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Abstract

Tail risk forecasting plays a crucial role in prudent risk management strategy, as required by
the Basel accord, in preventing devastating losses and providing efficient capital allocation.
Recent developments in volatility modeling to forecast market risks have shifted to model-
ing high frequency data of financial asset returns to improve the performance of volatility
forecasting models. This volatility modeling development also attempts to capture extreme
but rare events that may have a disastrous impact on a global scale. Various estimation
techniques have also been explored to provide better parameter inference and prediction.

This thesis aims to develop parametric volatility modeling using multiple high-frequency
realized volatility measures to forecast two types of tail risks, that is the Value at Risk (VaR)
and the Expected Shortfall (ES), at 2.5% and 1% forecast levels. An extension of the re-
alized exponential generalized autoregressive conditional heteroskedasticity model (real-
ized EGARCH) is proposed by allowing the return equation errors to follow a standard-
ized Student-t distribution and a standardized skewed Student-t distribution. It employs
three robust types of robust realized volatility measures in the measurement equations of
the realized EGARCH model, which channel the impact of the realized measures on the ex-
pectations of future volatility. These realized volatility measures are subsampled realized
variance (RVSS), subsampled realized range (RRSS), and realized kernel (RK). A Bayesian
technique is proposed to estimate the proposed model, and its performance is proven to be
more favorable than that of a frequentist maximum likelihood (ML) approach in simulation
studies. The proposed models are used in an empirical study to forecast the VaR and ES of
seven market indices. The results of the empirical study suggest that the proposed extension
of the realized EGARCH model employing the standardized skewed Student-t distribution
improves the accuracy of tail risk prediction. Including the RRSS (either employed indi-
vidually or jointly with RVSS and/or RK) in the realized EGARCH model is found to be
important in improving the forecast performance of the model.

A variable selection method is further proposed based on the Least Absolute Shrinkage and
Selection Operator (Lasso) approach to facilitate the selection of realized volatility measures
in the realized EGARCH model. A cross validation (CV) method and a Bayesian Lasso
(BLasso) approach are proposed and compared in both simulation and empirical studies
using seven market indices. In the empirical study, RK, RVSS, RRSS, and Range variables
are incorporated into the RE-SkN model as measures of realized volatility. Even though the
estimated penalty parameters produced by the CV method are higher than that estimated
by the BLasso approach for the simulation and empirical studies, both approaches tend to
shrink the parameter coefficients relevant to the RK and Range variables, suggesting that
the RRSS and RVSS provide a stronger signal about future volatility than the RK and Range
variables. The results also suggest that the BLasso approach leads to more sparse realized
EGARCH models than the CV approach.

A further extension of the realized EGARCH model is proposed by allowing the return error
distribution to follow a standardized two-sided Weibull distribution. A Bayesian approach
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is also proposed to estimate the model. It produces less biased and more precise parameter
estimates than the ML estimation. The tail prediction accuracy of the model is compared
with that of the realized EGARCH employing the standardized skewed Student-t distribu-
tion and other competing models in an empirical study employing RVSS, RRSS, and RK. The
empirical study suggests that the forecast performance of the realized EGARCH employing
the standardized two-sided Weibull distribution is relatively equal to that of the one using
the standardized skewed Student-t distribution.
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Chapter 1

Introduction

1.1 Financial Risk and Forecasting

The 2008 global financial crisis has underscored the importance of effective financial risk
management and the need for precise risk measurement to prevent disastrous losses. The
environment in the financial services industry is dynamic, changing rapidly and charac-
terised by evolving potential risks that financial institutions need to manage. The nature
of the risks faced by financial institutions also evolves as financial innovation progresses.
Therefore, it is necessary for financial institutions to develop accurate risk measures that
can effectively adjust to the fast-changing environment in which they operate.

Engle and Manganelli (2001) broadly define risk as the level of uncertainty about net returns
in the future. Financial institutions face a variety of risks, with four types of risk mainly
discussed in the finance literature as follows.

1. Credit risk: the potential loss suffered if a counterpart fails to fulfil its obligation.

2. Operational risk: the risk associated with errors in payments and transactions, as well
as fraud and regulatory risks.

3. Liquidity risk: the loss caused by sudden unanticipated extreme negative cash flow,
especially when a firm has a sudden need for liquid assets while its assets are mostly
illiquid at that particular period of time.

4. Market risk: relates to the uncertainty of earning in the future due to market fluctua-
tions. It is the most crucial risk since it measures potential losses caused by a decrease
in the market value of an asset.

This study focuses on forecasting market risk. Currently, there are two main tools employed
by financial institutions in measuring market risk: Value at Risk (VaR) and Expected Short-
fall (ES) or conditional VaR. While VaR has been very popular among risk managers due to
its simplicity, ES is recommended by the Basel Committee on Banking Supervision (2012)
because it performs better in capturing fat-tailed events.

Volatility forecasting plays a crucial role in risk management and is a major input in invest-
ment and monetary policies. It is argued that asset price volatility is one of the main risk
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factors in financial markets. Therefore, governments and monetary authorities take into ac-
count the volatility of key economic and financial indicators to assess the vulnerability of the
economy to adverse shocks. The results of volatility analysis provide valuable input into the
design of preemptive actions to mitigate the impact of potential worst case scenarios.

Because it is essential that real-time forecast of market risks are accurate, both financial mar-
ket actors and researchers have developed models and methodologies to measure and fore-
cast portfolio return volatility. Recent attempts at volatility modeling to forecast market risks
have shifted from modeling quarterly and monthly data to shorter period or high frequency
data, such as weekly, daily, and even intraday data of financial asset returns. Incorporating
these high-frequency data into volatility forecasting modeling significantly improves the
performance of volatility forecasting models.

This thesis has the following structure. Chapter 1 provides an introduction to the thesis with
a brief discussion on market risk and volatility modeling and outlines the theoretical back-
ground of Bayesian inference. Chapter 2 presents a theoretical review of VaR and ES and
various types of tail risk forecast evaluation methods, ranging from VaR and ES backtests,
quantile loss functions, VaR and ES joint loss function, and model confidence set.

Chapter 3 presents an extension of the Realized EGARCH models from a Bayesian per-
spective as a new method of modeling volatility by introducing the Student-t distribution
and the Skewed Student-t distribution in the return equation (RE-tN model and RE-SkN
model, respectively). To improve the out-of-forecast performance of the proposed model,
three types of realized measures are selected to be utilized, individually or jointly, in the
measurement equation of the Realized EGARCH models. These are the subsampled Real-
ized Variance (RVSS), subsampled Realized Range (RRSS), and Realized Kernel (RK). An
adaptive Bayesian Markov Chain Monte Carlo (MCMC) procedure is adopted and applied
to the proposed models to help account for the estimation of risk forecasts. The proposed
models are estimated by using the Maximum Likelihood (ML) frequentist method and adap-
tive Bayesian MCMC method. The superior performance of the proposed adaptive MCMC
method over the ML method is demonstrated via a simulation study. The proposed models
are applied to seven market indices and used to produce VaR and ES forecasts. Various VaR
and ES backtests are conducted to evaluate the the accuracy of 2.5% and 1% VaR and ES
forecasts of the proposed models. The forecasting performance of the proposed model is
compared to that of various competing models, such as the original realized GARCH and
realized EGARCH models, the Conditional Autoregressive Expectile (CARE) model, and
several extensions of the GARCH-type models.

Chapter 4 builds on the RE-SkN model with a focus on performing the selection of realized
measures and improving the prediction accuracy of the RE-SkN model by using the least ab-
solute shrinkage and selection operator (Lasso) approach to build a parsimonious RE-SkN
model. Two variable selection methods are adapted and applied to the RE-SkN model: a
cross validation (CV) method and a Bayesian Lasso (BLasso) approach. The penalty param-
eters of both methods are compared in both a simulation study and an empirical study. In
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the empirical study, RK, RVSS, RRSS, and Range variables are incorporated into the RE-SkN
model as measures of realized volatility. The prediction accuracy of the RE-SkN models
in forecasting VaR and ES by using both variable selection methods is evaluated by com-
paring the quantile losses and the joint losses to the original RE-SkN model (without the
Lasso approach) and to the GARCH and the EGARCH models. The latter two models also
incorporate the Skewed Student-t distribution in the return equation.

Chapter 5 proposes a further extension of the Realized EGARCH model by exploring an-
other alternative return distribution, that is, a standardized two-sided Weibull (STW) dis-
tribution. A Bayesian approach based on the Adaptive MCMC is also developed for the
proposed Realized EGARCH model extension. A simulation study is conducted to com-
pare the unbiasedness and precision of the MCMC estimation and the ML estimation of the
RE-STW model. In an empirical study using seven market indices, the tail risk prediction
accuracy of the RE-STW model is evaluated in comparison with that of the RE-SkN type
models proposed in Chapter 3 and other competing models such as GARCH-family models
and the CARE model.

Chapter 6.1 presents the conclusion of the thesis and suggests possible future research av-
enues.

1.2 Volatility Modeling

The available methods for estimating VaR and ES can be classified into three main cate-
gories: parametric, semi-parametric, and non-parametric (Engle & Manganelli, 2004; Taylor,
2008). The parametric approach includes the use of volatility models that estimate condi-
tional quantiles using the resulting forecasts of conditional volatility. Statistically speaking,
the volatility of a series of returns (rt) is the square root of the conditional variance of the
return given the available information available prior to time t (Ft−1).

σt =
√

Var(rt) | Ft−1

The semi-parametric approach is based on Extreme Value Theory (EVT) and quantile re-
gression. However, EVT cannot be directly applied to estimate VaR and ES, since financial
returns usually suffer heteroskedasticity or do not have constant variance. Meanwhile, a
variant of quantile regressions called the CAViaR model, proposed by Engle and Manganelli
(2004), is useful for calculating the conditional quantile, but does not provide a clear mech-
anism for estimating ES. Taylor (2008) then introduced a new class of univariate models,
called Conditional Autoregressive Expectile Models (CARE), which deliver estimates for
both VaR and ES.

The non-parametric approach involves the use of rolling historical quantiles. VaR is calcu-
lated as the quantile of the distribution of the historical returns of the most recent moving
window, while ES is measured as the mean of the returns that exceed the estimated VaR.
The main difficulty in applying this approach is in determining the length of the previous
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periods to be included in the moving window. On the one hand, including short past ob-
servations may result in a high level of sampling error. On the other hand, including long
past observations may produce less sensitive estimates that require a lengthy timeframe in
responding to the dynamics in the true distribution (Taylor, 2008).

In particular, the first approach, volatility models, have received significant attention in risk
modeling. Early models developed to capture volatility dynamics are the Autoregressive
Conditional Heteroskedasticity models in the seminal paper of Engle (1982) and the gener-
alized ARCH model of Bollerslev (1986). The ARCH and GARCH models can capture the
volatility clustering phenomenon first observed by Mandelbrot (1963, p. 418) as the periods
where "large changes tend to be followed by large changes, of either sign, and small changes
tend to be followed by small changes."

ARCH models estimate the conditional mean and conditional variance of a series simulta-
neously and assume that the variance of the error in the present period (t) is influenced by
the errors of previous periods (Enders, 2014). The ARCH of order p for a series of returns
(rt) is written in the following equations:

rt = µ + σtzt

σ2
t = α0 +

p

∑
i=1

αia2
t−i. (1.1)

where at = σt zt, µ is the mean of the return, α0, α1, ..., αp are the parameters, α0 > 0,
αi ≥ 0 for i > 0, and zt are independent and identically distributed error processes (iid)
with zero mean and unit variance. The conditional variance in Equation 1.2 is often denoted
as ht. In this case, the shocks are written as at =

√
htzt. The stationarity condition requires

∑
p
j=1 αi < 1.

Bollerslev (1986) proposed a more general process to improve the flexibility of the lag struc-
ture, called Generalized Autoregressive Conditional Heteroskedasticity (GARCH). The gen-
eral form of the GARCH model for a series of returns (rt) is defined by the following equa-
tions:

σ2
t = α0 +

p

∑
j=1

β jσ
2
t−j +

q

∑
i=1

αia2
t−i. (1.2)

where α0 > 0, αi ≥ 0; β j ≥ 0, and the stationarity condition requires ∑
q
i=1 β j + ∑

p
j=1 αi < 1.

GARCH models are essentially an extension of ARCH models, where conditional variances
are modeled as an Autoregressive Moving Average (ARMA) process. The key element in
the GARCH framework is the conditional variance specification, which is used to extract
the information about the expected volatility. The standard GARCH models use squared
returns as a proxy for the current volatility level, which then can be used to predict future
volatility level (Bollerslev, 1986).
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ARCH and GARCH models have undergone various further extensions. These include Ex-
ponential GARCH (EGARCH) models developed by Nelson (1991) and GJR-ARCH models
by Glosten et al. (1993). EGARCH and GJR-ARCH models both aim to model the asym-
metric volatility phenomenon, where negative and positive shocks tend to have asymmetric
impacts on conditional volatility.

The specification of error distributions in volatility models is also an important aspect of the
estimation of parametric tail risks. Early financial time series modeling based on ARCH and
GARCH type models was largely based on the assumption of normal errors, while much
evidence shows that financial time series are highly leptokurtic and often skewed. For ex-
ample, Bollerslev (1987) allowed for conditional t-distributed errors in ARCH and GARCH
models; Hansen (1994) and Fernández and Steel (1998) proposed a skewed Student-t distri-
bution; Chen et al. (2012) combined an asymmetric Laplace distribution (ALD) with a GJR-
GARCH model; Chen and Gerlach (2013) developed a more flexible extension of the ALD, a
two-sided Weibull distribution, as the conditional return distribution in four GARCH-type
models.

1.3 Joint Models for Returns and Realized Measures of Volatility

The traditional volatility models above use daily returns to model conditional variance,
which provides weak signals about the current level of volatility (Hansen et al., 2012). In
addition, these models have a slow adjustment to volatility movements, since they rely on
long and slowly decaying weighted moving averages of past squared returns (Andersen et
al., 2003).

The availability of high-frequency data and improved computing power has given rise to
the introduction of realized volatility measures in place of returns in forecasting VaR and
ES. The realized volatility can be measured by using the empirical variability of daily return
computed from high-frequency intra-period returns. The realized volatility is considered
unbiased, highly efficient, and more informative in modeling return volatility (Andersen
et al., 2003).

Researchers have used various volatility measures, such as realized variance (Andersen &
Bollerslev, 1998; Andersen et al., 2001, 2003), realized kernel (Barndorff–Nielsen et al., 2008;
Barndorff–Nielsen & Shephard, 2002), and realized range (Christensen & Podolskij, 2007;
Martens & van Dijk, 2007). Realized variance (RV), which is simply the sum of the intraday
squared returns, is a very popular measure. However, RV is highly sensitive to market fric-
tion when estimating the volatility of very high frequency data, such as minute-to-minute
or second-to-second data (Barndorff–Nielsen et al., 2008)).

Realized range (RR) was introduced by Martens and van Dijk (2007) and Christensen and
Podolskij (2007) as a realized estimator. It is based on the price range observed during a
certain time period. In theory, there is more information on volatility in RR compared to
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that in RV, since it uses all the price dynamics in a time period, not just the price at the start
and end of each subperiod (Gerlach et al., 2017).

The class of realized kernel (RK) estimators was introduced by Barndorff–Nielsen et al.
(2008). RK can be used in the estimation of the quadratic variation of an underlying efficient
price process from high-frequency noisy data. It combines intra-day volatility estimation
and kernel smoothing in producing robust and efficient estimators in the presence of certain
types of market friction.

Realized volatility estimation has encouraged the emergence of a new class of GARCH mod-
els that use various realized volatility measures, the first of which was called GARCH-
X. GARCH-X model was estimated by Engle (2002) using realized variance. However,
GARCH-X models could not capture change in the realized measures and could not be used
to forecast return and volatility more than one period ahead (Hansen et al., 2012).

Engle and Gallo (2006) later improved the GARCH-X model and developed the complete
model known as the Multiplicative Error Model (MEM), which takes into account the condi-
tional dynamics of daily returns and adds a latent volatility process for each estimated real-
ized measure. They found that MEM could produce an accurate forecast of market volatility
one month ahead.

Recently, two new frameworks have been introduced with an objective to jointly model
asset returns and realized measures of volatility. These models are the realized GARCH
model developed by Hansen et al. (2012) and the realized exponential GARCH model in-
troduced by Hansen and Huang (2016). The realized GARCH model is an extension of the
GARCH-type models that take advantage of the availability of the high-frequency data by
jointly modeling the returns and realized measures of volatility. The key feature of the real-
ized GARCH model is an additional equation, called measurement equation, that contem-
poraneously relates the conditional variance with a realized measure. Hansen and Huang
(2016) proposed the realized EGARCH model, which improves the realized GARCH model
by allowing the use of multiple realized volatility measures and facilitating a more flexible
modeling of the dependence between returns and volatility. Another extension of the real-
ized GARCH model, called the threshold realized GARCH model, was recently proposed
by Chen and Watanabe (2019a) by incorporating high-frequency realized volatility measures
into a threshold framework to look at different volatility behaviors across regimes.

The original realized GARCH model Hansen et al. (2012) and the realized EGARCH model
(Hansen & Huang, 2016) both assume Gausiannity of both observation and measurement
equation errors. Although adopting the normal distribution for measurement equation er-
rors is adequate, the study of Watanabe (2012) and Contino and Gerlach (2017) on the re-
alized GARCH model suggests that the choice of observation error distribution is found to
be important; in most cases the skewed Student-t distribution is favored. Wang et al. (2019)
also extended the realized GARCH model by proposing the two-sided Weibull distribution
developed by Chen and Gerlach (2013) for observation equation errors.
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1.4 Bayesian Estimation for GARCH-type Models

GARCH model estimation in many statistical and econometric software programs is mainly
conducted by using classical Maximum Likelihood (ML) techniques, which can be catego-
rized as a frequentist approach. The main advantages of the ML approach are its simple
procedure in producing the results and that it is easy to understand. Therefore, the ML es-
timation can be easily executed by nontechnical users (Ardia & Hoogerheide, 2010). From
a theoretical point of view, ML estimators are asymptotically optimal under certain condi-
tions, as discussed in Bollerslev et al. (1994) and Lee and Hansen (1994).

Despite these above favorable features, the ML estimation of GARCH-type models suffers
from several drawbacks. First, since the optimization procedure is usually encumbered by
positivity constraints and stationarity condition, the algorithm can be less stable and pro-
duces less consistent results, which will then create problems in the standard error calcula-
tion (Silvapulle & Sen, 2011). This problem might be more severe for complex models such
as the realized EGARCH with multiple realized measures. Second, for realized EGARCH
models, the asymptotic analysis and properties of the ML estimators are complicated and
have not been adequately studied. For simplification, Hansen and Huang (2016) used a
score function and the numerical Hessian matrix of the log-likelihood function to compute
the standard errors for the estimators.

It is argued that the application of a Bayesian approach in GARCH-type modeling will lead
to better inference and prediction compared to classical estimation approaches. First, the
parameter constraints and the the covariance stationarity condition in the GARCH-type can
be incorporated by specifying appropriate prior. Second, inference on the non-linear func-
tions of the GARCH-type parameters is straightforward in the Bayesian setting. Appropri-
ate MCMC procedures will allow us to obtain the posterior distribution of any non-linear
function of the GARCH-type model parameters. The issue of local maxima convergence or
convergence to incorrect values, encountered in ML estimation of complex GARCH-type
models, can be avoided by using MCMC techniques. Third, Bayesian estimation could pro-
vide more reliable and consistent results even for small finite samples (Ardia & Hooger-
heide, 2010; Virbickaite et al., 2015).

Fourth, the Bayesian approach presents a natural way to assess parameter uncertainty in
volatility estimation that can be used in decision making, for instance, forecasting pur-
poses. The predictive distributions of the future volatilities and the measure of precision
for risk measures can be obtained via predictive interval (Ausín & Galeano, 2007; Paap,
2002). Relevant to this, the predictive distribution of risk measures, such as Value at Risk
is of paramount importance in risk management (Jorion, 2001). Finally, the complexity of
the GARCH-type model can be handled by using modern Bayesian computational meth-
ods, such as MCMC procedures (Ausín & Galeano, 2007). Although MCMC methods are
computationally expensive, the standard errors can be easily calculated from the posterior
distributions produced by the simulated chains.
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In the last decade, Bayesian inference in empirical modeling has gained popularity in a wide
range of fields of research because of its attractive properties and appealing performance.
This approach has also been used to estimate GARCH-type models. Some examples of
research that has developed a Bayesian estimator for the previous GARCH-type model are
Bauwens and Lubrano (1998), Ardia et al. (2012), Jin and Maheu (2012), and Chen et al.,
2014.

Bauwens and Lubrano (1998) employ a Gibbs sampler to perform Bayesian inference on
GARCH models. Takahashi et al. (2009) put forward a method to model both realized
volatility and daily return using a widely recognized stochastic volatility model. They ap-
proached it from a Bayesian perspective and developed an efficient MCMC sampling algo-
rithm. Building upon this work, Takahashi et al. (2016) expanded the realized stochastic
volatility model proposed by (Takahashi et al., 2009) by incorporating a broader range of
distribution known as the generalized hyperbolic skew Student t distribution to model fi-
nancial returns.

Ardia et al. (2012) use Monte Carlo simulation methods on a non-linear regression model
for a very small data set and a mixture of GARCH model for a large data set. Jin and
Maheu (2012) conduct Bayesian estimation with a range of multivariate GARCH models
and realized covariance and returns. Chen et al. (2014) employ Bayesian computational
method in estimating smoothly time-varying (TV) GARCH models.

Nevertheless, until recently, there have been very limited studies using Bayesian methods
in Realized GARCH and Realized EGARCH models. Among the few that have developed
a Bayesian estimator for the Realized GARCH model are Gerlach and Wang (2016), Contino
and Gerlach (2017), Wang et al. (2019), and Chen and Watanabe (2019a) for the Threshold
Realized GARCH model.

As for the Realized EGARCH model, there is even a limited study that estimates the Real-
ized EGARCH Model in a Bayesian setting. Among the few is a recent paper of Chen et al.
(2021). They apply several realized models, including the Realized GARCH of Hansen et al.
(2012), the Realized EGARCH of Hansen and Huang (2016), the Realized Heterogeneous
Autoregressive-GARCH or HAR-GARCH of Hansen and Huang (2016), and the realized
Threshold GARCH model Chen and Watanabe (2019b).

Another variant of realized volatility model estimated using Bayesian MCMC is introduced
by Chen et al. (2022), that is a realized hysteretic GARCH. The model is equivalent to a
combination of a three regime nonlinear framework with daily return and realized volatility.

The latest study by Chen et al. (2023) introduces a new approach called RES-CAViaR, which
incorporates daily realized volatility and expected shortfall (ES) into the conditional autore-
gressive value-at-risk (CAViaR) model. This model is used to forecast both VaR (value-at-
risk) and ES simultaneously. Chen et al. (2023) utilize the Bayesian adaptive MCMC method
to estimate all the unknown parameters and make joint predictions of daily VaR and ES. This
estimation and prediction process covers a 4-year out-of-sample period, which includes the
period of the COVID-19 pandemic.
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1.5 Bayesian Inference

Bayesian computation is based on the Bayes theorem that aims to update the probability
of a model by using a set of data in a systematic manner. The purpose of a Bayesian in-
ference is to produce two main probability statements about a parameter, θ, or unobserved
data, ỹ, which are conditional on the observed value of y. These probability statements are
called posterior distribution, p(θ|y), and posterior predictive distribution, p(ỹ|y). By using
Bayesian inference, the probability model is fitted to the data set and the results are summa-
rized in a probability distribution on the model parameters and on unobserved variables,
such as the forecasts for new observations (Gelman et al., 2014).

The likelihood function and a prior distribution are two main components in a Bayesian
model. According to the Bayes theorem, the posterior probability of a model is proportional
to the product of the prior probability and the likelihood (Cowles, 2013), which can be sim-
ply written as

P(θ | y) =
P(θ)P(y|θ)

p(y)
∝ P(θ) x P(y | θ). (1.3)

The prior probability reflects previous knowledge of an outcome that is assessed before
analysing the data. The data is then used to update this prior probability to obtain the
posterior probability. In Bayesian sequential analysis, the posterior probability obtained
from one step will become the prior probability for the next step (Cowles, 2013).

The estimation of a Bayesian approach requires advanced Bayesian computation methods,
which mostly use the MCMC scheme. MCMC is the main computational method in Bayesian
analysis that draws values of θ from approximate distribution and makes a correction on
the draws to produce a better approximation of the target posterior density, p(θ|y). The
sampling process is performed sequentially, and the distribution of the sampled draws is
determined by the last value drawn. Therefore, the draw creates a Markov chain. MCMC
is particularly useful when sampling θ directly from the posterior distribution, p(θ|y), is
not possible or computationally inefficient. MCMC facilitates iterative sampling in such a
way that in each step we will draw from a distribution that is closer to the target posterior
density (Gelman et al., 2014).

The advantage of the MCMC method is that it can facilitate the fitting of complicated Bayesian
models that have a high number of dimensions (Cowles, 2013). The key success of MCMC
simulation is the improvement of the approximate distributions at each simulation step to
achieve a convergence to the target distribution (Gelman et al., 2014).

1.5.1 The Metropolis algorithm

The Metropolis algorithm, introduced by Metropolis et al. (1953), adapts a random walk by
using an acceptance or rejection rule to converge to the specified target distribution. Gelman
et al. (2014) explain the Metropolis algorithm as follows.
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1. A starting point θ0, for which p(θ0|y) > 0, is drawn from a starting distribution p0(θ).

2. For t=1,2,...:

(a) Draw a proposal sample θ∗ from a jumping distribution (or proposal distribution) at
time t, Jt(θ∗|θt−1).

(b) Perform the calculation of the densities ratio:

r =
p(θ∗|y)

p(θt−1|y) (1.4)

(c) Set

θt =

{
θ∗ with probability min(r,1)

θt−1 otherwise

This step requires a uniform random number to be generated.

3. The acceptance probability is calculated as:

At = min{1, r} (1.5)

4. A threshold value Ct is drawn from a uniform distribution [0, 1] to be compared with
At. The proposed sample θ∗ is accepted if At > Ct, that is, if the jump increases the
posterior density. In this case, θt = θ∗. On the contrary, if the jump decreases the
posterior density, θt = θ∗ with probability equal to the density ratio, r, otherwise set
θt = θt−1. If the jump is rejected, when θt = θt−1, this is still counted as an iteration.

5. The parameter estimates are generated based on the N proposed and accepted samples
θ1, θ2, ..., θN that converge to the target distribution p(θ|y).

1.5.2 Adaptive MCMC algorithm

The choice of an effective proposal distribution for MCMC methods is crucial to achieve
convergence of the algorithm within a reasonable amount of time. This choice includes
not only the size, but also the spatial orientation, of the proposal distribution. Since the
target density is unknown, the choice of the effective proposal distribution is very difficult
in practice. The possible solution to this problem is to use adaptive MCMC algorithms,
where the proposal distribution is tuned using the history of the process (Gelman et al.,
1996; Gilks et al., 1998; Haario et al., 2001).

The adaptive MCMC method adapted in this thesis is the method employed by Chen et
al. (2012), who extended this procedure from Chen and So (2006). This method improves
the speed of convergence and chain mixing since it enables occasional large jumps that will
provide a higher opportunity for the chain to cover the posterior distribution and not stay
too long in a particular position. This approach has also been used by Contino and Gerlach
(2017), Gerlach and Wang (2016), and Wang et al. (2019) for the Realized GARCH model.
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The adaptive MCMC method consists of two steps, the burn-in step and the MCMC sam-
pling period. In the burn-in step, the estimation of parameter θ is performed using the
random walk Metropolis algorithm. The proposed vector θ∗ is simulated from a mixture
Gaussian proposal distribution.

θp = θ(j−1) + ε; ε ∼ ρN(0, diag{c1}) + (1− ρ)N(0, ωdiag{c1}) (1.6)

where ρ is recommended to be between 0.8 and 1. Chen et al. (2012) propose setting ρ = 0.95.
ω should be large, for example 100, c1 is a vector of positive number to be tuned to achieve
a certain observed acceptance rate. Chen et al. (2012) follow the recommendation of Gilks
et al. (1996) that the observed acceptance rate lies ∈ (0.15, 0.5). Another recommendation
for the tuning proisof 0.234 under quite general conditions.

In the second step, the standard random walk Metropolis algorithm is run, employing a
mixture of Gaussian proposal distributions. Proposed samples are drawn from a proposal
distribution with the acceptance probability in Equation (3). The algorithm is run for a high
number of iterations for each parameter that is used for the estimates for the posterior mean
for each parameter.

The choice of algorithm employed in the burn-in period is particularly important, especially
to achieve faster convergence of the algorithm. There are several alternatives that can be
used, such as the Adaptive Proposal algorithm (Haario et al., 1999), the Adaptive Metropo-
lis algorithm (Haario et al., 2001), and the Robust Adaptive Metropolis (RAM) algorithm
(Vihola, 2012). Each of these algorithms is briefly discussed in the following sections.

1.5.3 Adaptive proposal algorithm

The Adaptive Proposal (AP) algorithm was introduced by Haario et al. (1999) and used by
Contino and Gerlach (2017) in estimating the realized GARCH model of Hansen et al. (2012).
The purpose of the Adaptive Proposal is to tune the proposal distribution along the search
based on the covariance estimated from a fixed number of past states. Under this procedure,
the MCMC process will adapt to the target distribution. Haario et al. (1999) argue that the
adaptive burn-in will produce an efficient Gaussian proposal distribution for the standard
Metropolis algorithm.

Suppose that at least H points {X1, Xt−H+1, ..., Xt−1, Xt} have been generated at time t. H
here is a fixed integer that functions as a memory parameter, which is the number of param-
eter vectors previously sampled used to evaluate the covariance matrix. The AP algorithm
will be used to simulate a proposal vector θ∗ from the multivariate Gaussian proposal dis-
tribution as given below.

θ∗ ∼ N
(

Xt, c2
dRt + cdε

)
, (1.7)

where cd is the scaling factor that depends only on the dimension of the parameter vector d,
Rt is the dxd-covariance matrix determined by the H points Ht−H+1, Xt−H+2, ..., Xt, and ε is
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a small positive constant to prevent zero variances. The value of cd = 2.4/
√

d is based on
the recommendation of Gelman et al. (1996). The acceptance rule follows the usual random
walk Metropolis probability.

1.5.4 Adaptive Metropolis algorithm

The AP algorithm utilizes a Gaussian distribution in the proposal distribution, which is cen-
tered on the current state, and the calculation of the covariance is based on a fixed finite
number of previous states. As shown in Haario et al. (1999), the averages produced from
the samples using the AP algorithm are biased. Therefore, Haario et al. (2001) then propose
the Adaptive Metropolis (AM) algorithm that incorporates all the information from previ-
ous states to calculate the covariance of the proposal distribution. Suppose that the states
X0, X1, ..., Xt−1 have been sampled at time t− 1, the AM algorithm then sets the covariance
Ct to be:

Ct =

{
C0 t ≤ t0

c2
d cov(X0, ..., Xt−1) + c2

dεId t > t0
(1.8)

where It denotes the d-dimensional identity matrix, t0 > 0 is the length of the initial period
and C0 is the initial covariance, which is a positive definite matrix set arbitrarily to our best
prior knowledge.

There are two main advantages of the AM algorithm. First, it uses the information accumu-
lated since the start of the simulation. This immediate adaptation results in a more effective
search and therefore can reduce the number of necessary function evaluations. Second,
unlike the AP algorithm, the AM algorithm has correct ergodicity properties with the as-
sumption that the target density is bounded from above and has bounded support. This is
proven in Haario et al. (2001).

Another version of the AM algorithm is proposed by Roberts and Rosenthal (2009) to im-
prove the convergence of the algorithm and satisfy the Weak Law of Large Numbers. Sup-
pose we have a d-dimensional target distribution π(·), the Metropolis algorithm with pro-
posal distribution given at iteration n is given by

Qn(x, ·) = N(x, (0.1)2 Id/d for n ≤ 2d
Qn(x, ·) = (1− β)N(x, (2.38)2Σn/d) + βN(x, (0.1)2 Id/d for n > 2d

(1.9)

where Σn denotes the current empirical estimate of the covariance of the target distribu-
tion based on the previous runs, and β is a small positive constant. Roberts and Rosenthal
(2009) suggest β = 0.05. As suggested by Roberts et al. (1997), the optimal proposal in
large-dimensional context is N(x, (2.38)2Σ/d. Therefore, Roberts and Rosenthal (2009) ap-
proximate this using N(x, (2.38)2Σn/d).
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1.5.5 Robust adaptive Metropolis algorithm

The AM algorithm coerces a constant scaling and adapts the scale of the proposed distri-
bution. However, it does not adapt the shape of the distribution. Vihola (2012) proposes a
new approach called Robust Adaptive Metropolis (RAM) algorithm that is based on a single
matrix update formula that is computationally equivalent to the covariance factor update in
the AM algorithm. The RAM algorithm estimates the shape of the target distribution and
simultaneously allows attainment of a given mean acceptance rate. This algorithm avoids
the use of empirical covariance, which can be problematic in some settings, especially if the
proposal distribution has no finite second moment.

The RAM is defined recursively through the following process:

1. Compute the proposal Yn := Xn−1 + Sn−1Un, where Sn−1 is a lower diagonal ma-
trix with positive diagonal elements and Un is a vector of random variable from d-
dimensional Gaussian distribution.

2. The proposal is accepted with probability αn := min
{

1, π(Yn)
π(Xn−1)

}
.

3. If the proposal Yn is accepted, set Xn := Yn. Otherwise, set Xn := Xn−1.

4. Compute the lower diagonal matrix, Sn, satisfying the equation:

SnST
n = Sn−1

(
I + ηn(αn − α∗)

UnUT
n

||Un||2
ST

n−1

)
, (1.10)

where
{

ηn
}

n≥1 ⊂ (0, 1] is a step size sequence decaying to zero, often defined as
ηn = n−γ with an exponent γ ∈ (1/2, 1), α∗ ∈ (0, 1) is the target mean acceptance
probability, and I ∈ Rdxd is the identity matrix.

For theoretical details of the RAM algorithm, see Vihola (2012).

1.6 Convergence Diagnosis and Efficiency Testing of the MCMC
Algorithm

The convergence of the adaptive MCMC method is assessed by adopting the Gelman-Rubin
diagnostic (Gelman et al., 2014). Further, the efficiency of the MCMC method is evaluated
using an effective sample size test (Gelman et al., 2014) and the autocorrelation time (Chib
& Jeliazkov, 2001).

In the Gelman-Rubin diagnostic, the convergence diagnosis is conducted on multiple inde-
pendently simulated chains. Each chain is split in half, and then we simultaneously test the
mixing and stationarity of the resulting half chains. For the mixing test, we check whether
the chains have mixed well, while for the stationarity we check whether the first and second
half of each chain have traversed the same distribution.

For each parameter, the Gelman-Rubin statistics is calculated as follows:
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1. Several simulated chains are run, consisting of burn-in and post burn-in periods. The
Gelman-Rubin statistics are conducted only on the post burn-in iterations, since the
calculation of the MCMC posterior mean and root mean square error (RMSE) are based
on the post burn-in iterations. Each of these chains of the post-burn-in is split into the
first and second half. Let m and n denote the number of chains after splitting and the
length of each chain, respectively.

2. Let ψi,j denotes the ith iteration in jth chain (i = 1, ..., n; j = 1, ..., m), the between-chain
variance (B) is calculated as:

B =
n

m− 1

m

∑
j≡1

(ψ̄·j − ψ̄··)
2 (1.11)

where ψ̄·j = (1/n)∑n
i=1 ψij, and ψ̄·· = (1/m)∑m

j=1 ψ̄·j. Meanwhile, the whithin-chain
variance (W) is given by:

W =
1
m

m

∑
j=1

[
1

n− 1

n

∑
i=1

(ψij − ψ̄·j)
2

]
. (1.12)

3. The marginal posterior variance of the estimand, ˆVar(θ), is calculated as a weighted
average of W and B, that is,

ˆVar(θ) =
n− 1

n
W +

1
n

B (1.13)

4. The Gelman-Rubin statistics for each parameter are calculated to assess the potential
scale reduction of the current distribution for ψ if the simulations were continued in
the limit n→ ∞ as follows:

R̂ =

√
ˆVar(θ)
W

. (1.14)

The value of R̂ approaching 1 generally suggests satisfactory chain convergence. Gel-
man et al. (2014) recommend 1.1 as a threshold. A higher R̂ indicates a higher potential
scale reduction, thus suggesting that further simulations may be necessary to improve
convergence to the stationary distribution.

After the simulated chains have good convergence, an approximate ‘effective number of
independent simulation draws’ for parameter ψ can be computed in three steps as follows.

1. Using the information within and between chains, compute the variogram Vt at each
lag t:

Vt =
1

m(n− t)

n

∑
j=1

m

∑
i=t+1

(ψi,j − ψi−t,j)
2. (1.15)
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2. Inverting E(ψi − ψi−t)
2 = 2(1− ρt)var(ψ) to estimate the sum of correlations hatρt:

ρ̂t = 1− Vt

2 ˆVar(θ)
, (1.16)

where ˆVar(θ) is the estimated marginal posterior variance in Equation (1.13).

3. Since the sample correlation of large values of t is too noisy, a partial sum of all ρ̂t

values is computed in lieu of summing all of ρ̂t values. The partial sum stars from lag
0 and continues until the sum of autocorrelation estimates for two consecutive lags is
negative. The effective sample size is then estimated as

n̂eff =
mn

1 + 2 ∑T
t=1 ρ̂t

, (1.17)

where the stopping point T is the first odd positive integer for which ρ̂T+1 + ρ̂T+2 is
negative.

The suggested benchmark of the effective sample size is 5m.

Further, the autocorrelation time is calculated as follows:

t̂ =
∑m

j−1

(
1 + 2 ∑T

l=1 ρ̂j(l)
)

m
, (1.18)

where ρ̂j(l) is the sample autocorrelation at lag l for each parameter in the jth chain. While
Chib and Jeliazkov (2001) employ the Parzen window to determine T, this study follows an
ad-hoc approach of Wang et al. (2019) where the chosen T satisfies ρ̂j(T) + ρ̂j(T − 1) < 0.1.

1.7 Chapter Summary

This chapter gives a brief overview of the various key concepts that are covered in this
thesis and a review of the available literature on volatility modeling. Relevant literature
on Bayesian techniques is also briefly discussed. The following chapter will provide a more
detailed overview of the tail risk estimators and various tail risk forecast evaluation methods
used in this thesis.
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Chapter 2

Asset Return Distribution, Tail Risk
Estimators, and Forecast Evaluation

This chapter presents a brief review of various types of distributions used to model financial
asset return and provides an overview of two types of tail risk estimators used in this thesis,
that is, Value at Risk (VaR) and Expected Shortfall (ES) or conditional VaR. This chapter
also discusses various tail risk forecast evaluation methods used in this thesis, ranging from
VaR and ES backtests, quantile loss functions, VaR and ES joint loss functions, and model
confidence set.

2.1 Review of the Distribution of Financial Asset Returns

The distributional form of financial asset returns plays an important theoretical and em-
pirical role in risk management. Building on the theory of speculation of Bachelier (1900),
earlier theories on price changes were based on the normal or Gaussian distribution (Brada
et al., 1966; Laurent, 1959; Osborne, 1959). Such an assumption has been applied in build-
ing optimal portfolio selection, deriving the capital asset pricing model (Markowitz, 1952;
Sharpe, 1964), and hedging strategy of an option by assuming a Brownian motion for the
price of the underlying asset (Black & Scholes, 1973; Merton, 1973).

The shape of the conditional return is, without doubt, one of the important aspects in the
estimation of tail risks. Including skewness is especially of paramount importance in finan-
cial and investment decision making (Aït-sahali & Brandt, 2001; Harvey & Siddique, 1999).
As highlighted by the global financial crisis of 2008, a left-skewed asset portfolio can have
a devastating impact on the overall portfolio: one extreme loss could wipe out all earlier
gains.

There is substantial empirical evidence that daily asset returns are leptokurtic and rather
left-skewed. The study of Mandelbrot (1963, 1967) on price variation and Fama (1965) on
stock price behavior are among the first that sparked a wide interest in the statistical dis-
tribution of financial asset returns. Their works found that excess kurtosis and heavy tails
exist in financial data, hence rejecting the normal assumption. Mandelbrot (1963) and Fama
(1963, 1965) proposed a stable Paretian distribution, as an alternative for modeling asset
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return due to its stability and invariance, that is, the shape parameter or characteristic expo-
nent α and skewness index β are constant under addition (Fama, 1965; Mittnik & Rachev,
1989). However, later empirical studies on stock returns show the violation of the stability
assumption, in particular the shape parameter does not remain constant as the sampling
period increases (Akgiray & Booth, 1988; Hsu et al., 1974; Lau et al., 1990). In response
to the empirical consistencies of the stable Paretian distribution in modeling asset returns,
some alternative fat-tailed distributions have been proposed. A mixture of a normal distri-
bution and a stable Paretian distribution was proposed by DuMouchel (1973). Praetz (1972)
and Robert and Nicholas (1974) suggested that the Student-t model has greater descriptive
validity than the stable Paretian distribution. Nevertheless, these alternative distributions
have a drawback in that they are not based on a probabilistic scheme, describing them as
limiting distributions. They are not stable, while stability is a desirable property for asset
return models according to Mittnik and Rachev (1993).

To overcome this challenge, some research has adopted the asymmetric Laplace (AL) distri-
bution for conditional return. The AL distribution was first introduced in the work of Hink-
ley and Revankar (1977) and has been used in financial modeling, for example, in Madan
and Seneta (1990). Chen et al. (2012) combined an AL distribution and a GJR-GARCH
(Glosten et al., 1993) model to estimate VaR and ES. Compared to normal and Student-t
distributions, the asymmetric Laplace distribution was found to be more conservative, con-
sistently overestimating tail risk levels during the global financial crisis period. Hansen
(1994) proposed a standardized skewed Student-t distribution to overcome the weakness of
the Student-t distribution, which could be potentially restrictive since the Student-t distri-
bution only allows for a variation in location, scale, and tail fatness. The skewed Student-t
distribution is more flexible and allows for richer behaviors, being able to model both lep-
tokurtosis and asymmetry. This type of distribution is used to model the return distribution
of the Realized EGARCH model in Chapters 3 and 4.

Another special case of an extreme-value distribution is the Weibull distribution, which is
a more flexible extension of the Laplace distribution. In addition to fatter tails, the Weibull
distribution also has exponential tails, which makes it very attractive. The exponential tails
guarantee the existence of all moments (Mittnik & Rachev, 1989). A symmetric, two-sided
’modified’ Weibull distribution was developed by Sornette et al. (2000).

A more flexible asymmetric two-sided Weibull distribution was then further proposed by
Chen and Gerlach (2013) to use as a conditional return distribution. Since a conditional
error in a GARCH-type model should have a mean 0 and variance 1, Chen and Gerlach
(2013) developed the standardized two-sided Weibull distribution (STW). In Chapter 5, the
STW distribution is adopted to model return distribution in the Realized EGARCH model.



Chapter 2. Asset Return Distribution, Tail Risk Estimators, and Forecast Evaluation 18

2.2 Tail Risk Estimators

2.2.1 Value at risk

The need to improve financial risk management has led to a uniform measure of risk called
value at risk (VaR). Jorion (2001) discusses a brief history of VaR, which can be traced back to
the well-known financial crises of the early 1990s that affected Orange County (California),
Barings (UK), Metallgesellschaft (Germany), Daiwa (Japan), and many others.

During the late 1980s, Till Guldimann, while serving as the head of global research at J.P.
Morgan, can be credited as the originator of the term "Value at Risk." The bank’s risk man-
agement group faced a decision regarding whether they should invest in long-maturity
bonds, which would generate stable earnings but expose them to fluctuations in market
values, or opt for cash investments, which would maintain a constant market value. The
bank prioritized "Value at Risk" over "earnings risks," leading to the emergence of VaR.

During that period, there was considerable concern about properly managing derivative
risk. The Group of Thirty (G-30), which included a representative from J.P. Morgan, served
as a platform for discussing optimal risk management practices. In July 1993, the term
"Value at Risk" gained widespread attention through the publication of the G-30 report,
marking its initial notable appearance.

Value at Risk (VaR) is the worst expected loss of a certain portfolio within a given confidence
level over a target horizon (Jorion, 1996). Nowadays, it is one of the most frequently used
tools in assessing the market risk of an investment. The main reason for the popularity of
VaR among risk managers is that it provides a simple measure of market risk in a single
number synthesized from various complex unfavorable possibilities (Engle & Manganelli,
2004). This simplicity allows unsophisticated users to comprehend the result in managing
risks in an efficient manner.

VaR is useful not only for financial institutions but also for regulatory committees. For fi-
nancial institutions, the VaR can be used to assess the risk facing their business, since it is
a number that indicates the maximum loss of a financial position for a certain probability
in a given horizon. It is viewed as the measure of loss due to a rare event when the mar-
ket operates in normal circumstances. For regulatory committees, the VaR is considered
as the minimum loss due to extraordinary events in the market. Therefore, the regulatory
committee can use VaR as an input in setting margin requirements (Tsay, 2005).

Tsay (2005) defines the VaR under a probabilistic framework. Suppose that we are measur-
ing the risk of a financial position for the next ℓ periods at time t. The change in asset value
in financial position from time t to t + ℓ is denoted by ∆V(ℓ), which is a random variable
in time t and measured in dollars. Let the cumulative distributed function (CDF) of ∆V(ℓ)

be denoted by Fℓ(x). The VaR of a long position over the time period ℓ with probability p is
defined as (Tsay, 2005):

p = Pr[∆V(ℓ) ≤ VaR] = Fℓ(VaR) (2.1)
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The holder of a long financial position experiences a loss when ∆V(ℓ) < 0, therefore if p is
small, the VaR of a long position is usually negative, which indicates a loss. The probability
that the holder suffers a loss greater than or equal to VaR over ℓ periods is p. Another way
to interpret this is that there is a (1− p) probability that the holder will encounter loss less
than or equal to VaR over ℓ periods.

Meanwhile, the holder of a short position would encounter a loss if there is an increase in
the asset value ∆V(ℓ) > 0. In this case, VaR is defined as (Tsay, 2005):

p = Pr[∆V(ℓ) ≥ VaR] = 1− Pr[∆V(ℓ) ≤ VaR] = 1− Fℓ(VaR) (2.2)

The VaR of a short position is usually positive when p is small. Positive values indicate a
loss. It can be concluded from the above definition that VaR explains the behavior of the tail
of the CDF of Fℓ(x). A long position will focus on the left tail of Fℓ(x), while a short position
will focus more on the right tail of Fℓ(x). The discussion in the VaR analysis is usually based
on a long position, therefore, focusing on the left tail.

The quantity p−th quantile of Fℓ(x), xp, for any univariate CDF Fℓ(x) and probability p
where 0 < p < 1, is calculated as follows (Tsay, 2005):

xp = inf{x|Fℓ(x) ≥ p} (2.3)

where inf is the smallest real number that satisfies Fℓ(x) ≥ p.

When discussed from this probabilistic framework, the VaR can be viewed as the quantile
of the loss distribution. When the CDF of Fℓ(x) is known, VaR can therefore be calculated
as the pth quantile of Fℓ(x), ie, VaR = xp. In practice, the CDF is unknown, and therefore the
VaR estimation focuses on estimating the CDF and its quantiles.

A formal definition of VaR is also given by McNeil et al. (2005). The VaR of an asset portfolio
at a given confidence level α ∈ (0, 1) is given by the smallest value l such that the probability
that the loss L is greater than l is not greater than (1− α).

VaRα = inf{l ∈ R : P(L > l) ≤ 1− α} = inf{l ∈ R : FL(l) ≥ α}. (2.4)

The typical values for α are α = 0.95, α = 0.975, or α = 0.99.

In this thesis, four types of loss distributions are analyzed, that is, the Gaussian, the Student-
t, the skewed Student-t, and the STW distribution. Chapters 3 and 4 focus on the use of the
standardized skewed Student-t in tail risk forecasting, while Chapter 5 focuses on STW dis-
tribution. The other two types of distribution, the Gaussian and the Student-t distributions,
are included in those three chapters for comparison purposes.

If the loss distribution FL follows a Gaussian distribution with mean µ and variance σ2,
McNeil et al. (2005) show that VaR at a given confidence level α ∈ (0, 1) can be calculated
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as:

VaRα = µ + σΦ−1(α) and VaRmean
α = σΦ−1(α), (2.5)

where Φ is the standard normal df and Φ−1 is the α-quantile of Φ.

If the loss L is such that (L−µ)/σ follows a Student-t distribution with v degrees of freedom,
this loss model can be written as L ∼ t(v, µ, σ2) and the moments are denoted as E(L) = µ

and var(L) = vσ2/(v − 2) if v = 2. In this case, σ is not the standard deviation of the
distribution. VaR is calculated using the inverse CDF of the t-distribution t−1

v as specified in
McNeil et al. (2005):

VaRα = µ + σt−1
v (α)

√
v− 2

v
, (2.6)

where tv is the df of standard t.

Meanwhile, the VaR for the case where the loss follows the standardized skewed Student-t
and the STW distributions are presented in Section 3.4 and Section 5.3, respectively.

Recently, the VaR has been subject to strong criticism because of three main problems. First,
it only measures the short-term volatility of the market price and, therefore, is considered
less suitable for sustainable prudent risk management (Basel Committee on Banking Super-
vision, 2012). Second, the VaR cannot be used to calculate the potential loss for fat-tailed
events. VaR is essentially a quantile of the distribution of the potential loss, and information
on the size of the losses beyond the particular quantile is not available. The VaR at the con-
fidence level α does not provide any information on the severity of losses that occur with
a probability less than 1− α (Embrechts et al., 1999; McNeil et al., 2005). Third, the VaR is
considered an incoherent measure of market risks. It is not ’subadditive’ because individual
risks can sum up to more than portfolio risks, which is not mathematically coherent (Artzner
et al., 1997, 1999).

2.2.2 Expected shortfall

Expected Shortfall (ES) has been proposed as an alternative approach to overcome the short-
comings of VaR in a seminal paper by Artzner et al. (1997, 1999) since ES has the im-
portant property of coherence. The ES is also called the conditional VaR or mean excess,
E(X|X > x̂p), where x̂p is the quantile estimate. In other words, the ES measures the condi-
tional expectation of the return that is higher than the VaR.

The ES measures the average losses of the worst cases at a specified confidence interval for
a certain period of time (n). For example, if (n) is 5 days and the confidence interval is 95%,
ES is the average loss over those 5 days when the loss is higher than the 95th percentile of
the loss distribution.

The ES is also called the Tail VaR or Superquantile of a loss variable L (Emmer et al., 2013).
If a portfolio loss is defined as L and E(|L|) < ∞ and the loss distribution function FL, the
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ES at confidence level α ∈ (0, 1) can be defined as (Emmer et al., 2013; McNeil et al., 2005):

ESα =
1

1− α

∫ 1

α
qu(FL)du (2.7)

where qu(FL) = F←L (u) denotes the quantile function of FL.

McNeil et al. (2005) show that the relationship between VaR and ES can then be expressed
as follows:

ESα =
1

1− α

∫ 1

α
VaRu(L)du (2.8)

Rather than setting a certain confidence level α, the average of VaR across all levels u ≥ α is
calculated, and hence the further tail of the loss distribution can be examined. It is obvious
that ESα depends only on the loss distribution and that ESα ≥ VaRα.

ES can be viewed as an extension of VaR by exploring further details of the tailed distribu-
tion and therefore can provide a measure of the magnitude of loss of tailed events, which
VaR cannot provide (Yamai & Yoshiba, 2005). Since May 2012, the Basel Committee on
Banking Supervision (2012) has recommended the use of ES to better capture the risks of
fat-tailed events and ES has been widely employed to capture fat-tailed risks ever since.
The Basel III Accord, which was implemented in 2019, places new emphasis on ES: ’ES must
be computed on a daily basis for the bank-wide internal models to determine market risk
capital requirements. ES must also be computed on a daily basis for each trading desk that
uses the internal models approach (IMA).’ (Basel Committee on Banking Supervision, 2019,
p. 89).

If the loss distribution FL follows a Gaussian distribution with mean µ and variance σ2,
McNeil et al. (2005) shows that the ES can be calculated as:

ESα = µ + σ
ϕ(Φ−1(α))

1− α
(2.9)

where ϕ denotes the density of the standard normal distribution and Φ−1 is the inverse of
the normal CDF.

Meanwhile, when the loss distribution FL follows a Student t distribution with v degrees of
freedom, ES can be calculated as (McNeil et al., 2005):

ESα = µ + σ
gv(t−1

v (α))

1− α
(

v + (t−1
v (α))2

v− 1
)

√
v− 2

v
(2.10)

where tv is the density function, gv the density of standard t, t−1
v is the inverse CDF, and v is

the estimated degrees of freedom with a restriction v > 2.

Meanwhile, the ES for the case where the loss follows the standardized skewed Student-t
and STW distributions is presented in Sections 3.4 and 5.3, respectively.
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2.3 Tail Risk Forecast Evaluation

It is crucial that financial regulators assess the forecast accuracy of models employed in
forecasting the VaR and ES. Since VaR and ES are not observable, defining a statistic to
evaluate the validity of VaR estimates is not straightforward. The procedure for assessing
forecast accuracy is known as ’backtesting’, which is a statistical method to systematically
compare actual losses with the corresponding projected VaR estimates. As an example, if
one day VaR is calculated based on 99% confidence level, then under normal circumstances,
it is expected that a violation or exception will take place every 100 days on average.

Accuracy evaluation of a set of VaR forecasts can be conducted by examining the forecasts
as one-sided interval forecasts. A violation or exception of the VaR occurs when the ex-
post return is lower than the VaR. The violation rate is then calculated as the proportion of
observations where return rt exceeds the VaR level. The computation of the VaR violation
rate is given by Chen et al. (2012) as follows:

VaRVR =
1
m

n+m

∑
t=n+1

I(rt < VaRt). (2.11)

A model that has a correct specification for the return quantile will have a violation rate
equal to the nominal level α. Therefore, the ratio of violation rate to α can be used to assess
competing models.

There are various tests to evaluate the forecast performance of the proposed models. They
can be categorized into VaR backtests, ES backtests, loss function evaluation, and model
confidence set (MCS). There are three standard VaR backtest procedures to formally evaluate
the accuracy of the VaR forecast. These are the unconditional coverage (UC) test of Kupiec
(1995), the conditional coverage (CC) test of Christoffersen (1998), and the dynamic quantile
(DQ) test of Engle and Manganelli (2004). These tests typically focus on coverage tests that
are based on a comparison between the number of times losses exceed the VaR and the
expected number using statistical tests.

Additionally, to assess whether the ES forecast is specified correctly, two recently introduced
ES backtests are employed. The first ES backtest utilized in this study is the bivariate Ex-
pected Shortfall Regression (ESR) backtest developed by Bayer and Dimitriadis (2018). The
second ES backtest employed is the test developed by Couperier and Leymarie (2019).

In addition to testing VaR violations, measuring the size of uncovered losses is also of
paramount importance. To calculate the uncovered losses, Lopez (1999) proposes the use
of a loss function. However, the ES is not an elicitable risk measure (Gneiting, 2011) and in
general there is no loss function minimized by the true ES. Therefore, this study employs
two special VaR and ES joint loss functions based on Fissler and Ziegel (2016). Finally, the
Model Confidence Set (MCS) of Hansen et al. (2011) is employed to construct a set of ’supe-
rior’ models (SSM). Each of these types of tests is explained in the following sections.
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2.3.1 The Unconditional Coverage test

The Unconditional Coverage (UC) test, introduced by Kupiec (1995), is one of the first VaR
backtesting approaches. The UC test is a nonparametric approach that uses the proportion
of the VaR violations or exceptions, hence called the proportion of failures test. For a given
number of observations T, we observe the number of VaR violations at the confidence level
α, x. The UC test can be employed to test whether the ratio x/T, or denoted as π, is sta-
tistically different from α. For a given portfolio and model, binomial theory is applied to
evaluate the difference between the number of expected and observed VaR violations. The
probability of observing x = ∑T

t=1 Ht violations given T observations is (1− α)T−xαx.

The UC test is performed as a Likelihood-Ratio test that takes the following form:

LRUC = −2 ln[(1− α)T−xαx] + 2 ln[(1− π)T−xπx] (2.12)

Under the null hypothesis, the UC test has a χ2 distribution with one degree of freedom.
The 5% critical value of χ2(1) is 3.841. Therefore, if LRUC > 3.841, the null hypothesis
can be rejected at α = 5%. Nevertheless, the statistical power of this test is rather poor, as
discussed by Kupiec (1995), therefore, the test result should be interpreted with caution.

TABLE 2.1: Critical values for LRUC statistics
Significance Level
1% 5% 10%

Asymptotic χ2(1) 6.632 3.842 2.706

Finite sample 5.497 5.025 3.555

Lopez (1999) developed critical values for LRUC that can be referred to. Critical values are
presented in Table 2.1.

2.3.2 The Conditional Coverage test

The conditional coverage (CC) test developed by Christoffersen (1998) improves the UC
test not only by testing the joint assumption of unconditional coverage but also by taking
into account the independence of the violations. There are two main reasons for testing the
independence of violations. These are: (1) in the presence of the dependence in violations,
the asymptotic results on the distribution of the UC test will be invalid, and (2) the VaR
violation clustering is an important alarm signal for any financial institution.

The Independent test examines the independence property of the VaR violation. It tests
whether the probability of the VaR violation is independent over time (Christoffersen, 1998).
An accurate model will suggest that a VaR violation in period t will not depend on the
occurrence of a violation in the previous period (Jorion, 2001).

The sequence of It consists of 0s and 1s. For any two consecutive days, we will have four
outcomes; 00, 01, 10, and 11. We then define Ti,j(i = 0, 1; j = 0, 1) as the number of days
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in which state j occurs in one day while it was at state i the day before. T0,0 is the number
of days that the previous day’s indicator is 0 and the subsequent day’s indicator is 0, and
T1,1 is the number of days that the previous day’s indicator is 1 and the subsequent day’s
indicator is 1 (Jorion, 2001). The outcome of the contingency table of the deviation indicator
in Christoffersen (1998) is presented in Table 2.2.

TABLE 2.2: Deviation indicator outcome
It−1 = 0 It−1 = 1

It = 0 T00 T10 T00 + T10

It = 1 T01 T11 T01 + T11

T00 + T01 T10 + T11 T

We can then define π0 as the conditional probability that 01 occurs when the previous day
is 0 and π1 as the conditional probability that 11 occurs when the previous day is 1:

π0 =
T01

T00 + T01
, π1 =

T11

T10 + T11
, π =

T01 + T11

T00 + T01 + T10 + T11
=

T01 + T11

T
. (2.13)

Under the null hypothesis of violation independence across days, π = π0 = π1

(Jorion, 2001) shows that the Likelihood-Ratio test for the Independent test can be written
as:

LRInd =− 2 ln(1− π)(T00+T10)π(T01+T11)

+ 2 ln[(1− π0)
T00 πT01

0 (1− π1)
T10 πT11

1 ]
(2.14)

The first term of Equation 2.14 is the maximized likelihood under the null hypothesis that
violations are independent across days. The second term is the maximized likelihood for
the observed data.

The LR statistic in Equation 2.14 also tends in distribution to the χ2(1). If the value of LRInd

is lower than 3.841, the model passes the backtest, otherwise rejected.

The conditional coverage test provides a more accurate VaR measure, since it considers not
only unconditional coverage, but also independence properties (group exception) as dis-
cussed in Christoffersen (1998). The joint test statistics are given by:

LRCC = LRUC + LRInd (2.15)

The joint LR follows the χ2 distribution with two degrees of freedom under the null hy-
pothesis. If the value of LRCC is lower than 5.991, the model passes the backtest, otherwise
rejected.

The critical values of LRCC can also refer to those developed by Lopez (1999) as presented
in Table 2.3.
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TABLE 2.3: Critical values for LRCC statistics
Significance Level
1% 5% 10%

Asymptotic χ2(2) 9.210 5.992 4.605
Finite sample 6.007 5.015 5.005

2.3.3 The Dynamic Quantile test

The Dynamic Quantile (DQ) test was proposed by Engle and Manganelli (2004). It is a
regression-based model of hits variable on a constant, the lagged values of the hit variable,
and any function of past information. Dumitrescu et al. (2012) formally define Hitt(α) =

It(α) − α as the demeaned violation. It will take the value of 1 − α if rt < VaR and −α

otherwise. Given the information known at t− 1, the conditional expectation of Hitt(α) is
zero.

E(Hitt(α)|It − 1) = E(Hitt(α)) = 0 (2.16)

Under the assumption of the CC test above, Hitt(α) must be uncorrelated with its past values
and with other lagged variables, and its expected value is zero. Dumitrescu et al. (2012)
suggest that the DQ test can be used to test the CC assumption using the following linear
regression model.

Hitt(α) = δ +
K

∑
k=1

βk Hitt−k(α)

+
K

∑
k=1

γkg[Hitt−k(α), Hitt−k−1(α), ..., zt−k, zt−k−1,...] + εt,

(2.17)

where ε is a discrete i.i.d process, g(.) is a function of past violations and of variables zt−k

belonging to the entire set of information Ft−1.

The choices for zt−k comprise the lagged returns rt−k, past squared returns r2
t−k, past pre-

dicted VaR, VaRt−k|t−k−1(α), or implicit volatility data.

The test for the conditional efficiency corresponds to the test for the joint nullity of all coef-
ficients:

H0 : δ = β1 = ... = βk = γ1 = ... = γk = 0, ∀k = 1, .., K

Meanwhile, the hypothesis of the independence of VaR violations is:

H0 : β1 = ... = βk = γ1 = ... = γk = 0, ∀k = 1, .., K

and when δ = 0, the hypothesis of unconditional coverage will be fulfilled. Therefore,
the null hypothesis, E[Hitt(α)] = E(ε) = 0 indicates that Pr[It(α) = 1] = E[It(α)] = α

(Dumitrescu et al., 2012).
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The DQ test for conditional coverage takes the following form:

DQCC =
Ψ̂′Z′ZΨ̂
α(1− α)

L−−−→
T→∞

χ2(2k + 1) (2.18)

where Ψ = (δ, β1, .., βk, γ1, γk)
′ is the vector of the 2K + 1 parameters and Z is the matrix of

the explanatory variables in Equation 2.17.

While Engle and Manganelli (2004) recommend the use of 1 lag and 4 lags for the DQ test,
Chen et al. (2012) find that the DQ test is less sensitive to the choice of the number of lags.
Furthermore, Berkowitz et al. (2011) suggest that the DQ test is superior in evaluating VaR
at the 1% level compared to other VaR backtests that have lower power against VaR mis-
specified models.

2.3.4 Regression-Based ES backtesting

The ES backtesting framework was recently introduced by Bayer and Dimitriadis (2018). It
is based on a joint regression model for the quantile and the ES. Unlike other backtests that
require forecasts of various quantities such as VaR and volatility, this test only requires ES
forecasts as input parameters.

Bayer and Dimitriadis (2018) define the conditional quantile of a series of returns rt given
the information set Ft−1 at level τ ∈ (0, 1), or the VaR at level τ, as

Qτ(rt|Ft−1) = F−1
T (τ) = inf r ∈ R : Ft(r) ≥ τ (2.19)

Meanwhile, the functional ES at level τ given Ft−1 is defined as

ESτ(rt|Ft−1) =
1
τ

∫ τ

0
F−1

t (s)ds. (2.20)

In the case that the distributional function Ft is continuous in its τ- quantile, the above defi-
nition is simplified to the truncated tail mean of rt

ESτ(rt|Ft−1) = Et[rt|rt ≤ Qt(rt|Ft−1)]. (2.21)

This backtest aims to test whether a series of ES forecasts {êt, t = 1, ..., T}, is correctly speci-
fied relative to a series of realized returns {rt, t = 1, .., T}. To do this, Bayer and Dimitriadis
(2018) propose two types of ES regression (ESR) backtest, that is (1) the bivariate ESR back-
test and (2) the intercept ESR backtest.

Under the bivariate ESR backtest method, the returns rt are regressed on the forecast êt and
an intercept.

rt = α + βêt + ue
t , (2.22)
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where ESτ(ue
t |Ft−1) = 0. Given that êt is generated using the information set Ft−1, the

condition on the error term is equivalent to

ESτ(rt|Ft−1) = α + βêt. (2.23)

The null and alternative hypotheses are written as

H0 : (α, β) = (0, 1)

H1 : (α, β) ̸= (0, 1).

Under the null hypothesis, the ES forecast is correctly specified, since this implies êt =

ESτ(rt|Ft−1).

It is not possible to estimate the parameters (α, β) in Equation 2.22 by M- or Z/GMM-
estimation stand-alone by using a semiparametric method without specifying the full con-
ditional distribution of ue

t due to the non-elicitability of ES (Gneiting, 2011). However, a
regression technique proposed by Dimitriadis and Bayer (2017) that models the quantile
and the ES jointly can be used to estimate these parameters as follows:

rt = γ + δêt + uq
t , (2.24)

rt = α + βêt + ue
t , (2.25)

where Qτ(u
q
t |Ft−1) = 0 and ESτ(ue

t |Ft−1) = 0.

The test is conducted by testing the null hypothesis only based on the parameters (α, β) in
Equation 2.25 and a Wald test statistic is used for this test as follows:

TESR =
(
(α̂, β̂)′ − (0, 1)′

)′Σ̂−1
ES
(
(α̂, β̂)′ − (0, 1)′

)′, (2.26)

where Σ̂ES is an estimator for the asymptotic covariance matrix of the M-estimator of the
parameters (α, β). The test statistics is asymptotically χ2-distributed with two degrees of
freedom.

Meanwhile, under the framework of the intercept ESR backtest, the forecast errors rt− êt are
regressed on an intercept

rt − êt = α + ue
t , (2.27)

where ESτ(ue
t |Ft−1) = 0.

Unlike the bivariate ESR backtest, which can only accommodate two-sided hypotheses test-
ing, the intercept ESR backtesting procedure allows the specification of both one-sided and
two-sided tests. The null and alternative hypotheses are written as follows.

H2s
0 : α = 0 versus H2s

1 : α ̸= 0

H1s
0 : α ≥ 0 versus H1s

1 : α < 0.
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This procedure is a t-test based on asymptotic covariance and on the bootstrap procedure
discussed in Bayer and Dimitriadis (2018). The ESR backtest is conducted based on the ’R’
code downloaded from https://rdrr.io/github/BayerSe/esback/.

2.3.5 ES backtesting using multi-quantile regression

Couperier and Leymarie (2019) introduced a method to test the ES based on the theory
of multi-quantile regression theory. This test exploits the relationship between VaR and ES,
where ES can be approximated by several VaRs. This is based on the definition of a Riemann
sum, where the τ-level ES is approximated as a finite sum of several VaR series, as given by:

ESt(τ) ≈
1
p

p

∑
j=1

VaRt(uj), (2.28)

where the risk level uj is defined by uj = τ + (j− 1) 1−τ
p for j = 1, 2, ..., p, and p represents

the number of quantiles applied in the approximation.

Let Lt denote the portfolio loss observed at time t, for t = 1, 2, ..., T, and let Ft−1 denote the
information set available at time t − 1 with

(
Lt−1, Lt−2, ...

)
⊆ Ft−1. The uj-th VaR level of

the Lt distribution is then defined as the quantity VaRt(uj) such that

Pr(Lt) ≥ VaRt(uj)|Ft−1 = uj. (2.29)

Couperier and Leymarie (2019) generalize the idea of Gaglianone et al. (2011), who intro-
duced VaR as a regressor in a quantile regression model into the assessment of multiple
VaRs. This is carried out by estimating a multi-quantile regression model where the ex-post
losses {Lt, t = 1, ..., T} are regressed on the p VaR forecasts {VaRt(uj), t = 1, .., T}j=1,2,..,p

Lt = β0(uj) + β1(uj)VaR(uj) + ϵj,t ∀j = 1, 2, ..., p, (2.30)

where β0(uj) and β1(uj) denote the intercept and slope parameters at level uj, respectively,
and ϵj,t denotes the error term at risk level uj and time t such that the uj-th conditional
quantile of ϵj,t satisfies Qϵj,t(uj;Ft−1) = 0.

Given the multi-quantile regression model in Equation (2.30), the uj-th conditional quantile
of Lt is defined as

QLt(uj;Ft−1) = β0(uj) + β1(uj)VaR(uj) ∀j = 1, 2, ..., p. (2.31)

The procedure verifies whether VaR(uj) perfectly matches QLt(uj;Ft−1). Under the null
hypothesis that a sequence of VaR is valid, the coefficients satisfy β0(uj) = 0 and β1(uj) = 1,
for j = 1, 2, ..., p. These parameter values will produce a valid tail distribution of the ES
model and the ES forecasts.
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There are four null hypotheses for the ES backtests based on the method by Couperier and
Leymarie (2019) to assess different settings that the regression coefficients should meet for
valid ES forecasts. These hypotheses H0,J1 , H0,J2 , H0,I , H0,S are given by

H0,J1 :
p

∑
j=1

(
β0(uj) + β1(uj)

)
= p, (2.32)

H0,J2 :
p

∑
j=1

β0(uj) = 0, and
p

∑
j=1

β1(uj) = p (2.33)

H0,I :
p

∑
j=1

β0(uj) = 0, (2.34)

H0,S :
p

∑
j=1

β1(uj) = p, (2.35)

where J1 and J2 denote joint backtests, I refers to the intercept backtest, and S indicates the
slope backtest.

The null hypotheses of the joint backtests, H0,J1 and H0,J2 , focus on the expected value of
the intercept β0(uj) and the slope parameter β1(uj) for j = 1, 2, .., p. While H0,J1 sums both
β0(uj) and β1(uj), H0,J2 takes separate sums of the coefficients. The intercept backtest and
slope backtests hypotheses, H0,I and H0,S respectively, complement the joint backtests to
make easier the identification of misspecification. Rejection of H0,I will suggest constant
forecasting errors across time, while when H0,S is rejected, this indicates the presence of
time-varying errors, since they fluctuate along with the VaR prediction.

In terms of test statistics, suppose that W, W ∈ J1, J2, I, S is the generic notation for test
statistics and consider the classical formulation of a Wald-type test such as H0,W : RW β = qW ,
then Couperier and Leymarie (2019) shows that the test statistics can be generally expressed
as follows:

W = T
(

RW β̂− qW
)′(RW Σ̂R

′
W
)−1(RW β̂− qW

)
. (2.36)

where T denotes the sample size and Σ̂ represents a consistent estimator of the asymptotic
covariance matrix. The test statistics asymptotically follow a χ2 distribution with one de-
gree of freedom for J1, I, S and two degrees of freedom for J2. Since the coefficients are
aggregated, the asymptotic distributions are based on a small and fixed number of degrees
of freedom at any value of p. Therefore, Couperier and Leymarie (2019) argue that the crit-
ical values of the four backtests are unchanged regardless of the degree of accuracy used to
approximate the ES.

The ES-MQR tests in this study adapt the companion Matlab code, which is available to
download from http://www.runmycode.org/companion/view/3358.
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2.3.6 Quantile loss function

The main weakness of VaR backtests is that they show very little power to distinguish be-
tween different, yet close, alternatives. Therefore, in addition to testing VaR violations, mea-
suring the size of uncovered losses is also of paramount importance. To calculate the uncov-
ered losses, Lopez (1999) proposes the use of a loss function, which is based on the distance
between the observed returns and the VaR forecasts in lieu of a hypothesis testing approach
based on statistical tests. The distance represents the losses that have not been covered.

One of the most commonly used loss functions is the tick loss function of Giacomini and
Komunjer (2005), often referred to as quantile score. This can be done through a criterion
function that is minimized in a quantile regression estimation (Koenker & Bassett Jr, 1978).
As explained by Gneiting (2011), quantiles are elicitable, since the scoring function is strictly
consistent. Therefore, the accuracy of the VaR forecast can be compared using the following
quantile loss function.

Sα(Qt, rt) =
n+m

∑
t=n+1

(rt −Qt)(α− I(rt < Qt)) (2.37)

where Qt+1, ..., Qn+m is a series of quantile forecasts. True VaRα,t minimizes E
[
Sα(VaRα,t, rt) |

Ft−1
]
. Therefore, the most accurate VaR forecasting model should minimize the scoring

function in Equation (2.37).

2.3.7 VaR and ES joint loss function

The ES is not an elicitable risk measure (Gneiting, 2011). Therefore, in general, there is no
loss function minimized by the true ES. Nevertheless, Fissler and Ziegel (2016) show that ES
is elicitable of higher order in the sense that VaR and ES are jointly elicitable. They develop
a strictly consistent function that is minimized by the true VaR and ES:

St(rt, VaRt, ESt) = (It − α)G1(VaRt)− ItG1(rt)

+ G2(ESt)
(

ESt −VaRt +
It

α
(VaRt − rt)

)
− H(ESt) + a(rt), (2.38)

where It = 1 if rt < VaRt and 0 otherwise for t = 1, ..., T, G1() is increasing, G2() is strictly
increasing and strictly convex, G2 = H′ and limx→−∞G2(x) = 0 and a(·) is a real valued
integrable function.

This study employs two special joint loss functions. The first is based on the recommen-
dation of Fissler and Ziegel (2016) which has been used in the study of Wang et al. (2019),
while the second is based on Taylor (2019). The first joint loss function considers G1(x) =

x, G2(x) = exp(x), H(x) = exp(x) and a(rt) = 1− log(1− α) which gives the following
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scoring function:

St(rt, VaRt, ESt) = (It − α)(VaRt)− It(rt)

+ exp(ESt)
(

ESt −VaRt +
It

α
(VaRt − rt)

)
− exp(ESt) + 1− log(1− α), (2.39)

where the loss function S = ∑T
t−1 St is strictly consistent and is jointly minimized by the true

VaR and ES series.

The second joint loss function is a method for predicting ES corresponding to VaR fore-
casts using the equivalence between quantile regression and maximum likelihood based
on an asymmetric Laplace (AL) density (Taylor, 2019). In this framework, a joint model
of conditional VaR and ES is estimated by maximizing the AL log-likelihood. The scoring
function proposed by Taylor (2019) is based on the scoring function of Fissler and Ziegel
(2016) in Equation 2.38 by considering G1 = 0, G2 = −1/x, H(x) = − log(−x) and a(rt) =

1− log(1− α). The function is the negative of the AL log-likelihood, referred to as the AL
log score, which takes the following form:

St(rt, VaRt, ESt) = − log

(
α− 1
ESt

)
− (rt −VaRt)(α− I(rt ≤ VaRt))

αESt
. (2.40)

A strictly consistent scoring function can be used as the loss function in model comparison
(Gneiting & Raftery, 2007). The scoring function in Equation 2.40 is strictly consistent and
the average score across a sample indicates a joint measure of the accuracy of the VaR and
ES forecast.

2.3.8 Model confidence set

The AL log score is then used as the loss function in the calculation of the Model Confidence
Set (MCS). The MCS, developed by Hansen et al. (2011), consists of a sequence of tests used
to construct a set of ’superior’ models (SSM) for which the null hypothesis of equal predic-
tive ability (EPA) is not rejected. The MCS procedure will produce a set of models with a
given confidence level.

The MCS test procedure described in Hansen et al. (2011) starts from a collection of a finite
number of competing objects denoted M0 with a given probability and indexed by i =

1, ..., m0. The evaluation of the object is based on the loss Li,t, associated with the object i in
the period t, where t = 1, ..., n. The relative performance variable is defined as

dij,t = Li,t − Lj,t, for all i, j ∈ M0. (2.41)
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Then, a sequence of significance tests finds the best set of modelsM∗ identified as:

M∗ ≡ {i ∈ M0 : µi,j ≤ 0 for all j ∈ M0}. (2.42)

where µi,j = E(dij,t) is the expected loss difference between each pair of models. It is as-
sumed to be finite and does not depend on t for all i, j ∈ M0. The objects are ranked in
terms of expected loss. Object i is more superior to object j if µij < 0.

The hypothesis of the MCS test is as follows.

H0,M : µij = 0, for all i, j ∈ M, (2.43)

whereM⊂M0. The alternative hypothesis HA,M is µij ̸= 0 for some i, j ∈ M.

An equivalence test (δM) and an elimination rule (eM) are the basis of the MCS procedure.
The purpose of the equivalence test is to test the null hypothesis H0,M for any M ⊂ M0.
When H0,M is rejected, the elimination rule is used to identify the object ofM that should
be eliminated fromM.

To test the hypothesis, the following t−statistics are constructed by Hansen et al. (2011).

tij =
d̄ij√

v̂ar(d̄ij)
(2.44)

TM = max
i,j∈M

| tij |, (2.45)

where d̄ij ≡ n−1Σn
t−1dij,t and v̂ar

(
d̄ij
)

denotes the estimate of var
(
d̄ij
)
.

These test statistics do not have standard asymptotic distributions because those distribu-
tions depend on nuisance parameters. To address this problem, the MCS procedure employs
bootstrap methods to estimate relevant distributions.

The construction of the set of superior models based on the MCS algorithm is as follows.

Step 1: SetM =M0 that includes all objects.

Step 2: Test the null hypothesis H0,M using the equivalence test at a given significance
level α.

Step 3: If H0,M is not rejected, then M̂∗
1−α =M. If H0,M is rejected, use the elimination

rule to remove an object fromM.

Step 4: Repeat the procedure from Step 1.

The remaining surviving objects are denoted M̂∗
1−α, which Hansen et al. (2011) refers to as

the model confidence set.

The MCS test is performed using two methods, that is, the R method and the SQ method.
The first uses the sums of absolute values in the calculation of the MCS test statistic, while
the latter uses the summed squares. For details, see Hansen et al. (2011, p. 465). The MCS
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approach is available in the Matlab MFE toolbox of Kevin Sheppard, and the associated Mat-
lab code can be downloaded from https://www.kevinsheppard.com/code/matlab/mfe-
toolbox/.

2.4 Chapter Summary

This chapter presents a review of the distribution of financial asset returns relevant to tail-
risk forecasting methods used in the following chapters of this thesis. The theoretical review
on VaR and ES is further discussed in relation to the financial asset return distributions. A
wide range of tail risk forecasting methods used in this thesis is also presented in a detailed
manner. The following three chapters present novel approaches to risk forecasting by using
various extensions of the Realized EGARCH models using high-frequency data estimated
in a Bayesian setting.
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Chapter 3

Tail Risk Forecasting Using Bayesian
Realized EGARCH Model

3.1 Introduction

Forecasting the volatility of financial assets plays a crucial role in risk management and has
been a focus of attention for both researchers and market practitioners. It is evident that
asset returns exhibit time-varying volatility, usually have clustered volatility, and tend to
respond asymmetrically towards positive and negative shocks. Therefore, modeling such
dynamics is of paramount importance for risk forecasting purposes. The seminal works of
Engle (1982) on Autoregressive Conditional Heteroskedasticity (ARCH) models and Boller-
slev (1986) on the Generalized ARCH (GARCH) model have pioneered the development of
various extensions of the models. GARCH-type models have been applied in a wide variety
of fields requiring volatility forecasts, including in forecasting the risk of financial assets.

Most of the models utilize daily returns in modeling the conditional variance since the
squared returns can provide an unbiased estimate of the current level of volatility that can be
used to form expectations for future periods. However, daily returns provide weak signals
about the current level of volatility (Hansen et al., 2012). As a consequence, GARCH models
tend to be inefficient in reflecting true volatility during highly volatile periods, since they
over-react in responding to large shocks and take a long time to revert back to the long-term
mean (Andersen et al., 2003).

Following the availability of high-frequency data, more efficient realized measures of volatil-
ity have been proposed, such as realized variance (Andersen & Bollerslev, 1998; Andersen
et al., 2003), realized range (Christensen & Podolskij, 2007; Martens & van Dijk, 2007), and
realized kernel (Barndorff–Nielsen et al., 2008; Barndorff–Nielsen & Shephard, 2002). These
realized measures provide more information than the daily return and accurate proxies
of volatility compared to squared returns, since they incorporate the tick-by-tick intra-day
process. Therefore, the realized measures have been increasingly used in recent studies in
volatility modeling.

Hansen et al. (2012) took advantage of the realized measures by introducing a new model
that provides joint modeling for the returns and realized volatility measures, namely the



Chapter 3. Tail Risk Forecasting Using Bayesian Realized EGARCH Model 35

Realized GARCH model. This model adds a measurement equation to the GARCH model,
allowing joint dependence between volatility and a realized volatility measure. The Real-
ized GARCH model is extended by Hansen and Huang (2016) via the Realized EGARCH
model that allows the model to incorporate multiple realized volatility measures, hence the
model has more than one measurement equation.

This chapter builds on the original Realized EGARCH model by Hansen and Huang (2016)
and extensions of the Realized GARCH models by Watanabe (2012) and Contino and Ger-
lach (2017). The focus of this chapter is to forecast tail risks (VaR and ES) based on the exten-
sion of the Realized EGARCH model. The extension of the realized EGARCH is conducted
in several ways. First, two types of return distributions, that is, a standardized Student-t
and a standardized skewed Student-t distribution, are proposed, to take into account the
non-Gaussianity in the error distribution. The measurement equation errors are kept to
follow a normal distribution. The two frameworks are called RE-SkN and RE-tN. Second,
three types of realized measures are utilized in the realized EGARCH model, either individ-
ually or jointly. Those are the subsampled realized variance (RVSS), subsampled realized
range (RRSS), and realized kernel (RK). The subsampling process is based on Zhang et al.
(2005) to deal with micro-structure effects. The choice of RVSS and RRSS is motivated by
the recent work of Gerlach and Wang (2016) and Wang et al. (2019) who find that RVSS and
RRSS could improve the out-of-sample forecasting of their proposed models. Meanwhile,
the RK is chosen because it has some robustness to market micro-structure effects (Barn-
dorff–Nielsen et al., 2008) and has been used consistently in the original realized GARCH
and realized EGARCH models. Third, an adaptive MCMC procedure is adopted and ap-
plied to the proposed models. To evaluate the performance of the proposed RE-SkN and
RE-tN models, their 2.5% and 1% (following the recommendation of the Basel Committee
2012, 2016, 2019) VaR and ES forecasts are compared to those of various competing models,
such as the original realized GARCH and realized EGARCH models, the Conditional Au-
toregressive Expectile (CARE) model by Taylor (2008), and several extensions of GARCH-
type models.

After this chapter was completed and the whole thesis was near completion, Chen et al.
(2021) publish a study that employs the Bayesian method to forecast VaR and ES through the
realized EGARCH and realized HAR (heterogeneous autoregressive) GARCH models. They
also employ the skewed Student t distribution and also apply adaptive Bayesian MCMC
sampling. The research however only employ one realized measure, that is realized ker-
nel of the S&P500. Their research findings indicate that the HAR-GARCH model using the
skewed Student t distribution performs better than other realized GARCH models in terms
of violation rate and expected shortfall. However, in terms of forecasting volatility, the real-
ized EGARCH model is found to have the best performance.

This chapter is structured as follows. Section 3.2 briefly discusses three types of realized
volatility measures used in this study. Section 3.3 presents the specification of the proposed
extension of the Realized EGARCH model. The Bayesian estimation of the proposed mod-
els is discussed in Section 3.5. Section 3.6 presents the result of the simulation study of the
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Realized EGARCH model using a standardized skewed Student-t distribution for the ob-
servation equation and a Gaussian distribution for the measurement equation based on the
maximum likelihood frequentist estimation and the proposed Bayesian estimation. In Sec-
tion 3.7, the empirical study is presented, including the description of the data, the param-
eter estimates of the proposed models, and the evaluation of the tail risk forecasts. Finally,
Section 3.8 concludes this capture and discusses possible future studies.

3.2 Realized Volatility Measures

This section discusses three types of realized measures employed in this study, that is, real-
ized variance (RV), realized range (RR), and realized kernel (RK). For day t, let Ht, Lt, and
Ct denote the intra-day high, low, and closing prices, respectively. The daily close-to-close
log return is calculated as

rt = log(Ct)− log(Ct−1),

where r2
t is the volatility estimate.

In a high-frequency intraday framework, each day t from open to close can be divided into
N intervals of equal size with length △, where each intraday time is subscripted as i =

0, 1, 2, ..., N. Let Pt−1+i△ denote the closing price in the i-th interval of day t. RV is calculated
as the sum of the N intra-day squared returns, at frequency△, for day t:

RV△t =
N

∑
i=1

[
log(Pt−1+i△)− log(Pt−1+(i−1)△)

]2. (3.1)

The RR, proposed by Martens and van Dijk (2007) and Christensen and Podolskij (2007),
may contain more information about volatility than the RV, in the same way that the intra-
day range contains more information than squared returns, that is, it uses all the price
movements in a time period, not just the price at the start and end of each sub-period.
Let Ht,i = sup(i−1)△<j<i△ Pt−1+j, and Lt,i = inf(i−1)△<j<i△ Pt−1+j denote the high and low
prices during the i-th interval of day t, respectively; the RR is simply the sum of the squared
intraperiod ranges:

RR△t =
∑N

i=1(log Ht,i − log Lt,i)
2

4 log 2
. (3.2)

In an ideal situation where prices are continuously observed and without measurement er-
ror, both the RV and the RR will generate a perfect estimate of volatility. Unfortunately, the
RV suffers from a well-known bias problem due to market micro-structure noise. The bias
tends to worsen as the sampling frequency of intra-day returns increases (Hansen & Lunde,
2006) and is evident in volatility signature plots (Andersen et al., 2000; Fang, 1996).
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However, Martens and van Dijk (2007) show that the RR is more competitive and sometimes
more efficient than the RV, under some micro-structure conditions and levels. As N → ∞,
the scaling factor of 4 log 2 makes the RR an approximately unbiased estimator. Even though
N is finite for empirical data and Equation 3.2 is biased, when employed in the realized
GARCH and realized EGARCH models, the measurement equation parameters can adjust
for such bias. Therefore, the RR is not required to be unbiased in the realized GARCH and
the realized EGARCH models. Gerlach and Wang (2016) proved that employing the RR
as the measurement equation variable in a realized GARCH model can improve predictive
likelihoods, accuracy, and efficiency in forecasting empirical tail risks.

Different approaches can be adopted to reduce the market micro-structure noise in the RV
and RR, such as scaling and subsampling approaches. The scaling process was proposed by
Martens and van Dijk (2007) as follows:

RV△S,t =
∑

q
l=1 RVt−l

∑
q
l=1 RV△t−l

RV△t , (3.3)

RR△S,t =
∑

q
l=1 RRt−l

∑
q
l=1 RR△t−l

RR△t , (3.4)

where RVt and RRt represent the daily return square and the range square on day t, respec-
tively, and q is the number of days employed to estimate the scaling factors.

The motivation behind the scaling process is that micro-structure noise has less effect on
the daily return and range than on their high frequency counterparts. Therefore, the scaling
factor can help reduce the bias in the RV and RR via the scaling and smoothing processes.

Meanwhile the subsampling approach was proposed by Zhang et al. (2005), by which a
number of sub grids is selected from the original grid of observation times and then the
average of estimators derived from the sub grids is calculated. For day t, N equally sized
samples are grouped into M non-overlapping subsets Θ(m) with size N/M = nk, which
means:

Θ =
M⋃

m=1

Θ(m), where Θ(k) ∩Θ(l) = ∅, when k ̸= l.

The subsampling process is then implemented on the subsets Θ(i) with nk interval:

Θ(i) = i, i + nk, ..., i + nk(M− 2), i + nk(M− 1), where i = 0, 1, 2..., nk − 1.

Wang et al. (2019) apply the subsampling procedures on the RV and RR. Let Ct,i = Pt−1+i△



Chapter 3. Tail Risk Forecasting Using Bayesian Realized EGARCH Model 38

denote the log closing price at the i-th interval of day t, the RV with the subsets Θi is calcu-
lated as:

RVi =
M

∑
m=1

(Ct,i+nkm − Ct,i+nk(m−1))
2; where i = 0, 1, 2..., nk − 1.

Suppose there are T minutes per trading day, the T/M RV with T/N subsampling is given
by:

RVT/M,T/N =
∑nk−1

i=0 RVi

nk
. (3.5)

Let Ht,i = sup(i+nk(m−1))△<j<(i+nkm)△ Pt−1+j and Lt,i = inf(i+nk(m−1))△<j<(i+nkm)△ Pt−1+j de-
note the high and low prices during the interval i + nk(m − 1) and i + nkm, respectively.
Wang et al. (2019) propose the T/M RR with T/N subsampling that takes the following
form:

RRi =
M

∑
m=1

(Ht,i − Lt,i)
2; where i = 0, 1, 2..., nk − 1. (3.6)

RRT/M,T/N =
∑nk−1

i=0 RRi

4 log 2nk
. (3.7)

For details regarding the properties of the subsampled RR, please refer to Wang et al. (2019).

The selection of sampling frequency needs to take into account a trade-off between bias and
variance, for example, see Bandi and Russell (2008) and Zhang et al. (2005). The RV and
RR are usually computed from intra-day returns sampled at a moderate frequency, such as
5-minute frequency, to balance the bias and variance. This study employs 5-minute RV and
RR with 1 min subsampling proposed by Wang et al. (2019), as follows:

RV5,1,0 = (log Ct5 − log Ct0)
2 + (log Ct10 − log Ct5)

2 + ...

RV5,1,1 = (log Ct6 − log Ct1)
2 + (log Ct11 − log Ct6)

2 + ...
...

RV5,1 =
∑4

i=0 RV5,1,i

5
, (3.8)

RR5,1,0 = (log Ht0≤t≤t5 − log Lt0≤t≤t5)
2 + (log Ht5≤t≤t10 − log Lt5≤t≤t10)

2 + ...

RR5,1,1 = (log Ht1≤t≤t6 − log Lt1≤t≤t6)
2 + (log Ht6≤t≤t11 − log Lt6≤t≤t11)

2 + ...

...RR5,1 =
∑4

i=0 RR5,1,i

4 log(2)5
.

The third realized measure proposed for this study is the realized kernel (RK), which is
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somewhat robust to noise. The RK was developed by Barndorff–Nielsen et al. (2008) Barn-
dorff–Nielsen et al. (2009) and was also employed by the original realized GARCH and
realized EGARCH models. Their non-negative estimators take the following form:

K(X) =
H

∑
h=−H

k
( h

H + 1

)
γh, where γh =

n

∑
j=|h|+1

xj,txj−|h|,t. (3.9)

The kernel weight function, k(x), in Equation 3.9, is chosen to be the Parzen weight function,
since it satisfies the smoothness conditions, k′(0) = k′(1) = 0. This will ensure a non-
negative estimate. The parzen kernel function is defined as follows:

k(x) =


1− 6x2 + 6x3 0 ≤ x ≤ 1/2,

2(1− x)3 1/2 ≤ x ≤ 1,

0 x > 1,

(3.10)

where xj is the high-frequency return in Equations (3.9) and (3.10), H is a standard band-
width spelt out in Barndorff–Nielsen et al. (2009), given by:

H∗ = c∗ξ4/5n3/5, c∗ = ((12)2/0.269)1/5 = 3.5134, ξ2 =
ω2

T
∫ T

0 σ4
udu

.

For details, please see Barndorff–Nielsen et al. (2009).

3.3 The Specification of the Proposed Realized EGARCH Models
with the Skewed Student-t Distribution

This section describes the Realized EGARCH model and the proposed variants of the model.

3.3.1 Model description

The realized EGARCH model of Hansen and Huang (2016) with K realized measures takes
the following form:

rt = µt +
√

htϵt

log ht = ω + β log ht−1 + τ(ϵt−1) + γ
′
ut−1

log xk,t = ξk + φk log ht + δ(k)(ϵt) + uk,t, k = 1, ..., K. (3.11)

where rt is the daily return, xt = (x1,t, ..., xK,t) is a vector of realized measures, the condi-
tional mean µt = E(rt|Ft−1), conditional variance ht = var(rt|Ft−1), {Ft} is a filtration
so that (rt, xt) is adapted to Ft, ut = (u1,t, ..., uK,t)

′
, ϵt

iid∼ D1(0, 1), ut
iid∼ D2(0, Σ), ϵt and

ut = (u1,t, ..., uK,t)
′

are mutually and serially independent.
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The leverage functions τ(ϵ) and δk(ϵ), k = 1, ...K, allow for a more realistic independence
between ϵt and ut in practice. The leverage functions can be expressed as τ(ϵt) = τ′a(ϵt) and
δ(k)(ϵt) = δ′kb(ϵt), k = 1, ..., K, where a(ϵt) and b(ϵt) are known functions of ϵt. Modeling
the dependence between return shocks and volatility shocks, which is empirically impor-
tant, is facilitated by these leverage functions. The volatility shock, vt = E(log ht+1|Ft)−
E(log ht+1|Ft−1), is given by vt = τ(ϵt) + γ

′
ut.

Following Hansen and Huang (2016), Hermite polynomials are adopted in a simple quadratic
form for leverage functions.

τ(ϵ) = τ1ϵ + τ2(ϵ
2 − 1) (3.12)

δ(k)(ϵ) = δk,1ϵ + δk,2(ϵ
2 − 1), k = 1..., K. (3.13)

The realized EGARCH model in Equation 3.11 consists of three equations. The first equa-
tion is the return equation, which is standard in GARCH models. The second equation is
the GARCH equation and the third equation is the measurement equation(s). There are two
main features of the GARCH equation in the realized EGARCH model. The first feature
is the presence of a leverage function τ(ϵt−1), which distinguishes the realized EGARCH
model from the realized GARCH model, which only includes a leverage function in the
measurement equation. The second key feature is the last term γ

′
ut−1, which facilitates

channeling of the impact of the realized measure on the expectations of future volatility.
Since ut is K-dimensional, it allows us to incorporate multiple realized measures of volatil-
ity. The parameter β represents the persistence of volatility, while γ reflects the information
the realized measures contain about future volatility. The measurement equation shows
the relationship between the (ex-post) realized measures of volatility and the (ex-ante) condi-
tional variance. Hansen and Huang (2016) use RK, the daily range, and six types of realized
variances and adopt a Gaussian specification, D1(0, 1) = N(0, 1 and D2(0, Σ) = N(0, Σ).

This study extends the realized EGARCH model by allowing D1(0, 1) to be a standard-
ized Student-t, and a standardized skewed Student-t of Hansen (1994), following Watanabe
(2012) and Contino and Gerlach (2017) for the case of the realized GARCH. These proposed
models are denoted hereafter as RE-tN and RE-SkN, respectively, while the original realized
EGARCH model employing normal distribution for both return and measurement equa-
tions is denoted as RE-NN.

3.3.2 The skewed Student-t distribution

The Student-t distribution could be potentially restrictive, since it only allows for variation
in location, scale, and tail fatness. Meanwhile, the skewed Student-t distribution is more
flexible and allows for richer behaviors. It is able to model not only leptokurtosis, but also
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asymmetry (Hansen, 1994). The PDF of a standardized skewed Student-t distribution is:

(εt|ν, λ) =


bc
(

1 + 1
ν−2

(
bεt+a
1−λ

)2
)−(ν+1)/2

i f εt < − a
b

bc
(

1 + 1
ν−2

(
bεt+a
1+λ

)2
)−(ν+1)/2

i f εt ≥ − a
b

(3.14)

where ν is the degrees of freedom parameter that controls the kurtosis of the distribution
with range 2 < ν < ∞, λ is the skewness parameter with range −1 < λ < 1, while a, b, and
c are some constants given by:

a = 4λc
(

ν− 2
ν− 1

)
, b =

√
1 + 3λ2 − a2, c =

Γ
(

ν+1
2

)
√

π(ν− 2)Γ
(

ν
2

) .

Hansen (1994) show that this is a proper density function that has zero mean and a unit
variance and specializes to a Student-t density by setting λ = 0. When λ > 0, the mode of
the density is to the left of zero and the variable is right-skewed, and vice versa when λ < 0.

3.3.3 Stationarity condition

It is important to find the model parameters to ensure that ht has a finite expected value
or higher moments. The stationarity condition of the realized EGARCH model in Equation
3.11 can be derived by subtituting the measurement equation into the GARCH equation:

log ht = ω− γ
′
ξk + (β− γ

′
φk) log ht−1 + at, (3.15)

where at = τ(ϵt−1) + γ
′
(log xk,t−1 − δ(k)(ϵt)).

Taking the expectation of both sides of Equation 3.15, the long-run value of log h is derived
as:

E(log h) =
ω− γ

′
ξk

1− (β− γ′φk)
. (3.16)

The stationarity of the realized EGARCH model in Equation 3.11 is then achieved by impos-
ing the following restriction:

β− γ
′
φk < 1 (3.17)
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3.4 VaR and ES for the Standardized Skewed Student-t Distribu-
tion

For the skewed Student-t distribution, the VaR estimation is conducted using the inverse
CDF, skt−1

ν,λ as specified in Contino and Gerlach (2017) as follows:

VaRα = µ + σskt−1
v,λ, (3.18)

skt−1(α | v, λ) =


1−λ

b

√
v−2

v t−1
v

(
α

1−λ , v
)
− a

b , if α < 1−λ
2

1+λ
b

√
v−2

v t−1
v

(
0.5 + α

1+λ

(
α− 1−λ

2

)
, v
)
− a

b , if α ≥ 1−λ
2 .

where ν is the degrees of freedom parameter that controls the kurtosis of the distribution
with range 2 < ν < ∞, λ is the skewness parameter with range −1 < λ < 1, while a, b, and
c are some constants given by:

a = 4λc
(

ν− 2
ν− 1

)
, b =

√
1 + 3λ2 − a2, c =

Γ
(

ν+1
2

)
√

π(ν− 2)Γ
(

ν
2

) .

For the standardized skewed Student-t distribution, Contino and Gerlach (2017) derived the
ES, given the standardized VaR value Θ, as follows:

ESα = µ + σE[ϵ | ϵ < Θ], (3.19)

where

E[ϵ |< Θ] =
1

sktv,λ(Θ)

∫ Θ

−∞
bc

(
1 +

1
v− 2

(
bϵ + a
1− λ

)2)− v+1
2

ϵdϵ

=
c(1− λ)2

b · sktv,λ(Θ)

v− 2
1− v

(
1 +

1
v− 2

(
bΘ + a
1− λ

)2) 1−v
2

− a
b

, (3.20)

where sktv,λ is the CDF of the Skewed Student-t distribution:

skt(ϵ | v, λ) =

 (1− λ)tv

(√
v

v−2

(
bϵ+a
1−λ

)
, v
)

if ϵ < − a
b

1−λ
2 (1 + λ)

[
tv

(√
v

v−2

(
bϵ+a
1−λ

)
, v
)
− 0.5

]
if ϵ ≥ − a

b .

3.5 Bayesian Estimation of the Realized EGARCH Model

This section discusses the Bayesian estimation approach and MCMC sampling procedures
employed in estimating the proposed model and conducting the tail risk forecasting. Basi-
cally, the Bayesian model is a probability model consisting of a likelihood function p(y|θ)
and a prior distribution π(θ). The product of the likelihood and the prior probability is
equivalent to the posterior distribution p(θ|y).
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3.5.1 Likelihood and model parameters

Following Hansen and Huang (2016), where ϵt
iid∼ D1(0, 1) and ut

iid∼ D2(0, Σ), the log-
likelihood function for the Realized EGARCH model in Equation 3.12 is given by:

ℓ(r, x; θ, Σ) =− 1
2

n

∑
t=1

[
log(2π) + log ht + ϵ2

t + K log(2π)

+ log(|Σ|) + u
′
tΣ
−1ut

] (3.21)

where ϵt = ϵt(θ) = (rt − µ)/
√

ht and uk,t(θ) = x̃k,t − ξk − φk h̃t(θ)− δ
′
kb(ϵt(θ)).

Hansen and Huang (2016) used the score function and the numerical Hessian matrix of
the log likelihood function to compute the standard errors for the estimators. This model,
hereafter, is denoted RE-NN (Realized EGARCH with Normal-Normal errors) model.

Under the proposed choice D1 ∼ Sktν,λ(0, 1) and D2 = N(0, Σ) as in Equation 3.14, hereafter
referred to as RE-SkN model (Realized EGARCH with Skewed Student-t-Normal errors),
the log-likelihood function for model (3.12) takes the following form:

ℓ(r; θ) =



T[ℓ(b) + ℓ(c)]−∑T
t=1

[
v+1

2 log

(
1 + 1

v−2

(
bϵt+a
1−λ

)2)
+ 0.5 log(ht)

]
if ϵt < − a

b ,

T[ℓ(b) + ℓ(c)]−∑T
t=1

[
v+1

2 log

(
1 + 1

v−2

(
bϵt+a
1+λ

)2)
+ 0.5 log(ht)

]
if ϵt ≥ − a

b .

ℓ(x; θ, Σ) = −1
2

n

∑
t=1

[
K log(2π) + log(|Σ|) + u

′
tΣ
−1ut

]

ℓ(r, x; θ, Σ) = ℓ(r; θ) + ℓ(x; θ, Σ). (3.22)

Meanwhile, the log-likelihood function for model (3.11) with distribution choice D1 ∼ tν(0, 1)
and D2 = N(0, Σ) is:

ℓ(r, x; θ, Σ) = T
[

log Γ
(v + 1

2

)
− log Γ

(v
2

)
− 0.5 log[(v− 2)π]

]
−

T

∑
t=1

[
v + 1

2
log

(
1 +

(rt − µ)2

(v− 2)ht

)
+ 0.5 log ht

]
− 1

2

n

∑
t=1

[
K log(2π) + log(|Σ|) + u

′
tΣ
−1ut

]
.

(3.23)

This model is subsequently denoted as RE-tN model (Realized EGARCH with Student-t-
Normal errors).
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The parameters for those realized EGARCH models are presented in Table 3.1.

TABLE 3.1: Realized EGARCH models and parameters
Model Parameters

RE-NN µ, ω, β, τ1, τ2, γ
′
, ξk, φk, δk,1, δk,2, Σ

RE-SkN µ, ω, β, τ1, τ2, γ
′
, ξk, φk, δk,1, δk,2, Σ, νskw, λ

RE-tN µ, ω, β, τ1, τ2, γ
′
, ξk, φk, δk,1, δk,2, Σ, ν

Joint Conditional Likelihood is given by:

L(θ, Σ, r, x) =
T

∏
t=1

p(rt, xt|Ft−1, θ, Σ) (3.24)

=
T

∏
t=1

p(rt|Ft−1, θ)p(xt|rt,Ft−1, θ, Σ) (3.25)

where Ft = (r1, ..., rt; x1, ..., xt)′; the predictive density p(rt | Ft−1, θ) is determined by the
distributional choice of ϵt; and the conditional density p(xt|rt,Ft−1, θ, Σ) is determined by
the distribution of ut.

3.5.2 Prior specification

A combination of mostly uninformative and Jeffreys-type priors is chosen over the possible
region for the parameters.

π(θ) ∝
1

σ2
u,k=1

1
σ2

u,k=2
..

1
σ2

u,k=K

1
ν2 I(A) (3.26)

where A is the region described by the parameter restriction in Table 3.2. The indicator
function I(A) = 1 over the region A and zero otherwise.

TABLE 3.2: Parameter restriction
Parameter Bounds

µ, ω, τ1, τ2, ξ, δ1, δ2 ±∞

σ2
u > 0

ν (4, 200)

λ (−1, 1)

β− γ
′
φ < 1

A standard Jeffreys prior is adopted for the variance of ut in Equation 3.11. The prior of the
degrees of freedom parameter (ν) is ν−2, which is an improper prior obtained by being flat
on ν−1 (Bauwens et al., 2006). This is equivalent to U(0, 1

4 ) so that ν > 4. This ensures that
the first four moments of the distribution of ut are finite (Chen et al., 2006). Similar research
has adopted this type of prior on σ2

u and ν on Bayesian estimation of the previous model, the
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realized GARCH models; for example, see Gerlach and Wang (2016), Contino and Gerlach
(2017), and Wang et al. (2019).

3.5.3 Adaptive MCMC method

In order to numerically perform an inference on model parameters, an MCMC procedure
is performed to draw samples from the posterior distribution of the model parameters. An
adaptive MCMC method of Contino and Gerlach (2017) is adopted and extended, consid-
ering the balance between the target acceptance rate and convergence, the scaling factor for
the tuning process, and the selection of the block of parameters in the updating process. The
adaptive MCMC approach consists of two steps, a burn-in period and a post-burn-in period.

In the burn-in period, a Robust Adaptive Metropolis (RAM) algorithm of Vihola (2012) is
employed. The RAM algorithm estimates the shape of the target distribution and simul-
taneously allows us to attain a given mean acceptance rate. RAM is defined recursively
through the following process:

1. Compute the proposal Yn := Xn−1 + Sn−1Un, where Sn−1 is a lower diagonal ma-
trix with positive diagonal elements and Un is a vector of random variable from d-
dimensional Gaussian distribution.

2. The proposal is accepted with probability αn := min
{

1, π(Yn)
π(Xn−1)

}
.

3. If the proposal Yn is accepted, set Xn := Yn. Otherwise, set Xn := Xn−1.

4. Compute the lower diagonal matrix, Sn, satisfying the equation:

SnST
n = Sn−1

(
I + ηn(αn − α∗)

UnUT
n

||Un||2
ST

n−1

)
, (3.27)

where
{

ηn
}

n≥1 ⊂ (0, 1] is a step size sequence decaying to zero, often defined as
ηn = n−γ with an exponent γ ∈ (1/2, 1), α∗ ∈ (0, 1) is the target mean acceptance
probability, and I ∈ Rdxd is the identity matrix.

The initial proposal covariance is set to (2.32/di)Idi (Roberts & Rosenthal, 2009), where di

denotes the dimension of the parameter block i and Idi is the identity matrix of dimension
di. To obtain Sn in step (4), rank-one Cholesky update of Sn−1 is conducted when (αn −
α∗) > 0, or downdate of Sn−1 when (αn − α∗) < 0. This approach is computationally more
efficient than computing the right hand side of Equation 3.27 and performing new Cholesky
decomposition. Following Vihola (2012), ηn = min{1, d · n−2/3}, where d is the dimension
of the block of parameters. The target mean acceptance rate α∗ = 0.234 (if d > 4), or 0.35
(if 2 ≤ d ≤ 4), or 0.44 (if d = 1), as recommended by Roberts et al. (1997). For theoretical
details of the RAM algorithm, see Vihola (2012).

The algorithm is run for 20,000 iterations for each model parameter to achieve convergence.
The first half of burn-in iterates (10,000 iterates) is discarded, then the remaining second half
is used to calculate the sample mean (Xn) and covariance matrix (Σ) for each parameter as
the proposal distribution in the post burn-in period. In the post burn-in period, a standard
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RWM algorithm is employed and a mixture of three Gaussian proposal distribution is used
as follows:

Yn ∼ N
(
Xn−1, CiΣ

)
, (3.28)

where C1 = 1; C2 = 100, C3 = 0.01, following Wang et al. (2019).

The algorithm is run for 10,000 iterations for each model parameter.

The convergence of the adaptive MCMC method is assessed via the Gelman-Rubin diag-
nostic, effective sample size testing (Gelman et al., 2014) and the autocorrelation time (Chib
& Jeliazkov, 2001) as has been discussed in Section 1.6. To determine the setting of the pa-
rameter blocks, two settings of the parameter blocks are compared: 1 block (as in Contino
and Gerlach (2017)) and 4 blocks. The latter setting is adapted from Wang et al. (2019) and
adjusted to the models proposed in this chapter as follows: θ1 = (µ), θ2 = (ω, β, τ′, γ′, φk),
θ3 = (ξk, δ′k, Σ), and θ4 = (ν, λ). The parameters within the same parameter block are more
likely to be correlated in the posterior (or likelihood) than between blocks. For example,
the stationarity condition causes a correlation between iterates of β, γ′, φk. Therefore, those
parameters are grouped in the same block.

3.5.4 Tail risk forecasting

The proposed models are estimated using the proposed MCMC procedures with fixed size
in-sample data combined with a rolling window approach to produce 1000 one-step ahead
forecasts. The post burn-in iterates in the above MCMC draws are used to generate the
variance (denoted σ2 in Section 2.2 or h in Section 3.3.1). This will, in turn, form MCMC
iterates for VaR and ES forecasts at 2.5% and 1%, respectively, based on Equations 3.18 and
3.19. The posterior mean estimates of the VaR and ES are then used as the final forecast. The
accuracy of each model can then be measured by its relative forecast performance.

3.6 Simulation Study

A simulation study is conducted to compare the performance of MCMC estimators and the
maximum likelihood (ML) estimators. The purpose is to demonstrate the superior perfor-
mance of the MCMC estimators in terms of unbiasedness and precision properties.

3.6.1 Simulation set up and model

A total of 1000 replicated datasets are simulated from the proposed RE-SkN model in Equa-
tion 3.29 using one realized measure, with a sample size of 2000.
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rt = 0.0 +
√

htϵt (3.29)

log ht = −0.12 + 0.98 log ht−1 − 0.12ϵt−1 + 0.04(ϵ2
t−1 − 1) + 0.47ut−1

log xt = −0.17 + 0.94 log ht − 0.09ϵt + 0.06(ϵ2
t − 1) + ut,

where ϵt ∼ Sktν=4.4,λ=0.5, ut ∼ N(0, 0.15), and h0 = 0.0025.

All initial parameter values were arbitrarily set equal to 0.1, except for ν = 5, for both
estimation methods. Tail risks are considered for the quantile level α = 2.5% and α = 1%,
following the recommendation of the Basel Committee (2012, 2016, 2019).

At the early stage, the simulation was run on multiple computers. To gain time efficiency, the
final simulation is run on the University of Sydney’s Ártemis High-Performance Computing
(HPC). The simulation job is divided into 40 chunks to reduce processing time, each of which
estimates the model in Equation 3.29 and forecasts the tail risk for time t + 1 for 25 datasets.
All 40 processing jobs are run simultaneously in Artemis, each of which takes approximately
9.5 hours to complete.

3.6.2 MCMC convergence and efficiency

To assess the convergence of the MCMC method, m = 10 independent MCMC chains with
different starting values are run for two different parameter block settings. Then, the vari-
ance between and within the chains is analyzed according to the Gelman-Rubin diagnostic
(Gelman et al., 2014). Table 3.3 presents the summary of the Gelman-Rubin diagnostic R̂,
the number of effective sample size neff (Gelman et al., 2014), and the autocorrelation time
t̂ (Chib & Jeliazkov, 2001) for the settings of 1 parameter block and 4 parameter blocks. Fa-
vorable results are indicated by the values printed in bold. The R̂ for each parameter is very
close to 1 and all R̂ are < 1.1, the recommended threshold by Gelman et al. (2014), except for
ν in the 1 block setting. The R̂ under the 4 block settings is closer to 1 for 11 of 13 parameters,
suggesting an improved convergence property under this parameter block setting.

The result also suggests that the number of effective sample sizes for most parameters, neff, is
higher than the suggested benchmark (5m) by Gelman et al. (2014). The number of effective
sample size for 10 parameters under the 4 block setting is higher than that under the 1 block
setting. Regarding the correlation time t̂, the parameters under the 4 block setting also have
a more favorable property, that is, they have a smaller autocorrelation time. Overall, the
MCMC method under the 4 block setting provides a much improved convergence property,
is more efficient, and has a smaller autocorrelation time than the 1 block setting.
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TABLE 3.3: Summary statistics of the Gelman-Rubin diagnostic,
effective sample size and autocorrelation time of the RE-SkN model

estimated using Bayesian method for the simulated dataset

Parameters
1 Block 4 Blocks

R̂ neff t̂ R̂ neff t̂

µ 1.0103 1289.4 34.3 1.0104 1324.3 36.2
ω 1.0194 1224.9 38.6 1.0053 1404.7 34.1
β 1.0115 1415.3 33.8 1.0043 1456.3 33.0
γ 1.0124 1014.8 38.0 1.0052 1567.7 30.9
τ1 1.0080 1468.4 31.3 1.0117 1424.6 33.5
τ2 1.0399 275.9 70.2 1.0074 1579.2 30.6
ξ 1.0316 565.9 83.1 1.0062 1380.2 35.2
φ 1.0299 509.4 88.2 1.0075 1373.3 35.3
δ1 1.0082 1609.9 29.6 1.0052 1213.2 33.4
δ2 1.0761 111.0 436.2 1.0080 1450.8 33.2
σ2

u 1.0094 1551.6 27.9 1.0047 1366.5 35.5
ν 1.3026 37.2 1341.3 1.0097 1297.1 37.6
λ 1.0165 901.9 33.2 1.0095 1461.1 32.5

Convergence can also be visually assessed by using the trace plots of the MCMC iterations.
Trace plots of µ, β, γ, τ1, and λ during the burn-in in Figure 3.1 show a very rapid conver-
gence of the algorithm, in less than 5000 iterations. The stationarity of those parameters is
also shown during the post burn-in periods, as indicated by the trace plots in Figure 3.2.
More details on the trace plots of 10 independent chains for each parameter can be found
in Appendix A.1. The trace plots of the MCMC chains show rapid convergence and chain
mixing during the burn-in period. The acceptance rates for the 4 blocks during the burn-in
period are 0.4303, 2120, 0.3426, and 0.3477, very close to the target acceptance rate.
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FIGURE 3.1: RAM iterations with simulated data from the RE-SkN
model

FIGURE 3.2: RWM iterations with simulated data from the RE-SkN
model
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3.6.3 Simulation results

The estimation results of the proposed RE-SkN model based on the ML method and the
MCMC method using the 4 parameter block setting are summarized in Table 3.4. The pos-
terior means of the parameters and the root mean square errors (RMSE) are also presented.
The optimal parameter coefficients and the RMSE are printed in bold.

The RMSE for parameter i is calculated as:

RMSEi =

√√√√ 1
N

N

∑
n=1

(θ̃n,i − θi)2 (3.30)

where N is the number of datasets, θ̃ is the estimated parameter, and θ is the true parameter.

TABLE 3.4: Summary statistics of the RE-SkN Model parameters based
on ML and MCMC Methods

n=2000 True ML MCMC

Parameter Mean RMSE Mean RMSE

µ 0.00 0.0028 0.0176 0.0001 0.0002
ω -0.12 -0.1407 0.1208 -0.1342 0.0329
β 0.98 0.9579 0.1114 0.9777 0.0053
γ 0.47 0.4951 0.1658 0.4815 0.0531
τ1 -0.12 -0.1133 0.0665 -0.1210 0.0125
τ2 0.04 0.0512 0.0606 0.0407 0.0042
ξ -0.17 -0.0896 0.6982 -0.2002 0.1884
φ 0.93 0.9452 0.1742 0.9263 0.0267
δ1 -0.09 -0.0826 0.0587 -0.0901 0.0115
δ2 0.06 0.0786 0.1266 0.0608 0.0050
σ2

u 0.15 0.2154 0.4433 0.1542 0.0386
ν 4.4 4.3858 0.4132 4.5075 0.3685
λ 0.5 0.4895 0.0962 0.5014 0.0256
2.5% VaRt+1 -0.0763 -0.0857 0.1169 -0.0768 0.0037
2.5% ESt+1 -0.0948 -0.1062 0.1459 -0.0952 0.0055
1% VaRt+1 -0.0916 -0.1047 0.1472 -0.0921 0.0049
1% ESt+1 -0.1130 -0.1291 0.1817 -0.1133 0.0073

For each dataset, the true one-step-ahead VaR and ES forecasts are calculated and averaged
over the 1000 data sets. The average is given in the ‘True’ column. Both the ML estimators
and MCMC estimators generate accurate estimates for the parameters and the VaR and ES
forecasts, being very close to the true values. However, the MCMC method produces more
favorable estimators, both in terms of unbiasedness and precision. All parameters and tail
risk forecasts under the MCMC framework, except the parameter ν, have a smaller bias
than those under the ML method. Regarding estimation precision, all MCMC estimators
have smaller root mean square errors (RMSE) than their respective ML counterparts. The
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histogram of the posterior mean of each parameter of the proposed RE-SkN model over the
1000 datasets is shown in Figure 3.3.

FIGURE 3.3: Histogram of 1000 Posterior means for the RE-SkN model

Note: Red line indicates true parameter and the green line indicates the mean estimate.

The performance of the MCMC and ML estimators in terms of unbiasedness and precision
of the risk forecasts is also illustrated using the distribution of 1000 2.5% and 1% VaR and
ES forecasts in Figure 3.4. Although both the MCMC and ML methods generate VaR and ES
forecasts relatively close to the true value of VaR and ES (represented by the red horizontal
lines), it can be seen that the ML method produces more outlying forecasts than the MCMC
method. The mean values of both VaR and ES forecasts generated using the MCMC method
are also very close to their respective true values, compared to those of the ML method. This
might be due to the convergence issue in the ML method, which results in a higher RMSE of
the risk forecasts. This suggests that the MCMC method is preferable compared to the ML
method, as it produces more accurate risk forecasts.
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FIGURE 3.4: Histogram of 1000 2.5% and 1% VaR and ES true and
forecasts: MCMC and ML estimation
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3.7 Empirical Study

This section presents the empirical results of the proposed models, the RE-tN and RE-SkN
types models, estimated using the MCMC approach using returns and three types of real-
ized measures (individual or combined) specified in Section 3.2. The risk forecast perfor-
mance of the models is evaluated based on various tests discussed in Section 2.3 and com-
pared with the original realized EGARCH model estimated also within a Bayesian setting
(the RE-NN type models) .

Several GARCH family type models, all with Student-t distribution, are also included for
comparison purposes, such as the GARCH, EGARCH, and GJR-GARCH models. A GARCH-
EVT-t model is also included to produce conditional quantile and ES estimates by applying
the peaks over threshold of the extreme value theory (EVT) method to the standardized
residuals of the GARCH model with Student-t distribution. Following Taylor (2008), the
threshold is 10% unconditional quantile for the lower tail. For details on GARCH-EVT-t
models, see McNeil and Frey (2000) and Section 7.2.3 in McNeil et al. (2005). Comparison
models also include a filtered GARCH approach (GARCH-HS-t) used in Wang et al. (2019),
where a standardized VaR and ES are estimated based on a GARCH with Student-t distri-
bution (GARCH-t). Returns (r1, .., rn) are standardized by using their estimated conditional
standard deviation, rt/

√
ĥt. The standardized VaR and ES are then multiplied by the fore-

cast
√

ĥn+1 from the GARCH-t model.

The VaR and ES forecasts are also generated based on the symmetric absolute value condi-
tional autoregressive expectiles (CARE-SAV) model of Taylor (2008) and the realized GARCH
models of Hansen et al. (2011) with a Student-t distribution for the observation equation
errors for the return (RG-tN). The GARCH-type models are estimated using the Economet-
rics toolbox in Matlab, while the GARCH-EVT-t, CARE-SAV, realized GARCH, and realized
EGARCH models are estimated using the Matlab code developed for this thesis. The pa-
rameters of the models are used to generate 1000 one-step-ahead VaR and ES forecasts.

3.7.1 Data

This study utilizes the data of daily, including open, high, low, and closing prices, as well
as high frequency data, observed at 5-minute and 1-minute intervals within trading hours.
The daily return is calculated based on the close-to-close prices, including overnight price
movements. The subsampled RV (RVSS) and subsampled RR (RRSS) used in this study are
based on the dataset used in Wang et al. (2019), in which the daily RV and RR are calcu-
lated based on the 5-minute data, and the 1-minute data are used to generate daily RVSS
and RRSS. Meanwhile, the data for the realized kernel using a Parzen weight function are
obtained from the Oxford-Man Institute’s realized library, Library Version: 0.3, which also
originates from Thomson Reuters Tick History.

The data are collected for seven market indices: ASX 200 (Australia), DAX (Germany), FTSE
100 (UK), Hang Seng (Hong Kong), NASDAQ (US), SMI (Swiss), and S&P 500 (US), covering
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the period April 2000 to June 2016. The summary statistics for each data series are shown in
Table 3.5. All return series are leptokurtic, with kurtosis higher than 3, and they all exhibit
negative skewness. The result of the standard test for normality (Jarque & Bera, 1987) shows
that none of the return series is normally distributed, as JB statistics are all higher than the
5.99, the 5% critical JB test value.

TABLE 3.5: Descriptive statistics for each return series

Indices Begin End Obs Mean Std Skewness Kurtosis Min Max JB

ASX 200 13/07/2000 16/06/2016 3966 0.0103 1.011 -0.412 7.654 -7.713 5.628 3690.5
DAX 5/04/2000 17/06/2016 4066 0.0085 1.530 -0.044 6.544 -7.434 10.685 2129.1
FTSE 100 6/04/2000 17/06/2016 4081 -0.0005 1.226 -0.161 9.107 -9.266 9.384 6358.9
HangSeng 11/04/2000 17/06/2016 3937 0.0034 1.531 -0.079 11.375 -13.582 13.407 11511.0
NASDAQ 14/04/2000 17/06/2016 4001 0.0036 1.619 -0.064 9.597 -12.452 13.255 7258.0
SMI 4/07/2005 17/06/2016 2730 0.0076 1.185 -0.563 14.804 -12.735 10.788 15992.0
SP500 11/04/2000 17/06/2016 4018 0.0093 1.262 -0.316 11.897 -10.003 10.957 13320.0

Note: JB is the Jarque-Bera statistic to test the null hypothesis of normality.

3.7.2 Estimation of the Realized EGARCH type models

The estimation of the proposed Realized EGARCH model and the forecast for VaR and ES
are run using the Artemis HPC. Given that the measurement error distribution is Normal
(N) and there are three types of realized measures (subsampled RV (RVSS), subsampled
RR (RRSS), and Realized Kernel (RK)) and three types of error distributions (Normal (N),
standardized student-t (t), and standardized skewed student-t distributions (Sk)), the com-
bination resulted in nine types of RE models to run for each market index. These types of
distribution codes are used in several tables reporting the empirical results in the next parts
of this thesis. For seven market indices, this gives us a total of 63 RE-type models to estimate.
In the forecasting process, a fixed size in-sample data is combined with a rolling window
approach to produce 1000 one-step ahead forecasts. Due to the high need for computation
time, each model is re-estimated after moving forward 10 observations. Suppose that we
have 2000 in-sample and 1000 forecast periods. Observations t = 1 up to t = 2000 are esti-
mated to obtain θ̃1, which is then used to forecast the tail risk for t2001 to t2010, observations
t = 11 up to t = 2010 are estimated to obtain θ̃2, which is then used to forecast tail risk for
t2011 to t2020, etc.

The running time of each RE-type model differs according to the number of realized volatil-
ity measures included in the model and the type of error distributions. The RE-type model
that includes only one realized volatility combined with a Gaussian distribution has the
shortest running time. More complex models with more parameters to estimate take longer
to complete. Please see Table 3.6 for the running time of various RE-type models for the S&P
500 index.
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TABLE 3.6: The running time of the Realized EGARCH type models for S&P
500

Realized measures Error Distributions* Running time (hh:mm:ss)

RRSS NN 64:51:41
RRSS tN 87:36:35
RRSS SkN 85:59:00
RRSS-RK NN 74:25:11
RRSS-RK tN 106:43:30
RRSS-RK SkN 102:12:49
RVSS-RRSS-RK NN 77:13:37
RVSS-RRSS-RK tN 100:34:56
RVSS-RRSS-RK SkN 111:59:31

3.7.3 Model parameter estimates

Before discussing tail risk forecast evaluations, the posterior means of the parameters for
all forecasting steps of the proposed RE-SkN and RE-tN type models are presented and
discussed. The RE-NN type models are also presented for comparison. There are several
tables presented in the following sections containing abbreviations of various model names.
In each model name, RE refers to the realized EGARCH model, RV refers to the RVSS, RR
refers to the RRSS, and RK refers to the Realized Kernel. The last term of the model name
refers to the type of error distributions: N for the Normal distribution, t for the standardized
Student-t distribution, and Sk for the standardized Skewed Student-t distribution.

The discussion in this section is based on the posterior mean of the parameters for the S&P
500 dataset presented in Table 3.7 and Table 3.8. In general, the parameter estimates are
consistent with those in Table 3 of Hansen and Huang (2016). First, the γ parameter, which
provides the channel for the impact of the realized measures on future volatility, ranges from
0.141 to 0.357 in the models with a single realized measure. Furthermore, the estimated γ in
the models using the RVSS and RRSS are much greater (0.237 and 0.222 on average, respec-
tively) than those using the RK (0.046 on average), indicating that RVSS and RRSS provide
a stronger signal than the RK. The estimated value γ in models that employ RVSS and RRSS
is several times larger than the typical value of α (about 0.05) in a conventional GARCH
model, which measures the coefficient associated with squared returns. This suggests that
the realized measures offer a stronger signal about future volatility than does the squared
return.

Second, the estimates of β are close to 1 in all cases and β − γ′φk are also relatively high,
although they are less than unity, suggesting volatility persistence. The volatility is less
persistent in the models employing the RVSS and RRSS, compared to those employing RK.
For example, the average estimates of β− γ′φk of the RE-RV-SkN and RE-RR-SkN models
are 0.648 and 0.622, respectively, while that of the RE-RK-SkN model is 0.829.



Chapter 3. Tail Risk Forecasting Using Bayesian Realized EGARCH Model 56

TABLE 3.7: Estimated parameter mean for all forecasting steps for
each parameter: S&P 500-Part 1

Model µ ω β γ1 γ2 γ3 τ1 τ2 ξ1 ξ2 ξ3 φ1 φ2 φ3

RE-RV-NN 0.0001 -0.322 0.965 0.319 -0.179 0.037 -0.934 0.967
RE-RV-SkN 0.0000 -0.324 0.965 0.336 -0.186 0.039 -1.165 0.943
RE-RV-tN 0.0003 -0.305 0.968 0.335 -0.183 0.038 -1.158 0.944
RE-RR-NN 0.0000 -0.326 0.965 0.344 -0.177 0.039 -1.066 0.977
RE-RR-SkN 0.0000 -0.327 0.965 0.357 -0.183 0.041 -1.227 0.961
RE-RR-tN 0.0003 -0.313 0.967 0.356 -0.179 0.040 -1.210 0.963
RE-RK-NN 0.0001 -0.264 0.972 0.141 -0.174 0.031 -0.538 1.003
RE-RK-SkN 0.0001 -0.272 0.971 0.144 -0.181 0.032 -0.694 0.987
RE-RK-tN 0.0003 -0.254 0.973 0.144 -0.178 0.032 -0.662 0.990
RE-RV-RR-NN 0.0001 -0.355 0.962 0.185 0.125 -0.162 0.042 -0.239 -0.354 1.041 1.054
RE-RV-RR-SkN 0.0001 -0.348 0.963 0.198 0.133 -0.172 0.044 -0.707 -0.817 0.991 1.004
RE-RV-RR-tN 0.0003 -0.334 0.965 0.199 0.128 -0.168 0.043 -0.587 -0.702 1.005 1.018
RE-RV-RK-NN 0.0002 -0.330 0.965 0.256 0.011 -0.173 0.033 -0.220 -0.150 1.043 1.043
RE-RV-RK-SkN 0.0001 -0.339 0.964 0.271 0.013 -0.182 0.034 -0.539 -0.422 1.009 1.015
RE-RV-RK-tN 0.0004 -0.318 0.967 0.266 0.013 -0.177 0.034 -0.425 -0.337 1.022 1.024
RE-RR-RK-NN 0.0001 -0.339 0.964 0.282 0.011 -0.174 0.034 -0.408 -0.205 1.048 1.038
RE-RR-RK-SkN 0.0001 -0.347 0.963 0.295 0.012 -0.182 0.036 -0.700 -0.457 1.016 1.011
RE-RR-RK-tN 0.0003 -0.333 0.965 0.291 0.013 -0.178 0.036 -0.592 -0.360 1.028 1.021
RE-RV-RR-RK-NN 0.0002 -0.349 0.963 0.158 0.120 0.015 -0.167 0.039 -0.244 -0.360 -0.117 1.041 1.053 1.047
RE-RV-RR-RK-SkN 0.0002 -0.353 0.962 0.163 0.118 0.015 -0.169 0.039 -0.275 -0.407 -0.162 1.037 1.048 1.042
RE-RV-RR-RK-tN 0.0004 -0.337 0.965 0.161 0.117 0.016 -0.165 0.040 -0.246 -0.368 -0.138 1.042 1.053 1.045

Average 0.0002 -0.323 0.966 0.237 0.222 0.046 -0.176 0.037 -0.562 -0.684 -0.353 1.007 1.019 1.022
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TABLE 3.8: Estimated parameter mean for all forecasting steps for
each parameter: S&P 500-Part 2

Model δ1,1 δ1,2 δ1,3 δ2,1 δ2,2 δ2,3 σ2
u1

σ2
u2

σ2
u3

ν νskw λ

RE-RV-NN -0.159 0.064 0.194
RE-RV-SkN -0.160 0.065 0.194 10.266 -0.167
RE-RV-tN -0.156 0.064 0.194 9.594
RE-RR-NN -0.153 0.065 0.175
RE-RR-SkN -0.154 0.066 0.175 10.688 -0.165
RE-RR-tN -0.150 0.066 0.175 10.187
RE-RK-NN -0.053 0.205 0.413
RE-RK-SkN -0.056 0.204 0.413 10.599 -0.166
RE-RK-tN -0.042 0.205 0.413 9.750
RE-RV-RR-NN -0.158 -0.151 0.063 0.066 0.194 0.176
RE-RV-RR-SkN -0.159 -0.153 0.064 0.067 0.195 0.176 10.568 -0.162
RE-RV-RR-tN -0.155 -0.147 0.064 0.067 0.195 0.176 9.766
RE-RV-RK-NN -0.158 -0.050 0.062 0.202 0.194 0.402
RE-RV-RK-SkN -0.159 -0.053 0.063 0.202 0.194 0.402 10.797 -0.161
RE-RV-RK-tN -0.156 -0.041 0.063 0.203 0.194 0.401 10.093
RE-RR-RK-NN -0.152 -0.054 0.064 0.204 0.176 0.402
RE-RR-RK-SkN -0.153 -0.056 0.065 0.203 0.176 0.402 11.078 -0.160
RE-RR-RK-tN -0.150 -0.043 0.065 0.204 0.176 0.401 10.370
RE-RV-RR-RK-NN -0.157 -0.150 -0.050 0.063 0.066 0.203 0.195 0.176 0.403
RE-RV-RR-RK-SkN -0.158 -0.151 -0.051 0.063 0.065 0.203 0.195 0.176 0.403 11.047 -0.157
RE-RV-RR-RK-tN -0.154 -0.147 -0.038 0.063 0.066 0.204 0.195 0.175 0.403 9.762

Average -0.157 -0.151 -0.049 0.064 0.066 0.203 0.194 0.176 0.405 9.932 10.720 -0.162

Third, the leverage functions (τ1, τ2, δ1, δ2) are of the expected sign: τ1 and δ1 are negative
and τ2 and δ2 positive. The degree of asymmetry in the leverage effect is consistent across
models, where the average estimate of τ1 is -0.176 and τ2 0.037. However, the estimated
δ1 and δ2 tend to be smaller (more negative for δ1) when using RVSS and RRSS than when
using RK. The fact that δ1 < 0 indicates that xt will be larger when ϵt < 0 than when ϵt > 0,
which will make ht+1 larger when ϵt < 0 through the variance equation if γ > 0. This result
of leverage effects is consistent with the well-known stock market phenomenon that there is
a negative correlation between today’s return and tomorrow’s volatility.

Fourth, the realized measures are not perfectly unbiased estimators of true volatility. For the
realized measures to be unbiased, ξ and φ would be 0 and 1, respectively. The realized mea-
sures are measured from market open to close, so they may slightly underestimate volatility
on average. Nevertheless, the parameters in the realized EGARCH models can adjust for the
bias. The estimated φ is, in fact, close to 1 in all cases, suggesting that the realized measures
are roughly proportional to the conditional variance minus a negative correction given by
the estimate of ξ.

Fifth, the parameter σ2
u partially indicates how much error is contained in the realized mea-

sures, compared with log(h), but the log-scale makes this difficult to interpret. The models
using the RRSS generate a smaller σu compared to those using the RVSS and RK, meaning
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that the RRSS can potentially provide extra efficiency. This is consistent with the findings
of Martens and van Dijk (2007), Christensen and Podolskij (2007), and Wang et al. (2019),
which conclude that the realized range has lower mean squared errors than the realized
variance, which may allow models employing the realized range to produce higher accu-
racy and efficiency in volatility estimation and forecasting.

Sixth, the estimates of ν are around 9 to 12, indicating that the choices of the Student-t and
skewed Student-t return equation errors are justified, compared with the usual Gaussian
distribution. Lastly, the estimated λ is negative, suggesting that the return is skewed to the
left.

The posterior means of the parameters for every market index are presented in Appendix
A.2. The discussion on the parameter result tables for other market indices is omitted to save
space, but the findings are very similar. As can also be seen in Table 3.9, the average of the
posterior mean of each parameter over all forecasting steps across models does not differ
much across market indices, in terms of magnitude and sign. However, there are several
exceptions. First, the average of the posterior mean of δ2,3 for ASX 200 is negative while
those of other market indices are positive. In this case, δ2,3 refers to δ2 for the measurement
equation employing RK. Second, the average of the posterior mean of ξ3 for ASX 200 and
FTSE 100 is positive, while those of the other five market indices are negative. ξ3 also belongs
to the measurement equation employing RK. Lastly, the average of the posterior mean of ν

and νskw for ASX 200 is comparatively higher than those of other market indices.
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TABLE 3.9: The average posterior mean of all forecasting steps across
models and market indices

Parameter ASX 200 DAX FTSE 100 Hang Seng NASDAQ SMI SP500

µ 0.0003 0.0004 0.0000 0.0001 0.0003 0.0000 0.0002
ω -0.198 -0.192 -0.227 -0.194 -0.338 -0.307 -0.323
β 0.979 0.978 0.975 0.978 0.962 0.967 0.966
γ1 0.019 0.118 0.177 0.122 0.220 0.156 0.237
γ2 0.212 0.135 0.193 0.208 0.231 0.296 0.222
γ3 0.094 0.067 0.036 0.055 0.089 0.056 0.046
τ1 -0.102 -0.124 -0.125 -0.047 -0.149 -0.114 -0.176
τ2 0.028 0.039 0.043 0.048 0.043 0.030 0.037
ξ1 -1.209 -0.079 -0.066 -0.939 -0.945 0.092 -0.562
ξ2 -1.864 -0.092 -0.530 -1.554 -1.186 -0.123 -0.684
ξ3 0.341 -0.053 0.011 -0.930 -0.983 -0.929 -0.353
φ1 0.964 1.048 1.054 1.004 0.983 1.074 1.007
φ2 0.944 1.051 1.023 0.956 0.987 1.043 1.019
ϕ3 1.057 1.054 1.036 1.013 0.969 0.895 1.022
δ1,1 -0.087 -0.154 -0.141 -0.106 -0.157 -0.147 -0.157
δ1,2 -0.083 -0.140 -0.123 -0.091 -0.155 -0.123 -0.151
δ1,3 -0.161 -0.121 -0.073 -0.098 -0.135 -0.118 -0.049
δ2,1 0.125 0.084 0.073 0.058 0.042 0.051 0.064
δ2,2 0.107 0.100 0.072 0.041 0.039 0.044 0.066
δ2,3 -0.017 0.131 0.186 0.111 0.098 0.044 0.203
σ2

u1
0.342 0.209 0.158 0.203 0.194 0.222 0.194

σ2
u2

0.257 0.241 0.131 0.151 0.176 0.096 0.176
σ2

u3
0.631 0.315 0.291 0.475 0.351 0.817 0.405

ν 26.336 15.224 21.085 8.643 12.874 8.840 9.932
νskw 57.076 18.125 28.327 8.720 14.062 9.194 10.720
λ -0.152 -0.135 -0.152 -0.061 -0.152 -0.141 -0.162

3.7.4 VaR and ES backtests

Prudent risk management requires accurate risk forecasts. On the one hand, financial regu-
lators are usually concerned about how many times losses exceed the VaR (VaR violations)
and the uncovered loss size. On the other hand, risk managers must maintain the balance
between the safety goal and the profit maximization goal. An excessively high VaR will re-
sult in inefficiency, since financial institutions face large opportunity costs of capital due to
reserving too much capital to buffer against market risks.

The VaR violation rates (VRates) for each model for all market indices are presented in Table
3.10 for the 2.5% forecasting and Table 3.11 for the 1% forecasting. Overall, the proposed RE-
tN and RE-SkN type models generate more optimal VaR forecast series compared to other
competing models, except for the CARE-SAV model for the 2.5% forecasting. The proposed
models are consistently conservative, in the sense that the VRates are closer to the nominal
VRates of 2.5% and 1%. Other competing models tend to be anti-conservative, generating
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VaR forecasts much higher than 2.5% and 1%, except for the CARE-SAV and GARCH-HS-t
models. The GARCH-EVT-t in particular produces too low VaR forecasts for the 2.5% level.

For the 2.5% VaR forecasting, the model with the average VRate closest to the nominal VRate
of 2.5% is the CARE-SAV model (2.54%), followed by the RE-RR-tN model (2.59%), RE-
RV-RR-tN model (2.60%), and the GARCH-HS-t model (2.60%). Individually, the CARE-
SAV model produces the most accurate VRates for three of seven indices, while the RE-RV-
SkN, RE-RR-tN, and RE-RK-SkN models produce the most accurate VRates for two of seven
indices.

The favorable performance of the proposed RE-SkN and RE-tN type models is more distinc-
tive for the 1% VaR forecast level. The best models generating average VRate closest to the
nominal VRate of 1% are the RE-RR-tN and RE-RK-tN models (both 1%), followed by the
RE-RR-RK-tN model (0.99%) and RE-RV-RR-RK-tN model (1.04%). Individually, the model
that generates the most accurate VRates is the RE-RV-RR-RK-SkN model (four of seven in-
dices), followed by the RE-RR-SkN and RE-RV-RR-RK-tN models (three of seven indices).

With respect to the number of realized measure employed, there is no clear pattern whether
using multiple realized measures improves the 2.5% VaR forecast accuracy. However, a clear
pattern can be observed for the 1% forecasting level, where models using multiple realized
measures produce a VRate closer to 1% more frequently than those using a single realized
measure. The result also suggests that the models utilizing the RRSS (individually or jointly
with other realized measures) with the Student-t and Skewed Student-t distributions for
observation equation errors tend to be more conservative and produce relatively accurate
VaR violation rates.
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TABLE 3.10: 2.5% VaR forecasting violation rate

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Average

GARCH-t 3.9 4.0 4.2 3.3 3.8 3.5 3.6 3.76
EGARCH-t 3.3 3.5 3.7 2.8 3.7 3.5 2.9 3.34
GJR-t 3.8 3.6 3.6 2.8 3.8 3.0 3.3 3.41
GARCH-HS-t 2.6 2.4 3.1 2.7 2.4 2.8 2.2 2.60
GARCH-EVT-t 0.3 1.7 1.7 1.3 1.8 1.4 1.8 1.43
CARE-SAV 2.6 2.6 2.6 2.8 2.5 2.4 2.3 2.54
RG-RV-tN 2.8 4.4 4.2 3.4 3.6 3.9 4.5 3.83
RG-RR-tN 2.5 4.0 3.8 2.4 2.9 4.2 3.5 3.33
RG-RK-tN 3.6 4.4 4.1 3.2 4.1 1.2 3.3 3.41
RE-RV-NN 3.1 4.0 4.3 2.9 3.7 3.2 3.6 3.54
RE-RV-SkN 2.5 3.4 3.2 2.5 2.9 2.9 3.3 2.96
RE-RV-tN 2.7 3.4 3.4 2.3 2.5 2.4 3.0 2.81
RE-RR-NN 2.9 3.9 3.8 2.4 3.2 3.3 3.5 3.29
RE-RR-SkN 2.1 3.2 3.0 1.8 2.5 3.0 2.9 2.64
RE-RR-tN 2.5 3.1 3.1 1.4 2.5 2.8 2.7 2.59
RE-RK-NN 3.1 4.1 3.9 2.8 3.6 2.5 3.2 3.31
RE-RK-SkN 2.8 3.3 3.1 2.5 3.0 1.7 2.6 2.71
RE-RK-tN 1.7 3.2 2.9 1.9 3.1 1.1 2.4 2.33
RE-RV-RR-NN 2.7 4.0 4.0 2.5 3.3 3.3 3.7 3.36
RE-RV-RR-SkN 1.8 3.3 3.0 2.1 2.6 2.9 3.1 2.69
RE-RV-RR-tN 2.2 3.2 3.2 1.5 2.6 2.7 2.8 2.60
RE-RV-RK-NN 3.2 4.1 4.3 2.9 3.7 3.1 3.9 3.60
RE-RV-RK-SkN 2.7 4.1 3.1 2.5 3.0 2.8 3.2 3.06
RE-RV-RK-tN 3.0 3.4 3.2 2.1 2.8 2.4 3.0 2.84
RE-RR-RK-NN 3.2 4.0 3.8 2.3 3.4 3.2 3.6 3.36
RE-RR-RK-SkN 2.3 3.4 2.8 1.9 2.6 2.9 2.8 2.67
RE-RR-RK-tN 2.6 3.2 2.9 1.5 2.5 1.2 2.7 2.37
RE-RV-RR-RK-NN 3.0 4.1 4.1 2.4 3.4 3.2 3.8 3.43
RE-RV-RR-RK-SkN 2.1 4.1 3.1 2.0 2.6 2.8 3.1 2.83
RE-RV-RR-RK-tN 2.3 3.4 3.1 1.6 2.5 2.7 2.7 2.61

Note: For individual models, a green highlight indicates the favored model, bold indicates the 2nd
ranked model, bold italics indicates that the violation rate is significantly different to 2.5% by the UC
test.
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TABLE 3.11: 1% VaR forecasting violation rate

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Average

GARCH-t 2.1 1.5 1.8 1.7 1.9 1.5 1.6 1.73
EGARCH-t 1.5 1.6 1.4 1.4 1.7 1.9 1.4 1.56
GJR-t 1.8 1.4 2.0 1.3 1.6 1.5 1.3 1.56
GARCH-HS-t 1.3 1.1 1.3 1.1 0.9 1.1 0.9 1.10
GARCH-EVT-t 0.3 1.7 1.7 1.3 1.8 1.4 1.6 1.40
CARE-SAV 0.8 0.9 1.2 0.8 0.9 0.8 1.1 0.93
RG-RV-tN 1.1 2.5 2.3 1.9 2.1 2.3 2.6 2.11
RG-RR-tN 1.0 2.2 1.5 1.3 1.4 2.5 2.0 1.70
RG-RK-tN 1.2 2.6 1.8 1.5 2.6 0.8 1.7 1.74
RE-RV-NN 1.2 2.7 2.3 1.8 2.1 2.3 2.6 2.14
RE-RV-SkN 0.7 1.6 1.5 1.3 1.3 1.5 1.3 1.31
RE-RV-tN 1.0 1.5 1.5 0.9 1.3 1.3 1.3 1.26
RE-RR-NN 1.1 2.7 1.7 1.4 1.9 2.6 2.2 1.94
RE-RR-SkN 0.7 1.3 1.1 0.9 0.9 1.5 1.0 1.06
RE-RR-tN 0.8 1.4 1.2 0.5 0.8 1.3 1.0 1.00
RE-RK-NN 1.6 2.7 1.9 1.6 2.3 1.7 2.1 1.99
RE-RK-SkN 1.1 1.4 1.1 1.1 2.3 0.7 0.6 1.19
RE-RK-tN 0.7 1.6 1.2 1.1 1.3 0.5 0.6 1.00
RE-RV-RR-NN 1.1 2.8 1.8 1.5 1.9 2.5 2.2 1.97
RE-RV-RR-SkN 0.6 1.4 1.2 1.1 1.2 1.5 0.9 1.13
RE-RV-RR-tN 0.7 1.6 1.4 0.5 1.2 1.2 0.6 1.03
RE-RV-RK-NN 1.6 2.8 2.1 1.7 2.2 2.2 2.4 2.14
RE-RV-RK-SkN 1.2 2.8 1.4 1.3 1.3 1.4 1.2 1.51
RE-RV-RK-tN 1.2 1.5 1.4 1.0 1.3 1.2 1.0 1.23
RE-RR-RK-NN 1.4 2.8 1.7 1.4 2.1 2.5 1.9 1.97
RE-RR-RK-SkN 0.9 1.4 1.1 1.0 1.2 1.4 1.1 1.16
RE-RR-RK-tN 1.1 1.4 0.9 0.5 1.1 1.2 0.7 0.99
RE-RV-RR-RK-NN 1.3 2.8 1.7 1.5 2.0 2.4 2.3 2.00
RE-RV-RR-RK-SkN 1.0 1.8 1.1 1.0 1.2 1.3 1.0 1.20
RE-RV-RR-RK-tN 1.0 1.4 1.4 0.5 1.1 1.0 0.9 1.04

Note: For individual models, a green highlight indicates the favored model, bold indicates the 2nd
ranked model, bold italics indicates that the violation rate is significantly different to 1% by the UC
test.

The result of three types of VaR backtests (UC, CC, and DQ tests) conducted at 5% signifi-
cance level is presented in Table 3.12. The proposed RE-SkN and RE-tN type models have
a lower number of rejections than the competing models, as highlighted in green. The stan-
dard GARCH-family models have relatively high rejection rates, as expected. The RE-NN
type models tend to also have a relatively high number of rejections. Meanwhile, most of the
RE-SkN and RE-tN type models are not rejected in the backtests for all indices. Specifically,
the 2.5% VaR forecasts generated by the RE-RK-SkN, RE-RV-RK-tN, and RE-RV-RR-RK-SkN
models are not rejected for all three types of tests. For the 1% VaR forecasts, the RE-RK-SkN
and RE-RR-SkN models have no rejection for all three types of tests. This finding is consis-
tent across all types of realized measures, either using a single or multiple realized measures.
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TABLE 3.12: VaR Backtest: UC, CC, and DQ tests

Model
α = 2.5% α = 1%

UC CC DQ4 UC CC DQ4

GARCH-t 7 4 6 4 4 5
EGARCH-t 3 1 3 2 1 4
GJR-t 4 3 2 2 1 3
GARCH-HS-t 0 7 7 0 7 7
GARCH-EVT-t 3 3 6 4 3 6
CARE-SAV 0 1 3 0 2 2
RG-RV-tN 5 4 5 6 6 6
RG-RR-tN 3 3 3 3 3 5
RG-RK-tN 5 4 5 4 5 5
RE-RV-NN 4 2 4 6 5 5
RE-RV-SkN 0 0 1 0 0 2
RE-RV-tN 0 0 1 0 0 2
RE-RR-NN 2 2 2 4 3 4
RE-RR-SkN 0 0 2 0 0 0
RE-RR-tN 1 1 1 0 0 1
RE-RK-NN 3 2 3 5 4 5
RE-RK-SkN 0 0 0 0 0 0
RE-RK-tN 1 1 0 0 0 1
RE-RV-RR-NN 3 2 2 5 5 5
RE-RV-RR-SkN 0 0 1 0 0 2
RE-RV-RR-tN 1 0 1 0 0 2
RE-RV-RK-NN 4 3 4 6 5 6
RE-RV-RK-SkN 0 0 1 0 0 2
RE-RV-RK-tN 0 0 0 0 0 2
RE-RR-RK-NN 3 2 3 5 4 5
RE-RR-RK-SkN 0 0 2 0 0 1
RE-RR-RK-tN 1 0 1 0 0 2
RE-RV-RR-RK-NN 3 3 4 5 4 5
RE-RV-RR-RK-SkN 0 0 0 1 1 2
RE-RV-RR-RK-tN 0 0 1 0 0 1

Note: For each test, a green highlight indicates the model
with the least number of rejections

Table 3.13 shows the result of the bivariate ESR backtests (Bayer & Dimitriadis, 2018) in
Equation 2.22 across all market indices at the 5% significance level. There is a small number
of rejections for the null hypothesis of correct ES forecasts by almost all ESR backtests, even
for the traditional GARCH-family models employing the Student-t distribution, except for
the GARCH-EVT-t model. This finding is consistent with the empirical studies conducted
by Bayer and Dimitriadis (2018) that GARCH and GJR-GARCH models employing Student-
t and skewed Student-t are not rejected by the ESR backtests. From Table 3.13, we can see
the difference in performance across models at the 1% forecasting level, where the proposed
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RE-tN and RE-SkN class models could generate more accurate ES forecasts compared to the
competing models and the RE-NN class models. All proposed RE-tN and RE-SkN models
have 0 ESR backtest rejection, except for the RE-RR-SkN and RE-RK-tN models. The best
performing models with only one rejection for the 2.5% ES forecasts and no rejection for the
1% ES forecasts are the RE-RV-SkN, RE-RV-RK-SkN, RE-RR-RK-SkN, RE-RV-RR-RK-SkN,
and RE-RV-RR-RK-tN models.

TABLE 3.13: ES regression-based backtest (ESR)

Model
Total Rejections

α =2.5% α =1%

GARCH-t 1 1
EGARCH-t 2 1
GJR-t 1 1
GARCH-HS-t 1 1
GARCH-EVT-t 7 5
CARE-SAV 4 3
RG-RV-tN 3 1
RG-RR-tN 1 1
RG-RK-tN 2 1
RE-RV-NN 3 1
RE-RV-SkN 1 0
RE-RV-tN 2 0
RE-RR-NN 2 0
RE-RR-SkN 1 1
RE-RR-tN 2 0
RE-RK-NN 2 2
RE-RK-SkN 2 0
RE-RK-tN 2 1
RE-RV-RR-NN 2 0
RE-RV-RR-SkN 2 0
RE-RV-RR-tN 2 0
RE-RV-RK-NN 3 0
RE-RV-RK-SkN 1 0
RE-RV-RK-tN 2 0
RE-RR-RK-NN 2 0
RE-RR-RK-SkN 1 0
RE-RR-RK-tN 2 0
RE-RV-RR-RK-NN 3 0
RE-RV-RR-RK-SkN 1 0
RE-RV-RR-RK-tN 1 0

Note: Under the null hypothesis, the ES forecast are cor-
rectly specified. The tests are conducted at 5% level of
significance. Less rejection is favored.
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Table 3.14 presents the results of the ES backtests based on the multi-quantile regression
(ES-MQR) approach of Couperier and Leymarie (2019) in Equation 2.30 across models and
all market indices. The ES-MQR test is conducted by using the number of quantile p = 6
at the coverage level τ = 2.5%, as recommended by Couperier and Leymarie (2019). As an
example, the six quantile VaR forecasts based on the RE-RV-RR-RK-SkN model for the S&P
500 used for the ES-MQR backtests are presented in Figure 3.5.

TABLE 3.14: ES backtests based on the multi-quantile regression
ES-MQR) method

Model
Hypothesis Total

J1 J2 I S Rejection

GARCH-t 4 4 4 4 16
EGARCH-t 3 5 3 4 15
GJR-t 4 3 4 5 16
GARCH-HS-t 4 6 4 4 18
GARCH-EVT-t 7 7 7 7 28
CARE-SAV 2 7 0 4 13
RG-RV-tN 3 3 2 3 11
RG-RR-tN 2 3 1 3 9
RG-RK-tN 1 4 2 1 8
RE-RV-NN 1 2 1 2 6
RE-RV-SkN 2 5 0 4 11
RE-RV-tN 2 6 2 4 14
RE-RR-NN 1 3 1 1 6
RE-RR-SkN 2 4 1 3 10
RE-RR-tN 3 6 0 3 12
RE-RK-NN 1 1 1 1 4
RE-RK-SkN 1 6 1 3 11
RE-RK-tN 2 7 1 3 13
RE-RV-RR-NN 1 2 1 1 5
RE-RV-RR-SkN 1 4 1 3 9
RE-RV-RR-tN 2 6 1 4 13
RE-RV-RK-NN 0 1 0 1 2
RE-RV-RK-SkN 0 3 0 2 5
RE-RV-RK-tN 2 5 1 2 10
RE-RR-RK-NN 0 2 0 0 2
RE-RR-RK-SkN 0 4 0 1 5
RE-RR-RK-tN 0 5 0 2 7
RE-RV-RR-RK-NN 0 1 0 1 2
RE-RV-RR-RK-SkN 0 4 0 3 7
RE-RV-RR-RK-tN 1 6 0 1 8

Note: a green highlight indicates the favored model, bold
indicates the 2nd ranked model, bold italics indicates
the least favored model, italics indicates the 2nd lowest
ranked model in each column.
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All four hypothesis testings of the ES-MQR backtests are conducted at the 5% significance
level based on bootstrap critical values. With respect to the total rejections of four hypothe-
ses of valid ES forecasts for seven market indices, the ES-MQR backtests of the realized
EGARCH models estimated using the adaptive MCMC approach (the RE-NN,RE-tN, RE-
SkN class models) are less likely to be rejected than the standard GARCH-type models using
the Student-t distribution. However, some of those proposed models only perform slightly
better than the CARE-SAV and RG-tN models, or even slightly worse than the RG-tN mod-
els. For instance, the RE-RV-tN model has a higher total number of rejections compared to
the CARE-SAV and RG-tN models.

In terms of the individual hypotheses testings, the first joint backtests that sum the intercept
and slope coefficients (H0,J1) and the intercept backtests (H0,I) for the realized EGARCH
models are less likely to reject the validity of ES forecasts. The non-rejection of the H0,I

implies that the forecasting errors are not constant across time. The other joint backtests
that separately sum the intercept and slope coefficients (H0,J2) tend to reject the validity
of ES forecasts in most models. This is due to the rejection of the slope backtests (H0,S),
which indicates that the errors are time-varying since they fluctuate with respect to the VaR
forecasts.

Although the RE-SkN type models are relatively preferable than the RE-tN type models,
the ES-MQR backtests surprisingly are less likely to reject the tail risk validity produced by
the RE-NN class models compared to the RE-SkN and RE-tN class models. This is rather
contradictory to the result of the ESR backtests, which provide more supports for the RE-
SkN and RE-tN type models. However, the rejection of the ES-MQR backtests for the RE-
SkN and RE-tN models is mainly due to the rejection of H0,J2 and H0,S hypotheses. For
the other two hypothesis tests of ES backtests (H0,J1 and H0,I), the RE-SkN and RE-tN type
models perform as well as the RE-NN type models. Lastly, the realized EGARCH models
with multiple realized measures have lower ES-MQR backtest rejections than those with a
single realized measure.
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FIGURE 3.5: Six quantiles VaR forecasts of the RE-RV-RR-RK-SkN
model for S&P 500

3.7.5 Quantile loss functions

Tables 3.15 and 3.16 present the quantile loss function values at the 2.5% and 1% forecast-
ing levels, respectively. The proposed RE-SkN and RE-tN type models in general generate
smaller quantile losses and rank better compared to other models and the RE-NN class mod-
els.

For the 2.5% VaR forecast, the best model generating the lowest average quantile loss value
is the RE-RV-RK-SkN model (63.215), followed by the RE-RV-RR-RK-SkN model (63.220).
In terms of average rank, the RE-RV-RK-SkN model also ranks the best, followed by the
RE-RV-RK-tN model. In contrast, the GARCH-EVT-t and GARCH-t models produce the
highest average quantile loss values, which is consistent with the VRate of these models in
Table 3.10. On the one hand, the GARCH-EVT-t model tends to underestimate risks with an
average VRate of 1.43%, which is much lower than the nominal VRate of 2.5%. On the other
hand, the GARCH-t model overestimates risks, producing a VRate much higher than 2.5%,
that is, 3.76%.

For the 1% forecast, the model that has the lowest average quantile loss value (29.541) and
ranks the best (5.4 on average) is the RE-RV-RR-RK-SkN model. As discussed, the VRate
of this model is also the best for four of the seven market indices in this study, although its
average VRate across seven market indices is not the lowest. The second-best model is the
RE-RV-RK-SkN model with an average quantile loss value of 29.643, while the RE-RV-RR-
SkN model has the second-best average rank (7.3). It is evident for both the 2.5% and 1%
forecasting levels that the proposed RE-SkN-type models are preferred in VaR forecasting.
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TABLE 3.15: Quantile loss function values; α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Mean Loss Mean Rank

GARCH-t 57.801 80.213 62.499 76.265 66.537 69.750 56.700 67.103 27.0
EGARCH-t 54.925 78.204 59.180 73.726 63.206 68.774 53.840 64.550 19.3
GJR-t 56.707 79.343 59.779 73.114 63.810 68.708 54.000 65.066 22.3
GARCH-HS-t 57.756 80.133 62.454 75.875 66.424 69.844 56.700 67.027 26.4
GARCH-EVT-t 90.850 108.287 86.737 91.598 72.950 90.156 67.292 86.839 30.0
CARE-SAV 55.334 78.659 59.965 76.349 65.408 72.118 57.845 66.526 25.0
RG-RV-tN 54.166 82.657 60.951 72.225 64.966 69.571 55.521 65.723 22.7
RG-RR-tN 54.156 81.807 59.683 71.781 64.224 70.438 54.264 65.193 20.9
RG-RK-tN 55.098 81.962 61.489 73.008 66.660 75.288 55.097 66.943 26.0
RE-RV-NN 53.699 79.982 59.452 71.985 62.160 67.764 53.254 64.042 16.9
RE-RV-SkN 53.332 78.604 58.022 71.824 62.090 67.034 52.091 63.285 8.7
RE-RV-tN 53.519 78.514 57.899 72.241 61.884 67.207 52.038 63.329 9.0
RE-RR-NN 53.613 79.792 58.678 71.569 62.005 68.185 52.879 63.817 14.3
RE-RR-SkN 53.739 78.936 57.547 71.975 62.152 67.599 52.127 63.439 11.0
RE-RR-tN 53.390 78.577 57.752 74.610 62.013 66.993 52.320 63.665 11.1
RE-RK-NN 54.447 79.329 59.070 72.537 62.742 68.530 52.383 64.148 18.4
RE-RK-SkN 54.373 78.117 58.089 72.280 62.317 70.062 52.056 63.899 14.7
RE-RK-tN 54.746 77.736 58.008 73.024 62.089 73.830 52.649 64.583 16.1
RE-RV-RR-NN 53.446 79.815 58.846 72.016 61.962 68.169 52.821 63.868 14.6
RE-RV-RR-SkN 54.085 79.033 57.728 72.343 61.917 67.620 51.832 63.509 11.6
RE-RV-RR-tN 53.558 78.577 57.610 73.943 61.867 67.276 51.379 63.459 9.4
RE-RV-RK-NN 53.509 79.804 59.171 72.176 62.366 67.595 52.870 63.927 15.9
RE-RV-RK-SkN 53.241 78.329 57.592 72.277 61.785 67.165 52.118 63.215 6.4
RE-RV-RK-tN 53.345 78.397 57.780 72.922 61.642 67.030 51.490 63.229 6.6
RE-RR-RK-NN 53.396 80.086 58.403 72.002 61.636 67.816 52.544 63.698 12.6
RE-RR-RK-SkN 53.161 78.558 57.783 71.747 62.122 67.688 52.353 63.345 9.0
RE-RR-RK-tN 53.355 78.536 57.328 74.310 61.632 67.338 51.556 63.437 7.7
RE-RV-RR-RK-NN 53.165 80.139 58.833 72.020 62.253 67.841 52.839 63.870 15.1
RE-RV-RR-RK-SkN 53.251 78.859 57.684 72.228 61.261 67.420 51.838 63.220 7.3
RE-RV-RR-RK-tN 53.145 78.552 57.801 74.028 61.701 67.201 52.083 63.502 8.7

Note: For individual models, a green highlight indicates the favored model, bold indicates the 2nd ranked model,
bold italics indicates the least favored model, italics indicates the 2nd lowest ranked model, in each column.
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TABLE 3.16: Quantile loss function values; α = 1%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Mean Loss Mean Rank

GARCH-t 26.731 36.925 29.449 36.873 29.736 35.759 26.410 31.698 23.7
EGARCH-t 25.572 38.023 27.965 35.068 28.153 35.976 24.696 30.779 17.7
GJR-t 25.772 38.542 27.581 34.493 28.474 36.222 24.720 30.829 18.7
GARCH-HS-t 26.731 36.526 29.561 36.510 29.717 35.802 26.410 31.608 23.6
GARCH-EVT-t 37.392 49.205 40.302 39.483 33.299 47.263 30.225 39.596 30.0
CARE-SAV 25.362 35.768 29.088 37.863 30.125 37.272 27.199 31.811 22.3
RG-RV-tN 25.007 39.541 29.222 34.610 30.344 37.100 26.679 31.786 23.4
RG-RR-tN 25.086 38.481 28.128 33.116 29.329 37.810 25.252 31.029 19.0
RG-RK-tN 26.214 38.794 29.262 34.777 31.920 40.033 26.400 32.486 26.4
RE-RV-NN 24.943 38.711 28.378 35.116 29.267 36.626 25.437 31.211 21.6
RE-RV-SkN 24.876 35.926 26.976 33.231 28.452 34.398 23.735 29.656 8.0
RE-RV-tN 24.828 36.122 26.941 33.584 28.308 34.580 23.622 29.712 8.6
RE-RR-NN 24.943 38.154 27.932 33.827 28.659 37.001 24.584 30.728 16.6
RE-RR-SkN 25.060 35.888 26.705 33.276 28.427 34.554 23.855 29.681 8.3
RE-RR-tN 24.923 35.808 26.832 35.024 28.385 34.128 23.911 29.858 9.3
RE-RK-NN 26.082 38.280 28.103 35.040 29.244 36.500 24.074 31.046 20.9
RE-RK-SkN 25.505 36.129 27.066 34.351 28.172 36.665 23.611 30.214 13.9
RE-RK-tN 25.855 36.242 27.082 34.080 28.081 38.816 23.922 30.582 15.9
RE-RV-RR-NN 24.834 38.541 27.985 34.482 28.514 36.915 24.493 30.824 17.0
RE-RV-RR-SkN 25.267 36.011 26.812 33.555 28.036 34.817 23.205 29.672 7.3
RE-RV-RR-tN 24.917 36.237 26.842 34.658 28.164 34.382 23.396 29.799 8.4
RE-RV-RK-NN 25.873 38.653 28.166 34.859 29.185 36.423 24.772 31.133 22.1
RE-RV-RK-SkN 25.104 36.011 26.711 33.571 28.292 34.405 23.404 29.643 7.7
RE-RV-RK-tN 25.314 35.883 26.922 33.719 28.203 34.449 23.397 29.698 8.4
RE-RR-RK-NN 25.559 38.588 27.622 34.300 28.382 36.587 24.215 30.751 17.6
RE-RR-RK-SkN 25.012 36.003 26.934 33.012 28.330 34.793 23.701 29.683 9.0
RE-RR-RK-tN 25.270 36.119 26.494 34.614 28.137 34.343 23.563 29.791 8.7
RE-RV-RR-RK-NN 24.821 38.954 27.975 34.606 28.704 36.549 24.487 30.871 17.3
RE-RV-RR-RK-SkN 25.025 35.869 26.817 33.443 27.534 34.725 23.372 29.541 5.4
RE-RV-RR-RK-tN 24.977 35.986 26.896 33.935 28.010 34.664 23.630 29.728 7.9

Note: For individual models, a green highlight indicates the favored model, bold indicates the 2nd ranked model,
bold italics indicates the least favored model, italics indicates the 2nd lowest ranked model, in each column.

3.7.6 Joint loss function of VaR and ES

The values of the special case of the VaR and ES joint loss functions of Fissler and Ziegel
(2016), based on Equation 2.39, are presented in Table 3.17 for the 2.5% forecasting level
and Table 3.18 for the 1% forecasting level. The proposed RE-SkN type models show a
more desirable property compared to other models, generating lower VaR and ES joint loss
values for five of seven market indices for either the 2.5% or 1% forecast level. The RE-
RR-SkN model consistently produces the lowest average of the VaR and ES joint losses for
both forecasting levels, followed by the RE-RR-RK-SkN model for the 2.5% forecasting level
and the RE-RV-RR-SkN model for the 1% forecasting level. On average, the RE-RR-SkN
model also ranks first for the 1% forecasting level and second for the 2.5% forecasting level
(the RE-RR-RK-SkN model ranks first for the 2.5% forecasting level). As regards the type of
realized measures, the proposed RE-SkN type models employing RRSS, both individually
or jointly with RVSS and/or RK, are more likely to have lower VaR and ES joint losses. It
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can be concluded that the choice of the RRSS variable and the skewed Student-t distribution
as the return equation errors can improve the tail risk forecasting efficiency.

TABLE 3.17: VaR and ES joint loss function values; α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Mean Loss Mean Rank

GARCH-t 986.5 1068.8 1004.8 1049.8 1015.6 1019.9 970.8 1016.6 25.1
EGARCH-t 970.7 1073.3 995.5 1042.6 1002.8 1036.1 948.2 1009.9 24.0
GJR-t 980.2 1076.4 986.3 1037.2 1003.6 1030.2 951.1 1009.3 23.7
GARCH-HS-t 965.2 1058.7 988.8 1045.8 1007.1 1012.1 962.9 1005.8 20.4
GARCH-EVT-t 1085.0 1128.6 1092.2 1091.6 1035.5 1157.3 1018.4 1086.9 30.0
CARE-SAV 974.2 1057.6 990.9 1054.7 1018.0 1037.5 983.7 1016.7 23.9
RG-RV-tN 941.3 1090.1 1001.7 1037.5 1009.4 1026.3 966.1 1010.3 24.0
RG-RR-tN 941.2 1077.6 984.5 1028.7 996.4 1041.1 945.4 1002.1 18.4
RG-RK-tN 957.6 1083.1 1002.2 1031.8 1026.7 1033.2 954.2 1012.7 24.9
RE-RV-NN 943.7 1078.1 986.2 1035.4 998.4 1019.9 949.7 1001.6 20.7
RE-RV-SkN 939.1 1060.4 969.4 1031.7 989.6 997.6 928.5 988.0 8.1
RE-RV-tN 941.1 1066.6 972.7 1033.5 989.1 1002.4 928.7 990.6 12.6
RE-RR-NN 941.7 1072.3 978.0 1028.5 991.4 1027.5 926.6 995.1 13.9
RE-RR-SkN 940.6 1058.9 963.9 1030.5 985.8 1001.9 926.5 986.9 5.6
RE-RR-tN 938.7 1061.1 968.6 1037.7 985.9 1003.4 927.9 989.0 9.6
RE-RK-NN 957.2 1077.0 988.2 1033.1 1004.0 1016.4 931.2 1001.0 19.9
RE-RK-SkN 951.6 1061.9 974.0 1029.8 992.5 1012.9 923.2 992.3 11.3
RE-RK-tN 952.2 1063.5 976.1 1031.8 994.3 1028.4 926.6 996.1 16.0
RE-RV-RR-NN 940.0 1076.0 979.0 1031.2 991.4 1026.5 937.7 997.4 15.7
RE-RV-RR-SkN 943.4 1062.8 967.0 1031.1 986.5 1002.2 924.0 988.1 8.4
RE-RV-RR-tN 940.8 1065.2 969.0 1036.5 987.1 1004.3 924.1 989.6 10.6
RE-RV-RK-NN 947.4 1078.0 983.9 1034.0 998.9 1018.2 940.9 1000.2 19.6
RE-RV-RK-SkN 940.2 1059.0 966.8 1029.6 990.5 998.2 925.9 987.2 6.1
RE-RV-RK-tN 942.8 1065.4 972.2 1034.5 991.0 1000.6 925.4 990.3 11.7
RE-RR-RK-NN 943.3 1076.7 974.5 1031.0 988.6 1022.0 933.8 995.7 15.1
RE-RR-RK-SkN 936.2 1057.6 966.9 1028.6 988.7 1003.9 927.3 987.0 5.7
RE-RR-RK-tN 940.5 1065.4 964.5 1037.0 984.8 1006.1 921.3 988.5 8.9
RE-RV-RR-RK-NN 939.2 1079.4 980.1 1029.9 994.1 1022.8 941.8 998.2 16.1
RE-RV-RR-RK-SkN 939.5 1064.7 966.5 1030.8 983.6 1001.3 924.0 987.2 5.1
RE-RV-RR-RK-tN 937.4 1065.3 969.7 1035.5 986.2 1004.8 925.1 989.1 9.6

Note: For individual models, a green highlight indicates the favored model, bold indicates the 2nd ranked model,
bold italics indicates the least favored model, italics indicates the 2nd lowest ranked model, in each column.
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TABLE 3.18: VaR and ES joint loss function values; α = 1%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Mean Loss Mean Rank

GARCH-t 981.2 1042.2 982.0 1015.4 983.0 999.3 957.1 994.3 22.29
EGARCH-t 987.3 1064.7 1006.9 1015.8 971.9 1043.6 938.6 1004.1 24.57
GJR-t 980.9 1059.5 974.5 1007.7 975.6 1034.1 938.2 995.8 20.86
GARCH-HS-t 956.3 1032.8 977.1 1010.6 973.9 995.6 955.7 986.0 18.43
GARCH-EVT-t 1033.8 1120.7 1116.0 1040.2 1050.1 1247.3 998.2 1086.6 30.00
CARE-SAV 963.5 1026.1 982.0 1026.1 993.9 1012.9 975.8 997.2 21.57
RG-RV-tN 930.0 1062.5 996.2 1016.1 991.2 1032.5 961.4 998.6 21.57
RG-RR-tN 931.6 1043.9 969.5 1001.0 970.5 1049.2 930.4 985.1 13.86
RG-RK-tN 951.9 1052.4 992.6 1003.3 1010.5 1014.7 944.9 995.7 21.29
RE-RV-NN 944.3 1066.1 983.8 1021.3 997.2 1041.8 964.7 1002.8 25.14
RE-RV-SkN 940.4 1026.9 955.3 1005.3 969.3 985.5 916.8 971.4 9.86
RE-RV-tN 941.5 1036.5 959.4 1004.8 967.5 993.9 911.8 973.6 12.14
RE-RR-NN 940.7 1052.3 973.7 1006.3 979.4 1050.5 912.1 987.9 18.00
RE-RR-SkN 938.0 1023.1 949.5 1001.7 962.1 984.5 915.5 967.8 5.14
RE-RR-tN 938.1 1025.3 954.2 1004.5 962.0 989.0 913.6 969.5 7.71
RE-RK-NN 965.4 1069.3 995.7 1013.0 996.9 1023.5 923.2 998.1 23.86
RE-RK-SkN 946.3 1035.4 970.3 1003.6 967.7 999.3 912.2 976.4 13.43
RE-RK-tN 946.5 1036.1 973.7 999.3 970.0 1013.1 912.1 978.7 13.14
RE-RV-RR-NN 936.7 1062.4 973.7 1009.5 979.0 1047.7 934.6 992.0 18.71
RE-RV-RR-SkN 940.6 1028.6 953.7 1002.0 961.5 987.4 906.0 968.5 5.57
RE-RV-RR-tN 939.1 1034.1 955.6 1004.5 964.1 992.2 910.4 971.4 9.14
RE-RV-RK-NN 960.4 1067.9 981.3 1015.4 995.4 1036.3 941.8 999.8 24.14
RE-RV-RK-SkN 940.6 1027.6 954.7 1000.5 970.6 984.2 910.7 969.8 6.86
RE-RV-RK-tN 945.3 1033.6 961.2 1004.2 970.7 990.4 911.1 973.8 11.71
RE-RR-RK-NN 949.3 1060.7 967.3 1008.7 974.3 1039.4 927.7 989.6 19.14
RE-RR-RK-SkN 934.7 1023.7 954.5 999.7 965.4 988.4 913.6 968.6 5.57
RE-RR-RK-tN 942.2 1033.6 950.0 1003.2 961.1 992.4 909.6 970.3 7.29
RE-RV-RR-RK-NN 938.7 1068.2 976.6 1007.5 983.3 1042.0 941.1 993.9 20.71
RE-RV-RR-RK-SkN 938.3 1032.2 953.3 1001.9 957.3 988.5 910.9 968.9 5.57
RE-RV-RR-RK-tN 934.2 1033.7 956.8 1001.0 961.7 996.9 910.8 970.7 7.43

Note: For individual models, a green highlight indicates the favored model, bold indicates the 2nd ranked model,
bold italics indicates the least favored model, italics indicates the 2nd lowest ranked model, in each column.

The other special case of the joint loss function of VaR and ES forecasts based on the asym-
metric Laplace (AL) log score by Taylor (2019) in Equation 2.40 across models and market
indices is presented in Table 3.19 for the 2.5% forecast level and Table 3.20 for the 1% forecast
level, respectively. The proposed RE-SkN type models also produce the smallest average of
the AL log scores (highlighted in green), that is, four of seven market indices for the 2.5%
forecast level and five of seven market indices for the 1% forecast level. Some models in this
class type also have the second lowest AL log score average.

The RE-RV-RR-RK-SkN model consistently generates the lowest joint loss and ranks first,
on average, for both forecast levels. For the 2.5% forecasting level, the second-best models
with the smallest joint loss values are the RE-RR-SkN, RE-RR-RK-SkN, and RE-RV-RK-SkN
models, while for the 1% forecasting level, the second-best model is the RE-RR-SkN model.

The comparison of VaR and ES joint loss functions using two different score functions, one
according to Equation 2.39 and another according to Equation 2.40, shows the superiority of
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the RE-SkN-type models. It is also evident that the choice of the RRSS variable, either indi-
vidually or jointly with the other two realized measures, can improve the tail risk forecast
performance of the RE-SkN type models.

TABLE 3.19: Joint loss for VaR and ES forecasts based on AL log score;
α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Mean loss Mean Rank

GARCH-t 1.901 2.209 1.934 2.130 2.013 2.033 1.848 2.010 26.00
EGARCH-t 1.837 2.207 1.898 2.099 1.961 2.057 1.775 1.976 24.00
GJR-t 1.873 2.222 1.882 2.081 1.972 2.045 1.785 1.980 24.43
GARCH-HS-t 1.823 2.172 1.892 2.119 1.974 2.009 1.817 1.972 21.57
GARCH-EVT-t 2.317 2.499 2.280 2.340 2.093 2.481 2.030 2.291 30.00
CARE-SAV 1.831 2.170 1.892 2.141 1.996 2.079 1.870 1.997 24.00
RG-RV-tN 1.762 2.273 1.919 2.080 1.984 2.043 1.829 1.984 24.43
RG-RR-tN 1.759 2.236 1.874 2.052 1.943 2.079 1.770 1.959 19.29
RG-RK-tN 1.808 2.255 1.925 2.074 2.035 2.080 1.796 1.996 26.00
RE-RV-NN 1.762 2.216 1.870 2.067 1.931 2.020 1.769 1.948 19.14
RE-RV-SkN 1.749 2.169 1.830 2.057 1.911 1.965 1.716 1.914 7.43
RE-RV-tN 1.757 2.183 1.835 2.064 1.914 1.976 1.717 1.921 12.14
RE-RR-NN 1.756 2.202 1.852 2.050 1.914 2.033 1.716 1.932 13.43
RE-RR-SkN 1.753 2.168 1.816 2.057 1.903 1.977 1.711 1.912 5.86
RE-RR-tN 1.749 2.170 1.826 2.091 1.902 1.976 1.716 1.918 9.14
RE-RK-NN 1.791 2.210 1.876 2.067 1.945 2.009 1.725 1.946 19.00
RE-RK-SkN 1.779 2.171 1.840 2.057 1.919 2.012 1.705 1.926 12.29
RE-RK-tN 1.776 2.172 1.844 2.067 1.928 2.067 1.716 1.939 16.57
RE-RV-RR-NN 1.753 2.210 1.855 2.058 1.914 2.030 1.741 1.937 15.43
RE-RV-RR-SkN 1.761 2.181 1.823 2.060 1.904 1.977 1.705 1.916 9.00
RE-RV-RR-tN 1.754 2.185 1.826 2.082 1.904 1.979 1.703 1.919 10.71
RE-RV-RK-NN 1.775 2.215 1.867 2.065 1.933 2.010 1.750 1.945 18.71
RE-RV-RK-SkN 1.751 2.166 1.822 2.057 1.911 1.966 1.711 1.912 5.43
RE-RV-RK-tN 1.762 2.182 1.834 2.071 1.915 1.969 1.709 1.920 12.00
RE-RR-RK-NN 1.762 2.213 1.842 2.058 1.910 2.018 1.731 1.933 15.00
RE-RR-RK-SkN 1.741 2.165 1.823 2.052 1.909 1.981 1.714 1.912 5.43
RE-RR-RK-tN 1.755 2.182 1.815 2.087 1.901 1.982 1.698 1.917 9.14
RE-RV-RR-RK-NN 1.748 2.219 1.857 2.056 1.926 2.021 1.750 1.940 15.14
RE-RV-RR-RK-SkN 1.748 2.180 1.821 2.059 1.894 1.971 1.704 1.911 5.14
RE-RV-RR-RK-tN 1.743 2.179 1.828 2.081 1.901 1.979 1.710 1.918 8.86

Note: For individual models, a green highlight indicates the favored model, bold indicates the 2nd ranked model,
bold italics indicates the least favored model, italics indicates the 2nd lowest ranked model, in each column.
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TABLE 3.20: Joint loss for VaR and ES forecasts based on AL log score;
α = 1%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Mean loss Mean Rank

GARCH-t 2.064 2.365 2.072 2.293 2.110 2.246 1.980 2.161 23.86
EGARCH-t 2.027 2.441 2.094 2.261 2.051 2.347 1.903 2.161 23.86
GJR-t 2.029 2.439 2.025 2.231 2.063 2.335 1.900 2.146 21.71
GARCH-HS-t 1.960 2.347 2.056 2.266 2.049 2.230 1.968 2.125 20.29
GARCH-EVT-t 2.364 2.797 2.591 2.434 2.358 3.046 2.190 2.540 30.00
CARE-SAV 1.962 2.321 2.070 2.340 2.128 2.296 2.025 2.163 23.00
RG-RV-tN 1.885 2.472 2.102 2.262 2.139 2.354 1.998 2.173 23.57
RG-RR-tN 1.888 2.404 2.021 2.195 2.060 2.405 1.894 2.124 15.57
RG-RK-tN 1.956 2.437 2.094 2.232 2.225 2.334 1.950 2.175 23.29
RE-RV-NN 1.911 2.441 2.046 2.267 2.106 2.372 1.960 2.158 23.86
RE-RV-SkN 1.900 2.303 1.965 2.202 2.032 2.189 1.828 2.060 8.57
RE-RV-tN 1.903 2.327 1.972 2.205 2.038 2.211 1.816 2.067 11.29
RE-RR-NN 1.902 2.401 2.021 2.212 2.057 2.381 1.821 2.114 16.71
RE-RR-SkN 1.898 2.294 1.948 2.197 2.016 2.189 1.827 2.053 6.00
RE-RR-tN 1.895 2.295 1.960 2.233 2.013 2.192 1.824 2.059 8.14
RE-RK-NN 1.973 2.439 2.069 2.249 2.105 2.311 1.849 2.142 21.71
RE-RK-SkN 1.924 2.325 1.996 2.215 2.023 2.250 1.816 2.078 12.71
RE-RK-tN 1.926 2.328 2.003 2.201 2.036 2.323 1.821 2.091 13.71
RE-RV-RR-NN 1.894 2.430 2.022 2.230 2.054 2.372 1.880 2.126 17.71
RE-RV-RR-SkN 1.908 2.312 1.958 2.199 2.008 2.199 1.795 2.054 6.00
RE-RV-RR-tN 1.898 2.336 1.963 2.225 2.015 2.203 1.808 2.064 9.14
RE-RV-RK-NN 1.976 2.443 2.041 2.249 2.101 2.340 1.905 2.151 23.29
RE-RV-RK-SkN 1.909 2.307 1.958 2.195 2.031 2.185 1.809 2.056 6.00
RE-RV-RK-tN 1.927 2.320 1.975 2.207 2.036 2.199 1.811 2.068 11.14
RE-RR-RK-NN 1.939 2.427 2.002 2.227 2.051 2.345 1.860 2.122 18.00
RE-RR-RK-SkN 1.891 2.297 1.962 2.187 2.021 2.202 1.820 2.054 5.86
RE-RR-RK-tN 1.918 2.320 1.944 2.222 2.012 2.203 1.809 2.061 8.29
RE-RV-RR-RK-NN 1.896 2.450 2.027 2.228 2.076 2.354 1.893 2.132 19.57
RE-RV-RR-RK-SkN 1.898 2.312 1.957 2.196 1.991 2.195 1.808 2.051 4.43
RE-RV-RR-RK-tN 1.891 2.316 1.966 2.205 2.007 2.219 1.813 2.059 7.43

Note: For individual models, a green highlight indicates the favored model, bold indicates the 2nd ranked model,
bold italics indicates the least favored model, italics indicates the 2nd lowest ranked model, in each column.

3.7.7 Model confidence set

The joint loss function based on the AL log score function (Equation 2.40) for the 2.5% and
1% forecast levels are also incorporated as the loss function in the calculation of model con-
fidence set (MCS) (Hansen et al., 2011). Tests are carried out using both R and SQ methods
at 90% and 75% confidence levels. The results of the tests are presented in Table 3.21. The
models that consistently enter the MCS for both MCS methods and across market indices
are highligted in green. Overall, the proposed extensions of the realized EGARCH models
(the RE-SkN and RE-tN type models) demonstrate superior performance compared to the
competing models. The RE-SkN and RE-tN type models are more likely to be included in
the R and SQ MCS methods, both at the 90% and 75% confidence levels. They are also more
favored than the original realized EGARCH models that are estimated using the proposed
adaptive MCMC in this study (the RE-NN type models). TThe superiority of the RE-SkN
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and RE-tN model types is confirmed by the MCS p-values of those models, which consis-
tently demonstrate high values in most cases. This empirical evidence suggests that those
models are highly likely to be members of the set of superior models. For details regarding
the MCS p-values for each model at 90% and 75% confidence levels using both R and SQ
methods, please see Appendix A.3.

TABLE 3.21: 90% and 75% Model confidence set with R and SQ
methods

Model

α=2.5% α=1%

90% MCS 75% MCS 90% MCS 75% MCS

R SQ R SQ R SQ R SQ

GARCH-t 4 2 1 2 5 5 3 3
EGARCH-t 5 5 5 3 6 5 5 4
GJR-t 4 3 4 2 6 5 6 5
GARCH-HS 4 4 3 2 6 5 5 4
GARCH-t-EVT 2 2 1 1 3 2 2 2
CARE-SAV 4 4 4 2 4 6 5 3
RG-RV-tN 5 2 3 2 5 4 4 2
RG-RR-tN 5 4 6 3 6 5 6 4
RG-RK-tN 6 3 3 3 5 4 3 2
RE-RV-NN 6 4 6 3 5 4 3 2
RE-RV-SkN 7 7 7 7 7 6 7 6
RE-RV-tN 6 5 6 4 7 5 7 4
RE-RR-NN 7 6 7 5 7 6 7 5
RE-RR-SkN 6 7 7 7 6 6 6 6
RE-RR-tN 6 6 6 6 6 6 5 6
RE-RK-NN 6 4 6 3 5 5 3 2
RE-RK-SkN 7 7 7 7 7 6 7 6
RE-RK-tN 7 5 7 5 7 6 7 6
RE-RV-RR-NN 6 5 6 5 6 5 5 5
RE-RV-RR-SkN 6 6 7 6 6 6 6 6
RE-RV-RR-tN 7 6 6 6 7 6 7 6
RE-RV-RK-NN 6 5 6 3 5 5 3 3
RE-RV-RK-SkN 7 7 7 7 7 7 7 7
RE-RV-RK-tN 7 7 7 7 7 7 7 7
RE-RR-RK-NN 6 5 7 4 6 5 6 4
RE-RR-RK-SkN 7 6 7 6 7 7 7 7
RE-RR-RK-tN 7 6 7 6 7 6 6 6
RE-RV-RR-RK-NN 6 5 6 4 6 5 5 4
RE-RV-RR-RK-SkN 7 7 7 7 7 7 7 7
RE-RV-RR-RK-tN 7 7 7 7 7 7 7 7

Note: For each MCS method, a green highlight indicates favored
models for all market indices.

The results in Table 3.21 also indicate that there is a tendency that realized EGARCH models
employing multiple realized measures have a more favorable performance than those using
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a single realized measure. In particular, there are 3 RE-SkN type models and 2 RE-tN type
models using multiple realized measures that are consistently included in the MCS using
both the R and SQ methods at both confidence levels, that is, the RE-RV-RR-SkN, RE-RV-
RK-SkN, RE-RV-RR-RK-SkN, RE-RV-RK-tN, and RE-RV-RR-RK-tN models. The RE-RV-RR-
RK-SkN is also the most preferred model based on the VaR and ES joint loss function values
using the AL log score function (Equation 2.40). Meanwhile, the RE-RR-SkN model, which
is the second best model based on the joint loss function values using the loss functions
in Equation 2.39 and Equation 2.40, is all included in the MCS for seven market indices
when the MCS incorporates the 2.5% VaR and ES levels. Although the RE-RR-SkN model is
included in the MCS for only six market indices when using the 1% tail risk forecasting, the
performance of this model overall is still highly favorable.

3.8 Chapter Summary

In this chapter, a Bayesian approach is proposed to estimate the realized EGARCH model for
the purpose of VaR and ES forecasting. The original realized EGARCH model is extended
by employing Student-t and skewed Student-t distributions for the observation equation
errors (RE-tN and RE-SkN type models). The result of the simulation study demonstrates
the advantage of the MCMC estimators over the maximum likelihood estimators in terms
of unbiasedness and efficiency.

In the empirical study using seven market indices, the subsampled realized variance, the
subsampled realized range, as well as the realized kernel are chosen to improve the out-
of-sample forecasting performance of the models. The results of the empirical study show
that the choice of the return equation error distribution is found to be consequential. The
proposed RE-SkN class models have a superior tail risk forecasting performance in most
cases compared to the standard GARCH-type models, CARE models, and realized GARCH
models employing the Student-t distribution for the observation equation errors. The pro-
posed RE-SkN class models consistently produce conservative and accurate violation rates
and sufficient risk coverage, are generally less likely to be rejected in both VaR and ES back-
tests, produce the lowest joint loss function values, and most of the time are included in the
model confidence set.

This study also finds that both the RE-SkN and RE-tN type models are more favorable than
the original realized EGARCH model using the Gaussian distribution estimated using the
proposed adaptive MCMC method (RE-NN type models). However, the RE-SkN type mod-
els have a better performance in many cases than the RE-tN types model. As can be seen
in Figure ??, most of the best models suggested by various VaR and ES forecast evaluation
tests are RE-SkN type models. With respect to the choice of realized measures, the sub-
sampled realized range (either employed individually or jointly with subsampled realized
variance and/or realized kernel) is found to be crucial in improving the accuracy of the tail
risk forecasts.
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FIGURE 3.6: Summary of Best Models based on VaR and ES Forecast
Evaluation

This study concludes that the RE-SkN and RE-tN type models incorporating a subsampled
realized range should be considered in tail risk forecasting. This will help financial insti-
tutions to improve capital allocation efficiency and allow them to have larger profit max-
imization opportunities while at the same time maintaining safe goals in accordance with
the Basel Capital Accords.

This study can be extended by: allowing other distributions for both the return and measure-
ment equation errors, for example, by using asymmetric Laplace or two-sided Weibull dis-
tributions; incorporating a higher number of different realized measures; using other data
frequencies and subsampling frequency for the realized measures; and employing other
MCMC algorithms. Another area to explore is to develop a variable selection and shrinkage
method for selecting realized measures in the realized EGARCH models under a Bayesian
framework.
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Chapter 4

The Realized EGARCH Model with
Lasso Approach

4.1 Introduction

There is a rapidly growing literature on realized volatility measures. One of the most im-
portant areas using realized volatility measures is the forecasting of the volatility of finan-
cial assets. A comprehensive review on the subject can be found at the Realized Library
of the Oxford-Man Institute of Quantitative Finance. The realized EGARCH model is one
of a few models that benefits from research into realized volatility measures. One of the
advantages of the realized EGARCH model is that ut is K-dimensional, which means the
realized EGARCH model can incorporate multiple realized volatility measures. Although
this is a very attractive property, as the dimension K grows, the number of the realized
EGARCH model parameters would increase 4K with innovations Σ. Incorporating many
realized volatility measures could then be computationally inefficient.

It is crucial to select a sparse and parsimonious model for forecasting. For the realized
EGARCH model, few studies have investigated model selection with respect to the selec-
tion of realized volatility measures to include in the measurement equations. The original
study of the realized EGARCH by Hansen and Huang (2016) provided model selection by
comparing the partial log likelihoods of several realized EGARCH models using multiple
realized measures. Further research on this model has mainly incorporated a single realized
volatility measures: for example, Wu et al. (2019) used a realized variance, whereas Wu and
Xie (2021) used a realized kernel. This chapter aims to fill the gap in the literature by devel-
oping methods to select realized volatility measures in the realized EGARCH model for the
purpose of obtaining a sparse model for tail risk forecasting.

Variable selection techniques have been rapidly evolving over the past few decades. clas-
sical model selection goes back to the work of Akaike (1973, 1974), who proposed using
the Kullback-Leibner (KL) divergence of a fitted model from the true model in selecting a
model. This work then led to the Akaike Information Criterion (AIC). A Bayesian approach
was later proposed by Schwarz (1978) and led to the Schwarz Information Criterion (SIC).
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Both the AIC and the BIC suggest a unified approach to choosing a parameter vector θ that
maximizes the penalized likelihood.

Another seminal contribution to the model selection method was proposed by Tibshirani
(1996), which is called the least absolute shrinkage and selection operator (Lasso). The Lasso
is based on a penalized ℓ1 regression and is essentially a shrunk regression that performs
shrinkage and selection. Although shrinkage will result in an increase in bias, penalized
regression prevents overfitting (the bias-variance trade-off). Penalized regression is exten-
sively discussed in Hastie et al. (2015).

The Lasso approach is now one of the most popular machine learning techniques in econo-
metrics for high-dimensional estimation problems for several reasons. First, it possess statis-
tical accuracy for prediction and variable selection. Second, the Lasso computation is highly
feasible. Third, it offers a general method that can be applied in a wide range of models due
to the nature of the Lasso as a penalized likelihood approach (Bühlmann & Van De Geer,
2011).

The estimation of the Lasso estimator requires the penalty or the tuning parameter λ, which
governs the intensity of the penalization. The Lasso estimator may not be consistent and
have a slow convergence rate if λ is not chosen appropriately (Chatterjee, 2014; Chetverikov
et al., 2021). While selection of the penalty parameter is of paramount importance, this task
is, however, one the main challenges of the Lasso approach. Many studies have discussed
the choice of the penalty parameter, but in practice researchers mainly rely on a frequentist
framework using the cross validation (CV) method (see Bühlmann and Van De Geer (2011),
Hastie et al. (2009), Hastie et al. (2015) for textbook-level discussions). Another method for
obtaining the solution to the penalized regression is based on the Bayesian framework by
employing a specific prior. This approach has been proven to perform similarly to, or better
than, its frequentist counterparts (Hans, 2009; Kyung et al., 2010; Li & Lin, 2010).

The purpose of this chapter is to perform the selection of the realized volatility measures in
the realized EGARCH model incorporating a standardized skewed Student-t distribution
proposed in Chapter 3 Section 3.3.1 (RE-SkN model). The RE-SkN model with the Lasso
approach is hereafter referred to as the RE-SkN-Lasso model. This chapter considers both
the frequentist and Bayesian approaches in choosing the tuning parameter. A CV approach
is developed by adapting Hastie et al. (2009) and Hyndman and Athanasopoulos (2018) to
suit the time series data employed in this study, while the Bayesian Lasso (BLasso) approach
developed in this chapter refers to Park and Casella (2008). The resulting sparse model is
expected to improve tail risk forecasts of financial asset returns. This chapter also aims
to compare the performance of the CV and BLasso approaches when choosing the tuning
parameter in terms of the forecast performance of the resulting model of each approach.

This chapter is structured as follows. Section 4.2 provides a review of the literature and
an overview of penalized regression methods. Sections 4.4 discuss the proposed model
selection of the RE-SkN models using the Lasso approach, consisting of the CV and BLasso
approaches. The tail forecasting methodology in this chapter is presented in Section 4.5. The
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simulation study is presented in Section 4.6, while the empirical study is discussed in Section
4.7. Lastly, the conclusion and possible relevant future studies are discussed in Section 4.8.

4.2 Overview of Penalized Regression

This section provides a brief summary of penalized estimation methods with an emphasis
on the Lasso approach. This section also includes a short review on the Bayesian perspective
of the Lasso.

The following is a normal linear regression model.

y = µ1n + Xβ + ε, (4.1)

where y is the n× 1 vector of response variable, µ is the overall mean, X is the n× p matrix
of explanatory variables, β is the p × 1 vector of regression parameters, and ε is the n × 1
vector of independent and identically distributed normal errors with mean 0 and variance
σ2.

The Ordinary Least Squares (OLS) estimator β̂OLS = (X′X)−1X′y is obtained by minimizing
the residual sum of squares (RSS) = (y−Xβ)′(y−Xβ). The OLS estimator is well known to
be highly unstable in the presence of multicollinearity and produce a non-unique estimator
when the number of variables p exceeds the number of observations n. Specifically, Tibshi-
rani (1996) discussed two main reasons why OLS estimates are less satisfactory. First, the
OLS estimates have low prediction accuracy since they often have low bias but large vari-
ance. The coefficients are sometimes shrunk or set to 0 to improve the prediction accuracy,
sacrificing a little bias to reduce the variance of the predicted values. Second, we usually
prefer a smaller subset of predictors that demonstrate the strongest effects to make it easier
to interpret.

Penalized regression methods have gained increasing attention, especially in estimating co-
efficients in the high-dimensional setting p > n to improve the accuracy of the OLS predic-
tion. Penalized regression adds a penalty term to the OLS minimization problem that aims
to shrink small coefficients towards zero while keeping large coefficients large.

In the early stage, Hoerl and Kennard (1970) developed ridge regression, which is based on
ℓ2 norm regularization that minimizes

RSS + λ
p

∑
j=1
|β j|2, (4.2)

where λ ≥ 0 is the penalty parameter controlling the amount of shrinkage.

As λ increases, the greater the amount of shrinkage and the coefficients are shrunk toward
zero. By this, the ridge regression reduces the complexity of the model and could alleviate
multicollinearity (Hastie et al., 2009). However, it does not serve the purpose of variable
selection since it keeps all predictors.
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The Lasso is another regularization technique that is currently one of the most useful and
well studied (Tibshirani, 1996). It is a more recent shrinkage method that can overcome the
disadvantage of ridge regression. Lasso estimates are obtained by minimizing RSS with the
constraint on the ℓ1 norm, instead of the ℓ2 norm, of β.

RSS + λ
p

∑
j=1
|β j|. (4.3)

The reason for using the ℓ1 norm instead of the ℓ2 norm or any ℓq norm is the uniqueness of
the ℓ1 norm. On the one hand, the solutions are not sparse when q > 1. On the other hand,
q > 1 yields sparse solutions, but the problem is non-convex, resulting in a very complex
minimization computation. The smallest value that produces a convex problem is q = 1.
This convexity yields sparse solution vectors and allows for high computational efficiency
(Hastie et al., 2015).

Similar to the ridge regression, the Lasso also shrinks the coefficient estimates toward zero.
However, the Lasso has several advantages over traditional estimation methods. When the
tuning parameter λ is sufficiently large, the ℓ1 penalty could force some of the coefficient es-
timates to be equal to zero. This allows us to perform both variable selection and parameter
estimation simultaneously (Fan & Li, 2001; Tibshirani, 1996). The Lasso could then produce
sparse models that only include a subset of the variables (Hastie et al., 2009). The estimated
regression coefficients can also have the same efficiency as the oracle procedure because
they allow an adaptive amount of shrinkage for each regression coefficient (Wang et al.,
2007; Zou, 2006). In addition, the Lasso has excellent computational properties. The Lasso
solution path in the OLS setting is piece-wise linear and has a very predictable movement
(Efron et al., 2004; Osborne et al., 2000).

Figure 4.1 shows the comparison of Lasso (left panel) and Ridge (right panel) with only two
parameters β1 and β2. The red elliptical contours are the RSS, while the blue areas are the
constraint regions, taking the shape of a diamond for the Lasso and a disk for the ridge.
The solutions correspond to the point where the elliptical contours meet with the constraint
region. Since the diamond has corners, unlike the disk, then if the Lasso solution occurs at a
corner, one parameter β j is equal to zero. When the number of variables p > 2, the diamond
has many corners, flat edges and faces; there are chances that the estimated parameters are
equal to zero. For details, see Hastie et al. (2009).
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FIGURE 4.1: The estimation for Lasso and Ridge

Notes: Left: Contour lines of RSS for the Lasso estimation, with β̂ being the OLS estimator and the constraint region |β1|+

|β2| ≤ t. Right: Analogous to the left panel but for the Ridge estimation with the constraint region β2
1 + β2

2 ≤ t2.

Source: Hastie et al. (2009).

4.3 Methods for tuning parameter selection

This section provides a brief overview of the CV and BLasso methods approaches.

4.3.1 Cross validation

Cross validation (CV) is the simplest and one of the most popular strategies to estimate
prediction error of statistical predictor functions. It was first clearly stated by Stone (1974)
and is now one of the most popular strategies for algorithm selection widely used in applied
machine learning. The main idea behind CV is to split data, once or several times, into
the training sample and the validation sample. The training sample is used to train each
algorithm, while the validation sample is used to estimate the risk of the algorithm. Then,
CV selects the algorithm with the smallest estimated risk (Arlot & Celisse, 2010; Friedl et al.,
2002). In this context, the CV method is used to select the tuning parameter that gives the
smallest loss.

The common approach to choosing the tuning parameter λ using the CV approach is to
choose a grid of λ values. The cross-validation errors for each value of λ are then calculated.
The selected λ is the one that gives the smallest cross-validation errors. The final model is
refitted using the selected value of the tuning parameter (Friedl et al., 2002; Hastie et al.,
2009).

The K-fold cross validation and leave one out cross validation (LOOCV) are the most com-
mon forms of CV. In the K-fold CV, the set of observations is randomly divided into K groups
or folds of approximately equal size. The first fold is kept as a validation set, and the remain-
ing K − 1 folds are treated as a training set to fit a model. The prediction error of the fitted
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model is then computed on the validation set. This process is repeated for k = 1, 2, ..., K,
each time a different fold is treated as a validation set (Alpaydin, 2020; Hastie et al., 2009).

Suppose an indexing function is denoted by κ : {1, ..., N} 7→ {1, ..., K}. This function indi-
cates the partition to which the allocation of observation i is conducted randomly. The fitted
function is denoted by f̂−k(x) after removing the set k of the data. The CV estimate of the
prediction error is computed as:

CV( f̂ ) =
1
N

N

∑
i=1

L(yi, f̂−κ(i)(xi)). (4.4)

Let f (x, λ) be a given set of models and f̂−k(x, λ) be the λ -th model fit without set k of the
data. For this set of models, the CV estimate of the prediction error, which gives the estimate
of the test error curve, is given by:

CV( f̂ , λ) =
1
N

N

∑
i=1

L(yi, f̂−κ(i)(xi, λ)). (4.5)

The tuning parameter λ̂ = arg minλ CV( f̂ , λ) for the final model is f (x, λ̂). A detailed
description of the K-fold cross-validation can be found in Hastie et al. (2009).

The LOOCV (Geisser, 1975; Stone, 1974)) is a special case of K-fold CV, when the number
of folds (K) equals the number of instances (N). This method involves splitting the set of
observations into two parts. However, instead of creating two subsets of comparable size, a
single observation is successively ’left out’ and used for the validation, while the remaining
observations are used as the training set. Under the LOOCV, κ(i) = i and the fit estimation
for the i-th observation is carried out using all the data after excluding the i-th (Arlot &
Celisse, 2010; Hastie et al., 2009).

The computational complexity of the CV method increases as the number of validation sets
increases (Shao, 1993). When the data size is large and the model takes a substantial time
to fit, using the LOOCV is then computationally expensive. In this respect, the k-fold CV
has a computational advantage over LOOCV, especially when k << N. The test error rate
produced by the k-fold CV is also more accurate than that of LOOCV. Another aspect to
consider is the bias-variance trade-off. The estimators produced by LOOCV are approxi-
mately unbiased, while those of the k-fold CV have some bias, especially when using small
k. However, the LOOCV can have a high variance while the k-fold CV can compromise the
bias and variance with the recommended k = 5 or k = 10 (Hastie et al., 2009).

4.3.2 Bayesian Lasso

Rapid development in Bayesian computation has motivated the implementation of a Bayesian
framework in penalized variable selection methods. There are three main advantages to
adopting a Bayesian approach to penalized regression, as discussed in Van de Schoot and
Miocević (2020) and Van Erp et al. (2019). The first advantage is the natural penalization



Chapter 4. The Realized EGARCH Model with Lasso Approach 83

in a Bayesian framework by choosing a specific parametric form for the prior that could
shrink less significant coefficients towards zero and at the same time retain the substantial
coefficient as large. Shrinkage priors peak at zero and usually have heavy tails, allowing
large coefficients to escape the shrinkage (see Van de Schoot and Miocević (2020) for dis-
cussion of different shrinkage priors). In this case, the prior has the same function as the
penalty term in the frequentist penalization methods. When combined with a specific pos-
terior estimate, some types of prior distributions could result in identical solutions as the
classical penalized regression, for instance, the double exponential prior distribution dis-
cussed in Park and Casella (2008). Kyung et al. (2010) and Li and Lin (2010) even argued
that this Bayesian Lasso (BLasso) version could have a more favorable performance than the
classical penalization methods. The second advantage is the simultaneous estimation of the
penalty parameter with other model parameters. The third advantage is the flexibility of
the Bayesian penalization with respect to the type of penalties. The frequentist penalization
methods usually consider convex penalty functions and rely on optimization methods to
obtain the minimum value of the penalized regression function, whereas the BLasso relies
on MCMC sampling, which facilitates easier implementation of non-convex penalties.

Under the Bayesian Lasso framework, the Lasso estimates are equivalent to posterior mode
estimates when the regression parameters θ are assigned independent and identical Laplace
(double exponential) priors (Tibshirani, 1996). The Laplace distribution has a sharper peak
and heavier tails than the normal one. The most interesting feature of the advantages of the
Laplace distribution is that it can be represented as a scale mixture of normal distributions
with independent exponentially distributed variances, as shown in Andrews and Mallows
(1974):

λ

2
e−λ|z| =

∫ ∞

o

1√
2πs

e−z2/(2s) λ2

2
e−λ2s/2ds. (4.6)

The tuning parameter λ can be selected using either an empirical Bayesian (EB) approach
or a hierarchical Bayes approach. In the EB setting, the tuning parameter λ is estimated
via marginal maximum likelihood, whereas the hierarchical Bayes approach assigns appro-
priate hyperpriors on the λ, which makes it possible to draw posterior inference on the
tuning parameter (Leng et al., 2014; Park & Casella, 2008). When the marginal likelihood
for the tuning parameter is not available in a closed form, a multistep method by using
expectation-maximization (EM) algorithm can be employed to solve this problem (Casella,
2001). However, this involves running many Gibbs samplers, hence may be computation-
ally inefficient. The alternative method, hierarchical Bayes, treats λ as a random variable by
assigning an appropriate prior on λ2 (Leng et al., 2014).

The hierarchical Bayes method offers several advantages over the EB method (Berger, 2013;
Ntzoufras, 2011; Robert, 2007). First, unlike the EB approach, hierarchical Bayes automati-
cally incorporates hyperparameter estimation errors. Second, the hierarchical approach also
allows the use of both structural prior information at the first stage of the stage structure and
subjective prior information at the second stage. Third, the hierarchical structure improves
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the robustness of the resulting estimators, since it can reduce the arbitrariness of the hyper-
parameter choice and the averaging of the posterior results across different prior choices of
parameters of interest. Fourth, while the solution of likelihood equations is required in the
EB theory, numerical integration such as MCMC algorithms is required in the hierarchical
Bayes approach and this yields conditional distributions. Lastly, the hierarchical structure
provides a simpler interpretation and model computation due to simplified posterior distri-
bution.

The attractive feature of the Laplace distribution combined with the advantage of hierar-
chical Bayes has motivated a number of studies to use the Laplace prior in hierarchical
Bayesian approach. The Laplace prior was incorporated by Figueiredo (2003) in an expec-
tation maximization (EM) training algorithm that yields a maximum a posteriori (MAP)
estimate. The Laplace prior was also used in the sparse logistic regression model in the
gene selection problem, for example, in sparse logistic regression (SLogReg) by Shevade
and Keerthi (2003) and a competing sparse logistic regression with Bayesian regularization
(BLogReg) by Cawley and Talbot (2006). Bae and Mallick (2004) constructed two levels of
a hierarchical Bayesian model involving the Laplace prior and used an MCMC technique
in variable selection applied to a leukemia and breast cancer dataset. Yuan and Lin (2005)
applied the Laplace approximation in developing an empirical Bayes method to compute
Bayesian estimates with a quick Lasso algorithm.

Park and Casella (2008) proposed a fully hierarchical Bayesian Lasso (BLasso) model by ex-
ploiting the representation of the Laplace distribution as a scale mixture of normal (SMN)
distributions with an exponential mixing density (Andrews & Mallows, 1974). The pro-
posed Gibbs sampling uses a conditional Laplace prior that takes the following specifica-
tion:

π(β|σ2) =
p

∏
j=1

λ

2
√

σ2
exp

{
−

λ|β j|√
σ2

}
(4.7)

and putting a non-informative scale-invariant marginal prior on σ2, i.e. π(σ2) ∝ 1/σ2.

The full BLasso model proposed by Park and Casella (2008) consists of the following hierar-
chical representation:

y|µ, X, β, σ2 ∼ Nn(µ1n + Xβ, σ2 In),

β|σ2, τ2
1 , . . . , τ2

p ∼ Np(0p, σ2Dτ),

Dτ = diag(τ2
1 , . . . , τ2

p),

σ2, τ2
1 , . . . , τ2

p ∼ π(σ2)
p

∏
j=1

λ2

2
e−λ2τ2

j /2,

σ2, τ2
1 , . . . , τ2

p > 0.

(4.8)

Park and Casella (2008) suggested using the improper prior density π(σ2) ∝ 1/σ2 to model
the error variance, while the paramater µ could be assigned an independent, flat prior. As
λ2 → ∞, the prior distribution for λ2 approaches 0 sufficiently fast but relatively flat.
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4.4 The Selection of the Realized Volatility Measures in the RE-
SkN-Lasso Model

This research aims to perform the selection of realized volatility measures in the realized
EGARCH models employing a standardized skewed Student-t distribution in the return
equation (the RE-SkN model) described in Section 3.3.1. The selection of variables is carried
out using the Lasso approach (RE-SkN-Lasso model). A crucial step in the Lasso approach
is choosing the optimal tuning parameter that will lead to the best-performing model to use
in tail risk forecasting. Hereafter, the tuning parameter for the RE-SkN-Lasso model is de-
noted by λl to distinguish it from the skewness parameter, λ. Two methods are compared in
choosing the optimal tuning parameter: the CV and the hierarchical Bayesian Lasso (BLasso)
approach.

4.4.1 Penalized log likelihood

Naturally, penalized least squares can be extended to likelihood-type models (see Fan and Li
(2001) for a discussion on variable selection via penalized likelihood). The model parameters
are obtained by minimizing the negative penalized likelihood function with respect to β.

For the case of the RE-SkN model with Lasso, suppose that the pa-
rameter vector of the RE-SkN model is θ = (η, γ, ), where η =

(µ, ω, β, τ1, τ2, ξ1, .., ξK, φ1, .., φK, δ1,1, .., δ1,K, δ2,1, .., σu,1, .., σu,K)
T and γ = (γ1, .., γK)

T. The
parameters of the RE-SkN model are estimated by minimizing the following loss function,
which is based on the penalized log-likelihood function:

L(θ) + ∑ λl |γk|, (4.9)

where L(θ) is the negative log-likelihood function of the RE-SkN model in Equation 3.22,
λl > 0 is the tuning parameter, and k = 1, ..., K is the realized volatility measures. Since the
focus of this study is to select realized measures, the penalties are then only imposed on γk

parameters, which are the reflection of the strength of information provided by the realized
measures about future volatility. When a certain γk coefficient is shrunk to 0, the particular
realized measure is not sufficiently informative to be included in the model and can then be
eliminated.

4.4.2 Cross validation method for Lasso RE-SkN model

The proposed frequentist procedure to select the RE-SkN-Lasso model combines the time
series CV approach and the rolling window approach. This, hereafter, is called the RE-SkN-
Lasso-CV model.

This study proposes two main steps to select the realized measures for the RE-SkN-Lasso
model. The first step is to calculate the predictive log-likelihood for each proposed tuning
parameter λl ∈ Sτ. The second step is to select the λl parameter from a range of possible
values of the λl parameter by adapting the k-fold CV technique of Hastie et al. (2009) and
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the time series CV of Hyndman and Athanasopoulos (2018) to suit the time series data em-
ployed in this study. The chronological order of the time series data is maintained so as not
to lose the autoregressive dynamic of the RE-SkN model.

The setting of the training and validation samples in this study is adjusted from the usual
CV method, which requires that the data be i.i.d. (see Arlot and Celisse (2010)). The purpose
is to preserve the temporal dependence between observations in the high-frequency time-
series data employed in this study.

Suppose that we have a total sample of T + M + N observations. The dataset is divided into
three: training sample (T observations); validation sample (M observations); and forecast
sample (N observations). With the rolling approach, the rolling sample is constant, T, for
every estimation window. Observations T + 1 to T + M are used as a validation sample,
while observations numbers T + M + 1 to T + M + N are used as a forecast sample.

The selection of the tuning parameter can be conducted by searching over a given finite
candidate set that will produce the smallest predictive risk (Lei, 2020). In this study, the
proposed candidate set covers a wide range of possible tuning parameter values, λl ∈ Sτ :
{0.001, 0.005, 0.01, 0.05, 0.1, 0.5, 1, 1.5, .., 20, 21, .., 40, 50, .., 100, 200, .., 3000, 4000, .., 20000}.

The selection of the best RE-SkN model across different tuning parameters is performed
using the predictive log likelihood, ℓ(r; θ), since it measures the fit for the return series, as in
Hansen et al. (2012) and Hansen and Huang (2016). The RE-SkN model that minimizes the
loss is chosen as the final model, which is equivalent to the model with the highest predictive
log-likelihood.

A rolling approach with a fixed T in-sample observation is employed to calculate predictive
log-likelihoods for M validation samples as follows:

1. Pick λl = 0.001.

2. Based on sample data 1, ..., T, the Realized EGARCH model is estimated by minimiz-
ing the negative log-likelihood plus the penalty in Equation 4.9 by plugging λl in Step
1.

3. Obtain the parameter of the Realized EGARCH model, θ̂T, using the in-sample infor-
mation FT, then generate uk,T+1, zT+1, and hT+1.

4. Calculate the predictive log-likelihood for the return equation for period T+1, ℓT+1

ℓT+1(r; θT) =



T[ℓ(b) + ℓ(c)]−∑T
t=1

[
v+1

2 log

(
1 + 1

v−2

(
bϵt+a
1−λ

)2)
+ 0.5 log(ht)

]
if ϵt < − a

b ,

T[ℓ(b) + ℓ(c)]−∑T
t=1

[
v+1

2 log

(
1 + 1

v−2

(
bϵt+a
1+λ

)2)
+ 0.5 log(ht)

]
if ϵt ≥ − a

b .
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where ν is the degree-of-freedom parameter that controls the kurtosis of the distribu-
tion with range 2 < ν < ∞, λ is the skewness parameter with range −1 < λ < 1,
while a, b, and c are some constants given by:

a = 4λc
(

ν− 2
ν− 1

)
, b =

√
1 + 3λ2 − a2, c =

Γ
(

ν+1
2

)
√

π(ν− 2)Γ
(

ν
2

) .

5. Repeat Steps 1 to 4 with the rolling approach using a fixed in-sample of T observation
to calculate ℓT+2 until ℓT+M.

6. These log-density estimates are summed to estimate predictive log-likelihood:

T+M

∑
i=T+1

ℓi(r; θi−1). (4.10)

7. For each other λl parameter, repeat Steps 2 to 6.

8. Select an optimum tuning parameter based on the above CV method, denoted as λCV
l ,

which is the λl parameter that produces the highest predictive log-likelihood.

The selected RE-SkN model is then used for tail risk forecasting (Section 4.5).

4.4.3 Bayesian Lasso approach for the RE-SkN model

In developing the Bayesian Lasso approach for the RE-SkN model, this study adopts the
hierarchical Bayes approach (hereafter referred to as the RE-SkN-BLasso model) instead of
the EB approach for the RE-SkN Lasso model due to the advantage of the hierarchical Bayes
approach over the EB approach discussed in Section 4.3.2.

Unlike the CV approach, the BLasso approach does not use the validation sample, only the
estimation sample and the forecast sample. To obtain a consistent dataset with the one used
for the RE-SkN-Lasso-CV model, the BLasso approach uses a constant rolling sample, T, for
every estimation window, while observations numbers T + M + 1 to T + M + N are used as
the forecast sample.

Prior and posterior distributions

Consider the penalized log-likelihood function in Equation 4.9. Inspired by Park and Casella
(2008), the Laplace prior specification applied on γ is rewritten as a scale mixture of normal:

π(γ) =
p

∏
j=1

λl

2
exp

{
−λl |γj|

}
, (4.11)

γ | τ2
1 , .., τ2

k , ∼ NK(0K, Dτ), Dτ = diag(τ2
1 , .., τ2

K), (4.12)

τ2
l,1, .., τ2

l,k | λ2
l ∼

K

∏
k=1

(λ2
l )

2
e−(λ

2
l )

(τ2
k )
2 . (4.13)
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In order to choose λl , a class of gamma priors on λ2
l (not λl) is considered in Equation 4.14

for convenience, due to the way λl enters the posterior.

π(λ2
l ) =

δr

Γ(r)
(λ2

l )
r−1e−δλ2

l , λ2
l > 0(r > 0, δ > 0), (4.14)

where r and δ are the hyperparameters: r is the shape parameter and δ is the rate parameter.
Please note that the hypermarameter δ and the variance τ2

l,k in Equation 4.13 are different
notation from δ(k)(ϵt) and τ1 and τ2, respectively, in the leverage functions of the RE-SkN
model in Equation 3.11.

While the hyperparameters r and δ could be fixed to some small values to obtain a flat prior,
this study examines various combinations of the hyperparameters to obtain more appropri-
ate prior distributions of λ2

l and γ. The combination of hyperparameter considered ranges
of r = {0.1, 0.5, 1, 2, 3, 4, 5, 10} and δ = {0.1, 0.5, 1, 1.78, 2, 3, 4, 5, 10} gives 72 possible combi-
nations of r and δ. These candidate sets include the combination of r = 1 and δ = 1.78 (Park
& Casella, 2008) and r = 1 and δ = 10 (Kyung et al., 2010).

Figure 4.2 presents several plots of prior densities for γ2 (due to limited space, only a few
plots of prior densities for γ are presented in this thesis). Panels A (r = 0.1 and δ = 0.1)
and B (r = 1 and δ = 1.78) provide a reasonable and expected range of γ parameter, that
is, mainly between −2 and 2. Panel C (r = 10 and δ = 0.1) gives a too narrow range of γ,
while Panel D (r = 1 and δ = 10) gives a too wide range of γ, between−6 and 6. The chosen
hyperparameters are r = 1 and δ = 1.78 (Panel B), since these combinations are consistent
with the hyperpriors used in the study of Park and Casella (2008). This study also finds that
the width of the γ parameter is rather sensitive to the change of δ and less sensitive to the
change of r. The higher is δ, the wider the interval of the γ values.
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FIGURE 4.2: The prior distribution of γ

Notes: Panel A: r = 0.1 and δ = 0.1, Panel B: r = 1 and δ = 1.78, Panel C: r = 10 and δ = 0.1, and Panel D: r = 10 and δ = 10.

The plots of the prior densities for λ2
l based on the selected hyperparameters r = 1 and

δ = 1.78 are depicted in Figure 4.3. It can be seen that the prior densities for λ2
l die out

approaching 0 very fast as λ2
l → ∞.



Chapter 4. The Realized EGARCH Model with Lasso Approach 90

FIGURE 4.3: The prior on λ2
l with r = 1 and δ = 1.78

For other RE-SkN-Lasso model parameters η, a combination of mostly uninformative and
Jeffreys-type priors, is chosen over the possible region for the parameters.

π(η) ∝
1

σ2
u,k=1

1
σ2

u,k=2
..

1
σ2

u,k=K

1
ν2 I(A) (4.15)

where A is the region described by the parameter restriction in Table 4.1. The indicator
function I(B) = 1 over region A and zero otherwise.

TABLE 4.1: Parameter Restriction of BLasso RE-SkN model
Parameter Bounds

µ, ω, τ1, τ2, ξ, δ1, δ2 ±∞

σ2
u > 0

ν (4, 200)

λ (−1, 1)

β− γ
′
φ < 1

τ2
l > 0

λ2
l > 0

The joint prior distribution is:

π(γ, η, τ2
l , λ2

l ) ∝ π(γ|τ2
l )π(η|r, x; γ)π(τ2

l |λ2
l )π(λ2

l ), (4.16)
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and the joint posterior distribution for all parameters is obtained by multiplying the penal-
ized likelihood, L(r, x|γ, η) and the joint prior in Equation 4.16

π(γ, η, τ2
l , λ2

l |r, x) ∝ L(r, x|γ, η) · π(γ, η, τ2
l , λ2

l )

∝ L(r, x|γ, η) · π(γ|τ2
l )π(η|r, x; γ)π(τ2

l |λ2
l )π(λ2

l ).
(4.17)

Adaptive MCMC method

Analytically deriving the posterior distribution for the above BLasso hierarchy for the RE-
SkN model requires calculating intractable integrals. Since the posterior distribution in
Equation 4.17 does not have an explicit form, this study proceeds with sampling techniques
based on the proposed Adaptive MCMC in Section 3.5.3 to draw parameters from the pos-
terior distribution.

In the burn-in period, a Robust Adaptive Metropolis (RAM) algorithm of Vihola (2012) is
employed. In the post-burn-in period, a standard RWM algorithm is employed and a mix-
ture of three Gaussian proposal distributions is used. The parameter block is adjusted to
take into account the additional Lasso-related parameters. The parameter block consists of
five blocks: θ1 = µ, θ2 = (ω, τ′, ξk, δ′k, Σ), θ3 = (β, γ′, φ), θ4 = (ν, λ), and θ5 = ((τ2

k )
′, λl).

The posterior means of the parameters are calculated. The optimal tuning parameter based
on the BLasso method is denoted by λ

Bayes
l , which is the posterior mean of the post-burn-in

iterates, given a γ prior with the chosen hyperparameters r = 1 and δ = 1.78.

4.5 Tail Risk Forecasting

After obtaining the tuning parameter, we move on to the next step, that is, forecasting tail
risks for the last N observations, that is, observations T + M + 1 to T + M + N. The details
of the forecast step are as follows:

1. For i = 1, the RE-SkN model is estimated for observation M + i to T + M + i− 1, by
maximizing

L(θ) + ∑ λl |γj|. (4.18)

2. Obtain the parameter of the RE-SkN model, θ̂T+M, using the in-sample information
FT+M, then generate uk,T+M+1, zT+M+1, and hT+M+1.

3. Estimate tail risks, VaRT+M+1 based on Equation 3.18 and EST+M+1 based on Equation
3.19 from the α-percentile of rT+M+1, α = 2.5 % and α = 1 %.

4. Repeat Steps 1 to 3 above for i = 2 up to i = M with the rolling approach using a fixed
in-sample of T observation to estimate VaRT+M+2 up to VaRT+M+N and EST+M+2 up
to EST+M+N .
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For the CV method, the same value of the tuning parameter λCV
l is used in Equation 4.18

to perform the forecast for N observations. Meanwhile, the resulting tuning parameter by
the BLasso approach λ

Bayes
l changes for different sets of data estimated during the rolling

window forecasting.

4.6 Simulation Study

A simulation study is conducted to compare the performance of the proposed CV and the
BLasso approaches in choosing the tuning parameters λl as well as the selection of the real-
ized volatility measures in the RE-SkN model.

4.6.1 Simulation set up and model

A total sample of 3000 observations is simulated from the proposed RE-SkN model in Equa-
tion 4.19 using four realized measures. In this model, γ2 = 0 and γ4 = 0.

rt = −0.11 +
√

htϵt (4.19)

log ht = 0.05 + 0.98 log ht−1 − 0.12ϵt−1 + 0.04(ϵ2
t−1 − 1) + 0.47u1,t−1 + 0.25u3,t−1

log x1,t = −0.17 + 0.93 log ht − 0.09ϵt + 0.06(ϵ2
t − 1) + u1,t

log x2,t = −0.75 + 0.94 log ht − 0.11ϵt + 0.08(ϵ2
t − 1) + u2,t

log x3,t = −0.13 + 0.95 log ht − 0.08ϵt + 0.10(ϵ2
t − 1) + u3,t

log x4,t = −0.80 + 0.96 log ht − 0.13ϵt + 0.12(ϵ2
t − 1) + u4,t,

where ϵt ∼ Sktν=5,λ=0.5, ut ∼ N(0, σ2
u,k), σ2

u,1 = 0.15, σ2
u,2 = 0.18, σ2

u,3 = 0.12, σ2
u,4 = 0.20 and

h0 = 0.0025.

A rolling window approach with a fix T=2000 in-sample observations is employed to esti-
mate the RE-SkN-Lasso model. For the CV method, observations t2001 to t2500 are used as
M=500 validation samples, while the remaining observations N=500, t2501 to t3000, are used
as the forecast sample. For the BLasso method, a fixed T=2000 in-sample observations start-
ing from t501 is used with a rolling window approach. The forecast sample is N=500, which
are observations t2501 to t3000.

The choice of the optimum tuning parameter λl is performed by using both the CV
approach proposed in Section 4.4.2 and the BLasso approach proposed in Section
4.4.3. Under the CV approach, the optimal λl is chosen from a range of λl ∈ Sτ :
{0.001, 0.005, 0.01, 0.05, 0.1, 0.5, 1, 1.5, .., 20, 21, .., 40, 50, .., 100, 200, .., 3000, 4000, .., 20000}.
Meanwhile, the optimal λl under the proposed BLasso approach is the posterior mean of
the λl computed over the post-burn iterates.
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4.6.2 Simulation procedures

The estimation of the RE-SkN model using CV and BLasso approaches requires high
computing power and substantial computing time. To manage this challenge, the Uni-
versity of Sydney’s Artemis High-Performance Computing (HPC) is used. It allows the
use of several computers simultaneously through the network. The estimation of the
RE-SkN model using the CV approach is broken down into 117 separate estimations of
the RE-SkN models, each of which has a different value of the tuning parameter λl ∈ Sτ :
{0.001, 0.005, 0.01, 0.05, 0.1, 0.5, 1, 1.5, .., 20, 21, .., 40, 50, .., 100, 200, .., 3000, 4000, .., 20000}.
The estimation of the RE-SkN model by using the BLasso approach is divided into 50
separate estimations, each of which consists of 10 rolling window estimations and tail risk
forecasts.

The summary of the estimation time of both methods is presented in Table 4.2. The total
estimation time of the CV method over all range of tuning parameter values is much higher
than the total estimation time of the BLasso method.

TABLE 4.2: Estimation time of the simulated data

CV BLasso

Number of estimation 17 50
The shortest estimation time 2:02:19 3:01:04
The longest estimation time 3:59:24 4:42:42
Average estimation time 2:53:02 3:46:09
Total estimation time 337:25:44 188:27:34

4.6.3 Simulation results: MCMC convergence

To assess the convergence of the MCMC algorithm, the simulated dataset generated using
the model in Section 4.6.1 is estimated by employing the Robust Adaptive Metropolis (RAM)
algorithm in the burn-in period and the standard Random Walk Metropolis (RWM) in the
post-burn-in period. The MCMC is run with the following set-up: m = 7 independent
chains with different starting values were run.

Initially, the MCMC algorithm was run for 20,000 iterations in the burn-in period and 10,000
iterations in the post-burn-in period. Parameters ξ and φ are found to take quite a long
time to converge, so the iteration in the burn-in period is extended to 40,000 to improve the
convergence. The number of iterations in the post-burn-in is observed until 20,000 iterations,
but it is kept at 10,000 iterations in the final simulation, since the parameters have converged
and mixed well after more than 20,000 iterations in the burn-in period.

In Table 4.3, the Gelman-Rubin statistics (R̂) are very close to 1, suggesting convergence. The
effective number of independent simulation draws, ne f f , are higher than 5m (the reference
benchmark suggested by Gelman et al. (2014), confirming that the algorithm is efficient. The
autocorrelation time, t̂, for most parameters is quite small. Parameters ξ tend to have the
longest autocorrelation time; they take longer to converge compared to other parameters.
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TABLE 4.3: Summary statistics of the Gelman-Rubin diagnostic,
effective sample size and autocorrelation time of the RE-SkN-BLasso

model for the simulated dataset

Parameters R̂ ˆne f f t̂

µ 1.0092 708.89 28.43

ω 1.0270 156.63 316.60

β 1.0325 163.65 302.97

γ1 1.0020 2201.41 17.39

γ2 1.0050 1104.48 42.51

γ3 1.0018 1646.57 26.12

γ4 1.0015 1970.95 22.97

τ1 1.0219 473.33 99.55

τ2 1.0534 103.76 459.00

ξ1 1.1254 56.86 870.55

ξ2 1.0862 55.18 901.90

ξ3 1.0948 58.30 844.88

ξ4 1.0959 69.14 709.58

φ1 1.0428 171.52 250.14

φ2 1.0228 161.72 279.60

φ3 1.0448 162.55 282.54

φ4 1.0248 183.62 236.99

δ1,1 1.0213 652.02 59.34

δ1,2 1.0046 630.15 58.92

δ1,3 1.0085 731.04 64.93

δ1,4 1.0052 571.39 73.20

δ2,1 1.0628 98.03 488.27

δ2,2 1.0529 83.08 588.10

δ2,3 1.0857 65.57 753.44

δ2,4 1.0634 77.69 636.66

σ2
u1

1.0033 1639.05 28.92

σ2
u2

1.0046 1213.94 35.57

σ2
u3

1.0019 1658.33 23.60

σ2
u4

1.0038 967.73 34.93

ν 1.0027 1529.16 23.82

λ 1.0018 8413.37 4.01

τl1 1.0066 845.94 53.86

τl2 1.0099 691.88 66.48

τl3 1.0113 622.04 75.91

τl4 1.0141 350.26 139.10

λ
Bayes
l 1.0084 1074.07 39.29
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Trace plots of all parameters are also examined. However, due to space concerns, only the
trace plots of the main parameters are presented in this chapter. These are γ1 (Figure 4.4),
γ2 (Figure (4.5), γ3 (Figure 4.6), γ4 (Figure 4.7), and the tuning parameter λl (Figure 4.8.
The trace plot on the left shows the burn-in iterations using the RAM algorithm, while the
plot on the right shows the post-burn-in iterations using the RWM algorithm. All trace plots
show that the MCMC chains rapidly converge to the stationary distribution and have a good
chain mixing property.

FIGURE 4.4: Trace plots of of γ1

FIGURE 4.5: Trace plots of of γ2
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FIGURE 4.6: Trace plots of of γ3

FIGURE 4.7: Trace plots of of γ4

FIGURE 4.8: Trace plots of of λl
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4.6.4 Simulation results: model parameters

This section presents the resulting parameters of the RE-SkN Lasso model both using the
CV and the BLasso approaches. Under the CV approach, the plot of the predictive log-
likelihood of the return, ℓ(r; θ), over the validation set is shown in Figure 4.9. In general, the
RE-SkN model with a penalty parameter produces a higher ℓ(r; θ) than the RE-SkN model
without a penalty, suggesting that predictive likelihood analysis favors the RE-SkN model
with the Lasso approach compared to the original RE-SkN model. The optimum tuning
parameter, which yields the highest ℓ(r; θ) is λl = 300. Nevertheless, the choice of λl values
up to λl = 2000 gives relatively equally high values of ℓ(r; θ). The ℓ(r; θ) starts to show a
decreasing trend for λl > 1700. It could be argued that any value of the tuning parameter
in the proposed set to λl < 1700 yields relatively high ℓ(r; θ), much greater than that of the
RE-SkN model without penalty.

FIGURE 4.9: Predictive log-likelihood using the CV approach

The estimated parameters of the RE-SkN-Lasso model using both CV and BLasso ap-
proaches are presented in Table 4.4. The estimated parameters of the original RE-SkN model
estimated using Maximum Likelihood are also presented for comparison purposes in col-
umn ’No Lasso.’ The resulting parameters of the RE-SkN-Lasso model using the CV ap-
proach is based on the optimal λCV

l = 300, are presented in column ’With Lasso (CV)’, while
those using the BLasso approach are presented in column ’BLasso’. The optimal tuning pa-
rameter based on the BLasso approach is λ

Bayes
l = 1.4120, which is the posterior mean of the

post-burn-in iterates, given a γ prior with the chosen hyperparameters r = 1 and δ = 1.78.
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Although the tuning parameters are largely different, the predictive log-likelihood when
using small values of λl under the CV approach is still high, as shown in Figure 4.9.

TABLE 4.4: Parameters of RE-SkN-Lasso model using simulated data

Parm True Value
Maximum Likelihood

BLasso
No Lasso With Lasso (CV)

µ -0.11 -0.0179 -0.1284 -0.0955
ω 0.05 0.2673 0.0719 0.0678
β 0.98 0.9412 0.9803 0.9789
γ1 0.47 0.6327 0.4664 0.5295
γ2 0 0.1200 0.0013 0.0350
γ3 0.25 0.3490 0.2338 0.3063
γ4 0 0.0618 0.0005 0.0188
τ1 -0.12 0.0370 -0.1413 -0.1243
τ2 0.04 0.0801 0.0518 0.0519
ξ1 -0.17 -0.0723 -0.3604 -0.3928
ξ2 -0.75 -0.5566 -0.8608 -0.9656
ξ3 -0.13 -0.0280 -0.2961 -0.3517
ξ4 -0.8 -0.6503 -0.9326 -0.9770
φ1 0.93 0.7965 0.9390 0.9284
φ2 0.94 0.7910 0.9236 0.9352
φ3 0.95 0.8095 0.9491 0.9482
φ4 0.96 0.8153 0.9565 0.9488
δ1,1 -0.09 -0.0103 -0.0845 -0.0927
δ1,2 -0.11 -0.0627 -0.1107 -0.1145
δ1,3 -0.08 -0.0109 -0.0800 -0.0796
δ1,4 -0.13 -0.0527 -0.1492 -0.1445
δ2,1 0.06 0.0453 0.0750 0.0787
δ2,2 0.08 0.0958 0.0956 0.1015
δ2,3 0.1 0.0887 0.1263 0.1276
δ2,4 0.12 0.0978 0.1552 0.1567
σ2

u1 0.15 0.4278 0.1611 0.1820
σ2

u2 0.18 0.4345 0.1957 0.2143
σ2

u3 0.12 0.4118 0.1289 0.1498
σ2

u4 0.2 0.4780 0.2092 0.2262
ν 5 4.7630 4.5355 4.0344
λ 0.5 0.4288 0.4975 0.5376

λl 300 1.4120
τl,1 0.7404
τl,2 0.2956
τl,3 0.5933
τl,4 0.2469

The simulation study confirms that the Lasso approach could result in a sparser realized
EGARH model, allowing the selection of realized measures of volatility to include in the
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measurement equations. In Table 4.4, the RE-SkN-Lasso model estimated using the CV
and BLasso approaches shrinks estimates of γ2 and γ4 parameters much closer to 0 (true
value) compared to the RE-SkN model without penalty parameter, although the resulting
coefficients are not exactly 0. The estimate of γ4 is particularly very close to 0 for both
methods.

FIGURE 4.10: Posterior density of γ2 and γ4

Note: Red lines are the lower and upper bounds of 95% credible interval.

The CV technique performs slightly better than the BLasso approach in shrinking the coeffi-
cient of γ2 and γ4 close to 0. The posterior realization of γ2 and γ4 based on the BLasso ap-
proach is presented in Figure 4.10. The 95% credible interval of γ4 includes 0, however that
of γ2 does not. It is important to note that the tuning parameter chosen by the CV approach
is much higher that that chosen by the BLasso approach. When λl is sufficiently large, the
ℓ1 penalty has a stronger shrinkage effect. However, the bias increases as λl increases due
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to larger variance (James et al., 2013). As for the BLasso approach, the recommended tun-
ing parameter values is relatively low, resulting in the estimates of γ2 and γ4 not shrinking
very close to 0. With the lower value of tuning parameter, the BLasso method has less bias
although with an increase in variance.

To evaluate the prediction error of both methods, 500 one-step-ahead forecasts of VaR and
ES by using a fix 2000 in-sample with a rolling window approach are produced. Under
the CV apporoach, the RE-SkN-Lasso model is estimated with a fixed λCV

l = 300 using the
Maximum Likelihood method. Under the BLasso approach, λ

Bayes
l differs for every set of

forecast estimation, based on the posterior means of the MCMC iterates.

The averages of 500 sets parameters of the RE-SkN-Lasso model estimated using both the
CV and BLasso approaches over the forecast period are presented in Table 4.5. On average,
the CV approach produces estimates of γ2 and γ4 closer to 0 than does the BLasso approach.
However, the estimates of γ2 and γ4 under the BLasso approach on average improves, much
closer than 0 than those estimated in Table 4.4. The tuning parameters based on the BLasso
approach are consistently lower than that of the CV approach, that is on average 1.3698.
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4.6.5 Tail risk forecasts accuracy

TABLE 4.5: The average of parameters of RE-SkN-Lasso model using simu-
lated data over the forecast period

Parm True Value
Maximum Likelihood

BLasso
No Lasso With Lasso (CV)

µ -0.11 0.0313 0.0068 -0.1459
ω 0.05 0.0641 0.0445 0.0495
β 0.98 0.9853 0.9863 0.9796
γ1 0.47 0.4949 0.467 0.5049
γ2 0 0.0376 0.0003 0.0180
γ3 0.25 0.2056 0.2359 0.2746
γ4 0 0.0187 0.0003 -0.0076
τ1 -0.12 -0.1013 -0.1199 -0.102
τ2 0.04 0.1387 0.0496 0.0361
ξ1 -0.17 0.2443 -0.3492 -0.0626
ξ2 -0.75 -0.3297 -0.9079 -0.6113
ξ3 -0.13 0.2671 -0.3196 -0.0374
ξ4 -0.8 -0.3442 -0.9468 -0.6338
φ1 0.93 0.6975 0.9297 0.9213
φ2 0.94 0.6984 0.9291 0.9176
φ3 0.95 0.7154 0.9495 0.9422
φ4 0.96 0.7171 0.9524 0.9324
δ1,1 -0.09 -0.0509 -0.077 -0.0745
δ1,2 -0.11 -0.0683 -0.1117 -0.0992
δ1,3 -0.08 -0.0431 -0.0739 -0.0698
δ1,4 -0.13 -0.0974 -0.1337 -0.1225
δ2,1 0.06 0.0325 0.0749 0.0548
δ2,2 0.08 0.064 0.0982 0.0708
δ2,3 0.1 0.0721 0.1228 0.089
δ2,4 0.12 0.0837 0.151 0.1093
σ2

u1 0.15 0.4263 0.1587 0.1579
σ2

u2 0.18 0.457 0.1925 0.1936
σ2

u3 0.12 0.417 0.1204 0.1239
σ2

u4 0.2 0.4912 0.1998 0.2015
ν 5 4.5597 4.1347 5.6156
λ 0.5 0.3973 0.5304 0.5017

λl 300 1.3698
τl,1 0.906
τl,2 0.2174
τl,3 0.6515
τl,4 0.2119

Figures 4.11 and 4.12 show the forecast sample returns of the simulated data and the associ-
ated forecast of the VaR and ES series at the forecast levels of 2.5% and 1%. The CV approach
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generates relatively more extreme tail risk forecasts than the BLasso approach. This is par-
ticularly very clear visually at times where there is a persistence of extreme return.

FIGURE 4.11: Tail risk forecasts of simulated data; α = 2.5%

FIGURE 4.12: Tail risk forecasts of simulated data; α = 1%
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The accuracy of the VaR and ES forecast during the forecast period is measured using the
root mean square errors (RMSE). The RMSE is calculated as:

RMSE =

√√√√ 1
T

T

∑
t=1

(θ̃t,i − θt,i)2, (4.20)

where T is the number of forecasts, i is the type of tail forecast, θ̃ is the estimated tail forecast,
and θ is the true tail forecast.

The RSME of the tail risk forecasts of the RE-SkN-Lasso is presented in Table 4.6. For com-
parison purposes, the RMSE of the VaR and the ES resulting from the original RE-SkN
model, both estimated using the ML method and the Bayesian method, are also presented.
The RE-SkN-BLasso produces the most accurate VaR and ES forecasts (have the smallest
RMSEs), outperforming all other methods at all forecast levels. Interestingly, the original
RE-SkN model without the Lasso approach estimated using the proposed adaptive MCMC
in this thesis has a better prediction accuracy than the RE-SkN model estimated using the
CV method. It could then be argued that the proposed Bayesian approach in this thesis
could improve tail risk forecast prediction. However, the CV approach has a better forecast
performance than the original RE-SkN model (without the Lasso approach) estimated using
the ML technique. In the following sections, a more thorough analysis on tail risk forecast
performance is conducted for historical data in the following sections.
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TABLE 4.6: Tail risk forecasts and RMSE of simulated data

RE-SkN Model Tail Risk Forecasts Mean RMSE

True Value

VaR2.5% -6.4921
VaR1% -7.7013
ES2.5% -8.0426
ES1% -9.4288

Original RE-SkN-ML

VaR2.5% -6.6371 0.3472
VaR1% -7.9316 0.4570
ES2.5% -8.1905 0.4758
ES1% -9.7631 0.7024

RE-SkN-Lasso-CV

VaR2.5% -6.6412 0.3154
VaR1% -7.9400 0.4304
ES2.5% -8.2265 0.4399
ES1% -9.8059 0.6772

Original RE-SkN-MCMC

VaR2.5% -6.3078 0.2454
VaR1% -7.4138 0.3715
ES2.5% -7.7720 0.3798
ES1% -8.9915 0.5867

RE-SkN-BLasso

VaR2.5% -6.3637 0.2321
VaR1% -7.4985 0.3494
ES2.5% -7.8452 0.3644
ES1% -9.1215 0.5636

4.7 Empirical Study

This section presents the empirical results of the proposed RE-SkN-Lasso models, both es-
timated using the proposed CV and BLasso approaches in forecasting VaR and ES. The se-
lected tuning parameter over the forecast period and the shrinkage of γ parameters are
discussed.

In addition to the three types of realized volatility measures employed in Chapter 3 (RVSS,
RRSS, and RK), this chapter includes another realized measure, which is a range-based
proxy (Parkinson, 1980) in Equation 4.21.

Ranget = (log Ht,i − log Lt,i)
2. (4.21)

The range of high and low prices has been proven to be a more superior volatility estimator
than the squared return, providing a more efficient and less noisy estimator (Alizadeh et al.,
2002; Parkinson, 1980). However, the range data are expected to be outperformed by the
RVSS and RRSS.
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The order of realized volatility measures in the measurement equations of the RE-SkN-Lasso
models is the following: RK, RVSS, RRSS, and Range. In Chapter 3, the forecast performance
of RK is found to be lower than that of RVSS and RRSS. Therefore, this historical study
aims to investigate whether the RE-SkN-Lasso model can confirm that the variables RK and
Range are less informative about future volatility than RVSS and RRSS and how far the
coefficients of γ1 (for RK) and γ4 (for Range) are shrunk toward 0 by the RE-SkN-Lasso
models.

The prediction accuracy of the RE-SkN-Lasso-CV and RE-SkN-BLasso models are com-
pared. The forecast performance of several competing models is also presented for com-
parison purposes. The competing models include the proposed RE-SkN model in Chapter
3, both estimated using the ML approach (refered to as RE-SkN-ML in this chapter) and es-
timated using the Adaptive MCMC approach in Section 3.5.3 (RE-SkN-MCMC in this chap-
ter). GARCH and EGARCH models are also included, this time using skewed Student-t
distribution; these are called GARCH-Sk and EGARCH-Sk in this chapter, respectively. All
models are estimated using the Matlab code developed for this thesis.

4.7.1 Data

This chapter uses the same historical dataset used in Chapter 3, which is sourced from the
dataset used in Wang et al. (2019) and the Oxford-Man Institute’s Realized Library, Library
Version: 0.3. The dataset includes the daily return data for seven market indices: ASX 200
(Australia), DAX (Germany), FTSE 100 (UK), Hang Seng (Hong Kong), NASDAQ (US), SMI
(Swiss), and S&P500 (US). The additional realized volatility measure used in this chapter,
the range variable, is also sourced from the dataset used in Wang et al. (2019).

Suppose that the complete data is t = T + N + M, where T is the fixed in-sample observa-
tions. Under the CV approach, T is the training set, N = 500 is the validation sample, and
M = 500 is the forecast sample. As for the BLasso approach, a rolling window approach
with fixed in-sample observations T, starting from t− N + 1, is used as the estimation sam-
ple. The remaining observations N = 500 are used as the forecast sample. This is to ensure
that both methods use a consistent dataset in producing parameter estimates. The rolling
window approach is employed to produce 500 one-step-ahead forecasts.

The forecast period includes the 2015-2016 stock market selloff, when the world stock mar-
ket declined substantially, particularly on 24 August 2015 (the August 24 flash card or the
2015 stock market crash). At this time a large sell-off in Asia, which was partly due to fears
about the economic slowdown in China, triggered a significant drop in US and European
markets.
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4.7.2 Data estimation procedures

Given a very high computing load, the estimation of the RE-SkN-Lasso model using the CV
and BLasso approaches is conducted by using the University of Sydney’s Artemis High-
Performance Computing (HPC). The estimation is divided into separate tasks to run on dif-
ferent computers. For the CV method, the data estimation for each market index is divided
into 117 tasks, each running a RE-SkN-Lasso model with a different value of the tuning
parameter. The optimal tuning parameter is then used to estimate the model to produce
500 one-step-ahead tail risk forecasts. For the BLasso method, the data estimation for each
market index is broken down into 50 tasks; each task re-estimates the model 10 times to
produce 10 sets of parameters to forecast 10 one-step-ahead tail risks, thus totaling 500 one-
step-ahead forecasts.

The estimation time of the RE-SkN-Lasso model based on the CV method for each value
of the tuning parameter is presented in Table 4.7. The estimation time for each task ranges
from roughly 2-6 hours, depending on the length of the in-sample period for each market
index. The column ’Total’ is the sum of the estimation time over 117 tasks for each market
index. The estimation time for SMI is the shortest while that for DAX is the longest.

The estimation time of the RE-SkN-Lasso model based on the BLasso approach for each task
is presented in Table 4.8. The column ’Total’ is the sum of the estimation time over 50 tasks
for each market index. The estimation time for each task ranges from 2.5-6 hours, with a
fairly consistent duration between tasks, that is, roughly around 4.5 hours. The estimation
time for the SMI is also the shortest, while that for the Hang Seng is the longest.

Overall, the estimation of RE-SkN-Lasso CV models takes longer to complete, almost twice
the length of time as the RE-SkN-BLasso models. This is due to the grid search process
adopted to select the value of the tuning parameter that is used in the forecasting of tail risk
under the CV approach, λCV

l .

TABLE 4.7: Estimation time: RE-SkN-Lasso-CV

Market Index Min Max Mean Total

ASX 200 2:28:04 4:39:37 3:18:10 386:24:49
DAX 3:26:04 6:02:36 4:24:22 515:30:40
FTSE 100 2:54:17 5:23:25 4:01:05 470:05:56
Hang Seng 2:10:23 3:47:46 3:01:46 351:25:18
NASDAQ 2:48:07 4:40:47 3:37:55 424:56:42
SMI 1:51:38 3:05:32 2:25:04 282:53:09
S&P 500 2:24:18 4:42:45 3:29:13 407:57:56
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TABLE 4.8: Estimation time: RE-SkN-BLasso

Market Index Min Max Mean Total

ASX 200 3:22:54 5:12:46 4:17:58 214:58:26
DAX 3:22:10 5:21:55 4:15:40 213:03:20
FTSE 100 3:22:08 5:35:00 4:16:50 214:01:39
Hang Seng 4:05:39 6:06:07 4:39:08 227:57:14
NASDAQ 3:56:48 5:48:49 4:42:14 235:11:54
SMI 2:37:44 3:49:01 3:13:34 161:18:18
S&P 500 3:29:41 5:14:38 4:22:14 218:31:24

4.7.3 Predictive log-likelihood

The plot of the predictive log-likelihood ∑ ℓ(r; θ) over the validation period M = 500 result-
ing from the RE-SkN-Lasso model is presented for each market index. Figure 4.13 presents

∑ ℓ(r; θ) for the ASX 200, Figure 4.14 for the DAX, Figure 4.15 for the FTSE 100, Figure 4.16
for the Hang Seng, Figure 4.17 forthe NASDAQ, Figure 4.18 for the SMI, and Figure 4.19 for
the S&P 500. For comparison purposes, the ∑ ℓ(r; θ) of several competing models, such as
GARCH-Sk, EGARCH-Sk, and the original RE-SkN model estimated using the ML method,
are also included in the plots.

Visual analysis of predictive log-likelihood across market indices and across models sug-
gests that the RE-SkN-Lasso CV model with the optimum λCV

l consistently produces the
highest predictive log-likelihood compared to other competing models across market in-
dices. A closer inspection also suggests several findings. First, it is very obvious that the
RE-SkN type models, both with Lasso approach and without Lasso approach, produce much
higher predictive log-likelihood than GARCH-Sk and EGARCH-Sk models, which is as ex-
pected. Second, the use of the Lasso approach in the RE-SkN model has improved the pre-
dictive log-likelihood in most cases (such as the case of the ASX 200, FTSE 100, Hang Seng,
and SMI. However, the Lasso method in the case of the DAX does not consistently pro-
duce the highest predictive log-likelihood, although the optimum tuning parameter does
generate a higher predictive log-likelihood than the original RE-SkN model. For the S&P
500, the Lasso approach could only produce a marginal improvement in the predictive log-
likelihood. Third, a higher predictive log-likelihood is produced by the RE-SkN-Lasso-CV
model given that the tuning parameter value is approximately less than 500. The use of a
tuning parameter higher than 500 results in a decrease in the predictive log-likelihood.
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FIGURE 4.13: Predictive log likelihood: ASX 200

FIGURE 4.14: Predictive log likelihood: DAX
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FIGURE 4.15: Predictive log likelihood: FTSE 100

FIGURE 4.16: Predictive log likelihood: Hang Seng
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FIGURE 4.17: Predictive log likelihood: NASDAQ

FIGURE 4.18: Predictive log likelihood: SMI
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FIGURE 4.19: The predictive log likelihood for S&P500 return series

4.7.4 Model parameter estimates

The selected tuning parameter value based on the CV approach λCV
l for each market index

is the one that gives the highest predictive log-likelihood ℓ(r|θ) in the validation period.
The selected tuning parameter is fixed and used in the RE-SkN-Lasso-CV to forecast out-
of-sample tail risks. The λCV

l for each market return index is presented in Table 4.9. The
tuning parameter values are diverse and fairly moderate, λCV

l = 30 for three market indices
and λCV

l = 39 for two market indices. The selected tuning parameter in the RE-SkN-Lasso
model for SMI is the smallest, λCV

l = 0.05.

Meanwhile, the value of the tuning parameter used in the RE-SkN-BLasso model varies
across 500 sets of parameters resulting from the posterior predictive means of the MCMC
iterations. The average values of the tuning parameters λ

Bayes
l for each market index are also

presented in Table 4.9. The average of λ
Bayes
l is highly consistent across all market indices,

ranging from 1.362 (ASX 200) to 1.428 (Hang Seng). The tuning parameter values of the
RE-SkN-BLasso models are comparatively much lower than the selected tuning parameters
in the RE-SkN-Lasso-CV models, except for the RE-SkN-Lasso-CV model for SMI.
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TABLE 4.9: The tuning parameter value over the forecast period

λCV
l (fixed) Average of λ

Bayes
l

ASX 200 14 1.362
DAX 30 1.420
FTSE 100 30 1.412
Hang Seng 30 1.428
NASDAQ 39 1.407
SMI 0.05 1.418
S&P 500 39 1.419

One of the main interests in this empirical study is to investigate whether the proposed
Lasso approach in this study could shrink some of the γ coefficients (close) to 0, to give a
justification for eliminating the corresponding realized volatility measures from the RE-SkN
model. The averages of the γ parameters of the RE-SkN-Lasso-CV model and the posterior
means of MCMC iterations of γ parameters over the forecast period are presented in Table
4.10. Information about the future volatility contained by the RK variable is represented by
γ1, RVSS by γ2, RRSS by γ3, and Range by γ4. The variables RK and Range are of particular
interest; therefore, the coefficients of γ1 and γ4 are printed in bold to make them easy to see.
The distributions of posterior means of parameters γ1 and γ4 over the forecast period for
each market index can be found in Appendix B.

Both models confirm that the RK and Range variables are less informative about the future
volatility of asset returns compared to the RVSS and RRSS. This can be seen in the estimated
coefficients of γ1, which are lower compared to the coefficients of γ2 and γ3 in all seven
market indices. The proposed Lasso approach shrinks the coefficients of γ1 to close to 0 for
all market indices. The coefficients of γ1 are especially very small, very close to 0, for the
case of DAX, SMI, and S&P 500.

As for the Range variable, the estimated coefficients of γ4 are lower compared to the coeffi-
cients of γ2 and γ3 in four of the seven market indices. Nevertheless, the coefficients of γ4

are slightly higher than γ1 in most indices. It is concluded that although the Range variable
contains weak information to predict future volatility compared to the RVSS and RVSS, it
can provide a better signal about future volatility than the RK. A special case is for DAX,
where the Range variable is more informative than the other robust measures, RVSS and
RRSS, as indicated by a higher coefficient of γ4 for DAX than for γ2 and γ3.

This finding is consistent for both the RE-SkN-Lasso-CV model and the RE-SkN-BLasso
model, suggesting that future estimation and extension of the realized EGARCH model
might consider not including RK and Range in the measurement equations to aim for a
sparse yet informative forecasting model.

An impressive finding is that the coefficient γ3 is consistently higher than other realized
volatility measures. In Chapter 3, the RE-SkN model including this variable is shown to
have a favorable forecasting performance. The Lasso approach applied to the RE-SkN model
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in most cases does not shrink γ3 close to 0. This finding suggests that the RRSS is most infor-
mative in predicting the future volatility of stock market return compared to other realized
volatility measures used in this study.

TABLE 4.10: The average of γ parameters over the forecast period

Index γ1 γ2 γ3 γ4

Average of parameters of RE-SkN-Lasso-CV

ASX 200 0.0294 -0.0953 0.2359 0.1346

DAX -0.0036 0.0641 0.0766 0.1405

FTSE 100 -0.0183 0.1364 0.0805 0.0654

Hang Seng 0.0273 0.0411 0.1344 0.0398

NASDAQ 0.0500 0.1893 0.0819 0.0505

SMI 0.0090 0.0217 0.2694 0.0791

S&P 0.0018 0.2006 0.0791 0.0484

Average of posterior means of RE-SkN-BLasso

ASX 200 0.0294 -0.0953 0.2359 0.1346

DAX -0.0036 0.0641 0.0766 0.1405

FTSE 100 -0.0183 0.1364 0.0805 0.0654

Hang Seng 0.0273 0.0411 0.1344 0.0398

NASDAQ 0.0500 0.1893 0.0819 0.0505

SMI 0.0090 0.0217 0.2694 0.0791

S&P 0.0018 0.2006 0.0791 0.0484

4.7.5 Tail risk forecasts accuracy

This section discusses the tail risk prediction accuracy of the RE-SkN-Lasso and RE-SkN-
BLasso models for seven market indices compared to several competing models. The es-
timation of the models in this chapter is computationally much more challenging than in
other chapters. Therefore, in this chapter, only selected tail risk accuracy tests are performed.
First, the VaR backtest is conducted based on the Unconditional Coverage (UC) test (Kupiec,
1995) outlined in Section 2.3.1, the Conditional Coverage (CC) test outlined in Section 2.3.2,
and the Dynamic Quantile (DQ) test (Dumitrescu et al., 2012; Engle & Manganelli, 2004)
using four lags outlined in Section 2.3.3. The quantile loss function based on Section 2.3.6
Equation 2.37 and the VaR and ES Joint Loss function based on the asymmetric Laplace (AL)
log score in Section 2.3.7 Equation 2.40 are also estimated and analysed.

Figure 4.20 visualizes 1% ES forecasts for the S&P 500 based on the RE-SkN-Lasso-CV and
RE-SkN-BLasso models compared to the original RE-SkN models without penalty param-
eter, that is the RE-SkN-ML and RE-SkN-MCMC models. The ES forecasts resulting from
four models are very close. In the case of the S&P500 index, the RE-SkN-ML model seems to
produce slightly more extreme ES forecasts than other RE-SkN type models. As for the RE-
SkN-Lasso type models, the ES forecasts resulting from the RE-SkN-BLasso approach are
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slightly more extreme than those resulting from the RE-SkN-Lasso-CV model. However,
the difference is not visible.

The RE-SkN-Lasso-CV and RE-SkN-BLasso models are also compared with the traditional
GARCH and EGARCH models that use the skewed Student-t distribution for the return
distribution, which are called the GARCH-Sk and EGARCH-Sk models. The 1% ES forecasts
for these models are presented in Figure 4.21 to facilitate visual analysis of the ES forecasts.
The figure shows that the RE-SkN-Lasso-CV and RE-SkN-BLasso models rapidly recover to
follow the tail of the return series, whereas the GARCH-Sk and EGARCH-Sk models adjust
slowly due to high persistence. The GARCH-Sk and EGARCH-Sk models also produce less
extreme tail risks than the RE-SkN-Lasso models.

The most extreme tail risk forecasts in both figures are produced around the period of the
2015 stock market crisis. On 25 August 2015, one day after the August 24 flash card when the
S&P 500 return fell by 4.02%, the 1 % ES forecast produced by the RE-SkN-BLasso model is -
9.0078%, the RE-SkN-Lasso-CV model -8.8520%, RE-SkN-MCMC model -9.0650%, RE-SkN-
ML model -9.2992%, GARCH-SkN model -4.5161%, and EGARCH-SkN model -5.3160%.
The RE-SkN-ML model produces the most extreme 1% ES forecast, followed by the RE-
SkN-BLasso model, then RE-SkN-MCMC model.

FIGURE 4.20: 1% Expected shortfall forecasts for S&P500: RE-SkN
type models
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FIGURE 4.21: 1% Expected shortfall forecasts for S&P500:
RE-SkN-Lasso, GARCH-SkN, and EGARCH-SkN models

The result of three types of VaR backtests (UC, CC, and DQ tests) conducted at the 5%
significance level is presented in Table 4.11. All models, except the GARCH-SkN model,
pass all the VaR backtest tests at the 2.5% forecast level. At the 1% forecast level, only the
RE-SkN-Lasso CV, RE-SkN-MCMC, and RE-SkN-BLasso models pass the three VaR backtest
tests for all market indices.

TABLE 4.11: VaR Backtest: UC, CC, and DQ tests

Model UC CC DQ4

α = 2.5%
GARCH-Sk 4 5 5
EGARCH-Sk 0 0 0
RE-SkN-ML 0 0 0
RE-SkN-Lasso-CV 0 0 0
RE-SkN-MCMC 0 0 0
RE-SkN-Blasso 0 0 0

α = 1%
GARCH-Sk 1 3 3
EGARCH-Sk 1 3 3
RE-SkN-ML 1 0 0
RE-SkN-Lasso-CV 0 0 0
RE-SkN-MCMC 0 0 0
RE-SkN-Blasso 0 0 0
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To further investigate the difference in the prediction accuracy of the RE-SkN-Lasso-CV and
the RE-SkN-BLasso models, the quantile losses and the AL log scores based on the 500 one-
step ahead forecasts of the tail risks of the seven market indices are calculated and compared.
Smaller values indicate superior accuracy. Tables 4.12 and 4.13 show the quantile loss func-
tion values and the AL log score values of various models in the seven market indices,
respectively. For individual stock index, bold indicates the most favored model, yieding
the smallest quantile loss function values. Meanwhile, bold italic indicates the second most
favored model.

TABLE 4.12: Quantile loss function values

Model ASX 200 DAX FTSE 100 Hang Seng NASDAQ SMI S&P 500

α = 2.5%

GARCH-Sk 30.9300 46.5099 36.2997 45.5327 35.3512 42.7327 30.3542

EGARCH-Sk 31.5470 46.2680 37.0056 42.1774 35.2145 41.7843 30.7087

RE-SkN-ML 30.4986 45.0899 33.9853 40.7662 33.6400 39.2348 27.0946

RE-SkN-Lasso-CV 30.2873 44.3423 33.7808 40.2724 32.4917 39.1057 26.9753

RE-SkN-MCMC 30.3533 44.3174 33.7680 40.2771 32.5896 39.0585 27.0908

RE-SkN-Blasso 30.2275 44.2733 33.7494 40.2610 32.4828 38.9262 26.8262

α = 1%

GARCH-Sk 14.3674 21.7946 17.3091 22.9700 16.1093 23.3753 14.7492

EGARCH-Sk 14.1508 21.5017 17.6354 20.2403 16.1387 22.5368 15.0860

RE-SkN-ML 14.3342 21.4328 15.9113 19.0011 15.6540 21.3844 12.0711

RE-SkN-Lasso-CV 13.8910 19.3425 15.7629 18.3414 15.1741 21.2936 11.9226

RE-SkN-MCMC 13.9315 19.3409 15.6983 18.3632 15.1330 21.3229 11.9171

RE-SkN-Blasso 13.8660 19.2923 15.6904 18.3454 15.1334 21.2534 11.8927

Note: For individual stock index, bold indicates the 1st ranked model, bold italics indicates the 2nd
ranked model.
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TABLE 4.13: AL log score values

Model ASX 200 DAX FTSE 100 Hang Seng NASDAQ SMI S&P 500

α = 2.5%

GARCH-Sk 1.8980 2.3656 2.1134 2.3678 2.0370 2.1956 1.8920

EGARCH-Sk 1.9225 2.3358 2.1220 2.2076 2.0403 2.1896 1.9144

RE-SkN-ML 1.8611 2.2808 1.9980 2.1704 2.0308 2.1431 1.7279

RE-SkN-Lasso-CV 1.8545 2.2781 1.9920 2.1468 1.9662 2.1103 1.7212

RE-SkN-MCMC 1.8569 2.2768 1.9907 2.1480 1.9680 2.1162 1.7285

RE-SkN-Blasso 1.8525 2.2748 1.9902 2.1465 1.9628 2.1033 1.7124

α = 1%

GARCH-Sk 2.0258 2.4959 2.2546 2.5685 2.1471 2.4717 2.0725

EGARCH-Sk 2.0113 2.4629 2.2656 2.3482 2.1638 2.4295 2.0985

RE-SkN-ML 2.0102 2.4357 2.1437 2.3137 2.1842 2.4596 1.8143

RE-SkN-Lasso-CV 1.9702 2.3453 2.1391 2.2717 2.1164 2.4067 1.8021

RE-SkN-MCMC 1.9719 2.3444 2.1334 2.2762 2.1065 2.4193 1.8005

RE-SkN-Blasso 1.9672 2.3411 2.1324 2.2725 2.1033 2.4017 1.7977

Note: For individual stock index, bold indicates the 1st ranked model, bold italics indicates the 2nd
ranked model.

It is evident that the RE-SkN-BLasso model has the best tail risk prediction accuracy com-
pared to other competing models, followed by the RE-SkN-MCMC model, then the RE-SkN-
Lasso-CV model. The difference in the quantile loss function values and the AL log score
values is quite marginal between those three models.

At the 2.5% forecast level, the RE-SkN-BLasso model produces the lowest quantile loss value
than all other models for all market indices. The RE-SkN-MCMC model is the second-most
favored model for four market indices, whereas the RE-SkN-Lasso-CV model is the second-
most-favored model for three market indices. At the 1% forecast level, the RE-SkN-BLasso
model generates the lowest quantile loss values for five market indices, while the RE-SkN-
Lasso-CV and RE-SkN-MCMC models are the most favored model for only one market
index, respectively. The RE-SkN-MCMC model is the second-best favored model for three
market indices, while the RE-SkN-Lasso-CV model is the second-best favored model for two
market indices.

With regard to the joint VaR and ES loss function, the RE-SkN-BLasso model has the best pre-
diction accuracy, followed by the RE-SkN-Lasso-CV model. Therefore the Lasso approach
can help improve the tail risk forecasting performance of the RE-SkN model. To be more
specific, the RE-SkN-BLasso model generates the smallest AL log score values compared
to other competing models for all market indices at both the 2.5% and 1% forecast levels.
At the 2.5% forecast level, the RE-SkN-Lasso-CV model produces the second lowest AL log
score values for five market indices, whereas the RE-SkN-MCMC model produces the sec-
ond lowest AL log score values only for two market indices. At the 1% forecast level, the
RE-SkN-Lasso-CV model generates the second lowest AL log score values for four market
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indices, while the RE-SkN-MCMC model produces the second lowest AL log score values
only for three market indices.

TABLE 4.14: 90% and 75% Model confidence set with R and SQ
methods

Model

alpha=2.5% alpha=1%

90% MCS 75% MCS 90% MCS 75% MCS

R Method SQ Method R Method SQ Method R Method SQ Method R Method SQ Method

GARCH-Sk 6 6 6 4 6 6 4 5
EGARCH-Sk 6 6 5 4 6 6 5 6
RE-SkN-ML 7 7 7 6 7 7 4 6
RE-SkN-Lasso-CV 7 7 7 6 7 7 6 7
RE-SkN-MCMC 7 7 7 6 7 7 6 7
RE-SkN-Blasso 7 7 7 7 7 7 7 7

Note: For each MCS method, a green highlight indicates favored models for all market indices.

The AL log score function for the 2.5% and 1% forecast levels are incorporated as the loss
function in the calculation of model confidence set (MCS) (Hansen et al., 2011). Tests are
carried out using both R and SQ methods at 90% and 75% confidence levels. The results of
the tests are presented in Table 4.14. The models that consistently enter the MCS for both
MCS methods and across market indices are highlighted in green.

The RE-Skn-BLasso are consistently included in the set of superior models. The use of the
standardized skewed Student t distribution evidently improves GARCH and EGARCH
models. These two models are rarely excluded in the MCS. The SQ method shows the
difference in performance of the models in Table 4.14, especially for the test at 75% confi-
dence level. As expected, RE-SkN models have a superior performance compared to the
GARCH-Sk and EGARCH-Sk models. The superiority of the RE-Skn-BLasso model is es-
pecially highlighted by much higher MCS p-values of the model at both confidence levels
using both R and SQ methods compared to other competing models. For details regarding
the MCS p-values for each model in Table 4.14, please see Appendix B.2.

4.8 Chapter Summary

This chapter develops a methodology for selecting realized volatility measures in the real-
ized EGARCH model by using the Lasso approach. A frequentist approach is developed by
adopting a CV method. A Bayesian Lasso framework is also proposed. This study concludes
that the proposed Lasso approaches could help in selecting informative realized volatil-
ity measures in the realized EGARCH model, thus resulting in a sparse and parsimonious
model. However, the tuning parameter values chosen by those two methods are quite differ-
ent based on both the simulated data and the empirical data. The Bayesian Lasso approach
is consistent in producing small values of tuning parameters across market indices.

The application of both proposed methods to historical data shows that the RRSS is the most
informative volatility measures compared to the RK, RVSS, and Range. In several market
indices, the methods suggest that the RK and range variables can be eliminated from the
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realized EGARCH model. While the VaR backtests are passed by both methods, the quantile
loss function and the AL log score values confirm that the Bayesian Lasso approach has a
better forecasting performance than the CV approach.

The grid search to select the tuning parameter value under the CV approach takes a substan-
tial amount of computation time, since the proposed set of tuning parameter values covers
a very wide range of values. This high computation burden could be reduced by focusing
on a narrower range of values, as found in both the simulation and the empirical studies.

In this study’s approach, each γ coefficient is equally penalized in the l1 penalty. Further
research avenues could explore the adaptive Lasso approach of Zou (2006) that assigns dif-
ferent weight to different γ coefficients as follows:

L(θ) + λl

p

∑
j=1

ŵj|γj|, (4.22)

where w is a known weights vector.

Zou (2006) shows that data-dependent weights that are cleverly chosen will result in a
weighted Lasso that has oracle properties. The adaptive Lasso does not suffer from the
multiple local optima issues and the global minimizer can be solved efficiently since it is a
convex optimization problem.

For those working in Bayesian modeling, further research could also explore the Bayesian
adaptive Lasso (BaLasso) method (Leng et al., 2014). This method assigns different penalty
parameters for the regression coefficients, allowing different λj, one for each coefficient.
Another version of the BaLasso method is proposed by Mallick and Yi (2014) who, instead
of using the scale mixture of normal, used a different Gibbs sampler by utilizing the scale
mixture of uniform (SMU) representation of the Laplace density.

Although this study suggests that the regularization method can help in finding useful re-
alized measures to use in tail risk forecasting using the realized EGARCH model, there are
only four types of realized volatility measures included in the empirical study and they are
all robust measures, especially RRSS and RVSS. Future works may consider including and
testing a higher number of realized volatility measures and including less robust measures
such as simple realized variance, bi-power variation (Barndorff-Nielsen & Shephard, 2004),
and median realized variance (Andersen et al., 2012).
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Chapter 5

Bayesian Realized EGARCH Model
with the Two-sided Weibull
Distribution

5.1 Introduction

There has been a growing interest in the use of the Weibull distribution (Weibull, 1951) in
finance. The Weibull distribution is a special case of an extreme value distribution and of
the generalized gamma distribution and has been extensively used as a model of time-to-
failure (Chen et al., 2008). It is even a super-exponential distribution (Rolski et al., 2009,
pp. 23–78). The Weibull distribution was first introduced in the article by Waloddi Weibull
(1939a), "A Statistical Theory of the Strength of Material". The moments of the Weibull
distribution, as well as graphical and tabular aids for parameter estimation, can be found in
’The phenomenon of rupture in solids’ (Weibull, 1939b). The Weibull distribution is a more
flexible extension of the Laplace distribution and is also the limit distribution of a geometric
summation scheme (Mittnik & Rachev, 1989). In modern statistics, the Weibull distribution
is one of the most popular models, along with normal, exponential, χ2, t, and F distributions.

There are several interesting properties of the Weibull distribution discussed by Mittnik and
Rachev (1989) as follows.

• The Weibull distribution has exponential tails in addition to fatter tails, therefore guar-
anteeing the existence of all moments.

• The estimation of the parameters of the Weibull distribution is straightforward via
maximum likelihood methods or regression-type estimation, and the existence of
closed-form expression makes easier the construction of estimated Weibull distribu-
tion functions.

• The shape parameter of the Weibull distribution is invariant with respect to the sam-
pling interval when fitting daily and monthly data over the same sampling period.
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• The simulation result shows that the estimated shape parameter α of the stable Pare-
tian distribution fitted to the data drawn from the Weibull distribution increases when
the length of the sampling interval increases.

• In modeling asset return, the Weibull distribution has a stabilizing tendency when α ≥ 1
and a destabilizing tendency when α ≤ 1.

Due to its versatility, the Weibull distribution has been widely applied not only in the fields
of material science and engineering but also in finance and climatology. In the study of
asset return, Mittnik and Rachev (1989) found it to fit substantially better than any other
model in their study, including the stable Paretian distribution, to the unconditional return
distribution for the S&P500 index when fitted separately to positive and negative returns. It
was employed as an error distribution in autoregressive conditional duration (ACD) models
(Engle & Russell, 1998) and in a range-based threshold heteroskedastic model (Chen et al.,
2008). Furthermore, Gebizlioglu et al. (2011) considered the Weibull distribution and its
quantiles in estimating VaR.

Sornette et al. (2000) further developed a symmetric, two-sided ’modified’ Weibull distribu-
tion, which was then used as an unconditional distribution of asset return by Malevergne
and Sornette (2004). Chen and Gerlach (2013) proposed a more flexible asymmetric two-
sided Weibull distribution as a conditional return distribution. Since a conditional error in a
GARCH-type model should have a mean 0 and variance 1, Chen and Gerlach (2013) devel-
oped the standardized two-sided Weibull distribution (STW). They considered four popular
volatility models (GARCH, GJR-GARCH, T-GARCH, and ST-GARCH) and found that the
STW distribution performs at least as well as Gaussian, Student-t, skewed t, and asymmet-
ric Laplace distribution for VaR forecasting, but performs most favorably for ES forecasting
prior, during, and after crisis.

Several studies have adopted the STW distribution for tail risk forecasting. Silahli et al.
(2019) applied the STW distribution to investigate the volatility dynamics of four major
coins in the cryptocurrency market. In their study, they used a combination of historical
simulation and GARCH model with innovations following the STW distribution. Wang et
al. (2019) employed the STW distribution in the realized GARCH (Hansen et al., 2012) for tail
risk forecasting purposes. They found that the realized GARCH models incorporating the
STW distribution, especially those employing the sub-sampled realized variance and sub-
sampled realized range, are more favorable than a range of well-known parametric GARCH
and the original realized GARCH models.

n Chapter 3, the realized EGARCH model (Hansen & Huang, 2016) is extended by incor-
porating a standardized skewed Student-t distribution (Hansen, 1994), that is, the RE-SkN
model. Meanwhile, the use of STW distribution in the realized EGARCH model is very lim-
ited or even not available up to the writing of this study. Therefore, this chapter proposes
another variant of the realized EGARCH model by adopting the STW distribution (Chen &
Gerlach, 2013) for the return error equation, hereafter referred as the RE-STW model. The
RE-STW is used to forecast the VaR and ES of seven market indices, including during the
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global financial crisis 2008. The forecast performance of the RE-STW model is then com-
pared with that of the RE-SkN models and several other competing models.

This chapter is structured as follows. Section 5.2 provides an overview of the standardized
two-sided Weibull distribution, and Section 5.3 reviews the VaR and ES for the standardized
two-sided Weibull distribution. The proposed RE-STW model and the Bayesian framework
for estimating the RE-STW models are discussed in Section 5.4. The simulation and empiri-
cal studies are discussed in Sections 5.5 and 5.6. Section 5.7 concludes this chapter.

5.2 A Standardized Two-sided Weibull Distribution

Wang et al. (2019) provides a general definition of a two-sided Weibull (TW) distribution,
Y ∼ TW(λ1, k1, λ2, k2) if:

−Y ∼Weibull(λ1, k1); Y < 0

Y ∼Weibull(λ2, k2); Y ≥ 0,

where k1, k2 are the shape parameters and λ1, λ2 are the scale parameters.

An STW distribution is defined via X = Y/
√

Var(Y), where Y ∼ TW(λ1, k1, λ2, k2). The
probability density function (PDF) for an STW random variable is:

f (x|λ1, k1, k2) =
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(5.1)

The shape parameters satisfy k1, k2 > 0, the scale parameters satisfy λ1, λ2 > 0, and the
constant b2

p = Var(Y) is given by
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, (5.2)

where Γ(•) denotes the gamma function.

To ensure that the pdf integrates to 1, then:

λ1

k1
+

λ2

k2
= 1. (5.3)

For parsimony and simplification, Chen and Gerlach (2013) set k1 = k2. Following (Wang
et al., 2019), this constraint is relaxed in the proposed model in this chapter, thus k1 ̸= k2 is
considered. By this, we have an STW(λ1, k1, k2) and need only to estimate three parameters,
since λ2 = k2

(
1− λ1/k1

)
. Since Pr(X < 0) = λ1/k1, then 0 < λ1 ≤ k1 and λ2 < k2 should

hold. Positive (or right) skewness occurs if λ1
k1

< 0.5, while when λ1
k1

> 0.5, the density is
negatively (or left) skewed. The symmetry is achieved when λ1

k1
= 0.5.
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The cumulative distribution function (CDF) of the STW(λ1, k1, k2) is

F(x|λ1, k1, k2) =


λ1
k1

exp
[
−
(
−bpx

λ1

)k1
]

; x < 0,

1− λ2
k2

exp
[
−
(

bpx
λ2

)k2
]

; x ≥ 0.
(5.4)

The mean of an STW is given by

µX =
−λ2

1
bpk1

Γ
(

1 +
1
k1

)
+

λ2
2

bpk2
Γ
(

1 +
1
k2

)
. (5.5)

The distribution of Z = X − µX is a shifted STW(λ1, k1, k2) distribution with mean 0 and
variance 1.

5.3 VaR and ES for the Standardized Two-sided Weibull Distribu-
tion

The general definition of VaR and ES has been discussed in Chapter 2 Section 2.2. In this
chapter, the loss distribution FL follows a STW distribution. The VaR is simply the quantile
or inverse CDF given by

F−1(α|λ1, k1, k2) =

−
λ1
bp

[
− ln

(
k1
λ1

α
)]1/k1

; 0 ≤ α < λ1
k1

,

λ2
bp

[
− ln

(
k2
λ2
(1− α)

)]1/k2
; λ1

k1
≤ α < 1,

(5.6)

Since returns only exhibit a mild skewness in practice, the estimated values for λ1/k1 are
closer to 0.5 than α. In risk management, we focus only on the extreme tails of the return
distribution, therefore the only relevant case is α < λ1/k1 in Equation 5.6. Thus, the ES is

ESα =
−λ2

1
αbpk1

∫ ∞

(−bpVaRα/λ1)
k1

[(−bpx
λ1

)k1
]1/k1+1−1

exp

[
−
(−bpx

λ1

)k1
]

d
(−bpx

λ1

)k1

(5.7)

=
−λ2

1
αbpk1

Γ

(
1 +

1
k1

,
(−bpVaRα

λ1

)k1
)

; 0 ≤ α <
λ1

k1
,

where Γ(s, x) =
∫ ∞

x ts−1e−tdt is the upper incomplete gamma function. See Chen and Ger-
lach (2013) for derivation details.
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5.4 Bayesian Estimation of the Proposed Realized EGARCH-STW
Model

5.4.1 Likelihood

The log-likelihood function for the proposed RE-STW model when rt < 0 and J =

∑n
t=1 I(rt < 0) is:

l(r, x; θ) = J log(bp) +
J

∑
t=1

(k1 − 1) log
(−bprt

λ1

)
−

J

∑
t=1

(−bprt

λ1

)k1

− 1
2

J

∑
t=1

log ht︸ ︷︷ ︸
l(r;θ)

(5.8)

−1
2

n

∑
t=1

[
K log(2π) + log(|Σ|) + u

′
tΣ
−1ut

]
︸ ︷︷ ︸

l(x|r;θ)

,

and the log-likelihood function when rt ≥ 0 and M = ∑n
t=1 I(rt > 0) is

l(r, x; θ) = M log(bp) +
M

∑
t=1

(k2 − 1) log
(

bprt

λ2

)
−

M

∑
t=1

(
bprt

λ2

)k2

− 1
2

M

∑
t=1

log ht︸ ︷︷ ︸
l(r;θ)

(5.9)

−1
2

n

∑
t=1

[
K log(2π) + log(|Σ|) + u

′
tΣ
−1ut

]
︸ ︷︷ ︸

l(x|r;θ)

.

Here, rt = Y/bp − µrt is standardized and shifted with mean 0, where b2
p = VaR(Y) is

defined in Equation 5.2.

5.4.2 Prior specification

A combination of mostly uninformative and Jeffreys-type priors is chosen over the possible
region for the parameters.

π(θ) ∝
1

σ2
u,k=1

1
σ2

u,k=2
..

1
σ2

u,k=K
I(A) (5.10)

where A is the region described by the parameter restriction in Table 5.1 and equation 5.11.
The indicator function I(A) = 1 over region A and zero otherwise.
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TABLE 5.1: Parameter Restriction
Parameter Bounds

µ, ω, τ1, τ2, ξ, δ1, δ2 ±∞

σ2
u > 0

β− γ
′
φ < 1

λ1, λ2 > 0

k1, k2 > 0

Under the constraint for the STW parameters in Section 5.2, λ1 and k1 have a flat prior over
their permissible region:

π(λ1) ∝ I(0 < λ1 < k1).

The joint posterior distribution is obtained by multiplying the likelihood in Equation 5.8 or
Equation 5.9 and the joint prior in Equation 5.10.

5.4.3 Adaptive MCMC method

The likelihood in Equation 5.8 or Equation 5.9 involves 14 unknown parameters for the RE-
STW model employing only one realized measure. With an additional realized volatility
measure in the measurement equations, another six parameters of the RE-STW model need
to be estimated. Since the performance and finite sample properties of Maximum likelihood
(ML) estimates of these likelihoods are not yet studied, a powerful numerical and computa-
tional algorithms in a Bayesian framework is considered as a competing estimator for these
models.

The adaptive MCMC method proposed in Section 3.5.3 is employed to numerically perform
an inference on the model parameters, by drawing samples from the joint posterior distribu-
tion of the model parameters. Under the adaptive MCMC approach, the Robust Adaptive
Metropolis (RAM) algorithm of Vihola (2012) is employed in the burn-in period and the
standard RWM algorithm is employed in the post-burn-in period. The RAM algorithm is
run for 20,000 iterations for each model parameter, the last 10,000 of which are used to calcu-
late the sample mean (Xn) and the covariance matrix (Σ) for each parameter as the proposal
distribution in the post burn-in period. The RWM algorithm is then run for 10,000 iterations.
Each iterate for each parameter is used to form MCMC iterates for VaR and ES forecasts at
the 2.5% and 1% level, as recommended by the Basel Committee (2012, 2016, 2019). The final
VaR and ES forecasts are calculated as the posterior mean of the MCMC iterates for those
VaR and ES forecasts. The one-step ahead forecast is produced by estimating the models
with a fixed size in-sample data using the adaptive MCMC method in combination with a
rolling window approach.

The comparison of two settings of parameter blocks are again conducted to choose an op-
timal setting. The first setting is to put all parameters as one block. The second setting is
adapted from Wang et al. (2019) and adjusted to the proposed RE-STW models by consid-
ering the possible correlation among the parameters in the posterior (or likelihood). The
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second setting consists of 4 blocks: θ1 = (µ), θ2 = (ω, β, τ′, γ′, φk), θ3 = (ξk, δ′k, Σ), and
θ4 = (λ1, k1, k2). The target mean acceptance rate follows the recommendation of Roberts
et al. (1997), that is, α∗ = 0.234 (if d > 4), or 0.35 (if 2 ≤ d ≤ 4), or 0.44 (if d = 1).

The convergence of the adaptive MCMC method is assessed via the Gelman-Rubin diagnos-
tic, the effective sample size test (Gelman et al., 2014) and the autocorrelation time (Chib &
Jeliazkov, 2001), as discussed in Section 1.6.

5.5 Simulation Study

The performance of the MCMC estimators of the proposed RE-STW models in compari-
son with the Maximum Likelihood (ML) estimators is assessed via a simulation study. The
MCMC estimators are obtained using the adaptive MCMC method, while the ML estima-
tors are obtained through the direct optimization approach by minimizing the negative of
the log-likelihood function in Equation 5.8 or Equation 5.9. This is conducted by using both
the standard ‘fmincon’ constrained optimization function and the ‘MultiStart’ function in
Matlab. Under the ‘MultiStart’ function setting, 50 different starting points were chosen to
generate 50 local solutions, among which the global optimum was selected.

5.5.1 Simulation set up and model

A total of 1000 replicated datasets are simulated from the proposed RE-STW model in Equa-
tion 5.11 using one realized measure, with a sample size of 2000.

rt = −0.007 +
√

htϵt,

log ht = 0.008 + 0.92 log ht−1 − 0.04ϵt−1 + 0.02(ϵ2
t−1 − 1) + 0.25ut−1, (5.11)

log xt = −0.28 + 0.99 log ht − 0.07ϵt + 0.08(ϵ2
t − 1) + ut, ut = σuzt,

where ϵt ∼ STW(0.69, 1.16, 1.1), zt ∼ N(0, 1), σ2
u = 0.25, and h0 = 0.0025. During estima-

tion, all initial parameter values were arbitrarily set equal to 0.5.

The estimation of the simuated dataset is run on the University of Sydney’s Ártemis High-
Performance Computing (HPC). The simulation job is divided into 40 chunks to reduce
processing time, each of which estimates the RE-STW model and forecasts the tail risk for
time t + 1 for 25 datasets. All 40 processing jobs are run simultaneously in Artemis, each of
which takes approximately 8 hours 50 minutes to complete.

5.5.2 MCMC convergence and efficiency

Using m = 10 independent MCMC chains, the convergence of the proposed adaptive
MCMC method under two different parameter block settings as explained in Section 5.4.3
is assessed. The summary of the the Gelman-Rubin diagnostic R̂, the number of effective
sample size neff (Gelman et al., 2014), and the autocorrelation time t̂ (Chib & Jeliazkov, 2001)
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for the one parameter-block and four parameter-blocks settings are presented in Table 5.2.
Favorable results are indicated by the values printed in bold.

The convergence and efficiency of the four-block setting are found to be more satisfactory
than those of the one-block setting. The R̂ for each parameter is very close to 1 and all R̂ are
< 1.1, the threshold recommended by Gelman et al. (2014). The R̂ in the four-block settings
is closer to 1 for all parameters, suggesting an improved convergence property under this
block setting of parameters. The neff in the four-block setting is 2.4 times (for µ parameter)
to 6.7 times (for the λ1 parameter) higher than the neff in the one-block setting. As for the
correlation time, the parameters under the 4 blocks setting have a lower autocorrelation time
than those under the 1 block setting, for example, the ratio ranges from 0.146 times (for λ1

parameter) to 0.401 times (for µ parameter).

TABLE 5.2: Summary statistics of the Gelman-Rubin diagnostic, effective
sample size and autocorrelation time of the RE-STW model estimated using

Bayesian method for simulated dataset

Parameter
1 block 4 blocks

R̂ neff t̂ R̂ neff t̂

µ 1.0319 649.8 68.7 1.0036 1579.4 27.6
ω 1.0157 588.1 83.6 1.0053 1489.1 32.0
β 1.0137 879.4 53.8 1.0010 2702.2 17.5
γ 1.0206 515.1 94.4 1.0063 1624.7 29.1
τ1 1.0166 828.0 56.7 1.0024 2478.2 18.0
τ2 1.0123 699.7 62.9 1.0049 2102.2 22.3
ξ 1.0302 375.9 126.5 1.0084 1061.7 45.7
φ 1.0206 443.1 108.1 1.0073 1430.0 33.5
δ1 1.0089 686.7 70.2 1.0026 2373.9 16.3
δ2 1.0233 744.4 57.9 1.0042 2184.1 21.9
σ2

u 1.0107 795.3 59.4 1.0019 4233.7 10.9
λ1 1.0212 450.5 105.4 1.0016 3023.5 15.4
k1 1.0157 521.4 93.5 1.0021 3202.4 14.3
k2 1.0177 413.8 89.5 1.0035 2327.1 15.6

The trace plots of the MCMC chains using the RAM algorithm during the burn-in period
(Figure 5.1) and the RWM algorithm during the post-burn-in period (Figure 5.2) also show
a very rapid convergence and the effective tuning process of the covariance matrix. With
an initial value of 0.5, some selected parameters, that is µ, ω, β, γ, and λ1, during the burn-
in period quickly converge to their stationary values. The acceptance rates of the 4 blocks
are 0.4456, 0.1838, 0.3426, and 0.3477, which are very close to the target acceptance rates
discussed in Section 5.4.3.
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FIGURE 5.1: RAM iterations with simulated data from the RE-STW
model

FIGURE 5.2: RWM iterations with simulated data from the RE-STW
model

5.5.3 Simulation results

The results of the estimation of the proposed RE-STW model based on the two ML methods
and the adaptive MCMC method using the four-parameter block setting are summarized in
Table 5.3. The parameters closed to the true values are printed in bold. True one-step-ahead
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VaR and ES forecasts are calculated, and their average over the 1000 datasets is given in the
‘True’ column. The results show that the MCMC estimators are more precise (lowest RMSE)
and less unbiased than the estimators of both ML methods. The only exception is the δ1

parameter, which has the smallest bias under ML with MultiStart setting.

TABLE 5.3: Summary statistics of the RE-STW model estimators based on
Maximum Likelihood and the MCMC methods

n=200
True

ML Multi-ML MCMC

Parameter Mean RMSE Mean RMSE Mean RMSE

µ -0.007 -0.0146 0.0831 0.0194 0.1027 -0.0119 0.0137
ω 0.008 0.0430 0.1273 0.0703 0.1141 0.0134 0.0079
β 0.92 0.8861 0.9032 0.8547 0.1663 0.9154 0.0107
γ 0.33 0.3473 0.3632 0.3989 0.1494 0.3228 0.0288
τ1 -0.04 -0.0424 0.0541 -0.0461 0.0635 -0.0401 0.0105
τ2 0.02 0.0283 0.0475 0.0368 0.0530 0.0237 0.0068
ξ -0.28 -0.4256 0.5718 -0.5114 0.2789 -0.3494 0.0812
φ 0.99 1.0170 1.3468 0.9176 0.2339 1.0070 0.0777
δ1 -0.07 -0.0769 0.0790 -0.0716 0.0655 -0.0724 0.0134
δ2 0.08 0.0951 0.1051 0.1098 0.0486 0.0880 0.0109
σ2

u 0.25 0.2936 0.3144 0.3644 0.2074 0.2796 0.0309
λ1 0.69 0.6413 0.6632 0.8738 0.3341 0.6810 0.0219
k1 1.16 1.1100 1.1219 1.2149 0.2015 1.1430 0.0327
k2 1.1 1.1167 1.1308 0.9877 0.2312 1.0962 0.0364

2.5% VaR -2.3847 -2.5579 0.4221 -2.8449 0.6336 -2.4657 0.1383
1% VaR -3.0426 -3.2853 0.5947 -3.6538 0.8425 -3.1559 0.1883
2.5% ES -3.0913 -3.3448 0.6141 -3.7141 0.8602 -3.2083 0.1936
1% ES -3.7293 -4.0598 0.7964 -4.4992 1.0740 -3.8799 0.2457

The histogram of the posterior mean of each parameter of the proposed RE-SkN model over
the 1000 datasets (Figure 5.3) shows an accurate and approximately unbiased estimation for
all parameters. While the estimated σ2

u based on the MCMC method is slightly higher than
the true value, it is still closer to the true value than those of both ML methods.
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FIGURE 5.3: Histogram of 1000 posterior means for the RE-STW
Model

Note: Red line indicates the true parameter and the green line indicates the mean estimate.

The performance of the MCMC and ML estimators in terms of unbiasedness and precision
of the risk forecasts is also illustrated by using the distribution of 1000 forecasts of 2.5%
and 1% VaR and ES in Figure 5.4. Although both the MCMC and ML methods generate
VaR and ES forecasts relatively close to the true value of VaR and ES (represented by the
red horizontal lines), it can be seen that the ML method produces more outlying forecasts
than the MCMC method. The mean values of both VaR and ES forecasts generated using
the MCMC method are also very close to their respective true values, compared to those
of the ML method. This could be due to the convergence issue in the ML method, which
results in a higher RMSE of the risk forecasts. This suggests that the MCMC method is more
preferable compared to the ML method, as it produces more accurate risk forecasts.
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FIGURE 5.4: Histogram of 1000 forecasts of 2.5% and 1% VaR and ES:
MCMC and ML estimation
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5.6 Empirical Study

The estimation of historical data in this chapter comprises the estimation of the proposed
RE-STW model and the competing model proposed in Chapter 3, that is, the RE-SkN model.
Both models are estimated using the adaptive MCMC approach proposed in Section 5.4 for
the RE-STW model and in Section 3.5 for the RE-SkN model using 4 blocks of parameters.
This chapter also includes some other competing models, such as the GARCH, EGARCH,
GJR-GARCH, and GARCH-EVT models, all with Student-t distribution. The GARCH-EVT-
t model combines the application of the peaks over threshold of the extreme value theory
(EVT) method to the standardized residuals of the GARCH model with Student-t distribu-
tion (McNeil & Frey, 2000). The threshold is set for 10% unconditional quantile for the lower
tail (Taylor, 2008). A filtered GARCH approach (GARCH-HS-t) is also estimated according
to Wang et al. (2019). The last model used to forecast VaR and ES using the historical data is
the symmetric absolute value conditional autoregressive expectiles (CARE-SAV) model of
Taylor (2008).

The GARCH, EGARCH, and GJR-GARCH models are estimated using the Econometrics
toolbox in Matlab, while the GARCH-EVT-t, CARE-SAV, RE-SkN, and RE-STW models are
estimated using the Matlab code developed for this thesis. The parameters of the models
are used to generate m one-step-ahead VaR and ES forecasts for the forecast period specified
for each market index in Table 5.4.

Several tables are presented in the following sections. They contain the abbreviations of var-
ious model names. In each model name, RE refers to the realized EGARCH model, RV refers
to the subsumpled RV, RR refers to the subsampled RR, and RK refers to the Realized Kernel.
The last term of the model name refers to the type of error distributions: N for the Normal
distribution, t for the standardized Student-t distribution, Sk for the standardized Skewed
Student-t distribution, and STW for the Standardized Two-sided Weibull distribution.

5.6.1 Data

The data used in this chapter is the same historical dataset used in Chapter 3, sourced from
the dataset used in Wang et al. (2019) and the Oxford-Man Institute’s Realized Library, Li-
brary Version: 0.3. The daily return data for seven market indices are collected; these are the
ASX 200 (Australia), DAX (Germany), FTSE 100 (UK), Hang Seng (Hong Kong), NASDAQ
(US), SMI (Swiss), and S&P500 (US). This chapter employs subsampled RV (RVSS) and sub-
sampled RR (RRSS) the most robust realized measures of volatility, and also includes the
Realized Kernel (RK) for comparison purposes.

The forecast period in this chapter is different from that in Chapter 3. The tail risk forecasts
in Chapter 3 cover the last 1000 of the sample for each market index. In this chapter, the
tail risk forecasts for each index start from 1 January 2008, to take into account the effect
of the global financial crisis (GFC) on each market. The descriptive statistics of the return
series for each market index for both the estimation and the forecast periods are presented
in Table 5.4. Most market indices have a positive average return in the estimation period,



Chapter 5. Bayesian Realized EGARCH Model with the Two-sided Weibull Distribution133

except the NASDAQ. During the forecast period, three of the seven market indices generate
a negative average return. The returns are negatively skewed, both in the estimation and
forecast periods, except for the Hang Seng in the estimation period and the NASDAQ in the
forecast period. The Hang Seng, in particular, is the most volatile among the market indices
during the period of this study. Its maximum return over the study period is both the highest
and the lowest. The ASX 200 is the most stable market index during the study period. The
test for normality (Jarque & Bera, 1987) gives JB statistics higher than the 5% critical JB test
value, that is, 5.99. This suggests that all return series are not normally distributed.

TABLE 5.4: Descriptive statistics for each return series

Index Period T Total Mean Stdv Skewness Kurtosis Min Max JB

ASX 200
Estimate (n) 1857

3966
0.033 0.755 -0.427 6.179 -4.806 4.510 838.6

Forecast (m) 2109 -0.010 1.191 -0.347 6.567 -7.713 5.628 1160.4

DAX
Estimate (n) 1936

4066
0.009 1.544 -0.035 5.866 -6.500 7.553 662.9

Forecast (m) 2130 0.008 1.517 -0.053 7.201 -7.434 10.685 1567.3

FTSE 100
Estimate (n) 1943

4081
0.000 1.127 -0.253 6.352 -5.885 5.903 934.2

Forecast (m) 2138 -0.001 1.310 -0.105 10.200 -9.266 9.384 4604.8

Hang Seng
Estimate (n) 1879

3937
0.024 1.320 -0.306 6.545 -9.285 5.759 1006.1

Forecast (m) 2058 -0.016 1.701 0.034 12.155 -13.582 13.407 7147.7

NASDAQ
Estimate (n) 1890

4001
-0.024 1.774 0.251 7.760 -10.168 13.255 1804.3

Forecast (m) 2111 0.028 1.468 -0.537 12.219 -12.452 11.159 7577.5

SMI
Estimate (n) 649

2730
0.031 0.923 -0.515 6.254 -5.407 4.451 314.9

Forecast (m) 2081 0.000 1.255 -0.549 14.835 -12.735 10.788 12250.0

S&P 500
Estimate (n) 1905

4018
0.002 1.110 -0.085 6.309 -7.257 5.573 871.2

Forecast (m) 2113 0.016 1.385 -0.421 13.256 -10.003 10.957 9323.7

Note: T = n + m is the number of observation, JB is the Jarque-Bera statistic to test the null hypothesis
of normality.

5.6.2 Estimation of the RE-STW and RE-SkN models

The estimation of the RE-STW and RE-SkN model to forecast VaR and ES is performed using
the University of Sydney’s Artemis High-Performance Computing (HPC). With a single and
combined use of three realized measures, there are seven types of RE-SkN models and seven
types of RE-STW models to estimate for each market index. For both models and seven mar-
ket indices, there is a total of 98 models to estimate to produce the VaR and ES forecasts. For
producing tail risk forecasts, fixed size in-sample data is combined with a rolling window
approach to produce m one-step ahead forecasts. The forecasting load for each model and
each market index is broken down into 22 separate chunks and runs on multiple computers
in the Artemis HPC cluster. Each chunk takes approximately 5 to 7 hours to complete.
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5.6.3 Model parameter estimates

This Section discusses the posterior mean of the parameters for all forecasting steps of the
proposed RE-STW models. The average of posterior means for each parameter of the RE-
STW models for all forecasting steps for each parameter over the seven market indices is
presented in Table 5.5. The order of the realized volatility measures in the measurement
equations is the RVSS, the RRSS, and the RK. It is interesting to see the coefficients of γ,
which indicates how strong the signal about future volatility is contained in the correspond-
ing realized volatility measure. On average, the RVSS and RRSS could give a stronger signal
than tge RK, indicated by the higher γ1 and γ2 coefficients on average, with the RVSS be-
ing the highest on average over the forecast period. The RVSS also produces the lowest
measurement errors σ2

u,1, on average, compared to the RVSS and the RK.

It is valuable to more closely examine the coefficient of γ3, which represents the signal con-
tained by the RK. While it is relatively lower than the coefficients of γ1 and γ2, it is still
relatively high for some market indices and not approaching zero, except for the case of the
FTSE 100. In the RE-SkN models using the Lasso approach in Chapter 4, the coefficients of
RK shrink to nearly 0 in three of the seven market indices. It would be interesting to see the
use of the Cross Validation and the BLasso method proposed in Chapter 4 to the RE-STW.

The estimates of other parameters are quite consistent with those of the RE-SkN model in
Chapter 3. The high value of β coefficient suggests a volatility persistence, although it is
less than 1. The leverage functions have the expected signs, τ1 and δ1 are negative, while
τ2 and δ2 are positive, except for δ2,3 for the ASX 200. The estimates of ϕ are close to 1
and the estimates of ξ are all negative, suggesting that the realized volatility measures are
proportional to the conditional variance with negative corrections given by the ξ, which
relatively varies across types of realized volatility measures and market indices. The average
posterior means of each parameter for individual market index can be seen in Appendix C.
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TABLE 5.5: The average of posterior means of RE-STW model
parameters for all forecasting steps for each market index

Parameter ASX 200 DAX FTSE 100 Hang Seng NASDAQ SMI SP500

µ 0.0004 0.0004 0.0000 0.0002 0.0003 -0.0002 0.0001

ω -0.197 -0.205 -0.245 -0.192 -0.331 -0.465 -0.323

β 0.979 0.977 0.973 0.977 0.963 0.949 0.965

γ1 0.115 0.174 0.214 0.173 0.240 0.229 0.260

γ2 0.123 0.097 0.056 0.104 0.135 0.134 0.091

γ3 0.055 0.049 0.007 0.042 0.072 0.020 0.029

τ1 -0.110 -0.137 -0.136 -0.050 -0.162 -0.128 -0.189

τ2 0.028 0.045 0.049 0.060 0.046 0.042 0.043

ξ1 -1.234 -0.421 -0.287 -1.469 -1.340 -0.464 -0.845

ξ2 -1.018 -0.461 -0.425 -1.419 -1.247 -0.967 -0.766

ξ3 -0.448 -0.311 -0.157 -0.581 -0.819 -0.751 -0.620

φ1 0.971 1.017 1.038 0.959 0.950 1.011 0.988

φ2 0.981 1.016 1.019 0.973 0.964 0.931 1.000

φ3 0.985 1.032 1.026 1.063 0.992 0.926 1.000

δ1,1 -0.098 -0.163 -0.133 -0.107 -0.156 -0.145 -0.143

δ1,2 -0.130 -0.147 -0.104 -0.100 -0.147 -0.134 -0.104

δ1,3 -0.176 -0.127 -0.080 -0.102 -0.134 -0.139 -0.049

δ2,1 0.107 0.084 0.095 0.066 0.051 0.054 0.088

δ2,2 0.044 0.103 0.137 0.083 0.070 0.054 0.140

δ2,3 -0.008 0.135 0.200 0.122 0.099 0.063 0.211

σ2
u,1 0.340 0.196 0.172 0.228 0.211 0.184 0.221

σ2
u,2 0.423 0.234 0.212 0.319 0.262 0.381 0.290

σ2
u,3 0.689 0.306 0.292 0.485 0.350 0.682 0.405

λ1 0.771 0.688 0.732 0.603 0.687 0.712 0.671

k1 1.375 1.161 1.314 1.321 1.341 1.217 1.480

k2 1.526 1.261 1.346 1.201 1.360 1.323 1.283

5.6.4 VaR and ES backtests

The tail risk forecast performance of the RE-STW model is evaluated based on several tests
discussed in Section 2.3 and compared with those of the RE-SkN model and other competing
models. The tail risks are considered for the quantile level α = 2.5% and α = 1%, following
the recommendation of the Basel Committee (2012; 2016; 2019).

Figure 5.5 shows the 1% VaR forecasts for S&P500 based on the RE-STW and RE-SkN mod-
els, both employing RVSS and RRSS in the measurement equations, as well as the 1% VaR
forecasts of several competing models. The RE-STW model generates the most extreme 1%
VaR forecast during the 2008 global crisis compared to other models, followed by the RE-
SkN model. The 1% VaR forecast generated by the RE-STW model on 13 October 2008 is
-20.28% and -17.11% on 21 November 2008. Meanwhile, the RE-SkN model produces the
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most extreme 1% VaR forecast on 27 October 2008 (-14.49%) and on 21 November 2008 (-
14.79%). Other competing models produce less extreme 1% VaR forecasts around October
to November 2008. This suggests that the RE-STW and RE-SkN models could provide use-
ful information to financial institutions about capital reserves to cover extreme losses such
as the global financial crisis.

FIGURE 5.5: The 1% VaR forecasts for S&P500 with RE-STW and
RE-SkN models employing RVSS and RRSS, and some competing

models

Table 5.6 shows the VaR violation rates (VRates) for each model for all market indices for
the 2.5% and 1% forecast levels. In general, both the RE-STW and RE-SkN type models
generate more optimal VaR forecast series than other models. At the 2.5% forecast level, six
of the RE-STW type models produce a VRate that is closest to the nominal VRate 2.5% for
four market indices, while there are only three RE-SkN models that produce a VRate closest
to the nominal VRate 2.5%. However, at the 1% forecast level, the RE-SkN model is more
conservative than the RE-STW. For all market indices, various RE-SkN models generate the
VRate very close to 1%.
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TABLE 5.6: VaR Forecasting violation rate
Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P500 Average

α = 2.5%
GARCH-t 4.03 3.94 4.16 3.30 3.98 3.27 4.07 3.82
EGARCH-t 3.79 3.99 3.79 3.06 3.69 3.94 3.83 3.73
GJR-t 3.98 3.99 3.79 3.16 3.88 3.27 3.98 3.72
GARCH-HS-t 2.70 3.43 2.53 2.92 3.84 2.79 3.12 3.05
GARCH-EVT-t 2.32 0.05 0.09 0.10 0.05 0.53 0.57 0.53
CARE-SAV 2.56 2.77 2.85 2.92 2.98 3.08 2.79 2.85
RE-RV-SkN 2.37 2.86 2.62 3.40 2.98 6.92 3.50 3.52
RE-RR-SkN 2.18 2.72 2.25 2.48 2.61 2.84 2.93 2.57
RE-RK-SkN 2.47 8.17 2.90 3.21 2.89 2.74 3.12 3.64
RE-RV-RR-SkN 2.28 2.72 2.67 2.77 3.03 2.98 3.08 2.79
RE-RV-RK-SkN 2.37 2.72 2.57 3.26 5.16 2.79 3.31 3.17
RE-RR-RK-SkN 2.18 4.79 2.34 2.87 2.70 2.93 3.03 2.98
RE-RV-RR-RK-SkN 2.42 2.72 2.53 2.77 2.89 2.79 3.27 2.77
RE-RV-STW 1.66 2.25 2.15 2.33 2.51 2.07 2.70 2.24
RE-RR-STW 1.61 2.07 1.92 2.72 2.13 2.31 2.37 2.16
RE-RK-STW 2.75 2.21 2.15 2.14 2.70 2.21 2.65 2.40
RE-RV-RR-STW 1.47 2.30 1.87 2.58 2.23 2.11 2.60 2.17
RE-RV-RK-STW 2.42 2.35 2.10 2.19 2.51 2.11 2.79 2.35
RE-RR-RK-STW 2.13 2.11 1.92 2.62 2.27 2.16 2.46 2.24
RE-RV-RR-RK-STW 1.52 2.35 1.82 2.38 2.27 1.92 2.70 2.14

α = 1%
GARCH-t 1.71 1.41 1.73 1.65 1.85 1.54 1.51 1.63
EGARCH-t 1.42 1.41 1.78 1.31 1.61 1.78 1.56 1.55
GJR-t 1.47 1.41 1.78 1.26 1.56 1.59 1.47 1.51
GARCH-HS-t 0.81 1.36 1.36 1.26 2.46 1.54 1.56 1.48
GARCH-EVT-t 2.23 0.05 0.09 0.10 0.05 0.53 0.52 0.51
CARE-SAV 0.90 1.41 1.26 1.12 1.56 1.30 1.47 1.29
RE-RV-SkN 1.14 1.08 1.03 1.02 1.28 3.17 1.33 1.43
RE-RR-SkN 0.85 0.89 0.80 0.73 0.90 1.06 0.99 0.89
RE-RK-SkN 1.00 4.13 0.94 1.02 1.18 1.01 1.14 1.49
RE-RV-RR-SkN 1.04 0.94 0.94 1.12 1.14 0.96 1.14 1.04
RE-RV-RK-SkN 1.04 1.03 1.03 1.17 2.61 1.01 1.14 1.29
RE-RR-RK-SkN 0.85 2.44 0.94 0.92 0.99 1.25 0.90 1.19
RE-RV-RR-RK-SkN 1.04 0.94 1.08 1.17 1.23 1.11 1.14 1.10
RE-RV-STW 0.38 0.42 0.56 0.78 0.71 0.62 0.66 0.59
RE-RR-STW 0.38 0.47 0.56 0.73 0.66 0.62 0.57 0.57
RE-RK-STW 1.28 0.61 0.61 0.83 0.76 0.77 0.76 0.80
RE-RV-RR-STW 0.33 0.47 0.56 0.73 0.66 0.43 0.57 0.54
RE-RV-RK-STW 0.85 0.42 0.56 0.83 0.71 0.77 0.76 0.70
RE-RR-RK-STW 0.57 0.47 0.51 0.73 0.66 0.72 0.57 0.60
RE-RV-RR-RK-STW 0.38 0.47 0.47 0.53 0.66 0.48 0.71 0.53

Note: For individual models, a green highlight indicates the favored model and bold indi-
cates the 2nd ranked model.

With regard to the type of realized volatility measures, no distinctive pattern can be ob-
served as to which combination of realized volatility measures gives the most optimal
VRates. However, the RE-RK-SkN and RE-RV-RK-SkN models are most favorable for three
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market indices at the 1% forecast level, followed by the RE-RV-SkN. At the 2.5% forecast
level, the RE-RV-RK-STW is the most favorable, although only for two market indices.

Three types of VaR backtests are conducted based on the Unconditional Coverage (UC) test
(Kupiec, 1995) discussed in Section 2.3.1, the Conditional Coverage (CC) test discussed in
Section 2.3.2, and the Dynamic Quantile (DQ) test (Dumitrescu et al., 2012; Engle & Man-
ganelli, 2004) using four lags discussed in Section 2.3.3 The result of those VaR backtests
conducted at the 5% signifcance level is presented in Table 5.7.

In general the proposed RE-STW and RE-SkN type models have a lower number of rejec-
tions, across market indices as highlighted in green, than the GARCH-type models and
CARE-SAV model. As expected, the standard GARCH-family models have relatively high
rejection rates. At the 2.5% forecast level, both the RE-STW and the RE-SkN models have
relatively low rejection rates, with the RE-STW type models performing slightly better than
the RE-SkN model. At the 1% forecast level, the RE-SkN models have lower rejections in the
UC and CC tests but higher rejections in the DQ test.

TABLE 5.7: VaR backtest: UC, CC, and DQ tests

Model
α = 2.5% α = 1%

UC CC DQ4 UC CC DQ4

GARCH-t 7 5 5 6 6 6
EGARCH-t 6 6 6 4 4 6
GJR-t 6 6 3 5 3 5
GARCH-HS-t 2 2 4 3 3 3
GARCH-EVT-t 6 6 6 7 6 6
CARE-SAV 1 2 7 4 5 5
RE-RV-SkN 3 3 3 1 1 3
RE-RR-SkN 0 0 0 0 0 1
RE-RK-SkN 2 1 4 1 1 2
RE-RV-RR-SkN 0 1 3 0 0 2
RE-RV-RK-SkN 3 2 2 1 1 2
RE-RR-RK-SkN 1 1 4 1 1 2
RE-RV-RR-RK-SkN 1 1 3 0 0 1
RE-RV-STW 1 1 1 3 2 0
RE-RR-STW 1 1 1 4 2 0
RE-RK-STW 0 1 1 1 0 2
RE-RV-RR-STW 1 1 1 5 3 0
RE-RV-RK-STW 0 0 2 2 1 1
RE-RR-RK-STW 0 0 2 4 2 0
RE-RV-RR-RK-STW 2 2 1 5 4 1

Note: A green highlight indicates the favored model,
bold indicates the 2nd ranked model

The ES backtests based on the multi-quantile regression (ES-MQR) approach of Couperier
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and Leymarie (2019) in Equation 2.30 are performed by using the number of quantile p = 6
at the coverage level τ = 2.5% across models and all market indices. The hypothesis testing
of four ES-MQR test is conducted at the 5% significance level based on bootstrap critical
values. The test consists of joint backtests that sum the intercept and slope coefficients (H0,J1)
and the intercept backtests (H0,I) and individual intercept backtest (H0,I), and slope backtest
(H0,S).

The results of the ES-MQR test are presented in Table 5.8. Consistent with the ES-MQR test
result in Chapter 3 Section 3.7.4, the individual ES-MQR tests are less sensitive, giving less
clear distinction in the ES prediction accuracy accross models. However, it can observed
that the RE-STW and RE-SkN models tend to have low rejections in all four ES backtests.
The most favored models with only one rejection in all four types of backtests across market
indices include four types of RE-SkN models and only one type of RE-STW model. Nev-
ertheless, two types of RE-STW models are the second best models, producing ES forecasts
with only five total ES-MQR test rejections. Therefore, it can be concluded that the RE-SkN
type models have a slightly better performance in forecasting the ES.

TABLE 5.8: ES Backtests based on the Multi-Quantile Regression
(ES-MQR) method

Model
Hypothesis Total

J1 J2 I S Rejection

GARCH-t 1 4 1 1 7
EGARCH-t 2 3 2 2 9
GJR-t 2 2 2 1 7
GARCH-HS-t 6 4 6 4 20
GARCH-EVT-t 1 4 1 2 8
CARE-SAV 1 5 1 3 10
RE-RV-SkN 2 1 2 1 6
RE-RR-SkN 2 2 1 3 8
RE-RK-SkN 1 1 1 1 4
RE-RV-RR-SkN 1 1 1 1 4
RE-RV-RK-SkN 1 1 1 1 4
RE-RR-RK-SkN 2 2 2 2 8
RE-RV-RR-RK-SkN 1 1 1 1 4
RE-RV-STW 1 2 1 2 6
RE-RR-STW 1 2 1 1 5
RE-RK-STW 1 1 1 1 4
RE-RV-RR-STW 1 2 1 1 5
RE-RV-RK-STW 2 2 2 2 8
RE-RR-RK-STW 2 3 2 3 10
RE-RV-RR-RK-STW 2 3 2 3 10

Note: A green highlight indicates the favored model
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5.6.5 Quantile loss function values

The quantile loss function values at the 2.5% and 1% forecast levels based on Section 2.3.6
Equation 2.37 are presented in Table 5.9. Smaller values indicate superior accuracy. The RE-
STW and RE-SkN models in general rank better than other competing models, generating
smaller quantile loss function values.

TABLE 5.9: Quantile loss function values
Model ASX 200 DAX FTSE 100 Hang Seng NASDAQ SMI S&P500 Mean Loss Mean Rank

α = 2.5%
GARCH-t 152.3 201.1 171.3 209.4 194.9 166.5 174.0 181.4 17.00
EGARCH-t 146.9 194.2 165.6 199.2 191.2 162.3 173.5 176.1 14.00
GJR-t 148.6 195.6 167.1 200.5 189.8 161.0 168.3 175.8 13.14
GARCH-HS-t 148.9 198.2 169.0 208.4 194.0 164.8 170.7 179.1 15.71
GARCH-EVT-t 149.0 420.6 239.4 302.7 354.7 197.1 199.7 266.2 19.00
CARE-SAV 184.5 225.5 187.2 240.5 228.2 219.5 221.2 215.2 19.00
RE-RV-SkN 141.3 189.1 158.9 192.5 185.6 204.1 168.5 177.1 8.43
RE-RR-SkN 141.0 189.0 159.7 197.7 182.7 783.2 161.3 259.2 8.43
RE-RK-SkN 145.1 260.3 160.5 192.9 182.9 167.0 169.6 182.6 12.43
RE-RV-RR-SkN 141.9 188.9 159.8 192.2 184.4 160.3 166.2 170.5 5.86
RE-RV-RK-SkN 140.0 188.7 159.4 194.3 225.5 159.1 164.5 175.9 5.86
RE-RR-RK-SkN 140.5 235.9 160.6 196.1 182.6 160.6 161.3 176.8 8.71
RE-RV-RR-RK-SkN 139.9 189.0 160.2 193.6 184.2 160.3 164.9 170.3 6.00
RE-RV-STW 142.3 190.9 159.8 191.6 179.3 161.1 159.6 169.2 5.14
RE-RR-STW 143.5 192.1 160.8 200.5 180.6 161.2 159.7 171.2 10.00
RE-RK-STW 157.4 190.7 160.1 195.5 178.2 171.8 161.4 173.6 9.43
RE-RV-RR-STW 144.4 191.3 160.4 197.4 180.1 162.4 159.4 170.8 8.71
RE-RV-RK-STW 144.8 190.9 160.0 192.9 178.9 161.4 159.3 169.7 5.86
RE-RR-RK-STW 143.5 192.1 161.0 198.0 179.6 161.1 159.5 170.7 9.00
RE-RV-RR-RK-STW 142.7 191.2 161.0 196.3 179.5 162.5 159.4 170.4 8.29

α = 1%
GARCH-t 69.3 93.4 81.5 98.6 92.6 84.6 81.9 86.0 16.43
EGARCH-t 67.1 92.2 77.1 90.4 92.7 81.4 80.4 83.0 11.86
GJR-t 67.6 93.8 78.0 92.3 90.2 81.8 77.7 83.0 13.86
GARCH-HS-t 69.0 93.0 79.9 96.9 96.5 84.1 81.5 85.9 15.00
GARCH-EVT-t 72.9 169.5 96.7 121.7 143.6 85.0 84.2 110.5 19.14
CARE-SAV 84.5 112.7 89.1 100.8 107.6 104.7 99.3 99.8 18.86
RE-RV-SkN 64.2 89.1 74.6 86.9 89.1 101.2 76.2 83.0 7.71
RE-RR-SkN 64.0 89.3 75.6 88.9 86.5 391.5 73.7 124.2 6.86
RE-RK-SkN 67.7 129.7 75.1 89.1 87.0 82.1 78.3 87.0 10.86
RE-RV-RR-SkN 64.6 89.0 75.2 87.7 88.5 77.6 75.1 79.7 6.14
RE-RV-RK-SkN 63.8 88.8 74.9 89.6 114.3 77.2 74.1 83.2 5.86
RE-RR-RK-SkN 63.7 116.7 75.6 89.6 86.7 77.0 74.0 83.3 6.57
RE-RV-RR-RK-SkN 63.6 89.3 75.5 88.8 88.2 78.0 73.9 79.6 5.14
RE-RV-STW 67.2 93.1 75.1 88.4 85.8 77.6 74.8 80.3 5.71
RE-RR-STW 68.2 93.9 76.2 91.4 87.2 76.9 75.6 81.3 10.86
RE-RK-STW 76.8 93.2 76.1 91.9 84.3 84.3 75.9 83.2 12.00
RE-RV-RR-STW 69.1 93.4 75.9 89.5 87.1 78.0 75.0 81.1 10.14
RE-RV-RK-STW 67.0 92.9 75.3 90.2 85.5 78.0 74.5 80.5 6.43
RE-RR-RK-STW 67.2 94.1 76.8 90.6 87.0 77.3 75.0 81.1 10.14
RE-RV-RR-RK-STW 68.9 93.2 76.3 90.5 87.0 78.6 74.9 81.3 10.43

Note: For individual models, a green highlight indicates the favored model, bold indicates the 2nd ranked mode
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At 2.5% forecast level, there are four different RE-SkN type models that have the lowest
quantile loss function value for one market index, respectively. Meanwhile, there are only
three RE-STW type models that have the lowest quantile loss function values. However,
the RE-RV-STW is most favorable among the RE-STW and RE-SkN models, generating the
lowest quantile loss function values for two market indices and also the lowest average
quantile loss value.

Overall, the RE-SkN type models rank better than the RE-STW type models at 1% forecast
level. In particular, the RE-RV-SkN and RE-RV-RR-RK-SkN models generates the lowest
quantile loss function value for two market indices, respectively. Additionally, the RE-RV-
RR-RK-SkN model ranks best in terms of the lowest average quantile loss value.

5.6.6 Joint loss function values

In addition to the quantile loss function, the joint evaluation of VaR and ES forecasts across
models are conducted using the asymmetric Laplace (AL) log score in Section 2.3.7 Equation
2.40. Smaller values indicate better prediction accuracy.

Both the RE-STW and RE-SkN models tend to have favorable forecast accuracy. There are
three types of RE-STW models and four RE-SkN type models with the lowest AL log score
value for different market indices. This is the case for both the 2.5% and 1% forecast levels.
Of all types of RE-STW and RE-SkN models, only the RE-SkN model using all three realized
volatility measures produces the smallest AL log score values for two market indices at the
2.5% forecast level. Other models rank best only in one market index. At the 1% forecast
level, no model has the lowest AL log score value more than once.

Overall, the RE-SkN type models rank slightly better than the RE-STW type models for both
the 2.5% and 1% forecast levels. Nevertheless, one particular type of RE-STW model, that is
the RE-RV-STW model, has a favorable performance, on average. This finding is consistent
with the evaluation of the quantile loss function values, where the RE-RV-STW also has the
best forecast accuracy at the 2.5% forecast level. In particular, the the RE-RV-STW has the
lowest average AL log score value and best average AL log score rank across market indices.
The model also has the best average AL log score rank at the 1% forecast level, although its
average AL log score value is not the smallest.
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TABLE 5.10: Joint evaluation for VaR and ES forecasts based on AL log
score

Model ASX 200 DAX FTSE 100 Hang Seng NASDAQ SMI S&P500 Mean Loss Mean Rank

α = 2.5%
GARCH-t 2.033 2.331 2.127 2.342 2.266 2.128 2.137 2.195 17.57
EGARCH-t 1.988 2.298 2.100 2.287 2.241 2.122 2.123 2.166 14.29
GJR-t 2.001 2.307 2.097 2.293 2.224 2.102 2.093 2.160 14.14
GARCH-HS-t 1.998 2.307 2.094 2.329 2.259 2.106 2.102 2.171 15.43
GARCH-EVT-t 2.008 3.031 2.455 2.733 2.870 2.297 2.269 2.523 19.29
CARE-SAV 2.054 2.316 2.105 2.360 2.252 2.192 2.164 2.206 17.86
RE-RV-SkN 1.938 2.271 2.030 2.285 2.163 2.616 2.027 2.190 10.14
RE-RR-SkN 1.936 2.265 2.035 2.273 2.145 20.644 2.004 4.758 7.86
RE-RK-SkN 1.959 2.982 2.048 2.256 2.152 2.087 2.049 2.219 11.43
RE-RV-RR-SkN 1.941 2.255 2.036 2.312 2.157 2.068 2.013 2.112 8.71
RE-RV-RK-SkN 1.930 2.251 2.035 2.311 2.503 2.058 2.028 2.159 8.29
RE-RR-RK-SkN 1.932 2.641 2.045 2.271 2.146 2.069 2.003 2.158 7.86
RE-RV-RR-RK-SkN 1.928 2.252 2.043 2.328 2.154 2.055 2.015 2.111 8.29
RE-RV-STW 1.947 2.250 2.031 2.258 2.146 2.071 1.996 2.100 3.71
RE-RR-STW 1.956 2.253 2.037 2.295 2.148 2.078 1.993 2.109 7.86
RE-RK-STW 2.051 2.253 2.041 2.276 2.142 2.160 2.015 2.134 9.86
RE-RV-RR-STW 1.965 2.251 2.038 2.284 2.148 2.084 1.994 2.109 7.29
RE-RV-RK-STW 1.960 2.251 2.032 2.266 2.146 2.078 1.993 2.104 5.29
RE-RR-RK-STW 1.955 2.254 2.040 2.288 2.146 2.077 1.994 2.108 7.57
RE-RV-RR-RK-STW 1.951 2.251 2.041 2.285 2.147 2.084 1.994 2.108 7.29

α = 1%
GARCH-t 2.140 2.481 2.279 2.500 2.403 2.341 2.271 2.345 16.43
EGARCH-t 2.127 2.476 2.268 2.423 2.407 2.337 2.275 2.330 14.43
GJR-t 2.113 2.493 2.244 2.434 2.356 2.333 2.209 2.312 13.86
GARCH-HS-t 2.131 2.470 2.250 2.475 2.460 2.330 2.259 2.339 15.14
GARCH-EVT-t 2.188 3.024 2.449 2.722 2.863 2.346 2.288 2.554 19.00
CARE-SAV 2.185 2.492 2.276 2.473 2.441 2.461 2.320 2.379 17.29
RE-RV-SkN 2.057 2.448 2.184 2.446 2.321 2.782 2.156 2.342 10.86
RE-RR-SkN 2.052 2.438 2.196 2.394 2.289 21.343 2.136 4.978 7.43
RE-RK-SkN 2.105 3.097 2.208 2.392 2.303 2.283 2.189 2.368 10.71
RE-RV-RR-SkN 2.059 2.421 2.193 2.516 2.313 2.244 2.137 2.269 8.43
RE-RV-RK-SkN 2.055 2.413 2.189 2.496 2.662 2.234 2.157 2.315 8.29
RE-RR-RK-SkN 2.050 2.803 2.198 2.406 2.295 2.238 2.136 2.304 6.86
RE-RV-RR-RK-SkN 2.054 2.418 2.203 2.547 2.310 2.226 2.134 2.270 7.71
RE-RV-STW 2.098 2.428 2.176 2.398 2.294 2.248 2.128 2.253 4.00
RE-RR-STW 2.113 2.433 2.194 2.431 2.305 2.245 2.136 2.265 8.71
RE-RK-STW 2.245 2.431 2.200 2.423 2.285 2.386 2.160 2.304 11.00
RE-RV-RR-STW 2.129 2.428 2.192 2.417 2.306 2.263 2.130 2.266 8.14
RE-RV-RK-STW 2.105 2.426 2.180 2.410 2.294 2.262 2.126 2.258 5.00
RE-RR-RK-STW 2.098 2.434 2.202 2.426 2.305 2.252 2.135 2.265 8.57
RE-RV-RR-RK-STW 2.114 2.425 2.198 2.425 2.305 2.262 2.130 2.265 8.14

Note: For individual models, a green highlight indicates the favored model and bold indicates the 2nd ranked
model.

5.6.7 Model confidence set

The joint loss function values based on the AL log score are further evaluated by using the
model confidence set (MCS) (Hansen et al., 2011), which determines a set of statistically
superior models. The MCS procedure involves a sequential testing procedure to eliminate
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the worst-performing model at each step. This test is continued until the hypothesis of Equal
Predictive Ability (EPA) is no longer rejected for all remaining models in a set of superior
models.

TABLE 5.11: 75% and 90% model confidence set with R and SQ
methods

Model

α = 2.5% α = 1%

90% MCS 75% MCS 90% MCS 75% MCS

R SQ R SQ R SQ R SQ

GARCH-t 1 1 1 1 3 5 2 2
EGARCH-t 3 5 2 1 4 5 4 3
GJR-t 2 4 1 1 5 6 4 3
GARCH-HS-t 2 2 1 1 3 4 3 2
GARCH-EVT-t 0 0 0 0 0 1 0 0
CARE-SAV 1 0 0 0 2 2 1 0
RE-RV-SkN 5 6 5 5 6 6 5 6
RE-RR-SkN 6 6 6 6 6 6 6 6
RE-RK-SkN 6 6 6 6 6 6 6 6
RE-RV-RR-SkN 6 7 6 6 7 7 6 7
RE-RV-RK-SkN 5 6 5 5 5 6 5 5
RE-RR-RK-SkN 5 6 5 5 6 6 5 6
RE-RV-RR-RK-SkN 6 7 6 6 7 7 6 7
RE-RV-STW 6 7 6 7 7 7 7 7
RE-RR-STW 4 7 4 6 5 6 5 5
RE-RK-STW 3 6 3 3 5 6 4 4
RE-RV-RR-STW 4 7 4 5 5 7 5 4
RE-RV-RK-STW 5 7 4 6 7 7 7 6
RE-RR-RK-STW 5 7 5 6 6 6 6 5
RE-RV-RR-RK-STW 5 7 5 6 5 6 5 5

Note: For individual models, a green highlight indicates the favored
model.

The MCS tests are performed using both R and SQ methods at 90% and 75% confidence
levels. The results of the MCS tests are presented in Table 5.11. The models that consistently
enter the MCS for both MCS methods and across market indices are highligted in green.
Overall, the proposed RE-STW type models are consistently included in the superior set of
models for most market indices. In particular, all RE-STW models for all market indices are
included in the set of superior models according to the 90% confidence level of the MCS test
conducted on the AL log score at the 2.5% forecast level using the SQ method. The only
exception is the RE-RK-STW model, which enters the superior set of models for six of seven
market indices for this tail risk forecast level using the SQ method.

There are two best performing-models that belong to the RE-STW type models, that is the
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RE-RV-STW model, followed by the RE-RV-RK-STW model. The RE-RV-STW model is espe-
cially excluded from the superior set of models for only two cases across all market indices,
MCS test confidence levels, and MCS test methods. A majority of the RE-SkN type models
also enter the set of superior models. The best two are the RE-SkN model that jointly em-
ploys the RVSS and the RRSS in the measurement equations and the RE-SkN model using
all three realized volatility measures in the measurement equations. However, their forecast
accuracy based on the MCS procedure is slightly lower than that of the RE-STW models, be-
ing excluded from the superior set of models in five cases. As for other competing models,
they are excluded from the set of superior models in most cases.

5.7 Chapter Summary

Another extension of the realized EGARCH model is proposed in this chapter by allowing
the return error distribution to follow a standardized two-sided Weibull distribution, called
the RE-STW model. A Bayesian approach is proposed to estimate the RE-STW. The results
of the simulation study suggest that the proposed Bayesian method produces less biased
and more precise parameter estimates than does the Maximum Likelihood estimation. The
adaptive MCMC procedure is found to produce MCMC iterates with an excellent conver-
gence and chain mixing property.

An empirical study using seven market indices is performed by employing the subsampled
realized variance (RVSS), subsampled realized range (RRSS), and realized kernel (RK), either
individually or jointly. The prediction accuracy of the RE-STW model in the forecasting of
VaR and ES at the 2.5% and 1% quantiles is compared to that of several competing models,
especially the proposed realized EGARCH model using the standardized Skewed Student-t
distribution for the return error (RE-SkN model) proposed in Chapter 3.

Overall, the RE-STW and RE-SkN models have better tail risk prediction accuracy than other
models across market indices. The forecast performance of the RE-STW model is relatively
the same as that of the RE-SkN models, satisfying most of the VaR backtests and the ES back-
tests. However, SkN-type models have a slightly better tail risk forecast accuracy than the
RE-STW in forecasting the ES. The SkN-type models also produce relatively lower quantile
loss function values and joint loss function values. The type of RE-SkN models that consis-
tently have low rejections in VaR and ES backtests and produces low quantile loss function
and joint loss function values in most market indices is the RE-SkN model that employs all
three realized measures.

Nevertheless, one type of RE-STW model has quite consistent favorable forecasting perfor-
mance, that is, the RE-STW model that only uses the RVSS. This is particularly the case when
evaluating the VaR and ES joint loss function values using the AL log score. Contrary to the
results of the VaR and ES backtests, the RE-STW type models are more favorable than the
RE-SkN type models based on the Model Confidence Set procedure, being included in the
set of superior models in most cases. However, the difference is only a small margin.
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It could then be argued that using either a standardized two-sided Weibull distribution or a
standardized skewed Student-t distribution could equally improve the tail forecast of finan-
cial asset return using the realized EGARCH model and other relevant parametric volatility
models, for example, in the realized Threshold GARCH model (Chen & Watanabe, 2019a). It
would be interesting to see the performance of the volatility models using these two distri-
butions to forecast the tail risk during the recent COVID-19 pandemic. In addition, the use
of the two-sided Weibull distribution in forecasting asset volatility in other highly volatile
markets, such as derivative, commodity, and foreign exchange markets, is also highly rec-
ommended.

The realized EGARCH model can be extended by using a Gumbel distribution, which is
also called the extreme value distribution. The Gumbel distribution is an asymmetric dis-
tribution, where the tail skews to the direction of the extreme values. It assigns a greater
likelihood to more extreme events. Therefore, the use of this distribution may be beneficial,
especially for study periods covering extreme events such as the Global Financial Crisis of
2008 and the recent COVID-19 pandemic. This distribution is particularly attractive because
the location parameters (µ) and the scale parameter (σ) are easy to interpret.
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Chapter 6

Conclusion and Future Research

6.1 Conclusion

Financial regulators and institutions have to navigate a rapidly changing market environ-
ment. Academics and practitioners are continually developing financial volatility models
and methods for forecasting risks as part of daily risk management and to satisfy the re-
quirements of the Basel Capital Accord. In the past two decades, financial crises have taken
place with more frequency and on a global scale. Extreme left-tail events, which are difficult
to predict, can have a disastrous impact on portfolio returns. Therefore, accurate tail risk
forecasting is critical for prudent risk management in order to monitor risk exposure and
prepare efficient capital allocation, which can prevent devastating losses while maximizing
return on investment. This thesis proposes Bayesian parametric approaches to forecast fi-
nancial tail risks, that is, the Value at Risk (VaR) and the Expected Shortfall (ES), by employ-
ing multiple high-frequency realized volatility measures in the realized EGARCH model.
An adaptive Markov Chain Monte Carlo (MCMC) is proposed to address issues in parame-
ter uncertainty and is proven to have an advantage over a frequentist maximum likelihood
(ML) approach in simulation studies. A Least Absolute Shrinkage and Selection Operator
(Lasso) approach is also adapted to facilitate the selection of realized volatility measures.
Various tests are conducted to compare the performance of the proposed models with vari-
ous well-known volatility models.

Chapter 1 provides a brief review of the types of volatility models, an introduction to the
Realized EGARCH model, which employs multiple realized measures, and a short overview
of the advantages of using Bayesian estimation for GARCH-type models. This chapter also
discusses various adaptive MCMC algorithms, as well as MCMC convergence diagnostics.

Chapter 2 presents a literature review on the distribution of financial asset returns and pro-
vides an introduction to VaR and ES, as well as their formal definitions. This chapter also
provides a review of the literature on various tests to evaluate tail risk prediction accuracy.
These tests are used throughout this thesis to measure the relative forecast performance of
various models proposed in comparison with other models.

Chapter 3 proposes an extension of the Realized EGARCH model by allowing the return
equation errors to follow a standardized Student-t distribution and a standardized skewed
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Student-t distribution. Three types of robust realized measures of volatility used in this the-
sis are briefly discussed, that is, subsampled realized variance (RVSS), subsampled realized
range (RRSS), and realized kernel (RK). An adaptive MCMC approach is developed and
used to estimate the proposed models. The superiority of the adaptive MCMC approach
over the ML approach, in terms of unbiasedness and efficiency, is demonstrated in a simula-
tion study. The proposed models are used in an empirical study using seven market indices.
The RVSS, RRSS, and RK are used, either individually or jointly, in the measurement equa-
tions of the proposed models. The results of the empirical study show that the proposed
extension of the realized EGARCH model employing the standardized Student-t distribu-
tion or the standardized skewed Student-t distribution have a more favorable tail risk fore-
casting performance compared to standard GARCH-type models, CARE models, realized
GARCH models employing the Student-t distribution for the observation equation errors,
and the original realized EGARCH model employing Gaussian distribution estimated using
the proposed adaptive MCMC approach. In regard to the choice of realized measures, the
RRSS (either employed individually or jointly with RVSS and/or RK) is found to be crucial
in improving the accuracy of the tail risk forecasts.

Chapter 4 builds upon the proposed model in Chapter 3, that is realized EGARCH model
incorporating a standardized skewed Student-t distribution, and adapts a Lasso approach to
perform the selection of the realized volatility measures in the model. The proposed Lasso
approach considers both the frequentist cross Validation (CV) and Bayesian Lasso (BLasso)
techniques in choosing the tuning parameter. This study finds that the proposed Lasso ap-
proach on the realized EGARCH model could help in selecting informative realized volatil-
ity measures. In addition to RVSS, RRSS, and RK, the empirical study in this chapter also
includes another realized measure, that is the Range variable, which is assumed to have a
lower future volatility forecast performance than the RVSS and RRSS. The BLasso approach
is found to be consistent in producing smaller values of tuning parameters than the CV ap-
proach, both in simulation and empirical studies across market indices. Nevertheless, the
results of both confirm similar conclusions that the RK and Range variables are less impor-
tant than RRSS and RVSS. The empirical study also suggests that the BLasso approach has
a superior performance than the CV approach, producing lower quantile loss function and
joint loss function values.

Chapter 5 further proposes another extreme-value distribution called a standardized two-
sided Weibull distribution for modeling the return equation errors in the realized EGARCH
model. The adaptive MCMC is also developed to estimate the proposed model and is shown
to have less biased and more precise parameter estimates than the Maximum Likelihood
estimation in a simulation study. An empirical study using seven market indices is per-
formed by employing the RVSS, RRSS, and RK, either individually or jointly. The proposed
model is used to forecast tail risks, including during the Global Financial Crisis of 2008.
The forecast performance of the proposed model is compared with that of the extension of
the realized EGARCH model proposed in Chapter 3, several GARCH-type models, and the
CARE model. The results of the empirical study suggest that both types of distributions, the



Chapter 6. Conclusion and Future Research 148

standardized two-sided Weibull distribution and the standardized skewed Student-t distri-
bution, could equally improve tail risk prediction accuracy. The realized EGARCH model
employing these two distributions to model the return distribution have a superior forecast
accuracy compared to other competing models.

Overall, the use of the standardized two-sided Weibull distribution and the standardized
skewed Student-t distribution to model financial asset return volatility is highly encouraged.
These distributions can capture various specific elements of highly volatile financial time
series data, such as extreme volatility, volatility clustering, skewness, and fat tails. Using
multiple robust realized volatility measures is also recommended, especially the RVSS and
RRSS. The Bayesian method has continued to perform very well, either applied to simulated
data or historical data, and therefore is highly recommended.

6.2 Possible Future Research

This research offers several potential future research avenues that could extend this study.
The realized EGARCH model could be extended by considering two other extreme and
asymmetric distributions, that is, the asymmetric Laplace distribution and the Gumbel dis-
tribution. The use of these distributions has the potential to improve tail forecast accuracy,
especially when the study period covers extreme events. Further, while the standardized
skewed Student-t has gained more popularity in modeling financial asset return, the use
of the standardized two-sided Weibull distribution is limited. Future research may use the
standardized two-sided Weibull distribution to forecast volatility in derivative, commodity,
and foreign exchange markets.

Another interesting future research avenue is to develop some semi-parametric models, in-
cluding for Realized EGARCH model, using the proposed Bayesian method used in this
thesis. Semi-parametric models offer an a flexible and accurate representation of data and
are useful for capturing non-linear relationships and addressing the limitations of fully para-
metric models that may not adequately capture complex patterns in tail behavior.

Semi-parametric models combine parametric and non-parametric approaches to provide a
flexible and accurate representation of data, particularly in extreme or tail regions. These
models are useful for capturing non-linear relationships and addressing the limitations of
fully parametric models that may not adequately capture complex patterns in tail behavior.

The empirical study of the Lasso approach to select realized volatility measures in Chap-
ter 4 only explores a small, yet robust, subset of available realized measures. Future re-
search could consider including and testing a larger subset of realized volatility measures
and including less robust measures such as simple realized variance, bi-power variation,
and median realized variance. Further, an adaptive Lasso approach, which assigns different
parameter weights is a very promising and rapidly growing research field on regularization
that can be applied in the selection of realized measures. Finally, it would also be interesting
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to assess the performance of the models and methods proposed in this thesis to forecast tail
risk during the recent COVID-19 pandemic.
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Appendix A

Chapter 3 Appendix

A.1 MCMC Burn In and Post Burn In Plots

FIGURE A.1: MCMC Burn In and Post Burn In Plots for µ

FIGURE A.2: MCMC Burn In and Post Burn In Plots for ω
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FIGURE A.3: MCMC Burn In and Post Burn In Plots for β

FIGURE A.4: MCMC Burn In and Post Burn In Plots for γ

FIGURE A.5: MCMC Burn In and Post Burn In Plots for τ1
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FIGURE A.6: MCMC Burn In and Post Burn In Plots for τ2

FIGURE A.7: MCMC Burn In and Post Burn In Plots for ξ

FIGURE A.8: MCMC Burn In and Post Burn In Plots for φ
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FIGURE A.9: MCMC Burn In and Post Burn In Plots for δ1

FIGURE A.10: MCMC Burn In and Post Burn In Plots for δ2

FIGURE A.11: MCMC Burn In and Post Burn In Plots for σ2
u
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FIGURE A.12: MCMC Burn In and Post Burn In Plots for ν

FIGURE A.13: MCMC Burn In and Post Burn In Plots for λ
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A.3 Model Confidence Set Results

TABLE A.15: 90% Model Confidence Set of ALS with R method across the
markets and assets, α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-t 0.096 0.001 0.159 0.248 0.120 0.513 0.017 4
EGARCH-t 0.096 0.001 0.427 0.248 0.382 0.513 0.280 5
GJR-t 0.096 0.001 0.313 0.368 0.323 0.513 0.094 4
GARCH-HS 0.076 0.001 0.257 0.248 0.382 0.836 0.032 4
GARCH-t-EVT 0.002 0.001 0.000 0.248 0.071 0.836 0.000 2
CARE-SAV 0.002 0.988 0.427 0.041 0.289 0.252 0.000 4
RG-RV-tN 0.096 0.031 0.201 0.809 0.146 0.189 0.482 5
RG-RR-tN 0.096 0.031 0.313 0.979 0.623 0.252 0.482 5
RG-RK-tN 0.096 0.112 0.235 0.809 0.213 0.513 0.187 6
RE-RV-NN 0.096 0.160 0.313 0.809 0.323 0.836 0.689 6
RE-RV-SkN 0.809 0.947 0.634 0.961 0.698 0.836 0.959 7
RE-RV-tN 0.596 0.940 0.634 0.809 0.009 0.252 0.689 6
RE-RR-NN 0.596 0.302 0.427 1.000 0.757 0.513 0.689 7
RE-RR-SkN 0.096 0.947 0.853 0.893 0.907 0.890 0.689 6
RE-RR-tN 0.096 0.940 0.634 0.248 0.907 0.890 0.482 6
RE-RK-NN 0.096 0.160 0.257 0.809 0.623 0.782 0.482 6
RE-RK-SkN 0.596 0.947 0.634 0.961 0.757 1.000 0.689 7
RE-RK-tN 0.809 0.302 0.634 0.809 0.880 0.890 0.689 7
RE-RV-RR-NN 0.096 0.160 0.634 0.893 0.880 0.836 0.482 6
RE-RV-RR-SkN 0.096 1.000 0.634 0.979 0.757 0.836 0.689 6
RE-RV-RR-tN 0.809 0.581 1.000 0.248 0.907 0.836 1.000 7
RE-RV-RK-NN 0.096 0.192 0.313 0.809 0.623 0.836 0.482 6
RE-RV-RK-SkN 0.809 0.988 0.709 0.893 0.757 0.932 0.959 7
RE-RV-RK-tN 0.809 0.581 0.634 0.307 0.757 0.932 0.959 7
RE-RR-RK-NN 0.096 0.237 0.444 0.893 0.757 0.513 0.482 6
RE-RR-RK-SkN 1.000 0.302 0.634 0.809 0.880 0.890 0.959 7
RE-RR-RK-tN 0.809 0.302 0.634 0.307 0.884 0.890 0.959 7
RE-RV-RR-RK-NN 0.096 0.160 0.427 0.961 0.757 0.782 0.482 6
RE-RV-RR-RK-SkN 0.809 0.581 0.634 0.893 1.000 0.932 0.959 7
RE-RV-RR-RK-tN 0.596 0.648 0.634 0.368 0.907 0.890 0.862 7
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TABLE A.16: 90% Model Confidence Set of ALS with SQ method across the
markets and assets, α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-t 0.065 0.000 0.032 0.312 0.026 0.256 0.000 2
EGARCH-t 0.516 0.000 0.182 0.452 0.114 0.277 0.000 5
GJR-t 0.149 0.000 0.089 0.743 0.082 0.321 0.000 3
GARCH-HS 0.245 0.000 0.078 0.366 0.130 0.632 0.000 4
GARCH-t-EVT 0.000 0.000 0.003 0.241 0.019 0.753 0.000 2
CARE-SAV 0.356 0.985 0.141 0.166 0.072 0.000 0.000 4
RG-RV-tN 0.684 0.000 0.047 0.847 0.035 0.000 0.000 2
RG-RR-tN 0.907 0.000 0.093 0.979 0.272 0.200 0.000 4
RG-RK-tN 0.858 0.000 0.061 0.851 0.046 0.298 0.000 3
RE-RV-NN 0.626 0.000 0.102 0.899 0.097 0.632 0.000 4
RE-RV-SkN 0.767 0.983 0.415 0.978 0.325 0.632 0.953 7
RE-RV-tN 0.745 0.983 0.382 0.875 0.014 0.224 0.000 5
RE-RR-NN 0.853 0.000 0.196 1.000 0.396 0.325 0.773 6
RE-RR-SkN 0.945 0.983 0.853 0.965 0.916 0.756 0.869 7
RE-RR-tN 0.947 0.983 0.423 0.458 0.916 0.756 0.000 6
RE-RK-NN 0.786 0.000 0.082 0.904 0.180 0.508 0.000 4
RE-RK-SkN 0.947 0.983 0.382 0.978 0.429 1.000 0.761 7
RE-RK-tN 0.907 0.000 0.362 0.896 0.773 0.788 0.000 5
RE-RV-RR-NN 0.858 0.000 0.342 0.961 0.822 0.566 0.000 5
RE-RV-RR-SkN 1.000 1.000 0.437 0.979 0.617 0.753 0.000 6
RE-RV-RR-tN 0.940 0.000 1.000 0.523 0.916 0.753 1.000 6
RE-RV-RK-NN 0.808 0.000 0.105 0.914 0.214 0.651 0.000 5
RE-RV-RK-SkN 0.947 0.985 0.702 0.965 0.555 0.928 0.936 7
RE-RV-RK-tN 0.907 0.658 0.382 0.598 0.509 0.928 0.942 7
RE-RR-RK-NN 0.936 0.000 0.252 0.960 0.456 0.376 0.000 5
RE-RR-RK-SkN 0.864 0.000 0.437 0.921 0.898 0.756 0.953 6
RE-RR-RK-tN 0.936 0.000 0.437 0.660 0.900 0.756 0.953 6
RE-RV-RR-RK-NN 0.947 0.000 0.154 0.978 0.353 0.458 0.000 5
RE-RV-RR-RK-SkN 0.947 0.592 0.523 0.954 1.000 0.928 0.953 7
RE-RV-RR-RK-tN 0.947 0.827 0.415 0.745 0.916 0.756 0.914 7
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TABLE A.17: 75% Model Confidence Set of ALS with R method across the
markets and assets, α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-t 0.020 0.001 0.156 0.225 0.132 0.559 0.019 1
EGARCH-t 0.612 0.001 0.420 0.225 0.355 0.559 0.256 5
GJR-t 0.080 0.001 0.271 0.334 0.313 0.559 0.095 4
GARCH-HS 0.081 0.001 0.271 0.225 0.355 0.842 0.034 3
GARCH-t-EVT 0.000 0.001 0.000 0.225 0.066 0.842 0.000 1
CARE-SAV 0.139 0.990 0.420 0.043 0.259 0.259 0.001 4
RG-RV-tN 0.766 0.030 0.195 0.813 0.181 0.192 0.492 3
RG-RR-tN 0.966 0.030 0.299 0.974 0.624 0.259 0.492 6
RG-RK-tN 0.922 0.109 0.232 0.813 0.234 0.559 0.174 3
RE-RV-NN 0.766 0.168 0.299 0.813 0.354 0.842 0.681 6
RE-RV-SkN 0.799 0.950 0.641 0.966 0.710 0.842 0.956 7
RE-RV-tN 0.766 0.935 0.641 0.813 0.008 0.259 0.681 6
RE-RR-NN 0.922 0.299 0.420 1.000 0.732 0.559 0.681 7
RE-RR-SkN 0.966 0.950 0.849 0.899 0.907 0.900 0.681 7
RE-RR-tN 0.981 0.935 0.641 0.225 0.907 0.900 0.492 6
RE-RK-NN 0.910 0.168 0.271 0.813 0.624 0.799 0.492 6
RE-RK-SkN 0.981 0.950 0.641 0.966 0.732 1.000 0.681 7
RE-RK-tN 0.966 0.299 0.641 0.813 0.886 0.900 0.681 7
RE-RV-RR-NN 0.922 0.168 0.641 0.899 0.886 0.842 0.492 6
RE-RV-RR-SkN 1.000 1.000 0.641 0.974 0.732 0.842 0.681 7
RE-RV-RR-tN 0.966 0.589 1.000 0.225 0.907 0.842 1.000 6
RE-RV-RK-NN 0.910 0.199 0.299 0.813 0.624 0.842 0.492 6
RE-RV-RK-SkN 0.966 0.990 0.704 0.899 0.827 0.930 0.956 7
RE-RV-RK-tN 0.966 0.589 0.641 0.275 0.732 0.930 0.956 7
RE-RR-RK-NN 0.966 0.259 0.451 0.899 0.732 0.559 0.492 7
RE-RR-RK-SkN 0.922 0.299 0.641 0.813 0.886 0.900 0.956 7
RE-RR-RK-tN 0.966 0.299 0.641 0.275 0.890 0.900 0.956 7
RE-RV-RR-RK-NN 0.966 0.168 0.420 0.966 0.732 0.799 0.492 6
RE-RV-RR-RK-SkN 0.981 0.589 0.641 0.899 1.000 0.930 0.956 7
RE-RV-RR-RK-tN 0.981 0.634 0.641 0.334 0.907 0.900 0.866 7
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TABLE A.18: 75% Model Confidence Set of ALS with SQ method across the
markets and assets, α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-t 0.074 0.000 0.025 0.323 0.039 0.283 0.000 2
EGARCH-t 0.534 0.000 0.172 0.460 0.128 0.301 0.000 3
GJR-t 0.150 0.000 0.078 0.762 0.097 0.341 0.000 2
GARCH-HS 0.245 0.000 0.072 0.377 0.153 0.645 0.000 2
GARCH-t-EVT 0.000 0.000 0.003 0.237 0.026 0.764 0.000 1
CARE-SAV 0.369 0.989 0.130 0.161 0.082 0.000 0.000 2
RG-RV-tN 0.700 0.000 0.044 0.853 0.048 0.000 0.000 2
RG-RR-tN 0.914 0.000 0.089 0.980 0.285 0.218 0.000 3
RG-RK-tN 0.874 0.000 0.057 0.862 0.059 0.318 0.000 3
RE-RV-NN 0.642 0.000 0.098 0.909 0.110 0.645 0.000 3
RE-RV-SkN 0.777 0.986 0.396 0.980 0.349 0.645 0.947 7
RE-RV-tN 0.756 0.986 0.375 0.882 0.016 0.244 0.000 4
RE-RR-NN 0.872 0.000 0.187 1.000 0.414 0.348 0.775 5
RE-RR-SkN 0.944 0.986 0.849 0.969 0.925 0.770 0.864 7
RE-RR-tN 0.946 0.986 0.403 0.463 0.925 0.770 0.000 6
RE-RK-NN 0.803 0.000 0.080 0.913 0.205 0.529 0.000 3
RE-RK-SkN 0.946 0.986 0.375 0.980 0.439 1.000 0.755 7
RE-RK-tN 0.914 0.000 0.355 0.903 0.768 0.779 0.000 5
RE-RV-RR-NN 0.874 0.000 0.333 0.969 0.826 0.576 0.000 5
RE-RV-RR-SkN 1.000 1.000 0.419 0.980 0.559 0.764 0.000 6
RE-RV-RR-tN 0.940 0.000 1.000 0.530 0.925 0.764 1.000 6
RE-RV-RK-NN 0.823 0.000 0.100 0.919 0.238 0.665 0.000 3
RE-RV-RK-SkN 0.946 0.989 0.692 0.969 0.658 0.927 0.932 7
RE-RV-RK-tN 0.914 0.679 0.375 0.607 0.510 0.927 0.932 7
RE-RR-RK-NN 0.934 0.000 0.237 0.969 0.463 0.398 0.000 4
RE-RR-RK-SkN 0.880 0.000 0.419 0.928 0.899 0.770 0.947 6
RE-RR-RK-tN 0.934 0.000 0.419 0.671 0.904 0.770 0.947 6
RE-RV-RR-RK-NN 0.946 0.000 0.143 0.980 0.372 0.479 0.000 4
RE-RV-RR-RK-SkN 0.946 0.601 0.523 0.957 1.000 0.927 0.947 7
RE-RV-RR-RK-tN 0.946 0.830 0.396 0.762 0.925 0.770 0.912 7
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TABLE A.19: 90% Model Confidence Set of ALS with R method across the
markets and assets, α = 1%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-t 0.151 0.440 0.402 0.135 0.025 0.369 0.092 5
EGARCH-t 0.694 0.299 0.451 0.135 0.561 0.369 0.092 6
GJR-t 0.502 0.294 0.625 0.534 0.561 0.369 0.092 6
GARCH-HS 0.502 0.931 0.439 0.135 0.728 0.369 0.079 6
GARCH-t-EVT 0.000 0.183 0.046 1.000 0.025 1.000 0.001 3
CARE-SAV 0.694 0.941 0.451 0.070 0.025 0.369 0.002 4
RG-RV-tN 0.883 0.240 0.402 0.534 0.025 0.369 0.092 5
RG-RR-tN 1.000 0.440 0.625 0.981 0.516 0.369 0.092 6
RG-RK-tN 1.000 0.203 0.402 0.135 0.025 0.369 0.092 5
RE-RV-NN 0.694 0.195 0.451 0.135 0.025 0.369 0.092 5
RE-RV-SkN 0.959 0.931 0.625 0.534 0.561 0.369 0.801 7
RE-RV-tN 0.922 0.931 0.625 0.897 0.561 0.369 0.605 7
RE-RR-NN 0.959 0.299 0.451 0.534 0.516 0.369 0.605 7
RE-RR-SkN 1.000 1.000 0.650 0.534 0.561 0.940 0.092 6
RE-RR-tN 1.000 0.941 0.625 0.135 0.599 0.940 0.092 6
RE-RK-NN 0.959 0.195 0.451 0.135 0.025 0.369 0.092 5
RE-RK-SkN 1.000 0.941 0.625 0.981 0.561 0.940 0.605 7
RE-RK-tN 1.000 0.812 0.625 0.534 0.561 0.620 0.801 7
RE-RV-RR-NN 0.883 0.208 0.625 0.506 0.561 0.369 0.092 6
RE-RV-RR-SkN 1.000 0.941 0.625 0.981 0.561 0.774 0.092 6
RE-RV-RR-tN 0.922 0.931 1.000 0.506 0.599 0.940 0.801 7
RE-RV-RK-NN 0.694 0.183 0.451 0.135 0.025 0.369 0.092 5
RE-RV-RK-SkN 0.989 0.941 0.625 0.981 0.561 0.940 0.801 7
RE-RV-RK-tN 0.956 0.931 0.625 0.534 0.561 0.774 0.801 7
RE-RR-RK-NN 1.000 0.240 0.625 0.506 0.516 0.369 0.092 6
RE-RR-RK-SkN 0.959 0.931 0.625 0.534 0.599 0.774 1.000 7
RE-RR-RK-tN 1.000 0.440 0.625 0.220 0.599 0.940 0.801 7
RE-RV-RR-RK-NN 1.000 0.183 0.451 0.506 0.516 0.369 0.092 6
RE-RV-RR-RK-SkN 0.998 0.941 0.625 0.897 1.000 0.940 0.801 7
RE-RV-RR-RK-tN 1.000 0.931 0.625 0.534 0.599 0.369 0.605 7
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TABLE A.20: 90% Model Confidence Set of ALS with SQ method across the
markets and assets, α = 1%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-t 0.323 0.000 0.150 0.494 0.176 0.571 0.000 5
EGARCH-t 0.638 0.000 0.284 0.579 0.548 0.183 0.000 5
GJR-t 0.456 0.000 0.431 0.873 0.460 0.439 0.000 5
GARCH-HS 0.512 0.000 0.194 0.558 0.748 0.439 0.000 5
GARCH-t-EVT 0.043 0.000 0.071 1.000 0.056 1.000 0.000 2
CARE-SAV 0.782 0.860 0.254 0.383 0.208 0.229 0.000 6
RG-RV-tN 0.882 0.000 0.167 0.877 0.042 0.144 0.000 4
RG-RR-tN 0.997 0.000 0.504 0.977 0.404 0.131 0.000 5
RG-RK-tN 0.997 0.000 0.177 0.579 0.070 0.149 0.000 4
RE-RV-NN 0.584 0.000 0.209 0.579 0.083 0.199 0.000 4
RE-RV-SkN 0.967 0.000 0.568 0.901 0.548 0.571 0.821 6
RE-RV-tN 0.912 0.000 0.547 0.966 0.636 0.153 0.000 5
RE-RR-NN 0.986 0.000 0.301 0.912 0.290 0.137 0.806 6
RE-RR-SkN 0.997 1.000 0.650 0.925 0.677 0.827 0.000 6
RE-RR-tN 0.997 0.926 0.579 0.581 0.748 0.827 0.000 6
RE-RK-NN 0.979 0.000 0.215 0.558 0.118 0.133 0.000 5
RE-RK-SkN 0.997 0.860 0.568 0.971 0.466 0.827 0.000 6
RE-RK-tN 0.995 0.000 0.568 0.925 0.548 0.756 0.821 6
RE-RV-RR-NN 0.847 0.000 0.464 0.769 0.439 0.345 0.000 5
RE-RV-RR-SkN 0.997 0.926 0.568 0.977 0.591 0.827 0.000 6
RE-RV-RR-tN 0.923 0.000 1.000 0.794 0.748 0.827 0.821 6
RE-RV-RK-NN 0.711 0.000 0.234 0.579 0.140 0.271 0.000 5
RE-RV-RK-SkN 0.992 0.860 0.596 0.977 0.502 0.827 0.821 7
RE-RV-RK-tN 0.941 0.695 0.554 0.894 0.527 0.827 0.821 7
RE-RR-RK-NN 0.997 0.000 0.338 0.755 0.371 0.160 0.000 5
RE-RR-RK-SkN 0.988 0.786 0.579 0.917 0.748 0.827 1.000 7
RE-RR-RK-tN 0.997 0.000 0.579 0.660 0.703 0.827 0.821 6
RE-RV-RR-RK-NN 0.996 0.000 0.264 0.785 0.260 0.230 0.000 5
RE-RV-RR-RK-SkN 0.995 0.853 0.579 0.966 1.000 0.827 0.821 7
RE-RV-RR-RK-tN 0.997 0.738 0.568 0.916 0.748 0.571 0.818 7
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TABLE A.21: 75% Model Confidence Set of ALS with R method across the
markets and assets, α = 1%

GARCH-t 0.154 0.473 0.418 0.139 0.024 0.398 0.096 3
EGARCH-t 0.686 0.326 0.449 0.139 0.555 0.398 0.096 5
GJR-t 0.470 0.326 0.646 0.513 0.555 0.398 0.096 6
GARCH-HS 0.470 0.918 0.449 0.139 0.728 0.398 0.076 5
GARCH-t-EVT 0.000 0.207 0.045 1.000 0.024 1.000 0.002 2
CARE-SAV 0.875 0.945 0.418 0.513 0.024 0.398 0.096 5
RG-RV-tN 0.686 0.271 0.449 0.070 0.024 0.398 0.002 4
RG-RR-tN 1.000 0.473 0.646 0.986 0.527 0.398 0.096 6
RG-RK-tN 1.000 0.215 0.418 0.139 0.024 0.398 0.096 3
RE-RV-NN 0.686 0.212 0.449 0.139 0.024 0.398 0.096 3
RE-RV-SkN 0.965 0.918 0.646 0.513 0.555 0.398 0.809 7
RE-RV-tN 0.928 0.807 0.646 0.905 0.555 0.398 0.596 7
RE-RR-NN 0.965 0.326 0.449 0.513 0.527 0.398 0.596 7
RE-RR-SkN 1.000 1.000 0.646 0.513 0.555 0.943 0.096 6
RE-RR-tN 1.000 0.945 0.646 0.139 0.588 0.943 0.096 5
RE-RK-NN 0.965 0.215 0.449 0.139 0.024 0.398 0.096 3
RE-RK-SkN 1.000 0.945 0.646 0.986 0.555 0.943 0.596 7
RE-RK-tN 1.000 0.807 0.646 0.513 0.555 0.645 0.809 7
RE-RV-RR-NN 0.875 0.224 0.646 0.513 0.555 0.398 0.096 5
RE-RV-RR-SkN 1.000 0.945 0.646 0.986 0.555 0.757 0.096 6
RE-RV-RR-tN 0.928 0.918 1.000 0.513 0.588 0.943 0.809 7
RE-RV-RK-NN 0.686 0.207 0.449 0.139 0.024 0.398 0.096 3
RE-RV-RK-SkN 0.989 0.945 0.646 0.986 0.555 0.943 0.809 7
RE-RV-RK-tN 0.962 0.918 0.646 0.513 0.555 0.757 0.809 7
RE-RR-RK-NN 1.000 0.252 0.646 0.513 0.527 0.398 0.096 6
RE-RR-RK-SkN 0.965 0.918 0.646 0.513 0.588 0.757 1.000 7
RE-RR-RK-tN 1.000 0.473 0.646 0.235 0.588 0.943 0.809 6
RE-RV-RR-RK-NN 1.000 0.207 0.449 0.513 0.527 0.398 0.096 5
RE-RV-RR-RK-SkN 0.998 0.945 0.646 0.905 1.000 0.943 0.809 7
RE-RV-RR-RK-tN 1.000 0.918 0.646 0.513 0.588 0.398 0.596 7
Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included

in MCS
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TABLE A.22: 75% Model Confidence Set of ALS with SQ method across the
markets and assets, α = 1%

GARCH-t 0.327 0.000 0.151 0.488 0.175 0.584 0.000 3
EGARCH-t 0.660 0.000 0.283 0.574 0.557 0.192 0.000 4
GJR-t 0.472 0.000 0.431 0.872 0.463 0.446 0.000 5
GARCH-HS 0.533 0.000 0.194 0.555 0.729 0.446 0.000 4
GARCH-t-EVT 0.039 0.000 0.070 1.000 0.056 1.000 0.000 2
CARE-SAV 0.798 0.866 0.246 0.375 0.206 0.230 0.000 3
RG-RV-tN 0.893 0.000 0.165 0.876 0.072 0.143 0.000 2
RG-RR-tN 0.997 0.000 0.471 0.980 0.413 0.131 0.000 4
RG-RK-tN 0.997 0.000 0.175 0.574 0.086 0.140 0.000 2
RE-RV-NN 0.603 0.000 0.209 0.574 0.098 0.231 0.000 2
RE-RV-SkN 0.969 0.000 0.573 0.900 0.557 0.584 0.823 6
RE-RV-tN 0.920 0.000 0.556 0.960 0.631 0.160 0.000 4
RE-RR-NN 0.986 0.000 0.303 0.910 0.299 0.149 0.805 5
RE-RR-SkN 0.997 1.000 0.634 0.922 0.661 0.836 0.000 6
RE-RR-tN 0.997 0.924 0.574 0.577 0.729 0.836 0.000 6
RE-RK-NN 0.980 0.000 0.214 0.555 0.124 0.135 0.000 2
RE-RK-SkN 0.997 0.866 0.573 0.975 0.475 0.836 0.000 6
RE-RK-tN 0.995 0.000 0.573 0.922 0.557 0.764 0.823 6
RE-RV-RR-NN 0.856 0.000 0.503 0.765 0.443 0.355 0.000 5
RE-RV-RR-SkN 0.997 0.924 0.573 0.980 0.588 0.836 0.000 6
RE-RV-RR-tN 0.931 0.000 1.000 0.784 0.729 0.836 0.823 6
RE-RV-RK-NN 0.731 0.000 0.233 0.574 0.146 0.285 0.000 3
RE-RV-RK-SkN 0.992 0.866 0.600 0.980 0.505 0.836 0.823 7
RE-RV-RK-tN 0.947 0.700 0.559 0.893 0.533 0.836 0.823 7
RE-RR-RK-NN 0.997 0.000 0.344 0.744 0.386 0.173 0.000 4
RE-RR-RK-SkN 0.987 0.790 0.574 0.914 0.729 0.836 1.000 7
RE-RR-RK-tN 0.997 0.000 0.574 0.655 0.693 0.836 0.823 6
RE-RV-RR-RK-NN 0.997 0.000 0.264 0.759 0.268 0.208 0.000 4
RE-RV-RR-RK-SkN 0.994 0.845 0.574 0.963 1.000 0.836 0.823 7
RE-RV-RR-RK-tN 0.997 0.743 0.573 0.914 0.729 0.584 0.822 7
Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included

in MCS
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Appendix B

Chapter 4 Appendix

B.1 Distribution of the posterior mean of γ1 and γ4 based on his-
torical data over the forecast period

FIGURE B.1: Distribution of the posterior mean of γ1 and γ4 over the
forecast period: ASX 200
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FIGURE B.2: Distribution of the posterior mean of γ1 and γ4 over the
forecast period: DAX

FIGURE B.3: Distribution of γ1 and γ4 over the forecast period: FTSE
100
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FIGURE B.4: Distribution of the posterior mean of γ1 and γ4 over the
forecast period: Hang Seng

FIGURE B.5: Distribution of the posterior mean of γ1 and γ4 over the
forecast period: Nasdaq
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FIGURE B.6: Distribution of the posterior mean of γ1 and γ4 over the
forecast period: SMI

FIGURE B.7: Distribution of the posterior mean of γ1 and γ4 over the
forecast period: S&P 500
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B.2 Model Confidence Set Results

TABLE B.1: 90% Model Confidence Set of ALS with R method across the mar-
kets and assets, α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-Sk 0.413 0.337 0.676 0.686 0.472 0.328 0.021 6
EGARCH-Sk 0.203 0.337 0.417 0.420 0.454 0.328 0.022 6
RE-SkN-ML 0.413 0.337 0.676 0.686 0.454 0.328 0.276 7
RE-SkN-Lasso-CV 0.842 0.337 0.751 0.747 0.472 0.328 0.276 7
RE-SkN-MCMC 0.413 0.337 0.846 0.848 0.472 0.328 0.276 7
RE-SkN-Blasso 1.000 1.000 1.000 1.000 1.000 1.000 1.000 7

TABLE B.2: 90% Model Confidence Set of ALS with SQ method across the
markets and assets, α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-Sk 0.428 0.306 0.696 0.511 0.455 0.335 0.028 6
EGARCH-Sk 0.206 0.306 0.444 0.634 0.438 0.335 0.029 5
RE-SkN-ML 0.428 0.306 0.696 0.634 0.438 0.335 0.294 7
RE-SkN-Lasso-CV 0.850 0.306 0.752 0.806 0.455 0.335 0.294 7
RE-SkN-MCMC 0.428 0.306 0.855 0.806 0.455 0.335 0.294 7
RE-SkN-Blasso 1.000 1.000 1.000 1.000 1.000 1.000 1.000 7

TABLE B.3: 75% Model Confidence Set of ALS with R method across the mar-
kets and assets, α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-Sk 0.236 0.200 0.374 0.439 0.772 0.721 0.003 6
EGARCH-Sk 0.598 0.200 0.374 0.439 0.772 0.757 0.020 6
RE-SkN-ML 0.236 0.200 0.374 0.439 0.695 0.757 0.179 7
RE-SkN-Lasso-CV 0.778 0.200 0.374 1.000 0.772 0.757 0.706 7
RE-SkN-MCMC 0.598 0.200 0.663 0.439 0.772 0.757 0.706 7
RE-SkN-Blasso 1.000 1.000 1.000 0.721 1.000 1.000 1.000 7



Appendix B. Chapter 4 Appendix 182

TABLE B.4: 75% Model Confidence Set of ALS with SQ method across the
markets and assets, α = 2.5%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-Sk 0.436 0.405 0.415 0.249 0.480 0.238 0.006 4
EGARCH-Sk 0.202 0.442 0.243 0.473 0.355 0.320 0.015 4
RE-SkN-ML 0.560 0.442 0.541 0.473 0.355 0.320 0.225 6
RE-SkN-Lasso-CV 0.850 0.442 0.749 0.786 0.480 0.320 0.225 6
RE-SkN-MCMC 0.560 0.442 0.855 0.768 0.480 0.320 0.225 6
RE-SkN-Blasso 1.000 1.000 1.000 1.000 1.000 1.000 1.000 7

TABLE B.5: 90% Model Confidence Set of ALS with R method across the mar-
kets and assets, α = 1%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-Sk 0.236 0.200 0.374 0.439 0.772 0.721 0.003 6
EGARCH-Sk 0.598 0.200 0.374 0.439 0.772 0.757 0.020 6
RE-SkN-ML 0.236 0.200 0.374 0.439 0.695 0.757 0.179 7
RE-SkN-Lasso-CV 0.778 0.200 0.374 1.000 0.772 0.757 0.706 7
RE-SkN-MCMC 0.598 0.200 0.663 0.439 0.772 0.757 0.706 7
RE-SkN-Blasso 1.000 1.000 1.000 0.721 1.000 1.000 1.000 7

TABLE B.6: 90% Model Confidence Set of ALS with SQ method across the
markets and assets, α = 1%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-Sk 0.343 0.279 0.362 0.242 0.803 0.688 0.002 6
EGARCH-Sk 0.477 0.279 0.345 0.347 0.803 0.768 0.011 6
RE-SkN-ML 0.343 0.279 0.362 0.347 0.686 0.696 0.158 7
RE-SkN-Lasso-CV 0.778 0.279 0.362 1.000 0.803 0.768 0.707 7
RE-SkN-MCMC 0.672 0.279 0.663 0.371 0.803 0.768 0.707 7
RE-SkN-Blasso 1.000 1.000 1.000 0.721 1.000 1.000 1.000 7
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TABLE B.7: 75% Model Confidence Set of ALS with R method across the mar-
kets and assets, α = 1%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-Sk 0.236 0.206 0.373 0.408 0.786 0.735 0.003 4
EGARCH-Sk 0.588 0.206 0.373 0.408 0.786 0.761 0.018 5
RE-SkN-ML 0.236 0.206 0.373 0.408 0.703 0.761 0.172 4
RE-SkN-Lasso-CV 0.767 0.206 0.373 1.000 0.786 0.761 0.710 6
RE-SkN-MCMC 0.588 0.206 0.679 0.408 0.786 0.761 0.710 6
RE-SkN-Blasso 1.000 1.000 1.000 0.719 1.000 1.000 1.000 7
Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included

in MCS

TABLE B.8: 75% Model Confidence Set of ALS with SQ method across the
markets and assets, α = 1%

Model ASX 200 DAX FTSE 100 HK NASDAQ SMI S&P 500 Included
in MCS

GARCH-Sk 0.334 0.279 0.362 0.223 0.811 0.688 0.002 5
EGARCH-Sk 0.473 0.279 0.350 0.337 0.811 0.762 0.010 6
RE-SkN-ML 0.334 0.279 0.362 0.337 0.690 0.695 0.152 6
RE-SkN-Lasso-CV 0.767 0.279 0.362 1.000 0.811 0.762 0.708 7
RE-SkN-MCMC 0.661 0.279 0.679 0.371 0.811 0.762 0.708 7
RE-SkN-Blasso 1.000 1.000 1.000 0.719 1.000 1.000 1.000 7
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Appendix C

Chapter 5 Appendix

C.1 Posterior Mean of the RE-STW Models

TABLE C.1: Estimated parameter mean of all RE-STW models for all
forecasting steps for each parameter for ASX 200

Parameter
RE-STW models employing:

Average
RV RR RK RV, RR RV, RK RR, RK RV, RR, RK

µ 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
ω -0.183 -0.177 -0.225 -0.176 -0.220 -0.209 -0.192 -0.197
β 0.980 0.981 0.976 0.981 0.977 0.978 0.980 0.979
γ1 0.155 0.175 0.175 0.009 0.130 0.153 0.009 0.115
γ2 0.149 0.111 0.096 0.138 0.123
γ3 0.055 0.055
τ1 -0.115 -0.111 -0.101 -0.105 -0.118 -0.114 -0.108 -0.110
τ2 0.036 0.032 0.018 0.037 0.021 0.020 0.029 0.028
ξ1 -1.460 -2.132 1.092 -1.160 -1.641 -2.212 -1.122 -1.234
ξ2 -1.972 -0.076 -0.139 -1.884 -1.018
ξ3 -0.448 -0.448
φ1 0.940 0.920 1.156 0.974 0.922 0.911 0.976 0.971
φ2 0.938 1.025 1.017 0.946 0.981
φ3 0.985 0.985
δ1,1 -0.092 -0.087 -0.161 -0.094 -0.081 -0.078 -0.089 -0.098
δ1,2 -0.088 -0.174 -0.175 -0.084 -0.130
δ1,3 -0.176 -0.176
δ2,1 0.127 0.110 0.007 0.129 0.135 0.115 0.126 0.107
δ2,2 0.112 -0.022 -0.021 0.109 0.044
δ2,3 -0.008 -0.008
σ2

u1 0.330 0.252 0.486 0.326 0.373 0.280 0.335 0.340
σ2

u2 0.252 0.579 0.604 0.258 0.423
σ2

u3 0.689 0.689
λ1 0.781 0.774 0.701 0.799 0.773 0.784 0.787 0.771
k1 1.276 1.271 1.197 1.698 1.603 1.293 1.284 1.375
k2 1.366 1.364 1.288 1.795 1.759 1.543 1.568 1.526
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TABLE C.2: Estimated parameter mean of all RE-STW models for all
forecasting steps for each parameter for DAX

Parameter
RE-STW models

Average
RV RR RK RV, RR RV, RK RR, RK RV, RR, RK

µ 0.000 0.000 0.000 0.000 0.000 0.000 0.001 0.000

ω -0.215 -0.219 -0.184 -0.213 -0.200 -0.199 -0.205 -0.205

β 0.976 0.975 0.979 0.976 0.977 0.977 0.977 0.977

γ1 0.245 0.267 0.159 0.111 0.173 0.196 0.069 0.174

γ2 0.153 0.055 0.053 0.128 0.097

γ3 0.049 0.049

τ1 -0.140 -0.135 -0.137 -0.135 -0.139 -0.139 -0.134 -0.137

τ2 0.044 0.045 0.038 0.049 0.044 0.046 0.048 0.045

ξ1 -0.389 -0.315 -0.220 -0.456 -0.523 -0.614 -0.428 -0.421

ξ2 -0.519 -0.390 -0.440 -0.496 -0.461

ξ3 -0.311 -0.311

φ1 1.018 1.033 1.041 1.011 1.003 0.999 1.014 1.017

φ2 1.011 1.022 1.017 1.013 1.016

φ3 1.032 1.032

δ1,1 -0.170 -0.165 -0.132 -0.170 -0.170 -0.165 -0.168 -0.163

δ1,2 -0.165 -0.129 -0.129 -0.164 -0.147

δ1,3 -0.127 -0.127

δ2,1 0.077 0.074 0.129 0.080 0.076 0.073 0.079 0.084

δ2,2 0.073 0.131 0.137 0.073 0.103

δ2,3 0.135 0.135

σ2
u1 0.186 0.161 0.308 0.187 0.186 0.161 0.186 0.196

σ2
u2 0.162 0.306 0.308 0.162 0.234

σ2
u3 0.306 0.306

λ1 0.692 0.688 0.684 0.693 0.690 0.686 0.687 0.688

k1 1.162 1.160 1.159 1.164 1.161 1.160 1.161 1.161

k2 1.244 1.244 1.236 1.379 1.244 1.239 1.243 1.261
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TABLE C.3: Estimated parameter mean of all RE-STW models for all
forecasting steps for each parameter for FTSE 100

Parameter
RE-STW models

Average
RV RR RK RV, RR RV, RK RR, RK RV, RR, RK

µ 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

ω -0.227 -0.257 -0.229 -0.249 -0.239 -0.258 -0.254 -0.245

β 0.975 0.972 0.975 0.972 0.974 0.971 0.972 0.973

γ1 0.251 0.282 0.155 0.168 0.226 0.259 0.157 0.214

γ2 0.103 0.014 0.009 0.098 0.056

γ3 0.007 0.007

τ1 -0.128 -0.130 -0.143 -0.131 -0.140 -0.141 -0.138 -0.136

τ2 0.046 0.048 0.049 0.051 0.048 0.050 0.051 0.049

ξ1 -0.116 -0.433 -0.097 -0.180 -0.234 -0.687 -0.260 -0.287

ξ2 -0.706 -0.150 -0.095 -0.747 -0.425

ξ3 -0.157 -0.157

φ1 1.054 1.040 1.030 1.049 1.042 1.013 1.041 1.038

φ2 1.012 1.025 1.031 1.008 1.019

φ3 1.026 1.026

δ1,1 -0.146 -0.131 -0.075 -0.150 -0.148 -0.131 -0.151 -0.133

δ1,2 -0.132 -0.075 -0.076 -0.133 -0.104

δ1,3 -0.080 -0.080

δ2,1 0.078 0.078 0.195 0.080 0.078 0.077 0.080 0.095

δ2,2 0.078 0.196 0.197 0.079 0.137

δ2,3 0.200 0.200

σ2
u1 0.159 0.133 0.299 0.160 0.160 0.133 0.160 0.172

σ2
u2 0.133 0.292 0.292 0.133 0.212

σ2
u3 0.292 0.292

λ1 0.731 0.727 0.718 0.766 0.727 0.728 0.728 0.732

k1 1.232 1.819 1.219 1.255 1.227 1.224 1.223 1.314

k2 1.310 1.305 1.259 1.692 1.260 1.324 1.268 1.346
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TABLE C.4: Estimated parameter mean of all RE-STW models for all
forecasting steps for each parameter for Hang Seng

Parameter
RE-STW models

Average
RV RR RK RV, RR RV, RK RR, RK RV, RR, RK

µ 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

ω -0.178 -0.194 -0.120 -0.226 -0.179 -0.206 -0.244 -0.192

β 0.979 0.977 0.986 0.973 0.979 0.976 0.971 0.977

γ1 0.263 0.304 0.134 0.082 0.169 0.206 0.052 0.173

γ2 0.187 0.053 0.041 0.136 0.104

γ3 0.042 0.042

τ1 -0.053 -0.055 -0.051 -0.049 -0.049 -0.051 -0.046 -0.050

τ2 0.062 0.052 0.062 0.060 0.066 0.059 0.061 0.060

ξ1 -1.600 -2.129 -1.605 -0.919 -1.497 -1.967 -0.568 -1.469

ξ2 -1.892 -1.225 -0.999 -1.561 -1.419

ξ3 -0.581 -0.581

φ1 0.935 0.901 0.939 1.017 0.947 0.919 1.058 0.959

φ2 0.928 0.985 1.014 0.966 0.973

φ3 1.063 1.063

δ1,1 -0.112 -0.097 -0.101 -0.113 -0.113 -0.098 -0.114 -0.107

δ1,2 -0.099 -0.101 -0.100 -0.100 -0.100

δ1,3 -0.102 -0.102

δ2,1 0.062 0.049 0.114 0.068 0.061 0.047 0.065 0.066

δ2,2 0.047 0.117 0.125 0.045 0.083

δ2,3 0.122 0.122

σ2
u1 0.208 0.152 0.449 0.214 0.209 0.157 0.209 0.228

σ2
u2 0.157 0.458 0.498 0.164 0.319

σ2
u3 0.485 0.485

λ1 0.616 0.593 0.602 0.595 0.610 0.604 0.600 0.603

k1 2.167 1.438 1.131 1.111 1.131 1.159 1.110 1.321

k2 1.218 1.182 1.174 1.158 1.212 1.298 1.162 1.201
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TABLE C.5: Estimated parameter mean of all RE-STW models for all
forecasting steps for each parameter for NASDAQ

Parameter
RE-STW models

Average
RV RR RK RV, RR RV, RK RR, RK RV, RR, RK

µ 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

ω -0.340 -0.361 -0.235 -0.371 -0.316 -0.333 -0.359 -0.331

β 0.962 0.959 0.974 0.958 0.964 0.962 0.960 0.963

γ1 0.351 0.381 0.203 0.152 0.249 0.265 0.081 0.240

γ2 0.214 0.071 0.080 0.175 0.135

γ3 0.072 0.072

τ1 -0.165 -0.166 -0.161 -0.159 -0.164 -0.166 -0.154 -0.162

τ2 0.047 0.047 0.035 0.051 0.047 0.047 0.049 0.046

ξ1 -1.379 -1.478 -1.576 -1.149 -1.392 -1.528 -0.879 -1.340

ξ2 -1.322 -1.320 -1.285 -1.060 -1.247

ξ3 -0.819 -0.819

φ1 0.938 0.960 0.905 0.965 0.936 0.953 0.994 0.950

φ2 0.977 0.935 0.939 1.005 0.964

φ3 0.992 0.992

δ1,1 -0.159 -0.160 -0.138 -0.159 -0.159 -0.158 -0.158 -0.156

δ1,2 -0.158 -0.135 -0.135 -0.158 -0.147

δ1,3 -0.134 -0.134

δ2,1 0.044 0.042 0.098 0.045 0.044 0.040 0.043 0.051

δ2,2 0.041 0.100 0.101 0.039 0.070

δ2,3 0.099 0.099

σ2
u1 0.194 0.176 0.355 0.193 0.193 0.175 0.192 0.211

σ2
u2 0.175 0.349 0.350 0.175 0.262

σ2
u3 0.350 0.350

λ1 0.683 0.692 0.690 0.689 0.684 0.697 0.676 0.687

k1 1.183 2.178 1.183 1.188 1.184 1.290 1.181 1.341

k2 1.192 1.311 1.208 1.610 1.261 1.745 1.192 1.360
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TABLE C.6: Estimated parameter mean of all RE-STW models for all
forecasting steps for each parameter for SMI

Parameter
RE-STW models

Average
RV RR RK RV, RR RV, RK RR, RK RV, RR, RK

µ 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

ω -0.416 -0.433 -0.626 -0.418 -0.459 -0.468 -0.433 -0.465

β 0.955 0.953 0.932 0.954 0.950 0.949 0.952 0.949

γ1 0.313 0.353 0.186 0.095 0.268 0.308 0.081 0.229

γ2 0.241 0.035 0.031 0.229 0.134

γ3 0.020 0.020

τ1 -0.131 -0.118 -0.148 -0.122 -0.133 -0.120 -0.124 -0.128

τ2 0.042 0.042 0.037 0.044 0.042 0.042 0.044 0.042

ξ1 -0.527 -0.784 -0.404 -0.278 -0.352 -0.595 -0.307 -0.464

ξ2 -0.877 -1.249 -0.968 -0.774 -0.967

ξ3 -0.751 -0.751

φ1 1.013 0.979 0.965 1.044 1.033 1.000 1.042 1.011

φ2 0.971 0.868 0.900 0.984 0.931

φ3 0.926 0.926

δ1,1 -0.156 -0.128 -0.130 -0.159 -0.156 -0.129 -0.160 -0.145

δ1,2 -0.132 -0.136 -0.135 -0.133 -0.134

δ1,3 -0.139 -0.139

δ2,1 0.054 0.048 0.054 0.057 0.056 0.049 0.058 0.054

δ2,2 0.049 0.058 0.060 0.050 0.054

δ2,3 0.063 0.063

σ2
u1 0.133 0.094 0.564 0.132 0.135 0.096 0.133 0.184

σ2
u2 0.094 0.669 0.666 0.095 0.381

σ2
u3 0.682 0.682

λ1 0.725 0.717 0.672 0.716 0.725 0.717 0.712 0.712

k1 1.333 1.247 1.156 1.180 1.224 1.205 1.173 1.217

k2 1.260 1.236 1.180 1.261 1.627 1.465 1.235 1.323
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TABLE C.7: Estimated parameter mean of all RE-STW models for all
forecasting steps for each parameter for S&P500

Parameter
RE-STW models

Average
RV RR RK RV, RR RV, RK RR, RK RV, RR, RK

µ 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

ω -0.321 -0.326 -0.269 -0.335 -0.332 -0.338 -0.339 -0.323

β 0.965 0.964 0.971 0.963 0.964 0.963 0.963 0.965

γ1 0.354 0.376 0.148 0.195 0.287 0.310 0.153 0.260

γ2 0.165 0.025 0.022 0.150 0.091

γ3 0.029 0.029

τ1 -0.191 -0.191 -0.182 -0.185 -0.193 -0.194 -0.185 -0.189

τ2 0.043 0.045 0.037 0.048 0.039 0.042 0.045 0.043

ξ1 -1.066 -1.148 -0.501 -0.930 -0.737 -0.827 -0.703 -0.845

ξ2 -1.000 -0.636 -0.649 -0.778 -0.766

ξ3 -0.620 -0.620

φ1 0.957 0.974 1.012 0.973 0.993 1.009 0.998 0.988

φ2 0.990 0.997 0.997 1.014 1.000

φ3 1.000 1.000

δ1,1 -0.159 -0.157 -0.049 -0.159 -0.159 -0.157 -0.159 -0.143

δ1,2 -0.155 -0.051 -0.055 -0.155 -0.104

δ1,3 -0.049 -0.049

δ2,1 0.067 0.069 0.209 0.068 0.067 0.069 0.068 0.088

δ2,2 0.069 0.208 0.214 0.069 0.140

δ2,3 0.211 0.211

σ2
u1 0.194 0.176 0.418 0.194 0.194 0.176 0.194 0.221

σ2
u2 0.176 0.405 0.405 0.175 0.290

σ2
u3 0.405 0.405

λ1 0.666 0.680 0.653 0.674 0.665 0.696 0.663 0.671

k1 1.155 2.174 1.136 1.149 1.264 2.337 1.145 1.480

k2 1.160 1.250 1.158 1.509 1.175 1.574 1.151 1.283
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