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Abstract

This thesis focuses on the ‘doubly nonlinear fractional diffusive equa-
tion’, a doubly nonlinear nonlocal parabolic initial boundary value prob-
lem driven by the fractional p-Laplacian equipped with homogeneous
Dirichlet boundary conditions on a domain € in R? and composed with
a power-like function. The model problem of this thesis is the equation

(AW f(ru) = glet) i Qx (0.7),
u=0 in R*\ Q x (0,7),
u(z,0) = ug on ().

We first generalize the nonlinear term u™, replacing - by a continu-
ous, strictly increasing function ¢. Here we establish well-posedness in
L' in the sense of mild solutions and a comparison principle. For do-
mains with finite measure and with restricted initial data we obtain that
mild solutions of the inhomogeneous evolution problem are strong and
distributional.

We then consider the power-like case ¢(r) = r™ where we obtain fur-
ther regularity properties. In particular, we have an L* — L™ regular-
izing effect for mild solutions (and therefore also for strong solutions),
also known as ultracontractivity. We further obtain derivative and en-
ergy estimates for this problem. Using these, we extend the previous
strong regularity result to obtain strong distributional solutions on gen-
eral open domains with initial data in L'. Moreover, we prove local and
global Holder continuity results in restricted cases as well as a compari-
son principle that yields extinction in finite time of mild solutions to the
homogeneous evolution equation.

We finally restrict to the doubly nonlinear fractional diffusive equa-
tion on R? without forcing terms, where we investigate self-similarity
properties and, in particular, the asymptotic behaviour of solutions for
large times. The main result in this case is the existence of Barenblatt
solutions, however in finding these we also prove an Aleksandrov sym-
metry principle for solutions and estimate solutions by global bounding
functions which are integrable in space.
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Chapter 1

Introduction

1.1 Motivation

Nonlocal differential equations have gained increasing interest for math-
ematical modelling in a variety of contexts, particularly for investigating
singular, multiscale and long-range interactions of systems. These are
applied in a wide range of fields including, for example, physics [42, 58,
59, 88, 97], material sciences [25, 93, 113], statistical mechanics [77, 95,
128], population dynamics [45, 107, 109], finance and stochastic processes
[5, 24, 49], neural networks [70, 101] and image processing [35, 68, 130],
where we include only a sample of reference material. The analytical
complexity and potential intractability of nonlocal models has histori-
cally limited their adoption, however computational power and develop-
ment of the general theory have made such problems more approachable.
We refer to [36, 38, 55-57, 84, 96] and references therein for an overview
of this extensive topic.

The fractional Laplacian in particular occurs as a nonlocal diffusive
operator and as a fractional pseudo-differential operator. As such, it is
used to model nonlocal particle interactions such as crystal structures in
material science and anomalous diffusion in physical processes, including
surface diffusion, such as in the case of the quasi-geostrophic equation
[25, 36, 38, 42]. Moreover, the fractional Laplacian models Lévy pro-
cesses with jumps in stochastic and kinematic models [5, 24, 49, 76,
77, 88, 95, 97, 128] and has been applied in image processing [68]. As
a natural nonlocal analogue to the Laplacian, the fractional Laplacian
also provides a useful model for developing tools to analyse nonlocal and
anomalous diffusion more generally. The fractional Laplacian and re-
lated problems have been well-studied by many authors, we refer to [37,
39, 43, 105, 108] for an overview of this operator and some key related
problems. Nonlinear variations such as the fractional p-Laplacian have
also been considered, motivated by diffusion models and drift-based tug-
of-war games [26], while more general integro-differential and variational
settings have been applied in [49, 57, 58, 93, 113], for example.

A standard equation involving the fractional p-Laplacian is the asso-
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ciated evolution equation,

%(m,t) + (—A,) u(x, t) =0, (1.1.1)
for  in an appropriate spatial domain, usually a subset of R%, and ¢ in
an interval of time. The mathematical analysis of (1.1.1) has gained
significant interest in recent years, for example in [67, 94, 106, 116,
121, 123, 125, 126]. In particular, Mazon et al. [94] (see also, [125])
obtained existence and uniqueness of strong distributional solutions to
(1.1.1) equipped with either homogeneous Dirichlet or Neumann bound-
ary conditions. Giacomoni and Tiwari [67] obtained well-posedness in
L of a certain form of strong distributional solutions to equation (1.1.1)
equipped with homogeneous Dirichlet boundary data and forcing terms
depending on z and the solution u.

Global L' — L™ regularity estimates, 1 < ¢ < oo, for solutions to the
parabolic equation (1.1.1) with homogeneous Dirichlet boundary condi-
tions and a forcing term which is Lipschitz continuous with respect to
u have been obtained by Coulhon and Hauer in the monograph [50].
Véazquez [121, 126] has applied symmetry properties of the fractional
p-Laplacian in order to obtain global bounds for solutions and the exis-
tence of Barenblatt solutions for p > %7 and investigated the associated
asymptotic behaviour. For the elliptic problem, lannizzotto, Mosconi
and Squassina [73] have obtained global Holder regularity for bounded
domains up to the boundary while Brasco, Lindgren and Schikorra [30]
considered local Holder regularity for p > 2.

As in the local case, a natural extension is to consider a porous medium
type nonlinearity within the diffusive term, that is, equations of the form

ou

i “AWu™ =0 1.1.2
(A (112)
where the Laplacian may be replaced by a general diffusive operator such
as the fractional Laplacian or, in the case of this thesis, the fractional

p-Laplacian. Here we emphasize our notation for powers,

e e[~ e ifr £ 0,
0 ifr=0,

for all » € R with ¢ > 0. In particular, when ¢ > 1, we can write
r? = |r|%"'r. In this way we interpret r? as a signed function which is
crucial both for the fractional p-Laplacian and so that the nonlinearity ™
is an increasing function on R. In the case of the Laplacian, (1.1.2) is the
porous medium equation (equivalently, porous media equation) motivated
by the study of fluid flow through a porous medium. We refer to [7, 72,
124, 127] for an overview of the mathematical analysis of this problem.
When the Laplacian in (1.1.2) is replaced by the p-Laplacian, we refer
to the resulting equation as the doubly nonlinear diffusive equation (also
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known as the doubly nonlinear porous medium equation). This has been
studied in [3, 8-10, 110, 115, 119], with Sad as well as Stan and Vazquez
investigating the long-time behaviour and finding convergence to a profile
function in the degenerate case. Porzio [104] considered decay estimates
of a class of such evolution problems, finding L* — L™ estimates.

Similarly, we can consider the fractional Laplacian case which we call
the fractional porous medium equation. This and related problems have
also been studied by various authors, including [27-29, 62, 99, 100, 132,
133]. In particular, the authors in [100] develop existence and uniqueness
results for m > % based on the L'-contraction semigroup setting.
Moreover, Holder regularity and finite time of extinction is obtained by
Kim and Lee in [83] when g;gi <m< L

There are also a number of interesting generalizations to such prob-
lems involving the fractional Laplacian or fractional p-Laplacian which
we do not consider in this thesis, but for which the methods presented
here may be useful. For example, the kernel |z — y|¢"*P in the frac-
tional p-Laplacian (see Section 2.3) may be replaced by a more general
K(z,y) which satisfies certain two-sided bounds (for example, [81]) so
that similar estimates (in particular the key Sobolev embeddings of this
setting) may still be obtained. Another important consideration is the
case of the fractional p-Laplacian with p = 1, the so-called fractional
1-Laplacian. This has been considered for the fractional p-Laplacian evo-
lution equation in [94], using accretivity properties to prove the existence
and uniqueness of strong solutions. In this case the term (u(z)—u(y))P~*
is replaced by an antisymmetric, bounded function 7(x, y) which approx-
imates sign(u(z) — u(y)), in particular, satisfying ||n||r~@)xz=@) < 1,
n(x,y) € sign(u(x) —u(y)) and n(z,y) = —n(y,z) for a.e. z, y in the
domain. Due to these additional complications, in this text we restrict
to 1 <p < o0.

In this thesis we consider as our model problem a natural extension of
these nonlocal and nonlinear diffusion equations, the porous medium type
equation with diffusion governed by the fractional p-Laplacian. That is,

ou s om
5+ (AU =0 (1.1.3)

for m > 0, which we call the doubly nonlinear fractional diffusive equa-
tion in light of comparable problems. This has also been referred to in
the literature more generally as a doubly nonlinear nonlocal evolution
equation or a fractional p-Laplacian parabolic problem. Such problems
have gained interest much more recently, being considered in [65, 66] in
the form

a S
auq + (—A,)°u = 0. (1.1.4)

In particular, Giacomoni, Gouasmia and Mokrane [66] consider (1.1.4)
on bounded domains in R? with forcing terms of the form f(z,u) and
h(x,t)u?™! and find well-posedness of positive solutions in a certain strong



CHAPTER 1. INTRODUCTION 4

distributional sense. They also prove regularity estimates and asymptotic
behaviour with convergence to a stationary solution. Gosh et. al. [65]
extend (1.1.4) based on the double phase equation and prove existence
of variational solutions.

The setting of (1.1.4) is motivated by the accretivity properties of the
operator (—A,)® while (1.1.3) is based on properties of the composed op-
erator (—A,)%¢ and the standard setting for evolution equations. These
equations are of course equivalent, however each results in a different
focus when obtaining regularity results for solutions .

We generalize (1.1.3) by replacing the nonlinearity ™ by a function
¢(u) and including forcing terms f and g. In particular, in this thesis we
investigate equations of the form

O ) + (A o(ule,t)) + flou(e ) = glet)  (LL5)

ot

for z € €, an open subset of R? and t € (0,T) for T > 0. In our
case, @ is continuous, strictly increasing and satisfies ¢(0) = 0 and f
is Lipschitz continuous with respect to u. Moreover, we consider the
Dirichlet problem on an open domain in R? with further restrictions
detailed in each result. Here the operator (—A,)*¢ models a (singular
or degenerated) nonlocal diffusion. Due to the structure of the fractional
p-Laplacian, the doubly nonlinear fractional diffusive equation fits into
the wider context of nonlocal and degenerate parabolic problems as well
as the theory of accretive operators which we apply.

In this thesis, we extend results relating to the fractional p-Laplacian
evolution equation, doubly nonlinear diffusive equation and the fractional
porous medium equation to equations (1.1.3) and (1.1.5), in particular
applying the setting of accretive operators to obtain well-posedness and
regularity results for (1.1.5) and further using the self-similar scaling
properties of (1.1.3) to investigate asymptotic behaviour.

1.2 Thesis outline

This thesis is comprised of two parts forming Chapters 2 and 3, based
on two papers submitted for publication. We first focus on obtaining,
under appropriate restrictions, the well-posedness of a Dirichlet problem
associated with (1.1.5) on an open domain 2 C R? with a general non-
linearity ¢ which is continuous, strictly increasing and satisfies ¢(0) = 0.
Moreover, we include forcing terms f and g, where f is Lipschitz in u
and g is integrable in space and time. In particular, we consider

O (A () + flaw) = gle.t) inQx (0.7)

ot
w=0 n R\ Qx (0,7), (121)

u(x,0) = ug(x) on Q,
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with initial data ug € L'(2). We refer to Chapter 2 for details on the
restrictions of ¢, f and g. We consider solutions in L'(€) in the sense
of mild solutions and strong distributional solutions which are strong (in
time) and distributional (in space) (see Definition 2.2.4 and Definition
2.2.7). Moreover, we obtain regularity properties of solutions to this
equation. Restricting to the power-like case ¢(r) = r™, r € R, with
m > 0 we find further regularity properties and use these to improve the
well-posedness results in this setting. The main results of Chapter 2 are
presented explicitly in Section 2.1.

Well-posedness is a standard aim for such problems as the existence
and uniqueness of solutions may be used to justify the equation from
a modelling perspective, and also provides insight into the appropriate
analytical setting. Mild solutions, essentially limits of solutions to the
time-discretized problem, provide information about convergence of the
discretized problem but also provide prospective solutions which may be
regularized to obtain stronger solutions, as is the case in this thesis. Im-
portantly, solutions which are strong in time (see Definition 2.2.6) are
necessarily mild solutions (see [12]), so that our regularity and compari-
son results for mild solutions also apply to strong solutions. However, in
general this is not the case for solutions which are distributional in space
which are not also strong in time.

The existence of mild solutions is based on the general theory of m-
accretive operators which we introduce in Section 2.2 (see also [12] and
[50]). In the case of the fractional p-Laplacian evolution equation, since
(—A,)* is in fact m-completely accretive in L*(§2), Mazén, Rossi and
Toledo [94] were able to prove the existence of mild solutions in L*(€2) and
moreover, extend these to strong distributional solutions. In Section 2.3,
we introduce the setting for the fractional p-Laplacian as a subdifferential
in L?(2) and the doubly nonlinear operator (—A,)%p as an operator on
L'(©2). We then apply the accretivity results of [50] which provide m-
T-accretivity of the composed operator (—A,)*¢ in L'(Q). When ¢ is
sufficiently regular we obtain a density result that provides the existence
of mild solutions for all initial data in L'(Q). We prove this in the more
general context of the subdifferential of a proper, lower semicontinuous,
convex functional composed with a continuous, strictly increasing ¢. We
state the existence result for mild solutions to the fractional p-Laplacian
in Theorem 2.1.1.

We then apply the strong chain-rule regularity effect and existence
method of [22] which is proved for such degenerate parabolic equations
coming from the subdifferential of an energy functional. From this we
obtain the existence of strong distributional solutions when €2 has finite
Lebesgue measure and the initial data ug is restricted to D((—Ap)fLmoogo),
essentially requiring that uy € L®() and ¢(ug) is in the closure of
(—=A,)* in LY(Q) x LY(Q) (see Definition 2.0.1 and (2.1.4)). Strong so-
lutions are of natural interest in such a theory and so have been in-
vestigated for many related problems. For the fractional p-Laplacian
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evolution equation, these have been found in [94] and for the fractional
porous medium equation on RY, in [100]. We will later improve on this
result when restricting the nonlinearity .

For the remainder of this chapter we restrict to the doubly nonlinear
fractional diffusive equation, taking ¢(r) = r™, r € R for m > 0. That
is,

(AW f(ru) = glet) i Qx (0.7),
w=0 nRN\Qx(071), (122
u(z,0) = ug(x) on Q.

This power-like ¢ provides significant regularity properties compared to
(1.2.1). These properties are due, in large part, to the homogeneity of
(—A,)*-™ which provides self-similar scaling-type properties for (1.2.2)
and the power-like structure of r — ™, allowing for conversion between
estimates of ©™ and u in the L? space setting.

First restricting to the case m > 1 and requiring either that  is
bounded or that sp < d, we obtain L’ — L™ regularizing decay estimates.
That is, for mild solutions u(t) to (1.2.1) with ug € L*(£2), we have the
immediate regularizing effect that u(t) € L>(Q2) for all ¢ € (0,7). In the
case <

m(p—1)>1- Ep’ (1.2.3)
we have L' — L™ estimates. This type of estimate has been well-explored
in the local setting, known as decay estimates or ultracontractive esti-
mates. We refer to [52, 104] and the references therein. In the nonlocal
case, this has been considered particularly for problems associated with
the fractional Laplacian such as [40]. Also in [48] where Dirichlet prob-
lems with operators arising from bilinear, symmetric forms such as the
fractional Laplacian are considered. For these estimates we are able to
retain both the Lipschitz perturbation f and the forcing term g, where
the integrability of ¢ in space and time must be sufficiently regular.

Noting that the doubly nonlinear operator (—A,)*-™ is homogeneous
of order m(p — 1), we apply the regularizing effect of homogeneous oper-
ators [20] to obtain Lipschitz continuity, derivative estimates and energy
estimates for (1.2.2). We also apply the previous L’ — L* regularity effect
to extend these results.

We then apply these a priori estimates to the previous strong solutions
of equation (1.2.2) on bounded domains to approximate domains with
possibly infinite measure, including the full space R%. Hence we obtain
existence and uniqueness of strong distributional solutions for initial data
in > and, when applying the L' — L> estimates, for all initial data in
L. This result is stated in Theorem 2.1.8.

Finally, we apply the elliptic results of [30] and [73] to obtain local
Holder regularity when m > s and p > 2 and global Holder regularity
when restricting to the case m = 1.
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In Chapter 3, we continue to focus on the doubly nonlinear fractional
diffusive equation, but now only on the full space R? and without forcing
or perturbation terms, that is f = 0 and g = 0. In particular, we consider

@5+@A@mm=0 in R? x (0,7),

ot (1.2.4)

u(z,0) = up(x) on R
With no forcing terms and the full-space setting, (1.2.4) satisfies key self-
similarity properties which allow us to examine the asymptotic behaviour
of solutions. In particular, the aim of this chapter is to prove the exis-
tence and uniqueness of Barenblatt solutions to (1.2.4). The methods
here are based on two papers by Vazquez in the case of the fractional
p-Laplacian evolution equation, [123] and [126] corresponding to the two
decay regimes of solutions to (1.2.4) as |x| — oo. Here we see the impor-
tance of the homogeneity condition (1.2.3) more clearly as it plays a key
role in the self-similar scaling transformations of (1.2.4). The importance
of Barenblatt solutions is clear in the case of linear parabolic equations
due to their role as fundamental solutions, however in nonlinear setting
they provide important information about the asymptotic behaviour of
solutions. We refer to [15, 47, 54, 120] and further discussion in Chap-
ter 3.

To prove the existence of Barenblatt solutions we first obtain two key
results. First an Aleksandrov symmetry principle [2, 46], which states
that if the initial data of (1.2.4) can be compared around a reflection
mapping I : R — R? i.e. ug(x) < ug(Il(z)) for all x on one half of the
hyperplane being reflected around, then the mild solution u satisfies the
same comparison for all 0 < ¢t < T'. This symmetry principle has found
great use in both the linear and nonlinear setting. For example in the
porous medium equation [127] and the fractional p-Laplacian evolution
equation [126].

Second, we obtain global barriers for solutions to (1.2.4) with bounded
initial data having compact support, again applying methods from the
case m = 1 given in [123, 126]. That is, we find functions H(x,t) which
are bounded and integrable in space for ¢ > 0 such that for v a mild
solution to (1.2.4) with bounded initial data having compact support,
lu(z,t)] < H(z,t) almost everywhere in R? x [0,T]. We note that H
depends on the constants of (1.2.4), the size of ||ug|| and the support
of ug. As in [123, 126], we find different decay regimes as |z| — oo in H
depending on the homogeneity m(p — 1) with the critical case when

_d
Cd+sp’

m(p—1)

The self-similar scaling properties of (1.2.4) are crucial here and we again
see the importance of the homogeneity restriction (1.2.3).



Chapter 2

Well-posedness in L1

Throughout this chapter, we let 2 be an open set in R%, d > 1, 0 <
T <oo,1 <p<ooand 0 < s < 1. We focus on the following initial
boundary value problem
ou s i
¢ T (=8)%e(w) + flz,u) = g(z,t) in Q> (0,T),
w=0 nRN\Qx(071), 121

u(x,0) = ug(x) on Q,

for given ug € L* and g € L'(0,T; L'), where we abbreviate the Lebesgue
space L1(2) by L? for 1 < ¢ < oo, and impose the following conditions
on ¢ and f:

¢ € C(R) is a strictly increasing function satisfying ¢(0) =0, (2.0.1)
and f: ) x R — R admits the following properties:

f is a Lipschitz-continuous Carathéodory function; that is,  (2.0.3a)

for every u € R, z — f(x,u) is measurable on €2, and there is
an w > 0 such that

|f(z,uy) — flz,us)| < wlug — usgl for all uy,us € R,
uniformly for a.e. z € Q,
and f(z,0) =0 for a.e. z € Q. (2.0.3b)

The conditions on f here are natural in the accretive setting as we
will consider the Nemytskii operator associated to f, which we denote
by F: L' — L'. Then F will also be Lipschitz continuous with respect
to u and the relevant accretivity properties of (—A,)*¢ transfer to quasi-
accretive properties for the operator (—A,)%p + F' (see Section 2.2 and
also [12]).

We introduce the function space and operator setting for (1.2.1) in
detail in Section 2.2 and Section 2.3. Here we briefly describe the key
notions which inform the main results of this chapter, presented in Sec-
tion 2.1.
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The doubly nonlinear nonlocal operator (—A,)%*¢ in the evolution
problem (1.2.1) is the composition of the (variational) Dirichlet frac-
tional p-Laplacian (see Section 2.3.4) given by

[u(z) — u(y)["~*(u(x) — uly))(v(z) — v(y))

|z — y|dtps

dy dx

(2.0.3)
for every u, v € W' where we write W"*") for the mixed fractional
Sobolev space WP (Q) (see Section 2.3.1 for the details) and a function
¢ satisfying (2.0.1). In this setting, the fractional p-Laplacian may be
viewed as the subdifferential in L? of the energy functional,

1 : 5,(2,p)
E(u) = T (2.0.4)
00 if ue L2\ Woer),

(-afuv= [

R2d

where [-];, is the Gagliardo seminorm on R? given by

fufe) = u@l? 4\
(/R/R ST |d+sp a da:) (2.0.5)

(see Proposition 2.3.1). The choice of the mixed Sobolev space W (2 ),
rather than the more common space Wi”*| is important for ensuring lower
semicontinuity of (2.0.4) in L? and hence the density and accretivity
properties of the composition of the subdifferential with ¢.

In order to consider equation (1.2.1) in L', we realize the doubly non-
linear operator (—A,)*¢p as an operator in L'. For this we restrict
(—A,)* as a graph to L™ x L™ where we denote the intersection
space L' := L' N L>*. Then we identify (—A,)%¢ with the closure of
this composition in L' x L! with the following definition as a graph. We
refer to Section 2.3.4 for more details.

Definition 2.0.1. Let (—A,)* be the fractional p-Laplacian in L* and
(—=Ap)jpine be the part of (—=A,)* in LM% x LY given by

(=8 1= {(w,0) € L7 x L7 o = (=A,)"u}.
Suppose ¢ : R — R. Then, we call the operator (—Ap)fLmoogoLl given by

there exists ((ug, vx))k>1 such that
v = (=4, )|Lmoo30(uk) forall k>1,

hm up =u in L' and hm v = v in L
k—o0

(u,v) € L' x L

the nonlocal doubly nonlinear operator in L', since it provides a realiza-
tion of the operator (—A,)%¢ in L.

Notation 2.0.2. For convenience, we use the notation (—A,)%p for
7 A ~No 11
N
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Importantly, with Definition 2.0.1, solutions to (1.2.1) do not immedi-
ately satisfy the regularity property ¢(u(t)) € D((—A,)°%) C W(f’(z’p). In
particular, this will be the case for mild solutions. However, in the case
of strong distributional solutions, for a.e. ¢ € (0,7), w is differentiable
at t, p(u(t)) € Wy® and (—=A,)0(u(t)) = g(-,t) = f(- ult) — u(t)
in L' by definition. We similarly have this regularity for distributional
solutions (see Definition 2.2.7). We now state the main results of this
chapter.

2.1 Main results

We begin by stating our well-posedness results in the sense of mild solu-
tions in L' and a comparison principle. Here we use the notation [u]™ to
denote max{u, 0}, the positive part of u, and [u]' = u. We also use the
notation of g-brackets defined by Notation 2.2.2.

Theorem 2.1.1 (Well-posedness & comparison principle in L'). Let
be an open domain in R, d > 1 andT > 0. Let 1 <p<oo, 0<s<1,
and suppose that @, f satisfy (2.0.1) and (2.0.3a)-(2.0.3b), respectively.
Then the following statements hold.

(1) If ¢ € WoI(R) for q € (1%, 00], then one has that

D((_AP)lemoogo)Ll =L (211)

(2) For every initial value ug € D((—Ap)fmoogp)L1 and g € L*(0,T; LY),
there is a unique mild solution u € C([0,T); L) of the initial bound-

ary value problem (1.2.1). Moreover, for all 1 < q < 0o, one has
that

t
w@mswwm+/?wﬂmmmw (2.1.2)
0

for every ug € D((—Ap)fLmoo@)Ll N LY and g € L*(0,T; L' N L9).

(3) For everyyi, y» € L', g1, g» € L'(0,T; L), and corresponding mild
solutions uy, us of (1.2.1) with initial data y,, yo respectively, one
has

() = w2 ()]l < € ll[yr — 2]l

+/O ew(t=7) [u(r) — ua(r), g1(r) — go(r)], dr
(2.1.3)

forall0 <t <T, and v € {+,1}.

The statements of Theorem 2.1.1 follow as an application of the exis-
tence theory developed by [22], in the monograph [50] by Coulhon and
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Hauer, and by classical nonlinear semigroup theory (cf. [12, 21]). Since
[21] may not be readily available, we give corresponding references, par-
ticularly to [12], where relevant. We give the details of the proof in Sec-
tion 2.4. In the case () = 7™ for all € R, the restriction ¢ € W,2Y(R)
for q € (l—is, oo], which we use for the density result (2.1.1), is satisfied
for m > s. Importantly, this means that our approximation results and
results with initial data in L! also rely on this condition.

By restricting (2 and the domain of the initial data ug, we improve the
regularity of these solutions in the next result. Introducing the restriction

on the domain of ug, for 1 <p <ooand 0 < s < 1, we set

3 (Un, hn)nZl Q (_Ap)leﬂooS-t~
[)((—Ap)fLmoo) =S u€ L™ |y, —» uin L' and
(U, B )n>1 is bounded in L™ x L'.

and for every continuous ¢, we let

D(-Bp)punmp) = {ue !

p(w) € D(=A)ipee) |- (214)

Then, by taking advantage of [22, Theorem 4.1], we show that for every
Uy € ﬁ((—Ap)lemwgo), the corresponding mild solutions u of the initial
boundary value problem (1.2.1) is strong and distributional. In this the-
orem, the term [-];, denotes the Gagliardo semi-norm (2.0.5). We prove
this result in Section 2.5.

Theorem 2.1.2 (Mild solutions are strong and distributional). Let
be an open domain in RY, d > 1, of finite Lebesque measure and T >
0. Let 1 < p < oo, 0<s <1, o€ CR) be a strictly increasing
function such that o' € ACi,.(R). Suppose f(-,u) satisfies (2.0.3a)-
(2.0.3b) and let F' be the Nemystkii operator of f. Further suppose that
g € BV(0,T; L") N L*(0,T; L>®). Then for every uy € D((—Ap)fLmoogo),
the mild solution u of (1.2.1) is a strong distributional solution in L
having the reqularity

we Wh((0,7); L) 0 L([0, T]; L=) N C([0, T; LY)
for every 1 < q < oo. Moreover, p(u) has a weak derivative given by

%go(u(t)) = @’(u(t))% in L? for a.e. t € (0,T) (2.1.5)

and the function t — E(p(u(t))) = 2ip [p(u(t))]s, has derivative given by

£ (pu(t) = ~IVID) O}

du

—{(F(ut)) = 9(t), - (0)' (u(1)))

(2.1.6)

for a.e. t € (0,T).
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This well-posedness result complements and generalizes the recent re-
sult by Giacomoni et al. [66] by allowing general, strictly increasing func-
tions ¢, by considering sign-changing solutions and considering domains
with finite measure rather than bounded domains. We note that the
restriction on wg for [66] is a similar subset of L>. The notion of well-
posedness in [66] is a combination of strong and distributional notions
which differ to those presented here. In particular, this is due to their
setting with the nonlinearity in the time derivative. Comparing Theo-
rem 2.1.2 with [66] in the case p(r) = ™ for all » € R, we note that a
different regime is studied with ﬁ < m < 1 for non-negative solutions
compared to m > 0.

Theorem 2.1.1 also provides well-posedness for general open domains
and for all initial data ug in L' when m > s but in the much weaker
sense of mild solutions. However, in the case ¢(r) = ™ with m > s,
by approximating solutions given by Theorem 2.1.1 by solutions from
Theorem 2.1.2 on bounded domains, we will extend such a strong distri-
butional result to general open domains (see Theorem 2.1.8). For this,
we first obtain regularity properties for solutions of equation (1.2.2).

Hence for the remainder of this chapter we consider the case ¢(r) = r™
for all » € R with m > 0. That is,

(AW [ ) = gla,t) i Qx (0.7),
o mRN\Qx(07), (122
u(z,0) = up(x) on L

Our next result is concerned with global L — L* regularity estimates,
1 < 7 < oo, for mild solutions u of the initial boundary value problem
(1.2.2), implying an immediate smoothing effect. For these regularity
estimates, the Sobolev embedding (see, for instance, [53, 90])

-1
<§ — 3) if p< 4,
WP — [P+ with p, = P if p= %a (2.1.7)
00 if p> f,
and p € [p,00), is crucial, where we write W*? for W*P(Q2). Theo-
rem 2.1.3 is a special case of Theorem 2.7.1 in Section 2.7 as illustrated
in Section 2.7.1. Theorem 2.7.1 applies to abstract operators A act-
ing on L9 and satisfying an abstract Sobolev inequality (as introduced
in [50]). In particular we apply a De Georgi iteration (cf. [40]) to ob-
tain an L™*! — L* estimate which is then extrapolated to L‘ — L* for
1 < ¢ < m+ 1. Here we refine the methods in [40] by Caffarelli and
Vasseur, [104] by Porzio and [50] by Coulhon and Hauer.

Theorem 2.1.3 (Global Lf — L™ estimates). Let 2 be an open domain
inRY, d>1andT >0. Letp>1,0<s<1l,m>1landl <{<m+1
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such that p
m(p—1)>1— %. (2.1.8)

Suppose that sp < d or  is bounded. Further, let o(r) =™ forr € R,
and f(-,u) satisfy (2.0.3a)-(2.0.3b). Suppose p > m+ 1 and take qs = ps

i 4 and g, > max {1+ e e} i p = 4 For
v > 1 satisfying

<(1-Dp(t-L)  imp-1=1,

1 o (2.1.9)
< —gpm—ﬂ—q—J ifm(p—1) <1,

D= D=

let g € L¥(0,T; L) N LY0,T; L' N LY*™*+%) for some § > 0. Then for
every ug € L* N LY and all € > 0, the mild solution u of (1.2.1) in L!
satisfies

1
w a w 3
J(®)loe < Cmax {2 (34 0)" g7, gz b (1+ N )

£

t (m«:l)e
x (ewfnuonw / ew“-ﬂng(nnedwe)
0

(2.1.10)
for all t € (0,T], where we set
N(t) = sup M(f)Hg”“(%ﬂs;Lm“)*@ ! ”L"”LWO,%:L"E :
5€(0,] M()8 (€ [uolle+Ji e+ [[g(r)ll¢ dr-e) T+ 17 (2.1.11)
1
M (t) = max {e“'glt (% + w)a ) ewhat ||g||zw(07t;Lp)}7 )
for the constants given by
11
1 = — =
. < =
(m+1)p <mi+1 - q—s> m+l g
l
—=1—~(1-——
7 ( m+ 1) ’
1
n:1—m—“+m(—l)(1—m—+1)’ (2.1.12)
P p ¢ mgs o
1
et gfm(p—1) < 1,
61 = m+l  mgs
5 = {1 mp=1) (1-2) imp-1 <1,
Y =
ifmp—1)>1,

and where C' > 0 depends on m, p, s, d, qs, £, p and ¢ (and || when
sp>d).
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Note that the right-hand side of (2.1.10) is possibly infinite when ¢ = 0
and ||uglle = 0 due to N(t).

Remark 2.1.4. We note three key restrictions for this result.

(1) The condition (2.1.8) on p, m, ¢, s, and d is needed in order to
get the De Georgi iteration started in the proof of Theorem 2.1.3.
In the case ¢ = 1, this corresponds to the restriction for Barenblatt
solutions.

(2) Our proof of Theorem 2.1.3 given in Lemma 2.7.7 (see Section 2.7.1)
requires the condition m > 1. We note that the local case avoids this
restriction via the available chain rule (see [104]). Thus, L* — L*
reqularity estimates 2.1.10 satisfied by mild solutions u of (1.2.1)
for the case 0 < m < 1 remains at the moment an open problem.

(3) The restriction sp < d in the unbounded case comes from the embed-
ding ||u||p, < Cluls,, whereas in other cases we rely on a Poincaré
inequality together with the embedding (2.1.7).

In the case of no forcing term, g = 0, this simplifies to the following
LY — L™ regularity estimate.

Corollary 2.1.5. Let Q be an open domain in R?, d > 1 and T > 0.
Letp>1,0<s<1,m>1and 1 < { < m+1 such that (2.1.8)
holds. Suppose that sp < d or §2 is bounded. Let qs = ps if p # % and

¢s > max {p, 1+ %, m(p+§+zu1} if p= g. Further, suppose that f(-,u)

satisfies (2.0.3a)-(2.0.3b) and g = 0. Then for every ug € L* N L' the
mild solution u of (1.2.2) in L' satisfies

[u(t)|lo < Ce“ = |Juo|] (2.1.13)
for all t € (0,T], where

i X - ((1- L)
CTmp-D -1+ -2) T mp- ) -1+ -2)

1 m
p=d gy Ime-U <l
- P m P dgs

and C' > 0 depends onm, p, s, d, qs and £ (and || when sp > d).

Such regularity and decay estimates are common for these diffusion
problems, see for example [104] and the references therein. In particular,
with f = 0, g = 0 we have Corollary 2.1.5 with w = 0 and hence a
decay in time. Similar estimates have been found for related problems,
including for a class of local doubly nonlinear problems [104] related to
a doubly nonlinear p-Laplacian evolution equation. In [40], an L' — L*°
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estimate is found corresponding to the fractional Laplacian with s = %

and in [99] for the fractional porous medium equation with s = % In the
case of the fractional porous medium equation on R? (d > 1), the same
authors in [100] find such an L* — L* regularizing effect for all £ > 1.
We can also compare this to the Barenblatt solutions found for related
evolution problems in [47, 121, 126], noting the convergence in L'(R?) as
t — oo. We emphasise that in all cases the exponents given by (2.1.12)
in Corollary 2.1.5 agree with those found in these papers; in the case
of [104], by taking s = 1. We note that compared to [66], we restrict
to m > 1 rather than 0 < m < 1 due to the limitation of Lemma 2.7.7.
Such regularizing effects require separate consideration in this case.

For o(r) = r™, r € R, the operator (—A,)%p is homogeneous and
we have the following Lipschitz estimate via the regularising effect of
homogeneous operators in [20]. We also obtain derivative and energy
estimates for strong distributional solutions. Here we define, for g €

L (0,T;LY) and 0 <t < T < oo,
) YO0 | o(r(1 _
V(g,t) :limsup/ lgtr+ &) = 9l . (2.1.14)
£—0+ 0 5

Note that V(g,T) < oo is equivalent to 7 — 7¢(7) having (essentially)
finite variation on [0,7]. Also, in the following theorem and corollary,
€ is the energy functional given by (2.0.4). These results are proved in
Section 2.8.

Theorem 2.1.6 (Derivative estimates for ¢(u) = u™). Let Q be an open
domain in R4, d > 1 and T > 0. Letp >1,0< s <1, m >0 and
f(-,u) satisfy (2.0.3a)-(2.0.3b). Then we have the following regularity
estimates.

(1) Suppose m(p —1) # 1, g € L'(0,T; L") and V(g,T) < co. Then
every mild solution u of (1.2.2) withuy € L' is Lipschitz continuous
on each compact subset of (0,T], satisfying

. u(t + h) —u(t Ce?t !
im sup 121 — el (uu0|\1+ / Hg(T)HldT>
0

h—s0+ t
ewt B
(2.1.15)

where C = %. In particular, if m > s then we have such a

unique mild solution for all uy € L.

(2) Let g € BV(0,T; LYY LY(0,T; L*™>). Further suppose that m > 1
satisfies m(p — 1) # 1 and
sp

mp—1)>1-— i (1.2.3)



CHAPTER 2. WELL-POSEDNESS IN L' 16

For p > m+1, take g5 > max {p, 1+ %, m(;ll), m(pj')lpil} if p=

% and qs = ps if p # g. Suppose sp < d or () is bounded. If ¢ > 1
satisfies (2.1.9) and g also belongs to LY (0, T; LP)NL™ (0, T; L>),
then for every ug € L' and all € > 0, the mild solution u to (1.2.2)
is a strong distributional solution in L' and satisfies

Iy

< Ct (1 + wt)’ max {(1 + wt)*e Pt t%wﬁ?tHgHZw(O t.Lp)}

t i L
< (emnuonw / ew“-”ng(ﬂnldwe)
0

x (14 N(t)™)

t
e / P3| o) [ dr
0

2
dpdr + t%[u™ ()]

S7p

d m
EUT“ (1)

=[3

(2.1.16)

for all t € (0,T] with & = “* +2, N(t) given by (2.1.11) with
¢ =1, constants given by (2.1.12) and where C' > 0 depends on m,
D, s, d, qs, ¥, p (and || when sp > d).

In the case of no forcing term, g = 0, this simplifies to the following
derivative estimate.

Corollary 2.1.7. Let Q be an open domain in R?, d > 1 and T > 0.
Letp>1,0<s <1, f(-,u) satisfy (2.0.3a)-(2.0.3b) and g = 0. Suppose
that sp < d or Q is bounded. Let m > 1 such that m(p — 1) # 1 and

m@—D>1—%. (1.2.3)
Take q; = ps if p # %l and qs > max{p,l%—%,ﬁ} if p = %. Then
for every ug € L', the mild solution u to (1.2.2) is a strong distributional
solution in L' and satisfies

[

& wpt %—H
< Ct(1 + wt)*e*?||ugl|4

2
dpdr +t*E(u™(t))

d
EMTH(T)

(2.1.17)

for all t € (0,T] with

am mp ym

am
A= T P g

+1,

constants given by (2.1.12) and where C' > 0 depends on m, p, s, d and
qs (and || when sp > d).
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Applying the previous derivative estimates and the strong distribu-
tional solutions obtained on finite domains in Theorem 2.1.2, we obtain
strong distributional solutions for all initial data in L' or, when the
L' — L™ regularizing effect is available, for all initial data in L!.

Theorem 2.1.8 (Strong distributional solutions). Let 2 be an open do-
main in RY, d > 1 and T > 0. Let1 < p < 00, 0 < s < 1 and
m > s. Suppose f(-,u) satisfy (2.0.3a)-(2.0.3b) and g € BV(0,T; L") N
LY(0,T; L"), Further, suppose that either m(p — 1) # 1 or there exists
(Von)n>1 C D((—A))5ns) such that v, — uf in L' as n — oo and
|(—Ap)5nactonll is uniformly bounded. If either

(1) ug € L', or

(2) ug € L', m > 1 and p, s and m satisfy (1.2.3). Moreover, g €
L¥(0,T; LP) where p and v are restricted as in Theorem 2.1.3 with
(=1,

then every mild solution in L' of (1.2.2) is a strong distributional solution
in L.

In comparison with previous results in this direction [65, 66], here we
consider open domains rather than bounded domains. We also obtain
these solutions for all initial data in L' rather than restricting to L> and
Sobolev-type spaces.

When the domain is bounded, we obtain local Holder regularity for
mild solutions u to (1.2.2) with initial data in L'. Here V' (g, T') is defined
as in (2.1.14).

Theorem 2.1.9 (Local Hélder continuity). Let Q2 be a bounded domain
nRY, d>1andT > 0. Assume2 < p < o0, 0 < s <1 such that sp > d
and m > s satisfying m(p — 1) # 1. Suppose f satisfies (2.0.3a)-(2.0.3b)
and g € BV(0,T; L") N L*(0, T; L) such that V(g,T) < co. Let u(t) be
a mild solution to (1.2.1) with ug € L' N L>®. Then u™(t) € CY () for

every) < § < min{‘Z’:d, 1} and a.e. t € (0,T). In particular, form > 1,

1

u(t) € CP (Q) for every 0 < ¢ < min {Sp_d 1} and a.e. t € (0,T).

loc p—17

Local Holder regularity has been established for the fractional porous
medium equation in [83] for 222 < m < 1 via an oscillation lemma and
in [100] for the fractional porous medium equation on R? for m > 1.
We apply the elliptic local Holder regularity result of [30] to prove The-
orem 2.1.9. Hereby we extend the work in [31], which considers Holder
regularity in space and time for a weak formulation of the fractional

p-Laplacian evolution problem.

Furthermore, for ¢ given by the identity, we have continuity in time
and global Holder continuity in space for a bounded domain. Here Cy(€2)
denotes the set of continuous functions u : 2 — R vanishing on the
boundary 0€2. Both Holder regularity results are proved in Section 2.10.
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Theorem 2.1.10 (Global Hélder regularity for o(r) = r). Let Q be a
bounded domain in R, d > 2, with a boundary 0S) of the class C**
and T > 0. Let 1 < p < o0, 0 < s <1-— }D, and suppose [ satis-
fies (2.0.3a)-(2.0.3b) with F' the Nemytskii operator of f on Co(2). Then
—((—Ap)fco + F') generates a strongly continuous semigroup of quasi con-
tractions on Co(Q2). In particular, for o(r) =r, r € R, ug € Cy(2) and
g € L>*(0,T; L*)NBV(0,T; L), let u be the unique mild solution of the
initial boundary value problem (1.2.1). Then u € CU([6,T]; Co(QY)) for

every 0 < 6 < T and for some a € (0, s], u(t) € C*(Q) for allt € (0,T).

This result extends [67], wherein Giacomoni and Tiwari obtain con-
tinuity up to the boundary in space, uniform in time. Here we refine
the estimate, proving that the resolvent is m-accretive in Cj. We use
the global Hélder regularity of the elliptic problem given by [73] with
semigroup theory for the operator restricted to the space of continuous
functions. Holder regularity has been considered for the elliptic problem,
for example, in [30].

We now introduce some general theory for accretive operators and
associated evolution problems which we will use throughout this thesis.

2.2 Accretive operators

We begin by reviewing some basic definitions and important results in
nonlinear semigroup theory from the standard literature [12, 34] and the
monograph [50]. In particular, we introduce the relevant definitions and
accretivity theory which will apply to the composed operator (—A,)%¢.
We will see in Corollary 2.4.4 that when ¢ € C(R) is strictly increas-
ing with ¢(0) = 0, the operator (—A,)%p is m-T-accretive in L' with
complete resolvent.

2.2.1 The general framework

Let (X, 1) be a measure space with a positive o-finite measure u, and
M (X, 1) be the set of p-a.e. equivalence classes of measurable functions
u:X — R. For 1 <g < oo, wedenote by L} the classical Lebesgue space
equipped with the standard L%-norm

1/q
(/|u|qdu) if ¢ < o0,
[ully = )

inf {k e [0, o] ‘u({|u| > k) = o} if ¢ = oo.

If Q2 is an open subset of R, d > 1, and p is the classical d-dimensional
Lebesgue measure restricted to the trace-c-algebra B(R?) N Q then we
write L? instead of LY. We may also write L(Q2) if the domain is not
clear from the setting.
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Let X C M(X, i) be a Banach space with norm ||-||x. The main object
in this section is the abstract Cauchy problem (in X)
{%(t) + Au(t) > g(t)  for ae. t € (0,T),

u(0) = . (2.2.1)

for given initial value uy € D(A)" and forcing term g € L'(0,T; X).
In (2.2.1), A denotes a (possibly) multi-valued operator A : D(A) — 2%
on X with effective domain D(A) := {u € X | Au # ()}, the closure of
D(A) in X denoted by D(A)™, and range Rg(A) := Uwep(ay Au. In this
setting, it is standard to view an operator A as a subset of X x X, or
relation on X, and to identify A with its graph

A::{(u,v)EXxX‘veAu}.

Then we have the following key definition.

Definition 2.2.1. An operator A on X is called accretive (in X ) if
lu—alx < |lu—1a+ Av—20)|x (2.2.2)

for every (u,v), (4,0) € A and every A\ > 0. Further, an operator A
on X is called quasi accretive if there is an w € R such that A + wl s
accretive i X.

Clearly, if A + wl is accretive in X for some w € R then A 4 @[ is
accretive for every @ > w. Thus, there is no loss of generality in assuming
that if A is quasi accretive then there is an w > 0 such that A 4+ w[ is
accretive in X.

Equivalently, A is accretive in X if and only if, for every A > 0, the
resolvent operator of A, defined by Jy := (I + AA)™!, is a single-valued
mapping from Rg(I+ AA) to D(A) which is contractive (also called non-
expansive) with respect to the norm of X. That is,

[ Txu = Jyi||x < [lu—allx
for all u, & € Rg(I + AA) and A > 0.

The following notation was introduced by Coulhon and Hauer [50] to
simplify the verification of accretivity for a given operator A. Further,
it may be used to introduce functional inequalities such as Gagliardo-
Nirenberg or Sobolev inequalities.

Notation 2.2.2. For 1 < q < oo, we define the g-bracket on L% to be
the mapping [-, -], : L% x LY — R defined by

gllw =+ lld = Zllull?

. vl = )\lg(r)lJr A

for u, v e Ll. We further define the bracket
o Mt A — e[l

foru, v e LL.
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Then (cf. [50, pg. 13] and [12, pg. 103]) for 1 < g < oo, an operator A
on L is accretive in Lf if and only if

[u—1,v—20],>0  forall (u,v), (u,v) € A.

Furthermore, the g-bracket [-, -], is upper semicontinuous (respectively,
continuous if 1 < ¢ < o0) and if 1 < g < 0,

[u,v], = /|u|q_2uvdu (2.2.3)
2
for every u, v € L1. While for ¢ = 1, [,-]; reduces to the classical
brackets [-,-] on L, given by
[u, v]; :/ signg(u)vdu—l—/ v dp (2.2.4)
{u0} {u=0}

for u, v € L}“ where the restricted signum sign, is defined by

1 if s >0,
signg(s) =<0 if s=0,
-1 if s <0,

for s € R (cf. [21, Section 2.2 and Example 2.8] or applying [12, Propo-
sition 3.7]). When ¢ = +, we can write |-, ], as

[u,v], = / signg (u)v du + / (]t dp (2.2.5)
{uz0} {u=0}
where signg is the sign-plus or Heaviside function,

1 ifs>0

signg (s) = {0 ifs<0

When applying this to functions u defined on ¥, we may also write the
composition as 1, := signg (u).

Operators with m-accretivity

Next, we introduce the following class of operators focused on ensuring
existence at each step of the discretized problem of Definition 2.2.4.

Definition 2.2.3. An operator A on X is called m-accretive in X if A
is accretive in X and satisfies the so-called range condition

Rg(l +2A) =X for some (or equivalently all) A >0,  (2.2.6)

and an operator A on X is called quasi m-accretive in X if there is an
w > 0 such that A+ wl is m-accretive in X.
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By the classical theory of nonlinear evolution problems (cf. [21], or
alternatively, [12, Corollary 4.1]), the condition ‘A is quasi m-accretive in
X’ ensures that for given ug € D(A)" and g € L'(0,T; X), the Cauchy
problem (2.2.1) admits a unique mild solution, which is continuously

dependent on ug and g.

Definition 2.2.4. For given g € L*(0,T;X), T > 0 and up € X, a mild
solution u in X of Cauchy problem (2.2.1) is a function u € C([0,T]; X)
such that for every € > 0 there is a partition 0. : 0 =ty < --- <ty =T
of the interval [0,T] and a finite sequence (g;)¥, C X with the following
properties: T —ty < e, t; —t; 1 <e foreveryi=1,..., N,

N t
> [ lotr) - allxar <
i=1 Yti-1

there exists a step function u., : [0,T] — X of the form

N
Ue o (t) = 1o Liggmop (8) + > 15 Lty (1), (2.2.7)
=1

where the coefficients u; recursively solve the finite difference equation
for everyi=1,...,N, and

sup [[u(t) = ueo (1) x < e.
te[0,7)

Remark 2.2.5. To demonstrate the notion of mild solutions in the spe-
cific case of (1.2.1), we consider an open domain Q C R?, choose X = L*
and the operator A to be (—A,) o+ F where F' is the Nemytskii operator
of f. Then the recursion relation (2.2.8) becomes

ui + (6 — tim1) ((=8p)%@(wi) + F(u;) 3 (6 — ti1)gi + i1

Applying Definition 2.0.1 (see also Section 2.3.4), there exists a sequence
(Vk)k>1 with p(v) € D((—A,)®) C WP for k > 1 such that v, — ug
in L'. Moreover, u., converges to the mild solution u in L' uniformly
in time. So pointwise for t € [0,T] we have a diagonal sequence of such
v, converging to u(t) in L*. It is in this limit sense that mild solutions
to satisfy the boundary condition of (1.2.1). In particular, since, even in
the case Q C RY, the definition of (—A,)° depends on the data outside
to be zero (see also Section 2.3).

In the homogeneous case g = 0, if A is quasi m-accretive in X, then
the Crandall-Liggett theorem [51, Theorem I] (see also [12, Section 4])
states that for every element uy € D(A)”, there is a unique mild solution
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wof (2.2.1) in X for every T > 0 and this solution u can be given by the
exponential formula

n

u(t) = lim (1 +LA) " ug (2.2.9)

n—oo
uniformly in ¢ on compact intervals. For every uo € D(A)", setting
Tiug == u(t), for every t > 0, (2.2.10)

defines a (nonlinear) strongly continuous semigroup {T}};>0 of (w-)quasi
contractions T, : D(A)* — D(A)" with w € R. More precisely, the
family {7} }:>o satisfies the following three properties:

e semigroup property
Tory =T, 0Ty for every s, t > 0,
e strong continuity

. /7 AKX
tl_l}I&Hﬂu —ullx =0  forevery u € D(A)",

e czponential growth property in X or (w-)quasi contractivity in X

| Tyu — Tl x < e“Hlu—vlx for all u, v € D(A)", t > 0.

For the family {7} }4> on D(A)", the operator

lim Thuh_ v_ v in X}

h—0t

A, = {(u,v) eX xX

is a well-defined mapping A, : D(A,) — X with domain
Thu -

D(A.) = {u e X| lim

h—0t

U
exists in X }

called the infinitesimal generator of {T}}i>o. If {Ti}i>0 is w-quasi con-
tractive in X, then —A, is w-quasi accretive in X.

Since mild solutions of Cauchy problem (2.2.1) are merely the locally
uniform (in time) limit of step functions (2.2.7) with values in X, it is
important to know whether they are actually strong solutions of (2.2.1)
in X.

Definition 2.2.6. Given ug € X and g € L'(0,T; X) for some T > 0,
a function uw € C([0,T]; X) is called a strong (in time) solution in X of
Cauchy problem (2.2.1) if u(0) = ug, u belongs to W,22((0,T); X) and

for a.e. 0 <t <T, one has that u(t) € D(A) and g(t) — %(t) € Au(t).
Since we consider the closure of (—Ap)fLmoogo in L' x L for (1.2.1),
we also want to consider solutions with further regularity on ¢(u), in

particular with ¢(u) € D((—A,)*). Hence we consider distributional (in
space) solutions as introduced in the following definition.
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Definition 2.2.7. For given T'> 0, f: Q x R — R satisfying (2.0.3a)-

(2.0.3b) and g € Li.((0,T);L},.) for some T > 0, a function u €
C([0,T); L") is called a distributional (in space) solution in L' of initial
boundary-value problem (1.2.1) if p(u) € LP ((0,T); W) 4(0) = ug

loc

in L', and for every test function & € C°([0,T] x R?), one has that

—/ugdm //Rdu&dxdt—l—/ /Rd z,u) — g)é dz dt

t,x) = o(u)(t,y)P " (E(tx) — £t y)) B
—|—/ /RM d(z,y)dt =0

|z =yl

forallO <ty <ty <T.
Furthermore, if w is also differentiable with us(t) € L' for a.e. t €
(0,T), then we call this a strong distributional solution in L.

If, for example, X = LI for 1 < ¢ < oo and g = 0, then X is a
uniformly convex Banach space and so the classical regularity theory of
nonlinear semigroups (cf. [12, Theorem 4.6]) applies: let A be a quasi
m-accretive operator on L, then for every ug € D(A) the mild solution
u of Cauchy problem (2.2.1) is a strong solution of (2.2.1) and ¢ — Tyuqg
given by (2.2.10) satisfies

dt+Ttu0 —A°Thug for every ¢t > 0, (2.2.11)

where A° denotes the minimal selection of A given by the operator
AO = { 7 A‘ _ . ~ }
(.)€ Ayl = winllg|

Under additional geometric conditions on the Banach space X, one has
that —A, C A°. Ignoring these details on X, we nevertheless say that a
strongly continuous semigroup {7} };¢ of quasi contractions on D(A)" is
generated by —A if A is quasi m-accretive in X and {T}}:>¢ is the family
induced by (2.2.10).

2.2.2 T-accretive operators and complete resolvent

Here we introduce two stronger notions of accretivity, completely accre-
tive operators and T-accretive operators, requiring further contractivity-
type properties of the resolvent. We further extend these with the com-
plete resolvent property.

Completely accretive operators

The notion of completely accretive operators was introduced in [18] by
Crandall and Bénilan and further developed in [50]. Following the same
these two references, we introduce the following notation.
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Notation 2.2.8. The set Jy is comprised of all convex, lower semicon-
tinuous functions j : R — [0, +00] satisfying j(0) = 0.

Definition 2.2.9. A mapping S : D(S) — M (3, u) with domain D(S) C
M (X, p) is called a complete contraction if

/j(Su _ Sa)dp < /j(u _a)ydy (2.2.12)
2 2
for all j € Jo and every u, u € D(S). An operator A on M(X, ) is
called completely accretive if for every A > 0, the resolvent operator Jy
of A is a complete contraction.

As mentioned in the introduction, it is well-known (see, e.g., [50, 94])
that the fractional p-Laplacian (—A,)* equipped with Dirichlet boundary
conditions is m-completely accretive in L2. While this property doesn’t
translate in full to the doubly nonlinear case, we may still obtain a weaker
version of (2.2.12) in the following sense.

T-accretive operators

A more general class of operators is that of T-accretive operators. In
particular, choosing j(-) = |[-]T]? € Joif 1 < g < oo and j(-) =[]t —
k" € Jo for k > 0 large enough if ¢ = oo shows that a complete
contraction S satisfies the following T'-contractivity property in L% for
every 1 < q < oo. Hence a completely accretive operator is T-accretive
inLZforalllgqgoo.

Definition 2.2.10. A mapping S : D(S) — L, with domain D(S) C L{,
1 < g < o0, is called a T-contraction if

115w — S fly < [I[w—al*"ll,

for every u, u € D(S). We say that an operator A on L is T-accretive
if, for every X\ > 0, the resolvent Jy of A defines a T-contraction with
domain D(J)) = Rg(I + A\A).

A T-accretive operator in LZ, 1 < g < o0, is accretive in LZ and the
resolvent is order-preserving in Lf. That is, denoting the usual order
relation on Lf’L by <, if S is T-contractive in Lz, 1<qg<o0,thenu <u
implies that Su < Su for u, u € L? (see [41] and [21, Section 19.4] for
further properties).

We note in particular the following useful comparison property when
A is an w-quasi T-accretive operator with w > 0. We have

/Q[wl —wy| " dz < /Q[h1 — hy| T da (2.2.13)

— AW

for all 0 < A < 1/w and every hy, hy € L', where w; = J{'h; and
wy = J{*hy. This signed estimate will be of great use for the proof of
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global barrier functions in Section 3.3 and the finite time of extinction
in Section 3.4 as it allows a direct comparison between solutions (as well
as super-solutions).

We can naturally extend these definitions to quasi m-completely ac-
cretive operators (and similarly for quasi m-T-accretive operators).

Definition 2.2.11. An operator A on M (X, 1) is called quasi completely
accretive if there is an w > 0 such that for every A > 0, the resolvent
operator Jy of A+ wl is a complete contraction. Moreover, for 1 < g <
oo, an operator A on L is said to be quasi m-completely accretive on
L if there 1s an w > 0 such that A+ wl is completely accretive and the
range condition (2.2.6) holds with X = L{.

Accretive operators in L! with complete resolvent

The class of operators which are merely T-accretive in Li but have a so-
called complete resolvent was introduced in [19] and further elaborated
in [50]. Importantly for our problem, for a given completely accretive
operator A in L', the composed operator Ay becomes T-accretive in L?
with complete resolvent so long as ¢ is a strictly increasing, continuous
function on R (see [50]). Typical examples of this class of operators
include the doubly-nonlinear operators —A,¢ and (—A,)*¢. Hence we
now introduce the notion of complete mappings.

Definition 2.2.12. Let D(S) be a subset of M (3, ). A mapping
S:D(S) = M(X, p) is called complete if

[itswans [ jwan (2:2.14)

3

for every j € Jo and u € D(S).

We now introduce the class of accretive operators in Li with complete
resolvent (similarly for T-accretive operators with complete resolvent).

Definition 2.2.13. An operator A on L), is called (m-)accretive in L,
with complete resolvent if A is (m-)accretive in Li and for every A > 0,
the resolvent operator Jy : Rg(I + A) — D(A) of A is a complete map-
ping. For w € R, we call an operator A on L}L w-quasi (m-)accretive
in LL with complete resolvent (or simply quasi (m-)accretive in Lllt with
complete resolvent ) if A+wl is (m-)accretive in LL with complete resol-
vent.

The condition (2.2.14) on the resolvent provides a growth estimate on
u(t), allowing us to estimate u(t) in L%, by the norms of uo and g in L%,
In particular, we prove such an estimate in Lemma 2.7.3, extending [19,
Proposition 2.4].
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2.2.3 Subdifferential operators

If X is a Hilbert space H with inner product (-, )y, then an important
class of m-accretive operators in H is given by the subdifferential operator

08 = {(u,v) € Hx H| (v, —u)y <EE) —E(u) for all € € H}

of a proper, convex, lower semicontinuous functional £ : H — (—o00, +00].
In Hilbert spaces, accretivity is equivalent to monotonicity; that is, an
operator A is monotone if

(u—d,v—0)g >0  forall (u,v), (a,0) € A

(cf. [34], and see also [6, 44]). For this class of operators A = 0&, the
Cauchy problem (2.2.1) has the smoothing effect that every mild solution
u of (2.2.1) is strong. This result is due to Brezis [32] (see also [6]).

It is well known that the fractional p-Laplacian (—A,)° defined in
(2.0.3) equipped with homogeneous Dirichlet boundary conditions on an
open set  can be realized as such a subdifferential operator 9€ in L? (see
[94] Proposition 2.3.1). We will introduce this operator in more detail in
Section 2.3.

The subdifferential operator in X

We rely on the m-accretivity of (—A,)* in L' to obtain mild and strong
solutions to (1.2.1). We also find that it is sufficient to work with the
part in L' to establish existence of such solutions. Hence we consider
operators restricted to L'™*° and introduce a definition of subdifferential
operators from [18] which we will apply in the case X = L'. We will also
use this to apply the results of [22] and in particular to obtain strong
solutions. We include functionals on a (possibly distinct) subspace Y for
completeness.

Definition 2.2.14. Let X, Y and Z be linear subspaces of M (X, p).
Then for an energy functional € :' Y — (—o00, 00| with effective domain
D(€) :={uecY|E(u) <}, we define the part of £ in X by

€. (u) = {E(U) forue D(E)N X,

00 otherwise.
Further, we define the operator Ox& in X by the graph

we DE) and / o(w — u)dp < E(w) — E(u) }

{(u,v)eXxX .
for allw € X with v(w —u) € L,

and the part of 0x& in Z by

(0xE)|, = {(u, heZxZ ((u, h) € axg}.



CHAPTER 2. WELL-POSEDNESS IN L' 27

In the case X = Li and Y a linear subspace of M (X, i), this coincides
with the previous definition of the subdifferential 0 in Li. One sees
that for a functional € : Y — (—00, 00|, we have 912& = 0(§ , ).

m

Remark 2.2.15. In the case X = L}N Y = Li (the relevant case for
this thesis), we have the inclusion (65)|Lmoo C (9r:.€) However,

since we are primarily interested in m-accretivity, they will be largely
interchangeable due to the m-accretivity properties of (OE) proved

i Theorem 2.4.1.

|me°° °
|L%Lﬂoo

For the class of operators 0x&, Bénilan and Crandall [18] found the
following sufficient conditions implying that the closure OxE" of 9x& in
X is m-completely accretive. We note that if £ is lower semicontinuous

then dzz Sl = Oz €.

Theorem 2.2.16 ([18, Lemma 7.1 & Theorem 7.4]). Let X be either L,
1<r <o, or L}ﬁw. Then the following statements hold.

(1) If a functional € : X — (—o0, 00| satisfies
E(u+q(i—u) +E(M+qt—u)) <Eu)+ E(w)
for all u, t € X and ¢ € C>*(R) such that ¢(0) =0, (2.2.15)
q has compact support and 0 < ¢ <1 on R

then the operator 0x& is completely accretive in X .

(2) If £ : X — [0,00] satisfies (2.2.15), (0,0) € OxE, and if € is lower
semicontinuous for the topology of X + Li, then the closure OxE™
of Ox& in X is m-completely accretive in X.

Note that if £(0) = 0 and £(u) > 0 for all w € X with 0x& completely
accretive, then the condition (0,0) € 9€ of Theorem 2.2.16 is satisfied.

2.3 The fractional p-Laplacian

We now introduce the primary operator of interest, the fractional p-
Laplacian (—A,)®, the doubly nonlinear operator (—A,)%p, as well as
the relevant function space settings.

2.3.1 Gagliardo-Sobolev-Slobodeckii spaces

We first provide a short summary of Gagliardo-Sobolev-Slobodeckii spaces,
which are necessary to study the initial boundary value problem (1.2.1)
with functional analytical tools. For a deeper understanding of this the-
ory, we refer the interested reader to [1, 90] or [129].

For 1 < p < o0, 0 < s <1, and an open subset 2 of R?, we denote by

WP (Q) = {u e LP(Q)][U]WS,p(Q) < oo}
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the s-Gagliardo-Sobolev-Slobodeckit space, also known as the s-fractional
Sobolev space, where

Ju(x) —u(y) o
[ulwsr) = (// 7 — y’de dydx) (2.3.1)

denotes the s-Gagliardo semi-norm. The space W*P(§2) defines a Banach
space if it is equipped with the norm

/p
lullwes) = (Il + [yena))

or, equivalently, |lu||r + [u]wsr@).-
We can similarly introduce the mixed Sobolev space, for 1 < ¢ < oo,

W@ (Q) = {u € LYQ) | [ulwsr@y < 00}

with norm [|ullyy«.@nq) := [ullLe@) + [ulwsr). Importantly, this mixed
setting will allow us to ensure lower semicontinuity of the subdifferential
and thereby the necessary accretivity properties and related existence
results such as Theorem 2.4.1.

For convenience we will use the notation W#? := W#P(R?) and [u],, :=
[u]sn(ray for the Gagliardo seminorm on R? (and similarly for the mixed
Sobolev spaces).

In this thesis we incorporate boundary conditions by considering the
seminorm [u}y s »ra) and instead restricting the domain in the following
way. We let WiP(Q), denoted by Wi, be the closure in W*? of the set
() of test functions with norm ||ullys» := [[ul|rs + [u]sp. Note that
we must extend u to R? by zero to interpret [us,. By [1, Theorem 10.1.1],
the space W* admits, for 1 < p < oo, the characterization

WP (Q) = {u € W*P(RY)

Ju:RY— Rst. u=uae onRY
and @ = 0 quasi-everywhere on R4\

where @ denotes a (quasi-continuous) representative of u. Therefore, the
space Wy'* incorporates homogeneous Dirichlet boundary conditions in a
weak sense.

We similarly define the corresponding mixed Sobolev space for 1 <
p<o00,0<s<1and1l<q< o0 asthe closure of COO(Q) in the mixed

norm |[ull,«@n = |ullra + [u]sp. We similarly use W ) to denote
0

Wy (2P (()). Note that when ¢ = p, we regain the standard fractional
Sobolev space. The space W (@P) i a Banach space, which is reflexive
ifl<p<oo 0<s<land 1l < q < oo. Moreover, it contains the
function space {u € C}(R?) | supp(u) C Q}.

The fractional p-Laplacian is a natural extension to the fractional
Laplacian and p-Laplacian operators. We now introduce this operator,

as well as its linear counterpart, the fractional Laplacian.



CHAPTER 2. WELL-POSEDNESS IN L' 29

2.3.2 The fractional Laplacian

In the case of the fractional Laplacian, many equivalent definitions are
available (see [86] where equivalence is shown for ten such definitions).
We illustrate this and the connection to the local case with a few equiv-
alent definitions on R¢.

We have a direct comparison with the Laplacian via the following
Fourier multiplier definition. Let 0 < s < 1, u € LY(R?) for q € [1,2] and
F be the Fourier transform. If there exists v € L(R?) such that

F(0)(§) = —I€[* Fu(6) (2.3.2)

then we define (—A)*u = v. Some authors equivalently consider |£|*
and « € (0,2), however (2.3.2) is more natural when generalizing to the
fractional p-Laplacian as the fractional Laplacian then corresponds to
the case p = 2 and the parameter s denoting the fractional derivative is
in the natural range (0, 1).

For u in an appropriate vector space such as V = LI(R%), ¢ € [1, 00)
and sufficiently regular, we have the following singular integral definition,
taking the Cauchy principal value

(—A)°u = lim cdvs/]R Mdy

r—0t 4\ B,.(z) ‘Qf — y‘d+25

where o
S S
L
T )|
and I is the standard gamma function. To roughly see the connection
to the Laplacian in this definition, we can rearrange to have

(—A)Yu = —cy. /Rd\BT(O) # <u(m +2) —u(x)  u(x)—ulx— z)) |<i_|zd'

Then we can view

|2° |2[°

u(r + z) — u(x)
|2°

(2.3.3)

as approximating a fractional derivative (of power s) in the direction z.
Here we can again see the connection to the standard Laplacian when
s — 1 as this fractional derivative (2.3.3) becomes an approximation of
the standard derivative at x in the direction z. We note that the nonlocal
second (fractional) derivative is weighted by the term |z|~¢. This ensures
integrability in an appropriate setting and provides a chain rule for linear
transformations expected of such a (fractional) differential operator.

We can also view this operator as the subdifferential of a convex, lower
semi-continuous functional. Define the energy functional £ : L*(RY) —
(_007 OO] by

aw:{%mm if [u],.s < oo, 2.3.4

00 otherwise,
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Then we can consider the subdifferential of £ in L?(R?), and define
(—A)°u = 0r2&(u)

for w € D(0r2E). These three definitions are equivalent on appropriate
functions spaces (L? in particular). We note that the singular integral
formulation in particular provides a very convenient form for direct cal-
culations. In the case of an open domain 2 C R%, in order to interpret
Dirichlet boundary conditions, for example in the singular integral defi-
nition, we still integrate over all of R?. However, we restrict the domain
of the operator to functions which are zero outside 2 and only use this
formula for points in the domain. The alternative, integrating only over
(2, is also possible and is known as the regional fractional Laplacian (see
e.g. [64, 69]).

One other definition which may be considered is the fractional power
obtained via a spectral decomposition. This is distinct from the previous
definitions (see [111]) and not considered in this thesis, both due to the
nonlinear setting and as it is less commonly used as a fractional version
of the Laplacian.

The fractional p-Laplacian

In the case of the fractional p-Laplacian we do not have the Fourier
transform approach. However, the singular integral and subdifferential
definitions have natural extensions. Since the constant ¢4, does not im-
pact the mathematical analysis, it is common to ignore it here as we
will do in this thesis. In particular, on an open domain Q C R?, for
1 <p<ooand 0 < s <1 we define the energy functional

Ll ifue W2
E(u) = P S 2.04
(W) {oo ifue L2\ Wy (2.04)

where [-];, is the Gagliardo seminorm on R? given by

Ju(x) — u(y)l? 1/p
e (/Rd/]gd |x— |d+sp dydx) : (2.0.5)

Note that if u is defined on Q C R%, we extend u by zero to be defined
on R? in order to evaluate (2.0.5).
Then we can define the fractional p-Laplacian as an operator on L? by

(—Ay)°u = 0E(u).

Similarly, we can consider the associated singular integral via the Cauchy
principal value,

(—=A,)*u(z) = lim Ju(z) — u(y)["~*(u(z) — uly)) Qy (235)

d
r=0% JRd\ B, (z) |z — y|dter

for all z € R?. Importantly, we have the following characterization of the
subdifferential via a variational definition.
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Proposition 2.3.1 (Characterization of (—A,)%). For 1 < p < oo and
0<s<1,let& be given by (2.0.4). Then for every u € Wy’ (20

[ [ [ =t

for all v e W@

OE(u) = hel?

The subdifferential condition can be written equivalently with the fol-
lowing variational formulation. In particular, v € (—A,)*u in the varia-
tional formulation will satisfy

_1 u(z) = u(y)]P*(ulz) —u(y)) () —&(y))
/Qvﬁda:.—§/R2d Y Y Y4

|z — y|dtsr

(z,9)

(2.3.6)
for all £ € W),

From Proposition 2.3.1 it is clear that if u € W] 2P and the singular
integral (2.3.5) exists and is also in L? then u € D(9€) and the defini-
tions coincide. However the reverse implication is less clear. A key result
in this direction is [85] which provides an equivalence between weak solu-
tions of the elliptic problem, (s, p)-harmonic functions and (s, p)-viscosity
solutions. Moreover, they obtain sufficient conditions for the singular
integral to exist. In particular, they are able to estimate the integral
around the blowup uniformly for x € , but only away from points of
zero gradient and in a restricted range of p and s (see [85, Lemma 3.7] in
particular). Hence, to avoid the restrictive regularity requirements when
obtaining solutions, we use the subdifferential (equivalently, variational)
definitions. Nevertheless, the singular integral is still a very useful tool
for calculation both when the estimates of [85] may be applied and when
taking a limit within the variational double integral.

There are number of natural extensions and generalizations to the
fractional p-Laplacian. First, we note that the case p = 1 can be char-
acterized similarly with a formulation presented in [94], although we do
not consider p = 1 in this work. Many authors have also considered
such problems with |z —y|?**? replaced by a kernel K which satisfies two
sided estimates of a form similar to |z — y|?**?. The case with variable
exponents, called the fractional p(z)-Laplacian in which p in (2.3.5) is
replaced by p(z) has also been introduced in the fractional setting [82].

Alternative definitions for the fractional p-Laplacian have also been
proposed, for example in [118]. It is also possible to interpret the restric-

tion to a domain 2 C R? in the sense of a regional fractional p-Laplacian
[4].

D)

2.3.3 Key properties

The energy functional (2.0.4) for the fractional p-Laplacian satisfies the
following key properties which we include as a lemma for completeness
(cf. [94], [50]). Importantly, these properties provide m-accretivity of the
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subdifferential which is key for obtaining existence results as we will see
in Section 2.4.

Lemma 2.3.2. Let Q be an open domain in R%, d > 1. Suppose 1 <
p<ooand 0 < s < 1. Then the energy functional £ given by (2.0.4) is
convez, lower semicontinuous and proper with effective domain D(E) =
W(’)s7(27p).

Proof. Tt is clear that £ is proper with 0 € W 22 and convex due to
the convexity of the power function |- |? for p > 1. To see that £ is lower
semicontinuous on L2, we note that £ is lower semicontinuous if and only
if, for all a > 0,

E,={uecl®|&u)<a}

is closed in L?. Moreover, £ is convex if and only if E, is convex and
so by [33, Theorem 3.7], lower semicontinuity is equivalent to requiring
that E, be weakly closed in L?.

Let a > 0 and (u,)nen € E, such that u,, — u in L?. We note that u,,
must be bounded in L? for convergence. Since u € E,, u € D(E) and u,
is bounded in []s,. Hence u, is bounded in W ) and so there exists

a subsequence (ug, )nen converging weakly to some u € Wj (22) - This
implies that u, — @ in L? as n — 0o, hence @ = u (using [33, Theorem
3.10]). Defining T": u + V, ,u where V, ,u = u(z) — u(y), we have that

Voytk, = Veyu in LP(R* %) as n — 0o. Then using the weak

: d
convergence in LP(R??; %),

[us,p < ligglf[ukn]svp = ligglfé’(ukn) <«
(see [33, Proposition 3.5]). Hence E, is closed in L? and so we have lower
semicontinuity. O

Translation and rotation invariance

We now mention some key properties of the fractional p-Laplacian. First,
we note that the fractional p-Laplacian on R? is translation and rotation
invariant. This can be seen by a simple change of variable, the main point
being that the Jacobian of this transformation is one and the distance
function |z — y| remains unchanged when this transformation is applied
to both & and y. Then the transformation may be transferred to the test
function & in (2.3.6). Suppose u € D((—A,)*%) and let w(z) = u(Rx + 2)
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where R is a rotation on R? and z € R%. Then for ¢ € W#2»),

1 / (w(z) —w(y)"" (=) =€)

92 |z — y|d+ep

(z,9)

_ 1 (u(z) —u(y)’ " (E(z—2) — E(y — 2))
2 /RM IRz —2) — Ry — z)|¢tep d

= [ A uER o =) da
= [ (A 0)Re +2) gl e

(z,9)

so that by Proposition 2.3.1, ((—A,)*w)(z) = ((—A,)%u)(Rx + 2).

Scaling and homogeneity

We also have the following homogeneity and scaling property for linear
maps which may be viewed as a simple chain rule in this setting resulting
from the difference-based fractional derivative approximation and the
weighting |z — y|™¢. For a € R and k € R, let w(z) := au(kx) for all
z € R%. Then for all £ € W),

1 / (w(z) = w)" () — £W)

2 |z —y| e

2

(z,9)

_ @ [ () — () /) — )
e / /K — y K d(@)

= P! k| /Rd(—Ap)su(x)g(x/k) dz
= [ (a0 ¢(o) do
so that ((—A,)w)(z) = a? k|*P((—A,)*u)(kz) for all z € RY.

2.3.4 The doubly nonlinear operator (—A,)%p

For 2 C R? we restrict the variational formulation with the following
subset of (—A,)?

u € W(f’(Q’p) and (u,v)
(—Ap)ipinee = 4 (u,v) € L7 x L7 | satisfy (2.3.6) for all
£e Wg:@:p)
(2.3.7)
Throughout this thesis we focus on the composition of (—Ap)fLmoo and
¢. Hence, we introduce the composition operator on L! of the form Ag
for A an operator on L}L and ¢ a function on R.
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Definition 2.3.3. For A an operator on Li and ¢ a function on R, we
define the composed operator Ay in L}L as a graph by

Ap = {(u,v) € L, x L, | (p(u),v) € A},

and interchangeably as a (possibly multi-valued) operator on L}L. We also
define the closure in L' of Ap by

there exists ((uk, vx))k>1 such that
Apt = ¢ (u,v) € LLXL}L vy € Ap(ug) VE > 1,

khm up = u in L and lim v, = v in Lt

— k—so00

Notation 2.3.4. In the case A = (—A,)*, for convenience we define
(—A,)%p to be the closure (—Ap)%inmp”

When we want to make the dependence on the domain explicit, partic-
ularly for the approximation argument in Section 2.9, we write (—A,)g, |
(=Ap)8, 1m0 and A, instead (see also these definitions in Section 2.9).

Remark 2.3.5. As in the case of the fractional p-Laplacian, we have that
the composed operator (—A,)%¢ on R? is translation and rotation invari-

ant. We also have similar scaling homogeneity properties. In particular,
for k € R and w(z) := u(kx), we have

(=Ap)*p(w))(2) = [F[*P((=Ap)"p(u)) (k)

for all x € RY. Moreover, when cp(r) =r", reRwithm >0, fora e R,
we have (—A,)*(au)™ = a™P~V(— Ap

Existence results for the composed operator Ay

We may also extend the domain of an operator defined on L}POO in the
following manner introduced by [22].

Definition 2.3.6. For an operator A defined on L[> x L, we can extend
the domain to

3 (tn, hp)n>1 C A such that
D(A)={ue L™ |u, —uin L' and
(Un, Pp)n>1 is bounded in L x L'

Note that D(A) C D(A) C Lj. Then for ¢(up) € D((O:€),
have the following theorem for existence of strong solutions from [22].
Note that here 3 corresponds to ¢! in our setting and v to ¢(u). The
statement in [22] also uses a slightly different implementation of the sub-
differential, closer to O1~€& (giving potentially a larger operator), however
this does not affect the proof. A similar result for the homogeneous evo-
lution problem can be found in [50].

) we
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Theorem 2.3.7 ([22, Theorem 4.1], Existence of strong solutions). Let
Q be an open domain in R, d > 1, with finite measure and T > 0.
Suppose € : L? — [0, 00] is a lower semicontinuous function with £(0) =
0 satisfying (2.2.15) for X = L?, 8 € ACi,(R) is nondecreasing with
B(R) = R. For every vy € D((@L18)|me) and f € BV((0,T); L*) N
LY0,T; L) N LY0,T; L*>), there exists v € L>((0,T) x Q) such that
u = B(v) € Wh*(0,T; L) is the unique strong solution to

{u/(t) + <8ng)|L1r‘|oo v(t) € f(t) fora.e te(0,T),
u(0) = B(vo)-

We also have the following regularity result from [22] for strong solu-
tions to subgradient problems with such a nonlinear composition .

(2.3.8)

Theorem 2.3.8 ([22, Theorem 1.1}). Let (X, u) be a measure space.
If we WH((0,T); L,,), v € L, (R) and

U= / v(r)dr € BV(0,T;L,) N L'((0,T); L,,)
0

then u € WHH((0,T); L)) and for a.e. t € (0,T)

du dw

) = o) )

for p-a.e. x € 3.

2.4 Existence and uniqueness of mild solu-
tions

We now prove accretivity and density results for composed operators
arising from the subdifferential of a convex, lower semicontinuous func-
tional. We then apply these results using the nonlinear semigroup theory
summarized in Section 2.2 to the doubly nonlinear operator (—A,)%¢ to
prove Theorem 2.1.1.

In comparison with Theorem 2.3.7, the domain of initial data is not
restricted to the domain of the subdifferential or the extension given
in Definition 2.3.6, but rather the closure of this domain in L' (see, in
particular, [12, Section 4]).

2.4.1 Accretivity and density results for (9¢) ... ¢

We first prove the following key result for subdifferential operators of the
form (9)) 1. ©"' + F. In particular, we obtain m-T-accretivity with
complete resolvent when F' is a Lipschitz perturbation. This follows
from [50, Proposition 2.17 and Proposition 2.19]. A comparable result
can also be found for operators defined on finite measure spaces (X, )
in [22, pg. 22].
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Theorem 2.4.1. Suppose (3, 1) is a o-finite measure space, & : Lz —
[0,00] is convez, lower semicontinuous with £(0) = 0 and satisfying
(2.2.15). Let ¢ € C(R) be strictly increasing with ¢(0) = 0 and sat-
1sfying

B (), (0€), oty > 0 (2.4.1)

and
[Br(u), (9E)), 1o ul2 2 0 (2.4.2)

for every A > 0 and uw € D((OE),,,...), where § = ¢~ " and B := X\~ (I -
(I + AB)7Y) is the Yosida approzimation of B. Suppose F : LL — LL
satisfies the Lipschitz property

|F(u) — F(4)] <wlu—1a| onX (2.4.3)

for all u, 4 € L, with constant w > 0 and satisfies F(0) = 0. Then
(9€)

Proof. Since £ is convex and attains its global minumum at 0, we have
that (0,0) € 9. Then by the complete accretivity property, O has com-
plete resolvent. Hence € is m-completely accretive in L? with complete
resolvent so that () .., is also completely accretive. Since ¢ is injec-
tive, we have by [50, Proposition 2.17] that (9&) .. ¢ is T-accretive
in Li with complete resolvent. Then we can apply [50, Proposition
2.19] to obtain the range condition for the closure and hence that the
operator A := (65)‘%000 @ + F is w-quasi m-accretive in L,, with com-

plete resolvent. To see that this is T-accretive in L}“ it is sufficient
to prove that for all (u,v),(a,9) € A there is a w € L7 such that
w(z) € sign™ (u(x) — a(x)) for a.e. x € ¥ and

/ w(v —0)dp > 0. (2.4.4)

| L 1r0o "' + F is w-quasi m-T-accretive in Llll with complete resolvent.

We refer to [50, pg. 14| and [17]. Since O€ is completely accretive,
applying [18, Proposition 2.2] we have that for all (u,v), (a,0) € OE,

/ET(U—O)(U—@)d,uZO

whenever T € C*°(R) satisfies 0 < 7" < 1, T" has compact support and
T(0) = 0. Applying this to ¢(u) and ¢(a),

7 ot) = (@) ((00), o) = 0E) (@) s 2 0

Approximating sign®™ by such T, applying dominated convergence and
noting that ¢ is strictly increasing, we have

/u . sign™ (u — ) ((85))|Lhmso(u) — (85))|me00¢(@)> dy > 0.

By the Lipschitz condition on F, the perturbed operator A satisfies
(2.4.4) and so is T-accretive in L!. O
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As mentioned in Section 2.2.1, m-accretivity in L' provides existence
of mild solutions to the associated Cauchy problem (2.2.1) for all initial
data uy € D(A)", where in this case A = (0E)], 1000 ©"' 4+ F. Hence, in
order to apply our regularity results to all initial data in L!, we use the
following density result for the composition operator (9€), ;.. ». This
generalizes the classic density result for subdifferential operators (cf. [34]
or [12, Proposition 1.6]) and in particular generalizes an idea from [12,
p.48]. Note that we define v := max{u,0} and v~ := min{u, 0}.

Theorem 2.4.2 (Density of D((0E)) ,..) in L,). Let (¥, ) be a o-

finite measure space, £ : L7, — (—o0,00] a proper, lower semicontinuous,
conver functional, and ¢ € C(R) be a strictly increasing and surjective
function satisfying ¢(0) = 0. Suppose that (0,0) € (OE) o)
is completely accretive and the Yosida approximation of ¢ satisfies (2.4.1)
and (2.4.2). Finally, we require that for every u € D(Ey), one has that
ut and um € D(Ep). Then the domain D((OE)|Lin=p) is a dense subset
of D(Ep) in L.

In particular, if the set D(&|1n=) is dense in Ly, then D((9E), ,..¢)
is also dense in L,. We note that the condition (0,0) € (9E) ;..

hold if £(0) = 0. In specific cases of A and ¢, the density of D(Ay) in
L' has been proved: for example, Evans [60, Sect. 2, Proposition 1] for
A=—Ain L' and ¢ : R — R increasing and ¢! Lipschitz continuous,
or Ighida [74, Proposition 2.1] for A = —div(|V:[P72V+) in L' and
o(r) = |r|™ 'r for r € R and m > 1.

Proof of Theorem 2.4.2. Applying [50, Lemma A.3.1] to O&| 11, We Ob-

tain that for every A > 0, every ¢ > 0 sufficiently small, and every
u € D(&|p1n= o ), there is a unique uy € D(JE| ., o ) satisfying
I

|Llﬁoo ) ( |L1F‘|oo

will

uy + A <5<p(uA) + 85\LLQN¢(UA)> > u,
or equivalently, there exists v, € aE\L}prO(UA) such that
ux + A (ep(uy) +vy) = u. (2.4.5)
Multiplying (2.4.5) by ¢(uy) — ¢(u) gives
(ux —w p(wn) = p(w) 1, == Ae (), p(ur) = p(w) 1
— A(oa, p(un) — SO(U))L;L-
The first term on the right-hand side can be estimated by
= (p(a) p(un) = (w) 2 = = (p(wn) = (u), p(ur) = p(u))
= (#(u), p(ur) = ¢(w) 1

(
< NIz + lle(u)llollo(w)
<llelz+  sup  flelleollo(w)l,

[=llulloosllulloo
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and since vy € 9€ . p(uy) and noting that E(p(uy)) > 0, it follows
that ’

() = pl0)) 3 = —((OE)plun). plur) — (w)
< - (ol >> E(ow))
< E(p(u))

for all A > 0. Thus, and since ¢ is increasing, we have shown that

0 < (ux —u,0(un) — o(u))2z < AE(p(w)) + Aell ()3
+Ae sup  efleolle(w)lh

[=llelloos[eloo]

for all A > 0, from where we can conclude that

lm [ (ux — u)(p(ur) — (u)) dp = 0.

A—0t »

Since

M) = (ua(x) = u(@))(plur(@) — p(u(z))) 2 0 p-ae. on %,

the latter limit means that f, — 0 in LL. After possibly passing to a
subsequence, which we denote by (A,)nen, we know that

lim f,(z) =0 for p-a.e. v € X,

n—oo

which due to the strict monotonicity of ¢ implies that

nhj& uy, () = u(z) for p-a.e. x € X. (2.4.6)
It remains to find a dominating function for a subsequence of (uy, )nen
in LL so that we would have convergence in L}L and thereby density. For
this we estimate u, pointwise above and below by replacing u with u™
and v~ in (2.4.5).
We recall from [50, Lemma 2.2.1] that if uy > 0 for all A > 0, then the
p-pointwise limit (2.4.6) together with the fact that w, satisfies

lluallr < ||ullx for all A > 0, (2.4.7)

implies that uy — u in LL.
We now denote A := 9| ... Let uy = JEAHAL () where ut =
,u

uV 0 is the positive part of u. Since e+ Ap is T-accretive in Li (cf. [50,
Proposition 2.3.6]), one has that u; y > 0 for all A\ > 0. Moreover, by the
above argument, u, ) satisfies (2.4.6) and (2.4.7). Therefore one has that
uyn — ut in L. Next, let u~ = (—u) V 0 be the negative part of u and
set u_ ) = JwﬁA“’( 7). Then, one also has that u_ ) satisfies (2.4.6)
and so, in particular, —u_ ) satisfies (2.4.6). Since —u_ ) is positive
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and satisfies (2.4.7), it follows that —u_\ — —u~ in L. Moreover, for

\ = Jism +Ap

U u, one has that

—u_\ <uy < ugy for every A > 0.

From this sandwich inequality and since uy y — u™ in Li and —u_ ) —
—u~ in L, one can extract from every zero sequence (A,)n>o a subse-
quence (A, )n>1 and finds a positive function g € L), such that |uy, | < g
p-a.e. on X for all n > 1. Thus, by Lebesgue’s dominated convergence
theorem, it follows that uy, — wu in Lt as n — oo and, thereby we
have shown that the domain D<85|L,1poo o ) lies dense in the closure

D(é’wbm>o o @)k of D(S‘L}pw o ) with respect to the L}L—norm topol-
ogy. ]

We check conditions (2.2.15), (2.4.1) and (2.4.2) in the case of the
fractional p-Laplacian, where £ is given by (2.0.4) in order to apply
Theorem 2.4.1 and Theorem 2.4.2.

Lemma 2.4.3. Let Q be an open domain in R?, d > 1,0 < s < 1 and
p > 1. Then the energy functional € given by (2.0.4) satisfies (2.2.15).
Moreover, for ¢ : R — R such that ¢ is bijective, increasing and sat-
isfies ©(0) = 0, & satisfies (2.4.1) and (2.4.2) for every A > 0 and
u € D((=8p)pine)-

Proof. 1t is sufficient to show that & satisfies (2.2.15) for every v and
v € D(E). For given x, y € R set a = v(z) — v(y) and b = d(z) — 0(y),
and let ¢ € C°(R) satisfying ¢(0) =0 and 0 < ¢ < 1. Since 0 < ¢ <1,
there is a k € [0, 1] such that ¢(b—a) = k(b—a). Then, by the convexity
of | - |P, one has that

\ka + (1 — k)b]" +|(1 — k)a+ kb]” < |a|]? + |b|P
holds, and so we have
b—q(b—a))[” +la+q(b—a)l” <|af” + b

Therefore (2.2.15) follows by integrating over R?*? with respect to |z —
y| =P da dy.
Since ¢ is increasing, ¢! is also increasing and so for A > 0,

la=bl <la—b+ Mo (a) — 7' (b))l

for all a, b € R. Further, ¢(0) = 0 implies 5,(0) = 0 and so 3, is
Lipschitz continuous. Hence u € D((—A,)[ 1) implies that fi(u) €
WyP N L?. Tt then follows from the characterization of (—A,)* given in
Proposition 2.3.1 that the part (—Ap)j e of (=A,)" in L1N%e x [inee
satisfies (2.4.2).



CHAPTER 2. WELL-POSEDNESS IN L' 40

For (2.4.1) we approximate sign, in the following way as done in [50]
for the p-Laplacian. We define the sequence (7.).>0 C C(R) by

—_

ifr>e,
Ve(r) = if —e<r<e,

™3

-1 ifr < —¢,

for € R. Then for all ¢ > 0 and A > 0, v.(8\) is bounded and
locally Lipschitz continuous so that 7. (8x(u)) € W35 N L? and using the
characterization of (—A,)?,

/Q (<_Ap)fLmooU) 7e(Ba(u)) dz =0 (2.4.8)

for all u € D((—=Ap)j1n). Moreover we have the bound 7:(8x(+)) < 1
on R,

51—13& Ye(Ba(u(x))) = signy(Ba(u(z))) for a.e. x € Q,

and (—Ap)fLmoou € L', so we can apply dominated convergence to (2.4.8)
to obtain (2.4.1) when taking ¢ — 0+. O

Hence we may apply Theorem 2.4.1 to the doubly nonlinear operator
(—A,)%p to obtain the following corollary.

Corollary 2.4.4. Let Q be an open domain in R?, d > 1. Suppose
F : L' — L' satisfies the Lipschitz property (2.4.3) for all u, 4 € L*
with constant w > 0 and satisfies F(0) = 0. Suppose ¢ € C(R) such
that o is bijective, increasing and satisfies (0) = 0. Then the operator
(—A)P0 + F is w-quasi m-T-accretive in L' with complete resolvent.

We can now apply this accretivity result for (—A,)*¢ and the previous
density result to obtain existence of unique mild solutions.

Proof of Theorem 2.1.1. Let € be given by (2.0.4) and ¢, f satisfy (2.0.1)
and (2.0.3a)-(2.0.3b), respectively. Then, it follows from Corollary 2.4.4
that (—Ap)* is m-completely accretive and (—A,)[ 1o satisfies (2.4.1)

and (2.4.2) with respect to the Yosida approximation Sy of ¢~!. Further,
under the hypothesis ¢ € W,"(R), one has that

loc
[P(E)]sp < N1l zoo (— i loorlleflon) [E] s

for every € € C(Q), and if ¢ € W,LY(R) for ¢ > 1/(1 — s), then Holder’s
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inequality yields that

/Rd/w Iso(é(é))_—'sjgp(y))l dy dz

r)dr?
:/ / |f£ | dy dx
Rd JRd |$_ |d+8p

F)lrar)| le(a) - )l
-

|
" £(x) = &)
< 1Mz e i /Rd /Rd 7 — gl W

_ /P
= 1€ Iz e eoon o) msq’%

dy dz
T — y|d+sp Yy

for every £ € C2°(Q2). In the last estimate, we note that ¢ > 1/(1 — s) is
equivalent to 0 < s¢’ < 1 and hence the seminorm, [£],, z is finite. Thus,

under either condition ¢ € W,-(R) or ¢ € W24(R) for ¢ > 1/(1 — s),
one has that the set C2°(€2) is contained in D(&pine¢p) and dense in
L'. Thus Theorem 2.4.2 implies that under those conditions on ¢, the
domain D((—A,)[ in<¢) is dense in L.

Since by Corollary 2.4.4, the operator (—A,)°p + F is m-T accretive
in L' with complete resolvent, it follows from standard semigroup theory
(e.g. [12, Corollary 4.2]) that for every uy € D(Ejzin= 0 )", there exists
a unique mild solution u to problem (1.2.1). Moreover this mild solution
satisfies growth estimate (2.1.2) (see also Lemma 2.7.3) and (2.1.3) for
v =1 (e.g. [12, Theorem 4.1]). The case v = + follows in the same way,
applying the T-contractivity condition of the resolvent. This completes
the proof of this theorem. n

2.5 Strong solutions on domains with finite
volume

We now consider strong solutions on domains with finite Lebesgue mea-
sure, applying Theorem 2.3.7 to show that for ¢ strictly increasing with
©(0) =0 and p~! € AC,.(R), mild solutions to (1.2.1) are in fact strong
distributional solutions. Moreover, we obtain general derivative and en-
ergy estimates for such ¢ when € is a general open domain in R?. We
later refine these in the case ¢(r) = r™ to obtain the estimates of Theo-
rem 2.1.6.

We first introduce a Lipschitz continuity result for mild solutions of
(1.2.1) with initial data uy € L' satisfying ¢(ug) € D((—4, )jpines ). For
this, we define

V(g,t+) := limsup

h—0t

gt + k) — g(n)l
/0 3 dr
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and for t € [0,T), g(t+) is the essential limit of g from the right.

This result is presented in [21, Lemma 7.8] in the setting of T-accretive
operators. However, considering the potential availability of [21], we
include the short proof for completeness.

Lemma 2.5.1 ([21, Lemma 7.8]). Let Q2 be an open domain in RY, d > 1
and T > 0. Let 1 < p <oo,0<s <1, ¢ € C(R) satisfy (2.0.1) and
o1 € AC1e(R). Suppose f(-,u) satisfies (2.0.3a)-(2.0.3b) and let F be
the Nemystkii operator of f. Further suppose that g € BV (0,T;L') N
LY0,T; L"), ug € L' and ¢(uo) € D((—Ap)in). Then the mild
solution u of (1.2.1) is Lipschitz continuous in L' for all t € (0,T) with
Lipschitz constant

L = e*T|g(0+) — (=Ap) p(uo) [l + V(g T+)

T 2.5.1
+w / TV (g, 74) dr. ( )
0

Proof. Let h € (0,T) and t € [0,7 — h]. From the growth estimate
(2.1.3), we obtain

lu(t + ) — u(®)lls < e [u(h) — uollx

‘o (2.5.2)
+ [ Ngr ) = o)

0
noting the definition of [-,-]; given by (2.2.4) for the term involving g.
Using (2.1.3) again, now with the constant solution obtained by setting
g2(t) = ug for t € [0, h),

[u(h) = uollx S/O U lg(r) = (=8p) (o)l dr.

Dividing (2.5.2) by h and taking the limit supremum as h — 0", we then
have the Lipschitz estimate (2.5.1). O

We now prove the existence of strong distributional solutions.

Proof of Theorem 2.1.2. By Theorem 2.1.1, for every ug € L', there
is a unique mild solution to Cauchy problem (1.2.1). Now, let uy €
lA?((—Ap)fLmoo ¢). Then by the definition of D given in (2.1.4), there ex-
ists a sequence (Un,w,) € (=Ap)i 1ne for n € N such that v, = ¢(uo) in
L' as n — oo and (wy, )nen is bounded in L'. Since (v, ),en is bounded in
L> and € has finite measure, ¢~ (v,) € L'"*° uniformly for n € N. Let
(tn)nen be the mild solutions with initial data ¢ ~!(v,). By Lemma 2.5.1,
each w,, is Lipschitz continuous on [0, T'|. Hence estimating the Lipschitz
continuity of wu,

Ju(t +h) = u(t)|y < |lua(t + ) = ua ()]l + (1 + ") Ju(t) — un(t)]2
< Lnh + 2 |lug — u, (0)|4
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for all n € N. We note that since w,, is bounded in L', L,, is bounded uni-
formly for all n € N. Since v,, converges to ¢(ug) in L', we have pointwise
convergence of u,(0) to ug almost everywhere in 2. Hence, using the uni-
form bound for v,, in L*>°, we can take the limit supremum as n — oo and
apply Fatou’s lemma to obtain Lipschitz continuity for u. Then by the
Lipschitz continuity of ' we have that F(u) € BV ((0,T); L'). Moreover

by the standard growth estimate (2.1.2), since D((—=A,)1n) C L,
uw € L®([0,T]; L>) and so F(u) € L'(0,7;L>®). Applying Theorem
2.3.7 with forcing term § = —F(u) + g we have that u € Wh*°(0,T; L)
is a strong distributional solution to (1.2.1).

The chain rule (2.1.5) follows from the proof of [22, Theorem 4.1] and
we have u € C([0,T]; LY) for 1 < g < oo due to the regularity of mild
solutions in L'. Multiply the doubly nonlinear problem (1.2.1) by < (u)
to obtain

o) | S+ SEut)) + (Fult) — (1) 0! (u(t) = 0
giving (2.1.6). O

We now introduce a lemma to obtain similar derivative and energy
estimates to Theorem 2.1.6 for a more general class of subdifferential
operators and nonlinearities ¢. In particular, we consider the problem

O At fleu) = gl ) in Q2 x (0.7),
uw=0 in Rd \ O % (O,T), (253)
u(z,0) = ug(x) on 2,

where A is the subdifferential in L' of a proper, lower semicontinuous
convex functional £ : L? — (—o0, 00]. Here we use the notation ®(r) :=
fy ¢(s)ds for r € R and ¢ € C(R).

We first prove an intermediate result which we will further estimate
differently depending on the regularity of ¢ to obtain estimates with
differing dependence on the forcing term g.

Lemma 2.5.2. Let Q be an open domain in R, d > 1 and T > 0. Let
A = (0p1&)pine where E L? — (—o00,00] is a proper, lower semi-
continuous, convex functional satisfying (2.2.15) and £(0) = 0. Let
¢ € C(R) be a strictly increasing function such that =t € AC)(R)
and p(0) = 0. Suppose that f(-,u) satisfies (2.0.3a)-(2.0.3b) and g €
LY0,T; L"), Then every strong distributional solution u of (2.5.3) in
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L' satisfies

oo

< (k+ 2)/0 (k+1+ ws)skHucp(u)Hl ds

da: ds + t"72E (p(u(t)))

ds

[ 2p ) s 254)

t
+(k+2)/ skH/g@(u) dxds
0 Q
t
+/ sk+2/gg0’(u)% dz ds
0 Q ds

for allt € (0,T) and k > —1.

Proof. We write v := ¢(u). Multiplying (2.5.3) by s**2% for k > —1,
we can estimate v in VV;S((O T] L?), as in [22], by

s /

dxds+tk+25( (u(t)))

(k + 2)/ sPLE(p(u(s))) ds (2.5.5)

n /Ot gh+2 /Q (g(s) — F(u(s))) %(s) dz ds.

Estimating [, s"*'&(v(s)) ds, we note that A is the subdifferential of &,
S0

(A(v(s)) = A(0),0 = v(s)) < E(0) = E(v(s))

for all 0 < s < T'. Then we estimate £(v(s)) by

Ev) < — %v dz — / F(u)vdz + / gvdzx (2.5.6)
d 0 Q

o as

for 0 < s <T'. Since ¢ is increasing,
O(r) < @(r)r forall r € R.

We multiply (2.5.6) by s**! and integrate over (0,¢) to obtain

/Ots'““c‘f( (s ))ds+tk“/<1)(u(t))dx

k—l—l/ / ))dzds
+/ sk+1/u(s)—
/ k“/ u(s)))vdzds.

(2.5.7)
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Since ¢(0) = 0 and ¢ is non-decreasing, ®(r) > 0 for all » € R and ¢ > 0.
Hence

/ O(u(t))de >0

forall0 < ¢ < T. Then returning to (2.5.5) we can estimate f(f sFLE(v(s)) ds,
giving

t
/8k+2/g0’(u)
= (k+2)( k—{—l/ / ))dzds + ( k—|—2/ /u—ds
k—|—2/ / ))vdxds
d
/ k”/ d—vdxds

where we leave the dependence u = u(s) implicit in these integrals. Fur-
ther, estimating ®(u) and applying the Lipschitz property of F,

t
[ [ ew
0 Q
t
< (k+2) / (k+ 1+ ws)s* [up(u)|ls ds
t ’ du
b [ 2w 0 [ e
k+2/ ’““/gso )dzds
/ k+2/ — dz ds.

Applying Young’s inequality, we combine dd—Z| terms to obtain (2.5.4). O

dz ds + t*2E (p(u(t)))

dz ds + t*2E (p(u(t)))

drds (2.5.8)

We now extend (2.5.4) when g has bounded variation in L.

Lemma 2.5.3. Suppose Q) is an open domain in R%, d > 1 and T > 0.
Let A := (8L15)|Lmoo where € : L* — (—o00, 00| is a proper, lower semi-
continuous, convez functional satisfying (2.2.15) and £(0) = 0. Let ¢ sat-
isfy (2.0.1) and o' € AC)(R). Suppose that f(-,u) satisfies (2.0.3a)-
(2.0.3b) and g € BV(0,T; L') N L*(0,T; L'">). Then every strong dis-
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tributional solution u of (2.5.3) in L' with ug € L™ satisfies

e fr

< (k+2) / (k+ 1+ ws)sH ()] ds

dxds—l—tk+25( (u(t)))

¢
+ / ((/{: +2)% + w282) skHuQcp/(u)Hl ds
0

1 t—h
wtim & [ gl 1) = gl s el

t
+2(k +2) / " g(s)ll ds [lo(w) [l 2= o:0)
0
(2.5.9)

forallt € (0,T) and k > —1.
Proof. We integrate the last term of (2.5.4) by parts, giving

/ k+2 / — dzds

t—h
< lim — / (s + h) 2g(t + 5) — s*2g(s)[l1 ds [|v]| Lo (0,1,1)
0

h—0t

1

t—h
<lim g [ sl + 1) = g9l ds el m e

t
(k) / #9051 ds () oz
0
]

Before extending the estimates of this section further in the case p(r) =
r™ r € R with m > 0, we introduce the following refined version of the
dissipative estimate for T-accretive operators and an L' — L* regularizing
effect.

2.6 Refined dissipation in L'

Due to the L' setting that we have introduced for (—A,)*p and, in
particular, the T-accretivity properties, we find dissipation of differences
(uy — ug)™ in L' for solutions to (1.2.1). This follows the case of the
evolution fractional p-Laplacian given by [121]. We note that this is
a refinement of (2.1.3), the difference being that here we keep the full
(—A,)°¢(u) terms when estimating rather than applying T-accretivity
to estimate these by zero. Due to this we cannot use the T-accretivity
directly.

We note that in the case f = 0 and g1 < g9 this provides a strict
dissipative effect for (u; —ug)™ whenever we have a non-zero set of times
t with [{ug >uz}|>0and |{u <wuy}|>0.
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Theorem 2.6.1. Let Q be an open domain in R?, d > 1 and T >
0. Suppose ¢ satisfies (2.0.1), f satisfies (2.0.3a)-(2.0.3b) and ¢1, g2 €
LY0,T; LY). We consider uy, us to be two strong distributional solutions
0 (1.2.1) in L. Then for all0 <t; <ty < T,

1

to
ur = ua]* (t2) 1 < e~ [y — wa] ™ (1)1 — 5/ I(r)dr
t1

to
+ eW(t2—t) / / (g1 — g2) " dadr (2.6.1)
t1 {u1>uz }

to
— / / (g2 — g1)" dadr
t1 {ui>uz }

where for all T € [0,T), omitting T in ui(x,7) ete., I(T) is given by

/ [(p(ua () = p(ur (1))~ — (p(uz(x)) — w(w(y)))”‘l\d(
D(7)

|x _ y|d+sp x,y)

(2.6.2)

with the domain of integration

D(r) ={wi(z,7) > uz(z,7), wi(y,7) < ua(y,7) }
U{u(z,7) <ug(z,7), ur(y, 7) > us(y,7) } .

Proof. We multiply (1.2.1) by signd (u; — uy) and integrate over € x
(tl,t2>. Then

[[[ur = ua] *(t1) |l = [[[ur — ua] ™ (t2) |1

/ / — (=Ap)°p(uz)) Ly sy y dodT

+/ / (F(ur) = F(ug)) Ly, supy dodr
11 Q

)
- / /(gl - 92)ﬂ{u1>u2} dzdr

t1 Q

We evaluate the fractional p-Laplacian term as in [121, Section 5], noting
that ¢ strictly increasing implies that 1y, 5uy} = L{gui)>(uz)}- Here we
omit the time dependence of u;(x, 7) and ug(z, 7) for brevity of notation.
We have, for 7 € (0,7),

/Q (D) p(t1) — (— ) 0(12)) Liunyseun) A
L (ol (2)) — ()PP — (p(un(x)) — (un()))r~"

9 |z — y|dtsr

X (L g(ur (@) >dua (@)} — Lo () >d(ua(w)) 1) AT, ).
(2.6.3)

Looking at the integrand, we notice that

L gun (@) >d(ua (@) } — L o(ur(9)>0(u2)) } (2.6.4)
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is 1 if and only if both u;(z) > us(x) and uy(y) < ug(y). Similarly,
(2.6.4) is —1 if and only if uy(x) < ug(z) and uy(y) > usz(y). Otherwise,
this difference term is zero. So in both cases where (2.6.4) is non-zero,
the integrand of (2.6.3) will be positive and in fact we can write

/Q (20 0(tn) — (—Ap)*0(12)) L sy dz = I(7)

with I given by (2.6.2).

Importantly, this provides a dissipative effect for this difference u; —us
whenever [ {u; >uy}| > 0and |{u <wug}|>0.

For the remaining terms, we have

to to
/ / (F(ur) — F(u2)) Liuonyy ddr > —w/ [ — wa]* |l dr
t1 Q t1

and we split g; — go according to its sign. Then we can group together
terms with the same sign and apply a Gronwall inequality to obtain
(2.6.1). [

2.7 A general L' — L™ regularizing effect

As in Section 2.2, we state these results for Lebesgue spaces LY with
1 < ¢ < oco. We note that the following theorem generalizes [104,
Theorem 2.1] and [40, Theorem 1]. While these two theorems in [40,
104] are restricted to derive L1 — L7 regularity estimates of solutions
of parabolic diffusion problems with homogeneous forcing terms g = 0
and without Lipschitz perturbations (see also [103]), the following re-
sults can also treat evolution problems involving Lipschitz continuous
nonlinearities and L7’-bounded forcing terms. In particular we consider
mild solutions u to

/

{u (t) + Au(t) = g(t) for ae. t € (0,T), 271
u(0) = o,

where A is quasi m-accretive in L% with complete resolvent for some

1 < gy < o0.

For A > 0, we define the signed truncator Gy(s) := [|s| — A\]* sign(s)
for every s € R and we set 0 < 7' < oo. Note that ¢ — 1 € [0, 00) so we
are using the notation [-|[,—1 to denote the usual Lebesgue integral even
when this is not a norm. When ¢ — 1 = 0 this is given by

lullo = / signo (lul) dy.

The condition (2.7.2) for the forcing term can always be satisfied by
choosing p = oo and ¥ = oo.
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Theorem 2.7.1. LetT > 0. For1<qg<r<oo,1<o<r,q<p<o0
and 1 < ¢ < oo satisfying

(2.7.2)

DI D=

and

lgl_%<1_l>’ (2.7.3)

let g € L¥(0,T; L0)NLY(0,T; LY) and ug € LY. Supposeu € C([0,T]; LY)
satisfies u(0) = ug and for some L > 0, w > 0 and every A > 0, the “level
set energy inequality”

to
IGA (e u(ta)) 2 + L / 001G (e *u(s)) |7 ds

t1

to
< [Gale™ " u(t)) 2 + ghw / |Gale ™ u(s)) = s (2.7.4)
t1

+4 / e [[Gale u), g (5)]| s

t1

holds for all0 < t; < to < T. Further, assume t — Gy(e “*u(t)) satisfies
the following growth estimate in the LY-norm,

IGA(e™ u(®) ]|y < || Gale™*u(s))

’
- (2.7.5)
+/ e g(T) L e—wruiry>ayllq AT

for all0 < s <t <T. Then there exists C > 0 depending on o, q, r, p,
Y and L such that

1
lr(®)lle < Cmax { (7 (3 + ) 75 (Juolly + lgllzeoan)

(2.7.6)
w Y
et HQHZw(O,T;Lp) (HUOHq + HQHLl(o,t;Lq)) Y
for all t € (0,T) with the exponents
11
_ o _ (9)G)w
e N [
11
By = —t ifo<gq B, = n(g—o)(1 - i) if o <q, (2.7.7)
1=9q a7 ) = ,
0 ifo >gq 0 if o >q,

TG
Our proof of Theorem 2.7.1 is based on a De Giorgi iteration inspired

by [104] and [40]. For this, we modify [87, Chapter 2.5, Lemma 5.6] to
prove convergence of the following recurrence relation.



CHAPTER 2. WELL-POSEDNESS IN L' 90

Lemma 2.7.2. Let b > 1, 0 < f < 1 and M € N\ {0}. Suppose a
sequence (Yr)r>o in [0,00) satisfies the recursion relation

M
Ypypr <O Z Ci y,?réi for all k € N
i=1

where ¢; and 6; are positive constants for alli € {1,..., M }. Choose

and 0y, = minieg1, sy 0. If

C 1
Yo < Mb o
then
C -1+  x
Y < Mb b m for all k € N. (2.7.8)

In particular, if b > 1 then yp, — 0 as k — oo.

Proof. Estimate (2.7.8) follows via induction with

M
k 1+4;
e SV iy,
=1

vk , 1 e\ 1+0m M C 0
<= (b a%nb*m) (=
<57 ( > (37)

C _1 g
< —b b m .

- M

]

Proof of Theorem 2.7.1. By (2.7.4), one sees that Gy(u) € L?(0,T; L},)
for every A > 0. Let A > 0 and ¢t € (0,7 and for every integer k > 0, set

te=t(1—27%), N =A1-27%), Gi(-) =Gy ("),

and

t
Ui = sup [Gule ““u(s)lg+ L [ o) Gleu(s)) 7 ds.
tg

3€[tr,t]

Then the aim is to choose A > 0 such that Uy — 0 as k — oco. By the
continuity of ¢ [|Gy(e™*" u(t))||2, there is an s; € (tx_1, ;) satisfying

Gute > ulsillg =% [ IGu(e uls)lgds. (279

te—1
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Further, note that

2 [|e=“su) — A1)\ "
Lije-wsupsag) < Lyfje-wsuj>a, ) ( 3

for every ¢ > 0. We can then estimate

N
Gule u(s))l" < (2) Grr (e u(s)) |7+ (2.7.10)

on [ty_1,t] for ¢ > 0 and ¢ > 0. We now aim to obtain a recurrence
relation for Uy of the form in Lemma 2.7.2. Taking a supremum over
[t,t] in (2.7.4) we can bound Uy by

t
U < QHGk(ewtku(tk))ngwquw/ Gele="a(s)) 1~ ds
e (2.7.11)

+ Qq/ e “°|[Grle™**u)g(s)],] ds.

173

Estimating the first term by Lemma 2.7.3 and choosing s; according
0 (2.7.9),

|G (e u(te))]|
tg
< (||Gk(e‘“s’“U(8k))Hq+/ 6_“T||9(T)1l{ew|u<v>>xk}quT)

q

i
<2 [T feute (o) lgds

tk—1

tr a
421 (/ e‘”Hg(T)ﬂ{ew|u<r>|>xk}||qd7> :
Sk

Separating the g in the second term here by Holder’s inequality, we have

tk
/€_W||9(T)]1{ew|u(7)|>Ak}||da

Sk

tg i tk v ﬁ
< (/ ||6‘°”g(7)||ﬁd7) (/ g eerugyisan g, dT)
Sk Sk

where we choose p; and ¢’ such that 1 + p— = % and w/ =1,

respectively. We can then estimate Uk, extendmg the tlme integrals
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(tk—l ) t)? with

t
Uy < 20 / 1Gi(e* u(s)) 12 ds

th—1

a
t ¢/
+ 211—i_1||g||Lw(t,C 1,5LE) </t H]l{e—W|u(r)\>>\k}H;2 dT)
k—1

t
2w / 1Gie*u(s)) ]2 ds

tp—1
1

¢ Y
s 1)
+2qll9ll et 520 (/t |Gr(e ™ u(s ))HEZ Dp ) ;
k—1

where we choose % + % =1

We apply (2.7.10) to each Gy term, as well as L{o-wrjy(r)>r,}, With
{ =ey, 1+€1, g+ex—p, and g+e3—(g—1)p". The positive constants €y, €9
and e3 will later be chosen such that ¢ > 0 in each case and an appropriate
recurrence relation may be obtained. Note that the requirement ¢ > 0
will be satisfied as a result of assumption (2.7.2). Then noting that
Ar < A, there exists C' > 0 depending on ¢ such that

Uk’ 2k(1+61) t e .
o< () [ Gl ol as

th—1

q

e : ey \?
F(E) T ol | [ 16l ar
te—1

1
wa -1 [t (@+eny
k 7ws qTE3) 7
Hloleoas (5) 7 ([ 16 ue) i ds)
t

k—1
(2.7.12)
Now it remains to recover U,_; from integrals of the form
! M 4
| e @) 2713
tk—1

where ¢ > 0 and M > 0. In particular, we set ¢. := ¢+ ¢ and choose ¢ as
follows. To obtain Uy_; from (2.7.13) we will apply Holder’s inequality,
so choose € > 0 and 6 € [0, 1] such that

1 0 1-6
— =4 and (1—6)¢-M =o.

=
S
<

o _ 4 3
= {{f (=7 ity <oo, (2.7.14)
M
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and
1— —+2— ifr<oo,
0 — { a4 -1) (2.7.15)

Mq ; —
v if r = o0,

satisfying # < 1 and € > 0 given that M > 0. The condition 8 > 0

requires that M > 2. Since we take M = 1, %, and % in the case
q

of (2.7.12), this is satisfied by assumptions (2.7.2) and (2.7.3). Then

applying standard LP interpolation with 6,

t
/ G- (e™u(s)) 15" ds
tk—1
t 0ge M
< [ o Gl

te—1
D3| Gror (e uls)) | =M ds

1 R . R Oge M
<= sup e w93 (IIGk_l(e_“’SU(S))||Z) toX
§€[tk717t}
¢
L/ ew(”_Q)SHGk—l(@_wSU(S))||? ds.
te—1

We estimate e “(“=9% on [t;_;,t] according to the sign of ¢ — ¢ so that

sup
SE[tk—1,t]

—w(o—q)t
e—w(cr—q)s _ € 9 if o <q,
1 if 0 >q.

Hence, applying Young’s inequality such that both terms have the same
exponent and evaluating, we have

1 M—Z41
B ds < g o

t
[ lGii(e = uts)
tre—1
where (¢ — o)t =max{0,qg — o}.

To apply Lemma 2.7.2, the exponents of Uy,_; corresponding to (2.7.12)
must be of the form 1 4 ¢ with 6 > 0. Hence we require

7o (%) 7t (175
—+—(1-=)>1 and —+—(1-=)>1
pg+1/1’ r we Ty r

which follow from (2.7.2). Rewriting (2.7.12) as a recurrence relation for
Uk11, we introduce the following constants

_ a(ate2) qut,  \+
G = (%)El ( +w) oy = (3) H!JHqu(o,t;L,’iq)e ZA

gtes3 +1 wt (o 2\t
C3 = (%) o ||9||Lw(o,t;Lﬁ)€“"(q 7 )

a(a+e2) q+es
1+e1 7 = —q+1
b = max {2 J2 ra 20 ,
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and exponents

51:1—% 52:%(1—%>+p%—1, 53:%<1—%)+%—1.

Then we obtain ,

Upsr < b+ Z Ce; U’i+5i

i=1

for some C' > 0 depending on ¢, L and . Then setting

Om = min {0y, b2, 03} = Js,
in order to apply Lemma 2.7.2, we require that

Up < min ! (2.7.16)

3y {123} (Ccl)éi

We estimate Uy by (2.7.11) and (2.7.5), so that

t
Up <2 (IluoHZ + Q/O He“’SU(S)HZ16”3Hg(8)|!qd5>

t q—1
<2 (IIUoHZ +q (IluOIIq +/0 e“‘”llg(r)l!qdr>

<2 +0) (lull+ [ e lats)lais)

/0 e—wsng<s>||qu>>

As the previous estimates were for arbitrary A > 0, relabelling C' > 0 to
include b, we want to find A such that

¢; < ¢ (2.7.17)

= d;
(lluolly + gl zr0s29))"

forie {1,2,3}. Set

0 if 0 >q,
(g=o)py .
oy = 3 Palaten L0 S
0 if 0 > q,
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Then (2.7.17) holds if

1

t g1\ =1
24 0) \uouq / e-wsug<s>uqu) ,
0
( ”g

t q02\ q(gfea)
— ||uO||q / e-wsng(s)uqu) and
0

t qd3 +83 (-1
WK —ws o’
A > Ce™ | lgll Lv (o0 (IIUquJr/0 € Hg(S)quS) :

for some C' > 0 depending on ¢,o,r,p,% and L. So taking A\ as the
maximum of these estimates, we have by Fatou’s Lemma,

A\ > Ce@frt

)\ > Cewﬁlt

t
0= lmint Uy > sup [Ga(e“ul@)lg + [ e Gae a7 ds.
t

s€(t,t]
Noting that ¢t was chosen arbitrarily, this implies that
lu(t)]|oo < A forall t € (0,T].
Evaluating constants and simplifying, we obtain (2.7.6). O

The following lemma shows that the growth condition on Gy (e™**u(t))
given by (2.7.5) holds for operators with complete resolvent. In the case
A = 0 this reduces to the standard growth estimate for accretive operators
with complete resolvent.

Lemma 2.7.3. Let 1 < gy < oo and suppose A is w-quasi m-accretive
in L9 with complete resolvent for some w > 0. Let T >0, 1 < ¢ < o0
such that g € L*(0,T; LI N LI*e) for some e > 0 and ug € D(A)qu NLy.
Denote by u(t) the mild solution to (2.7.1). Then we have the gmwth
estimate

IGA (e u(®))]lq < [|Galeu(s))],

t
L I VO TT

forall0 < s<t<T and X > 0.

(2.7.18)

Proof. For u € D(J), we can rewrite the resolvent operator in the
following way,

JAely = (1 — hw)Jitu

1—hw
Then for A 4+ wl having complete resolvent, consider v € R and take
j() = |Ga(a+)]? in the complete resolvent property (2.2.14) with the
resolvent operator J47%! to obtain the estimate

1—hw
q
/ |Ga(av)|Pdu > [ |Gy <04JAJ{°JIU)
by} 1-hw

= IIGA( (1= hw) J'v)f;-

dp

(2.7.19)
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Given s < t, take a partition (s,)nefo,1,..,n} Of [s,t] given by s, = s +

”(t 9 Let
N Sn+1

t—s

Gn = g(T)dr. (2.7.20)

Then let (v, )nefo,1,..,n} be the solution to the discrete problem

— s t—s
Av, = v,_1 +
N TN

vy = u(s).

(I gn1 form =1 .. N,

We can apply the resolvent estimate (2.7.19) to vy, taking h = 5=

Further, let S, = {z € X : W
separate terms.

e—wt
Jos (=), =
efwt
<
<o (iggemsarea)|

Repeating this, we have

Un + hgy,| > A} so that we may

e—wt

fwth
+ (1 — hw)N-n+l ”g” 1Ls, 1H

q

IGA(e™on)lq < ||Ga | ————F 0

(1-=2)" )],

N-1 _
— 5 ewt

N n:(]( —w(}tvs)>

N—n Hgn]lSan

which converges to (2.7.18) as N — oo by the definition of mild solution
and the projection (2.7.20). O

The following proposition introduces the pointwise estimate (2.7.21)
for operators with complete resolvent which we will use as the condition
for applying Theorem 2.7.1 to the doubly nonlinear problem (1.2.1) (see
Section 2.7.1). In particular, this provides (2.7.4).

Proposition 2.7.4. For 1 < gy < oo and w > 0, let A be an w-quasi
m-accretive operator on LI with complete resolvent. Suppose there are
G < qg<r<oo, 1 <o <randC >0 such that A satisfies the
one-parameter Sobolev type inequality

IGA(W)]|7 < C [Ga(u), v + w(Ga(u) + A1), (2.7.21)

for every (u,v) € A and X > 0. Let T > 0, g € L'(0,T;LP) N
LY0,T; LEt*) for some € > 0 and uw € C([0,T]; L®) N L*(0,T; L")
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be the mild solution to (2.7.1) where ug € D(A)“ N L. Then for
every A > 0, u satisfies the “level set energy inequality”

to
—wity q w(oc—q)s —ws o
[GA(e™ U(tz))||3+5/ |G u(s)) |7 ds

t1

to
< ||G)\(6_Wt1 u(tl))Hg—i—)\w/ ||G)\<e_ws ( ))Hq ldS
t1

+ q/ ) e v* ‘[G,\(e_wsu(s)), g]q‘ ds

t1

(2.7.22)
forall0 <t; <ty <T.

Proof. Let {s,}, e{0,1,...,
glven by Sy 1= t + (t2 t1) Then set

N Sn+1
gn(s) = g(t)dr for s € [sy, Snt1)
lo—t
for all n € {0,...,N =1}, which will converge to g in L*(0,T;L%) N
LY0,T; Li) as N — oco. To see this, first check for continuous g then
argue by den51ty Let { vn, },,c (0N} be the associated family of solutions

-----

to the time discretized Cauchy problem satisfying

to — ¢
Vn1 = sy (vn + LgN(sn)> (2.7.23)
Bch N

for all n € {0,..., N — 1} with vy = u(t;). Note that by the complete
resolvent property of A with ug € L% and g € L*(0,T;L%), v, € L
for all n € {0,..., N }. We first obtain a discrete version of the integral
estimate (2.7.22) by discretizing with a telescoping sum and applying a
product rule. For ¢ > 1 we use the following property of g-brackets,

N} be the discretization of the interval [tq, 5]

1 1
[, v]g < §Hu +oll§ - EHUIIZ (2.7.24)

for every u,v € LY. Here we apply (2.7.24) to the following telescoping
sum, taking u = G\(e7“*"v,) and v = Gy(e “*"~1v,_1) — Gr(e ¥ v,).

IGA(e™" 0 )Ilq—HGA( “Mut)|g

—ZHG e o)l = [IGa(e™ oI5

< Z G)\ Wiy G)\( —Wen n) — G)\(Biwsn_l'l]nfl)]q.

Noting that G is a Lipschitz continuous function, we can differentiate
almost everywhere on R. Here we define

1 if |s| > A
Gl (s) = ’
(s) {0 if |s| < A,
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and

Cp = /1 G\ (Be v, + (1 — 0)e "1, _1)d6,
0
so that we can rewrite this difference as an integral of the derivative with
Gr(e™“ru,) — Ga(e "1, 1) = ¢, (e_“’s“vn — 6_“’8"*1%_1) )
Then returning to the estimate in the discrete setting,

[[EN )Ilq— IGA(e™ " u(t))]I3

<q Z G)\ “Wsnyy Y. e (efwsnvn _ efwsn_lvnil)]q

< q Z G)\ I Cp€ Tt (Un - Un—l)]q

Defining
Ry, = [Ga(e™""vy), (cn — 1)(vpn — Vn-1)lg,

we can rewrite the previous estimate as

IGA(e™owm)ll§ = 1Gale™  ult))]F

q(ta —t1) al
< % Z e win-t [G/\(eiwsnvn% —Av, + gN(Snfl)]q

n=1

+CIZ€ WS — 1R +qz —Wsn, e wsnvncn]q <1—6%) .

We now consider the values of v, and v,_; for almost every z € ¥ to
show that R, is non-positive. Note that ¢, <1 and in particular,

{0} if |fe v, + (1 — O)e w1y, 4| < A for a.e. 6 € (0,1),
cr(z) e ¢ {1} if [fe v, + (1 — B)e w1y, 4] > X for a.e. 6 € (0,1),
(0,1)  otherwise.
Since |e"“*v,(z)| < A implies that G\(e “*v,(x)) = 0 and so does not

contribute to R,, we consider only x € X such that |e”“* v, (z)] > A.
Then there will be some subinterval of § € (0,1) such that

|06—w5nvn(l‘) + (1 — e)e_wsnilvn—l(x” > A

implying that ¢,(x) > 0. If ¢, = 1 then ¢,(x) — 1 = 0 and so this will
not contribute to R,,. Hence we only consider x such that ¢,(z) € (0, 1).
Since |e”“*mv,(x)| > A, this implies that either

le™ @1y, 4 (x)] < A
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or

sign(v,_1(x)) = — sign(v,(x)).
For the first case, Gy(e™“*»v,_1(z)) = 0 so
(

)
(G/\(e_wsnvn<x>>>q_l(vn( )_Un 1(z))
= ((Gale™ v, (2))) ™ = (Gale™ 0, 1(2))) 1) (va(2) — v (@)

> 0.

Note that for ¢ = 1, (Gx(v,(x)))?! = sign(Gy(v,(x))). For the second
case, sign(v,(x) — v,_1(x)) = sign(v,(z)) so

(Ga(e™™ n(x)))q_l(vn(x) — Up-1()) > 0.

Putting this together we have that R, < 0. Returning to the discrete
estimate,

IGx(e™2un) 1] = IGA(e™  u(t)) I3

q(ta —t1)
tee 0 Y s Gy, — v + vl
n=1

+ZHG o)1 (1- ).

Note that by (2.7.21),

=

e G (e7 0 y,), Avyl, = e~winte=@=Dwsn Gy o (Vp), Av, ],

w(ta—ty)

= e N e_qwsn [G)\ewsn (UTL)7 A/Un]q

w(to—t1) 1
2 S G )

w(tg—t1)

= 5 g (|| Gy (U1 + A [ Gygon (1) [21)

q—1
_ wsn(oc—q)
w(tg—t1) €
=e N ——||Gy(e0,)||?
‘ N G
w<t27 wsn 7wsn —
—e w ([IGA(e v |12+ MGae™ v [|221) -
Hence we have
e Gy (e7 ), Auylg
wsn(0—q)
€ —Wsp o
> —&—lIGaEe™ )l
w(tz t1) —wsn —wsn, _
—e w ([IGA(e™ w12+ M| Gale™ " va)[I277) -

We now aim to take N — oo, first converting the discrete sums to
integrals. Let Uy be a stepwise solution to (2.7.23) such that

Un(s) = voloy(s +Zvn ($n_1,5n] (8
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for every s € [t1,15]. We have
IGA(e™om)ll§ = 1Gale™ " ult:))§

N
Q(tQ - tl) ewsn(cr 9 —wsn I
< —TZ —HGA( o) |17

+e N w[Gr(eTy,), Ga(eT ) — Asign(Ga(e™“ uy,))],

+e T [Ga (e ), gzv(%)b)

-3l (1)

to—t] g

ds

T

t
< _g 2 w(o’ q)(S sign(oc—q) t1 HG —w(s+ 2 )UN)

t1
qw(to—ty)
e~ —1

to—11 t1

w(ta—t1)

w(t
+ —qwe N

[ e =uias

1)

+ qw)\e

= [leeultas
+q/ /IGx(ewsUN)l“\gNldudS-
t1 )

We now prove convergence of each term in the estimate in order to
obtain the continuous version (2.7.22). Noting that Uy(s) — u(s) in
C([0,T]; L) and since [|-[| and [|-||7 are lower semicontinuous on Lf,
we have that

lim inf[| G (e “2on)||¢ > [|Gale ™ u(t))]|?
N—o0

and applying Fatou’s lemma,

to
lim inf ew(0—a)s
N—oo t

[2)
> / 005G (¢*u(s)) 2 ds.

t1

Uds

T

Gale T U (s))

Next, note that by the complete resolvent property of A and Lemma
2.7.3 we can estimate Uy and v in L{ uniformly on [0, T]. Hence let M
bound both ||Un||, and ||u]|,.

quwt

1—e % t2 1—e % ta
— / HG,\(e_"JSUN(S))HZdS < — T / Mids
N t N t
— 0

as N — 0. For the next term we prove uniform convergence of G (e “*Ul)
to Ga(e™*u) in C([0,T]; L%") when A > 0. For this fix s € [0,7] and
let

fn = GA(e™"Un(s)) — Gale " u(s))
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so that fy — 0 in L%, We note that
Ifnllg < 2M

and by Chebyshev’s inequality

pu{rx e X:|fn] >0}) <pu{zx e X: e |Uy| > Xor e ®?|lul > A})

1 —ws —ws
< 5 (e Un($)llg + lle™ uls)llq)
2M

< —.

Here we consider cases for q. For ¢ — 1 > ¢y, apply Hélder’s inequality
with 6 chosen to satisfy

to obtain

) . 0 1-6
Jim || fllg—r < Jim (Ll 1l ™) = 0.

For ¢ — 1 < qo, we apply Jensen’s inequality noting that |- |% is convex.
Let
Yy={xeX:|fn] >0}

then we can again estimate fy with

90

1 fxlla=1 < m(EN) T fnllgo-

Note that for ¢ — 1 < 1, we have
HGA(e™ U521 = |GA (e w)[[5=

S/“G,\(B_WSUN)‘[]1—|G>\(e_wsu)|q1’d,u
2
< [ 1t au

2

lim [|G(e™*Un () 12=1 = [[Gale™*u(s))]l52;
N—o0

q—1-

so that

For the last term, note that gy — g in L'(0,7; L%) as N — co. So by a
corollary of Riesz-Fischer, there exists a subsequence N, and a function
h € LY0,T;L%) such that |gy,(z)] < h(z) for all k and a.e. z € X.
Similarly, interpolating between ¢g and g + ¢,

1GA(e*Un(s)) = Gale ™ u(s))ll4
< IGA(e™Un(s)) — Gale™u(s)) g, %
IGA(e™*Un(s)) — Gale™u(s)) g7

q+e
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for some 6 € (0,1]. Then with Uy and u bounded in L,
Gr(e™*Un(s)) = Ga(e “"u(s)) in L¥ as N — oo

uniformly for all ¢ € [0, T]. Hence taking another subsequence we have a
dominant Hy € L>(0,T; LZ). So we can estimate the integrand pointwise

|Ga(e7*Un, (5)) ' gn| < H'h ae.on ¥ x[0,7).

Moreover this dominant is in L'(0,T’; L,,) with

to
-1
[ [ mrthands < oo
t1 >
Hence we apply dominated convergence to obtain the continuous estimate
(2.7.22). O

We now show that the pointwise estimate (2.7.21) from Proposition
2.7.4 implies a similar estimate when adding a Lipschitz perturbation.

Lemma 2.7.5. For 1 < q < oo, let A be an operator on L}, and suppose
there are 1 <r <oo, 0 >0,we€R, A >0 and C > 0 such that (2.7.21)
is satisfied for all (u,v) € A. Let F': L% — L% be Lipschitz continuous
with Lipschitz constant w' > 0 and satisfying F(0) = 0. Then, the
operator A+ F in L% salisfies

|GA(w)]|7 < C [Ga(u), v+ (w+ W) (Ga(u) + Asign(u))],.  (2.7.25)
Proof. Let © = v+ F(u). Then, since [-, -], is linear in the second term,

)
[Ga(u), 0+ (w + W) (Gr(u) + Asign(u))],
= [Gr(u),v + w(Gx(u) + Asign(u))], (2.7.26)
+ [Ga(u), F(u) + w'(G(u) + Asign(u))],.

By the Lipschitz condition,
—'|u| < F(u) < w'lul.

Hence

[Ga(u), F(u)]g > —w'[Gr(u),ulq
—Ww'[Ga(u), Gr(u) + Asign(u)],.

So applying this and the initial assumption to (2.7.26), we have (2.7.25).
[

We now extend the L — L7 regularity of Theorem 2.7.1 to obtain
L, — Ly® regularity as in Theorem 2.1.3. For this we consider (2.7.6)
applied to 4y = u(5) and g(s) = g(s + £). The following theorem is
an extension of [50, Chapter 4] and in particular with r» = co gives the
desired regularity result.
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Theorem 2.7.6. For 1 < ( < g < r < oo andT > 0, let g €
LY0,T; L, N L) and w : [0,T] — L, such that w € L>(0,T;L,, N L)
satisfying the exponential growth property (2.7.18) for all0 < s <t <T
and some w > 0. Suppose there exist increasing functions c(t), ca(t)
with ¢1(t) > 0 and cy(t) > 0 for all t € (0,T] and exponents o > 0,
0 <" <v < oo such that

@)l < max {en($) (2 +w)" (Dl + lllorg zpy)

,Y*
() ()l + 19llrct i }
for every t € (0,T). Define

(]

and suppose that @ > 0. Then for all € > 0 one has the LfL — L}, estimate

(2.7.27)

|
Q=

| =
3 =

x
6

lu(®)]], < 2 (2 + sup N<s)9> max{cl(t)

S

(+ +w)%, 2(t>é} N

s€(0,t]
Oy
t 0
(ol + [ = lg(r)lear +¢)
0
(2.7.28)
for all't € (0,T] where
1
s s g 14 —|—C EARY
N(t) := sup <2>H9HL1( 5;L%) 2(2) -
-

€O M(s)7 (es]|u(0)||e + [y e || g(T)]le AT + €)
M(t) = max{cl(t)% ( —|—w)% (t)%}’

and

Q=
S =

eg =

|
3=

Note that (2.7.28) may be infinite when ¢ = 0 and ||u(0)|, = 0.

Proof. We first note that since v* < 7, we can estimate

*

v v
()l + Nl gay) - < max {1, (@l + Nollzacscs)) )

for t € (0, 7). Hence, taking (2.7.27) to the power %, we have

2=

1 a
lu@IlF < masx{er($)7 (2 +w) 7 (JuDlle + Ngllos gz

2($)7 (Il + lgllircsnesy ) »e2(2)7
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We then apply standard interpolation on the L? norm with exponent 6,
and the growth estimate (2.7.18) on [lu($)]|¢ to obtain
0¢

Ju(t)], < <ewt||u<o>||z+ / ew“ﬂugv)mdr) )1

for all £ € (0, 7). By choice of 6, 6, we have the relation
'y(l—@) =1-—40.

Then for all ¢ € (0,77,

0¢

)17 < M3 <e“f|ru<o>|u+ / iew@-ﬂug(ﬂru) ()l

0

2=

+ M)l g a) +eal$)
(2.7.29)

We aim to produce comparable terms on either side of this equation.
Since ¢; and ¢, are increasing, M (%) < 27 M(t). Furthermore,

o ? ko
e |u(0) e + / G g(r) e dr
0

t
<ot (el [ eIl
0

Hence we define

Ku(t) = M) Ju()l? — fort e (0,7]

(e luO)lle+ fy e=C=Dllg(r)ljedr +) *

(2.7.30)
in order to estimate and rearrange (2.7.29) into a relation involving K,
and N. Now we fix t € (0,7] so that after rearranging we may take a
supremum over (0, ] to obtain

sup K,(s) <270 sup K,(s)'"% + N(t).
s€(0,t] s€(0,L]

We now aim to split the forcing term N (t) so as to incorporate this
into each K, term. For this we define D(t) > (279)s for ¢ € (0,T] such
that

D(t) — 270 D(t)' =% = N(t). (2.7.31)
Noting that § € (0,1), this is possible as the function f(z) = x — ca® for
¢ >0 and a € (0,1) is continuous, satisfies f(cﬁ) = 0 and is strictly
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increasing for x > (ozc)ﬁ (in particular for x > cﬁ). Further, we can
estimate (2.7.31) by

N(t) = (D)) 7 (D) - 2%)
> (D(t)9 - 2%>;
so that 1
D(t) < (27 + N()°) " (2.7.32)
Then,
1-0
s Ku(s) = D(t) < 27 S(upt] K.s)| —D@)’

Noting that K, (s) is bounded for all s € (0,T], either

sup K,(s) < D(t)

s€(0,t]

or we can extend to a supremum over (0,¢] and combine terms, obtaining

s€(0,t] s€(0,t]

amkuﬁ—D@§2%<wpKA$—D@)

s€(0,t]

0
( sup K,(s) — D(t)) < 2%,
In either case, we have the uniform bound,
1
Ku(s) < (297)" + Do)
for all s € (0,¢]. Applying (2.7.32), we have

R0z (25 + (w10’

<2 (2% + N(t)e)
Rewriting this as an estimate on ||u(t)|, we obtain (2.7.28). O

2.7.1 Application to the doubly nonlinear fractional
diffusive equation
By Theorem 2.4.1 and the proof of Theorem 2.1.1 we know that the

operator (—A,)*p+ F' is m-accretive in L' with complete resolvent where
F' is the Nemytskii operator of f(-,u) satisfying (2.0.3a)-(2.0.3b). Hence
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to apply Theorem 2.7.1 we first prove the pointwise estimate (2.7.21)
for the operator (—A,)*p in L', giving Proposition 2.7.4 and thereby
outlining the proof of the L™+ — > estimate of Theorem 2.7.9. We
then apply Theorem 2.7.6, proving the Lf — L* estimate of Theorem
2.1.3.

The following lemma allows us to estimate the key term for (2.7.4),
namely the g-bracket [Gi(u),(—A,)*(u™)]m+1. In particular, the re-
striction m > 1 in this lemma results in the same restriction in The-
orem 2.1.3. Recall that we use the notation ™ = |r|™ r for powers and
that G\(r) = [|r| — A\]T sign(r) for r € R.

Lemma 2.7.7. Let 1 <p<oo,m>1and A\ > 0. Givena, b € R define
ay = G,\(a), b)\ = G,\(b) Then,

(@™ = b™)PH(al —0y) > [a} — bY [P,
Proof. If ay — by = 0, both sides are 0. For ay — by # 0,

sign(ay' — bY') = sign(a™ — b™)
™ — B3 @™ — ) (@l — BT) = [a™ — b o — B
so we only need to prove that |a}" — by'| < |a™ — b™|. We take cases,
assuming without loss of generality that |a| > |b]. First suppose that

la| < Xor |[b] < A sothat ay = by = 0 and the inequality is clear. Next,
if |b] < A and |a| > A, then

o} = 03| = (la[ = A)™ < (la] = o)™ < |a[™ — [o[™ < |a™ — b™].

Hence we consider cases for a, b corresponding to |a| > A and |b| > A.
Suppose that a > A and b > )\ Then noting that for m > 1, |z|™! is
non-decreasing on the set [0, 00)

/ mlz — A" ! da

— (="
Similarly for @ < —\, b < —), noting that |z|™! is non-increasing on
(_007 0]7
a =" > (a+ A" = b+ A"

Finally, suppose that a > A and b < —A (similarly for a < —A and b > \).
Then

o' =03 = (@ = X)" = b+ A)™
<am—-0b"

= |a™ —0™|.
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We can now derive the pointwise estimate for Proposition 2.7.4, giv-
ing the Sobolev-type inequality required for Theorem 2.7.1 in the case
of (1.2.1). Recall the notation of g-brackets from Section 2.2. In this
case with ¢ = m + 1 for m > 1, the g-bracket is given by

[ty Ut = / ™ dy
Q

for every u, v € L™*!,

Lemma 2.7.8. Let Q be an open domain in R?, d > 1. For1 < p < oo,
0 < s < 1, define p, according to the Sobolev embedding (2.1.7). Suppose
that sp < d or § is bounded. Let p(r) = r™ for r € R where m > 1.
Then (—A,)%¢ satisfies the one-parameter Sobolev type inequality

1GA(w)[[mp, < Ca [Ga(u), (=Ap) 0 (1)]m41 (2.7.33)

for all p(u) € Wg’@’p) and A > 0. In particular, this is (2.7.21) with
g=m+1,w=0,0=mp andr =mps. If sp < d, Cy depends only on
d, otherwise it depends on s, p, d and |.

Proof. Let u™ € W*?) By Lemma 2.7.7 one sees that

[G)\U m ]m+1

/ / — (u(t7 y))m|p72((u(t, l’))m B (u(tv y>>m)

|z — y|dtor

X
((Gw(t, )™ — (Gau(t,y))™) dz dy
/Rd /Rd (Gu(t, ZL‘| — (Gyu(t,y))™P Az dy

T — |d+sp
[(Gau(t,x))",

By the classical Sobolev inequality for Gagliardo semi-norms (cf. [89]),

when sp < d
[ullp, < Calulsy

where p, is given by (2.1.7). Otherwise we use the embedding,

[ullp, < Ca(llully + [ulsp)

and the general estimate (see [91])
[ull, < Cluls,

for u € Wy* where C' depends on s, p, d and |Q2|. Applying these to
G(u) we obtain (2.7.33). O

With these preliminaries we can now apply Proposition 2.7.4 and The-
orem 2.7.1 to prove the L™ — L regularisation effect for the doubly
nonlinear nonlocal problem (1.2.1).
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Theorem 2.7.9. Let ) be an open domain in R, d > 1. Suppose p > 1,
0<s<1, and m > 1 such that

sp

m(p—1)>1—(m—|—1)d

(2.7.34)
Suppose that sp < d or §2 is bounded. Let q; = ps if p # % and q; >
max {p,1+ L} ifp=2. Let T > 0 and g € L'(0,T; L')NL¥(0,T; L”) N
LY0,T; L™+ for some e > 0 where p > m + 1 and ¢ > 1 satisfy

(1-2)  imp-1=1,

D (miﬂ — qi> ifmp—1) < 1. (2.1.9)

1
<1¢
_1
<({l1-3

D= D=

Let u(t) be the mild solution to (1.2.1) for ug € L' N L™, Then one
has that

(@)oo < Cmax {e" (4 + )" ((luollmsr + llglliroen)”

gl w 0.0y (t0llmrr + 119l 22 0,52m1)) ™ }

(2.7.35)
for all 0 <t < T, where we have the exponents
11 (1_l)<l_i>_i
P as P P gs pp
Y=, 1 T T ! . ! )
s _ 1 m_ 1) L, 1
(-3 E-2)-5+7% e
1 1
= _miiy 1T m mal’
mp(1 mqs> mp <1—%b> (1— m'gj) +1_T+1
and
T
me il gfm(p—1) < 1,
51 = m+1l mgs
0 ifmp—1)>1, (2.7.37)
5 n(m+1—mp)<1—i> ifm(p—1) <1,
2 pu—
0 ifm(p—1)>1

Proof. Let F be the Nemytskii operator of f(-,u) and £ the energy func-
tional (2.0.4). Then by Theorem 2.1.1 and the proof thereof, (—A,)*p+F
is w-quasi m-accretive in L' and a mild solution to (1.2.1) exists in L'
for all ug € L'. By Lemma 2.7.8 and Proposition 2.7.5 we have that
(—A,)*p+ F satisfies the one-parameter Sobolev inequality (2.7.21) with
g=m+1, 0 =mp, r =mqs, C = Cy and w the Lipschitz constant of
f. Note that for g5 we have chosen p in the Sobolev embedding (2.1.7).
Then we can apply Proposition 2.7.4 with ¢y = 1 to obtain an estimate of
the form (2.7.4) with L given by mc—tl To satisfy the conditions on ¢, o,
r we first note that all are in [1, 0o] with ¢ and o finite given that p < oco.
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Then o < r is equivalent to p < ¢s. This is clear when p # g. However
in the case p = Cgl we must choose ¢; > p. For ¢ < r, we require that
m+1 < mg,. When p < £, this implies that 1 4+ L < (% — 2)71, equiv-
alent to (2.1.8) with £ = m + 1 and so is satisfied given that ¢ < m + 1.
When p = g, we choose ¢ > 1 + % In the case p > % the inequality
is clear. We now apply Theorem 2.7.1 to obtain (2.7.35). For this we
also need m+1 < p < oo and 1 < 9 < oo to satisfy (2.7.2), hence

requiring (2.1.9). O

We now extend this to the L' — L* regularisation estimate of Theo-
rem 2.1.3 for the doubly nonlinear nonlocal problem (1.2.1) by applying
Theorem 2.7.6.

Proof of Theorem 2.1.3. Note that for £ < m+1, (2.1.8) implies (2.7.34).
We apply Theorem 2.7.9 to u(s) = u(s + %) and g(s) = g(s + %) to
obtain (2.7.27) for all t € (0,T] with

=

S

C1 (t) = 0661Wt7 Cg(t) = C@ﬁ2wt||g||2¢(07t;[‘p)a Y=

i

_ 1
+1 gs

3

We now aim to apply Theorem 2.7.6, taking g and r in this theorem to be
m+ 1 and oo, respectively. By Corollary 2.4.4 we have that the operator
(—A,)°¢ + F is w-quasi m-accretive with complete resolvent. Hence by
Lemma 2.7.3, u satisfies the exponential growth property (2.7.18). We
also require that -, < v, equivalent to

S 1 —m(p— 1)‘
2 —1_z
as
This is satisfied by (2.1.8) when p < ¢ since p > m+1 > ¢, by the choice
of ¢gs when p = g and since p > 1 when p > %. For the condition 6 > 0
of Theorem 2.7.6, we require that

14
1— 1—— )
7( m—|—1)>0
d

In particular, this holds by (2.1.8) in the case p < ¢, by the choice of
s when p = C;l and since ¢ > 1 when p > %. Hence we may apply

Theorem 2.7.6 to obtain (2.1.10). O

2.8 Derivative estimates

We now consider the case ¢(r) = r™ with m > 1 satisfying (1.2.3), refin-
ing the estimates of Section 2.5 in the case of the fractional p-Laplacian.
Importantly in this case we have the L* — L* regularizing effect of Sec-
tion 2.7 and the function ¢'(r) does not blow up as r — 0. This allows
us to remove the L* condition on the initial data under the assumptions
of Theorem 2.1.3.
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We first introduce a Lipschitz continuity result for ¢ > 0 analogous
to Lemma 2.5.1, but with less restrictive initial data. This is due to the

homogeneity of the composed operator for such power-like . Recall that
V(g,t) is defined by

t/(1+€) _
V(g,t) = lim sup/ T llg(r 1+ 65)) 9|l dr (2.1.14)
0

£—0t

for 0 <t<T < 0.

Lemma 2.8.1. Let Q be an open domain in R?, d > 1 and T > 0. Let
p>1,0<s<1and f(-,u) satisfy (2.0.3a)-(2.0.3b). Suppose p(r) =r",
r € R form > 0 such that m(p — 1) # 1. Suppose g € L*(0,T; L") and
V(g,T) < oo. Then every mild solution u to (1.2.1) with ug € L' is
Lipschitz continuous on each compact subset of (0,T], satisfying

. u(t + h) —u(t Ce?t !
i sup 141 Z 0Ol (Huoul+l/"ug@ﬁuldf)
0 (2.1.15)

h—0+ t
wt

+ V(9.
where C' = %.
Proof. We note that (—A,)*-™ is homogeneous of order a = m(p — 1),
so we apply [20, Theorem 4] with forcing term f(t) = —F(u(t)) + g(t).
Using the Lipschitz property of F' and supposing that « is a mild solution
to (1.2.1), we have for all t € (0,7,

\mua+o>—mwmsvv41+a¢w(AuwwﬂM+wmﬂMdQ

1 —(1 e (146t
lreCrd ‘(/’ vamrwmvmﬂh>
0

1+¢

+O+fﬁ¥wAHMﬂ1+®%—MﬂMdT

t
+ 1497 [ lglr(1+€) = o)
0
_1
+2[1 — (1 + &) 7= |||uo][1-
Applying Gronwall’s inequality,

[u(t(1 +€)) = u(®)]h
< (Il — (1 +¢ra| (2HU0H1 +/0 wlfu(m)ll + lg(7)l dT)

(1+6)t
+[1 =1+ (/O wllu(r)ll + Hg<T>H1dT>

+<r+®¢aAanu+s»—nguh)4H@ﬁwa
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Letting a = m(p— 1) and dividing through by &, we can take the lim sup
as £ — 07 to obtain the estimate

lim sup u(t(1+&)) — u(t)| < et (1 + ) (/OtWHU(T)Hl + Hg(7')||1d7)

£—0t 6 ‘1 - C“’

2uollr |
wt t .
+e (|1_a|+V(g,)

So we apply the growth estimate on u in L! given by Theorem 2.1.1 and
divide through again by ¢ to obtain (2.1.15). O

We have the following corollary to Lemma 2.5.3, applied when ¢(r) =
r™, r € R with m > 0 and £ is given by (2.0.4).

Corollary 2.8.2. Let Q CR%, d > 1, and m > 0. Suppose that f(-,u)
satisfies (2.0.3a)-(2.0.3b) and g € BV(0,T;L') N L'(0,T; L>). Then
every strong distributional solution u of (1.2.2) in L' with initial data
ug € L™ satisfies

2m ' k2
m+1)2 )"
0 Q

t
g(h+m/kk+1+w@&W@N$H®
0

2 tk+2
deds+ %[um(t)]gp

m+1

d =
ds

t
+ m/ ((k+2)* + w?s?) s"||lu(s)||mt] ds
0

) 1 t—h .
i [ gl 4 b = g(s) s [l P
0

t
Lok +2) / 4 g(8)1[1 s [ Poe 000
(2.8.1)

forallt € (0,T) and k > —1.

We now apply and extend Lemma 2.5.3 using the L' — L® regularity
of Theorem 2.1.3.

Lemma 2.8.3. Let Q) be an open domain in R, d > 1, T >0, p > 1
and 0 < s < 1. Suppose that sp < d or €2 is bounded. Let m > 1 satisfy

m@—U>1—%. (1.2.3)
Further suppose that f(-,u) satisfies conditions (2.0.3a)-(2.0.3b) and g €
BV (0, T; LYY N LY (0, T; L'">). Then every strong distributional solution
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u of (1.2.2) in L' with ug € L* satisfies, for all e > 0,
t ~
I/
0 Q
2 a whBit po wPat n %
< Ot(1+wt) max{(l—l—wt) Bt 1o ||g|\m(07t;m}

t 0(3;11)"_1
(et [ e Mgar+e) ™ @ vom)
0

t
€ [ gt ar
0

2
dppdr + t¥[u™ ()]

S,p

m—+1

> (7)

4,
dr

(2.1.16)

forallt € (0,T], where & = %" +2, N(t) is given by (2.1.11), exponents
are given by (2.1.12) and the estimate is possibly infinite when ¢ = 0.
Here C' depends onm, p, s, d, qs, p and ¢ (and || when sp > d).

Proof. We estimate (2.5.4) from Lemma 2.5.2 further by also applying
Young’s inequality to the last term. This gives

¢
m k+2/
—_— | T
(m+1)2 /o Q
¢

< / ((k+2)(m + 1) + (k + 2wr + w?mr?) ™ ult dr
0
t
—i—(k—i—2)/ Tk“/gumdudT
0 Q

¢
—I—m/ Tk+2/ lg[Pu™ " dpdr.
0 Q

Furthermore, we have

2
tk+2

dpdr + %[um(t)]gp

m—+1

d e
dTu

1 m
k+1 md, < k+m+1 m+1 k m~+1
P ol du < = gl el

and

2 —1
/ gPla™ " dp < — kgt T Lk

m+1 m—+1 mtl:
So we can estimate
t 2 k+2
m ez [ ey g ™ ()P
— — +—[um(t
TESi / r / G| dndr+ o,

t
< 2/ ((k +2)(m +2) + & (m + 1)) ™ ul ) dr
0

k; t m m
+ <2+m—+1)/0 TR gt dr
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We estimate ||ul|+1 by |lull1 by applying Theorem 2.1.3 to ||ul/~ and
the standard growth estimate to ||ul|;. We have,

lu@®limin < lu@®)lflu@)ll
T

< (C'max {e“ﬁlt (% + w)a ,ewﬁ2t||9||2w(o,t;1;p)} (1+N(E)™) x

t Tntyo T1
wt w(t—T)
(e ol + [ e ||g<¢>||1df+e)
0

where variables are given by (2.1.11) and (2.1.12) with ¢ = 1. Note that
we require (1.2.3) to satisfy condition (2.1.8) of Theorem 2.1.3. Then for

k= 2 we define & = °F* + 2, giving (2.1.16). O

For Theorem 2.1.6, it remains to prove that under the given assump-
tions, for all uy € L' the mild solution u to (1.2.1) is a strong distri-
butional solution in L!. We prove this similarly to [22], noting that the
L' — L regularizing effect and the Lipschitz continuity in L' given by
Lemma 2.8.1 allow us to obtain similar key estimates with less regularity
of the initial data. However, we use [75, Lemme 2.1] rather than [22,
Theorem 1.1] to apply this to general open domains.

Proof of Theorem 2.1.6. Fix uy € L' and let u be the mild solution
in L' to (1.2.1) with initial data ug. Consider a sequence (ugn)nen C
D((=Ap)p1n=tp) such that ug, — uo in L' as n — oco. Such a sequence

exists because D((—Ap)fLmooga) C ﬁ((—Ap)lemw and

D((_Ap)leﬂoo90)Ll =L

by Theorem 2.1.1. Applying Theorem 2.1.2; (ug,)nen generate strong
distributional solutions (u,)neny in L' satisfying u,(0) = ug, for each
n € N. Moreover,

u, —u in C([0,T]; L")

as n — 00.

Consider 0 < t; < to < T. Then by Theorem 2.1.3 and the standard
growth estimate in L', w,(t) € L' N L> uniformly for all ¢ € (ty,t)
and n € N. Let v, = ¢(u,) for n € N. Then since (u,)ney is uni-
formly bounded in L*(ty,ty; L), we have that (v,),>1 is bounded in
L>(t1,ta; L) and so taking a subsequence, we can relabel such that

v, = v weakly-x in L>(tq, to; L)
for some v € L>®(t1,ty; L>). Since p(r) = r™ with m > 1 is increasing,

one has that v = p(u).
Define 8 = o1,

Buyalr) = / By () dr,
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and w,, = f1/2(¢(uy)) for n € N so that

w! (t) = gp’(un(t))%(t) for almost every ¢ € (0,7).

By (2.1.16), we have that (w,, )ney is uniformly bounded in W2 (¢, to; L?)
uniformly for all n € N. So taking a further subsequence (ny)g>; with
ng, — oo for weak convergences and relabelling, we have

wy — w  in O([ty,ts]; L?) and
w), — w'  weakly in L*(ty,ts; L?).

We have
Buaten) = Bia) = | [ (Y ) ar

< Jok — v[2|B(vx) — B(v)|2.
Hence w = B1/2(¢(u)). Define ¥ : R(f1/2) — R such that

‘I’Oﬁl/Q = B.

Then ¥(0) = 0 and by [22, Lemma 4.3], ¥ is locally absolutely continuous
on R(f12). In particular, ¥ € W'(R(B1/2)). So u = U(w) where
w € WH(ty,t; L?) and ¥ € W (R(B12)). Moreover by Lemma 2.8.1,
u € BV (ti,ty; LY). Then by [75, Lemme], u € Whi(t;,ty; L') and for
a.e. t € (t1,t2),

du , dw

Since t, to were arbitrary, we have that v € W-!((0,T); L') and hence
is a strong solution to (1.2.1). Then by a standard localisation argument
and the continuity of 1/¢’, we can apply lower semicontinuity of the L2
norm and £ to obtain (2.1.16) for uy € L.

To prove the distributional property we apply the method in [22,
Lemma 4.2] given that u € W1(t, t5; L'). Then for ¢t € (0,T), ¢(u(t)) €

D((—Ap)pane). O

2.9 Strong solutions on open domains

In this section we prove Theorem 2.1.8. That is, we establish the exis-
tence of strong distributional solutions of (1.2.2) in L! for an open domain
Q) C R? To do this, we approximate the unique mild solution u given
by Theorem 2.1.1 by strong distributional solutions u, in L'(€,). For
this we cover € by (£2,),>1, an increasing sequence of open and bounded
subsets of 2. By Theorem 2.1.2, we have strong distributional solutions
(un)n>1 of the associated initial boundary-value problem

ou,,
ot

+ (=A))°ult + f(x,u) = g(z,t) in Q, x (0,7),
Un =0 in R\ Q, x (0,7), (29-1)

un(x,0) = ugy, on Q,,
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where for each n > 1, ug, is a function in D((—Ap)fLmoo-m) and g,
converges to the ug of (1.2.2) in L.

We note that the existence of mild solutions to (1.2.2) for initial data
in L' and the density for initial data which we use for this approximation
both rely on the density result (2.1.1) of Theorem 2.1.1 for which we have
the sufficient condition ¢ € Wi;?(R) for ¢ € (1, 0c]. This results in the
restriction m > s in the statement of Theorem 2.1.8.

Due to our subdifferential setting, (—A,)* depends on the domain €,
moreso than just extending by 0. In particular, this is due to the space for
test functions, W being larger for larger €2, (see Proposition 2.3.1).
To provide the rigorous functional analytical setting of this approxima-
tion argument and the dependence on §2,, explicit, we introduce notation
for the doubly nonlinear operator on L(€,,) for n > 1.

We define the energy functional &, : L*(€,) — (—o0, +00] by

Llulz, if ue WyP(Q,
Sn(u):{%[u]w ifu e Wom™ (€), (2.9.2)
—+00 otherwise.

We then define the fractional p-Laplacian on €2,, as
(—=Ap)4, U = Or2(0,)En(u)
for every u € D(9p2(,)Ex). We denote the restriction to L'"(Q,) by

(=B aree = { () € L(Q0) X L) [0 = (—4,),u .

Finally, we have the associated doubly nonlinear operator on L'(,)
given by A, := (—Ap)f%moo-m“m"), defined as in Definition 2.0.1.

For f(x,u) satisfying, (2.0.1) and (2.0.3a) and F' the Nemytskii oper-
ator of f on L! as usual, we denote the associated Nemytskii operator
on L'(Q,) by F, for n > 1. We can compare such F,, much more simply
by extending functions by zero since here we only have dependence on
the domain of the function itself (and not any test functions which could
restrict the domain of F),).

With this setting, we now introduce the following Cauchy problem in
L*(9,), corresponding to (2.9.1),

{%L;(t) + Antn(t) + Fu(un(t)) = g(t)  in (0,7),

. (0) (2.9.3)

u

In order to compare solutions to (2.9.1) with solutions to (1.2.2), we
want to view both as problems in L!. Hence we introduce the following
extension for A, to an operator on L'. That is, on L*(€2) rather than
LY(Q,). Let

(2.9.4)

~ [An(ulg,)|(z) for x € Q,,
0 otherwise,
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for n > 1. This simply restricts functions on Q to €2, and extends
functions in the range of the operator by zero. So solutions u, to the
Cauchy problem (2.9.3) can be extended by zero to be defined on Q x
(0,7T) and thereby satisfy

du,
dt

(t) + Aptin () + F(un(t)) = g(t) in (0,7), (2.9.5)

To prove the convergence of (uy,)n>1 as (2, grows to cover €2, we require
the following two results. The first lemma gives us a comparison principle
for the fractional p-Laplacian on subdomains which we will then apply
in order to approximate solutions to (1.2.2) by solutions to (2.9.1).

Lemma 2.9.1. Let 1 <p<oo, 0<s <1, m>s, he LR and Q,
Qs be open subsets of R? satisfying Q1 C Q. Define

= (I +MA, 4+ F))Y(hlg,) and
= (I + A(Az + F)) ' (hlg,)

for 0 < X\ < 1/w. Suppose h(z) >0 a.e. on R Then wy < wo a.e. on
R4,

Proof. By a standard density argument it is sufficient to consider h €
L' N L> with h > 0 so that w;, wy € L' N L. In particular, then w;, €
D((—=Ap)8, 1n00) and wa € D((—Ay)8, 1n00) When viewed as functions on
21 and 2, respectively, since they are both zero outside their respective
domains. Moreover, by (2.2.13), since h > 0 we have that w; > 0 and
wy > 0. We aim to estimate (w; — wq)™, hence we introduce a sequence
of ¢ € C'(R) to approximate signg (wy — wa) := Ly, >u,}. In particular,
we require that 0 < ¢ < 1, ¢(r) = 0 for r < 0 and that there exists
M > 0 such that 0 < ¢'(r) < M for all r > 0. For convenience, we define
Q := q(w; — wy). Note that @ = 0 in R\ Q; and

([ et w2<|a;>>_ = ) = O o)

=7 (/]R /R e yx)_ ;,fi(g) alZl)d dy dx)

< M([wl sp Tt [Walsp)

hSA

B =

so that @ € Wg’(Q’p)(Ql) and hence also in WS’(Q’p)(Qg). We have that
/ (w1 — we)q(wy — we) dz = —)\/ (Ajw; — Ayw,)Q dx
Rd R
A [ (Pl - Flus)Qds.
R
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Estimating the first term,

_ALI(_AP)El,Iﬂm(wT)de+)‘\/§; (_Ap)?lz,lﬂoo(w;n)QdI

2

I(z,y)(Qz) — Qy))
- /de |z — yldter d(@.9)
where
I(z,y) = (w"(z) = wi"(y))'" = (w5 (z) — wy'(y))' "
and

signg (I (,y)) = signy(Q(z) — Q(y))

for all z,y € R%. In particular,
—/\/ (fllwl — AQU}Q)Q dz S 0.
Rd

For the second term we apply the Lipschitz continuity of F,

- /Rd(F(wl) — F(wy))Qdx < \w /Rd(wl — ws)(q(wy) — q(ws)) dz.

By a standard approximation for signj, we then have that

(1-)w) /Rd(wl —wy)Tdz <0

so that w; < wy a.e. in R? given that A < 1/w. O
We can now prove the following approximation result for (1.2.2).

Proposition 2.9.2. Let Q be an open subset of R4, d > 1, p > 1,
0<s <1, m>s and suppose (2,)n>1 is the sequence of open subsets
of Q defined by 2, = QN B, where B, is the ball centered at the origin
with radius n. Then, for every uy € L', there is a sequence of functions
(Uo,n)n>1 Wwith ug, € LY(Qy) and ug', € D((=Ap)8, 1ne0) for each n > 1
such that

lim woplo, =uy n L.
n—oo

Moreover, for each n > 1, there is a unique strong distributional solution
uy, of the Cauchy problem (2.9.3) such that extending to 2 by zero,
lim u,lg, =u  in C([0,T]; L") (2.9.6)

n—o0

for every T' > 0, where u is the unique mild solution of problem (1.2.2).

Proof. By Theorem 2.1.1, for each n > 1, we can approximate uglg, €
L'(,) by a sequence (ug)ren With ufy, € D((=A)8, 1ns). Taking a
diagonal subsequence and relabelling, we obtain the sequence (ugp)n>1
of the proposition. Moreover, by Theorem 2.1.2, for each n > 1 there
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is a unique strong distributional solution wu, of the initial value prob-
lem (2.9.3) with initial data wg,. Then, when extended by zero to be
defined on Q, u, is also a strong distributional solution of (2.9.1) and
therefore a strong solution of (2.9.5).

Next, by Corollary 2.4.4 (see also [50, Section 2]), for every A > 0,
the resolvent operators Ji ™" := (I + A(A, + F))~' and J{F .= (I +
AA + F))~! are contractions on L'. Furthermore, by the m-accretivity
of A, + F, on L'(Q,), A, + F is also m-accretive on L!'. Then since
Un0 — up in L', applying [12, Proposition 4.4 and Theorem 4.14], (2.9.6)
is equivalent to showing that for every h € L' and every 0 < A < 1/w,
for i

w = J;\“Fh and  w, = J/’\4"+Fh,
one has that

lim w, = w in L. (2.9.7)

n—oo

Hence we now aim to prove (2.9.7). By definition of A,, we can write

wn(a) = {00 (@) i€ 9,
! o otherwise.

By [50, Proposition 2.19],
w™ € D((=Ap)ine) and  wy' € D(<_Ap>?2n,1ﬂoo)
for every n > 1. Moreover,

[w]l1r00 < =55 1 hll1m0o
and
w1000 < ﬁ”hﬂmoo for every n > 1. (2.9.8)

Thus, multiplying
wylg, + A ((_AP>S§2n,1ﬂoo(wn]]'Qn)m + Fn(wn]lﬂn)) = hlq, (2.9.9)
by w!™ and subsequently applying (2.9.8), one sees that

(1= Xo)llewallzit + Al 2, < iz Al IR

From this and by (2.9.8), we can conclude that (w}"),>; is bounded in

WS’(Q’p). Thus, there is a v € W(f’(2’p) such that, after possibly passing to
a subsequence, and by setting W™ := v,
lim w™ =a™  weakly in W), (2.9.10)
n—oo
Moreover, the fractional Rellich-Kondrachov theorem (see [117, Theo-

rem 2.1]) yields that after possibly passing to a subsequence, w" — @™
in LI(K) for every compact subset K of R, where ¢ € [1, 0] depends on
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s, p and d. In particular, again possibly passing to a subsequence, one
has that w,(r) — w(z) for a.e. z € RY.

By Lemma 2.9.1, supposing first that A > 0, we have that w,, < w,;
a.e. on R?. Thus and by (2.9.8), Beppo-Levi’s theorem of monotone
convergence yields that

Jim w, =@ in L! (2.9.11)
holds. Similarly, if h < 0 then for every integer n > 1, 0 < w; — w,, <
w; — Wy a.e. on R? and by (2.9.8), it follows again from Beppo-Levi’s
theorem of monotone convergence that (2.9.11) holds. Now, let h € L7
be general. Then we decompose h = h* — h™ into the positive part
h* := h VvV 0 and negative part h~ := (—h) V 0 of h, and set for every
integer n > 1,

wy,

+ [ g, () if 2 € Q,
() == .
0 otherwise,

and

(1) [Tt [~ 1, )] (z) if 2 € Q,,
w, xT) .=
0 otherwise.

Since —h~ < h < b, it follows from (2.2.13) that
w, < w, < w;“ a.e. on R? for all n > 1.

Moreover, by the previous monotone convergence arguments with At > 0
and —hT < 0, w 1 @™ and w, | @~ in L' for some limits w~, W' €
L7 Hence, w" + |w~| € L™ and one has that |w,| < @" + |[@|
a.e. in €2 for all n > 1. Therefore, Lebesgue’s dominated convergence
theorem implies that (2.9.11) holds for every h € L.
Since vm = w, it remains to show that v o= w = J{*h. To see this, we
first note that by (2.9.8) and (2.9.11), one has that for every 1 < ¢ < oo,
lim w, = o in LY (2.9.12)
n— oo
and so, multiplying (2.9.9) by w* and subsequently, letting n — oo gives

that
(h = AF (), ™) ot oo — || 0]
lim w2, = L S (20.3)

n—oo- 9P o )\

where we also apply the Lipschitz continuity of F' and (2.9.10). Further,

m

™),.>1 is bounded in W' also the sequence ((—A,)* (™)),

since (w
in WO_S’@’p)' given by
<<_Ap)3(w;n), €>WJS‘<2’p)/ 7W§v<27p)

[ ) - O ae) ) =8 g

|z — y|dtsr
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for every & € W] (2#) s bounded. Therefore, there is a x € W, )
such that after possibly passing to a subsequence, one has that
lim (—A,)%(w,") = x weakly™ in WO_S’(ZP)/. (2.9.14)

n—0o0

By the two limits (2.9.12) and (2.9.14), multiplying the equation (2.9.9)
by £ € C° and subsequently, sending n — oo yields that

@+ X (x + F(0)) = 7, )z yyuen =0
for all £ € C'°, from where a standard density argument yields that
G4+ ANx+F@)=h  inW,>®? (2.9.15)
Therefore, it remains to show that
X = (—A))inc@™. (2.9.16)

To prove this, we use the classical monotonicity trick (see, e.g., [92,
p. 172]). We begin by multiplying (2.9.15) by w/". Due to (2.9.10),
(2.9.12) and (2.9.13), sending n — oo in the resulting equation yields
that

- (A= AF@), 0™yt gy — [0
<X,w >W(;s,(2,p)/7wg,(2,p) = Y
(2.9.17)

Next, let & € W, (2#) " Since the variational fractional p-Laplace operator
is a monotone operator (—A,)* : W) — WP in the sense that

(=8p)°(V) = (=4p)°(€), v = &) yyr2ny pye2m 2 0

for every v, £ € WS’@’p)

0 < A{(=4p)"(wy") = (=4p)*(€), wy" = E) 2wy yye.om

, one has that

=[Sy = (=8p) (W), ) gymscmr spscm = (= 8p)°(E), W' = E) s s

0 270

for every n > 1. Hence, sending n — oo in the previous inequality and
using (2.9.10), (2.9.14) and (2.9.17) gives that

0 S <X - (_Ap)s(g)a " — £>W[;5’(2’p>/,W§’(2’p>'

Since in the last inequality & € W"*” was arbitrary, we can choose
E=w" — u( for any C € WOS’(Q’p) and p > 0. It follows that

0 < (¢ = (=489)°(@™ = 1), Qs s
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In this last inequality, we can send p — 0+ and obtain that
0 < {x = (=8p)°(@"™), Qs yyazm  forevery ¢ € W),

implying that x = (—A,)*(w™). Since w and h € L™ it follows
from (2.9.15) that (2.9.16) holds and so we have shown that @ + \(Aw +
F() = h, or, equivalently, @ = J{ " h. Since the resolvent JA+F is
a contraction on L', it follows that w = w and thereby we have shown
that (2.9.7) holds. This completes the proof of this lemma. O

With the preceding lemma in mind, we can now give the proof of The-
orem 2.1.8. Note, below we write L?(W,’ (2’p)) instead of LP(0, T; Wy’ 5(2p) )

for "> 0, and denote by L' (W, * (2p) ) the dual space of LP(W (2, p))

Proof of Theorem 2.1.8. We only provide the proof for initial values uy €
L7 since by Corollary 2.1.5 the same conclusion holds for general ug €
L' under the given restrictions on p, s, and m. So let uy € L', take
(Qn)n>1 to be the sequence (2 N B, ),>1 of intersections with balls of
radius n and (ug,)n>1 the sequence of functions converging to ug in Lt
given by Proposition 2.9.2. In particular, ug’, € D((—Ap)8, 1n00)- LThen
define u,, to be the associated sequence of strong distributional solutions
0 (2.9.3). We now prove the strong distributional properties of the mild
solution u of Cauchy problem (1.2.2) by considering the boundedness and
convergence of u,, and d“" in appropriate Banach spaces.

Multiplying the dlfferentlal equation in (2.9.1) by u and subsequently,
for every T' > 0, integrating over (0,7") yields that

T T
lalzi]) + [ o,
(2.9.18)
// n(un) + gn)ult dadt
which we estimate by
T T
sl (O, I753] + [ o, a
0 (2.9.19)

T
< / (14 )l () 17+ g8 .
0

Since uy € L', Proposition 2.9.2 and the standard growth estimate of
Theorem 2.1.1 imply that for every 1 < g < o0,

lim u,lq, =u in C([0,T]; LY) (2.9.20)

n—oo

for every T > 0. Thus (2.9.19) implies that (u]}),>1 is bounded in
LP(WP) - Since the space LP(WS*P)) is reflexive and by (2.9.20),
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we can conclude that u™ € LP(Wy =22 ') and after possibly passing to a
subsequence,

lim u)'lg, =u™ weakly in LP(WS’(Q’p)). (2.9.21)

n—oo
In particular, one has that the sequence (A;,(u')),>1 of linear bounded
functionals given by

<A ( m) £>Lp’(W S(QP),)LP(WS (Qp))
un' ()P (E(x) — €(y))
/ /de |I _ y|d+5p d(x,y) dt

for every & € LP(W®P)), is bounded in L” (Wy *®?). Therefore, there

isaye LF(W,” 5(2p)’ ) such that after possibly passing to a subsequence,
one has that

lm A, () =y  weakly* in L¥ (W, =3P, (2.9.22)

n—oo

We now consider the following equation in L'(,),
QU (1) + Apun(t) + Fulun)(t) = ga(t) for t € (0, 7). (2.9.23)

We first note that (F,(u,)lq,)n>1 and (gnlq, )n>1 are bounded in the
dual space Lp'(WO_S’(Q’p ") since, by the Lipschitz property of F and
the growth estimate (2.1.2), F(u,) and g, are bounded in the dual
space LP (0,T;L"). Hence, given (2.9.22), we have that (%21 ),>
is also bounded in L?' (WO_S’(Z’p )l). Thus, taking another subsequence,
(229, )n>1 converges weak-* in L¥' (W ™ py ). Applying test functions
and (2.9.20), we can conclude that 9% € L¥' (W, ™ 22"y and we have the
weak-* convergence,

(4 + Fo(un) — gn) Lo, = S+ F(u)—g  in L7 (W, ") (2.9.24)

as n — oo.
Hence, multiplying (2.9.23) by a test function £ € C>°((0,T’) x R?) and
sending n — oo leads to

%(t) + X + F(U) -9, €>Lp/ (W(;S’u’p)/)7LP(WS’(2’p)) =0.
Therefore, we have shown that
Wy oy + Flu)y=g  in Wy forae te(0,T). (2.9.25)

Now we can show that wu is a distributional solution of (1.2.1) by proving
that x = A, ,(u™). Here, A, is the lifted operator A, : LP(W®P)) —
L7 (W =@P" given by

<AS( ) é)Lp’( —S(QP)’)Lp( 5(217)
L[ et -5 e) - o)) ~ ) o)

|z — y|dts
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for every v, £ € LP(Wy =(2:p )) To prove this, we again use the monotonicity
trick (cf, the proof of Proposition 2.9.2), but to the lifted operator Aj.
First, we note that multiplying (2.9.25) by u™ yields that

T
m—HHU”ﬁﬁ 0

+ (X + Fu) —g,u™) Wy oy @y = 0.

Thus (2.9.18) and (2.9.20) imply that

T
lim [u;”(t)];s dt = <X, um>Lp/(WO,S,@,p)/)’LP(WOS,(z,p)). (2.9.26)

n—oo 0

By the monotonicity of Aj,, one has that
0 §<’A;)(u;n) - Asyp(f)ﬂ u;n - §>LP/(W(;S’(z’p)/),LP(WOS’(Z’p))

T
= I:UZL (t):lg,p dt - <A; (u:ln)7 €> Lp/ (W_S’(2’p)/),LP(WS’(2’p))
0 0 0
- <As,p (£)7 U’:Ln - €>Lp/ (WO—S,(Z,p)/ )7Lp(Wos,(2,p))

for all n > 1. Thus, sending n — oo in the last inequality and by
using (2.9.21), (2.9.22), and (2.9.26), one finds that

0< (x = Asp(&),u™ — §>Lp'(w S22y pp(we Py

for every & € LP(W; (2 )) Now, by proceeding as in the proof of Propo-
sition 2.9.2, we can choose £ = u™ — u(, taking p — 0+, to conclude
that y = A&p(um).

Applying Corollary 2.8.2 and the standard growth estimate (2.1.2), we
can deduce that the sequence (ul™(t))n>1 is bounded in WO ?) for every

t > 0, and that (& un2 ]lgn)n>1 is bounded in L?(ti,ts; L?) for every

0< t1 < t2 <oo. Then by (2.9.20) and Fatou’s lemma, we can conclude
that Su "= e L2 ((0,00); L2) and u™(t) € WP for every t > 0. In
particular, one has that w := u"2" € W.2'((0,00); L}..).
If m(p—1) # 1, then by Theorem 2.1.6, u is locally Lipschitz continuous
n (0,7) with values in L'. In the case m(p — 1) = 1, by assumption
we have that ||(=A,)in.ug, |1 is uniformly bounded for n > 1. Then
applying the Lipschitz estimate for u, given by Lemma 2.5.1, together
with (1.2.1), we have that w is Lipschitz continuous on (0,7") with values

in L'. Therefore, and since p(r) := ra Ty € L} .(R), it follows from
[22, Theorem 1. 1} that u € W21 ((0,7); LL.).

Now in the case m(p — 1) # 1, we apply the Lipschitz estimate on u
(both in the case m(p — 1) # 1 and m(p — 1) = 1), to obtain

t+h)—u(t
(B0, = timsup 14— O
h—0+ h

< s 1+ ) = u(@) o
h—0+ h
< L(t)
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for every t > 0 and n > 1 where L(t) is obtained from (2.1.15) when
m(p —1) # 1 and (2.5.1) when m(p — 1) = 1. Sending n — oo in this
inequality shows that « € W,2!((0,T); L'), and in particular a strong
solution of (1.2.1). O

Thus, we also prove the regularity of solutions stated in Theorem 2.1.6.

2.10 Holder regularity

This section is dedicated to the parabolic Holder regularity of mild solu-
tions to the initial boundary value problem

u(t) + (=2p)°u™ () + f(- ult) = g(-, 1) in Qx(0,T),
u(t) =0 in R"\ Q x (0,7),
u(0) = ug on €,

(2.10.1)
for 1 < p < oo with p # 1+%,0< s < 1 and where 2 is an open,
bounded domain in R%, d > 2. For global Holder regularity we consider
only the case m = 1. For the local Holder result, we apply the following
local elliptic Holder regularity result from [30].

Theorem 2.10.1 ([30, Theorem 1.4]). Let Q@ C R? be a bounded and
open set. Assume 2 < p < oo, 0<s <1 andq>1 satisfies ¢ > %. We
define the exponent

1 d
O(d,s,p,q) :=min —— [sp——|,1,. 2.10.2
@osp)=mind L (=)0 (2.102)

Let u e WpP(Q) N L

loc loc

() N LEY(RY) be a local weak solution of
(=A,)'u=h in,

where h € Ll _(Q). Then u e C.

loc

(Q) for every 0 < § < ©.

Proof of Theorem 2.1.9. In order to apply Theorem 2.10.1, we require a
distributional solution. Hence, first consider u to be a strong distribu-
tional solution to (1.2.1) with uy € ﬁ((—Ap)lemwgo). By the standard
growth estimate (2.1.2), u(t) € L' N L™ for ¢ € [0,T] and hence by the
Lipschitz condition of f, for F' the Nemytskii operator of f, F(u(t)) € L*
for all ¢ € [0, T]. We now apply Theorem 2.10.1 with

h(t) = g(t) — F(u(t)) —w(t) € L'

for almost every t € (0,7"). Then by [30, Theorem 1.4], for almost every
te (0,7),

1

(™ Oes(Brys(eon < € |lluollzeBao + [u®)llp-1 + [AE)7
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for some C' > 0 depending on R, s, p, d and §. Applying the homogeneous
regularizing effects of Theorem 2.1.6, we estimate u; € L! so that

HMOMSHMMM+MW(WMh+AHmmmM)

CVGth
t

(il + [ atr)1sar + vie.0))

for t € (0,T) where C' > 0 depends on m and p.

We now approximate mild solutions u with uy € L! using the density
result of Theorem 2.1.1, and applying Fatou’s lemma, we have u™(t) €
C? (Q) for almost every t € (0,T).

Since r™, r € R, is locally Lipschitz continuous for m > 1, we obtain

Holder continuity of w(t) in this case by composition. ]

Our proof of global Holder regularity employs the following elliptic
Holder regularity result for the fractional p-Laplacian from [73].

Theorem 2.10.2 ([73, Theorem 1.1]). Let Q2 be a bounded domain in R?,
d > 2, with a boundary 9 of the class C*', p € (1,00) and 0 < s < 1.
There exists o € (0,s] and Cq > 0 depending on d,p, s, such that if
h € L, then the weak solution u € WP of

(=A))’u=h inf,
2.10.3
{ u=0 inR*\Q, ( )
belongs to C*(Q) and satisfies
_1
[ullcamy < Callbllz= - (2.10.4)

For this we use a restriction to the set of continuous functions u : 2 —
R vanishing on the boundary 052, which we denote by Cy(2). Following
the notation in Definition 2.2.14, we denote by (—Ap)lsCD the restriction of
(—A,)* to Cp(Q2) x Cp(2). We first prove accretivity and density results
for this operator on Cy(€2). The proof of density follows the idea in [98,
Proposition 5.4].

Proposition 2.10.3 (Density of D((—Ap)fco) in Cy(Q)). Let Q be a

bounded domain in R?, d > 2, with a boundary OS2 of the class C™', F the

Nemytskii operator of f on Co(Q2) satisfying (2.0.3a)-(2.0.3b), p € (1, 00)

and 0 < s < 1. Then (=Ap)}, + F is m-completely accretive in Co(£2).
0

Furthermore, if s <1 — % then the set D((—=Ayp)}, ) is dense in Co(€2).
0

Proof. Since () has finite Lebesgue measure, one has that the subdiffer-
ential satisfies (_AP>ISCO C (—=A,)°. Then since (—A,)* + F is w-quasi
m-completely accretive in L2, for every g € Cy(2) and A > 0, there is a
unique uy € L? satisfying

(L4 dw)uy + A(OE(uy) + Fuy)) =g in L% (2.10.5)
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Moreover, by the complete accretivity condition, uy € L. Hence u) is
a weak solution of the non-local Poisson problem (2.10.3) with

g— (14 dw)uy
A

h:=—F(uy) +
e L™
and so Theorem 2.10.2 yields that uy € C§(2), satisfying
(1 + dw)uy + )\((—Ap)fcou)\ +F(uw)) =y in L?.

As g € Cp(92) and A > 0 were arbitrary, we have thereby shown that
the shifted operator <_AP)ISCO uy + F(uy) + wlg, satisfies the range con-
dition (2.2.6).

To prove the density result, fix u € C°(2). We first prove that u +
(—A,)*u € L™ by splitting the domain to deal with local and nonlocal
estimates. For € > 0,

s w(z) — u(y)P~? u(z) — u(y)P~t
s [ MO [ O
Be(z) |z —y| R\ Be (z) [z — |

Estimating |u(z) — u(y)| by the derivative sup,.q [t/ (s)||z — y| for the
first term,

/ lu(x) — u(y)|P~! dy < / SUP,eq [U/(s) [P~z — y[P~! dy
B:(z) B:(x)

|x_y|d+5p |x_y|d+5p

3
1
< Cpsup |u'(s)|p1/ —— "ty

scQ 0 Td-l—l—(l—s)p

where C is a constant for integration over a d-dimensional ball. Then
we have

€
1 €
s
/0 r2—(1—s)p S }0

which is bounded for s < 1 — %. For the nonlocal term,

— p—1 oo 1
/ |u(:1:) ug@i)’ dy § CBHuHoo/ . Td_l dr
RA\B.(z)  |T — y|PTeP e TP

= Cllulloo [r~]]

o0

for some C' > 0. Since sp > 0, this is bounded and (—A,)*u € L>. We
now define f := Aju = u+ (—A,)°u € L* and approximate by f, €
C>(Q) C Co() such that f, — fin LP* as n — oo with || fulleo < |1f oo
and where z% + pis = 1 and p, is given by (2.1.7).

S

We now solve Aju, = fn € Co(Q2) using the m-accretivity of (=A,)F |
0

finding that u, € Cp(Q2) and so u, € D((_AP)ISCO)' Moreover, by the

elliptic Holder estimate (2.10.4) with (f,,)neny bounded in L, (uy,)nen 18
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bounded in C*(2). Hence taking a subsequence and relabelling, we have
convergence to a function in C(£2).
Next, we prove that this limit is u by considering convergence in W *P.

For w € D(<_AP)\SCO) we can define @, (v) := (Ajw, v) g2 for all v € W*P.

Estimating by Holder’s inequality,

P (0) — u(v)] < / (o — Fyol dp

< ”fn — f f
<Callfu —f

by the standard Sobolev embedding (2.1.7). Hence ¢,, — ¢, in (W*P)’
and so (¢, )n>1 is bounded in (W*P)'. Then we also have that

v”ps

vflwer

D3

(Avtun, )2 = [lunl3 + [un]?,,

< Cu (14 llunllwes)

Now
- (A, v)re _ vll2 + [v],
[ollwsp—oo  ||0]| s ||| ws.v
> [v]|fes
— 0

for p € (1,00). Hence (uy)n,>1 is bounded in W*? and passing to a
subsequence we have that u,, — @ in W*?. We extend ¢,,(v) to w € W*P
by defining ¢,,(v) = (w + (=A,)*w,v) . for w € Ws’p\D((—Ap)fCO). By
Minty’s theorem, [112, Proposition 11.2.2],

<§0v _qunav_un> >0

for all v € W#®P. We have the convergences ¢, — ¢, in (W*P)" and
U, — w in W*P so that

(Yo —0a,v—u) >0

for all v € W*P. Applying Minty’s theorem again, vz = ¢, so that by
the uniqueness provided by the accretivity of (—A,)* in L? @ = u. Also,
since u, — u in W*P we have that u, — u in Cy(Q2), relabelling by
appropriate subsequences. Then the density of C2°(2) in Cy(Q2) gives us
the desired density result. O]

We now prove Holder continuity in the identity case, m = 1. In this
theorem, the case p = 2 is well-known. We note that this proof of
parabolic regularity relies on the global Holder regularity estimate of the
elliptic problem which we believe is not optimal, in particular with the
L* norm required in (2.10.4), and that a stronger elliptic result would
also improve this parabolic result.
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Proof of Theorem 2.1.10. By Proposition 2.10.3, we have that (—Ap)fco +

Co

F' is w-quasi m-completely accretivity in Cy(€2) and D((—Ap)fco) =
Co(€2). The Crandall-Liggett theorem (see [51], [11]) says that —(0¢,€ +
F') generates a strong continuous semigroup of w-quasi contractions on
Co(2) where &£ is given by (2.0.4). Further, since (_AP)ISCO is homoge-
neous of order p — 1, and since

(=B, € i€

for all 1 < g < oo, it follows from [71] that for initial data uy €
Co(2) and g € C((0,7); Co(22))N BV (0,T; Cy(2)), the mild solution u €
C([0,T7; Co(£2)) of the initial boundary value problem (2.10.1) is a strong
solution with u € Wht>(§,T; Co(R)). Moreover, u € CU([5,T]; Co(£2))
for every 0 < 0 < T'. In particular, u is a weak solution of the non-local
Poisson problem (2.10.3) with

h:=g(t) = F(u) —u(t) € C((0,T); Co(€2))-

Hence, by the elliptic regularity result Theorem 2.10.2, we obtain that

u(t) € C*(Q) for all t € (0,T") for some a € (0, s]. O



Chapter 3

Barenblatt solutions

Our focus in this chapter is to investigate the self-similar properties of
(1.1.3) and establish an existence result for Barenblatt solutions. Such
self-similar solutions with Dirac delta as initial data have a long history
in the context of linear elliptic and parabolic equations in particular,
where they are fundamental solutions which provide a rich theory for the
generation of general solutions [61]. Despite lacking this property in the
nonlinear setting, Barenblatt solutions are nevertheless of great interest
as they give insight into the existence and regularity theory. Moreover,
they provide insight into the asymptotic behaviour of solutions. We refer
to [15, 47, 54, 120] and the references therein. Barenblatt solutions are
often otherwise referred to as fundamental or source-type solutions due
to their role in the theory of linear equations.

Such Barenblatt solutions in the nonlinear setting have been intro-
duced first in the case of the porous medium equation (1.1.2) by Zel’dovich
and Kompaneets [131], by Barenblatt in [13, 14] and by Pattle in [102].
These techniques have been extended to a wide range of nonlinear prob-
lems, both local and nonlocal. Here the connection to the asymptotic
behaviour of the porous medium equation has been introduced in [23,
63, 78, 79]. Naturally, they have been considered for p-Laplacian evo-
lution equations, studied by Kamin and Vazquez [80] and the doubly
nonlinear diffusive equation by Sad [110]. We also note [47] where the
anisotropic case of the doubly nonlinear diffusive equation is considered.
In the nonlocal case, the fractional diffusive problem and the fractional
p-Laplacian evolution problem has been considered by Vazquez [121, 122,
126].

The general idea for obtaining such self-similar solutions for these evo-
lution equations is to use self-similarity properties to reduce the equation
to an ODE via a change of coordinates to ‘self-similar variables’. The
solution of this ODE then forms the self-similar profile of the Barenblatt
solution. Importantly, this relationship between Barenblatt solutions and
inherent scaling properties provides a connection to the asymptotic be-
haviour of solutions as we will see when obtaining global barrier functions
and comparison estimates in Section 3.3. Moreover, this places Baren-

89
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blatt solutions into the wider context of scaling techniques which have
given rise to a wide array of key results in the analysis of elliptic and
parabolic problems, particularly for physical processes. We refer to [15,
16] and [120].

In the case of m = 1, Barenblatt solutions for (1.1.3) have been studied
by Vazquez in [121, 126]. Our results and proofs extend those to the case
m > 1, and p > p. where

_1+m

= - ]
g tm

De - (3.0.1)
We note that p > p. corresponds to (1.2.3) and is a standard condition
in this context due to the self-similar scaling properties of (1.1.3). See,
for example, the case p = 2 [122] with the condition m > (=2)T and
m = 1 [126] requiring p > dQ—fS.

In particular, these are self-similar solutions with a Dirac delta as ini-
tial data in a limiting sense as ¢ — 0. We introduce self-similar solutions
to (1.1.3) in Section 3.1, in particular the appropriate scaling transfor-
mation under which these solutions are invariant. Furthermore, we prove
an Aleksandrov symmetry principle in Section 3.2 and a global barrier
for solutions to (1.1.3) in Section 3.3 which we use in the proof of our
main result.

Our main result is the following theorem.

Theorem 3.0.1. Suppose m > 1, p > p., 0 < s < 1,d > 1 are such
that m(p — 1) # 1 and sp < d. Then for all M > 0 there ezists a unique
Barenblatt solution T" to (1.1.3) of the form

D(z,t; M) = M2t~ (M~ (mp=D=DB8 =5 (3.0.2)

where
1

dim(p—1)—1)+ sp

and the profile function F : R* — R is positive, radially symmetric and
is decreasing such that F(r) has decay at infinity with order depending
on p and given by (3.3.2). Moreover, I decays in time uniformly with
respect to x.

In particular, T is a strong distributional solution in L' of the doubly
nonlinear nonlocal diffusion equation (1.1.3) having Mdy as initial datum
as t — 0+, where g is the Dirac d-function with mass fRd dpdx = 1.

B = (3.0.3)

Here M is called the mass. We note that p > p. ensures that we have
self-similar transformations of the form presented in Section 3.1 and, in
particular, that we obtain the global bound stated in Section 3.3.

3.1 Self-similar solutions

We are interested in scaling transformations of time and space under
which (1.1.3) is invariant. Moreover, we consider self-similar solutions,
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that is, classes of solutions which are invariant under such a one-parameter
group of scaling symmetries. Such solutions plays a key role in the asymp-
totic behaviour as well as the existence and regularity of such evolution
equations.

We first introduce two important scaling transformations for (1.1.3).
Scaling time, space and amplitude, we have that (1.1.3) is invariant under
the transformation

Tiu(x,t) = ku(kx, kIme-D-d+py) (3.1.1)

for all £ > 0. By the amplitude scaling, this transformation also conserves
mass. We can scale only the time and amplitude with

Tz, t) = Mu(z, M™P~D71e) (3.1.2)

which will scale the mass of u by the factor M > 0.
Since (1.1.3) is invariant under the scaling transformation (3.1.1), we
look for self-similar solutions of the form

Ulz,t; M) =t PF(xt™7; M) (3.1.3)

for some § € R. Here F(z; M) is chosen to have mass M > 0 and
the factor t~% conserves the mass of U in time. Substituting (3.1.3)
into (1.1.3), we have that setting

1
b= dm(p—1) —d+ sp (3.03)

we obtain such a self-similar solution where the profile F' satisfies
—dfF(z) = BVF(z) - 2+ (=Ap)*(F(2))" = 0.

Equivalently,
(—Ap)*(F(2))" = BV - (2F) (3.1.4)

which we refer to as the self-similar profile equation. We will also use the
radial form with r = |z|, given by

(—A)(F(2)" = pri-d (rdF(z))r ) (3.1.5)

Note that we can scale the profile function with M = 1, F(z;1), to
have unit mass. Then by the rescaling (3.1.2), we can deduce the profile
of mass M to be

F(z; M) = MR (M- mP=D=D8 . 1),
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3.2 An Aleksandrov symmetry principle

Using the radial symmetry of the fractional p-Laplacian, we prove an
Aleksandrov symmetry principle [2] for

{‘é—é‘u) F (=AM =0 in (0,50),

«(0) (3.2.1)

05

in L'(RY), extending the fractional p-Laplacian with m = 1 from [121].
We consider a reflection around a hyperplane in R?, denoting the re-
flection map by IT : R? — R?. Then the hyperplane splits R? into two
disjoint open sets. The idea of this method is to obtain a typical dif-
ference comparison in the sense of T-accretive operators, such as the
estimate (2.1.3), but for a solution and its reflection on one half-space.
By the translation and rotational invariance of the operator (—A)s-™, we
can consider the specific case where the hyperplane is {z € R? | z; = 0}
and the reflection is given by II(z) := (—z1, z9, ..., Tq).

Here we modify a standard comparison principle idea, used for example
in [127], obtaining estimates on the whole domain.

Theorem 3.2.1. Suppose 0 < s<1,p>1,d>1 and m > s. Letu be
the mild solution of (3.2.1) with initial data uy € L*. Let II : R* — R4
denote reflection around a hyperplane H, splitting R? into Oy and Qs. If

uo(x) < up(ll(z)) in Qy,
then
u(z,t) <wu(ll(z),t) in Oy x [0,T].

Of important consequence are the following two corollaries giving us
radially decreasing solutions with bounded initial data and radial sym-
metry of solutions with radially symmetric initial data, respectively.

Corollary 3.2.2. Suppose 0 < s <1,p>1,d>1and m > s. Then
mild solutions u of (3.2.1) with non-negative, compactly supported initial

data ug in a ball Br(0) are radially decreasing in space for all |x| > R
and t > 0.

Proof. This follows from Theorem 3.2.1 by taking hyperplanes perpen-
dicular to the radial direction and with distance at least R from the
origin. Then data closer to the origin is non-negative and the data away
from the origin zero. O]

The next corollary follows similarly.

Corollary 3.2.3. Suppose 0 < s < 1, p > 1, d > 1 and m > s.
Then mild solutions u of (3.2.1) with non-negative, radially symmetric
and radially decreasing initial data are radially symmetric and radially
decreasing in space for all x € R? and t > 0.
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Before proving Theorem 3.2.1, we prove two lemmas. The first allows
us to use the variational formulation of the fractional p-Laplacian when
restricting to the half-space in Theorem 3.2.1.

Lemma 3.2.4. Let I1 : R — RY be the reflection around a hyperplane H
in R and Q0 be a half-space associated with H. If a measurable function
u satisfies [u]s, < oo and

u(e)] < |u(z) — u(ll(z))] (3.2.2)

for all x € Qy then [ulq,|s, < 2[uls,

Proof. We let €2y be the other half-space given by reflecting (2; around
H. To estimate the seminorm

)1 1 P
[ulg, ], = // [u(z)1e, (z) — u(y)la, ()] dz dy, (3.2.3)
R4 JRE

|33 _ y|d+sp

we consider the integrand for (z,y) € R? x RY, taking x and y in each
half-space given by the hyperplane H.

In the region §2; x €y, the integrand of (3.2.3) will correspond to the
integrand of [u]s, in the same region. Moreover, on €2 X 25 the integrand
of (3.2.3) is zero. Hence we consider the case where x and y are in
opposite regions, assuming without loss of generality that » € ; and
y € Qy. Then we can apply (3.2.2) to the integrand of (3.2.3), with

z)1 Lo, (y)I”
// (7 di)ﬂl |ddy_// d+ dz dy
o |x—y| P @ Jo \x—y\ P

/Q/Q u(z) — uly |x_( (|d+(sp —u@)P dy
o el e

We can then estimate the second term by a change of variable,
Ju(II y)I” / / lu(z) = u(y)?
dz dy dz dy
/5;2 \/f;l ’x - y’d+sp Qo QQ ) y|d+3p
Ju(z) — u(y)l”
dzr dy.
/92 /92 va—y|d+sp

Note that for the last inequality, choosing coordinates such that the hy-
perplane H is given by the set {x ERY: 2, = O}, we have

d

() —y* = |21+ 0>+ D i —ys* > v — g (3.2.4)
=2

when x; and y; have the same sign and hence when x and y are in the
same half-space. Combining the integrals on each region, we have the
desired estimate. O]
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The next lemma is a typical key estimate for obtaining comparison
principles as we will be able to transfer this estimate to the time derivative
of two solutions. However, notably in this case, we restrict to the half-
space {); which requires additional considerations compared to the full
domain R¢. For this lemma we note that we can approximate the positive
part of the sign function signg by a sequence (qar) Mo Where

1 ist%
qu(s) =4 Ms if0<s<q,
0 if s <0.

Lemma 3.2.5. Let0<s<1,p>1,d>1andm > 0. LetIl : R? — R?
denote reflection around a hyperplane H, splitting R? into open subsets
0y and Q. Suppose u € L' such that u™ € D((=Ap){pine) and let
i(x) = u(ll(z)) for all x € R We consider ¢ € CY(R) satisfying
0<¢q¢<1,q(s)=0fors<0and0 < q(s) <M forall s> 0 given
M > 0. Then

/ (A u™ — (=Ap)*u™) g(u™ — a™) dz > 0. (3.2.5)
951
In particular, one has that

/Q (=Ap)°u™ = (=Ap)*u™) Lyysqydz > 0. (3.2.6)

A

Proof. We let v = u™, v = 4. Note that

1

o= ([ f, IR )
=Y / / Sl oty - dxdy>;
<92

Let Q(x) denote g(v(z) — 0(z)) for x € R?. Since ¢(s) = 0 for s < 0, we
have either g(v(x) — v(Il(z))) = 0 or q(v(Il(z)) — v(z)) = 0, and so @
satisfies (3.2.2). Then by Lemma 3.2.4, [Q1g,]s, < oo and so we apply
the variational formulation,

/Rd((_Ap)SU( ) = (=4,)%0(x)) Q) 1g, dz

- [ [ e = G s
Rd JRd |ZL‘— |d+8P
(Q(x)1q, (z) — Q(y)1a,(y)) dy d.

To show that this integral is non-negative, consider x and y in the two
regions €2, and 25 on either side of the hyperplane H. First note that in
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Q1 x Qq, we have

[ [ el 6 s ) Q) = Q) o

|z — y|dtsr

(3.2.7)
Considering the sign of the integrand in (3.2.7) and noting that ¢ is
non-decreasing, we have that whenever Q(z) # Q(y),

sign ((v(z) — v(y))P ' = (0(x) — o(y))")
n ( L.

So (3.2.7) is non-negative, while in the case of 3 x €9, both indicator
functions are zero. For the cross terms €2 x €25 and Q5 X 21, we apply a
change of variables, mapping y to I1(y) and x to II(x), respectively. Note
that |z — II(y)| = |II(z) — y|. For the sum of these terms, we have

[ [ ol == O Q) o
Q1 J Qo

|$ _y|d+sp

[ [ el 6 Q)

|z — y|dtsr

_ (v(x) = ()P = (6(x) = v(@)™) Q) + QW) ,
: / / o~ TI(y)[ dydz.

If this is non-negative we are done, so consider the domain on which
this integrand may be negative. In particular, since () is only non-zero
when v — 0 > 0, this can only occur when v(z) > 0(z) and v(y) < 9(y)
or when v(y) > 9(y) and v(z) < 0(x). By symmetry of x and y, we
may consider only the first case. Let Q, = Q; N {v(z) > 0(z) } and
Q, =% Nn{v(y) <o(y)}. Then for (z,y) € Q, x Q,, we have

[ [ L= r ) P Q) £ Q) o, g

v — II(y)| 4=
s [ [ Oy 0 ) @) =Q 4
— Ja, Jao, |z — y|dtsp

where we also use that |z — II(y)| > |z — y| for x, y € Q; as in (3.2.4).
Hence the sum of both cases are bounded by the original €2; x € term,
(3.2.7). So we have the desired non-negativity,

(a0 = (85 ao(@) — 3@, da 2 0.
Letting ¢ converge to sign and noting that r™ is strictly increasing for
r € R, we can replace v by u™, giving (3.2.6). O

We finally apply this half-space estimate to (1.2.1) and prove Theorem
3.2.1.
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Proof of Theorem 3.2.1. Using the translation and rotational invariance
of the operator (—A,)*™, we may assume that Q; = {z € R?: 2, > 0}.
Denote 4(z) := u(Il(z)) for all z € R First suppose that u is a strong
distributional solution to (1.2.1) with initial data ug € L' N L™ and
that (qar) >0 converges to the positive indicator function [sign,|™. Then
u(z,t) := u(ll(x),t) is also a strong distributional solution with initial
data 1. By the chain rule and applying Lemma 3.2.5,

% Q1(@6@) —a(t)tde = /Ql(u’(t) — ()L (i) da
- _/Q ((_Ap)sum(t) B (_Ap)sam(t)) ]l{u>a}d$
<0

noting that the composition (—A,)*u™(t) € L'. Then we have,

/ (u(t) —a(t)) " do < / (ug — 1) " da. (3.2.8)
o1 1

We approximate L' initial data by functions ugy € L' N L™ such that
ugy, € D((=Ap)ins). Then since these are strong distributional solu-
tions, taking k — oo, we obtain (3.2.8) for mild solutions u with initial
data uy € L'. Applying (3.2.8) when ug(z) < uo(II(x)) then gives the
result. O

3.3 Barrier construction

In this section, we produce global barriers for solutions u to (1.2.1) with
initial data which is bounded with compact support. These barrier func-
tions are radially symmetric, decreasing in x and have sufficient decay
at infinity to be integrable in space for all ¢ > 0. Moreover, we will use
these barrier functions to construct Barenblatt solutions to (1.2.1). Such
barrier functions have been proven for the fractional p-Laplacian case
with m = 1 in [121] and [126]. We apply the same methods for more
general m > s.

We show the existence of such global barriers to (1.2.1) in the range
0<s<1 m>sandp > p., defined by (3.0.1), corresponding to the
homogeneity condition
sp
i
In particular, this matches the range of the self-similar scaling transfor-
mation (3.1.1) and associated self-similar solutions (3.0.2) with 5 > 0
defined by (3.0.3).

When considering these barriers, we split the range of p into three
regions. Define p; to be the positive solution to

mp—1)>1-—

mspi(p1 — 1)

msph =2 _
1—m(p1—1)
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corresponding to the homogeneity condition

d
d+ sp;

m(pr — 1) = (3.3.1)
Note that 1 < p. < p1 < 1+%.

We separately consider the upper region where p > p;, the critical case
p = p1 and the lower sublinear region p. < p < p;. We find barriers with
different rates of decay at infinity in each region. Hence the critical case
p1 is the transition point between the decay regimes of ]z\_WZ*U (for
p < p1) and |z|7@+P) (for p > p;) since

Sp1
1 —m(p: — 1)'

We first define the decay function g by

d+ sp; =

pd=sp if p > py,
g(r) == r=4=Plog(r) if p=py, (3.3.2)
P T T if p. <p<ps.

for all » > 0. Then for positive constants A, Cy, Cy, R; and R,, we
introduce the barrier function H : R? x [0,00) — [0, 00) in the following
way. For p > py,

At +1)79 if |2(t+1)7%] < Ry,
H(z,t) =< Cy|a|™@ if By < |x(t+1)7"| < Ry,
Co(t+ 1) Pg(|z|(t+1)7P) if |z(t +1)7P| > Ry.
(3.3.3)
For p. <p < p1,
At +1)"9 if lz(t+ 1) <R
Hw,t) = 4 ACHD . R R A PPN
Co(t+1) 5g(|x\(t+1) fB) if |x(t+ 1) fB| > R,.

We then have existence of barrier functions with the following theorem.

Theorem 3.3.1 (Global barrier). Letd >1,0<s <1, m>s andp >
1. Suppose u is a mild solution to (3.2.1) with initial data ug € L'(R?)
which is bounded and has compact support. Define H : R? x [0, 00) —
[0,00) by (3.3.3) or (3.3.4) as appropriate. Then there exist positive
constants A, Cy, Cy, Ry and Ry such that |u(t)] < H(t) a.e. in R? for
t > 0.

To prove this we apply the methods presented in [121] in the super-
linear case and [126] in the sublinear case. The proofs follow essentially
by taking p:=m(p—1)+ 1, § := % and applying the relevant calcula-
tions to (—A)® in place of (—A,)*™. We can apply such a replacement
despite not being able to directly combine the exponent m with p — 1
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due to the nature of the estimates required for these barrier functions.
In particular, focusing on the spatial coordinates, for a barrier function
H and a point yy € R%, we will only need to estimate (—A,)*H (yo) from
below. So we can typically ignore the first term of the difference, given
that H is non-negative, i.e.
(H(yo)™ = H(y)" """ > —H(y)""".

Meanwhile the issue of § > 1 can be resolved by instead applying the
smoothness of H™ and using the associated boundedness properties of
(—A,)*H™, in particular those given by [85].

The outline in each case will be to find super-solutions to the self-
similar profile equation (3.1.4), rescale these to obtain super-solutions
to (1.2.1) and then apply a comparison principle on R¢ x [0, c0).

3.3.1 Super-solutions to the profile equation

To obtain pointwise estimates of (3.1.4), we use the Cauchy principal
value of (—A,)* which will agree with Definition 2.0.1 when both exist but
will not necessarily have the same domain. In particular, we introduce
the following approximation for € > 0,

5 (N (u(z) — u(y)"
(—A))iu(z) == /Rd\BE(z) Pz dy (3.3.5)

for all z € R%. Then (—A,)$ converges to the principal value as & — 0.

The following lemma provides a global bound with decay of order |z|7¢.
The idea is to refine this estimate for large |x| such that the global barrier
is integrable in space.

Lemma 3.3.2. Letd > 1,p>1,0< s <1 and m > s. Suppose u is
a mild solution to (3.2.1) with initial data uy € L*(R?) which is bounded
with compact support. Then for C > 0 sufficiently large, depending on d
and ug, we have

lu(x,t)| < Cla|™® (3.3.6)

for all z € R? and t > 0.

Proof. Given a ball B centered at the origin and containing the support
of ug, we bound |ug| pointwise a.e. by a smooth, radially symmetric and
radially decreasing function g with compact support defined such that

do(z) = l[uolo
for all z € B. We let 4(x,t) be the associated mild solution to (3.2.1)

in L'. Since 1 is radially symmetric and radially decreasing, by Corol-
lary 3.2.3, @i(x, t) is radially decreasing in R? for all ¢ > 0. Since (x,t) is
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monotone decreasing in the radial variable, there exists M > 0, depend-
ing only on d, such that

a(z, )|z < M u(y,t) dy < M||tol|,
{vert:jy|<lal}

for a.e. x € R?, where we have used the standard accretive growth esti-
mate in L'(R%). Hence d(z,t) < Clz|~ in R? x [0, 00) for some C' > 0
depending on d and wg. Similarly, we have that —a > —C|z|7%. So
comparing u, —u with @ and —a by (2.1.3), we have (3.3.6). O

For p > p; we choose a profile barrier function such that the interme-
diate region will be bounded by Lemma 3.3.2. We choose

G(z) = ¢ Cilz|™  if Ry < |z| < Ry, (3.3.7)
ng<|2’) if |Z’ > R,

where g(r) is defined by (3.3.2). In particular, g is smooth, decreasing
and such that G(z) is integrable at infinity. We glue the separate regions
by matching constants. In particular, we require that

_ Ch
A=CR d Cy=—"-—. 3.3.8
T T Ry (R (3:3:5)

We then require the super-solution condition in the remaining regions.
We first consider the near region since this is independent of g.

Lemma 3.3.3 (Near region for p > 1). Letd>1,p>1,0<s <1 and
m > 0. Define G : R? — [0,00) by (3.3.7) where the positive constants
Cy and Ry are chosen to satisfy (3.3.11), Ry > Ry and A, Cy are given
by (3.3.8). Then

(—A,)IG(2)™ = BV - (2G(2)) >0 (3.3.9)
for all e > 0 sufficiently small and all = € R? with |z| < Ry.
Proof. We have that
—BV - (2G(2)) = —pdA (3.3.10)
for |z| < R;. Since the integrand is non-negative,

(-a)cE" = [ (47 - Gl
e T Jimyssrnyizery |2 —yldrer

for all 0 < ¢ < Ry and all 2z € RY satisfying |z| < R;. Then using (3.3.8),

(Am . G(y)m)p—l Z Am(p—1)<1 . 2—dm)p—1'
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Integrating and relabelling C' > 0 as needed,

(—A,)G(2)™ > C’Am(p_l)/ rP=ldr
3R,

= CA™P=DR P

So to satisfy the super-solution equation (3.3.9) in this region, comparing
with (3.3.10), relabelling C' and rearranging, we want to satisfy

Am(p—l)—l > CRip
where C' > 0 depends on s, p, d and m. Applying (3.3.8) gives
Cin(pfl)*l > CRfli(m(pfl)*l)JrSp. (3311)

]

We now prove the super-solution condition in the most involved region,
the far region. For this we first consider the case p > p, defining

A if |z| < Ry,
G(z) = { Ci|z|™ if Ry < |z| < Ry, (3.3.12)
CQ|Z|7(d+5p) if |Z| > RQ,

with matching conditions
A=CR;* and C,=C,RY. (3.3.13)

Here we will make room around the singularity in (3.3.5) at y = z by
considering |z| > 2R,. The intermediate region where G(z) = C1|z|7% is
important to be able to do this.

Lemma 3.3.4 (The far region for p > p;). Letd >1,0<s <1, m>0
and p > p;. Define G : RY — [0,00) by (3.3.12) where positive constants
C1, Ri, Ry satisfy (3.3.15) and A, Cy are given by (3.3.13). Then

(—8,)2G(2)™ = BV - (2G(2)) = 0 (3.3.9)
for all e > 0 sufficiently small and all z € R? with |z| > 2R,.
Proof. Fix z € R? with |z] > 2R,. Applying (3.3.13), we have that
—BV - (2G(2)) = BspCLRP|z|~47F > 0 (3.3.14)
which we will use to control the fractional p-Laplacian term. Hence we

estimate (—A,)iG(z)™ by separating (3.3.5) into regions corresponding
to G.
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In the region {y € R*: |y| < Ry}, noting that G > 0 on R? and |z| <
2|z — y|, we have

G m _ m\p—1
/ ( (Z) — ;fgp ) dy > _C«RtliAm(p—l)|Z|—d—sp
{yERd:|y\§R1} |Z y|

_Ccin(pfl)R;d(m(pfl)*l) ’zrd—sp

for some C' > 0 depending on d.
In the region {y ERY: R < |y < RQ}, relabelling the constant C' as
needed, we similarly have

/ (G(Z>m - G(y)m)p_l dy 2 _C/R2 (Clr_d)m(p_l) 7ad*l d?a
{R1<|y|<R2}

|2 — y|r ro (l2]/2)3P

R
— _CCT(P—D/ ? T*dm(pfl)erfl dr |Z|fdfsp
R1

where C' > 0 depends on d, s, p and m.

In the region {y € R?: |y| > |z|}, the integrand will be positive so
this can be ignored. The intermediate region {y € R*: Ry < |y| < |2|}
contains the singularity at y = 2. Hence we further split this region by
integrating the ball By /2(2) centered at z separately.

We treat the annulus region D = {y € R? : Ry < |y| < |2[}\Bys2(2) as
in the previous cases, noting that |z — y| > |z|/2. Then again relabelling
C,

/WG@m—ﬂwﬂﬁin_/(@wﬂwmwwﬂw

|2 = y|@+er (|2]/2)d+=r

Z _CCI”(P—l)RQ—d(m(P—I)—I) |Z|fdfsp

since (d 4 sp)m(p — 1) > d by assumption (3.3.1), where C' > 0 depends
on d, s, pand m. In particular, (3.3.1) ensures that this and the following
estimate on Bj,/2(2) do not grow relative to (3.3.14) as |z| = oo.
Finally, we consider the ball centered around z, Bj.2(z). By [85,
Lemma 3.6], since G™ is C? without critical points in Bj,|/2(z), the inte-

gral
m o __ m\p—1
[ (G =Gy
By, |/2(2)\B:(2)

|2 = y|r

is bounded independently of € > 0. To determine the dependence on |z|,
we apply a rescaling, finding that

-1
/ (G(Z)m — G(y)m)p dy| < Cc«;n(p—l)|Z|—(d+sp)m(p—1)—sp
By, 1/2(2)\Be(2)

|2 — y|dtsp

< Ccin(pfl)R;d(m(Pfl)*l) |Z‘—(d+sp)'

where C' > 0 depends on d, s, p and m, again using that (d+sp)m(p—1) >
d by assumption. Note that this matches the previous estimate.
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For G(z) to be a super-solution we require that (3.3.14) bounds all
these terms together for all |z| > 2Ry. We then multiply the estimate in
each region by |z|9t*? and apply (3.3.8) to Ry to reduce variables. Then
the super-solution condition (3.3.9) holds given that

C,ll—m(P—l) > CRl_d(m(p_l)_l)R;sI),
Ry
Cll—m(p—l) Z C r*d(m(pfl)fl)fl drR;sP’ (3315)

Ry
Cll—m(P—l) > C«R;d(m(p—l)—l)—sp

for C' > 0 depending on d, s, p and m. O

We prove the critical case p = p; very similarly to the case p > p;, but
now with a correction term. Define G : RY — [0, 00) by

A if |Z| S R17
G(Z) = 01|Z|_d if Ry < ’Z| < RQ, (3316)
Colz|~@+sr1) log(|2])Y  if |z > Ry,

for all z € R? where v = ﬁ. We then have the matching conditions,

ClRSpl
A= 74 and =2 3.1
ClRl an 02 10g(R2)7 (3 3 7)

Lemma 3.3.5 (The far region for p =p;). Letd >1,0<s<1, m>0
and p = p1. Define G : R? — [0,00) by (3.3.16) where positive constants
C1, Ry, Ry satisfy (3.3.18) and A, Cy are given by (3.3.17). Then

(—Ap):G(2)" = BV - (2G(2)) 2 0 (3.3.9)
for alle > 0 sufficiently small and all z € R? with |z| > min { 2Ry, 2e }.

Proof. In radial coordinates with r = |z,

—Bri=4(r'G(y)), = C2f8 (spl — ) r ) log(r)".

log(r)

e
For r > 2esr1 | we have

Sp1
B (2), 2

p > W|Z|_(d+sm) log(|2])”

for some C' > 0 depending on m, s and d. As usual we now esti-
mate the fractional p-Laplacian term (—A,):G(2)™ for 2 € R? with
|z| > min{2R,, 2e 1 }. These estimates are done similarly to those in
Lemma 3.3.4. For {y € R?: |y| < Ry or |y| > |z|}, the calculations are
the same.
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However, in the intermediate region {y € R? : Ry < [y| < |z|} we must
account for the new decay. For the annulus region

D:={yeR*: R, < |y| < |2|} \ Bpyya(2),

we integrate by parts to obtain,

m myp1—1
/ (G()" = Gu)™) dy > —CCy P Y 2|~ log(|2])
D

|2 — y|d+em

since (d + sp1)m(p; — 1) = d, where C' > 0 depends on d, s and m.
For the ball B\.|/2(z), we again apply [85, Lemma 3.6] and a rescaling,
finding that

G(z)™ — G(y)™)p1 m(p— Cdes _
/ = )| - \dﬂﬁp " ay) < Cope I g el
By /2(2)\Be(2) <Y

again noting that (d + sp)m(p; — 1) = d.

For G(z) to be a super-solution we require that (3.3.14) bounds all
these terms together for all |z| > 2R,. Then, relabelling C' > 0 as needed,
we can multiply each condition by |z|¢"*P*log(]z|)™” and rearrange to
obtain the conditions

Cy > CRY*™ Oy > Clog(Ry)"Ry;*™, Cy > CR,™ .  (3.3.18)
O

We now consider the lower sublinear case p. < p < p;. Here we use a
barrier function of the form

G(Z) - A __sp if ‘Z| = RQ’ (3.3.19)
02|Z|_1_m(p_1) if |Z| > RQ,

for ~ € R? with the matching condition
A=CyR, "D (3.3.20)

Note that p > p. ensures that G is integrable at infinity.

Lemma 3.3.6 (The far region for p. < p < py). Let d > 1,0 < s < 1,
m > 0 and p. < p < p1. Define G : R? — [0,00) by (3.3.19) where
Cy > 0 satisfies (3.3.21), Ry > 0 and A is given by (3.3.20). Then

(=Ap)IG(2)™ = BV - (2G(2)) 2 0 (3.3.9)

for all e > 0 sufficiently small and all z € R* with |z| > R,.
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Proof. In radial coordinates with r = |z],

C sp
1-d(,.d 2 =k

_ G r= 1-m(p—1) > 0

We use this to compensate for the (possibly negative) fractional p-Laplacian
term. Evaluating (—A,)$G™, first consider yo € R? such that |yo| = 1.
Then,

(1 _ sp(m )>p1
—r 1-m(p—1
(~8,):Gn)" = o [ ay.

R4\ Be (y0) |[yo — y|@+er

The integrand is positive for » > 1, so this region can be ignored. For
p < pi, G™PY € LY(B;(0)) so the integrand is also bounded in L'
near y = 0. Hence it remains to estimate near y = yo. Since G(y)™
is a C? function without critical points, we can also apply [85] so that
the principal value is bounded in a small ball around y, with bound
independent of y. So as in [126], there is a finite constant k(d, s, p, m)
such that
(—2,) G (yo)™ = —kCy" ™.

We evaluate for |yo| # 1 by the spatial scaling transformation

vn(y) = hv(hy)
for h > 0 with v = —2—. This leaves the profile bound (3.3.19)

1-m(p—1)"
invariant and scales the profile equation (3.1.5) by r~7 such that

&

(A GO)" = 6, = (s — hCE )

Then we satisfy the super-solution condition (3.3.9) for
Co > (k(1 —m(p — 1))/ E-me=) (3.3.21)
O

3.3.2 A comparison principle

We now convert profile functions back to the standard coordinates of
(1.2.1) and apply a comparison principle.

Lemma 3.3.7 (Comparison principle). Let 0 < s < 1, p > 1, m > s
and d > 1. Let u be a mild solution to (1.2.1) with initial data uy € L.
Suppose H : R? x [0,00) — R satisfies the super-solution condition

(H'(6) + (=8, H™ () Lo} > 0 (3.3.22)

a.e. in R? for all t > 0 and all € > 0 sufficiently small. Suppose |ug| <
H(0) a.e. in RY. Then for all t > 0, u(t) < H(t) almost everywhere in
R,
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Proof. By Theorem 2.1.1, we can approximate ug by smooth data to get
strong distributional solutions converging to u in L!'(R?). Hence first
suppose that u is a strong distributional solution of (1.2.1).

As usual we estimate the signed difference, noting that H is piecewise
smooth,

d

G L =) e = [ @) = 01y de

R4

<= [ (a0t + (CA)H ) o) do

By the accretivity of (—A,)*-™ in L' and using that -™ is strictly increas-
ing so that 1,m>pgmy = 1{,>p}, we have the monotonicity estimate

/Rd (=2p)u™(t) = (=2, H™ () Tusrry dz > 0.

Hence it remains to prove the convergence of (—A,):H™(t). We can
approximate 1,7 by ¢(u — H) for ¢ € C*(R) as usual with 0 < ¢ < 1,
q(r) =0for r <0,0 < ¢(r) < M for some M > 0 for all > 0. Then
letting Q(t) = q(u(t) — H(t)) for 0 < t < co and noting that H € W*2»)
and Q € W*@P) we can use the symmetry of the fractional p-Laplacian,
fixing ¢ > 0, to obtain

CAVH™Qdr = (H™(z) = H"())"'Q(2) ;.

| apmmqan= [ o
_! (H"(z) = H" ()" Q) = QW) ;.
__?4MWy<a [z =yl A7)

which converges to ((—A,)2H™)Q as ¢ — 0. Taking ¢ to approximate
signd and integrating the previous difference estimate, we obtain,

/R (ult) ~ H(0) " dr < / (w(0) — H(0))* da.

Ra

Similarly, comparing —u and —H and noting that —H will be a sub-
solution to (1.2.1), we have that |u(t)| < H(t) a.e. on R? for t > 0 so
long as |ug| < H(0). O

Proof of Theorem 3.3.1. Converting the barriers G given by (3.3.12) for
p > p1, (3.3.16) for p = p; and (3.3.19) for p. < p < p; back to (z,1)
coordinates gives us the barrier function

H(z,t) = (t+1)"PGx(t+ 1))

defined by (3.3.3). Note that H(z,0) = G(z).
Hence in light of Lemma 3.3.7 and the previous pointwise estimates,
we need only prove that such constants can be chosen for G in each case
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so that H bounds |u| at ¢ = 0 and the super-solution condition (3.3.9) is
satisfied whenever u > H.

First, in the case p > p;, we want to satisfy the conditions of Lemma
3.3.3 and Lemma 3.3.4 while also ensuring that H bounds u elsewhere.
In particular, this requires (3.3.11), (3.3.15) and C; > C for some C' > 0
with this last inequality coming from the pointwise bound in the in-
termediate region Ry < |z| < 2R,. For this we consider cases on the
homogeneity of the operator (—A,)%-™.

If m(p—1) > 1, we require

sp

d+$
C,>CR, " Oy <CRIRJTI 0y >C

and so we can take R; large enough to contain the support of ugy, C
large enough to satisfy the first and last inequalities while also ensuring
that A > |Jug||o and Ry large enough for the remaining inequality.

In the case m(p — 1) = 1, we require

Rip < C, R;p > 07 R;p > ClOg(Rz), Cl > C.

So we can take Ry sufficiently small and R, sufficiently large to satisfy the
first three inequalities. Then by taking C; large enough, we can ensure
that H(0) bounds |ug|.

In the case m(p — 1) < 1, we require

e g 5P g
CiR, ™™V <O, CiR, ™Y >0, C>C.
Note that p. < p < 1+ -- implies that Ty > d- So fix By > 0
such that Bg, contains the support of ug. Then take C large enough to
satisfy the last two inequalities and ensure that H bounds uy at ¢ = 0.
Finally take R; small enough to satisfy the first inequality.

In the case p = p;, we require (3.3.11), (3.3.18) and C} > C for some
C > 0. As in the previous case, we can take Ry large, C; large and R;
small to satisfy all conditions.

Finally, in the case p. < p < p;, we require (3.3.21) and, by applying
Lemma 3.3.3 with Ry = R,

=D ¢
-
Cy R, <c,

so we can satisfy all conditions by taking R, small and Cy large. O]

3.4 Finite time of extinction

In the porous medium case, ¢(u) = u™ with 0 < m < 1, we can obtain
extinction in finite time following the method presented for the frac-
tional Laplacian case in [83]. We first prove a comparison principle for
the doubly nonlinear problem (1.2.1), extending [22, Theorem 4.1] to
inhomogeneous boundary data on R?. By constructing an explicit su-
persolution and subsolution on RY we can then prove extinction in finite
time.
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Theorem 3.4.1 (Finite time of extinction). Let Q be a bounded do-
main in R, d>1,p>1and0 < s < 1. Let u be a strong distributional
solution to (1.2.1) with ug € L™ where @ is strictly increasing, ¢(R) = R,
©(0) = 0 and % e LY0,||uollso), f =0 and g = 0. Then u(t,") =0
for all t > t* where t* is given by

L1 lluolloo 1
" = C/o COa dr (3.4.1)

and C, given by (3.4.7), depends on 2, p, s and d.
We have the following corollary in the case ¢(r) =™, r € R.

Corollary 3.4.2. Let Q be a bounded domain in R?, d > 1, p > 1 and
0 <s < 1. Letu be a strong distributional solution to (1.2.2) with f =0,
g=0, up € L>® and m > 0 such that m(p — 1) < 1. Then u(t,-) =0 for
all t > t* where t* is given by

1-m(p—1)

* 1
t" = ez 1ol

and C, given by (3.4.7), depends on 2, p, s and d.

In the case m > s we may extend this result to mild solutions in L! with
initial data in L™ by approximation due to the density result (2.1.1)
and the standard growth estimate (2.1.3).

Finite time of extinction of solutions to (1.2.1) was also proved for the
fractional porous medium equation (p = 2) in [83] in the Dirichlet case
and [100] for the Cauchy problem. See also [123, 126] for discussion of
extinction for the fractional p-Laplacian evolution problem on RY.

3.4.1 A parabolic comparison principle

We first introduce the inhomogeneous fractional Sobolev space for €2 an
open domain in RY d > 1, and b € LL (R?\ Q),

loc

WP () = {u e WoEP(RY) |u =b a.e. on R\ Q}

and the fractional p-Laplacian for v € W, (2P )(Q) In this setting we
have the energy functional £ : L*(Q) — (—o0, oo] defined by

1 : 5,(2,p)
£(u) = 2—p[u]§7p ifue Wb PIQ),
+00 otherwise,

so that the fractional p-Laplacian is given by the subdifferential operator
of £ in L?. In particular, we use the variational equation,

1/ (u(z) — u(y))"~ (v(z) — v(y))

2 |z — y|d+sp

dydxz/ﬂh(m)v(x) dz  (3.4.2)
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so that we have the characterization,
OE(u) = {h € L? : u, h satisfy (3.4.2) for all v € L* with [v],, < co}.

For every u € W;’(Q’p)(Q) this is then unique, so we write (—A,)°u =
0E(u).

In this setting we consider the following inhomogeneous evolution equa-
tion,

u+ (=Ap) 0(u) + f(u) =g on Qx[0,T],
u(t) = h(t) on R\ Q x [0,7], (3.4.3)
u(0) = ug on €.

In particular, we have the comparison principle.

Theorem 3.4.3 (Comparison principle for inhomogeneous boundary
data). Let Q be an open domain inRY, d>1,0<s<1,p>1,T >0, f
satisfy (2.0.3a)-(2.0.3b) and ¢ : R — R be strictly increasing and satisfy
©(0) = 0. Suppose u and & € WH((0,T); L') are two strong distri-
butional solutions in L' to the inhomogeneous Dirichlet problem (3.4.3)
with initial data wo, U € L', forcing terms g, g € L*((0,T); L") and
boundary data b, h € Li _(R¢ \ Q), respectively. If h(t) < h(t) a.e. on R?
for a.e. t € (0,T), then

/Q(u(t) () dp < e / (o — 1)+

/ wit= S)/ ]l{u>u}d,uds

Proof. Since u and 4 are distributional solutions, we have that ¢(u(t)) €
WD () and p(a(t)) € W;’((}AZQ(’S))(Q) for a.e. t € (0,T). We first prove

(3.4.4)
forall0<t<T.

p(h(1))

an estimate on the sign of (—A,)*u—(—A,)%a given that u < @ on R?\ Q.
We approximate the sign function by considering all ¢ € C'(R) satisfying
0<q¢g<1,q(s)=0for s <0and ¢(s)>0for s >0 and prove that

(80— (=, it = i) da >0,
By assumption, g(u — @) = 0 on R?\ Q. So we have

/Q (“A)u— (~A a)g(u — 6) da

/ / )yp_l _yc(lﬁ(gc)_a(y))p_lx
—a(z)) — q(u(y) — u(y))) dy dx.
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We split these integrals into {u >4} and {u < @} terms noting that
q(u(z) —a(x)) = 0on {u<a}. On {u>a} x {u>u}, using the
monotonicity of ¢(s), we have

/ / (u(@) —u(y)"" = (a(z) —a(y))>! x
{u>a}? |z — gy|dtps
(q(u(z) — a(x)) — q(u(y) — a(y))) dy dz = 0.
On {u <} x{u<a} wehave
q(u(x) —a(x)) — q(u(y) —aly)) = 0.

Then applying the symmetry of z and y to the remaining two terms, we
have that

/Q((—Ap) u—(—A,)0)q(u — u)dr

—u(y)’~ = (a(z) —a(y))
> 2/{u>u}/{u<u} ’l‘ _ y|d+ps X
) dy dz
—a(y))P ! — (a(z) —a(y)"!
= 2/u>u}/{u<u} ’x_y’d—&-ps *
q(u( x))dydz
=0.

Letting ¢ converge to [sign,|™ and noting that ¢(u) > (a) if and only if
u > 1,

/Q (D) o() — (“A) (@) Lusay dpr > 0. (3.45)
By the chain rule, (3.4.3) and (3.4.5),
< (o) - a(t))* an = / (W (1) — (1)) L usay dp

_ / (=) (W) () — (~A)*0(@) (1)) Tusay dp
n / (F(w) — F(8))L(usay dpi + / (9(6) — §(0)Lusar dp
<o [t = o) dut [ (60 = GO o

Applying a Gronwall inequality,

[ty = i) au < et [ (wo - 0)* an

/ wlt— S)/ $))L{usaydpds.
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3.4.2 Proof of finite time of extinction

We now suppose that €2 is bounded in order to construct a super-solution
and a sub-solution which are truncated within a ball containing €2.

Proof of Theorem 3.4.1. We let u be a strong distributional solution to
(1.2.1). We will construct a super-solution and sub-solution on R? x R
to bound u via separation of variables of the form p(z)T'(t) using the
fundamental solution. In particular, we choose T to be a decreasing
function such that 7'(t*) = 0 for some t* > 0.

Choose R > 0 such that Q C Bg(0). In order to apply Theorem 3.4.3
we require that this super-solution V' (x,t) satisfies

Vi + (—A,) (V) > 0. (3.4.6)

Letting 8 = ¢! we set V(x,t) = S(W(z,t)) with W(z,t) = u(z)T(t),
where we choose

R=¥rs  for |x| < R,
p(x) = q e[~ for 2] € (R,3R),
0 for |z| > 3R.

Defining
: Ad+ps ] ( ) ( ( T )

with wy denoting the volume of a d-dimensional unit ball, and

1 lluolloo 1

tf = — —dr,
Cr Jo (o(r)P™
we set
d+ps E if *
T = {R ploltr =) it <t
0 ift > t*

where o(t) satisfies

/G(t) 1 o
————dr = CRt
o (e

for t € [0,t*]. Note that V(z,0) = ||ugl/ec and V(z,t*) = 0 for x € Q.
Moreover, V; = —Cg (p(o(t* — ).
For x € Q, we have

R—(d+ps)(p—1)
dy

(—A,)n(x) < /

ROBR(0) 1T — Y|4

which is bounded since ps > 0 so that (—A,)°u(x) € L* and so we
can apply the singular integral form of the fractional p-Laplacian. Let
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g=Vi+ (=A,)*0(V) on Q x (0,00). Note that V € W1 (0, co; L' (R%)).
Then V is a strong distributional solution to

v+ (=Ap)°p(v) = g on €2 x (0, 00),
v(t) = Vi(t) on R\ Q x (0,00), (3.4.8)
v(0) = vy in RY,

where V(t) > u(t) on R\ Q and V(0) > ug. Applying Theorem 3.4.3,
we have that

/Q(u(t) V) du < _/Ot/gg(s)]l{wv}d,uds.

To obtain that u(t) < V/(t) almost everywhere on €2 x (0, 00), it therefore
remains to prove that the right-hand side is bounded by zero.

For x € €1, using the singular integral formulation,
(Rt — gy
|z — y|dtps

(-a)yuta) = [ dy

B3r(0)\B2r(0)

Z (R—d—ps(1 . 2—d—ps)>p_l/ 1

B3r(0)\B2r(0) (4R)d+sp
(Bd o zd)R—sp (R—d—ps<1 _ 2—d—ps)>P*1 )

dy
Wd—1

- 4d+psd

Rewriting (3.4.6) in terms of the separated variables pu(z) and T'(t),
and applying the estimate on (—A,)%u, it is sufficient for T'(t) to satisfy

%ﬂ(R_d_psT(t)) +Cgr (R_d_psT(t))p_l >0 on (0,t).

In particular, we require that

T =Crlelo)™ on (0,6,

which holds by definition of o. Hence
Vit (=4,)(V) 20

for all x € Q.
Similarly for —u and —V we have, with respect to the Lebesgue mea-
sure,

(=V)i + (=4p)%p(=V) <0 on 2 x(0,00),
_V(07 ) <wup on Rda
~V<u onR*\Qx(0,00),

hence we have that for almost every x € Q and all t > 0, =V (¢) < u(t) <
V(t) and so u(t) = 0 for t > t*. O
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3.5 Existence of a Barenblatt solution

In this section, we aim to prove the existence of a Barenblatt solution
which tends to a Dirac delta as ¢ — 0+4. Here we use a rescaling tech-
nique from [127], see also [121] where this is proven for the fractional
p-Laplacian.

Theorem 3.5.1. Letd > 1,0 < s < 1, m > 1 and p > p. such that

m(p—1) # 1 and sp < d. Then for any mass M > 0 there exists a strong

distributional solution T' to (1.2.1) in L' which is nonnegative, radially

symmetric, decreasing radially in space with decay given by g(|x|) and
1

decays in time with order ¢ mehog uniformly in x. Moreover, I' tends
to a Dirac delta as t — 0+.

Proof. For a given smooth, positive, radially symmetric initial datum
ug € L' with compact support contained in the open unit ball By (0)
and having mass [, o dz = 1, let u be the corresponding positive strong
distributional solution of (1.2.1) provided by Theorem 2.1.8. By applying
the scaling transformation (3.1.1) to u, one obtains that for every integer
k>1,

wp(x,t) := ku(kx, kAP0t g e RY ¢ >0, (3.5.1)

is a strong distributional solution of the doubly nonlinear nonlocal diffu-
sion equation (1.1.3) with initial datum ug o := k?ug(k-) representing a
nascent J-function in the sense that uyo converges to the Dirac delta o
function in the sense of distributions as & — oo. Therefore, it remains
to study the existence and properties of the limit function

klim ug(z,t) for every € R? and t > 0.
—00

In particular, we will take the limit of a subsequence of (ug)x>1 to define
the Barenblatt solution I'(z,t). By (2.1.2),

Jur (@)1 < [Jugolli =1 (3.5.2)

for every t > 0 and every k > 1. From the L' — L*® regularization
estimate (2.1.13), we have that

sup ||ug(t)|lo < Ct™ for every t > 0, (3.5.3)
k>1

where o > 0 is defined as in Corollary 2.1.5 and so (3.5.2) yields that

sup |luy (), < Cm=H ¢=(m=la for every t > 0. (3.5.4)
k>1

Further, applying (2.1.15) and Corollary 2.1.7 to (uy)x>1 gives that
2 1
—1) -1t

sup ||Opur(t) ]| < for every t > 0, (3.5.5)
k>1 Im(p
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and

sup [up'(¢))]2, < C'¢~(Hme) for every ¢ > 0. (3.5.6)
k>1

Therefore, for every 6 > 0, the sequence (%’“) 4>, 18 bounded in the

space L>(8,00; L'). In particular, (3.5.4) and (3.5.6) yield that the se-
quence (u]")g>1 is bounded in L*(d, 00; W*P). Since the previous esti-
mates (3.5.2)-(3.5.6) remain valid on any compact subset K of RY, and
W#P(K) is compactly embedded into L'(K) by the Rellich-Kondrachov
theorem for fractional Sobolev spaces (see [117, Theorem 2.1]), it fol-
lows from Simon’s compactness result [114, Theorem 1] that (u}")x>; is
relatively compact in C'([ty, t2]; L'(K)) for every 0 < t; < t5.

Now, for every integer n > 1, let I,, = [1/n,n] and K,, = {x € R? :
|z] < n}. Then (I,),>1 is an increasing sequence of compact intervals,
approximating the positive open real line (0, 00), and (K,),>1 is an in-
creasing sequence of compact subsets of R? approximating R¢. Since
both sequences (I,),>1 and (K,),>1 are countable, a standard diagonal
argument yields the existence of a subsequence (u,))r>1 of (ux)r>1 and
an element I' € C'((0, 00); L;,,.) such that

loc

klim Upky = T in C([ty,t]; L'(K)) (3.5.7)
—00
for every 0 < t; < t5 and every compact subset K of R%. Further, since

each uy) is given by (3.5.1), we can apply the global bound for u given
by (3.3.3) and (3.3.4), so that for all R > Ry and ¢ > 0, we have

o) (O L1 (412> RY)

1

< Oyt + (k) 7)% /{I >R} ! (|$|(t s

-c. [ L gl
{lz[>R(t+o(k) #)=F}

Since g(|z|) is integrable in R? in each case, for any given € > 0, there
is an R > 0 such that for every 0 < t; < to,

|

)_ﬁ> dz

sup sup ||upm) ()|l (fe1>ry) < €
k>1 te[ty,ta]

Combining this with (3.5.7) gives

lim uyy =T in C([t1,t2); L")

k—oo

for every 0 < t; < to, and by (2.1.13),

k—o0
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for every 1 < g < oo. Next, let 0 < t; < t5 and K be a compact subset
of R%. Then by (3.5.5) and (3.5.8), one sees that

IT(t2) = D)y < Jim [luets) = welt) 2y

t2

< kh_)rgo ) ||8tuk:(t)||L1(K) dt
t2
< lim [ |Guk(®)]], dt
k—o0 tl

logty — logty
Im(p—1) = 1|’
Hence, applying an increasing sequence (K, ),>1 of compact subsets of

R? to the preceding inequality and subsequently sending n — oo yields
that

<2

logty — logty
['(ty) — I'(t <2
H (2) (1)“1— ]m(p—l)—l\
for every 0 < #; < ty. Therefore T' € C((0,00); L') and is locally ab-
solutely continuous with values in L'. Moreover, by (3.5.9), T is in
Whoo(§,T; L) satisfying
r - _
(t+h)—T(t) <9 lim log(t + h) — logt _ 2 '
h N h—0+ hlm(p—1)—1]  tlm(p—1) —1|
Next, since uy k) is a strong distributional solution of (1.1.3), we may

multiply (1.1.3) by u7) and subsequently integrate over (t1,t2) for given
0 < t; < ty. Then, one obtains that

(3.5.9)

lim

h—0+

to
— g (tz)mﬁJF/ [y (O)]E,, At = = [lugw (t)]Imil. (3.5.10)
t1

Integrating (3.5.6) over (t1,t5), we also have that

to
[ ez, de < S (35.11)
t1

Thanks to the two estimates (3.5.4) and (3.5.11), we have that for every
0 < t; <ty (uﬁ(k))kzl is bounded in LP(ty,ty; W*P). From here, we
proceed similarly to the proof of Theorem 2.1.8 in order to show that
I' is a strong distributional solution to (1.2.1). Letting 0 < t; < to,
the space LP(t1,ty; W*P) is reflexive, so by (3.5.8) we can conclude that
'™ € LP(tqy,ty; W5P). After possibly passing to another subsequence of
(ulr))k>1, we have that

lim gy = I weakly in LP(tq, to; W*P). (3.5.12)

k—o00

In particular, one has that the sequence (A ,(u;))k>1 of linear bounded
functionals on LP(ty,ty; W*P) given by

<A51p(u ) §>Lp’ (t1,t2;W—5: p/) LP(tq,to;Ws:P)

w(k)
O W (@) — W ()P (€(2) — €(0)
— 5/ /de o ( d(z,y) dt

|z — y|dts
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for every £ € LP(ty,ty; W*P), is bounded in L (t1,to; W—*"). Therefore,
there is an y € LP'(ty,to; W™5P") such that after possibly passing to a
subsequence, one has that

lim A, (ugy) = x  weakly™ in L (ty, to; W), (3.5.13)

n—oo

Further, since u, ) is a strong distributional solution of (1.1.3), it follows
from

gy + Asp(ug) =0 (3.5.14)

that (Oyug(k))k>1 is bounded in L' (¢, to; W=*#"). Thus and since I' € L',
it follows from (3.5.8) that O,I' € LV (t1,t2; W™*#") and, after possibly
passing to another subsequence of (g (k))r>1, that

klim Opupmy = O weakly™ in L (ty, to; W™5P"). (3.5.15)
—00

Hence, multiplying (3.5.14) by a test function & € C°((t1,t5) x R?) and
sending k — oo yields that

<8tr(t) + X*a £>Lp’ (tl,tQ;W_s’p,),Lp(tl,tQ;WS’p) = 07
which yields that
OL(t)+x=0 in W for ae. t € ({1,1s). (3.5.16)

Now, we are ready to prove that I' is a distributional solution of (1.2.1)
on (t1,t3). To do this, it remains to show that x = A ,(I'"), where A;,
is the lifted operator A, : LP(t1,to; WP) — L¥' (11, to; W) given by

S
<A ( LP’ (t1,ta;W—s P’) LP(t1,ta;WsP)

/ [ 10—l 0le) e 60D o

|z — y|dtsr

for every v, & € LP(tq,to; W*P). For this, note that multiplying (3.5.16)
by I'"™ yields that

to
]

m
+ <X: r >LP’ (t1,b2;W=P" ), LP(t1,b2;WSP) — 0.
1

Thus (3.5.8) and (3.5.10) yield that

lim [ [ul (D)) dt = (CT™) Lo (4 i) Lot gswery- (3.5.17)

n—oo t1

By the monotonicity of Aj,, one has that
0 §<A;(u$(k)) - AS,P(ﬁ)? ugl(k) - £>LP' (t1,2;sW=P"), LP (b ,t2;W*P)
to
:/ [Ugb(k) (t)]g,p dt — <A;(u$(k))>§>m’ (t1,82;W =" ), LP (t1,t2;W=P)
t1

- <A87P(€>’ UZL(k) - €>Lp' (t1,t2;W=5P" ), LP(t1,to;WS:P)
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for every k > 1. Thus, sending & — oo in the last inequality and by
using (3.5.12), (3.5.13), and (3.5.17), one obtains that

0 < <X - As,p(£)7 u™ — §>LP’ (t1,t2;W =3P ) LP (1 ,to;WS:P)

for every & € LP(ty,ty; W*P). Now, by proceeding as in the proof of
Proposition 2.9.2, we can choose £ = u™ — p(, taking p — 0+, to
conclude that x = A, ,(I'").

Thus I' is a distributional solution of (1.1.3) and it remains to show that
[ is differentiable with values in L} . at almost everywhere t € (0,00).
Since the argument is exactly the same as the one given in the proof of
Theorem 2.1.1, we omit this part.

We can estimate I' by applying the global bounds (3.3.3) and (3.3.4)

to u so that there exists Cy > 0 and Ry > 0 such that
u(z,t) < Gyt +1)"Py(jz|(t+1)77),

for a.e. * € RY and t > 0 satisfying |z| > (¢t + 1)’ Ry. Then for k > 1,
u(2,) < Colt + k5) g (Jal(t + k%) 7

for all |z| > (t + k_%)ﬂRg. Hence there exists C' > 0 such that
[(z,t) < Ct=Pg(|z|t™7) (3.5.18)

for all |z| > Ct?. So T tends to a Dirac delta as t — 0+.

It remains to prove the radial symmetry properties of I". Since ugl(k)
converged to I'™ weakly in LP(tq,ty; W*P), we have a subsequence, rela-
belled as u, which converges pointwise almost everywhere in [t1, t5] x R?
for 0 < t; < ty. Then applying Corollary 3.2.3, wuy is radially symmetric
and radially decreasing so that the same holds for I' almost everywhere in
(0,00) x R%. Moreover, (3.5.18) gives the decay of I in space and (3.5.3)
gives the decay in time. O]

Proposition 3.5.2. The strong distributional solution I' given by Theo-
rem 3.5.1 is self-similar with the form (3.0.2) where F: RY — R satisfies
the properties of Theorem 3.0.1.

Proof. We apply a rescaling to self-similar variables,
V(y,7) =t%T(z,t) fort>0andzcR? (3.5.19)

where y = 2t7” and 7 = logt. Then since I' € Wh*(4,00; L) N
L (6, 00; W*P) for all § > 0, we can apply those estimates such that
Ve Whe(§, 00; L') N L>®(6, 00; W*P) for all § > 0. Moreover, since I is
a strong distributional solution, V' is a strong distributional solution to

0,V — BV - (yV) + (=A,)*V =0
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for 7 € R and y € R% In particular, since 9,I' € L*°(§,00; L), 0,V €
L>(8,00; L') and

oL =t~ =19,V — BV - (yV))

by the rescaling (3.5.19), we have that V - (yV) € L>(§, 00; L') for all
0 > 0.

We have the following lemma from [121] wherein wy, is defined by (3.5.1)
and wu, is the positive strong distributional solution corresponding to a
given radially symmetric initial datum w, € L' with compact sup-
port contained in the unit ball and having mass 1 as in the proof of
Theorem 3.5.1.

Lemma 3.5.3 ([121, Lemma 6.1]). If vy is the rescaled function from uy
and vy, from uy according to (3.5.19), then

Uk(ya 7—) =l (ya T+ 1Og(k))

Since (relabelling by an appropriate subsequence) uy converges point-
wise almost every to I' in R? x (0, 00), vx(y, ) also converges pointwise
almost everywhere to V(y,7) in R? x (—o00,00). By Lemma 3.5.3, we
know that vg(y,7) = vi(y, 7 + log(k)) so that, for A > 0, pointwise we
have that

V(y, 7+ h) = lim v(y, 7+ h)

k—o00

= lim v en(y,7)
k—o0

= V(yv 7—)
almost everywhere in R? x (—o0,00). Hence V is independent of 7 and
V. = 0 almost everywhere. Hence F' = V is an appropriate profile
function. Moreover, we carry the radial symmetry properties of U to
F. O

3.6 Uniqueness of the Barenblatt solution

We obtain uniqueness of the self-similar profile using a method of mass
difference analysis, applied to the evolution fractional p-Laplacian in [121]
(see also [127]). This completes the proof of Theorem 3.0.1.

Theorem 3.6.1. The Barenblatt solution given by Theorem 3.5.1 is
unique for each M > 0.

Proof. Let 'y and I'y be two Barenblatt solutions to (1.1.3) with profile
functions F; and Fy, respectively as defined in (3.0.2). Suppose F; and
F5 have the same mass M. Since F; and F3 are both positive and

/Rd Fi(2)ds = /R Fy(x)dz = M,
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one either has that F; = F}, a.e. on R?, or

/Rd(Fl(z) — Fy(2))Tdz >0
and
/Rd(Fz(z) _B(2)dz >0,

Then (3.0.2) implies that for ¢ > 0, the difference I';(t) — I's(t) of the
corresponding Barenblatt solutions I'y and I'y is also sign-changing. In
particular, I'; and I'y satisfy the L! dissipation inequality for differences,

Theorem 2.6.1, with strict inequality. Hence using the form (3.0.2) for
Fl and FQ,

t; VN F ety ") — Fa(at; )t |l < 67PN R (t7) = Fa(t7)] s
for 0 < t; < ty. Now a change of variable implies that
I[Py = B b < [[[Fy = BT L

giving a contradiction. O
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