is more

complicated and will be discussed in a later section.

3.6 Doubly-transient chaos

The descriptions of transient chaos we have presented rely on the existence of a

chaotic invariant set of orbits. However, there is a broad class of systems which

cannot satisfy this requirement. When dissipation is added to an undriven system,

the energy must decrease so that all motion eventually ceases. Consequently, there

cannot exist any non-trivial invariant sets. A novel theory to describe the motion of

trajectories in non-linear systems with dissipation is called doubly-transient chaos [48,

71, 73]. As suggested by its name, the idea is to view the chaotic invariant sets

underlying transient chaos to be themselves transients due to the loss of energy.

This theory has been shown to describe the systems in which the dissipation acts

as a non-autonomous element in the dynamics, with mechanical systems like the

magnetic pendulum receiving particular attention [48]. The transient chaos prop-

erties of such systems are found to be surprisingly distinct from those in the con-

servative case. Key features include time-dependent settling rates to attractors, and

scale-dependent fractal dimensions of attractor basin boundaries. Ref. [40] explored

further properties of doubly-transient chaos by analysing the time evolution under

11This term can be added to the Lagrangian, from which the dissipative Hamilton’s equations are ob-
tained. Alternatively, eq. (3.27) can be expressed in terms of momenta instead of generalized velocities
and then added to Hamilton’s equations.
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dissipation of phase space structures of the dissipation-free system, proposing new

tools to analyse how the complexity of the motion decays in time.

Most existing works on doubly-transient chaos have focused on closed mechani-

cal systems [48, 40, 14], wherein every trajectory of an otherwise permanently chaotic

system eventually settles to a fixed point when dissipation is added. It is not clear

from these studies what to expect when dissipation is added to open systems whose

generic behaviour is already transient. Scattering systems are a natural example, as

the only orbits with infinite lifetimes can often form measure-zero fractal sets. An in-

teresting exception is [73], in which the theory of doubly-transient chaos is applied

to a Hamiltonian system subject to parameter drift whose unperturbed dynamics

is transiently chaotic (a decaying open flow), describing the escape process using

time-dependent (effective) escape rates. It was suggested that the changing escape

rate could be understood as the decaying system evolving along snapshots of the

system without parameter drift. An important simplifying property of the system

studied in that work is that all trajectories experience the same dynamics at time t.

In more typical dissipation scenarios which we consider in this thesis, the dissipa-

tion depends on the trajectory (e.g., on the velocity) and thus different trajectories

experience a different unperturbed dynamics (have a different energy) at the same

time t.

The larger aim of this thesis is to study open dissipative chaotic scattering sys-

tems, and to propose new methods to understand and explain the temporal evolu-

tion of these systems and their statistical properties. We explore these phenomena

numerically for the Hénon-Heiles and Copenhagen systems in the next chapter, and

propose a theoretical understanding in Chapter 6.
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Chapter 4

Numerical Methods

This thesis relies on computer experiments. The equations of motion for chaotic

dynamical systems cannot be solved explicitly, and so solutions need to be approxi-

mated numerically using differential equation solvers. The experiments in this thesis

were performed using the DifferentialEquations.jl [58] and DynamicalSystems.jl [19]

software libraries for the Julia programming language. Additionally, all visualisa-

tions were made with the Plots.jl [17] package. Julia is an exciting new language,

particularly for scientific computing applications, owing to its balancing of high-

performance (comparable to C) and high-level syntax (comparable to Python). In

this chapter we discuss the choices of different solver algorithms and how they are

applied to our problem.

4.1 Runge-Kutta Algorithms

The simplest method for solving an initial value problem ẋ = f (x, t), x(0) = x0

is the Euler method [61]. The solution is computed by a forward finite-difference

method with small step size ∆t:

xn+1 = xn + ∆t f (xn, tn),

tn+1 = tn + ∆t.
(4.1)

There can be several sources of error in the computed solution. Two that are

ever-present are truncation error, which is the error introduced in a single step of

the solver and is controlled by the step size ∆t, and round-off error, which is the

limitation imposed by the finite precision of floating-point representation. In some

cases the differential equations are stiff, generally referring to instabilities caused by

the derivative terms growing extremely large very quickly (e.g near singularities).

Circumventing this requires extremely small step sizes, which introduces a perfor-

mance trade-off.
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Euler methods are generally not suitable beyond very short times for the above

reasons. Runge-Kutta methods generalise the Euler method to better account for how

the derivative changes between steps by computing estimates for the slope of f (x, t)

at n distinct points in the interval [tn, tn + ∆t] and using a weighted sum of these

to estimate xn+1 [61]. As an example, a fourth-order (n = 4) Runge-Kutta method,

abbreviated RK4, works as follows:

xn+1 = xn +
∆t
6
(k1 + 2k2 + 2k3 + k4),

tn+1 = tn + ∆t,
(4.2)

where the terms k1, k2, k3, k4 are given by

k1 = f (xn, tn),

k2 = f
(

xn + ∆t
k1

2
, tn +

∆t
2

)
,

k2 = f
(

xn + ∆t
k2

2
, tn +

∆t
2

)
,

k2 = f (xn + ∆tk3, tn + ∆t) .

(4.3)

More weight is given to estimates of the slope of the derivative from the mid-

point of the interval. Runge-Kutta methods do not overcome the above error con-

tributions, but are much more appropriate than simple first-order approximations

for most problems. Most computer implementations of Runge-Kutta methods al-

low for the step size ∆t to be adjusted dynamically during integration, so that larger

step sizes can be used when the derivatives are small, and vice-versa, for reduced

computational cost. The range of allowable step sizes is controlled by user-specified

error tolerances in the solution. In this thesis, when we integrate trajectories of dis-

sipative systems, we use a 9th-order Runge-Kutta method [72] with error tolerances

of less than 10−14. This is effectively the accuracy limit of double (64-bit) precision.

Whenever higher accuracy is desired, for instance when studying fractal dimen-

sions, double-double (128-bit) precision is used and the error tolerances adjusted ac-

cordingly. 128-bit precision allows for keeping tracking of up to around 30 decimal

places.

4.2 Symplectic Integrators

A key feature of Hamiltonian systems is that the solutions to Hamilton’s equations

reside on a symplectic manifold in phase space, with a natural 2-form defined by the
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position and momentum components of the solution. There exist classes of numer-

ical integration schemes, known as geometric integrators, which preserve geometric

properties of the solution. A certain subclass of geometric integrators, called sym-

plectic integrators, preserve this 2-form.

Many symplectic integrators rely on a technique called splitting. The main idea

is to decompose ("split") the Hamiltonian into several terms (for instance, into ki-

netic energy T and potential energy V, or into separate Hamiltonians H1, H2, . . .)

which can be either be solved or approximated independently. As an example, one

of the most popular splitting methods is the leapfrog or Verlet algorithm, a second-

order method which alternates between independently updating the position and

momentum variables. The idea is to make the flow approximation

ϕt ∼ ϕt/2
T ◦ ϕt

V ◦ ϕt/2
T , (4.4)

where ϕT, ϕV are the flows associated with the kinetic and potential terms. The re-

sulting relationship between (qn, pn) and (qn+1, pn+1) is a symplectic map. Higher-

order methods can also be developed; for an in-depth discussion, see e.g [76, 34].

The solutions evolved by symplectic integrators reside on a symplectic manifold,

albeit slightly perturbed from the ‘true’ manifold to the Hamiltonian system. This

perturbation has several components. First is the drift that arises from round-off

error, which tends to grow linearly in time. Secondly, the truncation error induces

a perturbation from the true trajectory of size O(∆tn), where n is the order of the

specific method. The energy is thus not exactly conserved, although the numerical

manifold is close to the true manifold, so observed energy differences are small and

tend to look periodic. This is demonstrated in Figure 4.1, which displays the energy

drift in a 4th-order symplectic method[60] for a trajectory in the Hénon-Heiles sys-

tem.

Non-symplectic methods generally have quadratic (or worse!) numerical drift,

and tend not to display this periodic behavior. The global properties of the phase

space path are also not preserved. Observe in Figure 4.2 the difference between

the symplectic method from Figure 4.1 and a 5th order Runge-Kutta method due to

Tsitouras [69]. Catastrophic energy drift can result over long integration times when

error tolerances are high. While this effect can be mitigated by using stricter error

tolerances or selecting integrators more optimized for a given problem type, this is

often limited by performance concerns.

For integrating trajectories of Hamiltonian systems, we use an explicit 8th-order
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FIGURE 4.1: Relative energy error for a trajectory in the Hénon-Heiles
system using a 4th-order symplectic method.

FIGURE 4.2: Relative energy error for trajectories of the same ini-
tial condition, using a 4th-order symplectic method and a 5th-order

Runge-Kutta method.
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FIGURE 4.3: Absolute value of the energy error over a trajectory of
length 5000 in the Hénon-Heiles system, computed using an 8th-
order symplectic method [36] with a fixed time step of ∆t = 0.01 and

quadruple-precision arithmetic.

symplectic method [36] with a fixed time-step of ∆t = 0.01. This has excellent en-

ergy conservation properties, which we demonstrate in Fig. 4.3 for a trajectory in

the Hénon-Heiles system. This level of precision is more than sufficient for our pur-

poses.





43

Chapter 5

Numerical Experiments

In this chapter we present the results of some numerical experiments in two open

chaotic systems: the Hénon-Heiles system and the Copenhagen problem. We con-

sider each system with and without dissipation, study their transient chaos proper-

ties, and identify the qualitative differences that dissipation causes.

5.1 Transient chaos in the Hénon-Heiles system

We previously introduced the Hénon-Heiles system in Chapter 2 in the context of

showing the breakdown of integrability with perturbations. For increasing values

of the energy parameter E, we observed a disintegration of the invariant tori inside

a bounded potential. At Ec = 1/6, which we will call the ‘critical energy’, three

openings are created and particles may escape through any of the exit channels. We

emphasize that it is only for energies above Ec that escape is possible, and thus tran-

sient chaos is observable. At E = Ec, the potential contours form an equilateral

triangle with vertices at saddle points, see Fig. 2.1.

The escape dynamics in the Hamiltonian problem have been extensively stud-

ied [2, 77]. A typical orbit moves about the scattering region until it passes through

one of the three exit channels and escapes to infinity. The existence of special un-

stable periodic orbits, called Lyapunov orbits, allows for the definition of a precise

criterion for escape from the region around the origin. These orbits straddle the exit

channel openings, and persist for all energies E > Ec. Trajectories which cross these

orbits with outward velocity vectors can never return to the central region [18]. For

our problem, we thus define the scattering region Ω to be the region of configuration

space bounded by the potential contours V = E and the Lyapunov orbits at energy

E connecting neighbouring contours.
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5.1.1 Exit basins

Here we determine the exit basins in the open Hénon-Heiles system, a concept we

described in Chapter 3. We seed initial conditions uniformly inside Ω, with initial

velocities chosen according to the section S2. In the Hamiltonian setting (γ = 0) we

use a numerical criterion to determine escape. If the orbit’s (x, y) position exceeds a

fixed radius1 resc > 1 then the orbit is deemed to have escaped at this time. The dis-

tance from the origin to any of the three saddle points is 1, so choosing an resc slightly

larger than 1 ensures that the orbit has actually crossed the threshold determined by

the Lyapunov orbit and thus left Ω. Various specific values of resc were considered,

all leading to the same observations. We distinguish between initial conditions that

escaped through different channels by plotting them in different colors.

1With the understanding that all of Ω is contained inside this disk.
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FIGURE 5.1: Basins of escape (green, orange, blue) through different
exit channels in the conservative Hénon-Heiles system. (Top): Basins
for E = 0.18. The pink points correspond to KAM islands, whose
orbits never escape. (Bottom): Basins for E = 0.3. N0 = 5 · 106 points

are used to generate each plot.

The basins for the conservative system for two values of the energy, E = 0.18

and E = 0.3 are shown in Fig. 5.1. Common to both panels is the 2π/3 symmetry in

the basins, which is expected from the potential. At the lower energy, the scattering

region is heavily fractalized, in which points of one color are located arbitrarily close

to points of other colors. There are some larger hook-like structures located near the

origin comprised of points that escape very quickly through the same channel, as
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well as some thinner structures close to the walls of the potential which also leave

quickly. Generally speaking, contiguous regions of one color in these diagrams in-

dicate regions with short escape times, as these points start far from chaotic saddles

and perform similar movements in Ω. This is verified in Fig. 5.2, which colors each

point in the basins by their time to escape. Apparent from these figures is the re-

duction in typical escape time (equivalently, the increase in the escape rate) as the

energy is increased. The top panel plots every point whose orbit escaped before

t = 500, and the bottom panel the points whose orbit escaped before t = 50. In

fact, the escape basins in the Hénon-Heiles system are known to exhibit a stronger

condition known as the Wada property [2], under which all three of the exit basins

share the same boundary. This has even been claimed to persist under weak dissipa-

tion [65], although recent work [14] on the geometry of basin boundaries in undriven

dissipative systems suggest that this may only hold to finite spatial scales.
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FIGURE 5.2: Coloration of the configuration space coordinates of ini-
tial conditions from the Poincaré section S3 according to their escape
time in the conservative Hénon-Heiles system. The top and bottom
panels correspond to the same values of the energy E as in Fig. 5.1.
The points belonging to KAM islands (top panel) are left uncolored,
as their escape time is infinite. N0 = 5 · 106 points are used to gener-

ate each plot.

5.1.2 Survival Probability

Numerical computations of the survival probability in the Hénon-Heiles system (2.18)

are summarized in Fig. 5.3. The top panel confirms the existence of all the generic

regimes described in Chapter 3, depending on the initial energy E. Importantly,
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even if for small energies the existence of KAM islands hinders the decay to be non-

exponential, there is an effective escape rate κ at intermediate times t [47, 4] that

governs the escape of the majority of the initial conditions. It is thus possible to in-

vestigate the dependency of the (effective) escape rate κ on the energy E for all values

of E > Ec. The numerical results in Fig. 5.3(b) indicate a continuous dependence of

κ on E0, with a roughly linear dependency for E in the hyperbolic regime2.

FIGURE 5.3: Survival probability P(t) and escape rate κ = κ0 in
the Hamiltonian system. (a): P(t) for 2 values of the energy E0 >
Ec = 1/6 (see legend). For the smaller energy (E0 = 0.23), a
crossover occurs between an exponential and a power law decay at
at t = τ⋆ ≈ 100, as described in Chapter 3 for non-hyperbolic sys-
tems. For the larger energy (E0 = 0.27), there is no crossover and
the decay is exponential, as observed in uniformly hyperbolic dy-
namics. The dashed lines have been added as a visual aid, with
the approximate decay exponents for the exponential and power
law regimes annotated. N0 = 107 initial conditions were used for
each curve. (b): Dependence of the escape rate κ on the energy
E0 in the Hamiltonian system. Note that the x-axis is translated by
Ec. Each point is the mean of 4 separate estimates of κ made by
least-square fits of the logarithm of P(t) across different time inter-
vals. There is an observed non-linear scaling which ends at around
E0 = 0.27 (marked with the purple dash-dotted line) after which the
dependence becomes linear. Parametric fits of the non-linear (green
dashes, κ = 13.63(E− Ec)2 + 0.03(E− Ec)) and linear (orange dashes,

κ = 1.41(E − Ec)) regimes are overlaid.

2We have avoided speculating on the reason for the change that occurs in κ at around E = 0.27,
although it is perhaps worth mentioning that this is coincides with the point at which the last regions
of bounded regular motion bifurcate away [7].
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5.1.3 Chaotic sets

The chaotic invariant sets for the conservative system for E = 0.3 are visualised in

Fig. 5.4. The saddle displays the same azimuthal symmetry as the potential, and the

stable and unstable manifolds also show the expected symmetry arising from their

equivalence under time-reversal.

FIGURE 5.4: The Hénon-Heiles chaotic saddle (right) and its stable
(left, black) and unstable (left, red) manifolds in the Poincaré section
S2 for energy E = 0.3. All three objects were computed using the

sprinkler method.

5.2 Hénon-Heiles with dissipation

We study the effects of weak dissipation on the escape dynamics of the open system

by introducing an additional term to eqs. (2.19) modelling a drag linearly dependent

on the velocity v, which can be represented as a Rayleigh dissipation function like in

eq. (3.27). The ODEs of the resulting dissipative system are

ẋ = px, (5.1a)

ẏ = py, (5.1b)

ṗx = −x − 2xy − γpx, (5.1c)

ṗy = −y − (x2 − y2)− γpy, (5.1d)
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where γ ≥ 0 controls the strength of the dissipation. The system is no longer Hamil-

tonian and the energy of a trajectory decays3 as

dE
dt

= −γ(p2
x + p2

y) = −γv2,

= −2γ(E − V(x, y)).
(5.2)

The decay rate of the energy will thus differ for each initial condition depending

on the potential V(x, y) they experience. For large times t long-living trajectories

perform a similar movement in Ω. The variations across such trajectories will be

small and the potential can be approximated (on average across t) as a fraction of

the total energy V(x, y) = (1 − µ
2 )E, where µ ≈ 1 is a proportionality factor. Using

this approximation in Eq. (5.2), we obtain

E(t) = E0e−µγt. (5.3)

For damped oscillations around a stable fixed-point, the linearised system has eigen-

values with real part −γ/2, and thus E should decay at a rate γ and thus µ = 1.

We numerically test the validity of Eq. (5.3) for our system in Fig. 5.5. The decay

is well-described by an exponent of µ = 0.91 for the time interval [0, 200], after which

the only remaining orbits will be slowly collapsing towards the origin. The energy

of such long-lived orbits decays faster than the overall fit (the red-curve slightly

overestimates the numerical results for large t). µ approaches 1 for large t because

the dynamics becomes increasingly linear.

We make the observation that orbits that are seeded inside KAM islands tend

to remain inside the decaying islands under weak dissipation. Evidence for this is

given in Figs. 5.1, 5.6, and 5.7), in which the points whose initial conditions are inside

the islands in the conservative dynamics do not escape the system under the dissipa-

tive dynamics – they remain in the system until escape is impossible and eventually

converge to the attractor. We observe the same qualitative behaviour as reported in

[46]: the islands followed a complicated structure of bifurcations as the energy de-

creases, as opposed to the islands being converted to attracting funnels as suggested

in [47]. Similar computations were performed in [40] for other systems at the level

of individual tori, which generically were shown to persist in a deformed state for a

few intersections with the Poincaré surface before ultimately disintegrating.

3Henceforth, E0 = E(t = 0) will refer to the (constant) initial energy of the ensemble, or to the
energy of the conservative system.
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FIGURE 5.5: Energy dependence on time in the dissipative system.
The dark blue line shows the mean energy ⟨E⟩ computed over an en-
semble of trajectories inside Ω at time t. The blue ribbon shows 3 stan-
dard deviations. The dashed red line is a fit to Eq. (5.3) obtained via
least-squares of the log-transformed data. (Inset): Histograms show-
ing the distribution of energies at times corresponding to the coloured

dots in the main plot. The parameters are (E0, γ) = (0.3, 0.01).

5.2.1 Exit basins

We again compute the basins of escape, this time for the dissipative system. There

are no longer KAM islands in the dissipative system (γ > 0), but there is now a

considerable set of initial conditions that do not escape Ω and eventually converge

to the attractor at the origin. In the dissipative setting, the Lyapunov orbit criterion

for determining escape cannot be relied upon, so we choose an expedient method to

determine the escape condition: we integrate an initial condition until the energy of

the orbit drops below the critical energy Ec . An orbit with energy E < Ec cannot

leave or re-enter Ω, and so its position at this time will determine its eventual fate.

An orbit on the exterior of Ω will be considered to have escaped, and an orbit on

the interior will be considered trapped. Integrating further is unnecessary due to

the monotonicity of the energy decay. We call the time t taken for the energy of a

trapped orbit to reach E(t) < Ec the settling time. For an escaping orbit, we consider

the actual escape time to be the time when the trajectory left Ω4, with the apriori

knowledge that it will not return. Trajectories that leave Ω quickly achieve high

velocity, and so rapidly fall below Ec on the outside. The basins are presented in

4In the simulation, actually the time the trajectory leaves the disk containing Ω.
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FIGURE 5.6: Bifurcation structure of the KAM islands in the Hénon-
Heiles system. The intersections with the Poincaré section are plotted
for 7 initial conditions seeded inside KAM islands at E0 = 0.21 with

γ = 2 · 10−5. A maximum integration time of 200,000 was used.

Fig. 5.7.

It can be seen in these figures, and by comparison to the corresponding figures 5.1

and 5.2 for the conservative system that the orbits remaining trapped in Ω under the

dissipative dynamics are those starting close to the boundary between basins. The

settling times of these points are also typically much longer than the escape times of

orbits that manage to leave Ω. We identify these points as starting close to the stable

manifold of the chaotic saddle of the conservative system, suggesting a transient

chaos description is applicable even though the invariant chaotic sets don’t exist in

the dissipative system. This is one of the main statements of the theory of doubly-

transient chaos [48] that was mentioned in chapter 3. In chapter 6 we propose an

extension of this theory.

5.2.2 Survival Probability

We now focus on the survival probability P(t) of trajectories under dissipation. Dis-

sipation creates an attractor at the origin corresponding to a point of zero energy.

The basin of attraction of this fixed-point attractor is comprised by initial conditions

in or around KAM islands [47, 46] and orbits initialised near the stable manifold
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FIGURE 5.7: Basins of escape through different exit channels in the
dissipative Hénon-Heiles system. The color scheme for escaping
points is the same as for the conservative system. (Top): Basins for
E0 = 0.18 and γ = 0.001. The pink points correspond to orbits which
remain in the system long enough for the energy to fall below Ec af-
ter which escape is not possible. (Bottom): Basins for E0 = 0.3 and
γ = 0.01. The trapped points here are colored black, and in a larger
marker size to aid visualisation. N0 = 5 · 106 points are used to gen-

erate each figure.
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FIGURE 5.8: Coloration of the configuration space coordinates of
initial conditions in the Poincaré section S2 according to their es-
cape/settling time in the dissipative Hénon-Heiles system. The top
and bottom panels correspond to the same values of the energy E as

in Fig. 5.7. N0 = 5 · 106 points are used to generate each plot.
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of the chaotic saddle of the conservative system. These are long-living trajectories

for which dissipation acts for sufficiently long time to bring their energy to Ec. In

comparison to the conservative case, the attractor provides an additional way for an

orbit to “leave" the system.

The numerical results for P(t) for various dissipation strengths γ are shown in

Fig. 5.9. Different decay regimes and the effects of increasing γ are readily visible.

After an initial period, the P(t) curve deviates from the simple exponential of the

Hamiltonian system (blue line), showing a slower decay (increased trapping).

In order to characterize the observed survival probability P(t), we introduce

three characteristic times τ0, τ1, and τ2. The interval [0, τ0] is the period during which

the decay is highly-dependent on the choice of initial ensemble. Consequently, τ0 is

effectively independent of γ. The time τ1 that marks the start of the enhanced trap-

ping regime can be thus defined as

τ1 := min{t ≥ τ0|Pγ>0(t) = αPγ=0(t)}, (5.4)

where α > 1 is an arbitrary constant that demarcates when significant deviations

from the non-dissipative system are observable (we use α = 2 for our experiments).

When P(t) is almost constant (no escape), there is a sudden and dramatic increase in

the decay that continues until there are no points left. We denote by τ2 the time that

marks the end of the enhanced trapping regime, when P(t) decays quickly (expo-

nentially) towards zero. The numerical results show that both τ1 and τ2 increase with

decreasing γ, consistent with the expectation that P(t) varies continuously with γ.

In the next chapter we show how these numerical observations can be theoretically

explained.

5.2.3 Uncertainty Dimension

We analyse the fractality of the exit basin boundaries using the uncertainty dimen-

sion outlined in Chapter 3. As a reminder, the fraction f (ε) of uncertain points at a

given resolution ε scales as f (ε) ∼ εα, where α = N − D. This leads to the estimate

D ≈ N − d ln f (ε′)
d ln ε′

∣∣∣∣
ε′=ε

. (5.5)

In general there may be a non-trivial scale dependence with ε in the dimension,

with constant α manifesting under hyperbolic conditions. This motivates one to

speak of an effective dimension at a given ε. It has been established that in non-

hyperbolic chaotic scattering, the asymptotic (ε → 0) uncertainty dimension of the
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FIGURE 5.9: Distribution of trajectory lifetimes in the dissipative
Hénon–Heiles system for various small dissipations γ. The survival
probability for the Hamiltonian setting (γ = 0, blue curve) is added
for comparison. For the purple curve (γ = 10−2), the approximate

positions of the timepoints τ0, τ1 and τ2 are marked.

basin boundaries approaches the dimension of the phase space [41]. This corre-

sponds to α → 0, or an increasing effective dimension. An effect of dissipation that

has been observed in scattering settings is an immediate and considerable decrease in

the dimension [64, 47], with the boundaries potentially becoming non-fractal below

certain length scales [14], implying α → N − 1. All three of these scaling behaviours

can be understood with Cantor set arguments which are outlined in the aforemen-

tioned references. A visualisation suggestive of this construction is given in Fig. 3.5.

The construction for the dissipative system [48] implies that the convergence of the

dimension is logarithmically slow with respect to the length scale. We present some

results for the scaling in the Hénon-Heiles system in Fig. 5.10.

The approximate dimension under the dissipative dynamics is seen to be slowly

increasing as ε decreases, in accordance with e.g. [64]. The current numerical res-

olution is insufficient to observe the finite-scale fractality transition predicted by

doubly-transient chaos, but this is not surprising. A practical consequence of the

logarithmically slow convergence of D is that accurate estimates require going to

extremely small length scales, often beyond reasonable computational limits. This

is also reflected in the scaling for the conservative system, which is approximately

constant over the specified range in ε. The chosen value of E lies at the upper end of

the non-hyperbolic regime, and so we expect the dimension to eventually increase
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FIGURE 5.10: Scaling of the fraction of uncertain points with ε in
the dissipative Hénon-Heiles system. The parameters are (E, γ) =
(0.2, 0.001). The results for the conservative system at the same en-
ergy are added for comparison (see legend). Initial conditions are
chosen from a line segment in the configuration space (x, y) inter-
secting all boundaries except for the KAM islands. The uncertainty
algorithm is run until a target number of uncertain points are found,
here 100. The number of initial conditions required for this is used in
the error ribbons. The approximate slope of log f (ε) against log ε is

overlaid for various intervals in ε.
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towards 1. This is more easily observed at larger ε by choosing points in a different

coordinate plane/Poincaré section, See e.g. [77].

5.3 The Copenhagen problem

The three-body problem holds a significant place in the annals of classical mechan-

ics. Its origin is rooted in the work of Newton, who famously proposed that the

gravitational force F between two point masses is described by an inverse-square

law:

F = G m1m2

r2 , (5.6)

for masses m1, m2 separated by a distance r and G denoting the universal gravita-

tional constant. Motivated by questions regarding the long-term stability of the solar

system, the three-body problem is concerned with determining the motion of three

celestial bodies, whose pairwise gravitational interactions are given by eq. (5.6). The

simplicity of the problem statement belies the considerable challenge that it offers,

which has made it an attractive problem for centuries of mathematicians. A possible

formulation of the full three-body problem in Hamiltonian mechanics is specified

by a system of 18 differential equations for the positions and momenta of each body,

with three position (ri = [xi, yi, zi]) and momentum (pi = [pxi , pyi , pzi ]) coordinates

per body):

dri

dt
=

∂H
∂pi

dpi
dt

= −∂H
∂ri

.
(5.7)

The Hamiltonian is

H(r, p) =
p2

1
2m1

+
p2

2
2m2

+
p2

3
2m3

−
(
G m1m2

|r1 − r2|
+ G m2m3

|r3 − r2|
+ G m3m1

|r3 − r1|

)
. (5.8)

Henri Poincaré famously proved that the system is non-integrable, and these ef-

forts led to the first descriptions of deterministic chaos. The high number of degrees

of freedom and low number of conserved quantities motivated many attempts to

reduce the dimensionality of the problem. One such proposal, first formulated by

Euler, is to consider a simplified version of the system in which one of the three bod-

ies has negligible mass. The corresponding force terms in the equations of motion
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are ignored, and so the two massive bodies (the primaries) move in Keplerian ellipses5

This approximation is appropriate to describe many configurations in the solar sys-

tem, e.g the Sun, Jupiter and comets [49]. The motion of the third body (the particle) is

also assumed to be co-planar with the orbit of the primaries. Together, these assump-

tions (negligible mass m3, circular motion of the primaries and co-planar motion of

the particle) represent a substantial simplification of the original three-body prob-

lem, which is often called the planar circular restricted three-body problem or PCR3BP

for short. We will focus on a rather exotic scenario in which the two primaries are of

equal mass, which is called the Copenhagen problem.

There are several long-term outcomes in both the PCR3BP and the full three-body

problem. One possibility, the most likely, is that one of the three bodies (the particle

in the former case) is ejected from the configuration after some time and flies off to

infinity. A second possibility is that some or all6 of the bodies may collide. A third

outcome is that the configuration of the three bodies persists for all time, showing

neither escape nor collision. The uncertainty in associating an initial condition with

one of these outcomes, as well as the complicated dynamics that unfold before the

final outcome, make the three body problem an interesting setting to study transient

chaos. In this section we investigate the dynamics of the Copenhagen problem in

the context of transient chaos, and of chaotic scattering. In the interest of brevity, we

eschew some details which may be important in more focused studies in celestial

mechanics, such as discussion of orbital resonances, stability of equilibria (Lagrange

points), detailed classification of orbits, and physical characteristics of the bodies.

For more details in these directions, see e.g. [68, 49, 50].

5.3.1 Equations of motion

We first consider an inertial, or sidereal7 reference frame (O, ξ, η) in the plane of ro-

tation of the primaries, with origin O in the barycentre of the primaries. Let the

two primaries be denoted P1 and P2, with masses m1 and m2 respectively. The co-

ordinates of the primaries are denoted (ξ1, η1) and (ξ2, η2). We define a new mass

parameter µ = m2
m1+m2

and choose units of mass so that G(m1 + m2) = 1. The two

masses in this unit system are µ1 = Gm1 = 1 − µ and µ2 = Gm2 = µ. Additionally,

we choose units of length so that the distance between P1 and P2 is one.

5The dynamics of two gravitationally-attracted bodies – the two-body problem – is solvable, and the
relative motion of one body to the other traces out conic sections. We hereby assume the primaries
move in circular orbits around the centre of mass.

6Only binary (particle and one primary) collisions are possible in the PCR3BP
7A term in astronomy referring to measurements made relative to fixed stars.
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The equations of motion for the particle are [49]

ξ̈ = µ
ξ1 − ξ

r3
1

+ (1 − µ)
ξ2 − ξ

r3
2

,

η̈ = µ
η1 − η

r3
1

+ (1 − µ)
η2 − η

r3
2

,
(5.9)

where r1 =
√
(ξ1 − ξ)2 + (η1 − η)2 and r2 =

√
(ξ2 − ξ)2 + (η2 − η)2 are the dis-

tances from the particle to each primary. This comes from a Lagrangian Linertial

Linertial(ξ, η, ξ̇, η̇, t) =
1
2
(ξ̇2 + η̇2) +

1 − µ

r1
+

µ

r2
. (5.10)

In the sidereal frame frame, the positions of each primary as a function of time

are described by a rotation with angular velocity n:

(ξ1, η1) = (−µ cos nt,−µ sin nt)

(ξ2, η2) = ((1 − µ) cos nt, (1 − µ) sin nt),
(5.11)

which means that Linertial is time-dependent. The Hamiltonian of the particle in

the sidereal frame is

Hsidereal(p, q, t) =
1
2
(p2

ξ + p2
η)−

1 − µ

r1
− µ

r2
. (5.12)

This Hamiltonian is non-autonomous because of the explicit time dependence in the

positions of the primaries. We are only concerned with the relative motion of the

particle, so a natural next step is to transform to a rotating, or synodic8 reference

frame. The origin in the synodic frame is the same as in the inertial frame. If the

frame rotates at a uniform rate n then the locations of the primaries are now fixed.

We choose coordinate axes (x, y) in this reference frame so that the primaries lie on

the x-axis at coordinates (x1, y1) = (−µ, 0) and (x2, y2) = (1 − µ, 0). The relation

between the coordinates (ξ, η) and (x, y) space is given by

ξ = x cos nt − y sin nt

η = x sin nt + y cos nt,
(5.13)

which can be inverted to give

x = ξ cos nt + η sin nt

y = −ξ sin nt + η cos nt.
(5.14)

8Another astronomical term referring to rotations of a body with respect to its parent star.
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This mapping is a canonical transformation from (q, p) to (Q, P) where q =

(ξ, η), p = (pξ , pη), Q = (x, y) and P = (px, py), and is obtained by the type 2

(see Table 2.1) generating function G = G(q, P, t):

G(q, P, t) = (ξ cos nt + η sin nt)px + (−ξ sin nt + η cos nt)py. (5.15)

Taking derivatives of G with respect to P yields eq. (5.14), and taking derivatives

with respect to the q gives the relations between the momenta:

pξ =
∂G
∂ξ

= px cos nt − py sin nt

pη =
∂G
∂η

= px sin nt + py cos nt.
(5.16)

Observe that p2
ξ + p2

η = p2
x + p2

y. Accordingly, the Hamiltonian in the synodic

coordinates is given by

Hsynodic = Hsidereal +
∂G
∂t

, (5.17)

where from eqs. (5.14) and (5.15) we have that

∂G
∂t

= n(ypx − xpy), (5.18)

a term corresponding to the planar angular momentum. The new Hamiltonian is

now autonomous, as the positions of the primaries are now fixed and

r1 =
√
(x + µ)2 + y2

r2 =
√
(x − 1 + µ)2 + y2.

(5.19)

For convenience of notation, we let

Φ(r1, r2) = −1 − µ

r1
− µ

r2
, (5.20)

so that the Hamiltonian Hsynodic can be written as

Hsynodic =
1
2
(p2

x + p2
y) + Φ(r1, r2) + n(ypx − xpy). (5.21)
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Hamilton’s equations then read

ẋ =
∂Hsynodic

∂px
= px + ny,

ẏ =
∂Hsynodic

∂py
= py − nx,

ṗx = −
∂Hsynodic

∂x
= npy −

∂Φ
∂x

,

ṗy = −
∂Hsynodic

∂y
= −npx −

∂Φ
∂y

.

(5.22)

In the Copenhagen problem we take µ = 1/2, and for simplicity choose units of time

so that n = 1.

5.3.2 Jacobi integral and Hill regions

It was noted above that the Hamiltonian in the sidereal reference frame was non-

autonomous, which implies that energy is not conserved in the PCR3BP. This is a

consequence of ignoring the influence of the particle on the primaries, essentially

allowing the particle to extract energy from the system. It is also easily shown that

the angular momentum is not conserved. Nonetheless, we will refer to Hsynodic as

the “energy". There is only one first integral in the PCR3BP, called the Jacobi integral,

which is proportional to Hsynodic. By rearranging the first two equations in Eq. (5.22),

we see that px = ẋ − ny and py = ẏ + nx. Taking time derivatives and combining

with the last two equations in (5.22), we have

ẍ − 2nẏ =
∂U
∂x

ÿ + 2nẋ =
∂U
∂y

,
(5.23)

where the function U = n2

2 (x2 + y2)− Φ can be thought of as a ‘pseudo-potential’9

acting as the source of the centrifugal and gravitational forces on the particle in the

synodic reference frame, but not of the Coriolis terms. In this way, Hsynodic (5.21) can

be written10 as

Hsynodic =
1
2
(ẋ2 + ẏ2)− U. (5.24)

The Jacobi integral CJ is taken to be −2Hsynodic:

CJ = 2U − (ẋ2 + ẏ2). (5.25)

9Contrary to some other physical conventions, U is a positive function.
10Strictly speaking, this isn’t appropriate as the Hamiltonian should depend on the momenta, not

the velocities.
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FIGURE 5.11: Contour plot of the pseudo-potential U in the Copen-
hagen problem. Darker colours correspond to larger values of U,
which demonstrate the forbidden regions – particles with an initial
energy corresponding to a lighter colour are dynamically forbidden
from entering the darker areas. U goes to ∞ very quickly near the

primaries, located at (± 1
2 , 0), and more slowly as |x|, |y| → ∞.

The value of the Jacobi integral constrains the particle to certain regions of the phase

space, called Hill regions, which we denote RHill:

RHill = {(x, y) ∈ R2|U(x, y) ≥ 1
2

CJ}. (5.26)

CJ = 2.75 corresponds to the maxima of U, known as the Lagrange points L4 and

L5, forming equilateral triangles with the primaries. For CJ ≤ 2.75, Hill’s region is

the entire configuration space R2. For larger values of C, the motion of the particle

is increasingly restricted. The complement of RHill is called the forbidden region. A

view of the Hill regions for a range of values of C is given in Fig. 5.11. The physical

interpretation of the Hill regions is that, for low enough values of the energy, the

particle starting close to a primary will remain orbiting that primary (‘Hill stability’).

As the energy is increased, passage between the gravity wells of the primaries be-

comes possible. For even larger energies (CJ ≤ 2.75) the particle can move freely

around the phase space, commonly escaping to infinity.
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5.3.3 Transient chaos in the Copenhagen problem

There are physically meaningful ways for the particle to "leave" bounded neighbour-

hoods of the primaries; either by escape to infinity – the gravitational influence of

the primaries goes to zero with 1/r – or collision with a primary. We may thus study

the Copenhagen problem in the context of transient chaos. Generally, we consider

motions for which the full configuration space is initially accessible, and so take

C = 2.75.

We first introduce some criteria for particle escape and collision. We say that the

particle has escaped if its distance from the origin in the synodic frame exceeds a

fixed radius Rsys. In the simulations we choose Rsys = 100, although much smaller

values (e.g, 10) have been considered in the literature [50]. We choose a larger escape

radius because an effect of dissipation at the chosen strength is that orbits can at first

appear to escape to intermediate distances (10 < R < Rsys) before being sufficiently

slowed by it that they are eventually recaptured by the primaries, a phenomenon

that is missed if Rsys is chosen too small. The particle will be considered to have

collided with a primary if its distance to that primary becomes less than a fixed

radius Ri. Along with equal masses, we assume that both primaries are the same

size, with R1 = R2 = 10−4. This condition amounts to opening two small holes in

the configuration space through which the particle can leave [4].

A note about numerical stability and performance

Opening holes at the locations of the primaries has the added benefit of helping to

avoid potential stability issues in the numerical integrator caused by the divergence

of the 1/ri terms. Formally, these issues can be resolved by regularisation of the

equations of motion to remove the singularities. Details for this procedure in the

PCR3BP can be found in e.g [12]. For our purposes, the singularities do not seem

to cause severe stability issues provided the collision radii R1, R2 aren’t too small.

Nonetheless, we do observe somewhat more accurate integrations, as measured by

the absolute energy error over the trajectory, in the (non-regularized) PCR3BP using

a high-order Runge-Kutta method than when using symplectic methods. This is per-

haps related to the requirement of a fixed time-step size with symplectic methods,

leading to poorer conservation properties when the problem is stiff. The variable

step size of Runge-Kutta methods better avoids the issue in these circumstances.

However, these integrations generally took much longer to run because the step size

was small for very long times in the case of sticky orbits. In any case, we found

the accuracy of both methods adequate for these experiments in the conservative
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system, and the choice did not dramatically affect the observations. Even on the

longest (Tmax = 50, 000) integrations using the Runge-Kutta method, energy errors

smaller than 10−11 were typical.

Initial conditions

We choose initial conditions according to the Poincaré section we denote by S3:

S3 = {(x, y) ∈ R2|ṙ = 0, ϕ̇ < 0}, (5.27)

which is similar to the section S2 we used to study the Hénon-Heiles system, except

we take ϕ̇ (and subsequently, the initial velocities) with opposite sign. The initial

velocities are chosen in the same way as in eq. (2.22), but with E = −1/2CJ and

V = −U.

ẋ0 =
y0√

x2
0 + y2

0

√
2U(x0, y0)− CJ

ẏ0 = − x0√
x2

0 + y2
0

√
2U(x0, y0)− CJ .

(5.28)

Exit basins

We may similarly determine the basins of initial conditions corresponding to each

dynamical outcome (escape, collision, bounded motion), and we present the visual-

isation of this in Fig. 5.12. The choice between S2 and S3 corresponds to choosing

between pro-grade (S2) or retro-grade11 (S2) initial velocities for the particle, which

have surprising effects on the resulting dynamics. In fact, it appears in our experi-

ments in S3 that the chaotic sets associated with transient chaos do not have finite

spatial extent, and are numerically detectable out to any chosen Rsys. This is perhaps

related to the previously studied [43, 44, 75] ‘chaos at infinity’ in the restricted three

body problem, and could potentially have consequences for our results. However,

we do not observe this for initial conditions chosen in S2. For most of our numerical

results for the Copenhagen problem presented in the figures in this chapter, there is

a corresponding figure in Appendix B using initial conditions from S2.

11These are astronomical terms referring to orbital motion of a body in the same (pro-grade) or
opposite (retro-grade) direction as the primary they orbit. In this system we have set the primaries to
orbit counter-clockwise, as viewed from above the orbital plane.
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FIGURE 5.12: Basin topology in the section S3, visualized in configu-
ration space (x, y), for the Copenhagen problem. The colours of the
pixels correspond to: escape (white), collision with a primary (blue
and orange), and KAM islands/regular motion (green). N0 = 2 · 107

initial conditions were chosen from S3 with CJ = 2.75. A maximum
integration time of 20000 was used.

The basin landscape in Fig. 5.12 demonstrates considerable complexity that is

compatible with the generic picture of transient chaos in non-hyperbolic systems.

Particle escape is seen to be the most likely outcome for the chosen parameters, with

large contiguous spiral arms of initial conditions all leading to escape taking up a

large portion of the area. The smooth sets of initial conditions leading to collision

with a primary also take intricate shapes, concentrated mostly around the barycen-

ter and close to the KAM islands, but with filamentary tails also following the spi-

ral structure. An orbit classification scheme was developed in [50] to identify the

generic behaviour of these orbits. It was found that the points belong to the two

main/large islands tend to orbit around their closest primary, and the points be-

longing to the smaller regular structures (the thin bands above and below the larger

islands, and the two components lying on the y-axis close to the origin) execute

quasiperiodic motions between the primaries. The most notable feature of this figure,

however, is the significant fractalization of the section. Away from the contiguous

regions of all one color, points of all colors can be found arbitrarily close together.

The volume of initial conditions belonging to each basin depends sensitively on the

size of the holes R1, R2, which has been studied in e.g [78].

The coloration of these initial conditions by their escape/collision time is given
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in Fig. 5.13. As expected, the open sets belonging to each basin all exit the system

after similar short times, and the longest-lived orbits start in the fractal region, which

supports the stable manifold of the chaotic saddle.

FIGURE 5.13: Spatial distribution of escape/collision times of initial
conditions in S∋ in the Copenhagen problem, visualised in configu-
ration coordinates (x, y). The points belonging to KAM islands have
not been plotted, as their escape time is infinite. The value of the Ja-
cobi constant was CJ = 2.75. The domain of configuration space is
the same as in Fig. 5.12.(Top): Initial conditions with escape/collision
time less than 1000. (Bottom): Initial conditions with escape/collision

time greater than 5000.
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Survival probability

The presence of KAM islands implies that the saddle possesses non-hyperbolic com-

ponents, which is supported by evidence of a power-law tail in the survival prob-

ability P(t), which we also compute separately12 for escaping and colliding initial

conditions in Fig. 5.14 for two choices of Rsys.

A consequence of the choice of large Rsys is that typical escapes and collision can

occur on significantly different timescales. The minimum escape time is found to be

more than 100, while there is a significant set of initial conditions that collide with

a primary before t = 1. For large times t (approximately, 2500 < t < 15000 in the

figure), the two sets of orbits decay at a similar algebraic rate. The sharp decay to

zero after this period is a numerical artefact appearing because of the finite size of the

ensemble. The algebraic decay is expected to continue indefinitely with increasing

ensemble size or an ensemble initially concentrated around the sticky region. The

green curve obtained as the distribution of lifetimes of all orbits, including the KAM

islands, is decaying to a constant approximating the volume of the KAM islands. For

the smaller Rsys, we observe a more obvious exponential decay for shorter times (t <

t⋆ ≈ 200) and a slower algebraic decay for large times. In general, transient chaos

theory predicts that the escape/collision rate scales with the size of the leaks, and

that the exponent of the algebraic decay will be the same for escape and collision.

This latter point is verified by our survival probability observations.

Chaotic sets

We may again compute the chaotic saddle (assuming its existence) and its invari-

ant manifolds using the sprinkler method, but here we demonstrate an expedient

alternative. First, we approximate the stable manifold by filtering for the initial con-

ditions of orbits that remain in the system for at least a long time t. Then we multiply

each of the differential equations by −1 and approximate the stable manifold of the

time-reversed dynamics. By the time-reversal symmetry of autonomous Hamilto-

nian systems, this corresponds to the unstable manifold of the original dynamics.

The support of the saddle is approximated by where these two sets overlap13. The

results of this process are presented in Fig. 5.15.

12This is because there can potentially be large timescale separation between typical escapes and
collisions. This can happen if, e.g, Rsys is large (leading to inflated escape times) or R1, R2 are too large
(meaning more collisions happen and on shorter times).

13The two computed sets won’t overlap exactly due to numerical error, but this is valid approxima-
tion up to some resolution.
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FIGURE 5.14: Survival probability in the Copenhagen problem. The
decay in the cumulative distribution of lifetimes for both escaping
(blue) and colliding (orange) orbits are shown for escape/collision
times up to a maximum integration time of t = 2 · 104. (Top): Survival
probability for Rsys = 10. (Bottom): Survival probability for Rsys =
100 (note the different scale). Also plotted in green in the bottom
panel is the "total" survival probability, i.e, the distribution of escape,

collision and KAM orbits.
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FIGURE 5.15: Approximate chaotic saddle (right) and sta-
ble/unstable manifolds (left) in the Copenhagen problem in the
Poincaré section S3. The color scheme is the same as in Fig. 5.4. The
manifolds were approximated by the points that remain in the system

until at least t = 150. Here CJ = 2.75 and Rsys = 100.

The time chosen to determine "long-living" orbits in this figure is still in the inter-

mediate time regime in which the hyperbolic components dominate and the survival

probability decays exponentially (see Fig. 5.14). For longer times, the asymptotic

picture is governed by the non-hyperbolic components and the density of surviving

orbits will concentrate in the sticky regions at the borders of the KAM islands [4].

5.4 The Copenhagen problem with Poynting-Robertson drag

There are several physically relevant dissipative mechanisms in the dynamics of

the solar system. One of the most well-studied effects, the Poynting-Robertson drag

is related to the incident radiation pressure on small particles [8]. It is caused by

anisotropic re-emission of sunlight that the particle absorbs. The main consequence

of this is that the particle experiences an effective drag force, the impact of which

is to cause the semi-major axis of the orbit to decay over time, leading to the parti-

cle slowly spiralling into the sun. Orbital resonances between the particle and other

bodies can arrest this decay for a time. The Poynting-Robertston drag has often been

considered in studies of the three body problem [12, 16, 42] and more general astro-

nomical contexts [38, 1]. For the PCR3BP in the synodic frame, the drag force has the

form [49]

F = − k
r2

(
ẋ − y +

x
r2 (xẋ + yẏ), ẏ + x +

y
r2 (xẋ + yẏ)

)
. (5.29)
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Here r refers to the distance from the primary which the source of the radiation,

and k is a parameter controlling the strength of the drag, which is itself the product

of several physical parameters. In our simulations we choose k = 10−4. This force

is the result of two contributions, which we label F1 and F2. F1 is the drag due to the

radiation pressure of incident photons, which can be considered a force proportional

to the momentum (corresponding to velocity in the sidereal frame) and opposite in

sign. The amount of light incident on the particle is inversely proportional to the

square of the distance from the star, which introduces a 1/r2 dependence:

F1 = − k
r2 (ẋ − y, ẏ + x). (5.30)

The term F2 is due to the Doppler shift of incident light:

F2 = − k
r4 (xẋ + yẏ)(x, y), (5.31)

which includes an radial momentum-like term and decreases much faster than

F1 with distance from the star. For this reason we neglect the contribution from the

F2 term. Additionally, we consider both primaries to be sources of the F1 drag (as in

e.g a binary star system), with identical dissipation strengths k. The resulting force

from Poynting-Robertson drag on the particle is

F = (Fx, Fy) = −k
(

1
r2

1
+

1
r2

2

)
(ẋ − y, ẏ + x) (5.32)

The force is added to eq. (5.23) to give the equations of motion for the dissipative

system:

ẍ − 2nẏ =
∂U
∂x

+ Fx

ÿ + 2nẋ =
∂U
∂y

+ Fy.
(5.33)

The Jacobi integral is no longer conserved. The ‘energy’ E = − 1
2 CJ now varies as

dE
dt

= −k
(

1
r2

1
+

1
r2

2

)
(ẋ2 + xẏ − yẋ + ẏ2), (5.34)

which notably is not sign-definite. The sign of Eq. 5.34 depends on the specific tra-

jectory and cannot be determined for arbitrary initial conditions by inspection. This

means that the Poynting-Robertson drag is not a ‘true’ dissipation in the synodic

frame in the sense that the ‘energy’ is not monotonically decreasing, although this

is the case for most trajectories. One could also consider a so-called nebular drag



72 Chapter 5. Numerical Experiments

FIGURE 5.16: Basins of escape and collision in the section S3 for
the Copenhagen problem with Poynting-Robertson drag. The color
scheme is the same as in Fig. 5.12, with blue and orange points corre-
sponding to collision and white to escape. The initial value of CJ was

2.75 and k = 10−4.

force [49], which is proportional to the velocity in the synodic frame so that the time

derivative of the energy is non-positive everywhere, but we do not do this here.

5.4.1 Exit basins

Fig. 5.16 shows that Poynting-Robertson dissipation dramatically alters the basin

topology in the Copenhagen problem. Collision becomes a much more likely out-

come for a random chosen initial condition14, and similarly to the Hénon-Heiles

system, the KAM islands are destroyed entirely, with the main island chains around

each primary disappearing into the collision basin associated with that primary.

However, despite the significant enlargement of the collision basins there is still a

considerable region in which complicated, seemingly fractal basin boundaries ap-

pear.

Individually, the trajectories starting inside the islands stay close and slowly tend

inwards to the primary, and they tend to be relatively long-lived among collision

orbits, as the top panel of Fig. 5.17 shows, suggesting that a similar picture to Fig. 5.6

might be observed. They are not, however, the longest-living collision orbits. The

bottom panel of Fig. 5.17 shows that the longest-living points are still found close to

14collision was the outcome of roughly 60% of trajectories in our simulation when k = 10−4, com-
pared to 16% in the conservative system.
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the boundary of the different basins. Of the 2 · 107 initial conditions in the simulation,

the longest-living orbit escaped at around t ≈ 5800, and the longest-living collision

orbit reaching its fate at around t ≈ 5200. The collision orbits with large lifetimes

often begin to exit the system, and may reach a large radius from the origin before

the dissipation acts sufficiently to arrest their escape (bring the radial velocity to

zero, and then to negative) after which the particle will slowly spiral back inwards

towards the primaries. There are large collision basins near each primary, the orbits

starting in which collide extremely quickly (t < 0.1). These orbits very quickly

fall into the gravity wells of the primaries, where the dissipation strength rapidly

diverges.

5.4.2 Survival Probability

The existence of extremely long-living (t > 5000) orbits in the dissipative system

can be attributed in large part to the non-uniform strength of the dissipation. The

dissipation term is highly dependent on distance, with F1 → 0 for r1, r2 → ∞ and

F1 → ∞ as r1, r2 → 0. Another factor is that the KAM islands disappear into the

collision basins. The absence of the associated stickiness suggests an exponential

rarity in long-living trajectories. The survival probability in the dissipative system

is shown in Fig. 5.18. Compared to Fig. 5.14, it can be seen that the addition of

Poynting-Robertson drag leads to an increased collision rate, and that the tail of the

distribution drops off exponentially for both curves. That the curve for the escaping

trajectories in the dissipative system looks almost the same away from the tail as the

curve for the conservative system is interesting, but can perhaps be explained by:

• The escape radius Rsys is large and the drag strength k is small, so the dis-

sipation term is essentially zero, and can even change sign, when orbits are

approaching Rsys.

• As shown by the exit basins, the escape orbits which are dramatically affected

by the dissipation are converted to collision orbits and so are not being counted

in this curve.

It is noticed that the escape rate actually increases on intermediate times under

Poynting-Robertson drag. This surprising observation is because there is now a con-

siderable set of escaping orbits that extract energy from the system, due to the fact

that eq. (5.32) can change sign depending on the path of the particle. Under a neb-

ular or other sign-definite drag force we expect that this would not occur and that

dissipation would slow the rate at which escaping orbits leave the system at Rsys.
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FIGURE 5.17: Spatial distribution of escape/collision times in S3 for
the Copenhagen problem with Poynting-Robertson drag (k = 10−4)
visualised in configuration coordinates (x, y). (Top): Initial condi-
tions with escape/collision time less than 500. (Bottom): Initial condi-
tions with escape/collision time greater than 1000. N = 2 · 107 initial
conditions were used to generate the figure, with a maximum integra-
tion time of t = 20, 000. In this figure, CJ = 2.75. In each panel, white
points belong to initial conditions with an escape/collision time not

in the interval being considered.
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FIGURE 5.18: Survival probability of escape and collision orbits in
the Copenhagen problem with Poynting-Robertson drag. The color
scheme is the same as in Fig. 5.14. Also plotted is the "total" survival
probability, i.e, the distribution of escape and collision times (see leg-

end).

5.4.3 Uncertainty Dimension in the Copenhagen problem

We compute the uncertainty dimension along a line of initial conditions intersecting

the boundaries of escape and collision. We present the results in Fig. 5.19 in a slightly

different way than in Fig. 5.10 for the Hénon-Heiles system. We plot the effective

dimension D against ε.

In the top panel, it is seen that the effective dimension is slowly increasing to-

wards one, as expected for non-hyperbolic scattering. In the bottom panel, the ef-

fective dimension is seen to decrease away from one. In both cases, as with the

Hénon-Heiles system, the convergence is quite slow, emphasizing that finite-scale

effective dimensions are perhaps more useful and computationally accessible than

the usual asymptotic definition of dimension.

5.4.4 Conclusions

In this chapter we investigated the transient chaos properties of two scattering15

systems with different dissipation mechanisms. We argue that the general picture

of the survival probability in dissipative chaotic scattering is not as simple as ex-

ponential or power-law tails, as is the typical case in conservative systems. Our

15In the sense that we defined scattering in Chapter 1.
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FIGURE 5.19: Scaling of the effective uncertainty dimension in the
Copenhagen problem with phase space scale ε. (Top): scaling for
the conservative system. (Bottom): scaling for the dissipative system
with k = 10−4. Initial conditions were chosen from a line segment in
the configuration space in S3 intersecting all basins except the KAM

islands.
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numerical results from this chapter confirm the emergence of non-trivial regimes in

the escape time distributions of both the Hénon-Heiles and Copenhagen systems. In

both systems we interpret the dissipation as leading to enhanced trapping. In the

Copenhagen problem with Poynting-Robertston drag, orbits may exceed large radii

and still return to the scattering region around the primaries. This leads to large de-

viations from the exponential decay in P(t) visible on short times in the conservative

system and for small escape radii Rsys in the dissipative problem.

In the Hénon-Heiles system the effect of dissipation manifested as an exponen-

tial decrease in the instantaneous escape rate, which in the framework of doubly-

transient chaos [48] is suggestive of a time-dependent chaotic saddle that becomes

less repelling/more attracting. However, in the next chapter we argue that such an

object is difficult to describe in a quantitative sense and that more precise connec-

tions between the conservative and dissipative dynamics can be made by appealing

to descriptions focusing on conditionally-invariant measures. In the Copenhagen

problem, the effect of Poynting-Robertson drag is more complicated because it is nei-

ther spatially uniform nor non-positive. The collision rate is seen to increase under

Poynting-Robertson drag. This can be attributed to the fact that most collision orbits

remain relatively close to the primaries and so feel a strong dissipation. Collision

orbits, which remain relatively close to the primaries and so experience a stronger

dissipation, tend to collide faster
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Chapter 6

Probabilistic Description of

Dissipative Chaotic Scattering

In this chapter we build on the previous works on dissipative scattering and doubly

transient chaos to propose a probabilistic description of the effect of dissipation on

scattering problems.

6.1 Overview

In light of the material presented in previous chapters, we are ready to restate the

main problem addressed in this thesis, which is the subject of this chapter:

How and in which extent can the transient chaos properties of a chaotic

scattering system with dissipation be understood from the properties of the

dissipation-free system?

It is clear from our numerical results in the previous chapter that the addition

of dissipation to chaotic scattering systems causes distinct changes in the macro-

scopic transient chaos properties of the system. Some of these observed changes (e.g

fractal dimension of basin boundaries) are in agreement with previous research into

doubly-transient chaos, with the fractality showing an apparent decreasing trend

for smaller and smaller length scales1. In the scattering systems we studied there

is a time-dependent escape rate, which can be compared with the time-dependent

settling rate to attractors that was observed in [48]. The characterisation of this

behaviour given in this and subsequent references on doubly-transient chaos is in

terms of a time-dependent chaotic set extant only for a finite time, during which

chaotic transients in the dynamics are visible. This object is only loosely defined, as

there are no unstable periodic orbits aside from fixed points. As written in [48]:

1The term slim fractal has been coined to describe this behaviour [14].
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“...we propose that during the period of rapid separation the trajectories wander

erratically in the vicinity of a set that plays the role of a chaotic saddle. This set

can be estimated from the positions where the trajectories are while they separate

exponentially from each other. The result. . . is strikingly similar to the usual

chaotic saddles governing transient chaos. However, this set consists of only

pieces of trajectories in the phase space and as such is not an invariant set of

orbits. Moreover, this set manifests itself only during the period of exponential

separation, which motivates us to refer to it as a transient chaotic saddle."

This is certainly an appealing idea, but there is no obvious way to connect this ob-

ject to the numerical observations, e.g to the instantaneous settling rate, from which

the decreasing fractal dimension is argued to follow as a consequence. We offer a de-

scription that can not only explain our results and make further predictions, but is

also not incompatible with the transient saddle idea. Instead of focusing on transient

chaotic sets or specific dynamics quantities (e.g., escape rates or fractal dimensions

of basin boundaries), we focus on the probability of a trajectory being in a phase

space region at times t and show how this allow us to derive the observable quan-

tities of interest, such as the survival probability as a function of time P(t) and the

phase-space (fractal) distribution of long-living trajectories.

6.2 Probabilistic Description

Here we outline a probabilistic description to understand dissipative scattering sys-

tems, which will be compared to the numerical results shown previously. The key

inspiration comes from the idea of snapshot saddles and pullback attractors [71], an

ensemble-based view of the dynamics allowing for the well-defined computation

of statistical quantities at a given instant in time. This is especially appropriate in

systems with time-dependent parameters, in which single trajectories are often not

representative. In dissipative systems, the energy is one such parameter, with the

dissipation strength establishing a timescale on which significant deviations from

the conservative system become apparent. These methods have been applied in the

study of many physical phenomena from epidemics [39] to climate dynamics [27,

13].

Formally, a pullback attractor is defined [39] as a time-dependent set A(t) with

(−∞ < t < ∞) in the phase space. For any instant t, A(t) is understood to be the

limiting (s → t) object of initial conditions x⃗0 starting at times s ≪ t, which is often

expressed in terms of operators φ(s, t) acting on initial conditions x⃗0. We can then
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write

lim
s→−∞

|φ(s, t)x⃗0 −A(t)| = 0, (6.1)

for all t. The set A(t) at any specific value of t is called a snapshot attractor at time

t, and is invariant with respect to the dynamics in the sense that φ(s, t)A(s) = A(t)

for all s ≤ t. By starting initial conditions in the distant (s → −∞) past, we are now

dealing with an object that exists in ‘actual’ time as opposed to in an asymptotic

future sense. Importantly, the instantaneous distribution of trajectories in the set de-

fines a measure analogous to the natural measure, albeit one that varies with time.

It would be reasonable to expect that in the dissipation-free limit, this measure in-

creasingly resembles the instantaneous distribution of an ensemble evolving under

the conservative dynamics. For the open chaotic systems we have discussed, this

distribution corresponds, after sufficient times, to the conditionally-invariant mea-

sure. The conditionally-invariant measure of the conservative dynamics can vary

with the energy of the system – see Fig. 6.1 – as the value of the energy affects, among

other things, properties of the unstable periodic orbits constituting the chaotic sets.

We then argue that the instantaneous distribution of orbits in the dissipative system

should shadow the c-measure for the time period during which their energies are

comparable. We make the following suggestion: the conditionally-invariant measure

of the Hamiltonian system with energy E is a snapshot attractor for initial conditions of the

weakly-dissipative system at the time t that their energy is E. Consequently, we focus

on surviving trajectories that at a given large time t have energy E = E(t) and that

started at arbitrarily early times with large energies (i.e., in a limiting case, we take

t0 → −∞ and E(t = t0) ≫ E(t = 0)2. In particular, what we propose is that the

trajectories at time t and energy E(t) will be distributed according to the condition-

ally invariant measure of the Hamiltonian system with the same (fixed) energy. In

this way we are positing that, through the decay in energy, a sequence of c-measures

in the conservative system at lower and lower energies fulfills a similar role to the

‘transient chaotic saddle’ described for doubly-transient chaos.

In this chapter we will assess the validity of this view in describing the dynamics

of the dissipative Hénon-Heiles system, showing how it can recover our observa-

tions and also discussing possible further implications. Importantly, we specify the

ranges of time t, energy E, and dissipation strength γ for which this view can be

expected to hold, showing that the description can be made arbitrarily precise even

at finite (yet small) dissipation γ.

2There is a temptation to take E(t = t0) → ∞, but statistical quantities become poorly defined and
model validity is compromised in the high-energy limit. It is therefore more reasonable to say that
there is a (possibly large) but finite energy horizon.
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FIGURE 6.1: Support of the conditionally-invariant measure in the
Hénon–Heiles system for E = 0.35 (orange points) and E = 0.3
(black points). These approximations were computed via the sprin-
kler method [71]: integrating a large uniform ensemble of initial con-
ditions for a long time t ≫ 1

κ and plotting the positions of the points
still inside Ω at the next intersection with the Poincaré surface.
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This description has important and testable consequences. Namely, dynamical

properties of ensembles of trajectories evolving on the dissipative system can be ap-

proximated by the properties of the dissipation-free system with the corresponding

energy, but differences are expected at small spatial scales. To account for these dif-

ferences, we describe an entire ensemble at time t as a combination of c-measures

over the range of trajectory energies, weighted by the distribution of trajectories at

these energies. We also show that the enhanced trapping phenomenon we observed

in dissipative scattering systems can be well-approximated from the relevant quan-

tities in the Hamiltonian system. This works particularly well if the underlying con-

servative dynamics is hyperbolic, for which chaotic invariant sets are the dominant

structures in the scattering region, although it will be seen that this description can

also hold approximately on intermediate time regimes in non-hyperbolic systems.

To assess this claim we consider the intersection of the flow with a Poincaré sur-

face of section. We choose the Poincaré section S2 in our experiment. This allow

us not only to visualise the trajectories in a 2D space – here the configuration space

(x, y) – but it defines a true-time map, i.e., a discrete-time system h mapping con-

secutive intersections with the section in which the time T between intersections is

recorded [3, 4]. As in our previous experiments, we start trajectories in the surface

(x, y) ∈ Ω at the same energy E. This choice of initial conditions inside the scat-

tering region differs from usual scattering settings, in which particles approach Ω

but start far from it. Our choice simplifies numerical computations and is more suit-

able for settings in which dissipation acts globally – for instance, starting orbits at

spatial infinity would be inappropriate as they would never reach Ω. In the conser-

vative setting, this choice affects the stickiness exponent in the intermediate-E (non-

hyperbolic) regime [56]. However, it has no significant impact on our simulations

(which are typically at larger E) and conclusions.

Dissipation leads to a trajectory-dependent decay of the energy E(t) and the

scattering process in the Hénon-Heiles system ends when the critical energy is met

E(t) = Ec. The expected time at which this happens, which we associate to the

transition time τ2 introduced in Sec. 5.2.2, is obtained by solving eq. (5.3) as

τ2 =
1

µγ
log

(
E0

Ec

)
. (6.2)

The interesting dynamics happens at large times (t > τ1, when effects of dissi-

pation become relevant) smaller than τ2. The key idea is to use the properties of the

non-dissipative system to describe the scattering in this regime. We thus assume the

unperturbed system to be fully chaotic and to have a well defined (E-dependent)
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conditionally-invariant measure µE
c in a common scattering region Ω for a wide

range of (large) energies E (i.e.,
∫

Ω dµE
c = 1 for any E > Ec). The challenge here

is that the c-measure is an attractor for surviving trajectories and thus provides a

precise description only in the limit t 7→ ∞, which is not applicable in our case since

scattering happens only for t < τ2 (i.e., for t > τ2 there is no scattering or invariant

set).

We posit that, for τ0 ≪ t < τ2, the probability of finding such a surviving tra-

jectory in a region of Ω is increasingly well described (for t ⪅ τ2 → ∞ and γ → 0)

by the c-measure of the conservative system µE
c with E = E(t). From eq. (6.2), τ2

and thus the time the trajectory has to relax to µc can be made arbitrarily large by

reducing γ or increasing E0. This would suggest that the description can be made

arbitrarily precise for any fixed γ or E0. However, for γ too large, the dynamics of

the dissipative system are no longer comparable to the non-dissipative system, and

so we restrict to a small γ regime.

We now consider the consequences of this to an ensemble of trajectories, as inves-

tigated in our numerical experiments. After some sufficient time t > τ0, the energy

E(t) of trajectories that have not yet escaped will be distributed within some range

0 ≤ E(t)min ≤ E(t) ≤ E(t)max < ∞ with a probability density ρ(E = E(t)) (which

depends on the initial ensemble). The probability of finding a surviving trajectory

at time t in any region A ⊂ Ω is given by the composition of the sub-ensembles of

trajectories at a specific energy E = E(t) as

µt(A) =
∫ E(t)max

E(t)min

µE
c (A)ρ(E)dE. (6.3)

The convergence of surviving trajectories towards eq. (6.3) depends on the time t

available to relax towards µE
c , which can be made arbitrarily large varying the initial

energy E0 and escape rate γ as described in eq. (6.2). While this description assumes

the existence of µc, it is agnostic to the specific dynamics of the system and the form

of dissipation considered. For instance, if we consider the case of a discrete Hamil-

tonian system with parameter drift as in [73], then all trajectories at time t have the

same energy3 (E(t)min = E(t)max = E(t)) and so the density ρ reduces to a Dirac

delta function

ρ(E) = δ(E − E(t)), (6.4)

3The analogue of the energy in the system in this reference is the parameter η, so these arguments
apply to the system in [73] provided E is replaced with η in eq. (6.3).
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and eq. (6.3) yields

µt(A) =
∫ E(t)max

E(t)min

µE
c (A)δ(E − E(t))dE = µ

E(t)
c (A). (6.5)

Given the connection between the c-measure and the escape rate κ in eq. (3.25), we

see that our description recovers as a particular case the finding made in [73] about

the instantaneous escape rate mirroring that of the Hamiltonian system at the new

parameters. We may also account, through the energy density ρ(E(t)), for situations

where the initial energy is not the same for each orbit, a common scenario in systems

where particles are released from rest inside a potential. It should be pointed out

that there is nothing about our snapshot c-measure model that restricts its usage

to systems with strictly decreasing energy. Even if the energy of trajectories can

increase, as was seen to be possible in the Copenhagen problem, the ensemble is still

describable by eq. (6.3). It also trivially describes ensembles of different energies in

conservative systems. Generally speaking, the more information one has about ρ,

the better one can approximate the state of the dissipative system.

Our probabilistic description also provides predictions for the fractal properties

of scattering systems with dissipation, a problem previously studied through dif-

ferent approaches [48, 40, 14, 64, 73]. These studies employed a variety of different

theoretical and numerical approaches, often based on the uncertainty algorithm [29])

to evaluate the fractality of basin geometry as a function of the dissipation. Our pro-

posed description is that the evolution of the dissipative system can be viewed as

a time-evolving mixture of snapshots of the Hamiltonian system and that a well-

defined fractal distribution exists (for arbitrarily small spatial scales) in these sys-

tems in suitable limits of E0, γ, and t that allow for a relaxation towards µE
c . The

nature of the relaxation time and how it depends on the dissipation and energy is an

interesting question for future work.

Instead of focusing on the basin boundaries of initial conditions, one could con-

sider the fractal dimension of the instantaneous distribution of surviving trajecto-

ries, which evolves in time. For homogeneous energy loss, or for a sub-ensemble

of points in a narrow energy range, we expect this observed dimension would es-

sentially agree up to the numerical resolution with computations of the dimension

of the conditionally-invariant measure in the conservative system at the same ener-

gies. In our theory, the snapshot attractor of the dissipative dynamics approximates

the c-measure in the conservative system, whose fractal dimension increases with

decreasing E. The set supporting the c-measure achieves full dimension in non-

hyperbolic energy regimes [41], and the c-measure only exists at energies where the
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scattering process is defined. The fractal properties of this object will then certainly

be different to those of the basin boundaries in dissipative systems, which generally

decrease with resolution scale ε, possibly even becoming non-fractal [14]. A loss of

fractality in the instantaneous distributions we have considered should be expected

for E < Ec, when the c-measure ceases to be defined and the saddle is comprised of

perhaps a single point. In more general settings, a cut-off in the scaling underlying

fractal analysis (in time or space) of the instantaneous distribution is expected due

to the combination of µE
c s, each with a slightly different fractal support.

6.3 Case Study: Hénon-Heiles

6.3.1 Conditionally-invariant measures

Neglecting the variation in the energy of trajectories – see Fig. 5.5 –, our expectation

is that the distribution of long-living trajectories at time t will be well-approximated

by the c-measure µE
c , with E = E(t) given by eq. (5.3). To verify this, we initialise an

ensemble of initial conditions in the dissipative system at an energy E2 > E1 and, at

the time t⋆ that eq. (5.3) predicts E(t⋆) = E1, we plot the position (x, y) of the next

crossing with the Poincaré surface alongside the support of µE1
c (computed using the

conservative dynamics). The results of one such numerical experiment are reported

in the top panel of Fig. 6.2, and an alternative figure is given in Appendix A.
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FIGURE 6.2: Comparison of the c-measure of the Hamiltonian system
with E = 0.3 (black points) with the distribution of trajectories in the
dissipative system (E = 0.35, γ = 0.01) at t = t⋆ ≈ 17 ≫ τ0 (red
points.) (Top): all points that survived until t⋆ (the first intersection
for t ≥ t⋆ with the surface of section is shown). (Bottom): only the
surviving points whose energy at time of crossing t ≥ t⋆ was in the
interval [0.295, 0.305], that is, within 1.67% of E1.N = 107 initial con-
ditions were used and approximately 3 · 104 are plotted in each case.
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Our choice of E1, E2, corresponds to the two c-measures shown previously in

Fig. 6.1 and γ ensures that the time t⋆ for the average energy to reach E1 was τ0 ≪
t⋆ < τ2, allowing enough time for the initially uniform ensemble to relax. We find

that the distribution of points in the dissipative system indeed mostly coincides with

the c-measure µE=E1
c , which provides a better description than the non-dissipative

measure µE=E2
c (shown in Fig. 6.1). Still, the points of the dissipative system show

a more noisy distribution and often do not sharply overlap with (the support of)

µE=E1
c . Under eq. (6.3) the explanation for this is that these points experience a dif-

ferent average decay in energy, implying that their energy at t ≈ t⋆ is far enough

from E1 that they are distributed according to different measures (i.e., the disagree-

ment is due to the approximation of neglecting fluctuations in E(t)). To test this

expectation, in the bottom panel of Fig. 6.2 we further restrict the distribution to

points whose energy is E(t) ≈ E1, effectively re-weighting the density ρ towards E1.

The reduction in the dispersion of points is clear: the remaining points almost ex-

actly coincide with the support of the measure µE=E1
c . The agreement is expected to

hold up to a finite spatial scale, which becomes increasingly small as the time for the

distributions to relax increases (e.g., by increasing the initial energy E2 or reducing

the dissipation rate γ). For sufficient relaxation time, we posit that the sub-ensemble

with energy E converges exactly to the c-measure µE
c .

6.3.2 Survival Probability

Interpreting the macroscopic dynamics of the dissipative system in terms of the con-

servative system also allows us to propose a model for the survival probability for

the time window t ≤ τ2. Our c-measure theory predicts that an instantaneous es-

cape rate κE applies for the sub-ensemble at each given energy E(t) = E at time t.

To compute the leading effect of the varying κE in time, we neglect the dispersion in

orbit energies in our system and assume that most trajectories experience the same

dynamics (with associated escape rate κ0) at any given time t. The escape rate, as

we have shown in Fig. 5.3, depends intimately on the energy, which in turn decays

over time. By combining this information, we can approximate the decay in survival

probability P(t) for the entire dissipative ensemble.

The first step is to compute the time-dependent escape rate of the dissipative

system, κγ(t), by introducing the exponential decay of the energy as a function of

time in eq. (5.3) into our parametric model for κ0(E) (see Fig. 5.3), so that

κγ(t) = κ0(E(t)). (6.6)
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The expression for the approximate survival probability Pγ(t) of escaping orbits is

then given as

Pγ(t) ∼ e−κγt, (6.7)

which is similar in form to the exponential decay of hyperbolic scattering in the

Hamiltonian system, although now with a time-dependent escape rate κγ(t) as op-

posed to a fixed rate κ0(E) 4 This description applies to escaping trajectories only,

and thus to times t < τ2. The behavior of P(t) for t > τ2 is exponential, dominated

by trajectories settling towards the attractor, and thus our theoretical model for the

survival probability P(t) is

Pγ(t) =


irregular t ∈ [0, τ0]

fne + fe · exp (−κγ(t) · (t − τ0)) t ∈ [τ0, τ2]

fne · exp (−g(t, γ) · (t − τ2)) t > τ2.

(6.8)

The term fne refers to the fraction of trajectories in the initial ensemble that re-

main trapped, which at fixed E0 increases with γ (resp. decreases with increasing

E0 at fixed γ.) Likewise, fe refers to the fraction of orbits that escape at a time

t > τ0. We have that fne + fe = P(τ0). The function g(t, γ) is introduced because the

observed transition in P(t) between the escape-dominated and settling-dominated

decay regimes is smooth5. We thus require g(t, γ) to be such that g(t) ≥ 0 for

t ≥ 0, γ > 0 and to increase monotonically with t towards a constant L that de-

pends on the dissipation strength γ. In practice, we found that a sigmoid function

of the following form provides a satisfying fit

g(t, γ) =
L

(1 + exp(−b(t − τ2)))2 . (6.9)

Finally, we evaluate eq. (6.8) using the parametric fits of κ0(E) – in Fig. 5.3 – and E(t)

– in Fig. 5.5.

Direct comparison of simulation data for select parameter values with the predic-

tions from eq. (6.8) is shown in Fig. 6.3(a). In general, our model shows a satisfying

agreement with the data, despite relying on the approximation of homogeneous en-

ergy decay. Fig. 6.3(b) shows the comparison between the observed occurrences of

the timepoints τ1 and τ2 with their predicted occurrences under our model while

4This turns out to be different from the usual definition of an instantaneous escape rate - the nega-
tive logarithmic derivative of P(t) as used in e.g [48].

5It should be noted that, as presented, Pγ(t) is not continuous at t = τ2. This is because there exist
orbits that escape after τ2. However the proportion of such orbits is small and decays quickly. Thus,
the form presented is a reasonable approximation.
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varying γ. There are deviations visible at large γ in the data for τ2, but in this regime

τ2 ≪ 1 and the dynamics of the system are essentially trivial; there is essentially no

escape/scattering. For such large γ the terms involving γ in the equations of motion

dominate and so the dynamics cease to be comparable to the conservative system.

There are also small deviations in τ1 visible for smaller γ. The reason for this is the

assumption that trajectories are losing energy at the same rate. An improved agree-

ment would be obtained by avoiding the approximation of homogeneous energy

decay and better taking into account properties of the energy density ρ(E(t)). As

an example, this could take the form of a mixture model for P(t) involving multiple

sub-ensembles, each with their own energy decay exponent µ. Overall, these results

suggest that the time interval τ1 ≤ t ≤ τ2 of the dissipative scattering process in

which our probabilistic description applies becomes arbitrarily large with reducing

γ.
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FIGURE 6.3: Comparison between theoretical model and numeri-
cal simulations of the survival probability P(t). (a): Comparison of
eq. (6.8) (dashed lines) to the simulation data (solid lines) for several
choices of (E, γ) for t > τ0. N0 = 107 initial conditions were used
for each curve. (b): Comparison of the predicted occurrences (dashed
lines) for the transition times τ1 and τ2 (see legend) with their ob-
served occurrences (symbols) in the simulations (for E0 = 0.3). For τ1,
the observed occurrence is the first time eq. (5.4) was satisfied in the
simulation, while the predicted occurrence comes from numerically
solving eq. (6.8) with the relevant parameters. For τ2, the observed
occurrence is the first time at which the energy of a non-escaping or-
bit dropped below Ec, and the predicted occurrence τ2 ∝ 1/γ comes
from eq. (6.2). For increasing γ, the volume of escaping orbits goes to

0 and τ1 cannot be determined.

6.3.3 Fractal dimensions

Our earlier statements about fractal dimensions are supported by simple computa-

tions of the box-counting dimension (3.10) of the three sets in Fig. 6.2, as estimated
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by the slope of the logarithm of the scaling for ε in the range [2−16, 21]. For the

support of the conditionally-invariant measure µE=0.3
c , we compute an approximate

box-counting dimension of D0 ≈ 1.56 . . ., which agrees to two decimal places with

the box-counting dimension of the instantaneous distribution of the dissipative sys-

tem in the bottom panel of Fig. 6.2, providing further quantitative evidence that

the two sets have the same distribution. This calculation also agrees with previ-

ous estimates of the dimension for the unstable manifold in the conservative system

reported in [77] in which the uncertainty algorithm was used6. For the “noisy" dis-

tribution from the top panel of Fig. 6.2 we compute D0 ≈ 1.65. That the dimension

of the noisy distribution is closer to two – the dimension of the space in which it is

embedded – is not unexpected, for aforementioned reasons.

6In this work the dimension of the full manifold, which is between 2 and 3, was computed. We are
studying an intersection of this object with a 2D plane, hence our computed dimension is one less.
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Conclusion

In this thesis we have considered the problem of chaotic scattering systems subject to

dissipation, through exploration of two specific systems, the Copenhagen problem

and the Hénon-Heiles system. The transient chaos properties of both systems under

the effect of dissipation were investigated. Some of these results (e.g uncertainty

dimensions of basin boundaries) are comparable to previous results for undriven

dissipative systems [48, 14, 64] while our results for instantaneous escape rate and

survival probability show surprising finite-time regimes not reported for the sys-

tems in those references. The closest comparison that can be found in the litera-

ture to our observations for the Hénon-Heiles system would be [73]. Abstractly, the

time-dependent sinks of the system in [73] are comparable to the narrowing escape

channels in Hénon-Heiles as both are controlled by the energy, which influences

the escape rate at any instant. Moreover, the energy decays exponentially in both

systems, which together with the previous point serves to justify the similarity in

observations. This leads us to suggest that comparable systems will demonstrate

the same finite-time regimes. Ultimately, we have been able to understand and de-

scribe [73] as a particular case of our theory presented in Chapter 6, and expect that

it should be applicable more generally.

Our results from the Copenhagen problem also illustrate some of the peculiar

properties of systems experiencing non-uniform dissipation. Many initial condi-

tions were able to extract energy from the system, something that is not possible in

the conservative dynamics. The choice of pro-grade versus retro-grade initial veloc-

ities – the Poincaré sections S2 and S3, see Appendix B – was also seen to make an

impressive difference in the numerical observations. Most notably the chaotic sets

appear to extend to spatial infinity for retro-grade velocities, something that does

not hold for the pro-grade velocities. More generally, we believe that weak dissipa-

tion – uniform for not – generically causes time-dependencies in the escape rate in

a system-specific way, that can be understood through our probabilistic description.
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It would be interesting to explore this question further.

We have presented a generally-applicable model for the study of dissipative

chaotic scattering and illustrated its validity with numerical studies of the Hénon–Heiles

system. This model, inspired by the concepts of pullback/snapshot attractors, pro-

poses that long-living trajectories in the dissipative system can be described, for an

intermediate but arbitrarily large time interval t < τ2, by conditionally-invariant

measures µc of the non-dissipative system. Our description includes the dependence

of the measures and time interval on dissipation rate γ, initial energy E0, and time t.

The temporal evolution of ensembles of trajectories in the dissipative system can

then be understood by considering weighted sub-ensembles of the conservative sys-

tem, with each sub-ensemble at a given energy E(t) described by the corresponding

c-measure. This theoretical model has shown to be effective at explaining transient

chaos phenomena like the survival probability P(t), which can be described using

time-dependent escape rates, and the distributions of trajectories in phase space.

This evolving snapshot model expressed in terms of conditionally-invariant mea-

sures of the conservative system can perhaps be considered an extension of doubly-

transient chaos to systems that already show transiently chaotic behaviour before

dissipation is added. A possible direction for future work would be deepening the

theoretical connections to pullback attractors, with particular regard to the under-

standing the relaxation time required for convergence to the c-measure.

An interesting observation made in our experiments involving the survival prob-

ability is that the theoretically derived curves apply also for times at which trajecto-

ries are in energy ranges Ec < E ≤ EKAM in which the conservative system shows

the existence of KAM islands. This is a regime in which there is no c-measure µE
c or

escape rate κ and therefore our description should not strictly apply. The reason for

its unexpected success is that the hyperbolic components of the invariant sets gen-

erate an effective escape rate that drives the numerical observations [47, 5, 4]. For

smaller dissipations γ, trajectories have time to relax towards the non-hyperbolic

components of the saddle in these energy ranges and deviations become relevant. In

particular, we expect a concentration of the combined c-measure in Eq. (6.3) towards

non-hyperbolic regions and that P(t) will converge to a constant earlier in t (i.e.,

when the energy reaches EKAM instead of Ec). Another direction would be to inves-

tigate the fractal properties of these snapshot objects, especially in non-hyperbolic

regimes.

A final suggested area of future work is to extend the probabilistic description for
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the dynamics of ensembles of initial conditions using an operator-theoretic formal-

ism. Our results showing that the evolution depends mainly on the time-dependent

energy density ρ(E(t)) suggest that further insights can be obtained through spec-

tral approaches considering Perron-Frobenius (or similar) operators acting on these

densities [26, 25, 4].





97

Appendix A

Alternate presentation of Fig. 6.2

Here we give an alternate presentation of Fig. 6.2 that may more concisely illustrate

the observations in the numerical experiments in Ch. 6. The figure is divided into

four components, three corresponding to (portions of) the plotted objects in Fig. 6.2

and one a portion of the c-measure for E = 0.35 shown in Fig. 6.1. This alternate pre-

sentation contains a lot of information revealed through comparing different quad-

rants:

• Comparing the blue and purple quadrants reveals that the c-measure µE1
c is a

good descriptor of the dissipative trajectories with comparable energy.

• Comparing the purple and red quadrants highlights that many trajectories in

the ensemble – those with energies ‘far’ from E1 – are not so well described by

µE1
c .

• Comparing the green quadrant with any other quadrant (notably, the broken

symmetry) shows the evolution of the fractal object with the energy.
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FIGURE A.1: Comparison of the c-measure in the conservative
Hénon-Heiles system with an instantaneous distribution of the dis-
sipative system (see Fig. 6.2). From top left, clockwise: (red): in-
stantaneous distribution at t⋆ ≈ 17, (purple): the same distribution
restricted to points with energy 0.295 < E(t⋆) < 0.305. (blue): c-
measure of conservative system, E = 0.3. (green): c-measure of con-

servative system, E = 0.35.
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Appendix B

Experiments in the Copenhagen

problem with pro-grade initial

conditions

Here we present numerical results for the Copenhagen problem similar to those pre-

sented in Chapter 5. The difference between those figures and the ones shown here

is that initial conditions are chosen here in the Poincaré section S2, while they are

chosen from S3 in Chapter 5. The experiments to produce the following figures all

used 106 random initial conditions from S2 with a maximum integration time of

104. The color schemes in the figures are generally the same as their counterparts in

Chapter 5. In all figures, Rsys = 100 and CJ = 2.75.

Some general observations about the results:

• In S2, the fractal region of the escape and collision basins is limited to a small

area around the primaries. Collision seems to be a possible outcome only close

to the primaries, while at large radii there are only escaping orbits. In S3, the

fractal region extends as far as Rsys with points of all basins. This is true with

or without dissipation, making it a feature of the section.

• There is a significant set of initial conditions in the dissipative system that es-

cape with a higher energy than they started with – see Fig. B.6. Some orbits

started in S3 can also extract energy from the system, but they were not vi-

sualized earlier. This must be related to the direction in which they leave the

neighbourhood of the primaries – see eq. (5.32).

• In S2 the escape and collision rates are changed significantly - as reflected in

the survival probability. For long times the set of escape orbits decays faster

than the set of collision orbits. The opposite was true for S3.
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conditions

• In S2, collision accounts for a much smaller proportion of trajectory outcomes

than for S3. One of the reasons for this is that the initial dissipation felt by each

trajectory is weaker S2 than in S3, which can be seen by comparing eq. (5.28)

to eq. (5.32).

B.1 Conservative system

B.1.1 Exit basins

FIGURE B.1: Basin topology in the Copenhagen problem visualised
in the configuration space (x, y). The initial conditions of trajectories
ending in collision, and those in KAM islands, are colored. The un-

colored points correspond to escape orbits.
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FIGURE B.2: Spatial distribution of escape/collision times in the
Copenhagen problem, visualised in configuration coordinates (x, y).
The points belonging to KAM islands have not been plotted, as their
escape time is infinite. (Top): initial conditions with escape/collision
times less than 500. (Bottom): initial conditions with escape/collision

times greater than 1000.
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conditions

B.1.2 Survival probability

FIGURE B.3: Survival probability in the Copenhagen problem. The
decay in the cumulative distribution of lifetimes for both escaping
(blue) and colliding (orange) orbits are shown for escape/collision
times up to t = 104. Also plotted in green is the "total" survival prob-

ability, i.e, the distribution for escape, collision and KAM orbits.

B.1.3 Chaotic sets

We present approximations of the chaotic sets in S2 using the same method as for

Fig. 5.15. We filter for points that remain in the system for t > 150 and t > 1000. The

longer-lived points in both temporal directions seem to lie near regions of maximum

potential and immediately around the primaries, see Fig. 5.11.
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FIGURE B.4: Approximation of the chaotic sets in the Copenhagen
problem with pro-grade initial conditions (S2), visualised in configu-
ration space (x, y). This figure is formed by orbits that remained in
the system until at least t = 150. (Top): Approximate stable (black)
and unstable (red) manifold.(Bottom): Approximate chaotic saddle.
106 points for each set are plotted in the top panel, and approximately

7.5 · 105 are plotted in the bottom panel.
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conditions

FIGURE B.5: Approximation of the chaotic sets in the Copenhagen
problem with pro-grade initial conditions (S2), visualised in configu-
ration space (x, y). This figure is formed by orbits that remained in
the system until at least t = 1000. (Top): Approximate stable (black)
and unstable (red) manifold. (Bottom): Approximate chaotic saddle.
Approximately 6 · 104 points for each set are plotted in the top panel,

and approximately 3 · 104 are plotted in the bottom panel.
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B.2 Dissipative system

B.2.1 Exit basins

FIGURE B.6: Basin topology in the Copenhagen problem with
Poynting-Robertson drag, visualised in the configuration space (x, y).
(Top): Initial conditions of trajectories ending in collision (blue and
orange). (Bottom): Initial conditions of trajectories ending in escape
(blue). Overlaid in orange are the initial conditions of escape orbits

that managed to extract energy from the system.
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conditions

FIGURE B.7: Spatial distribution of escape/collision times in the
Copenhagen problem with Poynting-Robertson drag, visualised in
configuration coordinates (x, y). (Top): initial conditions with es-
cape/collision times less than 100. (Bottom): initial conditions with

escape/collision times greater than 100.

B.2.2 Survival probability
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FIGURE B.8: Survival probability in the Copenhagen problem with
Poynting-Robertson drag. The decay in the cumulative distribution
of lifetimes for both escaping (blue) and colliding (orange) orbits are
shown for escape/collision times up to t = 104. Also plotted in green
is the "total" survival probability, i.e, the distribution for escape and

collision orbits.
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