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Abstract

The Kuramoto-Sakaguchi model is a paradigmatic model of coupled oscil-
lator system which displays collective behaviour. This thesis is concerned
with better understanding of the model through construction of lower-
dimensional reduced models that are more tractable for analysis. The
role of non-entrained rogue oscillators on the synchronized oscillators is
highlighted. After reviewing traditional analysis via mean-field theory
in the thermodynamic limit of infinitely many oscillators, we proceed to
construct reduced models for finite-size systems, where we investigate
on how the effects of rogue oscillators should be incorporated. We first
describe the rogue oscillators’ effect via averaging, leading to a closed
deterministic system that involves the synchronized oscillators only. We
perform model reduction analysis on the system via the collective co-
ordinate framework. It is demonstrated that inclusion of the effect of
rogue oscillators is crucial for obtaining an accurate description of the
system. A new non-linear ansatz is introduced which significantly im-
proves the accuracy of the reduced system, both for finite-size systems
and in the thermodynamic limit. We then analyze the fluctuation of
rogue oscillator’s effect around their mean, by constructing stochastic
process approximations. It is demonstrated that utilizing an Ornstein-
Uhlenbeck process leads to stochastic reduced model that can capture
the fluctuations exhibited in the full model. This thesis also adds to the
mean-field theory analysis for Kuramoto-like model by performing mean-
field analysis on the Kuramoto-Sakaguchi model with uniform intrinsic
frequency distribution, which reviews that for a non-zero phase-offset
parameter, the system exhibits an intricate transition to synchroniza-
tion, with first-order transition to partial synchronization followed by a
second-order transition to global synchronization.
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Chapter 1

Introduction

1.1 Background and Literature Review

1.1.1 Synchronization and the Kuramoto Model

Suppose there are two mechanical devices which, when left alone, dis-
play similar yet different dynamics. Now imagine imposing a coupling
between them, e.g. wrapping a string around. How will this affect the
devices’ dynamics? We may postulate that it depends on the coupling’s
“strength”: with no coupling, the devices perform their own dynamics;
with a strong coupling, their dynamics become much closer to each other,
thanks to the connecting string.

It turns out that such effects do indeed occur, in systems arising from
many different backgrounds. A system consisting of distinct individual
components often evolves to a synchronous state when a strong connec-
tion among the components is present. This phenomena of collective
synchronization has attracted focus from many researches [62, 71], dat-
ing back at least to the 17th century when Huygens documented the
observation that two pendulum clocks hanging on the same beam ended
up swinging in a synchronous pattern. Collective synchronization has
been ubiquitously observed in a vast range of fields and settings, from
flashing of fireflies resting on the same tree [11], clapping of audience after
a concert [50], to oscillating chemical reactions [34] and superconducting
Josephson junctions [77].

To better understand the phenomena of collective synchronization,
many mathematical models for coupled systems have been proposed,
developed and analyzed. In recent years, a lot of focus has been on
the paradigmatic Kuramoto model [36, 3, 72]. The model has a simple
mathematical form, is tractable for analysis, yet is still complex enough
to display a plethora of interesting, non-trivial dynamics. In particular
it displays the transition from incoherence to increasing synchronization
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2 CHAPTER 1. INTRODUCTION

as coupling between components strengthens, which is reminiscent to the
emergence of collective synchronization in real-world systems. The model
can be obtained from phase reduction analysis on systems of weakly cou-
pled limit-cycle oscillators

In the Kuramoto model, each component compositing the system is
modelled as a pure phase oscillator, whose dynamics is captured by a
phase variable which represents relative position in terms of the compo-
nent’s periodic rhythm. When left to their own, each oscillator’s phase
evolves at a constant intrinsic frequency, which may be different for differ-
ent oscillators. The intrinsic frequencies are often assumed to be drawn
from a distribution. Interaction between two oscillators is represented
through a coupling function, which has the form of a sinusoidal function
of their phases’ difference. The system is often assumed to be under an
all-to-all coupling topology, in which each oscillator is coupled to every
other oscillator in the same manner.

For a population of N coupled phase oscillators, the Kuramoto model
takes the form

d

dt
ϕi(t) = ωi +

K

N

N∑
j=1

Aij sin(ϕj(t)− ϕi(t)), i = 1, 2 . . . N. (1.1)

Here ϕi(t) is the instantaneous phase of the i-th oscillator, which has in-
trinsic frequency ωi. The ωis of different oscillators in a system are often
assumed to be drawn from an intrinsic frequency distribution g(ω), which
is often assumed to be a symmetric, uni-modal function. K represents
an overall coupling strength and Aij is an adjacency matrix depicting
whether there is a connection between oscillators i and j. The model is a
set of N non-linear ordinary differential equations (ODEs), one for each
oscillator. We remark that originally the Kuramoto model only consid-
ered an all-to-all coupling topology, in which each oscillator is coupled
to every other oscillator in the same manner, with Aij = 1 for all i, j,
and models with non-trivial adjacency matrix Aij are extension of the
Kuramoto model with coupling under a complex network specified by
Aij. However by now the term Kuramoto model is used for systems (1.1)
with arbitrary coupling network topology.

1.1.2 Order Parameter and Path to Synchroniza-
tion

When analyzing the Kuramoto model and its extensions, a main focus
is on the degree of alignment among the oscillators’ phases, which is
a representation of degree of synchronization among the components of
a system. A common measure of alignment is through the mean-field
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variables defined as the average of the oscillators’ complex phases,

r(t)eıψ(t) =
1

N

N∑
j=1

eıϕj(t), (1.2)

with ı =
√
−1 denoting the imaginary unit. Here r(t) represents an order

parameter measuring the degree of alignment. If all phases are perfectly
aligned, r = 1, and as the phases become more and more spread out, r
decreases towards r ≈ 0.

To better understand collective behaviour, investigations on Kuramoto-
like models often focus on how r varies as system parameters change.
Regarding the overall coupling strength K, it is often the case that r
increases with K. In more detail, at low coupling strength K, oscilla-
tors tend to behave as if uncoupled to each other and rotate with their
own intrinsic frequencies, and r ≈ 0 for this incoherence state. After
K increases past a threshold K = Kc, a synchronized cluster of oscil-
lators emerges, within which the oscillators’ phases are entrained and
evolve at a common frequency, and r transitions to a non-zero value for
this partial synchronization state. With K increasing further, more and
more oscillators become entrained to the cluster, and r increases towards
r = 1. This “path to synchronization” is very reminiscent to real-world
coupled oscillatory systems, where collective rhythm emerges and encom-
passes larger and larger fraction of the system as connection/interaction
between components strengthens. Resemblance to phase-transitions in
statistical mechanics has also been pointed out. For generic symmet-
ric uni-modal intrinsic frequency distributions g(ω), the transition is a
smooth, second-order one: at K = Kc, a small synchronized cluster
emerges, which grows in size as K increases, and r increases gradually
from r ≈ 0. For certain settings, the transition takes different form. For
example, when g(ω) is a uniform distribution, the transition is an ex-
plosive, first-order one: at K = Kc, the system transitions directly from
incoherence to global synchronization where all oscillators are entrained,
and r jumps from r ≈ 0 to a non-zero value discontinuously [61]. Much
focus of research has been put into the investigation and understanding
of the path to synchronization in Kuramoto-like models.

1.1.3 The Kuramoto-Sakaguchi Model

The Kuramoto model (1.1) has received extensive analysis [72, 3, 54,
4, 25, 65]. Many generalizations of the model have been proposed and
analyzed, from inclusion of external noise, non-zero momentum, to more
general coupling function, systems coupled via complex networks, and
nonlinear oscillators, and much more [3, 54, 4, 25, 65]. Additionally, it
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has been applied in the modelling and analysis of a vast range of natural
and engineered systems, from neurons [5], chemical oscillators [34] to the
power grids [27, 24, 49, 51] and physical metronomes [59, 43].

One natural and common extension is the Kuramoto-Sakaguchi model
[66], where the coupling function has an additional phase-offset parame-
ter compared to a pure sine function. The model has the form

d

dt
ϕi(t) = ωi +

K

N

N∑
j=1

Aij sin(ϕj(t)− ϕi(t)− λ), i = 1, 2 . . . N. (1.3)

The phase-offset λ is important for accurate modelling of many real-world
systems [39]. It can serve as approximation for time-delayed coupling
[18]. It often arises when constructing models for real-world systems
such as power grids [24, 51] and physical metronomes [59, 43], and it
occurs naturally when performing phase reductions on systems of weakly-
coupled limit cycle oscillators [36].

With all-to-all coupling, Aij = 1 for all i, j, if the intrinsic frequencies
are symmetric about a centre, at ω = ω̄, for the original Kuramoto model
(1.1), which corresponds to λ = 0, the system dynamics will also possess
that symmetry. Synchronized clusters, when formed, will be symmetric
about ω = ω̄, and will collectively rotate at that frequency. For the
Kuramoto-Sakaguchi model (1.3) with a generic λ ̸= 0, the symmetry
of the intrinsic frequencies no longer carries over to the dynamics. Syn-
chronized clusters will not be symmetric about ω = ω̄, and will instead
rotate at a collective frequency different to ω̄.

The Kuramoto-Sakaguchi model (1.3) exhibits a wider range of emer-
gent dynamics. For certain classes of g(ω), the model has been demon-
strated to display unusual pathway to synchronization, such as incoher-
ence regaining stability with increasing coupling strength, and multi-
stability between synchronized states and/or incoherence [52, 53]. More-
over, generalizations of the model, such as with non-local, non-global cou-
pling structures, have been the showground for investigations on chimera
states where a system simultaneously displays synchronous dynamics in
some parts and incoherence in other parts, despite little difference in their
intrinsic properties [37, 2, 1, 38, 42, 41] (for a review, see [58]). Chaotic
dynamics have also been observed [9].

1.1.4 Analysis of the Kuramoto Model

In the following we restrict our analysis to the all-to-all coupling case,
Aij = 1 for all i, j. Despite its relatively simpler form, the Kuramoto
model still posts great challenges for analysis, due to its non-linear, com-
plex and high-dimensional nature. It is often desirable to obtain a re-
duced model description which is of lower dimension, more tractable yet
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still captures the overall dynamics of the system well, since we are often
more interested in descriptive properties of the whole system, such as the
order parameter r(t) (1.2), than behaviour of each individual oscillator.

Traditionally, analysis are performed by first passing through the
thermodynamic limit of infinitely many oscillators, N → ∞. In the
limit, it is assumed that there is a continuum of oscillators with all pos-
sible intrinsic frequencies ω, distributed according to g(ω). Moreover, at
each ω, there are infinitely many oscillators, depicted by a distribution
density of their phases, ρ(ϕ, t;ω). Instead of dynamics of ϕi(t) governed
by a system of N ODEs, one for each oscillator, the system can now be
described by the time-evolution of ρ(ϕ, t;ω), which is in turn governed by
a partial differential equation (PDE) (actually they are partial integro-
differential equations) derived from continuity condition [73, 72, 3].

Despite transforming from finite-dimensional ODEs to infinite di-
mensional PDEs, the Kuramoto model in the thermodynamic limit is
much more tractable for analysis. In Kuramoto’s classical analysis, self-
consistency equations are obtained, which allows for the determination
of r, among other macroscopic quantities, for the stationary state, at
specified K and for given g(ω) [36, 72, 3]. Some stability analysis results
for the incoherent state in the PDE are derived in [73, 74, 17, 16, 6] (see
also [72]). In the seminal work of Ott and Antonsen [55], the dynamics
of ρ(ϕ, t;ω) is shown to fall on a manifold of much reduced dimension
under an ansatz for the form of ρ. This manifold is later shown to be at-
tracting under a broad range of conditions [56, 57]. Along the manifold,
dynamics of the system is much simpler, and, with a further condition
that g(ω) is a rational function, can be expressed as a finite set of au-
tonomous ODEs, which provides a much more approachable avenue for
analysis. This allows for determination of both stationary states and the
time-dependent dynamics around it.

1.1.5 Kuramoto Model at Finite Size

For the Kuramoto model of finite size N , it may not always be appropri-
ate to directly carry over results from the corresponding thermodynamics
limit. Descriptive statistics of the system, such as the order parameter r,
may attain different values at finite N compared to the thermodynamic
limit, and the values may be N -dependent. Results obtained from the
thermodynamic limit assume that the intrinsic frequencies ω are well-
depicted by a density g(ω); for finite systems, this may not always be
the case, and even for the case where the ωis are drawn from a certain
distribution g(ω), there could be strong sample-to-sample fluctuations
depending on the particular set of ωis drawn [32]. Moreover, it has been
shown that in finite systems, the order parameter r(t) displays persistent
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temporal fluctuations [20, 19], whereas in thermodynamic limit it attains
stable equilibrium values. In a sense, in the thermodynamic limit, influ-
ences of individual oscillators tend to smooth each other out through
the averaging over distribution densities, whereas in finite systems, their
individual influences retain, leading to pronounced finite-size effects.

Nonetheless, there is a strong interest in analyzing Kuramoto-like
models of finite size. Studies of the models are often motivated as be-
ing a pathway towards understanding real-world coupled oscillatory sys-
tems, which consist of a finite number of components, for which finite
Kuramoto models are more appropriate. Although it is generally the
case that as the system size N increases towards infinity, properties of
finite Kuramoto models approach those of the corresponding thermody-
namic limit provided that the limit is taken in a sensible way, it is still
of great interest to investigate the manner in which the limit values are
approached. In addition, for real-world systems, parameters of the com-
ponents often do not follow a particular distribution, and instead are
just a collection of certain values. For such systems, investigation may
be better carried out by considering finite Kuramoto models where the
intrinsic frequencies are just a collection of certain values. It can also
be noted that although extensive analysis results have been obtained for
the thermodynamic limit, direct simulations of the corresponding PDEs
remain challenging, and the analysis results are often corroborated by
comparing with simulations of Kuramoto models with large but finite
size N .

Study on finite Kuramoto models commenced shortly after the model’s
conceptualization. For all-to-all coupling and uni-modal intrinsic fre-
quency distribution, Daido [20, 19, 21, 22] conducted an extensive series
of numerical and theoretical study on the scaling of the order parame-
ter and its fluctuations in finite systems. It was demonstrated that r(t)
exhibits anomalously enhanced temporal fluctuations near the onset of
partial synchronization, for K ≈ Kc. Scaling forms for r and its fluctu-
ations were proposed based on theoretical arguments and verified with
numerical simulations. Justifications for the scaling forms were also ob-
tained via perturbation analysis. Further investigations were carried out
by Hong et al. [32], where in addition, sample-to-sample fluctuations be-
tween systems with independent draws of intrinsic frequencies from the
same distribution were analyzed. In Coletta et al. [15], a scaling law for
the largest non-zero Lyapunov exponent of the system was also obtained.

Another approach for analyzing finite Kuramoto models is via more
data-driven coarse-graining reduction [48, 64]. Based on judicious in-
vestigation of simulated dynamics, a set of coarse-grained variables are
proposed, which are expected to be capable of capturing the system’s
overall dynamics. The coarse variables’ dynamics are expected to be
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closed within themselves, i.e. determined only through other coarse vari-
ables instead of all the phases, and their evolution can be efficiently an-
alyzed with the aid of estimates obtained from fine-grained simulations
of the full system.

More recently, in Snyder et al. [70], a coarse-grained model for fi-
nite system is proposed based on the autonomous ODEs for mean-field
variables derived in Ott-Antonsen analysis [55] of the thermodynamic
limit. Effects of finite system size are captured through both modified
equation parameters and introduced additive white noise, leading to a
stochastic differential equation (SDE) coarse-grained model. The mod-
ified equation parameters and diffusion coefficients of white noise are
estimated via regression against simulation data through optimization.
The coarse-grained SDE model captures the temporal fluctuations of the
order parameter r(t) and its scaling with finite system size N .

1.2 Collective Coordinate Analysis

Furthermore, model reduction analysis for coupled oscillator systems can
also be performed via the collective coordinate framework [29]. Based
on inspections of the system’s dynamics, an ansatz is made that most
components of the system follow a certain common shape profile, which is
parameterized by a few parameters, which are the collective coordinates.
Dynamics of the overall system is then approximated by that of the shape
profile, which is captured by time-evolution of the collective coordinates.
Intrinsic differences between the components are captured by the specific
form of the shape profile. The ansatz is required to be optimal in the sense
that its associated error should be orthogonal to the subspace spanned by
the ansatz as collective coordinates vary. In a fashion similar to Galerkin
methods, this determines the time-evolution of collective coordinates.

The collective coordinate framework originates in the study of solitary
waves [67]. It has been applied to the Kuramoto model where it success-
fully describes both abrupt and gradual transition to synchronization,
as well as time-dependent oscillator cluster dynamics, for systems with
different g(ω) [29]. An advantage of the framework is that it is readily
applicable to finite systems, for which it gives accurate estimates and
captures finite-size effects [29]. For Kuramoto model with additive noise
it captures the finite-size-scaled Brownian diffusion of synchronized clus-
ter [30]. For a system with multi-modal g(ω), it captures the emergent
chaotic cluster dynamics [68]. The framework has also been applied to
derive reduced dynamics in Kuramoto model with arbitrary coupling
network [31], and to derive optimal network topology [63] and coupling
form [10] for synchronization. Recently it has been demonstrated that in
the thermodynamic limit, the reduced equations obtained from collective
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coordinate framework recover results from Ott-Antonsen analysis [69].

1.3 Accounting for the Effects of Rogue

Oscillators

Our project aims to perform model reduction analysis for the Kuramoto-
Sakaguchi model (1.3) that are applicable to finite systems. We found
that for generic phase-offset λ that is non-zero, capturing the effects
of non-synchronized rogue oscillators in partial synchronization state is
crucial to obtain accurate descriptions of the system. This is in contrast
to the original Kuramoto model (1.1) where their effects can generally
be ignored as they tend to cancel out due to symmetry of the system,
which no longer pertains when λ is non-zero.

In partial synchronization states, relative to the synchronized clus-
ter, entrained oscillators are nearly stationary and fluctuate with small
amplitudes, whereas non-entrained rogue oscillators rotate at non-zero
frequencies, constantly overtaking the cluster. Utilizing this apparent
time-scale separation between entrained and rogue oscillators, effective
descriptions of the rogue oscillators can be obtained.

� In the first part of the project, effects of rogue oscillators are ap-
proximated by their averages over a density that is inversely propor-
tional to their rotating velocities. Employing the averages, together
with an improved ansatz, we perform model reduction analysis for
the Kuramoto-Sakaguchi model via the collective coordinate frame-
work [29, 69]. The resultant reduced equations both provide accu-
rate descriptions for finite systems, and recover known analytical
results in the thermodynamic limit. However, it does not capture
the finite-size-scaled dynamical fluctuations exhibited in the sys-
tem, such as those of r(t).

� In the second part of the project, we construct a stochastic ap-
proximation for the effect of rogue oscillators. In a spirit similar
to homogenization for systems with multiple time-scales [28, 60],
we approximate their effects with Gaussian processes, the coeffi-
cients of which are estimated via fitting against data from direct
simulation. Replacing rogue oscillators with the Gaussian process
approximation, we arrive at a stochastic reduced model of the over-
all system, which is shown to be capable of capturing both the mean
behaviour and the variance of fluctuations for the original system.
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1.4 Main Contributions

We list the main original contributions of the thesis. The thesis makes
contributions on three areas: Describing the role of rogue oscillators
in Kuramoto-Sakaguchi models, in mean-field theory for the Kuramoto-
Sakaguchi model and in improving the method of collective coordinates.

We provide a comprehensive treatment of the role of non-entrained
rogue oscillators on the dynamics of the synchronized oscillators. We first
establish the mean effect of the rogue oscillators on the synchronized
cluster by averaging over the density of the rogue oscillators. This is
akin to the law of large numbers and is shown to be valid for the case
of infinitely many oscillators. To study finite size effects we quantify,
akin to the central limit theorem, the fluctuations around the mean.
This leads to a stochastic differential equation that involves only the
synchronized oscillators. Interestingly and contrary to recent heuristic
stochastic model reductions aimed at describing the fluctuations of the
order parameter [70], the noise is not of a Brownian motion type but is
instead a coloured Ornstein-Uhlenbeck noise.

We further add to the vast literature on mean-field theory of Kuramoto-
like models and perform a mean-field analysis of the Kuramoto-Sakaguchi
model for uniform intrinsic frequency distribution. Interestingly this re-
veals a transition to synchronization which is a hybrid between the ex-
plosive first-order phase transition of the Kuramoto model with λ = 0 for
uniform intrinsic frequency distribution [61] and the smooth second-order
phase transition for uni-modal intrinsic frequency distributions with par-
tial synchronization: the transition is of first order for the order param-
eter; however at criticality the system exhibits partial synchronization.

The thesis contributes several improvements to the method of collec-
tive coordinates. We introduce a new ansatz function, the arcsine ansatz
function, which significantly improves the method for all-to-all coupling
topology. The ansatz introduced in this thesis has already been taken
up to show that the method of collective coordinates converges to the
Ott-Antonson ansatz in the thermodynamic limit while being superior
for finite-size networks [69]. As a second improvement of the method of
collective coordinates we show that for the Kuramoto-Sakaguchi model
with λ ̸= 0 the inclusion of effects of the rogue oscillators is crucial to
obtain a good approximation of the full dynamics by the collective coor-
dinates. This is achieved by the averaging techniques developed in this
thesis.
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1.5 Thesis Outline

This thesis is organized as follows. In Chapter 2 we provide results
from numerical simulations to illustrate the collective behaviour of the
Kuramoto-Sakaguchi model. In Chapter 3 we present an analysis of the
Kuramoto-Sakaguchi model in the thermodynamic limit, which serves
both as inspiration for ansatz function form for a collective coordinate
analysis, and as a reference for comparison, for our model reduction anal-
ysis. In Chapter 4 we derive an expression for the average effect of the
rogue oscillators on the synchronized oscillators, and we use this to mod-
ify the collective coordinate method with significant improvement over
the standard collective coordinate reduction. This highlights the impor-
tance of including the dynamics of the rogue oscillators. In Chapter 5
we construct a stochastic approximation of the rogue oscillators with
Gaussian processes, arriving at a stochastic reduced model for the syn-
chronized oscillators. In Chapter 6 we conclude with a discussion and an
outlook for future work.



Chapter 2

Dynamical Behaviour of The
Kuramoto-Sakaguchi Model

In this chapter, after presenting the set-up for Kuramoto-Sakaguchi mod-
els to be investigated in this thesis, we illustrate the system’s dynamical
behaviour through results from direct numerical simulation, with a par-
ticular emphasis on the role of the rogue oscillators at different phase-
offsets λ. We also introduce several quantities that are descriptive of the
system’s collective behaviour.

2.1 Set-up

In this thesis we focus on Kuramoto-Sakaguchi model with an all-to-all
coupling network for N phase oscillators

d

dt
ϕi(t) = ωi +

K

N

N∑
j=1

sin(ϕj(t)− ϕi(t)− λ), i = 1, 2 . . . N. (2.1)

ϕi(t) is the phase at time t of the i-th oscillator, which has intrinsic
frequency ωi. K and λ are the coupling strength and phase-offset pa-
rameters respectively. The ωis are assumed to be drawn from a intrinsic
frequency distribution g(ω). Comparing to (1.3), the coupling adjacency
matrix Aij is set to Aij = 1 ∀i, j representing all-to-all coupling, i.e. each
oscillator is coupled to every other oscillator equally.

For a finite system with N oscillators, we need to generate an en-
semble of N ωis that constitutes a representative draw from the dis-
tribution g(ω). In our study we choose the ωis deterministically in an
equi-probability way: let G(ω) =

∫ ω
−∞ g(s)ds be the corresponding cumu-

lative distribution of g(ω), and let {xi}i=1...N be a set of N points evenly
spread along [0, 1], we generate the N ωis as solutions to G(ωi) = xi. We
consider two sets of {xi}: the end-points of N + 1 equal sub-intervals of

11



12 CHAPTER 2. DYNAMICAL BEHAVIOUR

Figure 2.1: Illustration of the procedure for generating N = 9 intrinsic
frequencies ωis deterministically via the end-point rule (2.2), with xi
being the end-points of 10 equal sub-intervals of [0, 1]. The solid curve is
the cumulative density function (cdf) G(ω) =

∫ ω
−∞ g(s)ds of a Gaussian

distribution g(ω) with mean 0 and variance 1.

[0, 1] excluding 0 and 1:

xi =
i

N + 1
, i = 1 . . . N, (2.2)

and the mid-points of N equal sub-intervals of [0, 1],

xi =
1

2N
+
i− 1

N
, i = 1 . . . N. (2.3)

Generating the ωis equi-probably eliminates the variation between dif-
ferent particular draws of ωis from g(ω) which, although by itself a very
interesting area for study [32], is not within the scope of this thesis. It
also avoids that particular draws of ωis lead to either large or small gaps
in the frequencies, which imply local clustering [26]. Finite-size effects
are still dynamically relevant as they determine the range of coupling
strengths before new oscillators can be entrained, as will be discussed
below and in later chapters. In Figure 2.1 we present an illustration of
the procedure for generating N = 9 intrinsic frequencies ωis determin-
istically via the end-point rule (2.2) for a Gaussian intrinsic frequency
distribution g(ω) of mean 0 and variance 1.

For the intrinsic frequency distribution g(ω), we shall consider a Gaus-
sian distribution with standard deviation σ,

g(ω) =
1√
2πσ2

e−
ω2

2σ2 , (2.4)
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a Lorentzian distribution with width ∆,

g(ω) =
∆

π

1

∆2 + ω2
, (2.5)

and a uniform distribution with width γ,

g(ω) = U [−γ, γ] =

{
1
2γ
, −γ ≤ ω ≤ γ

0 otherwise
. (2.6)

The first two are typical symmetric uni-modal frequency distributions
that are widely studied. The last one is not uni-modal as it does not
have a peak.

Note that the intrinsic frequencies can be set to have mean zero with-
out loss of generality. If they have a non-zero mean, say ω̄, we can
always shift to a frame that is rotating with a constant velocity ω̄, in
which the phases are now ϕi(t) → ϕ′

i(t) = ϕi(t) − ω̄t. The system (2.1)
will remain essentially the same except that the frequencies now become
ωi → ω′

i = ωi − ω̄, which have mean zero.
The oscillators are arranged such that their intrinsic frequencies ωi

increase with their indices i, i.e. i = 1 corresponds to oscillator with the
most negative ωi and i = N the most positive ωi.

Perhaps one of the most straight-forward approach of analyzing the
Kuramoto-Sakaguchi model (2.1) is to directly simulate the system nu-
merically.

After generating the intrinsic frequencies ωi and setting the coupling
parameters K and λ, we directly simulate the system (2.1) numerically
using a 4-th order Runge-Kutta (RK4) scheme with a time-step size
dt = 0.05. Typically, we generate the initial phases ϕi(0) randomly
as independent draws from a uniform distribution between −π and π,
simulate the system for sufficiently long time, and consider the first part
of simulated trajectory, for t ∈ [0, T0], as transients. T0 is chosen as
a sufficiently large transient time. Computations of statistics such as
time-averages are performed over a time range t ∈ [T0, T0 + T ] where
T is also large for better accuracy. Unless stated otherwise we choose
T0 = T = 5× 104 time units.

2.2 Dynamics at a Fixed System Setting

We expect the Kuramoto-Sakaguchi model (2.1) to exhibit synchronous
behaviour at large coupling strengths K. In this section, focusing on
dynamics at a system setting that leads to synchronous behaviour, we
provide results of numerical simulations for (2.1) with a Gaussian invari-
ant frequency distribution g(ω) (2.4) with σ = 1 at a coupling strength
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K = 3 and phase-offset λ = π/4, at which the system displays partial
synchronization. We consider N = 159 oscillators, with intrinsic frequen-
cies generated equi-probably according to the end-point rule (2.2), cor-
responding to the end-points of 160 equi-probable sub-intervals of [0, 1],
excluding 0 and 1. Generating the intrinsic frequencies equi-probably
via the end-point rule (2.2) allows for preserving some of the frequencies
across different system sizes, for example, if we now generate N = 319
intrinsic frequencies according to (2.2), which correspond to the end-
points of 320 equi-probable sub-intervals, all of the 159 intrinsic frequen-
cies that were generated for the previous system size will remain among
the N = 319 intrinsic frequencies. We remark that particular methods
of generating the intrinsic frequencies ωi, either deterministically via the
end-point method (2.2) or the mid-point method (2.3), or randomly as
particular random draws from the intrinsic frequency distribution g(ω),
all converge in the thermodynamic limit, N → ∞.

To describe the collective behavior of the Kuramoto-Sakaguchi model,
mean-field variables r and ψ are introduced such that

r(t)eıψ(t) =
1

N

N∑
j=1

eıϕj(t), (2.7)

with ı =
√
−1 denoting the imaginary unit. The time average of the

order parameter r,

r̄ = lim
T→∞

1

T

∫ T0+T

T0

r(t)dt (2.8)

quantifies the degree of synchronization. Synchronized states correspond
to r̄ ≈ 1, whereas incoherent states correspond to r ∼ O(1/

√
N).

Figure 2.2 plots the evolution of r(t) starting from a set of ran-
dom initial phases ϕi(0). We observe that r(t) quickly transitions from
r ∼ O(1/

√
N) to values near r̄ > 0, and afterwards fluctuates around r̄

persistently. The goal of this thesis is to understand and estimate both
the average of the order parameter r as well as its fluctuations.

Besides the order parameter r(t), we also examine the dynamics of
individual oscillators. Figure 2.3 shows the trajectories of phases ϕi(t)
right after the transient T0. We observe that a group of oscillators have
their phases locked together, moving collectively at a common linear
velocity. These are the entrained oscillators. Other oscillators are drifting
with different speeds, and their trajectories appear smooth with certain
periodic structure. These are the non-entrained rogue oscillators.

Figure 2.4(a) is a snapshot of the phases at a particular time after
transient. The entrained oscillators have phases close to each other,
which also display certain structure with respect to their indices i. The
non-entrained rogue oscillators have phases spread out across (−π, π].
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Figure 2.2: Time-series of the order parameter r(t) for Kuramoto-
Sakaguchi model (2.1) starting with random initial phases. The system
has N = 159 oscillators from a Gaussian intrinsic frequency distribu-
tion (2.4) with σ = 1. The coupling strength and phase-offset are set
at K = 3, λ = π/4. Dash line indicates the time average r̄ = 0.7745
calculated according to (2.8).

Figure 2.3: Trajectory of phases ϕi(t) from the Kuramoto-Sakaguchi
model (2.1) with same setting as Figure 2.2. Here we show the tra-
jectories right after the transient T0 = 5 × 104. The phases are shifted
at the transient by integer multiples of 2π to be within (π, π], but are
unmodified afterwards.
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The observations suggest the presence of a synchronized cluster. To
identify more accurately which oscillators are within the cluster, we com-
pute the effective frequencies,

Ωi =

〈
d

dt
ϕi(t)

〉
t

,

where ⟨a(t)⟩t denotes time average of a function a(t) (computed in the
same manner as (2.8)), and d

dt
ϕi(t) is calculated as the right-hand-side of

(2.1) at each time-step along the simulation trajectory.
Figure 2.4(b) plots the calculated Ωis. Comparing with Figure 2.4(a),

we observe that the entrained oscillators whose phases are close have ef-
fective frequencies that are very close to each other. We now determine
the synchronized cluster C of entrained oscillators as the set of oscilla-
tors whose effective frequencies Ωi are very close (numerically we check
whether an oscillator’s Ωi are within 10−3 of that of its neighbouring
oscillators). The remaining oscillators are determined as the set of non-
synchronized, rogue oscillators R. In the particular setting we identified
the synchronized cluster C as oscillators with indices 1 ≤ i ≤ 116 and
the rogues R as those with 117 ≤ i ≤ 159 = N . In Figure 2.4 different
symbols are assigned to the synchronized and rogue oscillators according
to this classification. For the parameters adopted here with K = 3 and
λ = π/4, the rogue oscillators only appear at indices larger than the syn-
chronized cluster C. In general, however, for different parameters, rogue
oscillators may appear at indices both above and below the cluster C.

As oscillators are indexed by their intrinsic frequencies ωi, when syn-
chronized clusters are formed, they tend to consist of oscillators with con-
secutive indices i. We denote the end indices of the cluster imin and imax,
and the corresponding intrinsic frequencies ωmin := ωimin

, ωmax := ωimax .
We estimate the common frequency of the cluster as the average of ef-
fective frequencies among synchronized oscillators,

Ω =
1

Nc

∑
j∈C

Ωj, (2.9)

where Nc = |C| = imax − imin + 1 denotes the size of the synchronized
cluster. If we shift to a frame rotating at the common frequency Ω, the
synchronized oscillators will appear stationary.

2.3 Dynamics Across Different Parameter

Settings

In this section, we investigate the effects of varying the coupling strength
K and the phase-offset λ on the collective dynamics of the system. Here
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(a)

(b)

Figure 2.4: (a): Snapshot of phases ϕi at a particular time after transient.
The phases are shifted by integer multiples of 2π to have values within
(−π, π]. (b): The effective frequencies Ωi of the oscillators. Parameter
settings for both (a),(b) are the same as Figure 2.2. Blue circles and red
crosses denote synchronized oscillators i ∈ C and rogue oscillators i ∈ R
respectively. Dashed vertical line is a visual aid separating C and R.
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(a) (b)

Figure 2.5: Order parameter r̄ of the Kuramoto-Sakaguchi model (2.1)
with N = 50 oscillators for different phase-offset parameters λ. (a)
Lorentzian frequency distribution (2.5). (b) Uniform frequency distri-
bution (2.6).

for the intrinsic frequency distribution g(ω) we consider a Lorentzian
distribution (2.5) with ∆ = 0.5, and a uniform distribution (2.6) with γ =
1. We consider a system of N = 50 oscillators with intrinsic frequencies
ωi generated equi-probably according to the mid-point rule (2.3).

Focusing on the effect of λ on the path to synchronization with
increasing K, Figure 2.5 depicts the transition from incoherence with
r̄ ∼ 1/

√
N to synchronization with r̄ > 0 upon increasing the coupling

strength K beyond a critical coupling strength Kc for (a) the Lorentzian
frequency distribution (2.5) and (b) the uniform frequency distribution
(2.6). For a Lorentzian distribution, inclusion of the phase-offset λ im-
pedes synchronization, both lowering r̄ for a given coupling strength K
as well as delaying the onset of synchronization to a higher value of K
for larger λ > 0. For a uniform distribution, increasing λ similarly lowers
r̄ at large values of K. However, unlike for a Lorentzian distribution,
the onset of partial synchronization around K ≈ 1 occurs at lower values
of K as λ increases. For λ = 0, it is well known that the transition for
uniform g(ω) is an explosive first-order one from incoherence directly to
global synchronization [61]. For λ > 0, we observe that the transition
becomes smoother. For both distributions and for all phase-offsets λ, at
lower coupling strengths K, the order parameter r̄ tends to a value that
is close to but not equal to 0 , of order O(1/

√
N), which corresponds to

N randomly distributed phases ϕi. This is an effect of finite system size
and we expect the value to approach 0 as N → ∞.

Next, we focus on the effect of λ on the relative position of the syn-
chronized cluster. In the original Kuramoto model with zero phase-offset
λ = 0, synchronized clusters of size Nc are always symmetric about ω = 0
provided the intrinsic frequencies ωi are symmetric about ω = 0 (as is the
case for equi-probable draws from a frequency distribution g(ω) that is
symmetric about ω = 0). In particular for λ = 0 we have ωmax = −ωmin
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and as the coupling strength K decreases, oscillators break off from the
cluster in symmetric pairs as shown in Figure 2.6(a). In contrast, in the
Kuramoto-Sakaguchi model with non-zero phase-offset λ, the synchro-
nized cluster is not symmetric about ω = 0 and oscillators break off from
the cluster asymmetrically, as shown in Figure 2.6(b) for λ = π/4.

We proceed to examine the common frequency of the cluster, Ω. For
non-zero λ, the synchronized cluster rotates at a non-zero common fre-
quency Ω in the rest frame, in contrast to the Kuramoto model at λ = 0
where the synchronized cluster is stationary. Figure 2.7 shows the cluster
mean frequency Ω as a function of the coupling strength K for different
values of λ. We observe that at high coupling strength, Ω has a nearly
linear dependence on K with Ω ≈ −K sinλ for both a Lorentzian fre-
quency distribution (2.5) and a uniform frequency distribution (2.6). For
the Lorentzian distribution, the linear dependence extends over the whole
range of coupling strengths. For the uniform distribution, Ω exhibits a
non-linear dependency of Ω(K) close to the onset of partial synchroniza-
tion.

In the following chapters we seek to capture the collective behaviour
of the Kuramoto-Sakaguchi model with particular emphasis on the role
of the non-entrained rogue oscillators.
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(a) (b)

Figure 2.6: Minimum (ωmin) and maximum (ωmax) intrinsic frequencies of
oscillators within the synchronized cluster at different coupling strengths
K for N = 50 oscillators. Intrinsic frequencies drawn from a Lorentzian
distribution (2.5). (a) λ = 0, (b) λ = π/4.

(a) (b)

Figure 2.7: Mean frequency Ω of the synchronized cluster as a function
of coupling strength K for different phase-offset parameters λ for the
Kuramoto-Sakaguchi model (2.1) with N = 50 oscillators. (a) Lorentzian
frequency distribution (2.5). (b) Uniform frequency distribution (2.6).



Chapter 3

The Thermodynamic Limit

Direct analysis of the finite-size Kuramoto-Sakaguchi model (1.3) is hard
due to its high-dimensional, non-linear and complex nature. Analysis is
often performed in the thermodynamic limit of infinitely many oscillators,
N → ∞, in which the system becomes more tractable. Furthermore,
adopting an all-to-all coupling network allows for application of mean-
field theory, leading to immensely reduced description of the collective
behaviour of the system. Mean-field theory has been applied with great
success to numerous systems of coupled oscillators arising from many
different settings; see [8] for a recent review.

In this chapter, for the Kuramoto-Sakaguchi model (2.1) in the ther-
modynamic limit, we present the classical self-consistency analysis fol-
lowing Sakaguchi and Kuramoto [66], which leads to a description of
collective behaviour in the equilibrium state. For the special case of a
uniform intrinsic frequency distribution, we derive solutions from this
approach, which reveal an intricate path to synchronization for non-zero
phase-offset λ > 0, exhibiting an abrupt first-order transition to par-
tial synchronization followed by gradual second-order transition to global
synchronization, in contrast to the explosive direct transition from inco-
herence to global synchronization described by Pazó for λ = 0 [61]. We
then review the more recent Ott-Antonsen analysis [55], which provides
a description of the dynamical collective behaviour.

3.1 Classical Mean-Field Approach and Self-

Consistency Analysis

The Kuramoto-Sakaguchi model (2.1) allows for a mean-field description
in the thermodynamic limit, which reduces the dynamics to mean-field
variables r and Ω. Here we follow the approach developed by Sakaguchi
and Kuramoto [66] to find a self-consistency relation between r and Ω,

21
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already introduced in Chapter 2. Focusing on settings where there is
a synchronized cluster of oscillators, we shift to the frame rotating at
the cluster mean frequency Ω, and consider the phase variables θi(t) =
ϕi(t) − Ωt. Note that we assume Ω to be a constant that is yet to be
determined. The Kuramoto-Sakaguchi model (2.1) is then written in
terms of the θis as

d

dt
θi(t) = ωi − Ω +

K

N

N∑
j=1

sin(θj − θi − λ), (3.1)

We define the mean-field variables in the co-rotating frame as

r(t)eıψ0(t) =
1

N

N∑
j=1

eıθj(t), (3.2)

with ı =
√
−1 denoting the imaginary unit. Comparing to the mean-

field variables in the rest frame (2.7), r(t) remains the same and ψ0(t) is
related to ψ(t) via ψ0(t) = ψ(t)− Ωt.

For systems with an all-to-all coupling topology, the mean-field vari-
ables (3.2) not only measure coherence and mean phase behaviour, but
also allow for a simplification of the system. Indeed, substituting (3.2)
into the system (3.1), we obtain the mean-field formulation of the Kuramoto-
Sakaguchi model,

d

dt
θi(t) = ωi − Ω +Kr sin(ψ0 − θi − λ). (3.3)

In this form, θi is coupled to the phases of the other oscillators only via
the mean-field variables r, ψ0 and Ω. For later reference we define the
right-hand side of (3.3) as

v(θi;ωi) = ωi − Ω +Kr sin(ψ0 − θi − λ). (3.4)

If we consider r, ψ0 and Ω to be constants, then (3.3) is a 1-dimensional
autonomous ODE for each θi. It supports two kinds of solutions depend-
ing on the intrinsic frequency ωi:

� for oscillators with frequencies |ωi−Ω| ≤ Kr, (3.3) has a stationary
solution

θi = θ∗i = ψ0 + arcsin

(
ωi − Ω

Kr

)
− λ. (3.5)

It has another stationary solution, θi = ψ0 + π− arcsin
(
ωi−Ω
Kr

)
− λ,

which is unstable in the 1-dimensional ODE. These oscillators are
stationary in the co-rotating frame, and partake in the collective ro-
tation at frequency Ω in the rest frame. They are the synchronized
oscillators entrained within the cluster, i ∈ C.
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� for oscillators with frequencies |ωi − Ω| > Kr, (3.3) does not have
a stationary solution. Its right-hand side remains the same sign
for all θi ∈ (−π, π]. θi(t) rotates in the same direction, governed
by the Adler equation (3.3). Their dynamics are periodic and can
be obtained analytically. These are the non-synchronized rogue
oscillators, i ∈ R.

We now pass through the thermodynamic limit of infinitely many
oscillators, N → ∞, in which it is assumed that there is a continuum
of oscillators at each possible intrinsic frequency ω, with relative num-
ber density given by the intrinsic frequency distribution g(ω). At each
ω, instead of the dynamics of individual oscillators θi(t), we focus on
the instantaneous density function of oscillators with phase θ among all
oscillators at the same ω, ρ(θ, t;ω). ρ is normalized at each ω,∫ π

−π
ρ(θ, t;ω)dθ = 1 ∀t, ω. (3.6)

The overall density over all intrinsic frequencies is then given as a product
density as ρ(θ, t;ω)g(ω), which is normalized with∫ ∞

−∞

∫ π

−π
ρ(θ, t;ω)g(ω)dθdω =

∫ ∞

−∞
g(ω)dω = 1 ∀t.

The mean-field variables (3.2) are expressed in the thermodynamic limit
as

r(t)eıψ0(t) =

∫ ∞

−∞

∫ π

−π
eıθρ(θ, t;ω)g(ω)dθdω. (3.7)

The dynamics of the system is described by a continuity equation govern-
ing the density function ρ(θ, t;ω). The continuity equation follows from
the conservation of the number of oscillators at each intrinsic frequency
ω, i.e., each oscillator’s intrinsic frequency ω is fixed and does not change
over time. The continuity equation is

∂

∂t
ρ = − ∂

∂θ
(ρv) , (3.8)

where v = v(θ, t;ω) is given in (3.4), and its time dependence is only
through the mean-field variables r(t) and ψ0(t).

To seek stationary solutions of the continuity equation (3.8), we set
∂
∂t
ρ = 0, which leads to

ρ∗(θ;ω)v(θ;ω) = C(ω),

where at each ω, C(ω) is a constant independent of θ. Note that for
stationary states, ρ(θ, t;ω) is constant in time, hence r, ψ0 are constant
in time through (3.7), and v does not have time dependence.
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As for the existence of the stationary solutions of (3.3), the form of
stationary density ρ∗(θ;ω) depends on the intrinsic frequency ω in the
following way,

� for |ω − Ω| ≤ Kr, v(θ;ω) attains zeros, and ρ∗(θ;ω) is given by

ρ∗(θ;ω) = δ

(
θ −

(
ψ0 + arcsin

(
ωi − Ω

Kr

)
− λ

))
. (3.9)

Comparing to (3.5), ρ∗(θ;ω) is a delta function centered at the sta-
ble equilibrium. This corresponds to the synchronized oscillators.

� for |ω − Ω| > Kr, v(θ;ω) does not have zeros, and

ρ∗(θ;ω) =
C(ω)

|v(θ;ω)|
=

C(ω)

|ω − Ω +Kr sin(ψ0 − θ − λ)|
. (3.10)

C(ω) are constants determined from the normalization condition
(3.6). This corresponds to the non-synchronized rogue oscillators.
Note that albeit individual oscillators at frequency ω rotate over
time and are not stationary, their overall density ρ∗(θ;ω) is constant
in time.

Substituting the stationary densities for the entrained and for the non-
entrained oscillators, (3.9) and (3.10), into the equation for the mean-field
variables (3.7), we obtain

reıλ =

∫
|ω−Ω|≤Kr

(√
1− (ω − Ω)2

K2r2
+ ı

ω − Ω

Kr

)
g(ω)dω

+ ı

∫
|ω−Ω|>Kr

(
ω − Ω

Kr
− ω − Ω

Kr

√
1− K2r2

(ω − Ω)2

)
g(ω)dω. (3.11)

Separating real and imaginary parts of (3.11), we arrive at the following
self-consistency relation for r and Ω,

r cosλ =

∫
|ω−Ω|≤Kr

√
1− (ω − Ω)2

K2r2
g(ω)dω (3.12)

r sinλ =

∫
|ω−Ω|≤Kr

ω − Ω

Kr
g(ω)dω

+

∫
|ω−Ω|>Kr

(
ω − Ω

Kr
− ω − Ω

Kr

√
1− K2r2

(ω − Ω)2

)
g(ω)dω. (3.13)
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Although they are complicated, in principle, for a specified intrinsic fre-
quency distribution g(ω), the self-consistency equations (3.12)–(3.13) im-
plicitly determine r and Ω for a given coupling strength K and phase-
offset λ. This can be achieved numerically by standard root-finding algo-
rithms, such as fsolve in MATLAB [44]. The evaluation of the integrals
is also performed numerically.

Remark 1. For the Kuramoto model with λ = 0, the left-hand side of
(3.13) is zero. If g(ω) is symmetric about ω = 0, then (3.13) is satisfied
for Ω = 0 and (3.12) becomes

r =

∫ Kr

−Kr

√
1− ω2

K2r2
g(ω)dω, (3.14)

which is the classical self-consistency result for the Kuramoto model [36,
72, 3].

Remark 2. If the intrinsic frequency distribution g(ω) has finite support
then for large enough K, the synchronized cluster |ω−Ω| ≤ Kr contains
all the oscillators and if additionally g(ω) is symmetric about ω = 0,
(3.13) becomes

r sinλ =

∫ ∞

−∞

ω − Ω

Kr
g(ω)dω + 0 = − Ω

Kr
, (3.15)

leading to Ω = −Kr2 sinλ. For high K, r ≈ 1 and Ω ≈ −K sinλ,
agreeing with the linear dependence observed in Figure 2.7.

3.1.1 The Case of Uniform Frequency Distribution
g(ω)

For some classes of intrinsic frequency distributions g(ω), the integrals
in the self-consistency relations (3.12)–(3.13) can be computed explicitly,
leading to a set of algebraic equations. Analysis of the system will be
easier via analyzing the resulting algebraic equations that do not contain
integrals. Numerical solution schemes are also easier to implement, as
we now need to solve a set of algebraic equations, which is a standard
problem with many established procedures, such as MATLAB’s fsolve
[44].

In this section we demonstrate this for a uniform intrinsic frequency
distribution (2.6), which we recall here

g(ω) = U [−γ, γ] =

{
1
2γ
, −γ ≤ ω ≤ γ

0 otherwise.
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Despite its simplicity, to the best of our knowledge the mean-field
limit has not been done before for the uniform distribution (2.6) for
the Kuramoto-Sakaguchi model (2.1). In the following we show how
the self-consistency relations (3.12)–(3.13) simplify to a set of algebraic
equations.

For the classical Kuramoto model with no phase-offset, λ = 0, Pazó
demonstrated in a seminal work [61] that a uniform g(ω) leads to an ex-
plosive first-order transition of the system from incoherence to synchro-
nization. As K increases across a critical coupling strength Kc, the order
parameter r jumps from r ≈ 0 to a non-zero value r > 0 discontinuously,
and the system transitions directly from incoherence to global synchro-
nization where all oscillators are entrained within a synchronized cluster.
In contrast, for a typical uni-modal g(ω), the Kuramoto model exhibits
a smooth second-order transition: as K increases past Kc, r increases
from r ≈ 0 continuously, and the system transitions from incoherence to
partial synchronization where the synchronized cluster gradually grows
in size, starting off with few oscillators at K slightly above Kc.

For the Kuramoto-Sakaguchi model with a generic λ ̸= 0 under a
uniform g(ω), we demonstrate, through investigating and numerically
solving the self-consistency relations, that the transition from incoher-
ence to synchronization is more intricate: as K increases past a critical
coupling strength Kc, r still jumps from r ≈ 0 to a non-zero value r > 0
discontinuously, however the system does not transition directly from
incoherence to global synchronization. It instead transitions to a par-
tial synchronization state where the synchronized cluster has a finite,
non-zero size. As K increases further, more oscillators become entrained
to the cluster until K passes K = Kg, at which all oscillators become
entrained, corresponding to onset of global synchronization.

Evaluations of the integrals in (3.12)–(3.13) require determining the
relative position of the bounds of synchronized cluster, [Ω − Kr,Ω +
Kr], which are also integration limits, compared to the bounds of g(ω)’s
support, [−γ, γ]. We consider different cases of their relative positions,
which depend on the value of K. An illustration of the different cases is
sketched in Figure 3.1.

Case 1: Ω − Kr < −γ < γ < Ω + Kr. For high enough coupling
strength K, the synchronized cluster contains the entire support of g(ω),
and the system is in the global synchronization state. There are no non-
synchronized oscillators and from (3.13) we have

Ω = −Kr2 sinλ. (3.16)

Substituting into (3.12), using coordinate transformations η = ω−Ω
Kr

and
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sinu = η, we have

r cosλ =
Kr

4γ

[
arcsin (η2)− arcsin (η1) + η2

√
1− η22 − η1

√
1− η21

]
,

(3.17)

where

η1 = − γ

Kr
+ r sinλ, η2 =

γ

Kr
+ r sinλ.

(3.17) is solved numerically to obtain r at given value of K, λ. This solu-
tion is then substituted into (3.16) to obtain the corresponding value of Ω.

Case 2: Ω − Kr < −γ < γ = Ω + Kr. For λ > 0, the cluster
mean frequency at global synchronization, Ω = −Kr2 sinλ is negative
and is further away from the positive end of the support of g(ω), ω =
γ, than the negative end, ω = −γ. As K decreases, Ω + Kr reaches
+γ sooner than Ω − Kr reaches −γ. The critical case occurs when
Ω +Kr = γ, and comparing to Case 1 and Case 3, this corresponds to
a transition from global synchronization to partial synchronization, at
critical coupling strength K = Kg.

Substituting Ω +Kr = γ into (3.17) we have

η2 = 1, η1 = 2r sinλ− 1

and

r cosλ =
1

4(1− r sinλ)

[π
2
− arcsin(2r sinλ− 1)

− (2r sinλ− 1)
√

4r sinλ(1− r sinλ)
]
.

This equation is solved numerically to obtain the value of r at the
onset of global synchronization, r = rg(λ). rg is substituted to find the
corresponding value of Kg(λ) and Ωg(λ).

Case 3 : Ω − Kr < −γ < Ω + Kr < γ. For lower values of K,
the range of synchronized oscillators, Ω − Kr ≤ ω ≤ Ω + Kr does not
cover the whole support of the frequency distribution −γ ≤ ω ≤ γ, and
the system is in a partial synchronization state. For K slightly below
Kg, the positive end of the support of g(ω) falls out of the synchronized
range while the negative end remains within the synchronized range.
This implies that the partial synchronization state is of the form that
non-synchronized oscillators only occur at the positive end of g(ω), for
Ω + Kr < ω ≤ γ, while all other oscillators up to the negative end of
g(ω) remain synchronized.
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For this case, the self-consistency relations (3.12)–(3.13) evaluate to

r cosλ =
Kr

4γ

[
π

2
− arcsin(η1)− η1

√
1− η21

]
(3.18)

r sinλ = − Ω

Kr
+
Kr

4γ

[
ln

(
η2 +

√
η22 − 1

)
− η2

√
η22 − 1

]
, (3.19)

where

η1 =
−γ − Ω

Kr
η2 =

γ − Ω

Kr
.

The system of algebraic equations (3.18)–(3.19) is solved numerically
to obtain r, Ω at given values of K, λ.

Case 4: Ω − Kr = −γ < Ω + Kr < γ. As the coupling strength
K further decreases, the negative end of the range of synchronized os-
cillators reaches the negative end of the support of g(ω), Ω−Kr = −γ.
Substituting into (3.18)–(3.19) η1 = −1 and (3.18) becomes

r cosλ =
Krπ

4γ
, (3.20)

which has solution either r = 0 or K = Kc where

Kc =
4γ cosλ

π
.

The solution r = 0 corresponds to the incoherent state. For K = Kc,
substituting we have

Ω

Kr
= 1− π

4r cosλ
, η2 =

π

2r cosλ
− 1

and (3.19) becomes an equation for r that is solved for the corresponding
value of r = rc. The corresponding value of Ωc is obtained by substitut-
ing.

Case 5. −γ < Ω−Kr < Ω+Kr < γ. For lower values of K, K < Kc,
the range of synchronized cluster Ω−Kr ≤ ω ≤ Ω+Kr falls completely
within the support of the uniform frequency distribution, −γ ≤ ω ≤ γ,
and the system is in partial synchronization of the form that rogue os-
cillators appear at both ends of g(ω). Evaluating the self-consistency
relation (3.12) then yields (3.20), which has solution either r = 0 or
K = Kc. This corresponds to either incoherence, or partial synchroniza-
tion that exists at one coupling strength K = Kc only. It implies that
there does not exist partial synchronization for coupling strength below



3.1. SELF-CONSISTENCY ANALYSIS 29

Case 1

Case 2

Case 3

Case 4

Case 5

Figure 3.1: Illustration of the different cases of synchronization states cor-
responding to different coupling strength K for the Kuramoto-Sakaguchi
model (2.1) with a uniform intrinsic frequency distribution g(ω) (2.6) and
a non-zero phase-offset λ > 0. For each diagram, upper ticks and labels
correspond to possible location of the synchronized cluster obtained by
the self-consistency analysis (3.12)–(3.13); lower ticks and labels corre-
spond to the support of the uniform intrinsic frequency distribution g(ω),
which stays at [−γ, γ]. Black solid lines and yellow solid lines indicate
actual range of the synchronized oscillators and the non-synchronized
rogue oscillators, respectively.

Kc and there are no partial synchronization states of the form that rogue
oscillators occur at both ends of g(ω). This agrees with numerical sim-
ulations: for uniform g(ω), for 0 < λ < π/2, the partial synchronization
states observed are always of the form that rogue oscillators occur at the
positive end of g(ω) and all other oscillators up to the negative end of
g(ω) are synchronized. Therefore, K = Kc represents the transition from
partial synchronization to incoherence.

We summarize the synchronization transition in the Kuramoto-Sakaguchi
model (2.1) with uniform intrinsic frequency distribution g(ω) for λ > 0:
at large K, all oscillators are synchronized; as K decreases across K =
Kg, oscillators at the positive end of g(ω) start to break off; more and
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Case 1

Case 2,3,4

Case 5

Figure 3.2: Illustration of the different synchronization states for the
Kuramoto model with zero phase-offset λ = 0 and a uniform intrinsic
frequency distribution g(ω). c.f. Figure 3.1.

more oscillators break off as K decreases further until K = Kc, after
which the synchronized cluster, which may still process a non-zero size,
suddenly ceases to exist and the system transitions to incoherence, and
remains for all K < Kc.

For λ = 0, in the global synchronization regime the cluster mean
frequency is Ω = −Kr2 sinλ = 0. The synchronized cluster, formed
between −Kr ≤ ω ≤ Kr is symmetric about ω = 0 and so is the support
of g(ω). As K decreases, the positive end of the synchronized cluster,
ω = Kr reaches the positive end of the support of g(ω), ω = γ at the same
time as do the negative ends −Kr and −γ. Therefore for the previous
analysis, Case 2 and Case 4 coincide and Case 3, which corresponds to
partial synchronization state, does not exist. Kg = Kc and the system is
either in global synchronization state for K ≥ Kc or incoherent state for
K < Kc.This is consistent with the result by Pazó [61]. Thus at K = Kc

the system experiences an explosive transition from incoherence to global
synchronization. An illustration of the different synchronization states is
provided in Figure 3.2.

Comparing to the synchronization transition for λ = 0, for systems
with phase-offset λ > 0, at K = Kc, the onset of synchronization is still
explosive, but instead of transitioning directly from incoherence to global
synchronization, the system now transitions to partial synchronization
with a synchronized cluster of a non-zero size. This cluster entrains os-
cillators up to the negative end of g(ω), while rogue oscillators are present
at the positive end of g(ω). As K increases from Kc to Kg, the system
exhibits an additional gradual transition to global synchronization, as
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more and more oscillators become entrained to the cluster.
Figure 3.3 plots the numerical solutions of the self-consistency rela-

tions for the Kuramoto-Sakaguchi model with a uniform intrinsic fre-
quency distribution g(ω) (2.6) with width γ = 1. The solution is corrob-
orated with results from direct numerical simulation of the model with
N = 200 oscillators generated equi-probably according to the mid-point
rule (2.3). Shown are results for different coupling strengths K and three
values of phase-offsets, λ = 0 (left column), λ = π/8 (middle column)
and λ = π/4 (right column). We display results of the order parameter
r̄ (top row), cluster mean-frequency Ω (middle row) and the location of
synchronized cluster in terms of the smallest and largest intrinsic frequen-
cies ωmin, ωmax of oscillators within the synchronized cluster C (bottom
row).

For λ = 0, we observe the explosive transition from incoherence to
global synchronization at K = Kc, where a synchronized cluster contain-
ing all the oscillators emerges. For λ = π/8 we observe that at K = Kc,
the system transitions to a partial synchronization state with a non-zero
size of the synchronized cluster. The cluster gradually grows in size as
K increases until K = Kg when all oscillators become entrained to the
cluster. For λ = π/4, at Kc the system still transitions to a partial
synchronization state, but the cluster size is much smaller at Kc, and
the transition at K = Kc looks more similar to a smooth second-order
transition.

We remark that at the partial synchronization states observed from
direct numerical simulation for λ = π/4 and λ = π/8, the synchronized
cluster always contain all oscillators up to the negative end of the support
of the intrinsic frequency distribution g(ω), and rogue oscillators only ap-
pear near the positive end of g(ω), agreeing with results obtained from
analyzing the self-consistency relation. (For λ = π/4, at K = 0.9 there
appears to be a synchronized cluster that does not entrain all oscilla-
tors to the negative end of intrinsic frequencies. This is due to the strong
fluctuations of the finite-size system near the onset of partial synchroniza-
tion, and if one tightens the criteria when determining the synchronized
cluster, this cluster of oscillators will not be considered as synchronized)

3.2 Ott-Antonsen ansatz

In Section 3.1, self-consistency relations were obtained for a generic in-
trinsic frequency distribution g(ω), allowing for determining the values
of r and Ω for the stationary state of the system. However, the argument
and derivation rely on the condition of the system being in a stationary
state, and the solutions obtained do not tell us much about the dynamical
behaviours of the system.
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Figure 3.3: Collective behaviour of the Kuramoto-Sakaguchi model (2.1)
with a uniform intrinsic frequency distribution (2.6) of width γ = 1.
Shown are results obtained from numerical solution of the self-consistency
relation (3.12)–(3.13) (blue solid line) and results from direct numerical
simulation of the system with N = 200 oscillators of equi-probably gen-
erated intrinsic frequencies (red circles). Top row displays the result for
the order parameter r̄. Middle row displays the cluster mean-frequency
Ω. Bottom row displays location of synchronized cluster C in terms of
the minimum and maximum intrinsic frequencies of oscillators within the
cluster, ωmin, ωmax. Results are for phase-offset values λ = 0 (left col-
umn), λ = π/8, (middle column) and λ = π/4 (right column). Vertical
lines indicate the coupling strengths corresponding to the onset of par-
tial synchronization Kc, and onset of global synchronization Kg obtained
from the self-consistency relation.



3.2. OTT-ANTONSEN ANSATZ 33

Technically, the continuity equation (3.8) allows for determining the
time evolution of the density ρ(θ, t;ω), and hence the system’s dynami-
cal behaviour. However, directly solving this partial integro-differential
equation is challenging.

The seminal work of Ott and Antonsen [55] demonstrated that un-
der an ansatz for the form of ρ(θ, t;ω), the dynamical equations become
much simpler. The ansatz is in effect a restriction that ρ lies on a lower-
dimensional manifold, which has subsequently been shown to be attract-
ing under broad conditions [56, 57]. Furthermore, for the case that g(ω)
is Lorentzian, the equations can be further reduced, and the dynamics
of the mean-field variables are described by a set of autonomous finite-
dimensional ODEs.

The ansatz, which is referred to as the Ott-Antonsen (OA) ansatz, has
since been extensively applied for analyzing the dynamics of a wide range
of coupled oscillator system settings, from bi-modal distribution which
exhibits standing wave solutions [40], system with external time-periodic
driving [14] to systems consisting of sub-populations of oscillators with
different inter- and intra- population coupling [1, 38, 9], in which the
Ott-Antonsen ansatz provides great assistance in the analytical study of
the emergent chimera states and chaotic dynamics.

Following [55, 38], we apply the Ott-Antonsen ansatz to the Kuramoto-
Sakaguchi model (2.1) for a Lorentzian intrinsic frequency distribution
g(ω) (2.5). The following derivation constitutes an application of the
Ott-Antonsen ansatz to the Kuramoto-Sakaguchi model with a single
population and a non-zero phase-offset, and is a sub-part of the analysis
for more complicated systems, such as those in [38, 9].

Following on from Section 3.1, for the Kuramoto-Sakaguchi model in
the thermodynamic limit, we consider the instantaneous density function
of oscillators, ρ(θ, t;ω). The phases θ are measured in a frame co-rotating
with the synchronized cluster, at a constant frequency Ω. Comparing
with phases measured in the rest frame, ϕ, there is a phase shift θ(t) =
ϕ(t) − Ωt where Ω is a constant common frequency that is yet to be
determined. Generally the Ott-Antonsen analysis concerns the density
of phases in the rest frame, ρ(ϕ, t;ω). We present here an analysis for
the density of phases in a co-rotating frame, ρ(θ, t;ω). The analysis is
equivalent and gives the same result.

For ease of readability we recall from Section 3.1 that the density
distribution ρ(θ, t;ω) satisfies the continuity equation (3.8),

∂

∂t
ρ = − ∂

∂θ
(ρv) ,

where

v(θ, t;ω) = ω − Ω +Kr sin(ψ0 − θ − λ),
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with the mean-field variables defined as in (3.7),

r(t)eıψ0(t) =

∫ ∞

−∞

∫ π

−π
eıθρ(θ, t;ω)g(ω)dω.

Since the phases θ are considered to be angles from (−π, π], (i.e. angles
that differ by integer multiples of 2π are identified as the same angle), the
density function ρ(θ, t;ω) should be 2π-periodic in the phase argument
θ. Utilizing this, we can expand ρ(θ, t;ω) as a Fourier series according to

ρ(θ, t;ω) =
1

2π

(
1 +

∞∑
n=1

cn(t;ω)e
ınθ + cn(t;ω)e

−ınθ

)
. (3.21)

Here and in the rest of this section, an overhead bar represents the com-
plex conjugate. Substituting the Fourier expansion into the expression
for the mean-field variables (3.7), we find that r and ψ0 now only depend
on the first Fourier coefficient and we obtain

r(t)eıψ0(t) =

∫ ∞

−∞
c1(t;ω)g(ω)dω.

Substituting the Fourier expansion into the continuity equation (3.8),
and comparing the coefficients of eınθ for each n, we arrive at an infinite
set of equations for the cn(t;ω)s (each n gives one equation).

The Ott-Antonsen (OA) ansatz assumes that the density ρ(θ, t;ω) is
in a form such that all the coefficients cn(t;ω) are the consecutive powers
of a function α(t;ω), i.e.

cn(t;ω) = [α(t;ω)]n ∀n. (3.22)

Substituting this ansatz into the infinite set of equations for cn(t;ω), it
turns out that all the equations from each power eınθ reduce to the exact
same equation,

α̇(t;ω) = −ı(ω − Ω)α− 1

2

(
Ke−ıλzα2 −Keıλz

)
, (3.23)

where

z(t) = r(t)eıψ0(t) =

∫ ∞

−∞
α(t;ω)g(ω)dω (3.24)

is the complex mean-field variable. This is a striking result: as long as
α(t;ω) satisfies (3.23), the density function ρ(θ, t;ω) with Fourier expan-
sion coefficients given by the ansatz (3.22) will be a solution to the gov-
erning continuity equation (3.8). Thus, under the Ott-Antonsen ansatz
for ρ(θ, t;ω), the infinite dimensional partial integro-differential equation
for the density ρ(θ, t;ω) reduces to an infinite set of ODEs for α(t, ω).
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To proceed along the Ott-Antonsen analysis, further assumptions are
made for α(t;ω): it is assumed that |α(t;ω)| ≤ 1 for all real ω, and
that α(t;ω) can be analytically continued from real ω into the lower half
complex ω-plane, the continuation has no singularities, and α(t;ω) → 0
as Im(ω) → −∞. It is demonstrated that if the conditions are satisfied
for the initial α(0;ω), it will be satisfied for α(t;ω) at all finite time
0 < t < +∞ provided that α(t;ω) is a solution to (3.23) [55].

Under these assumptions, for the case that the intrinsic frequency
distribution g(ω) is Lorentzian (2.5), which we recall here as

g(ω) =
∆

π

1

∆2 + ω2
=

1

2πı

(
1

ω − ı∆
− 1

ω + ı∆

)
,

the dynamics can be simplified further. The integral for the complex
order parameter (3.24) can now be performed via a contour integral, by
enclosing with a semi-circle in the lower half ω-plane. From the Residual
Theorem, the value is given by the residual at ω = −ı∆,

z(t) =

∫ ∞

−∞
α(t;ω)g(ω)dω = α(t;ω = −ı∆), (3.25)

i.e. the order parameter z(t) depends on the value of α(t;ω) at a single
point ω = −ı∆ only.

In (3.23), setting ω = −ı∆, utilizing (3.25), we arrive at an equation
for z(t) with

ż(t) = (−∆+ ıΩ)z − 1

2

(
Ke−ıλzz2 −Keıλz

)
.

Substituting z(t) = r(t)eıψ0(t), and after some re-arranging, we arrive
at a set of two ODEs:

ṙ = −1

2
Kr cosλ

(
r2 − 1 +

2∆

K cosλ

)
(3.26)

rψ̇0 = −Ωr − 1

2
Kr sinλ(r2 + 1). (3.27)

The equations are in skew product form: the dynamics of r(t) depends
on r only and drives the dynamics of ψ0(t).

(3.26)–(3.27) constitute a set of 2 ODEs that specifies the dynamics
of the mean-field variables r(t), ψ0(t) explicitly. They are much sim-
pler compared to the infinite-dimensional continuity equation (3.8). It
should also be noted that under the Ott-Antonsen ansatz, the continuity
equation reduces to (3.23), which is still an infinite-dimensional set of
ODEs for α(t;ω), one for each ω in the support of g(ω). It is only the
dynamics of the mean-field variable z(t) = r(t)eıψ0(t) that reduces to a
finite-dimensional set of ODEs.
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The reduced ODEs (3.26)–(3.27) provide a much simpler avenue for
analysis. Note that r(t) = 0 is always a solution. Focusing on the
ODE for r, (3.26), for 0 ≤ λ < π/2, r = 0 is a stable equilibrium for
0 < K < Kc, where

Kc =
2∆

cosλ
. (3.28)

For K > Kc, a set of equilibria r = ±r∗, where

r∗ =

√
1− 2∆

K cosλ
, (3.29)

emerges via a supercritical pitchfork bifurcation at K = Kc. The so-
lution r = 0 and r = r∗ correspond to incoherence and (partial) syn-
chronization, respectively. K = Kc, at which the positive equilibrium
r = r∗ emerges, corresponds to the onset of (partial) synchronization.
For K > Kc where r = r∗ exists, substituting r = r∗ into the equation
for ψ0, (3.27), we have

ψ̇0 = −Ω +∆tanλ−K sinλ = const.

This implies that in the partial synchronization state, the phase of a
centre among all oscillators rotates at a constant rate. Currently we are
in a reference frame assumed to be co-rotating with the synchronized
cluster, at a constant frequency Ω. In a frame of reference rotating at

Ω = ∆tanλ−K sinλ, (3.30)

the cluster will be stationary with ψ̇0 = 0. This also implies that in the
rest frame, at partial synchronization, the synchronized cluster rotates
at a constant frequency Ω given by (3.30).

Comparing to the self-consistency relations (3.12)–(3.13), the Ott-
Antonsen analysis provides several additional results: the stability of
incoherence r = 0 and partial synchronization state r = r∗ can now be
obtained by analyzing the ODE (3.26). The analysis also provides the
dynamics of r(t), in addition to its equilibrium value.



Chapter 4

Average Effect of Rogue
Oscillators and Their
Incorporation Into Collective
Coordinate Analysis

In this chapter we derive the average effect of rogue oscillators on the syn-
chronized oscillators. This allows for a reduction of the full Kuramoto-
Sakaguchi model to a closed system that involves the synchronized oscil-
lators only.

We rewrite the Kuramoto-Sakaguchi model (2.1) by explicitly separat-
ing the interaction into those involving only the synchronized oscillators
and those involving the rogue oscillators, and write

d

dt
θi(t) = ωi − Ω +

K

N

[∑
j∈C

sin(θj − θi − λ) +
∑
j∈R

sin(θj − θi − λ)

]
.

(4.1)

In this and in the following chapter we aim at expressing the interac-
tion term involving the rogue oscillators as a function of the synchronized
only, i.e. ∑

j∈R

sin(θj − θi − λ) = F(θi). (4.2)

In this chapter we aim at finding F(θi) as the mean of the interaction
term. In Chapter 5 we then set out to describe the fluctuations around
the mean.

After replacing the effects of rogue oscillators by their mean, in this
chapter we apply the collective coordinate framework [29]. We derive
thereby reduced dynamics for the synchronized oscillators, and show how

37



38 CHAPTER 4. AVERAGE EFFECT OF ROGUES

by incorporating the average effect of the rogue oscillators, the reduced
dynamics approximate the dynamics of the full Kuramoto-Sakaguchi
model well, in the case of finite-size systems.

4.1 The Average Effect of Rogue Oscilla-

tors

The following observation is crucial to construct an averaging proce-
dure for the effect of the rogue oscillators. Rogue oscillators evolve at a
time-scale much faster than that of the synchronized oscillators, which
are nearly stationary in the co-rotating frame. This separation of time-
scales suggest that a synchronized oscillator θi, i ∈ C feels the effect of
a rogue oscillator, θj, j ∈ R, as a time-average. Invoking Birkhoff’s er-
godic theorem the time-average can be approximated by averaging over
the corresponding invariant density of the rogue oscillator’s dynamics.
For systems with an explicit time-scale separation, under the condition
that the fast dynamics is ergodic with a unique invariant measure, in
the limit of time-scale separation tending to infinity, Birkhoff’s ergodic
theorem applies, and the effects of the fast variables on the dynamics of
the slow variables can be well-approximated by corresponding averages
over the fast variables’ invariant measure [28, 60]. Inspired by Birkhoff’s
ergodic theorem, identifying the synchronized oscillators θi, i ∈ C and the
rogue oscillators, θj, j ∈ R as the fast and slow variables respectively, we
may approximate the effect of the rogue oscillators on the synchronized
oscillators via the time-average over the rogue oscillators’ fast dynamics,
which can in turn be approximated by averaging over the corresponding
invariant density.

In the mean-field formulation (3.3), for rogue oscillators with |ωi −
Ω| > Kr, its velocity (3.4)

vi(θi;ωi) = ωi − Ω +Kr sin(ψ0 − θi − λ)

has no zeros and remains the same sign for all value of θi ∈ (−π, π].
Here we are approximating the mean-field variables r, ψ0 and Ω to be
constants in time. Motivated by the fact that dt/dθi = 1/vi(θi) represents
the time that the i-th oscillator’s phase spend near an angle θi, we argue
that the invariant density ρi(θi) should be proportional to the inverse of
its velocity, i.e.

ρi(θi) =
Ci

|vi(θi)|
=

Ci
|ωi − Ω +Kr sin(ψ0 − θi − λ)|

, (4.3)

where Ci are normalization constants such that
∫ π
−π ρi(θi)dθi = 1. Note

that we already encountered this expression for the density of the non-
entrained oscillators in Chapter 3 for the thermodynamic limit (c.f. (3.10)),
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where it arises from the stationary solution of the continuity equation for
the number density of infinitely many oscillators at the same intrinsic fre-
quency ω.

We provide numerical corroboration for the proposed invariant mea-
sure (4.3) in Figure 4.1, where we compare it with the empirical histogram
of a rogue oscillator’s phase from a long-time direct numerical simulations
of the full Kuramoto-Sakaguchi model (2.1).
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Figure 4.1: Normalized phase distribution of a single rogue oscillator
θ49 obtained from numerical simulation of the full Kuramoto-Sakaguchi
model (2.1) (histogram) and obtained from the ansatz (4.9) for the den-
sity function Pi(θi) (continuous curve). The Kuramoto-Sakaguchi model
has N = 50 oscillators generated equi-probably according to the mid-
point rule (2.3) from a Lorentzian frequency distribution (2.5) at ∆ = 0.5.
The system has coupling strength K = 10 and phase-offset λ = π/4, at
which a synchronized cluster forms for 2 ≤ i ≤ 47. Phases from sim-
ulation ϕi(t) are shifted to obtain the corresponding phases θi(t) in the
reference frame rotating with frequency Ω. The values of r and Ω in
the proposed invariant density (4.3) are taken as their respective time-
averages obtained from the simulation.

Then, writing the interaction term between rogue and synchronized
oscillator (c.f. (4.1))

sin(θj − θi − λ) = sin(θj − ψ0 + λ+ ψ0 − θi − 2λ)

= sin(θj − ψ0 + λ) cos(ψ0 − θi − 2λ)

+ cos(θj − ψ0 + λ) sin(ψ0 − θi − 2λ),

the average effect of rogue oscillators on a synchronized oscillator θi, i ∈ C
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can be calculated via averaging over the invariant densities (4.3),∑
j∈R

sin(θj − θi − λ) ≈
∑
j∈R

∫ π

−π
sin(θj − θi − λ)ρj(θj)dθj

=
∑
j∈R

[kj cos(ψ0 − θi − 2λ) + 0 · sin(ψ0 − θi − 2λ)]

= cos(ψ0 − θi − 2λ)
∑
j∈R

kj,

where

kj =
ωj − Ω

Kr

(
1−

√
1− K2r2

(ωj − Ω)2

)
. (4.4)

In the governing equation for the synchronized oscillators (4.1), re-
placing the effects from rogue oscillators by their averages, we arrive at
equations that involve the phases of synchronized oscillators only,

d

dt
θi(t) = ωi − Ω +

K

N

(∑
j∈C

sin(θj − θi − λ) + cos(ψ0 − θi − 2λ)
∑
j∈R

kj

)
, i ∈ C.

(4.5)

Note that for the original Kuramoto model with λ = 0 and with a
symmetric frequency distribution with mean 0, for an ensemble of in-
trinsic frequencies ωis that are exactly symmetric, where for each i with
ωi = ω̂, there is a j with ωj = −ω̂, we have Ω = 0, which implies∑

j∈R kj = 0 as kjs from opposite frequencies have opposite signs. This
shows that the overall effect of rogue oscillators on synchronized oscil-
lators cancels out in this case. Similarly, the rogue oscillators’ overall
effect on the mean-field variable reıψ also cancels out due to symmetry
for λ = 0. This justifies that when constructing reduced models for the
Kuramoto model with λ = 0, the rogue oscillators can be ignored. For a
general Kuramoto-Sakaguchi model with λ ̸= 0,

∑
j∈R kj ̸= 0 in general,

and the effects of the rogue oscillators on the synchronized oscillators, as
well as on the mean-field variable reıψ, do not cancel out.

We shall see in the numerical simulations presented in Section 4.3
that the inclusion of the rogue oscillators via the averaged effect on the
synchronized cluster is crucial to obtain qualitative agreement between
the reduced dynamics obtained from the collective coordinate framework
and the full Kuramoto-Sakaguchi model. Ignoring the interaction term
by setting

∑
j∈R kj = 0 will be shown to only describe the collective

behavior for large values of the coupling strength K beyond the onset of
global synchronization.

Next, we demonstrate the application of collective coordinate frame-
work to derive reduced dynamics of the Kuramoto-Sakaguchi model,
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where for the first time we incorporate the effect of the rogue oscilla-
tor.

4.2 Model Reduction via Collective Coor-

dinate Framework

A model reduction method based on collective coordinates has recently
been proposed and developed for finite-size Kuramoto models [29, 30,
31, 68, 69]. The approach is based on projecting the dynamics of the
full model onto a judiciously chosen low-dimensional ansatz manifold
to capture the collective dynamics of the system. The variables that
are used to parameterize the ansatz manifold are the so-called collective
coordinates.

For Kuramoto-like models, at high coupling strength, part of the os-
cillators form a single synchronized cluster, within which the phases stay
close together. Thus a natural collective coordinate ansatz to propose
is that the synchronized oscillators’ phases can be well described by a
certain shape profile. We make the ansatz that the synchronized clus-
ter rotates at a constant frequency Ω, and in a co-rotating frame, their
phases are approximated by a shape profile

θi(t) ≈ Θi(α(t),Ω), i ∈ C. (4.6)

Here α(t) is a collective coordinate representing the spread of the phases.
Ω is a collective parameter representing the common frequency of the
cluster. Note that Ω does not have explicit time dependence. For now we
assume that the synchronized cluster C is known a priori ; we will discuss
later how C can be determined via the collective coordinate approach.

We employ two ansatz functions for the shape profile Θi, a linear
function which approximates the phases at large coupling strength K,
and a non-linear function which describes the exact stationary phase in
the thermodynamic limit.

As presented in Section 3.1, in the co-rotating frame, from the mean-
field formulation of the Kuramoto-Sakaguchi model (3.3), synchronized
oscillators with d

dt
θi(t) = 0 have stable stationary solution (3.5) in terms

of the mean-field variables given by

θ∗i = ψ0 + arcsin

(
ωi − Ω

Kr

)
− λ.

Without loss of generality we assume ψ0 = 0 from here on.
For high coupling strengthK, expanding the stationary solution around

1/K ≪ 1 up to linear order suggests a shape profile of the form

Θi =
ωi − Ω

Kr
− λ. (4.7)
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Figure 4.2: Stationary phases from the linear ansatz (4.7), the arcsine
ansatz (4.8) and snapshot of the phases obtained from a simulation of
the full Kuramoto-Sakaguchi model (2.1) with N = 50 oscillators. Pa-
rameters are the same as in Figure 4.1. The synchronized cluster forms
for 2 ≤ i ≤ 47. Each set of phases is shifted to have mean zero.

We coin this the linear ansatz.
Alternatively, using the full nonlinear solution, we arrive at

Θi = arcsin

(
ωi − Ω

Kr

)
− λ. (4.8)

We coin this the arcsine ansatz. Note that the arcsine ansatz is exact in
the case of global synchronization.

For both ansatzes (4.7) and (4.8), we identify α(t) = r(t) as a time
varying collective coordinate, and Ω as a collective parameter that does
not have explicit time dependence. Note that r(t) and Ω in the ansatz
are now new variables that are different to the r(t) and Ω defined for the
original model.

Figure 4.2 compares the phases predicted by the linear ansatz (4.7)
and the arcsine ansatz (4.8) with the phases obtained from simulations of
the full Kuramoto-Sakaguchi model (2.1). The values of r and Ω which
appear in the ansatzes (4.7) and (4.8) are taken from time-averages from
the numerical simulation. We will see below how to obtain their values
from the collective coordinate approach. The arcsine ansatz produces
phases which are barely distinguishable with the naked eye from those
obtained from the simulations. The linear ansatz is also found to ap-
proximate the actual phases reasonably well.

In previous work on collective coordinates model reduction [29, 30,
31, 68, 69], non-entrained rogue oscillators i ∈ R and their effect on the
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entrained oscillators, which are described by (4.6), were ignored. These
works considered the standard Kuramoto model with λ = 0, where, as
we argued before, the rogue oscillators’ effect on the synchronized oscil-
lators cancel out on average. Here we extend the collective coordinate
framework to include the effect of non-entrained rogue oscillators, which
will be shown in Section 4.3 to be crucial to accurately reproduce the
collective dynamics of the Kuramoto-Sakaguchi model with λ ̸= 0.

For the rogue oscillators i ∈ R, we do not assume their phases to be
well-described by a shape profile. Instead, as presented in Section 4.1, we
treat their phases to be distributed according to their invariant density,

θi ∝ Pi(θi), i ∈ R. (4.9)

where Pi(θi) has the same function form as ρi(θi) specified in (4.3), but
we now take the r and Ω that appear in Pi(θi) (4.9) to be the collective
variables in the ansatzes (4.7) and (4.8), rather than the mean-field vari-
ables defined for the original model. Again without loss of generality we
set ψ0 = 0. Effects of rogue oscillators, where present, are approximated
by corresponding averages over the proposed invariant density (4.9).

We now derive the reduced system for the collective variables r and
Ω. In the collective coordinate framework, the reduced dynamics for the
collective coordinates are determined by requiring that the error associ-
ated with approximating the full system with the collective coordinate
ansatz is minimal, in the sense that the error should be orthogonal to the
subspace spanned by the ansatz as the collective coordinates vary, i.e.,
the error lies completely outside what can be captured by the ansatz.
Note that one can view the method of collective coordinate as a Galerkin
approximation.

The synchronized oscillators are governed in the co-rotating frame by
(4.1) which, after replacing effects of rogue oscillators by averages through
the invariant densities (4.9), becomes (4.5). We substitute the ansatz
(4.6) into both left- and right-hand sides of the averaged Kuramoto-
Sakaguchi equation (4.5). The left-hand side of (4.5) becomes

LHS =
d

dt
Θi(r(t),Ω) =

∂

∂r
Θi(r(t),Ω)ṙ.

Note that there are no terms involving Ω̇ as we assumed the collective
parameter Ω to have no time dependence. The right-hand side of (4.5)
becomes

RHS = ωi − Ω +
K

N

[∑
j∈C

sin(Θj −Θi − λ) + cos(Θi + 2λ)
∑
j∈R

kj

]
.
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The error associated with our ansatz is calculated as the difference be-
tween the two sides and reads

Ei =
∂Θi

∂r
ṙ − (ωi − Ω)− K

N

[∑
j∈C

sin(Θj −Θi − λ) + cos(Θi + 2λ)
∑
j∈R

kj

]
, i ∈ C.

(4.10)

The error is a vector with dimension equal to |C|, the number of synchro-
nized oscillators within the cluster C.

The error (4.10) is required to be orthogonal to the subspace spanned
by the ansatz (4.6) as the collective coordinates r and Ω vary. The
subspace is spanned by ∂Θi

∂r
and ∂Θi

∂Ω
, and the orthogonality condition is

met when the projections of the error onto these two tangential directions
are both zero. Thus we require∑

i∈C

Ei
∂Θi

∂r
= 0 and

∑
i∈C

Ei
∂Θi

∂Ω
= 0. (4.11)

This yields a 2-dimensional system of algebro-differential equations for
the two collective coordinates r and Ω.

For both the linear ansatz (4.7) and the arcsine ansatz (4.8), the
orthogonality condition (4.11) leads to a system of the form

ṙ

(
Hr

HΩ

)
=

(
Fr
FΩ

)
(4.12)

where Hr,Ω, Fr,Ω are (scalar) algebraic expressions involving r and Ω.
The system (4.12) is equivalent to a set of one differential equation and
one algebraic equation, of the form

ṙ = Fa(r,Ω) (4.13)

0 = Fb(r,Ω), (4.14)

where

Fa(r,Ω) = Fr(r,Ω)/Hr(r,Ω)

Fb(r,Ω) = HΩFr −HrFΩ.

The simplification from (4.12) to (4.13)–(4.14) is valid provided the coef-
ficient Hr(r,Ω) is non-zero, which, as shown in the following subsections
for both the linear ansatz and the arcsine ansatz, holds for intrinsic fre-
quencies ωi that are not all identical, which is the situation considered
in this thesis.

We remark that solving the algebraic equation (4.14) yields Ω = Ω(r),
which, upon substitution into (4.13), gives an explicit evolution equation
for the order parameter

ṙ = Fa(r,Ω(r)). (4.15)
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Note that Ω is given implicitly in (4.14), and has to be solved for numer-
ically in practice.

For stationary states of the reduced system we set ṙ = 0, and (4.13)–
(4.14) becomes a 2-dimensional systems of algebraic equations for r and
Ω.

We now provide more explicit expressions of Hr,Ω and Fr,Ω for the
two ansatzes in the two following subsections.

Linear ansatz

For the linear ansatz (4.7) we evaluate

∂Θi

∂r
= −ωi − Ω

Kr2
,

∂Θi

∂Ω
= − 1

Kr
,

and (4.11) leads to the following system of two equations

ṙHlin = Flin(r,Ω), (4.16)

where

Hlin =

∑i∈C (ωi−Ω)2

K2r4∑
i∈C

ωi−Ω
K2r3


and

Flin = −


∑
i∈C

(ωi−Ω)2

Kr2
+ K

N

∑
i∈C

ωi−Ω
Kr2

hi∑
i∈C

(ωi−Ω)
Kr

+ K
N

∑
i∈C

1
Kr
hi

 ,

with

hi =
∑
j∈C

sin(Θj −Θi − λ) + cos(Θi + 2λ)
∑
j∈R

kj,

where kj are as in (4.4).

Comparing (4.16) to (4.12), we identify Hr =
∑

i∈C
(ωi−Ω)2

K2r4
, which is

non-zero for intrinsic frequencies ωi, i ∈ C that are not all identical and
equal to Ω.

Arcsine ansatz

Defining

si =
ωi − Ω

Kr
and ci =

√
1− (ωi − Ω)2

K2r2
,
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we evaluate for the arcsine ansatz (4.8)

∂Θi

∂r
= − si

rci
,

∂Θi

∂Ω
= − 1

Krci
,

and (4.11) leads to the following system of two equations

ṙHasin = Fasin(r,Ω), (4.17)

where

Hasin =

(
1
r2

∑
i∈C

s2i
c2i

1
Kr2

∑
i∈C

si
c2i

)

and

Fasin = −G
(
F1

F2

)

with

G =

(
KC KA
E Nc

)
F1 = 1− 1

Nr
(A sinλ+B cosλ+D sinλ)

F2 =
1

Nr
(A cosλ−B sinλ+D cosλ),

with

A =
∑
i∈C

si, B =
∑
i∈C

ci, C =
∑
i∈C

s2i
ci
,

D =
∑
i∈R

ki, E =
∑
i∈C

si
ci
.

Comparing (4.17) to (4.12), we identify Hr =
1
r2

∑
i∈C

s2i
c2i
, which again

is non-zero provided the intrinsic frequencies ωi, i ∈ C are not all identical
and equal to Ω.

We are concerned with stationary solutions ṙ = 0, since stable station-
ary solutions correspond to synchronized states. For the arcsine ansatz
with rogues included, setting ṙ = 0 in (4.17) results in

0 = Fasin(r,Ω).
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This equation is satisfied if F1 = 0, F2 = 0, which is equivalent to

r cosλ =
1

N
B,

r sinλ =
1

N
(A+D) ,

or, when written out explicitly becomes

r cosλ =
1

N

∑
j∈C

√
1− (ωj − Ω)2

K2r2
(4.18)

r sinλ =
1

N

(∑
j∈C

ωj − Ω

Kr
+
∑
j∈R

kj

)
. (4.19)

In the thermodynamic limit N → ∞ the collective coordinate approach
recovers the mean-field self consistency equations (3.12)–(3.13). This
correspondence with the mean-field theory is only achieved for the arcsine
ansatz and when the rogue oscillators are taken into account.

In Section 4.3 we further show that the collective coordinate equa-
tions using the arcsine ansatz capture the collective dynamics of the
full Kuramoto-Sakaguchi model with finitely many oscillators more ac-
curately than when using the linear ansatz. However we remark that the
linear ansatz (4.7), defined here for an all-to-all coupling network, can be
extended to arbitrary network topologies, as carried out in [31], where for
Kuramoto models with generic coupling networks, reduced dynamics are
derived via the collective coordinate framework with the ansatz based on
linearization of synchronized states at high coupling strength K. On the
other hand, the (more accurate) arcsine ansatz (4.8), as developed here,
is restricted to a globally connected all-to-all network.

Identifying the Synchronized Cluster Within the Col-
lective Coordinate Framework

At this stage, we have tacitly assumed that the cluster is known and
we can separate the oscillators into those that synchronize i ∈ C and
the non-entrained rogues i ∈ R. To obtain the cluster via the collective
coordinate method, we assume that if nodes can synchronize, they will
do so. We therefore seek the maximal set of synchronized oscillators
C such that the system of reduced algebro-differential equations (4.13)–
(4.14) has a stable stationary solution. If stationary solutions cannot be
found, we exclude nodes i with maximal value of |Ω−ωi|, check again for
existence of stationary solutions, and, if needed, repeat this procedure
until we arrive at a set C for which a stationary solution can be found.
This criterion, however, is not sufficient to find the best approximation
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for the synchronized cluster, as there may be a stationary solution of
(4.13)–(4.14) which is linearly stable within the ansatz manifold Θi(r,Ω),
but is unstable in the full Kuramoto-Sakaguchi model (3.1), that is, the
dynamics transverse to the ansatz manifold near the stationary solution is
unstable. To account for this, we study the stability of the approximated
phases Θi by substituting θi(t) = Θi+ ηi(t), where ηi(t) represents small
perturbations, into the full Kuramoto-Sakaguchi model (3.1). Expanding
up to linear order of η and assuming Θi satisfies the equation at lowest
order, we arrive at a linear system of the form

η̇i =
∑
j∈C

Lijηj, (4.20)

where

Lij =

cos(Θj −Θi − λ), j ̸= i

−
∑

l∈C,l ̸=i
cos(Θl −Θi − λ)− sin(Θi + 2λ)

∑
l∈R

kl, j = i (4.21)

The matrix L always has an eigenvector (1, 1, . . . , 1) with eigenvalue
λ1 = 0, corresponding to the system’s invariance to a constant phase
shift, if all oscillators partake in synchronisation. The presence of rogue
oscillators leads to perturbations of this eigenvector and its associated
eigenvalue. If all other eigenvectors have eigenvalues with negative real
parts, we consider the phases Θi and the stationary solution r and Ω to
be stable in the full Kuramoto-Sakaguchi model. Note that this assumes
that our collective coordinate ansatz and the stationary solutions r and
Ω are indeed a good approximation of the actual phases θi. If Θi is
not stable according to this definition, we again exclude the node with
intrinsic frequency having maximal |Ω− ωi|. This procedure is repeated
until a stable stationary solution of the reduced equations (4.13)–(4.14)
is found. At each step we check that there are no stable solutions possible
for nearby clusters, displaced by up to 5 nodes.

In practice when sweeping through varying coupling strength K we
apply our analysis to systems at consecutive values of K with small
increments ∆K, while keeping all other parameter settings the same.
Starting from a large K, where synchronization is strong, after finding
solutions r and Ω of the reduced equations (4.13)–(4.14) at one value of
K, we keep the solution as reference for the immediate lower K, which
can provide some assistance. For instance, the value of Ω from previous
K can be a good indication of where the centre of the synchronized cluster
should be at, which can assist us in determining which oscillators are to
become rogues according to the value of |Ω− ωi|.
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Extracting the Order Parameter from Collective Co-
ordinate Framework

For a given ansatz function Θ, i.e., the linear ansatz (4.7) or the arcsine
ansatz (4.8), we can now determine the order parameter r̄, the cluster
mean frequency Ω, the size of the synchronized cluster C and other prop-
erties of the collective behavior. When the effect of the rogue oscillators
on the synchronized cluster is taken into account, the order parameter r
obtained as the stationary solution of the collective coordinate evolution
equation (4.15) should satisfy

r =

∣∣∣∣∣ 1N
(∑
j∈C

eiΘj +
∑
j∈R

∫ π

−π
eiθjPj(θj)dθj

)∣∣∣∣∣ , (4.22)

where Pj(θj) is the probability density function of the rogue oscillators
(4.9). This equality, however, is only ensured for the arcsine ansatz and
only if the rogue oscillators are included in the collective coordinate ap-
proach. For the arcsine ansatz (4.8) and the distributional ansatz for the
rogue oscillators (4.9), splitting the real and imaginary parts of the sum
within the absolute value readily yields (4.18)–(4.19), respectively. For
the linear ansatz function the equality is only approximately satisfied up
to O(1/K2).

In the following section we demonstrate how each of the two ansatz
functions (4.7) and (4.8) performs in reproducing the collective behav-
ior of the full Kuramoto-Sakaguchi model, and, in particular, we show
how the inclusion of the rogue oscillators is necessary to accurately cap-
ture the dynamics of the partially synchronized state near the onset of
synchronization.

4.3 Numerical Results

In this section we illustrate the efficacy of the collective coordinate ap-
proach with the linear ansatz (4.7) and the arcsine ansatz (4.8) to ap-
proximate the collective behavior of the full Kuramoto-Sakaguchi model
(2.1). We will cast particular emphasis on the inclusion or neglect of the
effect of the rogue oscillators. Specifically, we present estimates for the
order parameter r̄ and the mean cluster frequency Ω, as well as identi-
fication of the synchronized cluster C and the critical coupling strength
for partial synchronization Kc and for global synchronization Kg.

In the collective coordinate framework, the approximation for Ω is
obtained directly from the stable stationary solution of the reduced equa-
tions (4.13)–(4.14), and the approximation for r̄ is obtained by substi-
tuting the stable stationary solution into (4.22). We note that for the
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arcsine ansatz with rogues included, r̄ obtained via (4.22) coincides with
the stationary solution of the order parameter of (4.13)–(4.14), i.e., it
is self consistent, as discussed in the previous section. For the linear
ansatz we found that using r obtained via (4.22) yields a more accurate
approximation of the order parameter than using the stationary solution
directly. Note that in the cases where the rogue oscillators are ignored
when finding the solution to (4.13)–(4.14), we still include the influence
of rogues in (4.22). We find there is only a small difference between
including or ignoring the rogue oscillators in (4.22) in these cases.

Real stationary solutions r and Ω of the collective coordinate approx-
imation (4.13)–(4.14) are found numerically using MATLAB’s fsolve

function [44]. The algebro-differential equations for the collective coordi-
nates (4.13)–(4.14) typically have a pair of solutions, one stable and one
unstable, corresponding to a saddle-node bifurcation, and care needs to
be taken to select the correct stable solution. This is achieved by main-
taining continuity when K is varied. Furthermore, (4.13)–(4.14) contain
square roots and arcsine functions and we need to check that their argu-
ments are within the respective domain (otherwise fsolve seeks solutions
in the complex domain).

A brief comment on the computational cost of the collective coordi-
nate method compared to direct numerical simulation of the Kuramoto-
Sakaguchi model. To estimate the order parameter using the collective
coordinate method there are several steps involved. The root finding
method to obtain the stationary solutions of the collective coordinates
involves fast standard root finding routines such as fsolve in MATLAB
[44]. When cycling through different values of the coupling strength the
stationary solutions of a previous value of the coupling strength can be
used as initial condition for the adjacent coupling strength to facilitate
the root finding. In the case that no stationary solution can be found,
we check whether a stationary solution exists for synchronized clusters
shifted up to 5 frequencies in each direction. The stability of stationary
solutions that are found is then tested by employing standard eigenvalue
routines for the Jacobian. The computational cost has to be set against
the computational complexity associated with the temporal evolution
of the full Kuramoto-Sakaguchi model. Since the Kuramoto-Sakaguchi
model does not evolve into stationary states due to the effect of the
rogue oscillators, the length of the simulation may be very large to en-
sure convergence of the averaged order parameter. This is especially the
case close to the bifurcation from incoherence to partial synchronization
when the number of rogue oscillators is large, which can be prohibitive.



4.3. NUMERICAL RESULTS 51

4.3.1 Order Parameter r̄

Figure 4.3 shows the order parameter r̄ for a phase-offset λ = π/4. We
show results obtained from the collective coordinate approach, where r̄
is defined via (4.22), using both the linear ansatz (4.7) and the arcsine
ansatz (4.8), and both with and without the inclusion of the rogue os-
cillators. This is compared with the order parameter obtained from a
numerical simulation of the full Kuramoto-Sakaguchi model (2.1). We
show results for a Lorentzian intrinsic frequency distribution (2.5) with
∆ = 0.5 (Figure 4.3(a)) and for a uniform intrinsic frequency distribution
(2.6) with γ = 1. (Fig. 4.3(b)). The intrinsic frequencies ωi are drawn
equi-probably according to the mid-point rule (2.3) for N = 50 oscilla-
tors. Vertical dashed lines indicate the onset of partial synchronization,
for which a synchronized cluster emerges, at K = Kc, and the onset of
global synchronization, for which all oscillators become synchronized, at
K = Kg.

It is seen that including the rogue oscillators is crucial in obtaining
a correspondence between the results of the full Kuramoto-Sakaguchi
model (2.1) and of our model reduction, for both frequency distributions
and for both types of ansatz. The effect the rogue of oscillators is partic-
ularly striking for the arcsine ansatz; including the rogues leads to a very
small error in the estimate of the order parameter for all values of the
coupling strength K, whereas without the rogue oscillators no stationary
solutions can be found for K ≲ 4 for the Lorentzian distribution and
for K ≲ 2.5 for the uniform distribution, completely missing the critical
coupling strengths for the onset of partial synchronization at Kc ≈ 1.45
and Kc ≈ 0.95, for the respective intrinsic frequency distributions. Sim-
ilarly, the inclusion of rogue oscillators markedly improves the estimate
of the order parameter for the linear ansatz.

To quantify the accuracy of the collective coordinate approaches, we
compute the error in their estimates of r̄, when the rogue oscillators are
included, compared to r̄ obtained from a simulation of the full Kuramoto-
Sakaguchi model (2.1). We also compute the order parameter r̄ in the
thermodynamic limit N → ∞. For Lorentzian frequency distributions
this was calculated via the Ott-Antonsen ansatz as in Section 3.2 which
yields (3.29). For uniform frequency distribution this was calculated via
the self-consistency relation as in Section 3.1.1. The errors are plotted in
Figure 4.5(a,b) for the Lorentzian and the uniform frequency distribution,
respectively. The error is lowest for the arcsine ansatz which is designed
for finite networks. For the uniform frequency distribution, the error of
the arcsine ansatz is of the order of the numerical round-off error when
the system is in global synchronization with K > Kg ≈ 3.2; this is
because for global synchronization the arcsine ansatz (4.8) is exact. For
the Lorentzian frequency distributionKg ≈ 53.7 which is not in the range
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(a)

(b)

Figure 4.3: Order parameter r̄ for the Kuramoto-Sakaguchi model (2.1)
with λ = π/4 andN = 50 oscillators. Shown are estimates obtained using
the collective coordinate approach (labelled cc) with a linear ansatz (4.7)
and an arcsine ansatz (4.8), both with and without including the effect
of rogue oscillators, as well as obtained from a numerical simulation of
the full Kuramoto-Sakaguchi model (2.1). (a): Lorentzian distribution
(2.5) with ∆ = 0.5. (b): uniform distribution (2.6) with γ = 1. Dotted
vertical lines denote the onset of partial synchronization at K = Kc and
of global synchronization, at K = Kg.
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shown in Figure 4.3. The mean-field solution is generally more accurate
than the collective coordinate solution using the linear ansatz. The sharp
drops of the error of the mean-field limit for the Lorentzian frequency
distribution stem from the estimate of r̄(K) crossing the curve of the
order parameter of the full Kuramoto-Sakaguchi model near K ≈ 7.5 for
the mean-field limit.

4.3.2 Cluster Mean Frequency Ω

Figure 4.4 shows the cluster mean frequency Ω. In the collective coordi-
nate approach Ω is estimated directly with the stationary solution of the
reduced system (4.13)–(4.14). Here we show results from both the linear
ansatz (4.7) and the arcsine ansatz (4.8), both including the effect of
rogue oscillators, and compare with the cluster mean frequency obtained
from numerical simulation of the full system. It is seen that both ansatzes
approximates Ω quite accurately. In particular, the non-monotonic de-
pendence of Ω on K for the uniform distribution near the onset of partial
synchronization as observed in Figure 2.7(b) is well captured.

Figure 4.5(c,d) shows the error in estimating the cluster mean fre-
quency Ω for a phase-offset λ = π/4 (c.f. Figure 2.7 for Ω(K) for the full
Kuramoto-Sakaguchi model). We further show the error from the Ott-
Antonsen analysis (3.30) for Lorentzian g(ω) and from the self-consistency
analysis (as in Section 3.1.1) for uniform g(ω). Again, the collective coor-
dinate approach using the arcsine ansatz achieves the smallest error, and
since the ansatz is exact for globally synchronized oscillators the error is
negligible for K > Kg.

Not surprisingly, the behavior of the error for Ω echos the behavior of
the error for the order parameter. As for the order parameter r̄, includ-
ing the effect of the rogue oscillators is crucial to accurately estimate the
cluster mean frequency of the actual Kuramoto-Sakaguchi model (2.1)
for the whole range of coupling strengths. When the effect of the rogue
oscillators is included, the cluster mean frequency Ω(K) is very well ap-
proximated by the collective coordinate approach, for both the linear and
the arcsine ansatz. Again, the collective coordinate approach using the
linear ansatz exhibits the largest errors, except for dips when the curves
Ω(K) obtained from the collective coordinates crosses the curve of the
full Kuramoto-Sakaguchi model.

4.3.3 Synchronized Cluster C
Figure 4.6 shows the minimal and maximal intrinsic frequencies ωmin

and ωmax, respectively, such that all oscillators with intrinsic frequen-
cies ωmin ≤ ωi ≤ ωmax partake in synchronized dynamics. The rogue
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(a) (b)

Figure 4.4: Cluster mean frequency Ω for the Kuramoto-Sakaguchi model
(2.1) with λ = π/4 and N = 50 oscillators. Shown are estimates ob-
tained using the collective coordinate approach (labelled cc) with a lin-
ear ansatz (4.7) and an arcsine ansatz (4.8), both including the effect of
rogue oscillators, as well as obtained from a numerical simulation of the
full Kuramoto-Sakaguchi model (2.1). (a): Lorentzian distribution (2.5)
with ∆ = 0.5. (b): uniform distribution (2.6) with γ = 1.

(a)

(b)

(c)

(d)

Figure 4.5: Error in estimates of the order parameter r̄ (a,b) and of
the cluster mean frequency Ω (c,d) for the various collective coordinate
approaches (labelled cc) shown in Figure 4.3. Top row: Lorentzian dis-
tribution (2.5); shown is also results in the thermodynamic limit from
Ott-Antonsen analysis (3.29)–(3.30) for comparison. Bottom row: uni-
form distribution (2.6); shown is also results in the thermodynamic limit
from the self-consistency relation as in Section 3.1.1. Dotted vertical lines
denote the onset of partial synchronization at K = Kc and of global syn-
chronization, at K = Kg.
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(a) (b)

Figure 4.6: Minimal and maximal intrinsic frequencies (ωmin, ωmax) of
the synchronized cluster C for a phase-offset λ = π/4. We show results
obtained from the collective coordinate approach (labelled cc) using the
linear ansatz (4.7) and the arcsine ansatz (4.8), both including the effect
of rogue oscillators, and obtained from a numerical simulation of the full
Kuramoto-Sakaguchi model (2.1) with N = 50 oscillators. (a) Lorentzian
frequency distribution (2.5). (b) Uniform frequency distribution (2.6).

oscillators, by definition, are those with intrinsic frequencies outside this
range (i.e., with intrinsic frequencies ωi < ωmin or ωi > ωmax). We show
results of the synchronized cluster obtained from numerical simulation
of the full Kuramoto-Sakaguchi model (2.1), as well as results from the
collective coordinate approach using the linear ansatz (4.7) and the arc-
sine ansatz (4.8), both with the inclusion of the rogue oscillators. We
recall that, for the collective coordinate approach, the synchronized clus-
ter C is defined as the largest set of oscillators for which the reduced
equations (4.13)–(4.14) have a stationary solution that is stable in the
full Kuramoto-Sakaguchi model (3.1). It is seen that the arcsine ansatz
captures the synchronized cluster very well, with small discrepancies oc-
curring only close to the onset of partial synchronization at Kc. The
linear ansatz tends to overpredict the size of the synchronized cluster.

4.3.4 Critical Coupling Strengths Kc and Kg

We estimate the critical coupling strength Kc = Kc(λ) corresponding to
the onset of partial synchronization as the smallest value of K such that
the order parameter r̄ exceeds a threshold value r̄ > 0.2, where r̄(K)
is sampled in increments ∆K = 0.01. We obtain Kc(λ) in this way for
the full Kuramoto-Sakaguchi model (2.1) and for the collective coordi-
nate approach with the arcsine ansatz and rogues included (4.13)–(4.14).
The critical coupling strength Kg corresponding to the onset of global
synchronization is obtained such that all of the oscillators synchronize.
For the collective coordinate approach, Kg is defined as the lowest value
of K such that a stationary solution of the reduced equations (4.13)–
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(4.14) exists for C consisting of all N oscillators, and is stable in the full
Kuramoto-Sakaguchi model (3.1).

In Figure 4.7 we compare the critical coupling strength Kc and Kg

as a function of the phase-offset parameter λ estimated from numerical
simulations of the full Kuramoto-Sakaguchi model (2.1), and from the
collective coordinate approach (using the arcsine-ansatz including the
rogue oscillators) for the Lorentzian and the uniform frequency distribu-
tion. For both frequency distributions the collective coordinate approach
captures the onset of partial and of global synchronization remarkably
well. For the Lorentzian frequency distribution we also show results of
the mean-field analysis for partial synchronization which captures the
onset very well even for the finite network with only N = 50 oscilla-
tors. The onset of global synchronization can be approximated using the
mean-field analysis relation Ω = −Kr2 sinλ (c.f. (3.15)). Approximating
r ≈ 1 and that the last oscillator to be entrained at the onset of global
synchronization is ωN , we approximate Kg = ω50/(1 − sinλ). This ap-
proximation also captures the onset of global synchronization very well.
For the uniform frequency distribution we also show the critical coupling
strengths Kc and Kg obtained from solutions of the self-consistency rela-
tion (3.12)–(3.13) as described in Section 3.1.1, which captures the onset
of partial and global synchronization reasonably well.

4.4 Discussion and Outlook

In this chapter we investigated the effect of rogue oscillators on synchro-
nized oscillators via averaging the rogue oscillators’ fast dynamics over
the corresponding invariant density. Inspired by Birkhoff’s ergodic the-
orem, we approximated the invariant density to be proportional to the
inverse of the rogue oscillators’ velocities, ρi(θi) ∝ 1/|vi(θi)|. This was
then incorporated into the derivation of reduced dynamics via the col-
lective coordinate framework that also accounts for the effect of rogue
oscillators. We proposed two ansatz functions for the phases of synchro-
nized oscillators, a linear ansatz based on linearizing around 1/K for
large K, and a fully nonlinear arcsine ansatz. We presented results from
numerical implementations of the reduced dynamics for both ansatzes
and demonstrated their capabilities in capturing the collective behaviour
of finite-size systems by comparing with results from direct numerical
simulations of the original system. This was performed for quantities
including the order parameter r̄, cluster mean frequency Ω, location of
the synchronized cluster, and the critical coupling strengths Kc and Kg

corresponding to the onset of partial and global synchronization. The
results were also compared with results from the corresponding thermo-
dynamic limit. The reduced dynamics from both the linear and arcsine
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(a)

(b)

Figure 4.7: Critical coupling strengthsKc andKg obtained from a numer-
ical simulation of the full Kuramoto-Sakaguchi model (2.1) with N = 50
oscillators, and obtained from the collective coordinate approach (la-
belled cc) using the arcsine ansatz (4.8) including the effect of rogue
oscillators. For the Lorentzian frequency distribution, for the onset of
global synchronization we also show the estimate Kg = ω50/(1 − sinλ)
borrowed from a mean-field analysis. For the onset of partial synchro-
nization we also show results from the Ott-Antonsen ansatz. For the
uniform frequency distribution, for the onset of partial and global syn-
chronization we also shows the results from solving the self-consistency
relation (3.12)–(3.13) as described in Section 3.1.1. (a) Lorentzian fre-
quency distribution (2.5). (b) Uniform frequency distribution (2.6).
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ansatz produced results with good accuracy. The arcsine ansatz tends to
produce results that are more accurate than the linear ansatz. We also
demonstrated that reduced dynamics from the arcsine ansatz has the
property of converging to the mean-field theory in the thermodynamic
limit of infinitely many oscillators, while being more accurate than the
corresponding results from the mean-field theory for finite-size systems.
We highlighted the importance of incorporating the effects of the rogue
oscillators in the derivation of reduced dynamics, by presenting results
from reduced dynamics where the effect of rogue oscillators were ignored,
which were shown to deviate from the actual dynamics, for both the lin-
ear and arcsine ansatzes.

While the arcsine ansatz produces results of higher accuracy than
the linear ansatz and has the property of converging to results from
the mean-field theory in the thermodynamic limit, we remark that here
the arcsine ansatz is only developed for the case of all-to-all coupling
topology, Aij = 1 ∀i, j. The linear ansatz can be readily extended to
systems with arbitrary coupling network Aij, as carried out in [31], where
for Kuramoto model on complex network,

d

dt
ϕi(t) = ωi +

K

N

N∑
j=1

Aij sin(ϕj(t)− ϕi(t)), i = 1, 2 . . . N,

for high coupling strengths K, one may approximate the stationary state
to have the form that all oscillators are synchronized, with their phases
staying very close to one another. Linearizing the coupling function by
approximating that the phases are close, one obtains a linear equation of
the stationary, synchronized phases

0 ≈ ωi +
K

N

N∑
j=1

Aij(ϕ
∗
j − ϕ∗

i ) = ωi −
K

N

N∑
j=1

Lijϕ
∗
j , (4.23)

where

L = D − A

is the graph Laplacian of the adjacency matrixA, andD = diag([d1, d2, . . . dN ])
is the degree matrix with di =

∑N
k=1Aik the degree of node i in the net-

work. (A is taken to be symmetric, Aji = Aij ∀i, j, representing that ϕj is
coupled to ϕi in the same way that ϕi is coupled to ϕj ). An approximate
solution for the stationary phases ϕ∗

i is then given via the Moore-Penrose
pseudo-inverse of the graph Laplacian, L+, as

ϕ∗
i ≈ ϕ̂i =

N

K

N∑
j=1

(
L+
)
ij
ωj. (4.24)
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(The graph Laplacian L is not invertible as the vector (1, 1 . . . 1)T is an
eigenvector with eigenvalue 0.)

A collective coordinate ansatz can thus be formulated as

Φi(t) = α(t)ϕ̂i (4.25)

with α(t) being a time-dependent collective coordinate, and ϕ̂i as spec-
ified in (4.24). Reduced dynamics of the system is then obtained via
requiring that the error associated with the ansatz (4.25) is minimal,
in the same way as carried out in the collective coordinate framework
(c.f. (4.11)). We remark that the ansatz (4.25) contains information of
both the individual oscillators’ properties and the coupling structure of
the system, through the linearized phases ϕ̂is, via the intrinsic frequencies
ωis and the graph Laplacian L, respectively.

This approach has been further extended to describe systems where
most, but not all oscillators partake in the synchronized cluster, as well
as systems where oscillators organize into several synchronized clusters,
for which oscillators within each cluster are well synchronized while the
clusters exhibit non-trivial inter-cluster dynamics [31].

The derivation of the reduced dynamics via the collective coordinate
framework with the arcsine ansatz, as presented in this chapter, was
heavily inspired by the mean-field theory results, such as the stationary
solution for phases of the synchronized oscillators (3.5) and the station-
ary density for phases of the non-synchronized rogue oscillators (3.10),
which are pertinent to systems under an all-to-all coupling topology. It is
an intriguing avenue to investigate whether the arcsine ansatz can also be
extended to systems under complex coupling networks, especially given
that it produces results with higher accuracy than the linear ansatz for
systems under all-to-all coupling network.

In this chapter, the numerical results were demonstrated mainly fo-
cusing on the stationary solution of the reduced equations (4.12) from
the collective coordinate framework. The convergence property was also
demonstrated for the stationary state. It is an interesting problem to
further investigate the dynamical properties of (4.12), such as the rate
at which the system returns to its equilibrium from small perturbations,
which could give an indication of how fast the equilibrium state is ap-
proached in the original coupled oscillator system in the Kuramoto model
(2.1). One challenge that we foresee may occur is that in the derivation
of the reduced equations from the collective coordinate framework, the
location of the synchronized oscillators C is determined in a way which
depends on the current value of the collective coordinate r(t) (and also
on the collective parameter Ω). If we are to simulate the dynamics of
r(t) over time from (4.12), as r(t) varies, the location of the synchronized
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cluster C may vary, which may affect the form of the reduced equations
(4.12).

Given the massive reduction in dimension of the reduced equations
(4.12) compared to the original Kuramoto-Sakaguchi model (2.1), as well
as its relative accuracy, one may further employ the reduced equations
to investigate the properties of the original system, especially in the set-
ting of finite-system sizes, where other theoretical approaches, such as an
analysis via the mean-field theory, may not be as applicable. One such
area of interest may be on the scaling laws between varies quantities,
such as how the critical coupling strength corresponding to onset of syn-
chronization, Kc, scales with system size N , or how the order parameter
r scales with the coupling strength K [19, 32].

Another interesting avenue is to apply the framework to describe sys-
tems where the oscillators’ intrinsic frequencies ωis are just a collection of
certain specified values, which may not have been drawn from an under-
lying distribution g(ω). These cases may be more relevant to analyzing
coupled oscillatory systems arising from real-world setting, such as an
ensemble of a few coupled mechanical oscillators, where the dynamical
properties of the oscillatory components can be measured, but they may
not represent a draw from a predefined distribution. For such systems,
analysis via mean-field theory of the thermodynamic limit may not be as
applicable due to the lack of, or deviation from, a predefined frequency
distribution g(ω). For the collective coordinate framework, the specifica-
tion of ansatz function and subsequent derivation of the corresponding
reduced dynamics do not require a predefined distribution and apply for
an arbitrary ensemble of intrinsic frequencies ωis. For instance, the linear
ansatz (4.7) and the arcsine ansatz (4.8) both only require specification of
the frequencies ωis and do not require knowing the underlying distribu-
tion g(ω). Hence, the collective coordinate framework has the potential
of providing a valuable tool for investigating coupled oscillatory systems
where the components’ parameters are just a collection of specified val-
ues. This has already been carried out in [69] for the Kuramoto model
with a finite ensemble of randomly drawn intrinsic frequencies ωis, where
it was demonstrated that collective coordinate framework with arcsine
ansatz yields reduced dynamics that is of much higher accuracy compared
to results from the thermodynamic limit, and captured the pronounced
finite-size effects very well, including a non-monotonic dependence of the
second derivative of the order parameter r with respect to the coupling
strength K along the path to synchronization.

For the Kuramoto-Sakaguchi model with all-to-all coupling (2.1) we
demonstrated that reduced dynamics derived via the collective coordi-
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nate framework with arcsine ansatz produces accurate results for finite-
size systems and converges to analytical results in the thermodynamic
limit. Inspired by this, one may wonder whether this framework can be
extended to systems with more complex settings.

An intriguing avenue is for coupled oscillator systems that exhibit
chimera states, for example the setup in [1, 38], where the oscillators
are organized in two populations, the coupling topology is still all-to-all,
but there are now two different coupling strengths, an intra-population
strength for coupling between oscillators within the same population, and
an inter-population coupling strength for coupling between oscillators
that are from different populations. Parameters of the system can be set
such that the two populations possess identical setup to each other, and
the system remains the same when we exchange the two populations. The
intriguing discovery of chimera state is that for certain initial conditions,
the system evolves to a state where the two populations exhibit dras-
tically different dynamics, for instance one becomes synchronized while
the other remains incoherent. Analysis on the system have been tradi-
tionally performed in the thermodynamic limit, where the Ott-Antonsen
ansatz reduces the original system to a (low-dimensional) set of ODEs,
and the chimera states are identified with certain particular solutions of
the ODEs [1, 38, 58]. After reduction to ODEs, a multitude of available
techniques can be applied to study the chimera states’ properties, such
as their stability and bifurcation structure. Study for finite-size systems
exhibiting chimera states have been conducted for the case of identical
intrinsic frequencies, for which a model reduction technique known as the
Watanabe-Strogatz ansatz applies [75, 76, 9]. For finite systems with non-
identical oscillators, the particular sets of intrinsic frequencies may affect
the properties of the exhibited chimera states. In many systems studied,
chimera states seem to manifest at system settings where the coupling
function contains a non-zero phase-offset λ. Given the applicability of
the collective coordinate framework in deriving reduced dynamics for the
Kuramoto-Sakaguchi model with an all-to-all coupling network and non-
zero phase-offsets λ (2.1), and given the similarity of the aforementioned
coupled oscillator system exhibiting chimera states [1, 38] to the all-to-all
Kuramoto-Sakaguchi model, one may wonder if we could apply the col-
lective coordinate framework to derive reduced dynamics for the systems
that exhibit chimera states, especially for the case of finite ensembles of
non-identical oscillators.

One important step in applying the collective coordinate framework
to coupled oscillator systems with more complex settings is to formulate
for the case where oscillators are organized into several populations. Such
systems may exhibit richer dynamics, including where the different pop-
ulations evolving to different dynamical states, as in the case of chimera
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states, or where the oscillators organize into several synchronized clus-
ters, with oscillators within each cluster staying synchronized while the
clusters themselves display non-trivial inter-cluster dynamics, including
standing waves and chaos, as observed for the setting where the intrinsic
frequency distribution g(ω) is a multi-modal function, i.e. with several
distinct peaks [40, 68].

In previous works [29, 31, 68], for applying the collective coordinate
framework with the linear ansatz to systems exhibiting multiple clusters,
in addition to the shape profiles for oscillators within each synchronized
cluster, the ansatz also included additional collective coordinates repre-
senting the phase positions for each cluster. Oscillators within the same
cluster share the same phase position collective coordinate, while each
cluster contains a different one. In the corresponding derived reduced dy-
namics, evolution of the shape profile collective coordinates capture the
synchronization dynamics for oscillators within each cluster, while evolu-
tion of the phase position collective coordinates capture the inter-cluster
dynamics for each cluster.

Previous application of the collective coordinate framework for de-
picting multi-cluster dynamics has been carried out for the Kuramoto
model with zero phase-offset, λ = 0, using linear ansatzes. An attractive
extension is the application of the framework for systems with a non-zero
phase-offset λ ̸= 0 displaying intriguing dynamical behaviour including
chimera states. The extension may entail development of ansatzs to cap-
ture the more complicated dynamics.

The Kuramoto model has been a paradigmatic model for coupled os-
cillatory systems. Over the years, a plethora of extensions have been de-
veloped and investigated, such as models where second-order time deriva-
tive of the phases are also depicted, and models with different forms of
coupling function and structure [3]. Moreover, a large number of other
mathematical models have been developed which describe dynamics of
coupled oscillatory systems, including models where oscillators are de-
scribed by a phase and an amplitude, both of which are coupled to other
oscillators [46, 47, 45], as well as various models describing networks of
coupled neurons [5, 8]. The models possess varying degrees of resem-
blance to the paradigmatic Kuramoto model. It is an interesting avenue
to investigate the extend to which the collective coordinate framework
can be applied for deriving reduced dynamics for the various models.



Chapter 5

Fluctuations Around the
Average Effect of the Rogue
Oscillators

In Chapter 4 we were able to describe the average effect of the rogue
oscillators on the synchronized cluster and gave explicit expressions for
the interaction terms involving the rogue oscillators. This allowed us to
find a closed deterministic system of equations for the synchronized os-
cillators, which allowed for the estimation of the onset of synchronization
and the determination of the average behaviour of the order parameter.

Whereas the previous chapter captured the averaged effect of the
rogue oscillators on the synchronized oscillators, in this chapter we set out
to quantitatively describe the fluctuations around this average behaviour
and capture the effective stochastic dynamics of the synchronized phase
oscillators and the order parameter. We show how the thermodynamic
limit is approached for increasing number of oscillators. In particular, we
will derive a closed set of equations for the finite number of synchronized
oscillators where the effect of the non-entrained rogue oscillators is mod-
elled by coloured noise, the variance of which decreases as the number of
oscillators increases. This implies, as we will show, a stochastic differen-
tial equation (SDE) for the order parameter. SDEs driven by Brownian
motion for the order parameter were recently postulated and determined
using a data-driven approach [70]. We show here that the SDEs driven
by coloured noise provide better approximations.

5.1 Numerical results for finite N

We now present results of numerical simulations of the Kuramoto-Sakaguchi
model (2.1), illustrating finite-size effects. We follow the same simulation
procedure as described in Chapter 2. In the following we fix the phase-
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offset parameter to λ = π/4 and consider a Gaussian distribution (2.4)
of the intrinsic frequencies with mean 0 and variance 1. To avoid sam-
pling effects we consider again intrinsic frequencies ωis that are drawn
deterministically via equi-probable intervals, according to (2.2). For each
intrinsic frequency distribution g(ω) and population size, we generate the
corresponding set of intrinsic frequencies ωis once and show results for
this single realization. When reporting N in the legends of the figures,
it refers to the number of chosen intervals. Unless specified otherwise we
set the coupling strength K = 3.

The effect of the non-collective behaviour of the rogue oscillators in-
duces a seemingly stochastic behaviour of the order parameter r(t) as
was shown in Figure 2.2 in Chapter 2. It was seen that after an initial
transient the order parameter exhibits persistent fluctuations around a
mean value with a constant variance of 4.16× 10−4. The size of the fluc-
tuations is N dependent and we expect that for N → ∞, the variance
of the fluctuations approaches zero, in accordance with the law of large
number result obtained in Chapter 4.

To investigate the effect of finite system size, we simulated the sys-
tem at increasing system size N = {40, 80, 160, 320, 640, 1280, 2560} with
other settings kept the same. Figure 5.1(a) shows the distribution of r(t)
for varying system size. As N increases, the distribution of r(t) becomes,
as expected, narrower with decreasing variance and its mean value ap-
proaches a fixed value r̄∞ = 0.766, as shown in Figures 5.1(b)-(c). We
find that r̄ − r∞ ∼ N−0.859. The variance of r(t) decreases towards 0 as
N increases with Var(r) ∼ N−0.976. The scaling of the variance suggests
an underlying Central Limit Theorem which would imply a scaling of
the variance with 1/N . For a system with Lorentzian intrinsic frequency
distribution g(ω) (2.5) with mean 0 and width ∆ = 1, at the parameter
setting of K = 3, λ = 4, we observed similar scaling with the system
size N , with the scaling law r̄− r∞ ∼ N−1.031, Var(r) ∼ N−0.963. We ex-
pect similar characteristics for systems with generic uni-modal intrinsic
frequency distribution g(ω).

Figure 5.2 shows the transition from incoherence to synchronization
for increasing coupling strength K for fixed number of oscillators N =
160, which we already encountered in previous chapters. In Figure 5.2(a)
we show the order parameter r̄ with the second-order phase transition
for Gaussian intrinsic frequencies from incoherence with r̄ ∼ O(1/

√
N)

to partial synchronization at Kc = 1.93, after which the synchronized
cluster continues to grow in size until all oscillators become synchronized
at Kg = 8.34. In Figure 5.2(b) we further show the variance of the
order parameter as a function of the coupling strength. The almost
constant variance for small coupling strength around Var(r) = 1.35 ×
10−3 corresponds to the almost random distribution of the N uncoupled
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(a)

(b) (c)

Figure 5.1: (a): Empirical distribution of the order parameter r(t) ob-
tained from a single simulation of the Kuramoto-Sakaguchi model (2.1)
at different system sizes N . (b): Mean value of r(t) for different N .
The dashed line indicates the value at the corresponding thermodynamic
limit, r̄∞, obtained from numerically solving the self-consistency rela-
tions (3.12)–(3.13). (c): Variance of r(t) for different N . The red line
represents the best-fit suggesting a scaling law of N−0.976. Results are for
a coupling strength K = 3 and phase-offset λ = π/4, with a Gaussian
intrinsic frequency distribution g(ω) of mean 0 and variance 1.

oscillators. The variance exhibits a singularity atK = Kc and approaches
zero for K ≥ Kg. The singular behaviour of the variance is a well-studied
phenomenon and known under the name of anomalous enhancement of
fluctuations [20, 19, 21, 22, 32]. Figure 5.2(c) shows the cardinalities of
the synchronized cluster C and the set of rogue oscillators R, Nc = |C|
and Nr = |R|, with Nc +Nr = N . For K < Kc all oscillators are rogue
whereas for K > Kg all oscillators are synchronized. The synchronized
cluster grows steadily for increasing Kc < K < Kg.

5.2 Stochastic model reduction

The numerical results presented in Section 5.1 suggest that the non-
entrained rogue oscillators exert a stochastic forcing on the synchro-
nized cluster. To develop a stochastic approximation of the Kuramoto-
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(a)

(b) (c)

Figure 5.2: Transition from incoherence to synchronization of the
Kuramoto-Sakaguchi model (2.1) with increasing coupling strength K
with N = 160 for a Gaussian intrinsic frequency distribution g(ω) with
mean zero and variance 1. (a): Order parameter r̄. (b): Variance of the
order parameter, quantifying the size of fluctuations. (c): Number of en-
trained oscillators Nc, (circles, online blue) and number of non-entrained
rogue oscillators Nr (crosses, online red). Shown are relative numbers.
The vertical lines mark the onset of partial synchronization at Kc = 1.93
and the onset of global synchronization at Kg = 8.34.

Sakaguchi model we hence aim to establish a closed evolution equation
for the phases of the synchronized oscillators in which the driving force
exerted by the rogue oscillators is approximated as a stochastic process.
The challenge is how to describe this stochastic process. As in Chapter 4,
we begin by separating the coupling terms which only involve the syn-
chronized oscillators and those which contain the rogue oscillators, and
write the Kuramoto-Sakaguchi model (2.1) for i ∈ C as

θ̇i = ωi − Ω +
K

N

(∑
j∈C

sin(θj − θi − λ) +
∑
j∈R

sin(θj − θi − λ)

)
.

The sum over the rogue oscillators can be written as

1

N

∑
j∈R

sin(θj − θi − λ) =
1

N

∑
j∈R

sin(θj − ψc + λ+ ψc − θi − 2λ)

= cos(ψc − θi − 2λ)S(t) + sin(ψc − θi − 2λ)C(t),
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where we define

S(t) =
1

N

∑
j∈R

sin(θj − ψc + λ) =
Nr

N
rr sin(ψr − ψc + λ), (5.1)

C(t) =
1

N

∑
j∈R

cos(θj − ψc + λ) =
Nr

N
rr cos(ψr − ψc + λ), (5.2)

after introducing the mean-field variables pertaining to oscillators within
the synchronized cluster C and the rogue oscillators R, respectively,

rce
ıψc =

1

Nc

∑
j∈C

eıθj , rre
ıψr =

1

Nr

∑
j∈R

eıθj .

The overall influence of the rogue oscillators on a synchronized oscillator
θi is now captured by S(t) and C(t), while the remaining terms are
expressed entirely in terms of the synchronized oscillators. Note that
S(t) and C(t) are the same for each synchronized oscillator θi, i ∈ C. We
arrive at

θ̇i = ωi − Ω +
K

N

∑
j∈C

sin(θj − θi − λ)

+K cos(ψc − θi − 2λ)S(t) +K sin(ψc − θi − 2λ)C(t). (5.3)

Recalling from Chapter 4, we can determine the average of the drivers
S(t) and C(t) via averaging over the invariant densities of the rogue
oscillators (4.3). Averaging (5.1) yields

⟨S⟩t ≈
1

N

∑
j∈R

∫ π

−π
sin(θj − ψc − λ)ρj(θj)dθj

=
1

N
cos(ψ0 − ψc)

∑
j∈R

kj, (5.4)

where kjs are the same as in (4.4),

kj =
ωj − Ω

Kr

(
1−

√
1− K2r2

(ωj − Ω)2

)
,

and ψ0 denotes the overall phase of all oscillators in the frame of reference
rotating with the synchronized cluster at mean frequency Ω. Similarly,
averaging (5.2) yields

⟨C⟩t ≈ − 1

N
sin(ψ0 − ψc)

∑
j∈R

kj. (5.5)
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Figure 5.3: Empirical histogram of S(t) and C(t) obtained from a single
trajectory of the Kuramoto-Sakaguchi model (2.1) with N = 160. The
continuous curve indicates the corresponding Gaussian best fit.

Figure 5.4: Scaling of the variance of S and C with varying system size
N . The continuous lines are linear best fits indicating a scaling with
N−0.977 for S and N−0.975 for C.

Figure 5.3 shows the empirical histogram of S and C for N = 160 at
K = 3 obtained from a single long simulation of the Kuramoto-Sakaguchi
model (2.1). The means are well approximated by the averaging pro-
cedure described above (c.f. (5.4) and (5.5)). However, S(t) and C(t)
experience significant fluctuations. It is clearly seen that the distribution
of the fluctuations is Gaussian. In Figure 5.4 we show that the variance
of S and of C scales approximately as 1/N .

Hence, approximately, as N varies, S(t) and C(t) both have means
that do not scale with N and have variances that scale as 1/N . This
suggests that the scaled mean-subtracted variables

ξt =
√
N (S(t)− ⟨S⟩t)

ζt =
√
N (C(t)− ⟨C⟩t) (5.6)

can be approximated by Gaussian processes that do not scale with N ,
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and are defined entirely in terms of their mean and covariance functions

Rab(τ) = cov (a(t), b(t+ τ)) , (5.7)

for a and b being either ξ or ζ. The covariance is taken over time t.
Indeed, Figure 5.5 shows that correlations decay in time with increasing
system size N , and the auto-covariance function (5.7) of the scaled vari-
ables converge asN increases. This allows us to approximate Z = (ξt, ζt)

T

as a two-dimensional Ornstein-Uhlenbeck (OU) process with

dZ = (−ΓZ +ΥZ) dt+ Σ dBt (5.8)

with two-dimensional Brownian motion Bt = (W1,W2)
T and diagonal

matrix Γ = γ I and skew-symmetric rotation matrix Υ with entries
υ12 = −υ21 = υ and υ11 = υ22 = 0 and a symmetric diffusion matrix
Σ with entries σij with i, j = 1, 2. The parameters of the OU process are
determined such that its mean is zero and its covariance function

R(OU)(τ) = ⟨e−(Γ−Υ)τZ0Z
T
0 ⟩OU, (5.9)

where Z0 is drawn from the stationary distribution of the OU process and
⟨−⟩OU denotes an average over this distribution, matches the observed
covariance function R(KS)(τ) (5.7) of Z = (ξt, ζt)

T associated with the
full deterministic Kuramoto-Sakaguchi model. We perform a nonlinear
least-square optimization minimizing the objective function

E(γ, υ,Σ) =
∑
a,b

(∫ τmax

τmin

||R(KS)
ab (τ)−R

(OU)
ab (τ)||2dτ

+β||R(KS)
ab (0)−R

(OU)
ab (0)||2

)
,

where the sum goes over all entries of the covariance matrix, and τmin,
τmax specify the range of data to be fitted, here chosen as τmin = 0.5, τmax =
2.5. We choose β = 1, 000 to enforce that the variances of S and C, which
correspond to the covariance function evaluated at τ = 0, are reproduced.
Figure 5.6 shows the four entries of the covariance matrix of Z = (ξt, ζt)

T

together with the best fit of an OU process. The fit is significantly better
for small times τ . We remark that the Kuramoto-Sakaguchi model is de-
terministic and hence the derivatives of the covariance functions R

(KS)
ξξ (τ)

and R
(KS)
ζζ (τ) are zero at τ = 0 [23]. This feature cannot be reproduced

by the stochastic OU process which supports covariance functions that
are non-differentiable at τ = 0. In the fitting procedure, we choose a τmin

that is larger than 0.
The effective stochastic dynamics of S(t) and C(t) are generated by

the weak chaoticity of the non-entrained rogue oscillators [13, 68]. We
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Figure 5.5: Entry Rξξ(τ) of the covariance function of Z = (ξ(t), ζ(t))T

obtained from a single trajectory of the Kuramoto-Sakaguchi model (2.1)
for different system sizes N .

Figure 5.6: Covariance function of ξ(t) and ζ(t) for N = 160 (solid, online
blue), together with the covariance function of a corresponding fitted two-
dimensional Ornstein-Uhlenbeck process (dot-dashed line, online red).

show in Figure 5.7 typical trajectories of rogue oscillators. The dynam-
ics of the weakly chaotic rogue oscillators is characterized by a nearly
periodic motion (indeed under the assumption of constant mean-field
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Figure 5.7: Typical trajectories of rogue oscillators obtained from a single
simulation of the Kuramoto-Sakaguchi model (2.1) for N = 160, includ-
ing the rogue oscillators with the native frequency closest to that of an
entrained oscillator (online blue) and the rogue oscillator with the largest
intrinsic frequency (online red).

variables r and ψ0 the dynamics of each rogue oscillator is approximately
governed by an Adler equation, (c.f. (3.3)). Note that the rogue oscilla-
tors closest to the synchronized cluster evolve slowly, almost aligned with
the synchronized cluster, for long periods interrupted by fast slips. The
interaction terms (5.1) and (5.2) hence constitute sums of nearly periodic
functions of time with random initial phases. It is well known that a sum
of many trigonometric functions with uncorrelated random initial condi-
tions approximates a Gaussian processes [33, 28]. Hence the mechanism
for the deterministic generation of diffusive behaviour is less a matter
of the time-scale separation between faster chaotic rogue oscillators and
slower synchronized oscillators, but more related to a weak coupling of
the synchronized oscillators to many uncorrelated rogue oscillators.

5.3 Numerical Verification of the Stochas-

tic Reduced Model

We now show that the fluctuations of the order parameter as observed in
Figure 2.2 can be captured by the closed stochastic evolution equation
for the entrained oscillators θi with i ∈ C, established in the previous
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section which we summarize here as

dθi =

[
ωi − Ω +

K

N

∑
j∈C

sin(θj − θi − λ)

+K cos(ψc − θi − 2λ)

(
⟨S⟩t +

1√
N
ξt

)
+K sin(ψc − θi − 2λ)

(
⟨C⟩t +

1√
N
ζt

) ]
dt, (5.10)

where ξt and ζt are components of a 2-d OU process governed by(
dξt
dζt

)
=

(
−γ υ
−υ −γ

)(
ξt
ζt

)
dt+

(
σ11 σ12
σ21 σ22

)(
dW1

dW2

)
. (5.11)

The SDE (5.10)–(5.11) is simulated numerically with an Euler-Maruyama
scheme with time-step dt = 0.01.

From a simulation of the SDE, we can readily compute the mean-field
variables rce

ıψc along a trajectory.
Further, we can establish expressions for the full order parameter r

associated to the stochastic reduced system (5.10)–(5.11). The full order
parameter r can be expressed as

reıψ0 =
Nc

N
rce

ıψc +
Nr

N
rre

ıψr . (5.12)

Using the definitions for S and C (5.1)–(5.2) which imply

(C + ıS)e−ıλ =
Nr

N
rr e

ı(ψr−ψc),

we can express (5.12) in terms of the complex Ornstein-Uhlenbeck vari-
able Zt = ζt + ı ξt as

r(t) =

∣∣∣∣Nc

N
rc(t) + (⟨C⟩+ ı ⟨S⟩)e−ıλ + 1√

N
Zte

−ıλ
∣∣∣∣ (5.13)

utilizing the definition (5.6).
Note that (5.13) is only an approximation for r(t) as we require

r(t) ≤ 1 for all times t. The variances of the perturbing Ornstein-
Uhlenbeck process Zt/

√
N is much larger than those associated with the

synchronized cluster, which we numerically verify as Var(rc) ≈ 1.41×10−5

and Var(rr) ≈ 6.5 × 10−3. This suggests that in the equation (5.13) for
the order parameter r(t) the stochasticity of rc, as established above, can
be neglected and we can approximate rc ≈ r̄c = const and write

r(t) =

∣∣∣∣Nc

N
r̄c + (⟨C⟩+ ı ⟨S⟩)e−ıλ + 1√

N
Zte

−ıλ
∣∣∣∣ . (5.14)
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Figure 5.8 shows the empirical histograms of the total order parameter
r for all oscillators when simulated using the full Kuramoto-Sakaguchi
model (2.1) with N = 160 oscillators and when estimated by the reduced
stochastic system (5.10)–(5.11) using the approximation (5.13) for its
associated order parameter. We further show the histogram of rc the
order parameter pertaining to synchronized oscillators. It is seen that
our stochastic reduction captures the observed fluctuations very well.
We remark that the histograms for r are not distinguishable by eye if
the order parameter r is calculated by an actual time trajectory of rc(t),
(i.e. via (5.13)) or by its constant mean r̄c (i.e. via (5.14)).

Noting that the stochastic perturbations are small we can approxi-
mate further and write

r(t) = ρ̄c +
1√
N
Re

[
|ρ̄c|
ρ̄c
Zte

−ıλ
]
, (5.15)

where ρ̄c =
Nc

N
r̄c + (⟨C⟩ + ı ⟨S⟩)eıλ. This is equivalent to the following

evolution equation for the order parameter

dr =
1√
N
Re

[
|ρ̄c|
ρ̄c
e−ıλdZt

]
(5.16)

with

r(0) = ρ̄c, Z0 = 0. (5.17)

We remark that long-time solutions of (5.16)–(5.17) generate empirical
histograms indistinguishable by eye from those presented in Figure 5.8.
Note that here the order parameter is driven by coloured noise. This
is in contrast to Snyder et al. [70] who postulated Brownian motion as
the driving noise. In Figure 5.9 we show the time evolution of the order
parameter rc(t) from the full Kuramoto-Sakaguchi model (cf. Figure 2.2)
and from our reduced SDE driven by integrated OU noise, (5.10)–(5.11).
The qualitative smooth character of the fluctuations is reproduced by
our stochastic system.

To further probe the ability of the reduced stochastic model (5.10)–
(5.11) to capture the collective dynamics of the synchronized oscillators
we show results for the fluctuations of the oscillators around the mean
phase of the synchronized cluster, θi − ψc for i ∈ C. These fluctuations
are Gaussian for all entrained oscillators. In Figure 5.10 we compare the
histogram of θi − ψc for several synchronized oscillators obtained from
the reduced stochastic system with the histograms from direct numerical
simulation of the full Kuramoto-Sakaguchi model (2.1). We observe that
the reduced stochastic model captures the fluctuations of the synchro-
nized phases well, except for oscillators with large indices i which are on



74 CHAPTER 5. FLUCTUATIONS AROUND MEAN EFFECTS

Figure 5.8: Comparison of the empirical histograms for rc (top) and r
(bottom) obtained from a single trajectory of the Kuramoto-Sakaguchi
model (2.1) for N = 160 and from a simulation of the reduced stochastic
model (5.10) driven by an OU process, with r estimated via (5.13). All
other parameters are the same as in Figure 5.1.

the edge of the synchronized cluster. In Figure 5.11 we show the mean
and the variance of θi − ψc, i ∈ C estimated from a long simulation of
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Figure 5.9: Temporal evolution of the order parameter rc(t). Shown are
results obtained from the full Kuramoto-Sakaguchi model (2.1) (online
blue), the reduced stochastic model (5.10)–(5.11) (online red) and from
a Brownian motion approximation (5.29) (online magenta).

the full Kuramoto-Sakaguchi model (2.1) and from the reduced stochas-
tic model (5.10)–(5.11). It is seen that the mean is very well recovered
by the reduced stochastic model. The variance is very well captured for
oscillators with lower indices i, i.e. those that are not too close to the
rogues.

For the current parameter setting, in the full Kuramoto-Sakaguchi
model, the first rogue oscillator is at i = 117. The oscillator with index
i = 116, i.e. the oscillator on the edge of the synchronized cluster, is
fully entrained. However, for the approximate stochastic model (5.10)–
(5.11) the oscillator with index i = 116 experiences rare fast random slips
between long periods of entrainment, of the order of 1, 000 time units on
average. In comparison, the rogue oscillator with index i = 117, i.e. the
one closest to the synchronized cluster, exhibits jumps that are about 40
time units apart. The rare and fast slips do not affect the mean which is
still close to the mean corresponding to the Kuramoto-Sakaguchi model,
but the variance is much higher with a value of 0.012. Its variance is
omitted in the plot for variance in Figure 5.11).
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Figure 5.10: Histogram of the phases of several synchronized oscillators.
Shown are histograms from direct simulation of the Kuramoto-Sakaguchi
model (2.1) (blue continuous line), and from simulation of the reduced
stochastic system driven by OU process (5.10)–(5.11) (red dot-dashed
line)

Figure 5.11: Mean (left) and variance (right) of the fluctuations of the
synchronized oscillators around their mean phase, θi − ψc i ∈ C. Shown
are results for the full Kuramoto-Sakaguchi model (2.1) for N = 160, and
for the reduced stochastic model (5.10)–(5.11).
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5.4 Approximation by Brownian motion:

Homogenization results

A valid question is if one may model the effect of the rogue oscillators by
Brownian motion instead of the more complex Ornstein-Uhlenbeck equa-
tion and describe the effective dynamics of the synchronized oscillators
by a single system of SDEs [70]?

In order to derive such a reduced SDE driven by Brownian motion
we employ the method of homogenization. In particular, we treat the
fluctuations, described by the Ornstein-Uhlenbeck process (5.11), as a
fast process compared to the slow dynamics of the synchronized oscil-
lators, described by (5.10). Stochastic homogenization theory allows to
derive an effective SDE for the slow variables, where effects from the fast
variables are accounted for as drift and diffusion terms (see, for example,
[28, 60]).

We consider slow-fast system

ẋ = a(x) + ϵ−1b(x)v(y) (5.18)

dy = ϵ−2g(y)dt+ ϵ−1σ(y)dB, (5.19)

for slow variables x ∈ X = Rd and fast variables y ∈ Y = Rq. B is q
dimensional Brownian motion. 0 < ϵ ≪ 1 is a small parameter repre-
senting the separation of time-scale between the slow and fast systems.
Note that our system (5.10)–(5.11) falls into this class of systems. The
functions

a : Rd → Rd, b : Rd → Rd×m, v : Rq → Rm, g : Rq → Rq σ : Rq → Rq×q

and the drift and diffusion terms in the fast dynamics allow for a unique
stationary density of the fast variables ρ∞(y), which constitutes the er-
godicity assumption on the fast dynamics of y. Additionally, we assume
a centering condition

∫
v(y) ρ∞(y)dy = 0.

Averaging and homogenization theory establishes that for large time-
scale separation, ϵ → ∞, dynamics of the slow variables x can be well-
approximated by a closed one which involves x only, with effects of the
fast variables y accounted for as modifications of drift and diffusion terms.
This can be established via the correspondence between the SDE of the
slow-fast system and the corresponding backward Kolmogorov equation
describing evolution of an observable function on the system. Alterna-
tively, for the derivation one can also consider the dual, forward Kol-
mogorov equation, which is also known as the Fokker-Planck equation,
describing the evolution of a density of the system. (See, for example,
[28, 60].)

For the derivation, one first obtains the backward Kolmogorov equa-
tion corresponding to the SDE of the slow-fast system, substitutes in
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a perturbation expansion in ϵ for the solution and matches terms with
the same order of ϵ. The first few orders give a backward Kolmogorov
equation which in turn corresponds to an SDE that involves the slow
variable x only, with effects of the fast variable y presenting as drift and
diffusion terms, the coefficients of which are obtained as certain averaged
quantities over the fast dynamics’ unique stationary density ρ∞(y). For
more details we refer the reader to, for example, [28, 60]. In the following
we present a brief recount of the derivation.

For the slow-fast system (5.18)–(5.19), the corresponding backward
Kolmogorov equation is

∂

∂t
u(x, y, t) =

(
1

ϵ2
L0 +

1

ϵ
L1 + L2

)
u(x, y, t) (5.20)

where the generators are given by

L0 = g(y) · ∇yu+
1

2
σ(y)σT(y) : ∇y∇yu

L1 = b(x)v(y) · ∇xu

L2 = a(x) · ∇xu.

Substituting a perturbation expansion

u = u0 + ϵu1 + ϵ2u2 · · ·

into the backward Kolmogorov equation (5.20) and matching terms of
the same order of ϵ, we have

0 = L0u0 (5.21)

0 = L0u1 + L1u0 (5.22)

∂

∂t
u0 = L0u2 + L1u1 + L2u0 (5.23)

The first equation (5.21) implies that u0(x, y, t) is independent of y,
u0(x, y, t) = u0(x, t), which corresponds to the assumed ergodicity of
the underlying dynamics of the fast variables y (i.e. expectation val-
ues are constant and do not depend on the initial condition). The sec-
ond equation (5.22) gives a solution that can be expressed formally as
u1 = −L−1

0 L1u0. The third equation (5.23) can be re-written in the form

L0u2 =
∂

∂t
u0 − L1u1 − L2u0.

By Fredholm’s alternative, solvability condition of u2 requires that the
right-hand-side is orthogonal to the null-space of the adjoint of L0. By
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the ergodicity assumption on the dynamics of the fast variable y, the null-
space is one-dimensional and spanned by the unique stationary density
ρ∞(y), thus the solvability condition requires that the right-hand-side
averages to 0 over ρ∞(y),∫

Y

(
∂

∂t
u0 − L1u1 − L2u0

)
ρ∞(y)dy = 0.

Since u0 is independent of y, its average over ρ∞(y) is the same as itself,∫
Y u0ρ∞(y)dy = u0. We thus arrive at a PDE for u0, of the form

∂

∂t
u0(x, t) = −

〈
L1L−1

0 L1

〉
y
u0 + ⟨L2⟩y u0 (5.24)

where ⟨·⟩y denotes averaging with respect to the stationary density ρ∞(y).

The right-hand-side of (5.24) only involves the first and second deriva-
tives of u0(x, t) with respect to the slow variables x, while effects of the
fast variables y present as coefficients of the first and second order deriva-
tives, with values specified as certain averages over the stationary density
ρ∞(y). The PDE (5.24) can in turn be considered as a backward Kol-
mogorov equation corresponding to an SDE involving the slow variables
only.

The corresponding SDE has the form

dX = ã(X) dt+ b(X) ◦ dW, (5.25)

whereW is d-dimensional Brownian motion, the stochastic integral b(X)◦
dW has the Stratonovich interpretation, and ã is a modified drift term
incorporating eventual corrections to the Stratonovich integral. Homog-
enization establishes that the Brownian motionW has covariance matrix
Σ and the modified drift term is given by

ã(X) = a(X) + 1
2

d∑
α,β,γ=1

Eγβ∂αb
β(X)bαγ(X). (5.26)

Here, Zij denotes the (i, j)’th entry of a matrix Z and bβ denotes the
β’th column of b. The symmetric and positive-definite covariance matrix
Σ is given by a Green-Kubo formula

Σ =

∫ ∞

0

∫
Λ

{
v ⊗ vt + vt ⊗ v

}
dµ dt, (5.27)

where u⊗ v = uvT ∈ Rd×d for u, v ∈ Rd and vt = v(y, t) = v(y(t); y(0) =
y). The integral dµ is taken over the stationary density of the fast variable
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y generated by the fast dynamical process. The Lévy area E is given by
the skew-symmetric matrix

E =

∫ ∞

0

∫
Λ

{
v ⊗ vt − vt ⊗ v

}
dµ dt. (5.28)

Homogenization theory further establishes that indeed solution of the
slow-variable x in the slow-fast system (5.18)–(5.19) converges weakly to
the solution X of the effective SDE (5.25) in the limit of infinite time-
scale separation, ϵ→ 0.

In the previous and current chapter, we have constructed reduced
models for the Kuramoto-Sakaguchi model (2.1) utilizing the fact that
synchronized oscillators appear nearly stationary in a co-rotating frame
while rogue oscillators continue to rotate with non-zero frequencies, and
can thus be considered to be evolving on a time scale much faster than
that of the synchronized oscillators. In particular, the reduced SDE
(5.10)–(5.11) were derived by approximating effects of the fast rogue os-
cillators on synchronized oscillators with a stochastic Ornstein-Uhlenbeck
process. In (5.10)–(5.11) we can further consider the stochastic variables
ξt, ζt to be evolving at a time scale much faster than that of the synchro-
nized oscillators, θi, i ∈ C, and apply homogenization theory to arrive
at a reduced dynamics that involves only the synchronized oscillators θi,
with effects of the stochastic variables ξt, ζt being presented as drift and
diffusion terms.

Comparing the reduced SDE (5.10)–(5.11) with the slow-fast system
(5.18)–(5.19), we identify the synchronized oscillators θi, i ∈ C as the
slow variable x, and the stochastic variables ξt, ζt as the fast variable y.
We identify

bi(θi) = K/
√
N
(
cos(ψc − θi − 2λ), sin(ψc − θi − 2λ)

)
∈ R1×2

vi = (ξt, ζt)
T ∈ R2×1

and ai(θi) is the remaining terms in (5.10).
We compute

Σ = 2

∫ ∞

0

(
R

(OU)
ξξ (t) 0

0 R
(OU)
ζζ (t)

)
dt,

where we approximated R
(OU)
ξζ (t) = −R(OU)

ζξ (t), and

E = 2

∫ ∞

0

(
0 R

(OU)
ξζ (t)

−R(OU)
ξζ (t) 0

)
dt.
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It turns out that the Stratonovich correction

hi =
1

2

d∑
j=1

2∑
k=1

Σkk
∂bik
∂θj

(θi)bjk(θj) = 0

vanishes if we neglect derivatives of the mean phase ψc with respect to
θi and assume Σ11 = Σ22 consistent with the numerical observations
(cf. Figure 5.6). The drift correction associated with the Lévy area is

calculated as δΩ := (K2/2N)E12/2 = (K2/N)
∫∞
0
R

(OU)
ξζ (t)dt. Note that

this correction is a constant for all oscillators i, and hence only constitutes
a correction to the global mean frequency Ω. Also note that in the
thermodynamic limit the Lévy area correction vanishes as expected.

Hence, following the procedure of homogenization, for the SDE sys-
tem (5.10)–(5.11), under the assumption that the OU process is fast, we
arrive at a homogenized SDE for the synchronized oscillators:

dθi =
[
ωi − Ω̃ +

K

N

∑
j∈C

sin(θj − θi − λ)

+K cos(ψc − θi − 2λ) ⟨S⟩t +K sin(ψc − θi − 2λ) ⟨C⟩t
]
dt

+
K√
N

(
cos(ψc − θi − 2λ), sin(ψc − θi − 2λ)

)
dW, (5.29)

where dW = (dW1, dW2)
T is two-dimensional Brownian motion with

covariance matrix Σ and Ω̃ = Ω− δΩ.
Figure 5.12 shows that the overall statistics of the order parameter rc

is reasonably well described by the homogenized reduction (5.29), albeit
to a lesser degree than with our stochastic reduced system (5.10)–(5.11).
We remark that for the homogenized reduction (5.29) we are not able to
define a meaningful expression for the overall order parameter r in the
manner of (5.13), as ξt, ζt are now described by Brownian motion, which is
non-stationary, and Zt = ζt+ ı ξt does not attain a constant variance. Al-
beit the relatively good recovery of the statistical properties of the order
parameter rc by the homogenized system (5.29), Figure 5.9 shows that
its actual temporal evolution exhibits unrealistically non-smooth fluctu-
ations, compared to rc obtained from the SDE driven by the smoother
OU process, (5.10)–(5.11).

It is worthwhile to mention that the mean-square-displacement of
S(t) and C(t), i.e.

MS(t) = lim
T→∞

1

T

∫ T

0

(S(s+ t)− S(s))2ds,

and MC(t) for C(t), do not scale linearly as would be expected for Brow-
nian motion, but instead quickly saturate, in agreement with a stationary
OU process, as shown in Figure 5.13.
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Figure 5.12: Comparison of the empirical histograms for rc obtained from
a single trajectory of the Kuramoto-Sakaguchi model (2.1) for N = 160
and from the homogenized reduced stochastic model driven by Brownian
motion, (5.29).

These results agree with our earlier observation that the emerging
stochastic behaviour of synchronized oscillators is not caused by a time-
scale separation between slow synchronized cluster and the assumed fast
rogue oscillators with larger intrinsic frequencies. We had already seen in
Figure 5.7 that the dynamics of the rogue oscillators contains extended
slow periods of near alignment with the synchronized cluster. Instead
our work shows that the stochasticity emerges as a weak coupling effect
of a large number of uncorrelated rogue oscillators.

5.5 Discussion & Outlook

In this Chapter we analyzed the stochastic fluctuations exhibited in finite-
size deterministic Kuramoto-Sakaguchi model (2.1) and constructed stochas-
tic reduced systems. In particular we focused on the fluctuations around
their mean of the effect of rogue oscillators on synchronized oscillators.
After investigating the full Kuramoto-Sakaguchi model via numerical
simulation, we set out to construct stochastic approximations for the
rogue oscillators’ effects, motivated by trigonometric approximations of
Gaussian process. A 2-d Ornstein-Uhlenbeck process was taken as the
approximate model, with coefficients obtained via optimization on com-
parison between the approximate model and the actual dynamics from
numerical simulation. After replacing the effect of rogue oscillators with
the OU approximate model, we arrived at reduced SDE of the full system.
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Figure 5.13: Mean-square-displacement M(t) of S(t) and C(t) from a
single trajectory of the Kuramoto-Sakaguchi model (2.1) for N = 160.
All other parameters are the same as in Figure 5.1

The reduced SDE only involves the synchronized oscillators, and is shown
to be capable of reproducing the full system’s dynamics to a certain de-
gree, including the fluctuations of both the overall order parameters and
phases of individual synchronized oscillators. We further constructed a
homogenization approximation utilizing the separation of time-scale be-
tween the slow synchronized oscillators and the fast rogue oscillators. In
the model resulting from homogenization, effects of rogue oscillators are
accounted for as Brownian motions. However, in this model, the repro-
duced time-evolution of order parameter rc displays non-smooth trajec-
tories, in contrast to the original full model (2.1) where the trajectories of
rc are smooth. The reduced model with rogue oscillators approximated
by OU process, on the other hand, produces trajectories of rc that are
smoother, agreeing qualitatively with the full model. Further, the model
with OU captures statistics of the full model more accurately than the
model from homogenization with Brownian motion.

In this chapter, the results for constructing stochastic reduced models
were obtained for one particular setting of intrinsic frequency distribution
g(ω), coupling strength K and phase-offset λ. One could extend the
analysis to different system settings, and investigate how the fitted OU
process varies with parameters such asK and λ. In particular, it would be
interesting to investigate whether the stochastic reduction can capture
the anomalous enhancement of the order parameter near the onset of
partial synchronization [20, 19, 21, 22, 32].

The construction of the stochastic reduced models in this chapter
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constitutes a dimension reduction as effects of all the rogue oscillators
are captured with low-dimension Gaussian processes. The reduced SDE
now only involves the synchronized oscillators, and is of lower dimension
compared to the original full system. A further dimension reduction may
be achieved by obtaining a lower-dimensional description of the synchro-
nized oscillators in the reduced SDE, which appears quite plausible given
that the synchronized oscillators exhibit very similar dynamics (c.f. Fig-
ure 5.11). One possible candidate is to again apply the collective coordi-
nate framework [29, 30], to the stochastic reduced system (5.10)–(5.11.
In previous work [30], the collective coordinate framework has already
been applied to Kuramoto model with external white noise driving force,
where it leads to reduced dynamics that capture the dynamics of the full
system quite well, including the fluctuations of the synchronized cluster
that is pertinent to finite-size system.

In this chapter, the OU process for approximating the effects of the
rogue oscillators were constructed by fitting against numerical simulation
results of the full system. In particular, the OU process’s parameters were
obtained via optimization of the error between the OU process and statis-
tics of the full system from simulation. One may further probe whether
stochastic approximations for the fast rogue oscillators can be obtained
in a more analytical way. For instance, one may proceed via homoge-
nization theory utilizing the apparent time-scale separation between the
synchronized oscillators and the rogue oscillators. Further, as already
pointed out in previous sections, the effective stochastic behaviour of the
overall effects of the rogue oscillators appears to be more related to the
weak coupling effect of many uncorrelated rogue oscillators. The weakly
chaotic dynamics of the rogue oscillators appear nearly periodic (c.f. Fig-
ure 5.7), and the overall effect of rogue oscillators on the synchronized
cluster can be captured via a sum of trigonometric functions of the phases
of the rogue oscillators, as in (5.1)–(5.2). It has been established that
the sum of a large number of trigonometric functions with distributed
frequencies can approximate a Gaussian process [33, 35, 28] (known as
the trigonometric approximation of Gaussian process). It would thus be
interesting to examine whether this can be applied to derive a more ana-
lytical construction of the stochastic approximation of the overall effects
of the rogue oscillators (5.1)–(5.2), from system parameters and statistics
such as the order parameter r and the set of intrinsic frequencies ωis.



Chapter 6

Summary and Outlook

This thesis provided a comprehensive treatment of the effect of non-
entrained rogue oscillators on the collective behaviour of the synchro-
nized oscillators. We first established an average effect in the spirit of a
law of large numbers in Chapter 4 and then determined the fluctuations
around that mean effect akin to the central limit theorem in Chapter 5.

After an introduction and review of literature in Chapter 1 we pre-
sented numerical simulation results for the finite-size Kuramoto-Sakaguchi
model (2.1) in Chapter 2. Chapter 3 reviewed traditional analysis of the
model in the thermodynamic limit of infinitely many oscillators. We
also presented the results from a self-consistency analysis on the sys-
tem with a uniform intrinsic frequency, as well as the application of the
Ott-Antonsen ansatz on the Kuramoto-Sakaguchi model with a non-zero
phase-offset.

In Chapter 4 we derived an analytical expression for the mean effect
of the rogue oscillators. We showed that the rogue oscillators signifi-
cantly affect the behaviour of the synchronized oscillators. We have, fur-
thermore, derived reduced dynamics of the Kuramoto-Sakaguchi model
through the collective coordinate framework. We have extended the
collective coordinate approach by including the effect of non-entrained
rogue oscillators, and have shown that the inclusion of these rogue os-
cillators is essential to accurately describe the collective dynamics of the
Kuramoto-Sakaguchi model. We have compared two ansatz functions,
a linear ansatz function obtained as a linearization around 1/K, and a
nonlinear arcsine ansatz, motivated by mean-field analysis.

We find that the arcsine ansatz with the effect of the rogues included
provides a remarkably good approximation of the collective dynamics of
finite Kuramoto-Sakaguchi systems, quantified by the order parameter,
the cluster mean frequency, the identification of the cluster as well as the
critical coupling strengths for partial and for global synchronization, and
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we find that the arcsine ansatz is far superior to the linear ansatz which
had so far been used as an ansatz for collective coordinates [29, 30, 31, 68].
This constitutes another novel contribution of this thesis. However, the
arcsine ansatz is limited to networks with an all-to-all coupling topology,
whereas the linear ansatz can be applied to any complex network [31].
We have also shown that for finite networks the arcsine ansatz is far
superior to classical self-consistency equations, which assume N → ∞.
Moreover, in the thermodynamic limit of infinitely many oscillators, we
have shown that the arcsine ansatz recovers well-known results obtained
by mean-field analysis.

Taken the issue of computational cost aside achieved by the reduc-
tion from N oscillators to 2 collective coordinates, the advantage of the
model reduction presented here is that a reduced dynamical description
allows a more detailed analysis of the macroscopic dynamics; in particu-
lar, to establish and quantitatively capture dominant effects such as the
influence of the mean-field of the non-entrained rogue oscillators on the
synchronized macroscopic behavior.

Chapter 5 established a study of the fluctuations around the mean
effect of the rogue oscillators. We presented results from numerical sim-
ulations which suggest that the fluctuations can be approximated by a
Gaussian process with a stationary density and fluctuations which decay
as 1/

√
N . Hence for fluctuations to have a significant effect one needs the

number of rogue oscillators to sufficiently large to allow for a central limit
theorem and sufficiently small to have a non-negligible variance. Gaus-
sian processes are determined entirely by their mean and their covariance
function. For task at hand the mean was established in Chapter 4, and
the covariance function was numerically estimated. This allowed us to re-
place the interaction term involving the rogue oscillators by an Ornstein
Uhlenbeck process, and to formulate a closed equation for the entrained
oscillators only, which are driven by a complex Ornstein-Uhlenbeck pro-
cess. The reduced system of stochastic differential equations showed
remarkable capability to reproduce the statistical behaviour of the en-
trained oscillators such as the probability density function of the order
parameter. It is pertinent to mention that the order parameter is driven
by coloured Ornstein-Uhlenbekc noise and not, as previously claimed on
heuristic grounds, by Brownian motion. We showed that Brownian mo-
tion will lead to far rougher time evolution of the order parameter than
the actual Kuramoto-Sakaguchi equation.

In addition this thesis contributed to the analysis of the Kuramoto-
Sakaguchi equation in the thermodynamic limit, and we established an
analytical treatment of the thermodynamic limit for an assumed uniform
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distribution of intrinsic frequencies in Chapter 3.

Here we have considered the Kuramoto-Sakaguchi model with an all-
to-all coupling and a phase-offset parameter that is common to all os-
cillators. Generalization of the model, such as a system consisting of
two populations of oscillators with different inter- and intra-population
coupling strengths and phase-offsets, have been shown to display intrigu-
ing dynamics such as chimera states and chaos [1, 38, 41, 7, 7, 9, 12].
The success of the collective coordinate approach in the one-population
Kuramoto-Sakaguchi model suggests that it will also be able to capture
the complex collective dynamics of those more general models. Further-
more, the methods developed in [31, 68] allow to study local frequency
clusters, caused by finite size sampling effects in the natural frequencies,
and their mutual interaction in phase-frustrated systems.

Further, it is now possible to employ the collective coordinate frame-
work for stochastic Kuramoto models established in [30] to the reduced
stochastic equation for the entrained synchronized oscillators derived in
Chapter 5.

Comparing to the traditional analysis of Kuramoto-like models, we
feel that the analysis method and framework presented in Chapter 4 and
Chapter 5 have the advantage of being applicable to systems with finite,
non-identical ensembles of oscillators. Thus the method may have partic-
ular advantage in analyzing coupled oscillatory systems arising from real-
world systems, such as mechanical oscillators [59, 43], power grids [24, 51]
and neuron networks [5], where the components may not have come from
a predefined distribution. The presented framework has the capability
of accurately approximating the statistics of finite-size systems, as well
as capturing the fluctuations exhibited by the systems. These may be
an advantage for analyzing real-world systems which may exhibit such
finite-size effects. We remark that in most cases, the presented frame-
work leads to approximate reduced systems for the full model, whereas
many previous analysis do give analytical results that are exact, for ex-
ample in the thermodynamic limit of infinitely many oscillators, or for
systems with identical oscillators.
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