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Abstract

Deep learning refers to classes of machine learning models using highly sophisticated
neural network-based structures to efficiently learn non-linear effects normally
exhibited in many types of data such as images, text, video, etc. Deep learning
models have been widely used in industry level and empirically proven to work
amazingly well in a wide range of machine learning and artificially intelligent
applications such as object detection, face recognition, text translation, etc. In
recent years, a significant amount of academic research have used advanced machine
learning techniques, including deep learning models, as attractive alternatives to
traditional statistical approaches in the financial econometrics literature. While there
are some interesting works showing promising results to support this line of research,
some recent studies extensively comparing the predictive performance of machine
learning and financial econometrics models suggest an opposite but unsurprising
conclusion: purely advanced machine learning techniques do not outperform
traditional statistical models in time series forecasting but their computational
requirements are considerably greater than those of statistical methods. Additionally,
these advanced models are often called black-box techniques because of their low
level of interpretability. This reasonably explains the overall low usage of the
stage-of-the-art machine learning methods in real business and financial applications,
despite of their undeniably impressive predictive performance in many highly

sophisticated learning tasks.

The lack of applicability of deep learning models in financial econometrics applications
is mainly due to the fact that they are not originally designed to learn stylized facts
naturally existing in business and financial data. To compensate for this shortage of the
model development, these engineer-oriented models in general require a substantial
amount of representative training data to be able to learn distinct patterns about the
data, and inherently ignore the interpretation of model outcomes. These advanced
models can make highly accurate prediction when training data is sufficient but
when the interpretation of the models is also one of the main interests, they are
still not the first choice for econometricians, who are often interested in how to
interpret not only the forecast quantities and but also the in-sample fitting. The

statistical and financial econometrics models, on the other hand, are developed to
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Abstract

learn the characterized stylized facts directly and hence well-explain the underlying
data generating process. Consequently, these models are highly interpretable and have
good in-sample performance. However, due to the simplicity of model designs, these
statistical models normally perform badly when the underlying data processes exhibit
non-linear effects, which cannot be captured efficiently by simple linear structures

mainly developed to explain distinct behaviors of business and financial data.

In this dissertation, we investigate a wide range of statistical models commonly used
in many business and financial econometrics applications, and propose flexible ways
to combine these highly interpretable models with powerful predictive models in the
deep learning literature to leverage the advantages and compensate the disadvantages
of each of the modeling approaches. Our methodologies of utilizing deep learning
techniques for financial data are different from the recently proposed deep learning
based models in the financial econometrics literature in several perspectives. First,
we do not overlook well-established structures that have been successfully used
in statistical modeling. More specifically, we flexibly incorporate deep learning
techniques to the statistical model to capture the data effects that cannot be explained
by the simple linear components of those models. Our proposed modeling frameworks
therefore normally include two components: a linear component to explain linear
dependencies and a deep learning based component to capture data effects rather
than linearity possibly exhibited in the underlying process. Second, we do not
use the neural network structures in the same fashion as they are implemented in
the deep learning literature, but modify those black-box methods to make them
more explainable and hence improve the interpretability of the proposed models.
As the results, our hybrid models not only perform better than the pure deep
learning techniques in term of interpretation but also often produce more accurate
out-of-sample forecasts than the counterpart statistical frameworks. Third, we propose
advanced Bayesian inference methodologies to efficiently quantify the uncertainty
about the model estimation and prediction, which are of high interest to statisticians
and econometricians. For the proposed high-dimensional deep learning based models,
performing efficient Bayesian inference is extremely challenging and is often ignored
in the engineer-oriented papers, which generally prefer the frequentist estimation

approaches, e.g. maximum likelihood, mainly due to the simplicity.

Finally, an important contribution of the dissertation is to provide an unified software

package implementing all the proposed models and methodologies, which are
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Abstract

normally missing in statistical modeling research. We believe that an user-friendly
software package will make our research works more accessible to researchers and
practitioners in the fields of statistical and financial econometrics modeling. The
software provided is completely written in Matlab with some parts having been

converted to R and Python.
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Chapter 1

Introduction

This chapter introduces the motivation for the problems considered in
this dissertation and discusses the challenging nature of these problems.
A summary of the contributions made in the following chapters and an

overview of the structural organisation of the dissertation are provided.
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1.1 Introduction

1.1 Introduction

The modern machine learning (ML) techniques significantly involve the use of neural
network-based models, which is a class of ML methods imitating human neural
functionalities to learn complex structures exhibited in many types of data such as
image, text or video. A neural network in general is a collection of neurons separated
by layers. More specifically, a network contains many layers, and each layer can
have many neurons. Neurons are the main components of the networks to perform
computational tasks; they receive the signal from the previous layers as input, then do
specific calculations based on the tasks with the inputs and send the output to the next
layers, or even feedback to the previous layers. The overall length of the chain of layers
is called the depth of the models and the term deep learning is normally used to describe
neural networks with high depth, e.g. have many layers. In this dissertation, we use
the terms deep learning and neural network based models exchangeably as most of

discussions are applicable to neural networks with arbitrary depth.

Neural network models in general and deep learning models in particular have great
predictive performance, but they always come with several costs that significantly
limit their applicability in many business and financial econometric applications: data
consuming, computationally expensive, and poor interpretability. First, deep learning
models normally have a substantial amount of parameters and hence proportionally
require a large amount of data to estimate the model accurately. In many business
applications where not much data is available, this is a serious issue as the fitted
neural network models tend to be overfitting; these models do not forecast well the
out-of-sample data. Second, when there is enough data to train the deep learning
models, the highly computational cost comes as a by-product. For models with
many parameters and there are a lot of data to learn, it requires sufficient power
resource to quickly train and deploy the models, especially in real-time applications.
The computationally expensive property of these high dimensional models is even
more problematic when performing Bayesian inference is necessary to quantity the
uncertainty about model parameters and forecast values, which is one of the main
interests to statisticians and econometricians. Third, the deep learning models use
sophisticated structures of neurons and layers to learn the complex properties of
the data, e.g. non-linearity or long range dependency, and hence sacrifice the

interpretation of the output estimates as a trade-off. For business applications where
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the interpretation of predictions is important, the use of these powerful models is still

very limited, regardless the impressive predictive performance they can achieve.

A large body of academic research in recent years has been proposed to use ML
methods, including deep learning models, as attractive alternatives to statistical
ones to enhance the forecastability of traditional models in financial econometrics
applications, e.g. financial time series forecasting. However, an extensive study on a
large subset of 1045 monthly time series, used in the M3 Competition !, of Makridakis
et al. (2018a) suggests an interesting result: the accuracy of sophisticated ML models
is below that of simple statistical ones such as Simple Exponential Smoothing (SES)
(Gardner Jr., 1985), Holt and Damped ES (Gardner, 2006) and ARIMA (Box and
Jenkins, 1976). The same observation is drawn from the recent M4 competition ? of
developing best forecast models for a data set of 100,000 time series. The overall results
again support the hypothesis that pure ML and neural network methods perform
worse than standard models like ARIMA or ES, and are also outperformed by various
combinations of these benchmark statistical methods (Smyl, 2020). Makridakis et al.
(2018a) also point out the disadvantage of the highly computational cost of ML models

compared to statistical alternatives.

This dissertation concentrates on mitigating the aforementioned limitations of deep
learning models and develops new classes of statistical models that have both
good in-sample and out-of-sample performance and hence improve the applicability
of the neural network based models in business and financial applications. The
main philosophy of our proposed approaches is that we do not overlook the
financial econometrics models but leverage the advantages from both worlds of deep
learning, for high predictability, and traditionally statistical, for high interpretability,
modeling in flexible ways. Our methodologies are consistent with the recent work
of Smyl (2020), proposing hybrid Exponential Smoothing-Recurrent Neural Networks
(ES-RNN) method and is the winner of the highly competitive M4 competition.
The ES-RNN model combines ES and RNN in a flexible way to compensate
each other the weaknesses of two models: the linear trend assumption and the
incapability of cross-series learning of the ES model, and the lacking of capability
of modeling seasonality of RNN models. Consequently, the ES-RNN is able to not
only model time series with non-linear trend, seasonality but also capture the cross

effects in multivariate time series. The success of the ES-RNN suggests that any

https:/ /forecasters.org/resources/ time-series-data/m3-competition/
Zhttps:/ /github.com /Mcompetitions /M4-methods
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1.2 Summary of Original Contributions

models incorporating advanced ML techniques should not overlook well-established
statistical models which were carefully designed to well explain stylized facts about

business and financial data.

The dissertation also focuses on developing efficient Bayesian inference methods for
the proposed models. This task is challenging due to the fact that the traditional
Bayesian methodologies do not perform well on high-dimensional models, which is an
inherited property of our neural network based models. It is even more problematic
when combining deep learning methods and statistical models whose likelihood
functions are intractable, e.g. the likelihood functions have no analytical forms.
Designing computationally efficient Bayesian methods for these high-dimensional and
intractable models are essential to enhance their applicability in real applications.
Importantly, the dissertation comes with a software package so that practitioners can
easily adopt the proposed methods on their own data. Most engineering-oriented
papers in financial econometric research do not offer open-source software, making
it difficult for econometricians to use and test their methods. Providing software in an
openly accessible form is a crucial aspect for acceptance of the new methodologies in

the community.

1.2 Summary of Original Contributions

This dissertation comprises of several original contributions to the fields of financial
econometrics, statistical modeling and computational statistics. These are described as

follows:

1. We introduce four new classes of deep learning based models to improve the
predictive performance of traditionally statistical models, which are widely used
for cross-sectional, panel and time series data available in many business and
financial applications. Our approaches of leveraging the predictive power of
deep learning based structures in financial econometric literature are different
from many engineering-oriented methodologies in the sense that we emphasize
not only on enhancing the out-of-sample performance of the traditional models,
which are normally low, but also focus on retaining the interpretation of the
proposed models, which is one of the main interests of econometricians and
is normally overlooked in engineering-oriented models. By combining deep

learning and statistical models in flexible ways, the proposed models are
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often able to obtain satisfactory levels of both in-sample and out-of-sample
performance through a wide range of simulation studies and applications on real

datasets.

2. The proposed deep learning based models are highly sophisticated in
two aspects.  First, due to the natural design of neural network based
structures, the deep learning models normally require a significant amount of
parameters to be learned. Even though our proposed methodologies still work
efficiently with small-size neural networks, the number of model parameters
are still significantly higher than those of traditionally statistical models.
For these high-dimensional models, designing scalable and computationally
effective method for Bayesian computation is important. In chapter 3, we
describe a Variational Bayes algorithm for approximating Bayesian inference in
high-dimensional models and show that the proposed Bayesian approximation
framework performs very well on a wide range of simulation data and real
applications. Second, combining deep learning models with statistical models
whose likelihood functions are intractable, e.g. stochastic volatility model, will
inherently result in the intractability of combined models. In chapters 4 and 5,
we show that by flexibly using the recent advances in Bayesian computational
statistics, we can still efficiently sample from the those highly sophisticated

posterior distributions.

3. We develop an unified user-friendly software package that can be easily used
to replicate the results in our papers and to implement our methodologies on
custom data. The software package is developed on multiple programming
languages such as Matlab, Python and R to increase the accessibility of the

proposed models in the community.

1.3 Dissertation Structure

The dissertation structure is outlined in Figure 1.2, and is described as follows:

1. Chapter 1 provides an introduction on the motivation and main contributions
of the dissertation. The chapter also describes the overall structure of the

dissertation.
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2. Chapter 2 discusses background in deep learning models that will be used in later
chapters of the dissertation. Fundamentals of useful Bayesian inference methods

are also included in the chapter.

3. Chapter 3 introduces two new classes of deep learning based models, namely
deepGLMs and deepGLMMs, to improve the predictive performance of the
GLMs and GLMMS models, respectively. The chapter also discusses how to
efficiently perform variable selection for neural network based models in a
principle way to improve the low interpretability of traditional neural networks.
An efficient variational Bayes framework called NAGVAC to perform Bayesian
approximation for the proposed models is also described. This work has been
published in the Journal of Computational and Graphical Statistics (Rank A*) under
title of “Bayesian Deep Net GLM and GLMM” (Tran et al., 2020).

4. Chapter 4 introduces a new class of conditional heteroskedasticity models called
Recurrent Conditional heteroskedasticity (RECH) to improve both in-sample
and out-of-sample performance of the GARCH-type models. We show that the
flexible design of the RECH models provide a convenient way to incorporate
advances from both deep learning and statistical modeling literature, and
significantly simplifies the model selection process, which is less trivial for the
counterpart GARCH-type models. This work has been revised and re-submitted
to the Journal Applied Econometrics (Rank A¥).

5. Chapter 5 discusses a new parametric model, called Statistical Recurrent
Stochastic Volatility (SR-SV), to model financial volatility of stock market index.
The SR-SV model improves the predictive performance of the traditional SV-type
models and is able to capture long-range dependencies and non-linear effects
normally exhibited in financial volatility. This work is under revision for the

second submission to the Journal of Business & Economic Statistics (Rank A¥).

6. Chapter 6 gives a conclusive summary for all of the completed work in this

dissertation, and discuss the potential work in the future.
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Chapter 2

Fundamentals of deep
learning models and
Bayesian Inference
methods

This chapter presents background on different deep learning models
that will be used in the dissertation. We also revisit fundamentals of
Bayesian inference frameworks which are useful to construct Bayesian

methodologies in later chapters.
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2.1 Notations

2.1 Notations

We use D to denote a generic dataset of arbitrary data type. Table 2.1 provides notation

details of different types of data that will be discussed in the dissertation.

Data Notation Description

y; is the response,
Cross-sectional D = {(y;, x;),i=1,..,n} x; = (X1, ..., Xip) | is the

vector of p covariates

yi+ the response, x;; the
Panel D = {(yit, xi),t =1,..,T;,i=1,..,n} vector of covariates of

subject i at time ¢

) ) yt is the observation of
Time series D=y.r={y,t=1,..,T} ‘ _ _
the time series at time ¢

Table 2.1. Notation for different data type discussed in the dissertation.

We use the notation a := b to denote that a is defined by b. For any random variable or
random vector X and any function g(X), we denote by Ef(g(X)) (or Exf(g(X)), or
simply Ex (g(X))) the expectation of g(X) where X follows a probability distribution
with density function f(x).

2.2 Deep learning models

This section provides background on Deep feedforward neural networks and
Recurrent neural networks, two of the most commonly used neural network structures
in the deep learning literature. For the purpose of the dissertation, we describe
the deep learning models from a statistician’s perspective by formalizing the neural

network structures in the same way that statistical models are normally presented.

2.2.1 Deep Feedforward Neural Networks

For the purpose of this section, we use y and x to denote a generic response and
a covariate vector, respectively. Deep feedforward neural network (DFNN), also

called feedforward neural network (FNN) or multi-layer perceptrons (MLP), modeling
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Chapter 2 Fundamentals of deep learning models and Bayesian Inference methods

provides a powerful technique for approximating regression functions with multiple
regressors. More specifically, the primary goal of a feedforward neural network is to
define a mapping, or a regression function y = f(x,w), from a set of input covariates
x = {x1,...,xp} to an output y and parameterized by a set of parameters w, which are
normally called weights. These models are called feedforward because the mapping
function f(-) is constructed by feeding input information x forwardly through a
sequence of computational layers, e.g input, hidden and output layers. Figure 2.1
shows the graphical presentation of a DFNN model with an input layer of 9 covariates,
L = 4 hidden layers and a single-unit output layer representing the scalar output y.
When the number of layers L goes to large numbers, the neural network gets deeper

and the name deep learning from this intuition.

1
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Figure 2.1. Graphical representation of a layered composition function with L = 4 hidden layers.
The input layer represents 9 raw covariates {x1,...,X9}. The last hidden layer (hidden layer 4)
represents the predictors Z; = {zy1,...,z1,, }. The output layer has only one neuron representing

scalar value y.

The final form of the mapping function f(-) then depends on how each individual layer
is designed. Mathematically, we can think of each hidden layer defines a vector-valued
function Z; = f;(W;,Z;_1),1 = 1,2,...,L, with L the number of hidden layers in the
network, w = (W4, ..., Wr) the set of weights, and we define Zy = fy(x) = x. Then the

output of the FNN model in Figure 2.1 can be represented as composition function

y = f(x,w) = fs(Ws, fs(Wy, f3(W3, f2(Wa, f1(W1,x))))) (2.1)
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2.2.2 Recurrent Neural Networks

which can be rewritten in a hierarchical form as

Z1 = f1(Wy,x) (2.2)
Zy = f2(Wa,2Zy) (2.3)
Z3 = f3 (W3,7Z5) (2.4)
Zy = fa(Wy, Z3) (2.5)
y = f5(Ws Zy) (2.6)

In the deep learning literature, the function f;(W;,Z;_1) is normally assumed to be of
the form ®;(W;Z;_1), where W] is a matrix of weights that connect layer [ to layer /41
and @, (-) is a scalar function, called the activation function. In modern neural network
modelling, the default recommendation for ®;(-) is to use the rectified linear unit
(Nair and Hinton, 2010; Le et al., 2015), or ReLU, having the form ®;(z) = max{0,z}.

Applying ®; to a vector should be understood component-wise.

Depending on the task and the characteristic of the input data, neural networks are
distinguished based on how the layers and neurons are connected. For example,
FNN indicate a class of neural networks in which neurons between layers are fully
connected with no feedback connections. This type of structure is design to work
efficiently with cross-sectional or tabular data, which are normally used with linear

regression or logistic regression models in statistical modeling.

See Schmidhuber (2015) for a historical survey and Goodfellow et al. (2016) for a
more comprehensive recent discussion of DFNNs and other types of neural networks,

collectively known as deep learning models.

2.2.2 Recurrent Neural Networks

This section denotes the time series data as {D; = (x4,z¢),t = 1,2,..}, where x; =
(xtll,...,xt,K)T is the vector of inputs and z; the scalar output. For the sequence {x:},
x;;j denotes (x,-,...,x]-) for i <j. The goal of recurrent neural network models is to model

the conditional distribution p(z¢|x¢,D1.—1).

There are several standard time series models. One approach is to represent time
effects explicitly via some simple functions, often a linear function, of the lagged values
of the time series. This is the mainstream time series data analysis approach with
the well-known ARIMA method (Box and Jenkins, 1976). This section considers an
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Chapter 2 Fundamentals of deep learning models and Bayesian Inference methods

alternative approach representing time effects implicitly via latent variables that are
designed to store the memory of the dynamics in the data. These latent variables,
also called hidden states, are updated recurrently using the information carried over
by their values from the past and the information from the data at the current
time. Recurrent neural networks (RNNSs), belong to the second category, were
tirst developed in cognitive science (Elman, 1990) and successfully used in machine

learning.

If the serial dependence structure is ignored, then a FNN discussed in the previous
section can be used to transform the raw input data x; into a set of hidden units #;,
often called learned features, for the purpose of explaining or predicting z;. Figure 2.2 is
a graphical representation of a FNN model with one hidden layer containing L hidden

units.

Figure 2.2. A FNN model with one hidden layer in compact (left) and explicit (right) styles.

Given the FNN model in Figure 2.2, the output z; is calculated as:

ht:CD(VXt—f—b), (27a)
ni=B"hi+Po, (2.7b)
ze| e~ p(ze|me); (2.7¢)

V is a L x K matrix of weights connecting the input layer to the hidden layer; g =
(B1,---,B L)T is a vector of weights connecting the hidden layer to the output layer; By is
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2.2.2 Recurrent Neural Networks

a scalar; b= (by,..,br )" is a bias vector and ®(-) is the activation function as discussed
previously. The density p(z:|7:) depends on the learning task. For example, if z; is
continuous, then typically p(z¢|n:) is a normal distribution with mean #; and variance

0% if z; is binary, then z;|7; follows a Bernoulli distribution with probability logit*1 ().

FNNs provide a powerful way to approximate the true function that maps the input x;
to the mean E(z;|x;) or to transform the raw data x; into summary statistics #; having
some desirable properties. However, FNNs are unsuitable for time series data analysis
as the time effects and the serial correlations are ignored. The main idea behind RNNs
is to let the set of hidden units /; feed itself on its lagged value /;_;. Hence, an RNN
can be best thought of as a FNN that allows a connection of the hidden units to their
value from the previous time step, enabling the network to possess memory. This basic
RNN model (Elman, 1990) can be written as:

ht:QD(VxH—Wht,l —|—b), (28a)
nt=PB"hi+Bo, (2.8b)
ze|ne~ p(ze|nt); (2.8¢)

the parameters are the bias vector b, the bias scalar By, the weight matrices V,
W, and B for input-to-hidden, hidden-to-hidden and hidden-to-output connections,
respectively. Similarly to FNNs, ®(-) is a non-linear activation function; common
choices are the ReLU or the sigmoid ¢(z) =1/(1+e *). Usually, we can set h; =0,

i.e. the neural network initially does not have any memory.

Figure 2.3 graphically illustrates the RNN model (2.8a)-(2.8c). We follow Goodfellow
et al. (2016) and use a black square to indicate the delay of a single time step in the
circuit diagram (left). The circuit diagram (Left) can be interpreted as an unfolded
computational graph (Right), where each node is associated with a particular time step.
The calculation of h; can be represented as a Simple Recurrent Neuron (SRN) unit, as
Figure 2.4 (Left) shows, and we refer to (2.8a) as hy = SRN(x4,h;_1), taking data x; at
time t and the previous state /1;_1 as the inputs. Using the SRN structure, the unfolded
graph of the RNN model of Elman (1990), which is normally referred to as the Simple
RNN model, can be reinterpreted as the unfolded graph in Figure 2.4 (Right).

The unfolded graph in Figure 2.3 suggests that the hidden state at time ¢ is the output

of a composite function

hy= f(xt, F(X_1y, f(xl,ho))>, where f(x;hi_1):=®(Va+Wh_1+b),  (2.9)
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Chapter 2 Fundamentals of deep learning models and Bayesian Inference methods

OF JEp
unfold

Figure 2.3. Graphical representation of the RNN model in (2.8a)-(2.8¢).

.
1

i iht hi—2 :
é SRN unit :

Figure 2.4. The structures of the SRN unit (/eft) and the graphical representation of the Simple

RNN model (right), which uses the SRN unit to compute the latent state ;. The & symbols

represents the addition operation.

which somewhat resembles a multiplication structure in terms of the weight W.
Consequently, the gradient of h; with respect to the model parameters might either

explode or vanish if ¢ is sufficiently large and W is not equal to 1, and hence making it
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inefficient for the Simple RNN model to learn in long time series. See Goodfellow et al.

(2016) for further explanation.

Many sophisticated RNN structures have been proposed to overcome the
aforementioned problem in the Simple RNN model; for example, the Long Short-term
Memory model of Hochreiter and Schmidhuber (1997), the Gated Recurrent Unit of
Cho et al. (2014) and the Statistical Recurrent Unit (SRU) of Oliva et al. (2017). The
SRU allows the vector of summary statistics h; to traverse through the network using
a moving average. Section 5 will discuss a SRU based statistical model as its structure
and some of its main parameters carry statistical meaning. A general SRU structure is

mathematically written as

Tt:qD(Whht_l —|—br), (210&)
¢t:<D(Wrrt+Wxxt—l—b(p), (2.10b)
) (Ao b= ), @00

where & = (a1,....0) € (0,1) is a vector of moving average weights, and W, b,, W,,
Wy and b, are the model parameters. We denote the functional learning structure in
(2.10a)-(2.10c) as hy =SRU(x¢,h;—1), which takes x; - the input data at current time f -
and h;_1 - the previous output of the SRU - as the input arguments. See Figure 2.5(a)
for the graphical representation of this SRU structure. The moving average structure
of the state h; allows the RNN network with SRU units to enjoy some advantages
compared to other RNN models. The current state h; is related to the previous state
h¢_1 both directly and indirectly and hence mitigate the problem of multiplying the same
quantities multiple times as in the Simple RNN model. The novel architecture of the
SRU allows the model to capture long term dependencies in data via simple moving

averages.

2.3 Bayesian inference

Let D denote the data and p(D|6) the likelihood function based on a postulated model,
with 6 € © the vector of model parameters to be estimated. Let p(6) be the prior.
Bayesian inference encodes all the available information about the model parameter 0

in its posterior distribution with density

7(8) = p(6D) = *’;3;6;) _7 wif@? 9 o p(0)p(DI9), @11)
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SRU unit

’
|

——

___________________________________________________

Figure 2.5. The structure of the SRU unit (a) and the graphical representation of the SRU model
(b), which uses the SRU unit to compute the latent state h;.

where p(D) = [op(0)p(D|0)d6, called the marginal likelihood or evidence. Here, the
notation ‘<’ means proportional up to the normalizing constant that is independent of

the parameter (0). In most Bayesian derivations, such a constant can be safely ignored.

Bayesian inference typically requires computing expectations with respect to the
posterior distribution. For example, the posterior mean, which is often used for
point estimation, is an expectation of 6 with respect to the posterior distribution
p(0|D). However, it is often difficult to compute such expectations, partly because the
density p(0|y) itself is intractable as the normalizing constant p(D) is often unknown.
For many applications, exact Bayesian inference is performed using Markov Chain
Monte Carlo (MCMC) or Sequential Monte Carlo (SMC), which estimates expectations
w.r.t. p(6|D) unbiasedly by sampling from it. For other applications where 0 is high
dimensional or fast computation is of primary interest, VB is an attractive alternative to
MCMC/SMC; VB approximates the posterior distribution by a probability distribution
with density g(8) belonging to some tractable family of distributions Q such as
Gaussians. The next sections will discuss fundamental background on MCMC, SMC
ans VB.
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2.3.1 Markov Chain Monte Carlo

When directly sampling from the posterior distribution 7(6) is infeasible, the Markov
chain Monte Carlo (MCMC) method (Metropolis et al., 1953; Hastings, 1970) is the
most widely used Bayesian inference method. One standard MCMC algorithm is the
Metropolis-Hastings (MH) algorithm. Under the MH algorithm, an iterative process
of proposing new sample 6’ from a proposal distribution p(6'|6) and accepting that
proposed sample with a certain probability is carried out. In practice, the random
walk proposal, e.g. multivariate normal distributions, for p(8’|0) is the most widely
used proposal distribution. Algorithm 2.1 summarizes the MH sampler for sampling

from the posterior distribution of the model parameters 6 in (2.11).

Algorithm 2.1 Metropolis-Hastings Algorithm

For each MCMC iteration:
1. Sample €’ from the proposal density q(6'|6).

2. Accept the proposal ' with the probability

o 1 p(DI6) p(6') 4(6]6)
{1' p(DI0) p(0) q(6'|6) } ' (2.12)

For modles with intractable likelihood function, e.g. there is no analytical form for
p(D|6), Andrieu and Roberts (2009) shows that the Algorithm 2.1 is still valid when
unbiased estimate of the likelihood function p(D|6’) is available and the acceptance

probability then becomes

> / / /
min{o,EO) 21000 )
p(DI6) p(0) q(¢'(6)
and call this variant as the Pseudo Marginal Metropolis Hasting (PMMH) sampler.

Chapter 5 will discuss a special case of the PMMH algorithm to perform MCMC

iterations for non-linear state space models whose likelihood functions are intractable.

2.3.2 Sequential Monte Carlo

MCMC is the most popular Bayesian inference technique due to its implementation

simplicity and computational efficiency. However, when the target distribution 77(0)
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is far from univariate normal distributions, it can be costly and difficult to tune model
parameters when using conventional MCMC techniques (Roberts and Rosenthal, 2009)
due to the nature of the algorithm. Sequential Monte Carlo (SMC), on the other hand,
can sample efficiently from non-standard posteriors, provides the marginal likelihood
estimate as a by-product, and is a convenient way for computing one-step-ahead
forecasts. In order to sample from the posterior 77(0), the SMC method (Neal, 2001;
Chopin, 2002; Del Moral et al., 2006) first samples a set of M weighted particles
{Wj ,9{) }]]\i | from an easy-to-sample distribution 77(6), such as the prior p(6), and then
traverses these particles through intermediate distributions 7¢(0), t = 1,...,K, which
become the posterior distribution 77(6), i.e. 7x(6) = 7(6). A common choice is to
set 1p(0) = p(0) as the prior p(0) if it is possible to sample from p(6). There are
two common ways to design such a sequence of intermediate distributions: likelihood
annealing (Neal, 2001) and data annealing (Chopin, 2002). The SMC with likelihood

annealing uses the following intermediate distributions

m(0) := i (0yr.r) « p(y1.7|0) " p(0), (2.13)
where 7 is referred to as the temperature level and 0=y <71 <712 <...<7yx =1

We denote the data as y;.7 to imply that the dissertation uses SMC to sample statistical
models working with time series data discussed in Chapter 4 and 5. The SMC
method consists of three main steps: reweighting, resampling and a Markov move.
There are various ways to implement SMC in practice; here we briefly present one of
these. At the begining of iteration ¢, the set of weighted particles {WLl,GLl}]-Ai ; that
approximate the intermediate distribution 71;_1(0) is reweighted to approximate the
target 71;(6). The efficiency of these weighted particles as a representation of 71;(6)
is often measured by the effective sample size (ESS) (Kass et al., 1998; Liu and Chen,
1998) defined in (2.16). If the ESS is below a prespecified threshold, the particles are
resampled; the resulting equally-weighted samples are then refreshed by a Markov
kernel whose invariant distribution is 77;(6). Algorithm 2.2 summarizes this SMC
using the likelihood annealing method. We follow Gunawan et al. (2018) and choose
the tempering sequence 7y; adaptively to ensure a sufficient level of particle efficiency

by selecting the next value of v such that ESS stays above a threshold.

SMC with likelihood annealing sampler is suitable for in-sample analysis, as it uses
the sequence of distributions in (2.13) which requires the full training data y;.7 to
be available. For out-of-sample rolling forecasts where the model parameters 0 are

updated once new data arrive, it is more appealing to use the SMC with the data
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Algorithm 2.2 SMC with likelihood annealing
1. Sample 66 ~p(0) and set Wé =1/Mforj=1..M
2. Fort=1,...,K,

Step 1: Resampling: Compute the unnormalized weights

. ) j ]
w]t _ Wt]—l p(y1rl0_) " p(0;_,) _
P(y1:T|91]f_1)%’1p( t—1)

and set the new normalized weights

L p(yarl0l )7, j=1,.,M (2.14)

W] =

-, j=1.., M. (2.15)

Step 2: Compute the effective sample size (ESS):

1
£, (W)
if ESS < cM for some 0 < c< 1, then

Ml using the weights {W]

(i) Resampling: Resampling from {9] 1} i1
and then set W] 1/M for j=1...M, to obtain the new equally-weighted
particles {6 ,Wg i1

(ii) Markov move: For each j=1,...,M, move the sample 6, according to Ny
random walk Metropolis-Hasting steps:
(a) Generate a proposal 9{, from a multivariate normal distribution

N (9{,2,5) with X; the covariance matrix.

(b) Set 9{ = 9{/ with the probability

min (1, i (“T"’f)””(e{-/)> ; 217)
p(yrr]6) 7 p(6))

otherwise keep 9{ unchanged.

end

3. The log of the estimated marginal likelihood is:

M
logp(y1.7) Z log (Z wi) (2.18)

j=1
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annealing sampler of Chopin (2002). This SMC sampler generates weighted particles

from the following sequence of distributions

m(0) := 71(0y1:4) & p(y1:410) p(0) o< 711 -1(0) p(y¢l0, y1:-1), (2.19)

with y;.; the data available up to time t. The unnormalized weights at step ¢ in (2.14)

become

W/ p(ylzt|9{}_1)p(6;_1)

= : W p(yilyre_1,0_,),j=1,..,M. (2.20)
t t—1 t—1 =1V 1) ree
pyre-116,_1)p(6;_,)

Algorithm 2.3 summarizes SMC with data annealing. For the RECH models in chapter
4, we use SMC with likelihood annealing for in-sample Bayesian analysis, and SMC

with data annealing for out-of-sample analysis and forecasting.

It is noted that the formula in (2.20) only requires the partial likelihood p(y; |y1;t_1,6{_1)
to update the weights of particle set when a new observation y; is observed. In this
mannet, the reweighting step does not involve the historical data to update the weights
and hence the data annealing strategy is computationally efficient, especially when the
time series is long. However, similar to the SMC with likelihood anneal approach, the
SMC with data anneal method also requires all the data up to time ¢, i.e. 1.4, to perform
the Markov moving steps. Fortunately, as the particles are moved separately, it is
possible to parallelize these computationally expensive steps. It is worth noting that,
similar to the SMC with likelihood annealing approach, the resampling and Markov

move steps are only implemented when the ESS is below a threshold value.

2.3.3 Variational Bayes

Bayesian inference has been long called for Bayesian computation techniques that are
scalable to large data sets and applicable in big and complex models with a huge
number of unknown parameters to infer. Sampling methods, such as MCMC and
SMC, in their current development do not meet this need. Sampling methods have
not been successfully used in some modern areas such as deep neural networks. Even
in more traditional areas such as graphical modelling and mixture modelling, it is very
challenging to use MCMC and SMC. Variational Bayes (VB) is an optimization-based
technique for approximate Bayesian inference, and provides a computationally

efficient alternative to sampling methods. VB belongs to the bigger class of Variational
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Algorithm 2.3 SMC with data annealing
1. Sample 66 ~p(0) and set Wé =1/Mforj=1..M
2. Fort=1,...,T,

Step 1, reweighting: Compute the unnormalized weights

wy = W_1p(yelyre—1,0,_1), j=1,.. M, (221)

and set the new normalized weights as

j
Wy

M
Zs:l w?

W/ = L ji=1,.., M. (2.22)

Step 2: Compute the effective sample size (ESS):

ESS = ; (2.23)

if ESS < cM for some 0 <c< 1, then
(i) Resampling: Resample from {9{_1,W{ ]Ai 1» and then set W{ = 1/M for
j=1...M, to obtain the new equally-weighted particles {6],W/ ]Ai 1-
(ii) Markov move: for each j = 1,..,M, move the sample 8, according to
N{ata random walk Metropolis-Hasting steps:

a) Generate a proposal 6 from multivariate normal distribution
prop t

N (91];,Zt) with % the covariance matrix.

(b) Set 9{ = 9{/ with the probability

- (1, p(y1l6] >p<e{’>> .20
p(y1:16,)p(6])

otherwise keep 6/.

end

Inference methods, which can also be used in the frequentist context for maximum
likelihood estimation when there are missing data. The names Variational Bayes
and Variational Inference are often used exchangeably in the literature, however, we
prefer the former in this dissertation as we are solely interested in approximating the

posterior distributions for Bayesian inference.
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The best VB approximation g* € Q is found by minimizing the Kullback-Leibler (KL)
divergence from q(6) to p(0|y)

q* —argmm {KL qllp(-ly)) /q log dG} (2.25)

Then, Bayesian inference is performed with the intractable posterior p(6|y) replaced

by the tractable VB approximation g*(0). It is easy to see that

yl)

L(qllp(-lv)) /q log do+logp(y),

thus minimizing KL is equivalent to maximizing the lower bound on logp(y)

_ p@)pWlo) ., p(0)p(y[0)
):= / q(9)10gq(—9)d0—Eq<log ) ). (2.26)

Without any constraint on Q, the solution to (2.25) is g*(6) = p(fly). Chapter 3
will discuss a VB framework called NAGVAC which provides a computationally
efficient way to find the variational distribution g*(0) for statistical models with many
parameters. For a comprehensive discussion on common Variational Bayese methods,
see Tran et al. (2021).

2.3.4 Model choice by marginal likelihood

The marginal likelihood is often used to choose between models via the Bayes factor
(Jeffreys, 1935; Kass and Raftery, 1995). In order to compare the relative performance
between two models M; and M; on a given data y;.7, we can use the Bayes factor

defined by
Eyp oy, = POLTIMY)
M p(yr|My)”

providing a Bayesian alternative to hypothesis testing. The larger the Bayes factor

(2.27)

Fa, M,/ the stronger M is supported by the data than M. Jeffreys (1961) suggests a
scale of interpretation of the Bayes factor Fy u, as listed in Table 2.2. We note that
the SMC sampler in the previous section provides an efficient way to compute the

marginal likelihood, e.g. Equation 2.18.
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2.3.4 Model choice by marginal likelihood

Grade  Fyym,  logyoFa,m, InFar,m, — Strength of evidence
0 <10° <0 <0 Negative (supports My)
1 10°-102  0.0-05 0.0-1.2 Barely worth mentioning
2 10Y2-10' 05-10 12-23 Substantial
3  10'-10%2 10-15 23-35 Strong
4 10%/2-10> 15-2.0 35-46 Very strong
5 > 102 >2.0 >4.6 Decisive

Table 2.2. Jeffreys’ scale of interpretation of the Bayes Factor Fr, m,-
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Chapter 3

Bayesian Deep Net GLM
and GLMM

Deep feedforward neural networks (DFNNs) are a powerful tool for
functional approximation. We describe flexible versions of generalized
linear and generalized linear mixed models incorporating basis functions
formed by a DFNN. The consideration of neural networks with random
effects is not widely used in the literature, perhaps because of the
computational challenges of incorporating subject specific parameters
into already complex models. Efficient computational methods for
high-dimensional Bayesian inference are developed using Gaussian
variational approximation, with a parsimonious but flexible factor
parametrization of the covariance matrix. We implement natural gradient
methods for the optimization, exploiting the factor structure of the
variational covariance matrix in computation of the natural gradient. Our
flexible DENN models and Bayesian inference approach lead to a regression
and classification method that has a high prediction accuracy, and is able
to quantify the prediction uncertainty in a principled and convenient way.
We also describe how to perform variable selection in our deep learning
method, and improve the interpretability of our DFNN based models. The
proposed methods are illustrated in a wide range of simulated and real-data
examples, and compared favourably to a state of the art flexible regression
and classification method in the statistical literature, the Bayesian additive

regression trees (BART) method.
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3.1 Motivation and Contribution

This chapter considers variants of generalized linear models (GLMs) and generalized
linear mixed model (GLMMs) using DFNNSs as a way to efficiently transform a vector
of p raw covariates X = (Xj,..,X,)" into a new vector of m predictors Z in the
model. We refer to these DFNN-based versions of GLM and GLMM as DeepGLM
and DeepGLMM, respectively. A conventional GLM uses a link function that links the
conditional mean of the response variable Y to a linear combination of the predictors
Z=¢(X)=(p1(X),...om(X)) T, with each ¢;(X) a function of X. We refer to the original
raw input variables X; as covariates, and the transformations ¢;(X) as predictors.
In conventional GLMs, the ¢;(X) are chosen a priori in some way before any model
selection, but here we are concerned with learning an appropriate Z from data through
a flexible smooth transformation. In the machine learning literature the predictors Z
are commonly referred to as learned features. If a DFNN is used for transforming the

covariates, then Z has the form

Z:fL<WerL71(WL71r'"fl(WLX)"‘)); (3.1)
which is discussed in Section 2.2.1.

The architecture (3.1) provides a powerful way to transform the raw covariate data X
into summary statistics Z that have some desirable properties. In the DeepGLM, we

link the conditional mean of the response { =E(Y|X) to a linear combination of Z

g(&)=Po+2"B,

and the model parameters consist of w= (Wj,..., W), B and other possible parameters
such as dispersion parameters. Section 3.3.2 defines DeepGLMM models by adding
random effects to DeepGLM models, which are designed to model within-subject
dependence. The deepGLM and deepGLMM models are fully parametric models
in the sense that model structure (number of layers, number of hidden units in each
layer, activation function) and model parameters (weights), and hence the closed-form
presentation, must be specified prior to the estimation and prediction steps. The use
of neural network basis functions in the context of mixed effects models seems not
considered much in the literature. Lai et al. (2006) is the only work that we know of
that deals with a neural network basis and random effects, and they use it for modeling
pharmacokinetic data. They consider neural networks with only one hidden layer,

however.
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Estimation and variable selection in complex and high-dimensional models like
DeepGLM and DeepGLMM are challenging. This article develops Bayesian inference
based on variational approximation, which provides an approach to approximate
Bayesian inference that is useful for many modern applications involving complex
models and large datasets. We also consider variable selection, which is often
of primary interest in statistics but is somewhat overlooked in the deep learning
literature. We describe a Bayesian adaptive group lasso method (Leng et al,
2014; Kyung et al., 2010) for variable selection in DeepGLM and DeepGLMM, in
which the adaptive shrinkage parameters are estimated using marginal likelihood
maximization with the optimization updating procedure conveniently embeded
within the variational approximation. Our variational approximation scheme assumes
a multivariate Gaussian approximating family. With such a family, parsimonious
but flexible methods for parametrizing the covariance matrix are necessary if the
approach is to be useful for problems with a high-dimensional parameter. Here we
consider factor parametrizations (Bartholomew et al., 2011) which are often effective
for describing dependence in high dimensional settings. We discuss efficient methods
for performing the variational optimization in this context using the natural gradient
(Amari, 1998) by leveraging the factor structure and using iterative conjugate gradient
methods for solving large linear systems. In the case with a one-factor decomposition,
we show that the natural gradient can be computed efficiently without iterative
conjugate gradient methods, which leads to a particularly simple Gaussian variational
method for fitting high-dimensional models that can often be adequate for predictive
inference. We will refer to this estimation method as the NAtural gradient Gaussian

Variational Approximation with factor Covariance (NAGVAC).

We illustrate the DeepGLM and DeepGLMM and the training method NAGVAC
in a range of experimental studies and applications, with a focus on datasets of
only moderate size where quantification of prediction uncertainty is important. The
Bayesian approach we follow is attractive in these applications as it allows a principled
and automatic way for selecting the (many) shrinkage parameters; see Section 3.5.
The Bayesian approach also leads to a principled and convenient way for quantifying
prediction uncertainty through prediction intervals on test data, which would be
challenging to do so with non-Bayesian approaches for large models like DeepGLM.
Many successful applications of deep learning are in image processing and speech
recognition, where the datasets are large and have some special domain-application

characteristics such as association between the local pixels in an image. Skepticism
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has sometimes been expressed about whether deep learning methods are useful for
applications involving limited data where both prediction accuracy and quantifying
prediction uncertainty are the focus. The main conclusion in our examples is that
the DFNN-based regression models DeepGLM and DeepGLMM perform very well
in terms of prediction accuracy and prediction uncertainty, provided appropriate
attention is paid to regularization methods, prior distributions and computational
algorithms. We obtain results which compare favourably to the Bayesian Additive
Regression Trees method (BART) of Chipman et al. (2010), which is a commonly-used
flexible regression and classification method in the statistics literature. Software
packages in Matlab, R and Python implementing the proposed methods are available
at https://github.com/vbayeslab.

3.2 Related work

Polson and Sokolov (2017) provide a Bayesian perspective on DFNN methodology and
explain its interesting connection to statistical techniques such as principal component
analysis and reduced rank regression. However, they do not provide any training

method, which is a challenging problem in Bayesian inference with DFNN.

The NAGVAC method is closely related to Ong et al. (2017a), who consider Gaussian
variational approximation with a factor covariance structure using stochastic gradient
approaches for the optimization. Their approach uses the so-called reparametrization
trick (Kingma and Welling, 2013; Rezende et al., 2014) and its modification by Roeder
et al. (2017) for estimating gradients of the variational objective. However, for
certain models where it is very challenging to optimize the variational objective,
tirst-order optimization methods such as those considered in Ong et al. (2017a) may
be very slow to converge. Ong et al. (2017b) consider natural gradient methods for
Gaussian variational approximations using a factor covariance structure. However,
their work was in the context of likelihood-free inference methods with a parameter
of dimension at most a few hundred, and the approach they develop does not scale
to larger problems. The current work shows how the natural gradient Gaussian
variational approximation with factor covariance can be implemented in very high
dimensions. Tran et al. (2017) consider variational approximation for intractable
likelihood problems and demonstrate the importance of natural gradient in this

context.
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Much of the recent literature relevant to our training method occurs in the field
of deep learning. Martens (2010) considers second-order optimization methods in
deep learning and describes Hessian-free optimization methods, adapting a long
history of related methods in the numerical analysis literature to that context.
A detailed discussion of the connections between natural gradient methods and
second order optimization methods is given in Martens (2014). Pascanu and Bengio
(2014) consider the use of the natural gradient in deep learning problems and its
connections with Hessian-free optimization, but like Martens (2010) their work is
not specifically concerned with variational objectives. Fan et al. (2015) consider
how to implement Hessian-free methods for the case of a variational objective
function and Gaussian approximating family. Similarly to our development here,
they consider using conjugate gradient linear solvers as an efficient solution to the
difficult matrix calculations that occur in a naive formulation of second-order methods.
By a reparametrization approach they are able to obtain estimates of Hessian vector
products. They do not consider factor parametrizations of the covariance structure,
however. Here we leverage the factor covariance structure to calculate the matrix
vector products we need directly, without the need to store large matrices. Recently
Regier et al. (2017) consider a second order trust region method for black box
variational inference. They show that while their approach may be more expensive
per iteration than common first-order methods for variational Gaussian approximation
such as those implemented in Titsias and Lazaro-Gredilla (2014) and Kucukelbir et al.
(2017), it reduces total computation time and provably converges to a stationary point.
It may be useful to consider how to exploit a factor parametrization of the covariance

structure in the framework they develop, but this is not considered here.

3.3 Flexible regression models with DFNN

This section presents the DeepGLM and DeepGLMM models. Deep feedforward
neural network models, or multi-layer perceptrons, for classification and regression
with a continuous response have been widely used in the machine learning literature.
We use statistical terminologies and unify these models under the popular GLM

framework, and propose the DFNN-based version of GLMM for analyzing panel data.
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3.3.1 DeepGLM

Consider a dataset D= {(y;,x;),i=1,...,.n} with y; the response and x; = (xl-l,...,xip)T the
vector of p covariates. We also use y and x to denote a generic response and a covariate
vector, respectively. Consider a neural net with the input vector x and a scalar output
as represented in Figure 2.1. Denote by zj= (,b]-(x,w), j=1,...,m, the units in the last
hidden layer, where w is the weights up to the last hidden layer, and = (Bo,B1,---,Bm) "

are the weights that connect the z; to the output which we write as
N(x,w,B)=PBo+P1z1+ ..+ Bmzm=Po+B z

with = (B1,-,fm) | and z=(z1,...,.2m) .

We assume that the conditional density p(y|x) has an exponential family form
(McCullagh and Nelder, 1989)

y@ — b(@)

¢

with the canonical parameter @ and the dispersion parameter ¢, and c(¢,y) is a

p(y|x) = exp ( + C(qw)) (3-2)

function independent of @. Let g(-) be the link function that links the conditional
mean ¢ =¢(x) =E(y|x) to a function of the covariates x. In the conventional GLM, g(¢)
is assumed to be a linear combination of x. In order to achieve flexibility and capture

possible non-linear effects that x has on ¢, we propose the more flexible model

g(&) =Po+p'z=N(x,w,p). (3.3)

In our later examples we use the canonical link function where @ = g(¢), which is the
log link for Poisson responses and the logit link for binomial responses. The predictors
(learned features) z; efficiently capture the important non-linear effects of the original

raw covariates x on g(&).

The model (3.3) is flexible, but can be hard to interpret. It may be useful in this
respect to introduce additional structure. One possibility is to partition the covariates

T

as x = (x) ,X(Z)T)T with x(1) and ¥ expected to have nonlinear and linear effects

respectively on g(¢&), so that
3@ = NED,w, W) + A 1@ (3.4)

where B(1) parametrizes the nonlinear effects w.r.t. the covariates x(!) and p®

parametrizes the linear effects w.r.t. the covariates x2). Write = (BM,52)). We refer
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to the general regression model with the exponential family for response distribution
(3.2) and the mean model (3.3) or (3.4) as DeepGLM.

The vector of model parameters 6 consists of w, B and possibly dispersion parameters
¢ if ¢ is unknown. The density p(y|x) in (3.2) is now a function of 0, p(y|x) =p(y|x,0).

Given a dataset D, the likelihood function is
n
L(0) = TLi(6), Li(6) = p(vilxi6), (3.5)
i=1

and likelihood-based inference methods, including Bayesian methods, can be applied.

3.3.2 DeepGLMM

Consider a panel dataset D = {(y;;,x;t),t=1,..., T;,i=1,...,n} with y;; the response and x;;
the vector of covariates of subject i at time ¢. Generalized linear mixed models (GLMM)
use random effects to account for within-subject dependence; see, e.g., Stroup (2012).
Let zy,; = ¢j(xit,w), j = 1,..,m, be the units in the last hidden layer of a neural net,
Zip= (zit’l,...,zit,m)T. Similarly to GLMM, to account for within-subject dependence, we
propose to link the conditional mean of y;; given xj;, ¢ir = E(yi|x;), to the predictors

zt j as follows

8(Cit) = Po + wio + (B1 + ai)zit1 + oo + (B + i) Zitw = N(xip, w, B+ ),  (3.6)

where a; = (ocl-o,...,ocl-m)T are random effects that reflect the characteristics of subject i.
The variation between the subjects is captured in the distribution of ;. Our paper
assumes «; ~ N (0,I') but more flexible distributional specifications for the random

effects can also be considered.

Similarly to the previous section, a more interpretable model can be developed if some
T (T
additional structure is assumed. Partition the covariates x;; as (xm 2 )T

it it
l(tl ) l(tz) are expected to have non-linear and linear effects respectively on g(¢j):

where

x:,’ and x

8@ = N, w pY) + (i + ) w7, (3.7)
(1)

it
and random linear effects w.r.t. the covariates xl(t2 ). Write B = (BM,?). The
model parameters 6 include w, B, I' and any dispersion parameters ¢ if unknown.

where (1) parametrizes fixed non-linear effects for x;,’, and () and «a; are fixed

We note that this partially linear approximation have been wide used in classical
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3.4 Gaussian variational approximation with factor covariance structure

non-parametric methods, e.g. see Hardle and Turlach (1992) for a comprehensive
discussion on this topic. We refer to the panel data model with the distribution (3.2)
and the link (3.6) or (3.7) as DeepGLMM.

The likelihood for the DeepGLMM is equation (3.5) with the ith likelihood contribution
Li(0) = plulxi,0) = [ plulxi,w, B¢, a)pladD)de
T;
= / [ [p(itlzie, B, ¢, i) p (i |T) e (3.8)
t=1

Section 3.4 describes a variational approximation algorithm for fitting the DeepGLMM.

The likelihood for the DeepGLMM described in (3.5) and (3.8) is intractable, because
the integral in (3.8) cannot be computed analytically, except for the case where the
conditional distribution of y; given z; is normal. However, we can estimate each
likelihood contribution L;(#) unbiasedly using importance sampling, and this allows
estimation methods for intractable likelihoods, such as the block pseudo-marginal
MCMC of Tran et al. (2016a) or the variational approximation method of Tran
et al. (2017), to be used. We consider here an alternative method based on the
reparametrization trick in Section 3.4.1, which utilizes the information of the gradient
of the log-likelihood computed by the back-propagation algorithm (Goodfellow et al.,
2016). By Fisher’s identity (Douc, 2013), the gradient of the log-likelihood contribution
Voli(0), ¢;(0) =logL;(0) with L;(6) in (3.8), is

’Tl,
Vgli(0) = /Ve (10gHP(3/it|Zit/ﬁr 471061')17(041'!”) p(ail0, yi, x;)du;, (3.9)
=i

where p(«;]0,y;,x;) is the conditional distribution of the random effects w; given
data (y;,x;) and 6. The gradient inside the integral (3.9) can be computed by
back-propagation, and then the integral can be estimated easily by importance

sampling.

3.4 Gaussian variational approximation with factor

covariance structure

This section describes the NAtural gradient Gaussian Variational Approximation
with factor Covariance method (NAGVAC) for approximate Bayesian inference in

high-dimensional models. We note that this estimation method can be used for training
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other high-dimensional models rather than the DeepGLM and DeepGLMM described
in Section 3.3. Let D be the data and 6 € © the vector of unknown parameters.
Bayesian inference about 6 is based on the posterior distribution with density function

7(0) = p(8|D) = ]9( JL(6 )/p( ), with p(6) the prior, L(9) = p(D|6) the likelihood
function and p(D) = [p(0)L(0)d6 the marginal likelihood. In all but a few simple
cases the postenor 7(0) is unknown, partly because p(D) is unknown, which makes it

challenging to carry out Bayesian inference.

In this work, we are interested in variational approximation (sometimes called
variational Bayes (VB)) methods, which are widely used as a scalable and
computationally effective method for Bayesian computation (Bishop, 2006; Blei et al.,
2017). We will approximate the posterior 77(0) by a Gaussian distribution with density
gr(0) =N (6;1,%), the density of a multivariate normal distribution with mean vector
yu and covariance matrix X. The optimal variational parameter A = (1,2) is chosen by

minimizing the Kullback-Leibler divergence between g, (6) and 7t(6)

KL(A) = /q (9) log g d@z/q)\(H)logp(qé\)—(l_Je()e)dG—l—logp(D)
= —LB(A)+logp(D), (3.10)
where
/ 71.(6) log 4 ()G)de (3.11)

is a lower bound on log p(D). Minimizing KL(A) is therefore equivalent to maximizing
the lower bound LB(A). If we can obtain an unbiased estimator V,LB(A) of the
gradient of the lower bound, then we can use stochastic optimization to maximize

LB(A), as in Algorithm 3.4 below. The learning rate sequence {a;} in Algorithm 3.4

Algorithm 3.1 Algorithm 1

e Initialize A(?) and stop the following iteration if the stopping criterion is met.

e For t=0,1,..., compute AL = A (1) +atm(A(t)).

should satisfy the Robbins-Monro conditions, a; >0, } ;a; = co and Zta% < oo (Robbins

and Monro, 1951). The choice of a; is discussed later on in some detail.
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3.4.1 Reparametrization trick

3.4.1 Reparametrization trick

As is typical of stochastic optimization algorithms, the performance of Algorithm
3.4 depends greatly on the variance of the noisy gradient so that variance reduction
methods are needed. We will use the so-called reparametrization trick (Kingma and
Welling, 2013; Rezende et al., 2014) in this paper, and its modification by Roeder et al.
(2017), who generalized ideas considered in Han et al. (2016) and Tan and Nott (2017).

Suppose that for 6 ~ g, (+), there exists a deterministic function g(A,e) such that 6 =
g(Ae) ~qgy(0) where € ~ pe(-), which is independent of A. For example, if g,(0) =
N(;1,%) then 6= pu-+X1/2¢ with e~ N (0,I) and I is the identity matrix. Writing LB(\)

as an expectation with respect to pe(-) gives

LB(A) =Ee (h(3(e ) ~logaa(3(e)) ),

where E.(-) denotes expectation with respect to pe(-), h(0) := log(p(6)L(0)).
Differentiating under the integral sign and simplifying as in Roeder et al. (2017) gives

VALB(A) =Ee (VAg(A,e)Ve{h(g(e/\)) —loqu(g(efA))}> : (3.12)

The gradient (3.12) can be estimated unbiasedly using i.i.d samples €;~ p¢(+), s=1,...,S,

e S
VALB(A) = % ; Vag(hes) Ve h(g(Mes)) —logda(g(Aes)) ). (3.13)

The gradient estimator (3.13) has the advantage that if the variational family is rich
enough to contain the exact posterior, so that exp(h(0)) xq,(0) at the optimal A, then
the estimator (3.13) is exactly zero at this optimal value even for S=1 where we use just
a single Monte Carlo sample from p(€). Reparametrized gradient estimators are often
more efficient than alternative approaches to estimating the lower bound gradient,
partly because they take into account information from Vyh(6). For further discussion
we refer the reader to Roeder et al. (2017).

3.4.2 Natural gradient

It is well-known that the ordinary gradient V,LB(A) does not adequately capture the
geometry of the approximating family 4, (6) (Amari, 1998). A small Euclidean distance

between A and A’ does not necessarily mean a small Kullback-Leibler divergence
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between g, () and g,/(6). Rao (1945) was the first to point out the importance of
information on the geometry of the manifold of a statistical model and introduced
the Riemannian metric on this manifold induced by the Fisher information matrix.
Amari (1998) shows that the steepest direction for optimizing the objective function
LB(A) on the manifold formed by the family g, (0) is directed by the so-called natural
gradient which is defined by pre-multiplying the ordinary gradient with the inverse of

the Fisher information matrix
VALB(A)™ = [-1(A)V,LB(A), (3.14)
with Ir(A) =covy, (Valogga(6)).

The use of the natural gradient in VB algorithms is considered, among others, by Sato
(2001), Honkela et al. (2010), Hoffman et al. (2013), Salimans and Knowles (2013) and
Tran et al. (2017). A simple demonstration of the importance of the natural gradient can
be found in Tran et al. (2017). The use of the natural gradient in deep learning problems
is considered in Pascanu and Bengio (2014), who show the connection between natural
gradient descent and other second-order optimization methods such as Hessian-free

optimization.

The main difficulty of using the natural gradient is the computation of Ir(A), and
the solution of linear systems involving this matrix, which is required to compute
(3.14). The problem is more severe in high dimensional models because this matrix
often has a large size. Some approximation methods, such as the truncated Newton
approach, are needed (Pascanu and Bengio, 2014). We consider in the next section
an efficient method for computing Ir(A)~'V,LB(A) based on the use of iterative
conjugate gradient methods for solving linear systems when the covariance matrix
of the Gaussian variational approximation is parametrized by a factor model. We
compute (3.14) by solving the linear system Ir(A)x = V,LB(A) for x using only
matrix-vector products involving Ir(A), where the matrix vector products can be done
efficiently both in terms of computation time and memory requirements by using the
factor structure of the variational covariance matrix. In the special cases of one factor

the natural gradient in (3.14) can be computed analytically and efficiently.

3.4.3 Gaussian variational approximation with factor covariance

We now describe in detail the Gaussian variational approximation with factor
covariance (VAFC) method of Ong et al. (2017a). The VAFC method considers the
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3.4.3 Gaussian variational approximation with factor covariance

multivariate normal variational family g, (0) =N (u,X), where ¥ is parametrized as
> =BB' + D% (3.15)

The factor loading matrix B is of size d x f, where d is the dimension of § and f the
number of factors, f < d, and D is diagonal with diagonal entries c = (cl,...,cd)T. c is
a vector of idiosyncratic noise standard deviations. Factor structures are well known
to provide useful parsimonious representations of dependence in high-dimensional
settings (Bartholomew et al., 2011). We assume B is lower triangular, i.e., Bij =0
for j > i. Although imposing the constraint B;; > 0 makes the factor representation
identifiable (Geweke and Zhou, 1996), we do not impose this constraint to simplify
the optimization. The variational optimization simply locks onto one of the equivalent
modes. An intuitive generative representation of the factor structure that is the basis
of our application of the reparametrization trick is the following: if we consider
0 ~ ga(6) = N(u,BBT +D?), then we can represent 6 as § = u+ Bej +coe, where
e= (€] & )" ~N(0,I), €1 and €; have dimensions f and d respectively, and o denotes
the Hadamard (element by element) product for two matrices of the same size. We
can see from this representation that the latent variables €; (the “factors”, which
are low-dimensional) explain all the correlation between the components, whereas

component-specific idiosyncratic variance is being captured through e;.

The variational parameters are A = (u",vec(B)T,c")T, where we have written vec(B)
for the vectorization of B obtained by stacking its columns from left to right. Ong et al.

(2017a) show that the gradient of the lower bound takes the form

V,LB(A) =E, (Vgh(;H—Bel tcoey)+(BBT +D?) "1 (Bey —|—coez)>, (3.16)
VsLB(A) :Ee(Vgh(pH—Bel—|—coez)(—:1T—|—(BBT—|—D2)_1(B61+coez)elT), (3.17)

V.LB(A) =E, (diag(Vgh(y—l—Bel-i-coez)ezT +(BBT +D?)"(Bey +coer)e; )), (3.18)

where we have written diag(A) for the diagonal elements of a square matrix A. Here,
the inverse matrix (BB +D?)~! can be computed efficiently; see (3.19). We note that in
the expression for the gradient of B above, we should set to zero the upper triangular
components which correspond to elements of B which are fixed at zero. Unbiased
estimation of gradients for stochastic gradient ascent can proceed based on these

expressions by drawing one or more samples from pc(-) to estimate the expectations.
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3.4.4 Efficient natural gradient VAFC method

We now describe how to efficiently compute the natural gradient (3.14) by leveraging
the factor structure (3.15). Ong et al. (2017b) also considered a natural gradient method
for Gaussian variational approximation with factor covariance. However, this was
in the context of likelihood-free inference methods where the dimension of 0 is low
compared to the models of interest here, and they simply used naive methods for
solving the linear systems involving Ir(A) required to compute the natural gradient.
This is impractical in high-dimensional problems, and here we demonstrate how
to implement natural gradient VAFC when 6 is high-dimensional using conjugate

gradient methods (see, for example, Stoer (1983)).

Write Ir(A) in partitioned form as

In L L
IFAM)=|In In I, |,

I3s1 Izp Is3

where the blocks in the partition follow the partition of A as A = (" ,vec(B)",c") .
Because the upper triangle of B is fixed at zero the corresponding rows and columns
of Ir(A) should be omitted. Ong et al. (2017b) show that ;1 =X 7!, I,y =31 =0, Ip =
2(B'=1B@X 1) (where ® denotes the Kronecker product), I3 =2(DZ"1)o(Z71D)
and I, =2(B"S " !D®X"1)E], where E, is the d x d* matrix that picks out the diagonal
elements of the d xd matrix A from its vectorization, so that E;vec(A) =diag(A). To
use a conjugate gradient linear solver to compute Ir(A)~1V,LB(A) we simply need to
be able to compute matrix vector products of the form Ir(A)x for any vector x quickly

without needing to store the elements of Ir(A).

This can be done provided we can do matrix vector products for the matrices Iy,
Iy, Iz3 and I3p. Except for the one-factor case described below, this is still difficult
so we further approximate Ir(A) by setting I» = 0 and replacing I3z with Iy =
2(DE Yo (£71D), where £ is the diagonal approximation to ¥ obtained by setting
its off-diagonal elements to zero. Using this approximation and I3; = 0 we obtain a
positive definite approximation Ir(A) to Ir(A) which we use instead of Ir(A) in the
natural gradient. We note that these approximations do not affect the factor structure
of 2 in (3.15).

Multiplications involving I33 are simple since this matrix is diagonal, but we still need

efficient methods to compute matrix vector products for I;; and Ip. Considering Iy
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tirst, we note that by using the Woodbury formula
L1=21'=D2-D2B(I+B'D!'B)"'B'D7?, (3.19)

and then noting that D is diagonal and (I+B"D~2B) is f x f, f < d, we can calculate
I11x = ¥~ 1x without needing to store any d x d matrix or do any dense d x d matrix

multiplications. Next, consider I»x for some vector x. We note that
Ly=2(B'2 'Ber x=2vec(Z'x*BT=7!B),

where x* denotes the d X f matrix such that x = vec(x*) and where we have used
the identity that for conformable matrices X,Y,Z, vec(XYZ) = (Z' @ X)vec(Y). Then
.~ 1x* is computed efficiently by the Woodbury formula, and similarly for BT~ 1B.
We refer to our natural gradient estimation method with f factors as NAGVAC-f.

We now consider the special case of the NAGVAC-1 method where the covariance
matrix X is parameterized as in (3.15) with B a vector. In this case, the natural gradient
(3.14) can be computed efficiently and the computational complexity is O(d). See
Algorithm 3.2, whose detailed derivation is in the Appendix A. This estimation method
is computationally attractive, especially when the dimension d is extremely large. The
experimental studies in Section 3.7 suggest that in some applications this method
is able to produce a prediction accuracy comparable to the accuracy obtained by
methods that use more flexible factor decomposition structures of .. Trippe and Turner
(2018) discuss the phenomenon where richer variational families produce inferior
performance in terms of predictive loss for neural networks models, and provide some

theoretical insights into this phenomenon.

3.5 Variable selection and regularization priors

This section first presents a method for variable selection in DeepGLM and
DeepGLMM. The method is based on the Bayesian adaptive group Lasso method
which is developed for GLM in Leng et al. (2014) and normal regression in Kyung
et al. (2010). Consider a neural network as in Figure 2.1. Denote by wx; the vector of
weights that connect the covariate X; to the m, say, units in the first hidden layer. We
use the following priors

2
m+17; ,
wX].|T]~ ~ N(0,7l), T|7j ~ Gamma (T' %) , j=1,..,p,
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Algorithm 3.2 Computing the natural gradient

Input: Vector B, ¢ and ordinary gradient vector ¢ = (g ,¢, ,¢3 )| with g1 the vector
formed by the first 4 elements of g, go formed by the next d elements, and g3 the last 4

nat_
Iy 8

—4

elements. Output: The natural gradient g

¢ Compute the vectors v; = c2—2B%0c¢™*, v, = B20c¢73, and the scalars k1 =

Z 1b2/c K2=3 (1+Zz 1021/011')71'
¢ Compute
(81 B)B+cog1
ghat — 1+K1 ((82 B)B+c? og2>
%UflogaJer[( ovy) " g3] (v7 ' ov2)

with the y; > 0 the shrinkage parameters. By the normal-Gamma mixture (Andrews
and Mallows, 1974; Kyung et al., 2010), we have that

plaox 7)) = [ Pl ) p(5|7))d cexp (=7, lox,12)

with ||wX] ||2 the [-norm of wx;- Hence, the posterior mode of the wy; induced from the
above hierarchical prior with the same y; = is equivalent to the group Lasso estimator
of Yuan and Lin (2006).

Selecting the adaptive shrinkage parameters <; is challenging. We develop an
empirical Bayes method for estimating these tuning parameters based on an iterative
scheme within the variational approximation procedure. Writing the Bayesian

hierarchical model in the generic form

ylp,0 ~ pylo,¢), Oy~ p(oly),

with y the data, 6 the model parameters and ¢ the hyperparameters to be selected.
The marginal likelihood for ¢ is p(y|¢) = [ p(6]y)p(y|6,9)d6, which can be maximized
using an EM-type algorithm (Casella, 2001). Given an initial value (%), we iteratively
update ¢ by

Pl = argmaxlp{]Emylw(k) logp(y,0|y) },
where ]E9| b »(-) is the expectation with respect to the posterior distribution

p(60]y,p®). It can be shown that the updating rule for 7] is
(k+1) _ m+1

v; = | =—
J Ee‘y%@ 7]

(3.20)
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In our variational approximation framework, the expectation EQ‘ ) (-) can be
naturally approximated by the expectation w.r.t. the current variational approximation
7,0 (8), and the updates in (3.20) can be computed in closed form. One can merge
the auxiliary parameters 1i,..., 7 into the model parameters and learn them jointly by
the Gaussian variational posterior g,(0). Alternatively, one can conveniently update
the variational posterior for each 7; separately in a fixed-form within mean-field
variational approximation procedure; see, e.g. Tran et al. (2016b). We use the latter
in this paper. The optimal VB posterior for 1/7; is inverse-Gaussian with mean and
shape parameter

¢ [Z;/ — Br — 7. (3.21)

Wy, WX

Because Ef?ly NG [7j] can be approximated by E,, [1;] =1/ax,+1/ B+, the update in (3.20)
)

1
Vi \/ L - (3.22)

becomes

1/ag +1/p

The updates in (3.21) and (3.22) are then embedded in the main variational iterate
procedure Algorithm 1. This leads to a convenient and principled way for selecting the

shrinkage parameters y;, which would be very challenging for alternative methods.

In order to control overfitting, we use a ridge-type regularization for the rest of the
weights in the neural network. Let w be the vector of all the weights except those
that connect the input layer to the first hidden layer and the intercepts (also called
bias terms). For @, we use the prior p(@) « exp(—22@w' @), with 7, the shrinkage
parameter. Similarly to above, v, is selected by maximizing the marginal likelihood

and the update rule is

—, 3.23

where d; denotes the dimension of w.

3.6 Practical recommendations

The NAGVAC estimation method can be used as a general estimation method for
any model. However, this section focuses on estimating DFNN-based models,
and discusses some implementation recommendations in training DeepGLM and

DeepGLMM that we found useful in practice.
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3.6.1 Stopping rule and lower bound for model choice

It is common in deep learning applications of neural network methods to implement
early stopping in the optimization to avoid overfitting, because often the training
loss decreases steadily over the optimization updates, but the validation loss starts
increasing at some point. In our VB framework, the lower bound (3.11) can be
monitored to check the convergence and decide when to stop training. There are two
advantages to using the lower bound. The first advantage is that a validation set is
unnecessary, which leaves more information for the training phrase. Also, a stopping
rule based on a validation set might depend on how the validation set is selected. The
second advantage is that, given that appropriate regularization priors on the weights
as the ones in Section 3.5 have been used to control overfitting, the maximized lower
bound can be used for model choice; see the examples in Section 3.7. The lower bound
(3.11) can be estimated efficiently using the same sample of 6 generated for computing
the gradient vector. To reduce the noise level in estimating the lower bound, we follow
Tran et al. (2017) and take the average of the lower bound over a moving window of
K iterations. We stop training if this moving averaged lower bound does not improve

after P iterations.

3.6.2 Learning rate and the momentum method

We employ the following fixed learning rate which is widely used in the deep learning

literature
T

a; = 60?, (3.24)
where €j is a small value, e.g. 0.01 and T is some threshold from which the learning
rate is reduced, e.g. T =1000. It might also be useful to use some adaptive learning
rate methods, and later we consider one method adapted from Ranganath et al. (2013)
which is described in Ong et al. (2018). This learning rate is suitable for use with the

natural gradient.
As a method of accelerating the stochastic gradient optimization we also consider

using the momentum method (Polyak, 1964). The update rule is

VoLB = amViLB+ (1 — am)V,KL(AM)mat,
A = A 4 3, V,LB,

Page 41



3.6.3 Activation function and initialization

where am, € [0,1] is the momentum weight. The use of the moving average gradient
V ALB helps remove some of the noise inherent in the estimated gradients of the lower
bound. See Goodfellow et al. (2016), Chapter 8, for a detailed discussion on the

usefulness of the momentum method.

3.6.3 Activation function and initialization

For initialization of the variational parameters A(?) = (0 ¢(0), we follow Glorot

and Beng1o (2010) and initialize each weight in ;4(0) by the uniform distribution

(—4/ m—+n,, / m—+n , where the weight connects a layer with m units to a layer with

n units. The elements in B()) are initialized by N(0,0.012) and the elements in c(%)

are initialized by 0.01. It is advisable to first standardize the input data so that each
column has a zero sample mean and a standard deviation of one. Finally, we use the
rectified activation function h(x) = max(0,x) in all examples, unless otherwise stated.
This activation function has a strong connection with biological neuroscience and has

been widely used in the deep learning literature; see, e.g., Goodfellow et al. (2016).

3.7 Experimental studies and applications

To illustrate the performance of variable selection, the prediction accuracy of
DeepGLM and DeepGLMM, and the efficiency of the NAGVAC training algorithm,
we consider a range of experimental studies and applications. All the examples are
implemented in Matlab and run on a desktop computer with i5 3.3 Ghz Intel Quad
Core. All the DeepGLM and DeepGLMM models are trained using the NAGVAC-1

method, unless otherwise stated.

We use two predictive measurements. The first is the partial predictive score (PPS)

1

Niest (

PPS=— Y. logp(yilxib),

x;,y;) Etest data

with 0 a point estimate of the model parameters. The second is the mean squared error
(MSE),
MSE=

(vi—7:)%

Mtest (x;,y;) Etest data

with ¥/; a prediction of y;, which is called the misclassification rate (MCR) for binary

response V;.
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3.7.1 Experimental studies

Efficiency of the NAGVAC algorithm

We first study the efficiency of the NAGVAC algorithm as a genenal training method.
We use the German credit dataset from the UCI Machine Learning Repository,
http://archive.ics.uci.edu/ml, with 1000 observations, of which 750 are used as
the training data and the rest as the test data. The data consist of a binary response
variable, credit status, which is good credit (1) or bad credit (0), together with 30
covariate variables such as education, credit amount, employment status, etc. We
consider a simple logistic regression model for predicting the credit status, based on

the covariates. We use an improper flat prior for the coefficients 6, i.e. p(0) 1.

We study the performance of the natural gradient method compared to the ordinary
gradient method. Figure 3.1 shows the convergence of the lower bound of the ordinary
gradient method and the NAGVAC-1 method. For the ordinary gradient, we use the
adaptive learning rate method ADADELTA of Zeiler (2012). For the natural gradient,
we use both the fixed learning rate in (3.24) and the adaptive learning rate of Ong
et al. (2018) (which is based on the method in Ranganath et al. (2013)). The figure
shows that both the natural gradient method speed up the convergence significantly.
Although incorporating an adaptive learning rate into NAGVAC helps to speed up the
convergence, the improvement is not always significant compared to a fixed learning

rate. We used the fixed learning rate (3.24) in all the examples reported below.

Variable selection and prediction accuracy of DeepGLM: Binary response

Data are generated from the following deterministic model

20

a = 5-2(x1+2x)*+4x3x4+3x5+ Y _0x;, (3.25)
i=6

y = 1ita>0, 0 otherwise,

where the x; are generated from the uniform distribution ¢/(—1,1). Note that the
last 15 variables are irrelevant variables. The training data consist of 7ain = 100,000

observations and the test data of 7.5t = 100,000 observations.

We use a neural net with the structure (20,20,20,1), i.e. the input layer has 20 variables,

two hidden layers each has 20 units and one scalar output. Figure 3.2 plots the update
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Figure 3.1. Plot of the lower bound over iterations for the ordinary gradient and NAGVAC-1

methods.

of the shrinkage parameters +y; as in (3.22). The shrinkage parameters s, ..., 720 w.r.t. the
irrelevant variables keep increasing over iterations, while the ones w.r.t. the relevant
variables keep decreasing. This shows that the Bayesian adaptive group Lasso with
the empirical Bayes method for updating the shrinkage parameters is able to scan out

correctly irrelevant covariates.

We now compare the predictive performance of DeepGLM to the Bayesian Additive
Regression Tree method (BART) of Chipman et al. (2010). BART is a commonly used
nonparametric regression method in the statistics literature and is well known for its
prediction accuracy and its ability to capture nonlinearity effects. Table 3.1 summarizes
the prediction performance of DeepGLM compared to that of the conventional GLM
and BART. GLM, which is logistic regression in this example, does just slightly better
than a random guess with a MCR of 40.84%. As shown, DeepGLM works very well in
this example and outperforms both GLM and BART. All the comparisons with BART
in this paper are done using the R package BART (the lattest version 1.6) with default

settings for the tuning parameters.
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Method | PPS MCR (%)
GLM 067  40.84
BART 0.08  3.09
DeepGLM | 0.03  1.03

Table 3.1. Binary response simulation: Performance of DeepGLM v.s. GLM and BART in term of
the partial predictive score (PPS) and the misclassification rate (MCR). Both are evaluated on the
test data.

To investigate the performance of DeepGLM in “big data” settings, we generate data
from model (3.25) with the last 995 covariates being irrelevant. The training and testing
dataset each has 100,000 observations. The results in Table 3.2 show that DeepGLM
significantly outperforms its competitors by a large margin. This also shows that

DeepGLM is an attractive alternative to BART in big data settings.

Method PPS MCR (%)
GLM 071  41.54
BART 0.34 14.3
DeepGLM | 0.08 2.8

Table 3.2. Binary response simulation with high-dimensional data: Performance of DeepGLM v.s.
GLM and BART in term of PPS and MCR. Both are evaluated on the test data and DeepGLM's
neural net structure is (1000,30,1).

Variable selection and prediction accuracy of DeepGLM: Continuous response

We generate data from the following highly nonlinear model

0
+ 5xgxg +5x3 4 5x +¢€,
x%—i—l 8X9 9 10
(3.26)

where € ~ N(0,1), (x1,...,.x0) " are generated from a multivariate normal distribution

0
1 +5x3x4 +2x4 + 5xﬁ +5x5 + 2x6 +

=54+10x1 +
y 1 x%_’_

with mean zero and covariance matrix (0.5~ |)1-,]~. Note that the last 10 variables are
irrelevant variables. The training data has 100,000 observations and the test data has
20,000.
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Figure 3.2. Plots of the shrinkage parameters <y; over iterations. The shrinkage parameters w.r.t

the irrelevant variables keep increasing, while the ones w.r.t the relevant variables keep decreasing.

Method PPS MSE
GLM 3.31 2755
BART 149 4.89
DeepGLM 1.20 4.07

Table 3.3. Continuous response simulation: Performance of DeepGLM v.s. conventional GLM and
BART in term of the partial predictive score (PPS) and the mean squared error (MSE). Both are
evaluated on the test data. The structure of the neural net is (20,20,20,1).

Figure 3.3 plots the update of the shrinkage parameters 7; as in (3.22). All the shrinkage
parameters w.r.t. the irrelevant variables keep increasing over iterations, while the
ones w.rt. the relevant variables, except g, keep decreasing. The reason is that the
main effect of xg is not included into model (3.26), hence the signal of xg might not be
strong enough to be identifiable. Table 3.3 summarizes the prediction performance of
DeepGLM in comparison to the conventional GLM and BART. DeepGLM works well
in this example and ourperforms both GLM and BART.
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Figure 3.3. Plots of the shrinkage parameters 7y; over iterations. The shrinkage parameters w.r.t.

the irrelevant variables keep increasing, while the ones w.r.t. the relevant variables keep decreasing.

Prediction accuracy of DeepGLMM: binary panel data simulation

We study the DeepGLMM on a simulation binary panel dataset D = {(x1,y;t); t =
1,...,20; i =1,...,1000} with x;; the vector of covariates and y;; the response of subject
i at time t. The response y;; is generated from the following model:

Xit,3
5 — SXit5 + bi + €it,

o= 2 L — 2xin)2 — 5 S
ajt + 3(xit1 — 2xit2) 5(1 T xia)

yir = lifa; > 0,0 otherwise,
where b; ~ N(0,0.1) is a random intercept representing charactersistics of subject i

and €;; ~ N(0,1) is random noise associated with reponses y;;. The Xit,j,j =1,...,5, are

generated from a uniform distribution ¢/ (—1,1).
We fit the following DeepGLMM to this dataset
Yit|xiy ~ Binomial(1, p;), logit(ur) = N(xi, w, B + «;),

where 91(x;;,w,f+«;) is the scalar output of a neural net with input x;;, inner weights
w and output weights f+a;. We assume that the random effects a; ~ N (0,I') with
I' = diag(Ty,...I'm). The model parameters are 6 = (w,B,I,...Tn). We use Gamma
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priors on the T';, I'; ~Gamma(ag,bp), and set the hyperparameters agp=1 and by=0.1 in
this example. The Appendix A gives further details on training this model.

For each subject, we use the first 17 observations for training and the last 3 observations
for testing. That is, we are interested in the within-subject prediction. The neural
network has one hidden layer with 10 nodes, and we compare the DeepGLMM model

with the conventional logistic regression model with a random intercept.

For binary panel data, the misclassification rate is defined as follows. Let 0 be the
mean of the VB approximation g, (#) after convergence. Let ji,,; in (A.1) be the mode of
p(a;|y;,x;,0), which can be used as the prediction of the random effects a; of subject i.
Let (i1, Xit,) be a future data pair. We set the prediction of y;, as 1if M(x;y,,w,B+fla,) >
0, 0 otherwise. The classification error is

MCR=)I;

o A /total number of future observations
1 0 1 0

with the sum over the test data points (;,,Xit, )-

Model PPS MCR
GLMM 1.24 17.57%
DeepGLMM 0.13  5.27%

Table 3.4. Simulation binary panel dataset: Performance of DeepGLMM v.s. GLMM in term of the
partial predictive score (PPS) and the misclassification rate (MCR). Both are evaluated on the test
data.

Table 3.4 summarizes the performance of DeepGLMM and GLMM. The results show
that modelling covariate effects in a flexible way using the neural network basis

functions is helpful here in terms of improving both PPS and MCR.

3.7.2 Applications

Direct Marketing data

We consider the Direct Marketing dataset used in the statistics textbook of Jank (2011).
This dataset consists of 1000 observations, of which 900 were used for training and
the rest for testing. The response is the amount (in $1000) a customer spends on

the company’s products per year. There are 11 covariates including gender, income,

Page 48



Chapter 3 Bayesian Deep Net GLM and GLMM

the number of ads catalogs, married status, young, old, etc. The careful analysis in
Jank (2011) shows that the ordinary linear regression model fits well to this dataset.
We first wish to explore the significance of the covariates in terms of explaining the
response y. We tried many DeepGLM models with one hidden layer neural network
and the number of units varying, the plots of the shrinkage parameters over iterations
have a consistent pattern and all show that the shrinkage parameters with respect to
the covariates married, gender, home owner, old and young increase over iterations.
The left panel of Figure 3.4 plots the shrinkage parameters from a DeepGLM with 6
hidden units, with an MSE of 0.2325. The plot suggests that these five covariates can be
removed from the model. The right panel of Figure 3.4 plots the shrinkage parameters
from a DeepGLM with a neural net structure (6,6,6,1), after the five insignificant
covariates have been removed. The MSE for this model is 0.1718. Table 3.5 shows
that DeepGLM gives a better predictive performance than its competitors. We note,
however, that without considering variable selection, we could not successfully train a
DeepGLM model that has a better predictive performance than BART.

Shrinkage parameters " Shrinkage parameters

>_owner

High_History
Location

“ hildren

:f Medium_History

Catalogs

o N N N . N . . . . .
0 1000 2000 3000 4000 5000 6000 0 500 1000 1500 2000 2500 3000 3500 4000
Iteration Iteration

Figure 3.4. Plots of the shrinkage parameters over iterations. Left panel: The shrinkage parameters
from a neural net with 6 hidden units. Right panel: The shrinkage parameters from a (6,6,6,1) neural

net, after the five insignificant covariates have been removed.
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Model PPS  MSE
GLM -0.11 0.29
BART —0.35 0.18
DeepGLM —0.38 0.17

Table 3.5. Direct marketing data after the five insignificant covariates have been removed:

Performance of GLM, BART and DeepGLM. Neural net structure is (6,6,6,1).

Abalone data

The abalone data, available on the UCI Machine Learning Repository, is a benchmark
dataset that has been used in many regression analysis papers. The data has 4177
observations of which 85% were used for training and the rest for testing. We first
explore the use of the lower bound for model selection. Table 3.6 summarizes the
lower bound and MSE (computed on the test data), averaged over 10 different runs,
for various neural network structures. Here, we use the MSE on the test data in
order to assess the usefulness of the lower bound as a model selection criterion. The
results suggest that, in general, a small lower bound leads to a worse MSE and that a
DeepGLM with either neural net (9,5,5,1) or (9,10,10,1) can be selected. We conducted
the same experiment for other structures (9,6,6,1), (9,7,7,1), (9,8,8,1) and (9,9,9,1) and
observed a little change in both LB and MSE. This result is consistent with the findings
that have been long realized in the deep learning literature (Bengio, 2012) that a small
change around a neural net structure that works well does not affect the predictive
performance appreciably. In Table 3.6, the neural nets (9,5,5,1) and (9,10,10,1) have
similar LB, but the former should be selected as it has a simpler structure. This
experimental exploration illustrates the attractiveness of using the lower bound as a
model selection tool in our NAGVAC method.

Structure 9,2,2,1] 9,5,5,1] [9,10,10,1] [9,20,20,1]
LB —2.212(0.019) —2.193(0.012) —2.190(0.010) —2.446(0.060)
MSE 5.17 (0.32) 4.71 (0.12) 474 (0.13) 8.61 (1.52)

Table 3.6. Abalone data: Lower bound LB and MSE (on the test data), averaged over 10 runs, for

various neural network structures. The numbers in brackets are standard errors.
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One of the attractive features of DeepGLM is that, as a Bayesian method, it offers
an easy and principled way to construct the prediction intervals for test data. The

predictive distribution of the response y given covariate vector x and data D is

pylx,D) = [ p(ylx,6)p(6|D)de. 627)

As we approximate the posterior p(6|D) by the VB distribution g, (0) which we can
sample from, it is possible to sample from p(y|x,D) (assuming that it is easy to sample
from p(y|x,0), which is the case all of our applications). Based on this sample from the
predictive distribution, we can compute prediction intervals for the mean E(y|x,D).

Figure 3.5 shows the one standard deviation prediction intervals for the test data.

Prediction Interval of Abalone Test Data
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Figure 3.5. Abalone data: Point prediction and one standard deviation prediction intervals (the

shaded area) calculated from the predictive distribution in (3.27).

Model PPS MSE
BART 1.30 (0.01) 4.88 (0.06)
DeepGLM  1.28 (0.01) 4.71(0.12)

Table 3.7. Abalone data: Performance of BART and DeepGLM. The neural net structure is (9,5,5,1).
The values are averaged over 10 runs with the standard errors in brackets.
Census income data

This census dataset was extracted from the U.S. Census Bureau database and is

available on the UCI Machine Learning Repository. The prediction task is to determine
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whether a person’s income is over $50K per year, based on 14 attributes including
age, workclass, race, etc, of which many are categorical variables. After using dummy
variables to represent the categorical variables, there are 103 input variables. There
are 45221 observations without missing data, of which 33.3% are kept for testing, the
rest are used for training. Table 3.8 summarizes the predictive performance and Figure
3.6 plots the ROC curves of DeepGLM and BART, which show that DeepGLM gives
slightly better prediction accuracy than BART. Both DeepGLM and BART are run once

with a fixed random seed.

Model PPS MCR (%)
BART 0.68 18.6
DeepGLM 0.34 16.09

Table 3.8. Census data: Performance of DeepGLM v.s. BART. We use a one hidden layer neural
net with 40 units.
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Figure 3.6. Census data: The ROC curves of DeepGLM v.s. BART. The area under the curve
of DeepGLM is larger than that of BART, which suggests that DeepGLM has a better predictive

performance in this example.

A continuous panel data set: Cornwell and Rupert data

This section analyzes a continuous panel data set originally analyzed in Cornwell
and Rupert (1988). This is a balanced panel dataset with 595 individuals and 4165
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observations, each individual was observed for 7 years. The dataset is available from
the website of the textbook Baltagi (2013). The variables are listed in Table 3.9.

Variable Meaning

EXP Years of full-time work experience

WKS Weeks worked

OCC blue-collar occupation = 1; otherwise = 0
IND manufacturing industry=1; otherwise = 0

SOUTH south residence =1; otherwise = 0
SMSA metropolitan residence=1, otherwise = 0
MS married = 1; otherwise = 0

FEM female = 1; otherwise =0

UNION Union contract wage = 1; otherwise = 0
ED Years of education

BLK black = 1; otherwise = 0

LWAGE log of wage

Table 3.9. Cornwell and Rupert data: variables and their meaning

We are interested in predicting the wage (on the log scale) of each individual, given
the covariates. Let y;; be a continuous variable indicating the log of wage of person i
with the vector of covariates x;; in year ¢, t =1,...,7. We use the following DeepGLMM

model

Vielxie ~ N(pie, o), i = N, w, B+ w7),

where N(x;;,w,B+a;), B and &; have the same interpretation as in Section 3.7.1, and ¢

is the noise variance.

Since we are interested in within-subject prediction, for each individual, we use the
tirst 5 observations as training data, and the last 2 observations for test data. We use
a neural network with 2 hidden layers with 5 nodes each; this structure was selected
after some experiments using the lower bound as the model selection criterion. We
compare the performance of DeepGLMM to a linear regression model with a random
effect, using PPS and MSE as evaluation metrics. Table 3.10 summarizes the results,
which show that using the neural network basis functions to model covariate effects in

a flexible way can significantly improve both PPS and MSE.
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Model PPS MSE
GLMM 0.05 0.18
DeepGLMM -0.87 0.05

Table 3.10. Cornwell and Rupert data: Performance of DeepGLMM v.s. conventional GLMM in
term of the partial predictive score (PPS) and the mean square error (MSE). Both are evaluated on

the test dataset.

3.8 Chapter summary

This paper is concerned with flexible versions of generalized linear and generalized
linear mixed models where DFNN methodology is used to automatically choose
efficient transformations of the raw covariates.  The challenges of Bayesian
computation are addressed using variational approximation methods with a
parsimonious factor covariance structure. We have demonstrated that a natural
gradient approach to the variational optimization with this family of approximations
is feasible even in high dimensions. Our Bayesian treatment offers a principled
and convenient way for selecting the tuning parameters, quantifying uncertainty
and doing model selection. Using simulated and real datasets and several different
models we show that the improvement that these methods can bring in terms of
speed of convergence and computation time are substantial, and that the use of neural
network basis functions with random effects is a class of models that deserve more

consideration in the literature.

Similar to the GLM and GLMM models, their DeepGLM and DeepGLMM variants are
designed to learn the underlying effects of cross-sectional and panel data, respectively.
However, the same way of design cannot be applied to the financial applications where
time series data are required, e.g. financial volatility modeling, as the DFNN structure
are not be able to capture the temporal dependencies exhibited in the time series data.
In the next chapters, we will discuss other approaches to flexibly combine Recurrent
Neural Network (RNN) and two widely used classes of financial econometrics models

in financial volatility modeling literature.
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RECH: REcurrent

Conditional
Heteroskedastic Models

We propose a new class of financial volatility models, which we call
the REcurrent Conditional Heteroskedastic (RECH) models, to improve
both the in-sample analysis and out-of-sample forecast performance of
the traditional conditional heteroskedastic models. In particular, we
incorporate auxiliary deterministic processes, governed by recurrent neural
networks, into the conditional variance of the traditional conditional
heteroskedastic models, e.g. the GARCH-type models, to flexibly capture
the dynamics of the underlying volatility,. =~ The RECH models can
detect interesting effects in financial volatility overlooked by the existing
conditional heteroskedastic models such as the GARCH (Bollerslev, 1986),
GJR (Glosten et al., 1993) and EGARCH (Nelson, 1991). The new models
often have good out-of-sample forecasts while still explain well the stylized
facts of financial volatility by retaining the well-established structures of the
econometric GARCH-type models. These properties are illustrated through
simulation studies and applications to four real stock index datasets. An
user-friendly software package together with the examples reported in the

paper are available at https://github. com/vbayeslab.
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4.1 Motivation and Contribution

4.1 Motivation and Contribution

Financial time series, e.g. currency exchange rates or stock returns, exhibit stylized
facts such as volatility clustering and leverage effects. The volatility clustering
phenomenon of financial time series refers to the observation that “large changes
tend to be followed by large changes, of either sign, and small changes tend to
be followed by small changes” (Mandelbrot, 1967). This behavior implies that the
volatilities, i.e. the conditional standard deviations, of financial returns are observed
to be highly autocorrelated in certain time periods and exhibit periods of both low and
high volatility. The leverage effects exhibited in financial time series, on the other hand,
relate to the observation that the negative and positive past returns have asymmetric
effects on the volatility (Black, 1976). More specifically, the current volatility tends to
be larger following a previous negative shock, i.e. a return below its expected value,
than a positive one of the same absolute value. The volatility clustering and leverage
effects stylized facts arguably imply that the volatility of financial assets changes over

time, i.e. is heteroskedastic.

The time-varying volatility is the key assumption in the volatility modeling literature.
A large number of volatility models have been developed since Engle (1982) proposed
the Autoregressive Conditional Heteroskedastic (ARCH) model, which allows the
conditional variance, i.e, the squared volatility, to change over time as a deterministic
function of the historical shocks while leaving the unconditional variance unchanged.
The most important extension of the ARCH model is the Generalized Autoregressive
Conditional Heteroskedasticity (GARCH) model of Bollerslev (1986); it models the
current conditional variance as a function of the past conditional variance and shocks.
The GARCH model together with the ARCH model and their variants define a class of
models, often referred to as the conditional heteroskedastic or GARCH-type models,
which use deterministic functions of historical information, e.g. the past returns
and past conditional variances, to model the current conditional variance and are
able to capture the stylized facts of financial time series. Another notable line of
research in the volatility modeling literature focuses on the stochastic volatility (SV)
model (Taylor, 1986) and its variants, which formulate the conditional variance using
latent stochastic processes that do not directly involve the past returns. This paper is,
however, interested in the GARCH-type models which are probably more popular in

the volatility modeling literature because it is much easier to estimate a GARCH-type
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model than a SV-type alternative. See Koopman et al. (2016) for a comprehensive
comparison between the GARCH-type and SV-type models.

Hansen and Lunde (2005) compare empirically the out-of-sample performance of
the GARCH model and its many more sophisticated variants. Their results on the
DM/USD exchange rate show no evidence that the GARCH(1,1) is outperformed
by more sophisticated models, whereas the GARCH(1,1) is clearly inferior to the
models equipped with leverage effects in the analysis of the IBM stock returns.
The conclusions of Hansen and Lunde (2005) suggest two important implications.
First, using complicated models can be useful to explain the underlying volatility
movement but it does not necessarily mean that the ability of out-of-sample forecast
is improved. In their exchange rate example, the conventional GARCH(1,1) model
is simple, yet still has comparable forecast performance to its more complicated
counterparts. Second, there are arguably significant differences in the underlying
dynamics between the volatility process of stock returns and that of the exchange
rate data. This is consistent with the analysis in Nguyen et al. (2019) that reveals a
significant difference in the dynamics of the underlying volatility processes between
the stock index SP500, ASX200 datasets and the AUD/USD exchange rate data. These
differences in the volatility dynamics of different financial products imply that it
is important to select the right GARCH-type model for a particular financial time
series. The two implications above suggest that it is important to design more flexible

volatility models which have both good in-sample and out-of-sample performance.

Recurrent neural networks (RNNs) in the Deep Learning literature are successfully
used in a large number of industrial-level applications; e.g. language translation,
image captioning, speech synthesis. RNNs are well-known for their ability to
efficiently capture the long-range memory and non-linear serial dependence existing
within various types of sequential data, and are considered as the state-of-the-art
models for many sequence learning problems (Lipton et al., 2015). See Goodfellow
et al. (2016) for a comprehensive discussion of various types of neural network
models (NNs) and their broad range of applications. The recent success of RNNs
has motivated econometricians to incorporate the RNNs and other deep learning
models into their econometric models. There is a large amount of research along
this line, with a focus on modelling the mean rather than the variance of financial
asset returns; see, e.g., Zhang et al. (1998); Zhang (2003a). Leveraging the power of

deep learning in volatility modelling is still somewhat overlooked in the econometrics
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literature. Donaldson and Kamstra (1997) are one of the first to propose a NN-GARCH
model that adds a feedforward NN component into the conditional variance of
the GJR model (Glosten et al.,, 1993). Their in-sample and out-of-sample results
on four stock markets suggest that the NN-GARCH model is preferred to several
benchmark GARCH-type models. Roh (2007) proposes NN-based volatility models
that first estimate the conditional variance by an econometric volatility model, then
use these estimates as inputs to a feedforward neural network, which then non-linearly
transforms these inputs to output the final estimate of the conditional variance. Kim
and Won (2018) extend this idea by using the outputs from several GARCH-type
models rather than a single one as the inputs to a recurrent neural network; see also
Luo et al. (2018). Liu (2019) uses the Long Short-term Memmory, a sophisticated RNN
tehnique, for volatility modelling and reports its improved prediction over GARCH
in two datasets. In general, these hybrid models that combine neural networks and
financial econometric models are empirically superior to several econometric models
and plain neural network models, in term of predictive performance. However, these
models are often engineering-oriented and ignore the interpretational aspects of the
volatility estimates and the important stylized facts of financial time series. Some of
these existing models use feedforward NN models rather than RNNs and thus might
ignore the time effects in time series data. Their design is also rather inflexible in the
sense that they combine a particular econometric model with a particular NN model.
It is important to design a more flexible framework that is easy to adapt to advances in

both the deep learning and volatility modelling literature.

The GARCH-type models are generally simple yet highly interpretable in the sense
that they are well designed to explain the distinct behaviors of financial time series.
Any new volatility models should not overlook this interpretability of the traditional
econometric models. This paper proposes a new class of models, called the REcurrent
Conditional Heteroskedastic models (RECH), that not only improve the forecast
performance of the GARCH-type models, by leveraging the capability of learning
non-linearity and long-range dependence of RNNs, but also place significant emphasis
on the interpretation of the estimated volatility, by inheriting the well-established
structures of the GARCH-type models. We now explain why the RECH models fit well
within the volatility modeling literature. First, similarly to the GARCH-type models,
the conditional variances in the RECH models are a deterministic function of the past
values; hence it is easy to estimate the RECH models as the likelihood functions can

be evaluated analytically. Second, the RECH models still explain well the stylized
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facts of the underlying volatility dynamics. Third, by inheriting the predictive power
from deep learning techniques, the RECH models often forecast better. Fourth, the
highly flexible design of RECH models makes it easy to adopt advances in both the
deep learning and volatility modeling literatures, allowing it to be used in a wide
range of applications in financial time series analysis. A Matlab software package
implementing Bayesian estimation and inference for the RECH models together with

the examples reported in this paper are available at https://github. com/vbayeslab.

4.2 Conditional heteroscedastic models

Lety={y;, t=1,..,T} be a time series of demeaned returns and F; be the o-field of the
information up to time t. Conditional heteroskedastic models represent the conditional
variance o7 := Var(y;|F;_1) of the observation y; as a deterministic function of the
observations and the conditional variances in the previous time steps. Mathematically,

these models are expressed as:

Yt =0t€y, GtNZZd Witht:1,2,...,T, (41a)
(th = w+f(at2_1,...,(th,p,yt_l,...,yt_qﬁ); (4.1b)

f(-) is a positive deterministic function parameterized by the vector of unknown
parameters 6; p,g > 0 are the number of lags of ¢? and y; respectively; and w is
a non-negative constant ensuring the positivity of the conditional variance ¢?. The

shocks €; are i.i.d. with zero mean and unit variance.

The Generalized Autoregressive Conditional Heteroskedasticity (GARCH) model

2

(Bollerslev, 1986) formulates the conditional variance ¢} as a linear combination of

the previous returns and conditional variances in a ARMA(p,q) form as:
Yt =0t€y, t=1,2,..,T, (42a)

p 9

o =w+Y wiyi i+Y Biot i t=2,.,T; (4.2b)
i=1 j=1

w>0u;p;>0,i=1,..p,j=1,.,qand Zleoci+27:1ﬁj <1 to ensure the stationarity of

the GARCH process.

The structure of the conditional variance in (4.2b) is symmetric in the sense that the

conditional variance ¢? does not depend on the sign of the y;, implying that the

conventional GARCH(p,q) model cannot capture the important leverage effect, i.e., 07
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depends asymmetrically on the previous returns, in financial time series. Glosten et al.
(1993) propose a variant of the GARCH model, often called the GJR model, of the form

Yt =0Ot€y, t=12,..,T, (43a)

p 9 p

oF=w+Y ayr i+ ,Bjatz_]- +Y villlyi—i <Oly7_;; (4.3b)
i=1 j=1 i=1

w > O,Dci,ﬁ]' >0,ai4+7v;>0,i=1,..p,j=1,.,9 and Zleoci+2?:1ﬁj+2f:1'yi <1 to ensure

the stationarity of the y; process and the positivity of the conditional variance. The

indicator function I[y; < 0] in (4.3b) equals 1 if y; < 0 and 0 otherwise. In the GJR

model, negative returns have more influence than positive returns.

Another popular GARCH-type model is the Exponential Garch (EGARCH) model of
Nelson (1991)

Y =0t€y, t= 1,2,...,T, (44&)
2 : R P I Ry 7| L Vi
logo? =w+)_Bilogoy_;+) a; -—E -+ ri— (4.4b)
i=1 =1 | 9t Ot j=1 ~Ot=j
where the roots of the polynomial (1—p¢L—...—B,L") must lie outside the unit

circle to ensure the stationarity of the y; process. By working on the log-scale, the
EGARCH model removes the positivity constraints on the model parameters and state
the leverage terms in Eq. (4.4b) to capture the asymmetry in volatility clustering.
See Poon and Granger (2003) and Bollerslev (2008) for a comprehensive discussion
of the family of GARCH models and their properties. We will use GARCH, GJR
and EGARCH as the benchmark econometric models to compare against the RECH

models, because they are widely used in the volatility modelling literature. See

4.3 Recurrent conditional heteroskedastic models

4.3.1 The general formulation

The key motivation of the RECH models is to allow the constant term w in the general
formulation of the GARCH-type models in (4.1a)-(4.1b) to be driven by an auxiliary
deterministic process governed by an RNN, in order to capture complex dynamics

such as non-linearity and long-term dependence that might not be captured efficiently
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by the GARCH-type component f(07 ;,...,yt—g). The general RECH model is written

as:

Y =0t€y, €tNi.i.d, tZl,Z,...,T (45&)
atz =g(wy) —I—f(cftzfl,...,crtz_p,yt,l,...,yt_q), t=2,..T, 012 = 05 (4.5b)
wi =B hi+Bo, t=2,...,T, (4.5¢)
]’lt = RNN(xt,ht_l), tZZ,...,T, Withhl EO; (45d)

¢(+) is a non-negative activation function; p and g are lag orders of ¢? and y;
respectively; Bo is a scalar; B = (B1,...BL) is the weight vector with L the number
of hidden states. The reason an activation function is applied to w; is to ensure the
conditional variance o7 is positive. We refer to w in (4.5b) as the recurrent component,
as it is driven by a RNN, and f(-) as the garch component as this is formed based on
the GARCH-type structures without the constant term. Hence, we shall refer to the
parameters of the recurrent component, e.g. Bo,8,V,W,b if we use the SRN unit, as the
recurrent parameters and refer to the parameters of the garch component f(-) as the
garch parameters. The recurrent state i;=RNN (x;,h;_1 ) takes as its inputs the previous

state hi;_1 and a vector of additional information x; whose choices are discussed shortly.

The conditional variance in (4.5b) is a sum of the recurrent and the garch components.
This flexible design allows the RECH models to enjoy many advances from both
worlds of deep learning and volatility modelling. Similarly to deep learning models,
the RECH models can use highly sophisticated neural network structures to capture
the complicated dynamics, e.g. long-range dependence and non-linearity, of the
volatility dynamics and hence improve the predictive performance of the traditional
GARCH-type models in the applications where the underlying volatility dynamics
exhibits long memory and nonlinearity. Similarly to GARCH-type models, the
RECH models use simple yet highly interpretable structures to simulate important
stylized facts in financial time series such as volatility clustering and leverage effects.
RECH models are well suited to modeling volatility because they inherit many
properties from the GARCH-type models and distinguish themselves from the existing
NN-based volatility models that often overlook the interpretability of the mainstream
econometric models. As the recurrent and garch components are separated, increasing
the complexity of the recurrent component w; will not decrease the interpretability of
the garch component, and hence of the RECH models. The general formulation in
(4.5a)-(4.5d) implies that most (if not all) variants of the GARCH models are nested
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in the RECH framework, because the RECH models reduce to the corresponding
GARCH-type models if =0.

In previous work that combined an NN-based component with a GARCH-type model,
Donaldson and Kamstra (1997) added a FNN-based component to a GJR model and
reported some improvement of their FNN-GJR model compared to several benchmark
GARCH-type models. However, as discussed above, it might be inefficient to use a
FNN to analyze time series data as FNNs are typically designed for cross-sectional
data. Also, their estimation method uses randomized weights for the FNN component
rather than optimizing them; this technique is not recommended in the modern deep
learning literature (Goodfellow et al., 2016). Nguyen et al. (2019) incorporate LSTM
into the stochastic volatility models and name their model LSTM-SV. LSTM-SV belongs
to the class of parameter-driven models while RECH is an observation-driven model;
see Koopman et al. (2016) for a comprehensive comparison between these two classes
of models. More specifically, the volatility dynamics in RECH is a deterministic process
rather than a stochastic latent process as in LSTM-SV, making it much easier to estimate
RECH models than the LSTM-SV model as the likelihood of the RECH models can be
calculated analytically. The RNN component of the LSTM-SV model takes only its past
values as inputs while the recurrent component w; of the RECH models allows any
information including past observations as inputs. We show below that this flexibility
enables RECH models with SRN to capture complicated dynamics and the leverage
effect in financial time series without needing to use complicated RNN structures such
as LSTM. Finally, like GARCH and SV, RECH and LSTM-SV complement each other
and offer different perspectives towards the volatility modelling problem. We note
that the RECH models are fully parametric models as the mathematical representation
of the RNN component must be specified before the estimation and forecast steps.
See Engle and Rangel (2008); Koo and Linton (2015) For the discussion on other line
of non-parametric models allowing GARCH parameters to be time-varying. For the
discussion on the difference between parametric and non-parametric volatility models,
see Linton (2009); Andersen et al. (2010).

4.3.2 Specifications for the RECH models

The RECH framework is highly flexible because it can easily incorporate the advances
from both the deep learning and volatility modeling literatures to design the recurrent

and garch components, respectively. For example, by using the SRN structure for the
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recurrent component w; and the conditional variance structure of the GARCH(1,1)
model for the garch component, we obtain the SRN-GARCH specification of the RECH

model as:
yr=0rer, € SN (0,1), t=12,.., T (4.6a)
ot =witay? +Botq, t=2,.,T, 0 =0} (4.6b)
wt:ﬁ0+51ht, tZZ,...,T, (46C)
hy=SRN(xt,hy_1), t=2,..., T, with h; =0; (4.6d)

X = (wt_l,yt_l,atz_l)T is the vector of input of the RNN at time f. For simplicity,
we consider the standard normal distribution A (0,1) for the errors €;. To ensure
the positivity of the conditional variance, we specify the activation function g(-) in
Eq. (4.5b) as a linear function of wy, i.e. g(wt) =w; and set Bo,B1 > 0. Alternatively,
one can use a positive activation function for g(-), such as the ReLu or sigmoid, and
relax the positivity constraints for g and B;. We follow the GARCH literature and
put the stationarity and positivity constraints on the garch parameters a and B, i.e.,
«,>0and a+p <1. These constraints do not necessarily imply that the SRN-GARCH
model is stationary, but might improve numerical stability in estimation. Figure 4.1 is
a graphical representation of the SRN-GARCH model.

The recurrent function SRN is:
SRN(Xt,htfl) = <p(vTxt —|—ZUht71 +b),

with v = (vg,v1,02) " the vector of weights and ¢(-) an activation function. We use
the ReLU activation for ¢(-) as it is easier to train and performs better than other
alternatives in the deep learning literature (Nair and Hinton, 2010; Le et al., 2015).
The weights B; and w are scalars, as by default we use only one recurrent state, i.e.
h; is a scalar, for the SRN-GARCH specification. However, it is possible to extend the

specification in (4.6a)-(4.6d) to the case where F; is a vector of hidden states.

For the RECH model, there is no restriction on the choice of the input vector x;. A
convenient choice for x; is the vector of the past recurrent component w;_1, past return

y;—1 and past conditional variance o ;. While a non-zero § in (4.6b) quantifies the

linear dependence of the current conditional variance ¢7 on its past value ¢ |, a
non-zero weight v, quantifies the non-linear dependence of 07 on ¢? ;. The choice
for x; is somewhat simulated the structure of GARCH, e.g. using (th_l component, and

EGARCH, e.g. using the y;_; component, but in a non-linear manner, e.g. output
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is a non-linear function for x;. We note that the SRN-GARCH specification uses
the conditional variance structure of the GARCH model, but is still able to capture
the leverage effects of the volatility dynamics as the input vector x; includes the
asymmetric leverage term y;_p itself, not y? ;. Section 4.4 shows that this choice
of the input vector x; makes the volatility estimated by the RECH models less
sensitive to the choice of the structure for the garch component. In terms of model
specification, the SRN-GARCH model is simpler than the corresponding GARCH(p,q)
model in the sense that it does not require choosing the lag orders p and g as the
recurrent component w; is designed to capture the potential long range dependence
and non-linear effects that cannot be detected by the garch component f(-). That
SRN-GARCH(p,q) The RECH model with the SRN-GARCH specification simplifies to
the GARCH(1,1) model if Bp >0 and B1 =0.

SRN unit

Figure 4.1. Graphical representation of the SRN-GARCH specification of the RECH models.

Many other specifications of the RECH model can be constructed. For example,
the SRN-GJR specification is obtained by using the SRN structure for the recurrent
component and the conditional variance structure of the GJR(1,1) for the garch
component. Table 4.1 presents several RECH model specifications. It is also possible to
use other RNN structures such as LSTM (Hochreiter and Schmidhuber, 1997) or SRU
for the recurrent component. It is worth noting that the GJR and EGARCH models
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accommodate the leverage effects as linear terms in the conditional variance equation
and hence can only capture the linear dependence of the leverage effects. The RECH
models, on the other hand, are able to capture other leverage dependence rather than
the linearity, e.g. non-linearity or temporal dependence, of the leverage effects by

allowing the leverage term y;_; to be an input of the RNN.

Models Conditional variance Constraints
07 =witay; 1 +pot +71[y,,1<0]y%71 a,p=>0
SRN-GJR wi=Po+ iy =0
. <1
= SRN (x5 1), with x: = (s 11,02 1) atpty
ﬁ()/ﬁ] Z 0

of = wt+exp{w+ﬁlog(7t2_1 +uo

_ 2 _ <
Jyi-al /] le} 0<p<1
Ot—1 7T Ot—1
SRN-EGARCH
wi=Bo+pP1ht

hy =SRN((x;,h; 1) with x; = (wt_l,eyffl,atz_l)

Table 4.1. Several specifications of the RECH model.

Given the general formulation of the RECH models in (4.5a)-(4.5d), the (th process,
and thus the y; process of the RECH models, is not guaranteed to be stationary unless
B1 =0 and the garch parameters satisfy the stationary constraints of the corresponding
garch components f(-). For example, the SRN-GARCH specification in (4.6a)-(4.6d) is
stationary if Bo,a,B > 0,81 = 0,04+ < 1. Although non-stationarity for volatility may
be mathematically less appealing, it is often argued to be more realistic in practice, e.g.
van Bellegem (2012).

Theorem 1. Consider the SRN-GARCH specification in (4.6a)-(4.6d). Assume that

* the garch component is stationary, i.e. ¢, >0, a+p<1;

* the recurrent component is bounded, i.e. w; < M almost surely for some M < co.

Then the unconditional variance of y; is bounded,

Var(y;) < +03, for all t.

M
1-a—p
The condition that « > 0,8 >0, a+ < 1 is standard in the GARCH literature and

easy to impose. The second condition, i.e. the finite recurrent component condition, is
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imposed by using the bounded ReLU activation function (to bound /;), and assuming

a bounded support for By and B (we used uniform U(0,0.5) for these two parameters).

Proof. Recall the o-fields Fi =0 (y;,s <t) and let us define Fy={®,Q)}. As the recurrent

component is bounded,

B(y?| Fi_1) = 02 < M +ac? |+ By? 4, t> 1. (4.7)
We have that
E(yi|Fi—2) = E(E(vf|Fi-1)|Fi—2)
< M+ aofy + BE(yi 4| Fi2)
= M+ a0y + Boiy,
hence, by (4.7),

M+ (a+ B)o? < M + o3, t=2
E(y¢| Fi-2) < ' "
M+ (a+B)(M+acf o+ By;,), t>2.

Similarly,
E(]/%\]:tfa) = E(E(V%\}—t—zﬂfta)
< M+ (a+ B) (M + acf_p + BE(yi_o| Fi-3))
= M(1+ (a+p)) + (a+p)oi, t23.
For t=3,

E(y?| Fi—3) =M(1+(a+B)) +(a+pB) %07 < M(1+ (a+B)) +03,
and for t >3, by (4.7),

E(yi|Fi-s) < M(1+ («+B)) + (a + B)*(M + ao? 3+ Byi_3)

<
< M(1+ (a4 )+ (a+ B)?) + (a + B)*(aof 5 + Byi_3).
Hence
B(RIF ) < | AT @R +a =2
M(1+ (a+B) + (e + B)?) + (2 + B)* (a0 5 + By73), t>3.

By deduction we have that, for k=2,...,t -1,

M1+ (a+ B)) + 03, F—k

| (4.8)
M1+ @+ B)) + (a+ B (a2 + By2,), t>k

E(yf|Fi—x) < {
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Therefore,

4.4 Simulation study and applications

This section evaluates the in-sample and out-of-sample performance of the RECH
models on simulation and stock return datasets. We use the SMC with likelihood
annealing sampler to perform in-sample Bayesian inference and the SMC with data
annealing to obtain one-step-ahead forecasts. See Li et al. (2021) for a comprehensive
study on the efficiency of the SMC methods for GARCH-type models. Table 4.2 lists

our implementation settings of the SMC samplers.

Variable Description Value
K Number of annealing levels 10000
M Number of particles 10000
c Constant of the ESS threshold 0.8

Niik Number of Markov moves in the SMC with likelihood annealing 30
Ndata Number of Markov moves in the SMC with data annealing 30

Table 4.2. Implementation settings of the SMC samplers.

We now discuss the selection of the prior distributions for the RECH models. We use
a normal prior with a zero mean and variance 0.1 for all the recurrence parameters
(vo,v1,v2,w,b), except By and B1; as empirical results from the deep learning literature
show that the values of the weights of neural networks are often small. As a linear
activation function for g(+) is used, we put the uniform prior U(0,0.5) on By and B; to
impose the positivity of w;. For the garch parameters, we choose the same priors as we

use for the corresponding GARCH-type models, as summarized in Table 4.3.

Next, we discuss the score metrics used to evaluate the out-of-sample performance.

Denote by Dyest a test dataset, Tiest the number of observations in Diest and 0 the
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GARCH(@,1) GJR(1,1) EGARCH(1,1)
Parameter  Prior Parameter Prior Parameter Prior
w u(o,10) w u(o,10) w N(0,1)
o u(o,1) o u(o,1) o N(0,1)
p u(o,1) p u(o,1) p u(o,1)
0% N(0,0.1) v N(0,0.1)

Table 4.3. Prior distributions for the parameters in the GARCH(1,1), GJR(1,1) and EGARCH(1,1)

models. The notations U and N denote the Uniform and Gaussian distributions, respectively.

posterior mean estimate of 8; we use four predictive scores to measure out of sample
performance: the partial predictive score (PPS), the number of violations (#Vio.),
the quantile score (QS) and the hit percentage (%Hit) to measure the out-of-sample
performance. The PPS (Gneiting and Raftery, 2007) is evaluated on the test dataset
Diest as

PPS = —

1 AN
T Y logp(yelyrt-1,0)-

test [y
The model with smallest PPS is preferred. The #Vio. is defined as the number of times
over the test data Dy, that the observation y; is outside its 99% one-step-ahead forecast
interval. One of the main applications of volatility modelling is to forecast the Value
at Risk (VaR). The a-VaR is defined as the a-quantile of the one-step-ahead forecast
distribution p(y;|y1:_1,0). The performance of a method producing VaR forecasts is
often measured by the quantile score (Taylor, 2019) defined as:
Q5= ¥ (0 Tyq,) (1)

test Drest

where g;, is the a-VaR forecast of y;, conditional on y7.;—1. The smaller the quantile
score, the better the VaR forecast. The %Hit (Taylor, 2019) is defined as the percentage
of the y; in the test data that is below its a-VaR forecast. The %Hit is expected to be close
to «, if the model predicts well. We note that these predictive performance measures
complement each other. For example, it is possible to make the number of violations
small by increasing the forecast volatility, but the PPS and QS scores then increase. A
volatility model minimizing all three predictive scores, and having a hit percentage

close to «, is arguably the preferred one.

For the simulation data, given the true volatility oy, we follow Hansen and Lunde

(2005) and use six additional predictive scores as summarized in Table 4.4.
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Score Definition
MSE; Trest LDy (01 —01)?
MSE; Tiest LD (07 —07)?
MAE; Trest EDpy [0t — 0t
MAE, T st Do |07 — 7|

QUKE  Tl¥p,, (log(@?)+0f5;?)

2
RLOG  Tpi¥p,,|log(o?5,?)]

Table 4.4. Definition of the predictive scores to measure the out-of-sample performance on

simulation and index data. Here, 0} is an estimate of the volatility ;.

Itis also possible to test for statistical differences between the forecast results, e.g. using
DM test Diebold (2015). However, these tests often rely on assumptions made directly
on the forecast error loss differential and hence significantly sensitive to the true values
of volatility, which is not directly observed. We therefore do not follow this approach

in our comparison of predictive performance between models.

4.4.1 Simulation studies

Simulation study I (SIM I)

We generated a time series of 2000 observations from the GARCH(1,1) model

Yt =0t€y, €tNN(O,1), tzl,...,T, (49a)
02 =0.05+0.18y? ;+0.802 ;, t=2,..,T, 0?=0.1. (4.9b)

The first 1000 observations are used for model estimation and the last 1000
observations for out-of-sample analysis. Table 4.5 shows the posterior means and
the posterior standard deviations of the GARCH(1,1) and SRN-GARCH model
parameters, obtained from the SMC using likelihood annealing. Figure 4.2 plots the
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estimated volatility together with the true volatility of the simulated data, i.e. the true

values 07 generated from equation (4.9b).

w o B Bo B1 U1 Uy log ML

GARCH 0.048 0.178 0.791 —1507.2
(0.022) (0.029) (0.035) (0.118)

SRN-GARCH 0.150 0.806 0.056 0.232 0.154 —0.248 —1507.3

(0.028) (0.029) (0.022) (0.152) (0.314) (0.378) (0.152)

Table 4.5. SIM [: Posterior means (in bold) of the GARCH and SRN-GARCH model parameters
with the posterior standard deviations in brackets. The last column shows the natural logarithms of
the estimated marginal likelihood with the Monte Carlo standard errors in brackets, averaged over

10 different runs of the SMC with likelihood annealing sampler.

The estimation results in Table 4.5 and the volatility plots in Figure 4.2 suggest some
important implications. First, the garch parameters a and B of the SRN-GARCH
model in Table 4.5 are close to those of the GARCH model and the volatility estimated
from the RECH model in Figure 4.2 are close to the true volatility, implying that the
estimated RECH model is close to the GARCH(1,1) model if the GARCH(1,1) is the
true model. The almost identical estimates of the marginal likelihood in the last column
of Table 4.5 also indicate that the GARCH(1,1) and RECH models provide an equally
good fit to the data. Second, the coefficient B; is statistically insignificant, i.e. the
posterior mean is less than two standard deviations from zero, and the values of the
recurrent component w; are consistently small at all time points as Figure 4.2 shows,
implying that there are no volatility effects rather than linearity that are captured by
the recurrent component w; and that the recurrent component w; contributes very little
to the conditional variance at all time steps. Additionally, the weights v; and v, of the
inputs of the recurrent component are statistically insignificant, suggesting that there
is no evidence of non-linearity, long range dependence and leverage effects within the

data generating process GARCH(1,1).
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2
7t SRN-GARCH

2
7t GARCH

Conditional Variance

0 100 200 300 400 500 600 700 800 900 1000
Time

Figure 4.2. SIM I: The true conditional variance (dashed line) and the estimated conditional variance

(solid line) using the SRN-GARCH model. The bottom line shows the values of the recurrent

component w; of the SRN-GARCH specification at all time points. (The figure better viewed in

colour).
Simulation study II (SIM II)

We generated a time series of 2000 observations from the following non-linear
GARCH-type model

yi=ore, e~N(0,1),t=12,..,T, (4.10a)

2 0.0540.1012 - +0.21 iy 10802 +0.11 %1 10211 2 01 <o
oy =U. . - . 00, . . . A—F.
t Yi—1 1_|_y%71 t—1 1+Ut271 [y;_1<0]Yt—1 1+e_y%71

(4.10D)

The model in (4.10a)-(4.10b) modifies the GJR(1,1) model by adding non-linear
transformations of the past observation, conditional variance and leverage term to
the equation of the conditional variance. The volatility evolution in (4.10b) suggests
that the simulated volatility exhibits highly non-linear effects. The parameters of the
model in (4.10a)-(4.10b) are set so that the simulated data somewhat resembles real
financial time series data exhibiting both volatility clustering and leverage effects.
The first T = 1000 observations are used for model estimation and the last 1000 for

out-of-sample analysis. Table 4.6 shows the posterior means and standard deviations
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of the parameters from the GARCH(1,1), GJR(1,1), EGARCH(1,1) and three RECH

counterparts.

w o B 0% Bo B1 Up %) Log ML

GARCH 0.854 0.188  0.807 —3617.9
(0.124) (0.018) (0.018) (0.164)
SRN-GARCH 0.246  0.556 0.328  0.382  -0.525 0.396 —3614.9*
(0.048) (0.158) (0.120) (0.100) (0.253) (0.232)  (0.232)

GJR 0846 0204 0.801 -0.012 —3620.1
(0.130)  (0.035) (0.021) (0.024) (0.141)

SRN-GJR 0141 0557 0179 0354 0373 -0.180 -0.418 —3611.6"

(0.045) (0.138) (0.064) (0.110) (0.092) (0.294) (0.172)  (0.211)

EGARCH 0106 0373 0975 -0.101 —3616.3
(0.027) (0.041) (0.005) (0.026) (0.147)

SRN-EGARCH -0.058  0.450 0976 -0.114 0.227 0.270 -0.028 0.211 —3613.1*
(0.173) (0.145) (0.017) (0.037) (0.140) (0.139) (0.361) (0.360)  (0.202)

Table 4.6. SIM II: Posterior means (in bold) of the GARCH and RECH model parameters with
the posterior standard deviations in brackets. The last column shows the natural logarithms of the
estimated marginal likelihood with the Monte Carlo standard errors in brackets, averaged over 10
different runs of the SMC with likelihood annealing sampler. The asterisks indicate when the Bayes

factors strongly support RECH models over their GARCH-type counterparts.

The estimation results from Table 4.6 suggest that: first, the posterior means of a
and B from the GARCH and GJR models are close to their true values, suggesting
that the GARCH and GJR models can capture the linear serial dependence within
the volatility dynamics of the data generating process. The constants w of both the
GARCH and GJR model are significantly inflated compared to the true value, possibly
caused by the non-linear effects that cannot be captured by the GARCH and GJR
models. The leverage parameter 7y of the GJR model is close to zero and statistically
insignificant, implying that the GJR model cannot capture the leverage effect in the
data generating process. The leverage parameter v of the EGARCH model is more
than three standard deviations from zero, implying that the EGARCH model is the
only benchmark GARCH-type model that can capture the simulated leverage effect.

Second, the coefficients B; of the SRN-GARCH and SRN-GJR models are more

than three standard deviations from zero, implying that there is strong evidence
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of non-linearity in the volatility dynamics, and that the RNN structure within the
recurrent component w; of the SRN-GARCH and SRN-GJR model is able to capture
such dependence. The weight v; with respect to the leverage input y;_; of the RNN
in the SRN-GARCH model is more than two standard deviations from zero and
the leverage parameters 7 of the SRN-GJR and SRN-EGARCH are more than three
standard deviation from zero, all suggesting that the three RECH specifications can
capture the leverage effects exhibited within the simulated volatility. The recurrent
component w; of the RECH models is useful in capturing the leverage effects
overlooked by the GARCH and GJR models. Interestingly, the coefficient v, with
respect to the input ¢? | in the SRN-GJR is more than two standard deviations from
zero, indicating that the SRN-GJR is able to detect the non-linearity dependence of
the past conditional variance on the current conditional variance o, exhibited within
the simulated data generating process. The analysis above suggests that observing
the recurrent parameters of the RECH models, e.g. 1,01 and v,, helps to detect the

possible non-linearity effects within the underlying volatility.

Third, the estimates of marginal likelihood in the last column of Table 4.6 show that the
RECH models consistently have higher marginal likelihood than their GARCH-type
counterparts and that the SRN-GJR model provides the best fit to the data. The
difference between the log marginal likelihood estimates is equivalent to the Bayes
factors of the SRN-GARCH, SRN-GJR and SRN-EGARCH models compared to the
GARCH, GJR and EGARCH models of roughly ¢, ¢® and ¢?, respectively, strongly
supporting the RECH models. We note that among the benchmark GARCH-type
models, the EGARCH model est fits to the SIM II data.

Figure 4.3 plots the values of the recurrent component and estimated volatility of the
SRN-GJR model, together with the true volatility, at all time points. Figure B.1 in the
Appendix B plots the volatility estimated by the GJR model and the true volatility.
During the low volatility periods, i.e. time t is between 0-100 or 900-1000, the volatility
of the SRN-GJR model are very close to the true volatility, which is also the case
for the GJR model in Figure B.1. During the periods when the volatility changed
dramatically and oscillated highly, i.e. t is between 200-250, 350-400 or 500-700, the
volatility produced by the SRN-GJR model still tracks well the true volatility, but
this is not the case for the GJR model. The GJR model often produces overly-large
and overly-small volatility during these periods of abruptly changed volatility. The
SRN-GJR model, on the other hand, appears to be able to capture well these changes.
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Figure 4.3. SIM Il: The true conditional variance (dashed line) and the estimated conditional
variance (solid lines) by the GJR and SRN-GJR models. The bottom line shows the values of the

recurrent component w; of the SRN-GJR specification. The SRN-GJR plot appears to trace the true
volatility plot better than the GJR plot. (The figure is better viewed in colour).

The plot of the recurrent component w; at all time points in Figure 4.3 shows that it is

highly responsive to the changes in the true volatility.

Table 4.7 reports the forecast performance of the benchmark GARCH-type and the
RECH models. For the SIM I data, the forecast performance of the SRN-GARCH
model is very close to that of the GARCH model, in all predictive scores, which
again strongly supports the earlier in-sample conclusion that the SRN-GARCH model
closely approximates the GARCH model if the GARCH is the true model. For the
SIM II data, Table 4.7 suggests some important results. First, the RECH models
outperform their GARCH-type counterparts in most of the predictive scores, which
is consistent with the in-sample analysis showing that the RECH models fit better than
their benchmark GARCH-type counterparts. Second, the SRN-GJR model has the best
forecast performance for all predictive measures and the SRN-EGARCH model also
performs well on the SIM II data, which is consistent with the in-sample analysis
showing that these two RECH specifications have the highest marginal likelihood
estimates. Third, amongst the benchmark GARCH-type models, the EGARCH model
has the best predictive performance, compared to the GARCH and GJR models.
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PPS #Vio QS %Hit MSE, MSE, MAE, MAE, QLike R2Log

SIM1
GARCH* 1794 09 0.044 0.011 0.001 0.020 0.016 0.069 1.689 0.001

SRN-GARCH 1795 (09 0.044 0.011 0.001 0.057 0.022 0101 1.690 0.001
SIMII

GARCH 3.013 14 0.145 0.008 0.390 88970 0485 6.018 4.207 0.046
SRN-GARCH* 3.009 12 0.142 0.008 0.256 85.151 0.349 4739 4195 0.022
GJR 3011 16 0.144 0.008 0331 77430 0445 5503 4204 0.039
SRN-GJR* 3.003 10 0.139 0.009 0.023 5.071 0.114 1339 4.186  0.003

EGARCH 3.005 10 0.142 0.006 0.109 22250 0251 3.078 4.191 0.013
SRN-EGARCH* 3.004 10 0.140 0.008 0.054 12876 0.173 2153 4188 0.007

Table 4.7. Simulation: one-step-ahead forecast comparison. For the QS and %Hit measures, the
results are calculated at the 1%-quantile. For the SIM Il data, the bold numbers denote the best
scores. For each pair of the RECH and GARCH-type models, the asterisk indicates the models having

better forecast performance.

Simulation study III (SIM III)

This simulation study examines if the RECH models are able to simulate the
long-memory volatility, by fitting the FIGARCH(1,d,1) model of Baillie et al. (1996)
to data generated from the RECH models. The FIGARCH(1,d,1) model is defined as:

Yt =0t€¢, €t NN(O,l), t= 1,2,...,T,
0F =w+pot+ |1-BL— (1—¢L)(1-L)" |4},

where d € (0,1) is the fractional integrated parameter and L is the backshift operator.
The parameter © = (w,,d,8). When d =0, the FIGARCH becomes a GARCH model.
When d >0 and is close to 1, the persistence of the past shocks in the FIGARCH process
decays at a slow hyperbolic rate (Baillie et al., 1996); hence the FIGARCH process

exhibits the long-memory effects in its volatility dynamics.

We use the SRN-GARCH model as the true data generating process (DGP) with the
four different parameter sets 6;,i =1,..,4, listed in Table 4.8. These are the estimated
parameters obtained in Section 4.4.2 when the SRN-GARCH model is fitted to four real
datasets. For each parameter set 6;, 500 datasets of T=3000 observations are generated
from each of two different specifications of the SRN-GARCH model: B =0 and B
equals to the true values in Table 4.8, i.e. B1 #0. We note that if f; =0, the DGP is the
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x B Po p1 ) U1 ) w b
f#p 0.058 0.681 0.068 0.418 —-0.018 —0.430 0524 0.161 —0.173
6, 0.071 0.690 0.075 0362 0.062 —0.422 0.538 0.087 —0.130
f; 0.076 0.744 0.016 0.388 —0.075 —0.574 0400 —-0.040 —0.023
0, 0.057 0.562 0.101 0413 0.015 —-0.380 0.652 0.270 —-0.170

Table 4.8. SIM Ill: The parameters used in the DGP.

GARCH(1,1) model. To generate each time series, we generate 10,000 observations and
use the last 3,000 for the simulation data. We then use the Matlab MFE toolbox 3, with
the default settings, to produce the Quasi-Maximum Likelihood Estimate (QMLE) of
the parameter @i, i=1,..4, of the FIGARCH(1,d,1) model. Table 4.9 shows the means
and standard deviations averaged over 500 QMLE estimates of the FIGARCH(1,4,1)

parameters.

DGP is GARCH(1,1) (B1=0) DGP is SRN-GARCH (B #0)
@ n d B @ n d B
@1 0.211 0.423 0.017 0.373 0.088 0.107 0.728 0.708
(0.043) (0.159) (0.039) (0.127)  (0.014) (0.052) (0.109) (0.078)
©, 0225 0366 0036 0323 0126 0152 0.608  0.647
(0.064) (0.206) (0.053) (0.155)  (0.020) (0.058) (0.12) (0.100)
©; 0045 0210 0.093 0222 0.095 0105 0711  0.653
(0.018) (0.214) (0.059) (0.162)  (0.016) (0.053) (0.110) (0.089)
©, 0235 0437 0002 0376 0.096 0124 0706 0.711

(0.019) (0.127) (0.014) (0.125)  (0.017) (0.054) (0.116) (0.084)

Table 4.9. SIM Ill: Means and standard deviations (in brackets) of 500 QMLE estimates of the
FIGARCH(1,d,1) model parameters.

The important conclusion from Table 4.9 is that the short-memory and long-memory
properties of the GARCH(1,1) and SRN-GARCH models, respectively, are
distinguishable. When the DGP is the GARCH(1,1), the estimates of the fractional
integrated parameter d are insignificant in all cases, suggesting that there is no
evidence of the long-memory effects in the volatility of the GARCH(1,1) model.

When the DGP is the SRN-GARCH model, ie. pB; # 0, the estimates of the

3ht’fps: / / github.com/bashtage /mfe-toolbox/
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fractional integrated parameter d are close to 1 in all cases, implying the existence of
long-memory in the volatility dynamics of simulated time series, which are generated
from SRN-GARCH models. The difference in the QMLE estimates of the parameter
d between the two DGPs in Table 4.9 implies that the SRN-GARCH model is able to
simulate long-memory volatility effects. We observe similar results for the SRN-GJR
and SRN-EGARCH models.

4.4.2 Applications to stock market returns

We demonstrate the performance of the RECH models using four stock index datasets:
the Standard and Poor’s 500 Index (SP500), the Japanese Nikkei 225 Index (N225),
the Russell 2000 Index (RUT) and the German stock index (DAX). The datasets were
downloaded from the Realized Library of The Oxford-Man Institute*. We used the
daily closing prices {P;, t=1,..., Tp} and calculated the demeaned return process as:

Priq 1 5t Py
=1 1 — log —— t=1,2,..,Tp — 1. 411
Yt 00 og Pt Tp 1 Z og Pi ’ &y 4P ( )

i=1
The length of the four return series is fixed to be T =4000, with T = Tp—1, and each
series is divided into an in-sample period of the first Ti, = 2000 observations and an

out-of-sample period of the last T+ = 2000 observations. Table 4.10 summarizes the

datasets.

In-sample Period Out-of-sample Period T; Tout

SP500 27 Feb 2004 — 06 Feb 2012 06 Feb 2012 — 24 Jan 2020 2000 2000
N225 16 Sep 2003 —16 Nov 2011 17 Nov 2011 — 24 Jan 2020 2000 2000
RUT 24 Feb 2004 — 01 Feb 2012 02 Feb 2012 — 24 Jan 2020 2000 2000
DAX 06 Aug 2003 - 02 Nov 2011 02 Nov 2011 - 24 Jan 2020 2000 2000

Table 4.10. Description of the four index datasets.

Table 4.11 reports some descriptive statistics for these four datasets together with the
modified R/S test (Lo, 1991) for long-range memory in the logarithm of the squared
returns. Lo’s modified R/S test is widely used in the financial time series literature;
see, e.g., Lo (1991), Giraitis et al. (2003), Breidt et al. (1998). All the index data exhibit

4ht’fps: / /realized.oxford-man.ox.ac.uk/
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some negative skewness, a high excess kurtosis and high variation. The N225 returns
are more skewed and leptokurtic than those of the SP500, RUT and DAX data. The
result of Lo’s modified R/S test for long-memory dependence with several different
lags g indicates that there is significant evidence of long-memory dependence in the
SP500, RUT and DAX stock indices. For the N225 data, however, the evidence of long
memory is less clear as the null hypothesis of short memory for the squared returns is

not rejected at the 5% level of significance when g =20 and q=230.

Min Max  Std  Skew Kurtosis V,(10) V,(20) V,(30)

SP500 —9.351 10.220 1.307 —-0.256 12.502  3.188* 2.412* 2.047*
2.664* 2.040* 1.748*

N225 -—10.563 11.658 1.224 —-0.585 18.171 2.768* 2.171* 1.905*
1.956* 1.566  1.415

RUT 8391 8.056 1364 —0.130 8.764 3.065% 2.385* 2.055*
2.459* 1.943* 1.691

DAX —7.437 9993 1267 0.115 10960  3.226* 2.501* 2.146*
2.456* 1.926* 1.670

Table 4.11. Descriptive statistics for the demeaned returns of the SP500, N225, RUT and DAX
datasets. V;(g), =10, 20 and 30, are the test statistics of Lo's modified R/S test of long memory
with lag q. Upper and lower values of the 3 last columns are Lo's test statistics for absolute and

squared returns, respectively. The asterisks indicate significance at the 5% level.

The Realized Library provides different realized measures® that can be used
in financial econometrics as a proxy to the latent c?. We use the following
six common realized measures including Realized Variance (RV) (Andersen and
Bollerslev, 1998), Bipower Variation (BV) (Barndorff-Nielsen and Shephard, 2004),
Median Realized Volatility (MedRV) (Andersen et al., 2012), Realized Kernel Variance
(Barndorff-Nielsen et al., 2008) with the Non-Flat Parzen kernal (RKV;) and the
Tukey-Hanning kernal (RKV3) , to evaluate the forecast performance of the volatility
models using the predictive scores in Table 4.4. Shephard and Sheppard (2010) give

more details about the Realized Library.

5See https:/ /realized.oxford-man.ox.ac.uk/documentation/estimators for the list of the available

realized measures
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Denote by RV, the realized measure of 07 at time t. As the realized measures ignore the
variation of the prices overnight and sometimes the variation in the first few minutes
of the trading day when recorded prices may contain large errors (Shephard and
Sheppard, 2010), we follow Hansen and Lunde (2005) to scale the realized measure
RV; as

_ 2
Tout Li—1, 11 Wt — E(ye| Fr—1)]
Tout ZtT:T,-nH RV}

5}2 = - RV; where ¢ = , t=Tn+1,2,..,T, (412)

with E(y;|F;_1) =0, and use 07 as the estimate of the latent conditional variance o?;
see Table 4.10 for a definition of T, and Tyt used in our datasets. See Martens (2002)

and Fleming et al. (2003) for a similar scaling estimator of the daily volatility.

In-sample analysis

Table 4.12 and 4.13 summarize the estimation results of fitting the benchmark
GARCH-type models and their RECH counterparts to the SP500, N225, RUT and DAX
datasets. The posterior mean estimates and posterior standard deviation estimates are
obtained using the SMC with likelihood annealing sampler. We draw the following

conclusions from the estimation results.

First, the marginal likelihood estimates show that the RECH models fit the index
datasets better than the GARCH-type models, except for the SRN-EGARCH model for
the N225 data. For example, for the SP500 data, the Bayes factors of the SRN-GARCH,
SRN-GJR and SRN-EGARCH models compared to the GARCH, GJR and EGARCH
models are roughly e, ¢?® and ¢!?, respectively, which decisively support the RECH
models. Among the benchmark GARCH-type models, the EGARCH model constantly
has the highest marginal likelihood.

Second, the estimated posterior means of the parameter ; of the RECH models are
more than two standard deviations from zero in all cases, providing evidence of the
volatility effects rather than linearity, e.g. probably non-linearity and long-memory
effects, in the volatility dynamics and also suggesting that the recurrent component
of the RECH models is able to effectively detect these effects. Additionally, the
coefficients v, of the RECH models are statistically significant, indicating that the
RECH models are able to detect the serial dependence rather than linearity that the

previous conditional variance o7 | has on ¢7.
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w o B 0% Bo B1 U1 %) Mar.llh

SP500
GARCH 0.016  0.093  0.894 —2778.3
(0.004) (0.011) (0.012) (0.113)
SRN-GARCH 0.057  0.562 0.101  0.413  -0.380  0.652  —2742.3*
(0.011) (0.082) (0.026) (0.063) (0.076) (0.167)  (0.284)
GJR  0.024 0.040 0.891  0.065 —2764.4
(0.004) (0.011) (0.009) (0.011) (0.121)
SRN-GJR 0.011  0.685 0.109 0.078  0.349 -0.222 0.581 —2736.6*
(0.008) (0.109) (0.026) (0.036) (0.102) (0.093) (0.196)  (0.323)
EGARCH 0.004 0.136 0.978 -0.126 —2754.8

(0.002) (0.016) (0.003) (0.013) (0.133)

SRN-EGARCH -0.196 0106 0972 -0.236 0.066 0343 0104 0.538 —2744.0
(0.092) (0.030) (0.016) (0.044) (0.027) (0.099) (0.103) (0.198)  (0.225)

N225
GARCH 0.033 0.138  0.839 —2800.1
(0.008) (0.016) (0.018) (0.119)
SRN-GARCH 0.076  0.744 0.016 0388 -0.574 0.400 —2766.8*
(0.016)  (0.051) (0.013) (0.076) (0.156) (0.147)  (0.279)

GJR  0.048 0.060 0.835  0.100 —2787.5
(0.009) (0.015) (0.020) (0.018) (0.121)

SRN-GJR 0.066 0.734  0.029 0.027 038 -0.531 0429 —2769.2*
(0.021) (0.061) (0.036) (0.015) (0.081) (0.146) (0.183)  (0.313)

EGARCH -0.003 0215 0967 -0.134 —2772.0
(0.004) (0.022) (0.006) (0.015) (0.133)

SRN-EGARCH -0.088 0255 0990 -0.164 0.033 0344 -0.355 0434 —27725
(0.048) (0.046) (0.009) (0.019) (0.020) (0.117) (0.148) (0.325)  (0.225)

Table 4.12. SP500 and N225 data: Posterior means (in bold) of the parameters with the posterior
standard deviations (in brackets). The last column shows the estimated log marginal likelihood with
the Monte Carlo standard errors in brackets, averaged over 10 different runs of the SMC using the
likelihood annealing algorithm. The asterisks indicate the cases when the Bayes Factors strongly

support the RECH models over their corresponding GARCH-type models.
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w o B 0% Bo B1 U1 (%) Mar.llh

RUT
GARCH 0.036 0.112  0.863 —3037.6
(0.009) (0.015) (0.019) (0.117)
SRN-GARCH 0.071  0.690 0.075  0.362  -0.422 0.538 —3014.3*
(0.017)  (0.078) (0.040) (0.082) (0.118) (0.203)  (0.284)
GJR  0.049 0.048 0.864  0.084 —3025.4
(0.009) (0.013) (0.017) (0.015) (0.121)
SRN-GJR 0.019 0.780 0.109 0.078  0.311 -0.255 0.428 —3010.6*
(0.008) (0.109) (0.026) (0.036) (0.102) (0.093) (0.196)  (0.323)
EGARCH 0.013 0162 0.969 -0.111 —3023.1
(0.004) (0.021) (0.006) (0.015) (0.130)

SRN-EGARCH -0.090 0.156 0990 -0.161 0.050 0307 -0.282 0238 —3015.5*
(0.049) (0.027) (0.010) (0.019) (0.018) (0.115) (0.205) (0.254)  (0.225)

DAX
GARCH 0.019 0.096  0.890 —2902.0
(0.005) (0.013) (0.014) (0.119)
SRN-GARCH 0.058  0.681 0.068 0418 -0.430 0.524 —2867.2*
(0.019)  (0.126) (0.037) (0.059) (0.131) (0.281)  (0.279)

GJR 0031 0046 0.884  0.066 —2889.1

(0.006) (0.010) (0.013) (0.013) (0.120)

SRN-GJR 0.035 0711 0.072 0.067 0369 -0.301 0575 —2866.4*
(0.016) (0.088) (0.032) (0.038) (0.095) (0.117) (0.213)  (0.313)

EGARCH 0.006 0158 0975 -0.116 28725

(0.002) (0.018) (0.004) (0.014) (0.128)

SRN-EGARCH -0.063 0.169 0989 -0.127 0.034 0265 -0.185 0.193 —2869.0*%
(0.063) (0.026) (0.011) (0.020) (0.024) (0.132) (0.160) (0.394)  (0.232)

Table 4.13. RUT and DAX data: Posterior means (in bold) of the parameters with the posterior
standard deviations (in brackets). The last column shows the estimated log marginal likelihood with
the Monte Carlo standard errors in brackets, averaged over 10 different runs of the SMC using the
likelihood annealing algorithm. The asterisks indicate the cases when the Bayes Factors strongly

support the RECH models over their corresponding GARCH-type models.
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Third, the existence of the leverage effects in the volatility is clear across all four stock
markets. The leverage parameters 7y of the GJR and EGARCH models are statistically
significant, implying that these models can detect the asymmetric volatility. All
the leverage effect-related parameters oy and v; in the RECH models are statistically
significant, except the parameter v; of the SRN-EGARCH model. In particular, the
linear leverage coefficient y of the SRN-GRJ and SRN-EGARCH models are significant,
similarly to those of the GRJ and EGARCH models. Interestingly, the non-linear
leverage coefficient v; of the RECH models is significant in almost all cases, suggesting
that the spillover effect of asymmetric volatility can be in other form rather than just
linearity. In particular, the leverage coefficient v; of the SRN-GARCH model is also
statistically significant across all markets; i.e., unlike the conventional GARCH model,
SRN-GARCH can detect the leverage effects in volatility.

Lastly, as pointed out by a reviewer, in the EGARCH case the a« and B appear to be
lessed affected by adding the recurrent component. This is because the EGARCH
structure is very different from GARCH and GJR (see Table 4.1), the EGARCH part in
SRN-EGARCH is already non-linear in ¢;_1 hence it can accommodate non-linearity.
This doesn’t mean that SRN-EGARCH cannot improve EGARCH - f; is still far away
from zero and the improvement is evident in better marginal likelihood and better

out-of-sample prediction as confirmed in Section 4.4.2.

Figure 4.4 shows the volatility estimated by the GARCH and SRN-GARCH models for
the SP500 index data, together with the values of the recurrent component w; at all
time points. Figure B.2 and B.3 in the Appendix B are similar plots for the SRN-GJR
and SRN-EGARCH models. Clearly, the recurrent component w; is responsive to the
changes in the volatility dynamics: it is small during the low volatility periods and
large in the high volatility periods. This distinct behavior of financial volatility is
well-captured by the recurrent neural network structure of the recurrent component

wWt.

Figure 4.5 plots the standardized residuals €; from the GARCH and SRN-GARCH
models together with their QQ-plots. The Appendix B gives similar plots for the
SRN-GR] and GRJ models, the SRN-EGARCH and EGARCH models. Generally the
RECH residuals appear to lie closer to the expected straight line than those of the
counterpart GARCH-type models.

Table 4.14 provides the skewness and kurtosis statistics together with the p-values

of the Ljung-Box (LB) autocorrelation test of the residuals and squared residuals
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Figure 4.4. SP500: The in-sample conditional variance of the GARCH (dashed line) and
SRN-GARCH (solid line) at all time points. The bottom line shows the values of the recurrent
component w; of the SRN-GARCH specification. (The figure is better viewed in colour).
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Figure 4.5. SP500: Estimated residuals €; of the SRN-GARCH and GARCH models and their Q-Q
plots.

estimated by the RECH and the benchmark GARCH-type models. The p-value of
the LB test, together with the sample ACF plots, of the standardized and squared
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Fitted Conditional Variance Residual &

Mean Std Skew Kurtosis Std Skew Kurtosis LB-¢;

S&P500
GARCH 1.650 2.845 4.543  26.522 1.002 —-0.505  4.535 0.054
SRN-GARCH 1.755 2910 4.045 21.251 1.002 —-0.509  4.219 0.119

GJR 1423 2342 4585 27.169 1.001 —0.485 4.202 0.058
SRN-GJR 1.600 2.877 4.445  25.585 1.001 —-0.515 4.200 0.110

EGARCH 1534 2318 4291  25.389 0999 —-0.587  4.616 0.051
SRN-EGARCH 1.603 2.887 4.661 29.080 0999 —-0.524 4125 0.107

N225
GARCH 1493 3133 7.792  72.005 0999 —-0.528 5.037 0.138
SRN-GARCH 1.390 2.521 6.950 @ 58.482 0999 —-0.407  4.275 0.108

GJR 1.352 2692 7.780 72.782 1.003 —-0.455  4.509 0.104
SRN-GJR 1434 2634 7.054 60.510 1.003 —-0.404  4.235 0.085

EGARCH 1370 2282 7252  68.428 1.001 -0.404 4.197 0.073
SRN-EGARCH 1242 2430 7.605 73.471 1.001 —-0.378 4.158 0.083

RUT
GARCH 1.803 2524 4177  23.108 1.000 —-0.318  3.717 0.046
SRN-GARCH 1.826 2.407 3.746 18.897 1.000 -0.379  3.728 0.084
GJR 1.619 2122 4.343 25.208 1.002 —-0.322  3.663 0.034
SRN-GJR 1.831 2.635 4.000 21.316 1.002 -0364  3.725 0.085
EGARCH 1.681 1973 3.775 20.933 0999 —0.397  3.843 0.061
SRN-EGARCH 1.634 2246 4.245 24.624 0999 —-0373  3.690 0.057

DAX
GARCH 1.598 2203 4332 26.122 1.002 —-0.462  4.870 0.957
SRN-GARCH 1.656 2.378 3484 16.904 1.002 —-0.468  4.323 0.893
GJR 1400 1739 3.815 19.772 1.001 -0.399 4478 0.957
SRN-GJR 1.510 2.013 3517 17.005 1.001 —-0.420  4.228 0.911

EGARCH 1504 1766 3.438 17.766 1.000 —-0.414 4116 0.905
SRN-EGARCH 1.262 1730 4.132 23.497 1.000 —0.385 4.066 0.916

Table 4.14. SP500: Model diagnostics of the fitted conditional variance and residual €. The LB
p-values denote the p-value from the Ljung-Box test with 10 lags.
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standardized residuals suggest that there is no evidence of autocorrelation. The
residuals produced by all models in Table 4.14 exhibit some negative skewness and
have kurtosis values higher than 3 (the kurtosis of the standard normal distribution).
In general, the residuals of the RECH models seem closer to normality than those of
the corresponding GARCH-type models. Similarly to the GARCH-type models, it is
straightforward to use Student’s t distribution for the innovation in the RECH models

to improve the residual diagnostics; however, this extension is not considered here.

Out-of-sample analysis
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Figure 4.6. SP500 data: Forecast conditional variance by the GARCH (dashed) and SRN-GARCH

(solid) models, together with the realized variance (dotted). (The figure is better viewed in colour).

Figure 4.6 plots the one-step-ahead forecast conditional variance of the GARCH and
SRN-GARCH models, together with the out-of-sample realized variance of the S&P500
data, obtained by Data annealing SMC. Figure B.6 and B.7 in the Appendix B are
similar plots for the case of the SRN-GJR and SRN-EGARCH models, respectively.
To save space, we do not report the plots for the N225, RUT and DAX datasets as
similar behaviors of the forecast variance are observed for these datasets. We note
from Figure 4.6, B.6 and B.7 that in general, the RECH models and their GARCH-type

counterparts produce forecast variances that adequately track the movement of the
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realized variance. The forecast variance of the RECH and benchmark models are
similar in the low volatility regions while the RECH models have higher variance
forecasts during high volatility periods. The variance forecasts of the RECH models
seem to track the realized variance better than those of the benchmark GARCH-type

models.

The in-sample analysis suggests that the RECH models fit the in-sample data of the
four index datasets better than the counterpart GARCH-type models. However, it is
possible that the superior in-sample performance is the result of overfitting (Pagan
and Schwert, 1990; Donaldson and Kamstra, 1997). Table 4.15 provides summary
statistics on the one-step-ahead forecasts of conditional variance and standardized
residuals. The most important conclusion from Table 4.15 is that the RECH models
do not overfit the data, as the forecast conditional variance of the RECH models are
not excessively variable and the forecast residuals of the RECH models are very close
to those of the GARCH-type benchmark models. The RECH models occasionally
produce one-step-ahead forecast residuals with lower kurtosis than the counterpart
GARCH-type models.

Table 4.16 shows the forecast performance of the models using the four predictive
scores PPS, #Vio, QS and %Hit. As these four predictive scores complement each
other, for each pair of the RECH and GARCH-type models, we compare their forecast
performance by counting the number of times one model has a better predictive score
than the other and report this count in the last column of Table 4.16. The model with
the higher count is preferred. Table 4.16 shows that the RECH models consistently
outperform their counterpart GARCH-type models for the S&P500, RUT and DAX
data. For the N225 index, the predictive improvement of the RECH models over the
benchmark counterparts is less clear, especially for the SRN-GARCH and GARCH

models.

Tables 4.17 to 4.20 summarize the forecast performance measured by the predictive
scores defined in Table 4.4. Each table contains six panels, corresponding to the six
realized measures mentioned earlier. For each pair of the RECH and GARCH-type
models, their forecast performance are also compared in the same way as in Table
4.16. Additionally, in each panel, bold numbers are used to indicate the lowest forecast
errors. For each type of realized measure, the model with the highest number of
lowest forecast errors is preferred. The table shows that the RECH models in general

outperform their counterpart GARCH-type models.
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In particular, for the SP500, N225 and RUT datasets, the RECH models consistently
perform the best across all panels. For example, the forecast results in Table 4.17
show that the SRN-GARCH model has highest numbers of lowest forecast errors in all
panels, implying that the SRN-GARCH model forecasts volatility the best for the SP500
data. For the N225 and RUT datasets, the SRN-EGARCH model clearly outperforms
the other RECH and benchmark models in all realized measures. The superior
predictive performance of the RECH models over the GARCH-type counterparts
provides further evidence to support the conclusion that the RECH models do not

overfit the index datasets.

As mentioned in Section 4.3.2, we now discuss an useful feature of the RECH models;
that is, the volatility estimates and volatility forecasts of the RECH specifications are
less sensitive to the choice of the structure for the garch component than a single
GARCH-type model. For example, for each dataset in Table 4.12 and 4.13, we compute
the difference between the highest and lowest marginal likelihood estimates among the
RECH specifications and calculate the same value for the GARCH-type benchmark
models. Table 4.21 shows that these discrepancies of in-sample performance among
the RECH models are much smaller than those of the GARCH-type models, across all
datasets. For each panel in Tables 4.17 to 4.20, we compute the difference between the
highest and lowest forecast scores among the RECH models and do the same for the

benchmark models; Figure 4.7 plots the results.

SP500 N225 RUT DAX

GARCH-type models 21.7 303 126 29.8
RECH models 6.9 68 55 33

Table 4.21. Applications: The difference between the highest and lowest marginal likelihood
estimates of the RECH and the benchmark models across all in-sample data. The numbers are

in the natural log scale.

The comparison results in Figure 4.7 indicate that the discrepancies of out-of-sample
performance among the RECH models are consistently lower than those of the
GARCH-type models, except for the MSE, score for the N225 data. The result that the
model performance is less sensitive to the RECH specification is useful in practice as
users do not need to worry about which specification should be used for their financial

dataset.
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Figure 4.7. Applications: The difference between the highest and lowest forecast scores of the
RECH and the benchmark models. In each subplot, each column contains 6 values of the RECH

models and 6 values of the benchmark models, corresponding to 6 realized measures.

4.5 Chapter summary

We propose a new class of conditional heteroskedastic models, which we call the
RECH models, by incorporating a RNN structure into the conditional variance of the
GARCH-type models, and study in detail three RECH specifications: SRN-GARCh,
SRN-GJR and SRN-EGARCH. We use Sequential Monte Carlo with likelihood
annealing and data annealing for in-sample Bayesian inference and out-of-sample
forecasting, respectively. We also use the estimate of marginal likelihood as a
by-product of the SMC for model choice. The extensive simulation and empirical
studies suggest that the RECH models not only have both attractive in-sample
performance and accurate out-of-sample forecasts, but can also explain the volatility

movement.

The GARCH-type and SV-type models are two main classes of volatility models that
are widely used in the financial volatility literature. The most important difference
between the two class is the the SV models interpret the volatility as a separated
stochastic process, instead of a deterministic function of the past observations and
conditional variance. This distinct design of SV model makes it and its variants

less popular in the volatility modeling due to the fact that the likelihood functions
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of SV-type models are intractable, and hence make it more challenging to efficiently
estimate the models, especially when Bayesian inference are preferred over frequentist
approaches. Consequently, it is possibly more challenging to efficiently combing the
SV-type models with deep learning based structures because the proposed hybrid
models will be inherently intractable and the volatility dynamic is captured in a
completely different way compared to the GARCH-type models. The next chapter
will discuss an enhanced version of the SV model by using the SRU model, with some
important modifications, to improve the capability of learning non-linear effects and

long memory dependency of the SV-type models.
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Forecast Conditional Variance Forecast Residual €;

Mean Std Skew Kurtosis Std Skew Kurtosis LB-¢;

SP500
GARCH 0597 0476 2805 14.391 0932 —0.818 6.438 0.471
SRN-GARCH 0.620 0.546 2.309 9.009 0921 —-0.697  5.243 0.592
GJR 0.566 0417 2.856  14.351 0924 —-0.738 5.775 0.484
SRN-GJR 0.626 0.565 2.443 9.868 0932 —-0.730 5477 0.537

EGARCH 0.632 0.566 2404 10.518 0914 -0.815 5.939 0.438
SRN-EGARCH 0.634 0.615 2945 13.554 0910 —-0.749  5.592 0.598

N225
GARCH 0930 1.061 4.553 30.093 0977 —1.327 13908 0.184
SRN-GARCH 0.884 0921 3.752  21.485 1.004 —-1.640 14.399 0.089
GJR 0903 1.046 5.145 38.668 0986 —1.495 15828 0.128
SRN-GJR 0.889 0944 3.761 21.200 1.006 —-1.661 18781  0.094

EGARCH 0917 1245 6.677 69.000 1.007 —-1.599 17.672 0.146
SRN-EGARCH 0.897 1.231 6.858 74.418 1.017 —-1.668 18.652 0.116

RUT
GARCH 0928 0459 1.961 9.011 0959 —-0.471 4.101 0.721
SRN-GARCH 0953 0.531 2.139 9.850 0947 —0.547  4.378 0.562
GJR 0919 0448 2.034 8.473 0953 —0.462  4.084 0.689
SRN-GJR 0958 0.548 2258  10.044 0940 —-0.465  4.080 0.572
EGARCH 0.990 0.545 1.828 8.450 0932 —-0.492  4.273 0.631
SRN-EGARCH 0.964 0.594 3.273 12.528 0937 —0.462  4.106 0.618
DAX
GARCH 0.867 0.474 1.238 4.394 0973 —0.245 4923 0.152
SRN-GARCH 0904 0.585 1.566 5.807 0962 —0.235  4.992 0.125
GJR 0.829 0440 1.661 6.735 0977 —-0.235 4733 0.097
SRN-GJR 0907 0.594 1.646 6.226 0964 —0.250  4.969 0.107
EGARCH 0924 0.617 1.584 6.046 0967 —0.296  5.205 0.124
SRN-EGARCH 0902 0.634 1.987 7.982 0972 —-0.228  4.956 0.105

Table 4.15. Application: Summary statistics on the one-step-ahead out-of-sample forecast
conditional variances (Ath and residual €;. The LB p-values denote the p-value from the Ljung-Box

test with 10 lags.
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PPS #Violation QS HitPer. Count

SP500
GARCH 0.993 32 0.026 0.018 0
SRN-GARCH* 0.955 25 0.024 0.017 4
GJR 0.981 27 0.025 0.018 0
SRN-GJR* 0.959 25 0.024 0.017 4
EGARCH 0.963 29 0.025 0.018 0
SRN-EGARCH* 0.963 23 0.025 0.015 2
N225
GARCH* 1.214 32 0.036  0.016 2
SRN-GARCH 1.216 33 0.035 0.016 1
GJR 1.217 31 0.036 0.017 1
SRN-GJR* 1.216 32 0.035 0.017 2
EGARCH 1.212 32 0.035 0.017 0
SRN-EGARCH* 1.212 30 0.035 0.017 1
RUT
GARCH 1.298 34 0.032 0.018 0
SRN-GARCH* 1.286 26 0.030 0.016 4
GJR 1.290 31 0.031 0.017 0
SRN-GJR* 1.283 24 0.030 0.015 4
EGARCH 1.285 23 0.030 0.014 0
SRN-EGARCH* 1.281 23 0.030 0.014 1
DAX
GARCH 1.257 47 0.031 0.020 0
SRN-GARCH* 1.247 38 0.029  0.020 3
GJR 1.249 50 0.030  0.022 0
SRN-GJR* 1.246 41 0.029  0.022 3
EGARCH 1.246 39 0.028 0.018 1
SRN-EGARCH* 1.243 37 0.029  0.020 3

Table 4.16. Applications: Forecast performance of the RECH and benchmark GARCH-type models.
For the QS and %Hit measures, the results are calculated at the 1%-quantile. For each pair of the

RECH and GARCH-type models, the asterisks indicate the model with the higher count.
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Estimator MSE; MSE, MAE; MAE, QLIKE, R?’LOG Count

GARCH 0.088 0.780 0.220 0.351 0.115 0.715

SRN-GARCH* 0.075 0.703 0.203 0.325 0.078 0.631

BV GJR 0.077 0.721 0.206  0.322 0.097 0.678
SRN-GJR* 0.076 0.691 0.205 0.328 0.080 0.642

EGARCH 0.078 0.695 0.207 0.332 0.091 0.644
SRN-EGARCH* 0.075 0.694 0.204 0.326 0.081 0.646

GARCH 0.097 0.600 0.237 0.367 0.127 0.911

SRN-GARCH* 0.084 0.538 0.222 0.346 0.093 0.815

RKV; GJR 0.085 0545 0.225 0.339 0.111 0.873
SRN-GJR* 0.084 0.531 0.224 0.348 0.094 0.827

EGARCH 0.086 0.528 0.224  0.349 0.098 0.810

SRN-EGARCH 0.085 0.538 0.224 0.349 0.097 0.834

GARCH 0.071 0422 0.200 0.315 0.135 0.575

SRN-GARCH* 0.061 0.371 0.187 0.296 0.109 0.507

RKV;, GJR 0.062 0374 0.188 0.288 0.121 0.542
SRN-GJR* 0.061 0.366 0.189 0.299 0.110 0.517

EGARCH 0.063 0.368 0.190 0.301 0.117 0.514
SRN-EGARCH* 0.062 0376 0.188  0.298 0.111 0.521

GARCH 0.102 0.637 0.246 0.386 0.083 0.946
SRN-GARCH* 0.087 0.555 0.227 0.357 0.039 0.849

MedRV GJR 0.091 0586 0234 0.360 0.067 0.909
SRN-GJR* 0.088 0.544 0.230 0.361 0.043 0.863

EGARCH 0.091 0550 0.232  0.366 0.051 0.863

SRN-EGARCH* 0.087 0.540 0.229  0.359 0.045 0.867

GARCH 0.096 1.124 0226 0.361 0.105 0.782

SRN-GARCH* 0.083 1.054 0.212 0.340 0.073 0.701

RV GJR 0.084 1.061 0.214 0.333 0.091 0.751
SRN-GJR* 0.084 1.039 0.214 0.343 0.075 0.713

EGARCH* 0.085 1.037 0.214 0.345 0.075 0.695
SRN-EGARCH 0.084 1.045 0.214 0.344 0.078 0.720

N W W —m O O |01 V= Ul P O O [k N W DN &8O/ DN O m o8 ©O (01 = U =, O

Table 4.17. SP500 data: Forecast performance of the RECH and benchmark GARCH-type models
using different realized measures. For each pair of the RECH and GARCH-type models, the asterisks
indicate the model with the higher count. In each panel, the bold numbers indicate the best predictive

scores.
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Estimator MSE; MSE, MAE; MAE, QLIKE, R?’LOG Count

GARCH 0.138 1924 0.242 0.526 0.562 0.537

SRN-GARCH* 0.124 1.795 0.227 0.487 0.557 0.491

BV GJR 0133 1.896 0.234 0.505 0.561 0.526
SRN-GJR* 0.125 1.792 0.227 0.491 0.553 0.485

EGARCH 0.130 1.870 0.226  0.499 0.553 0.478
SRN-EGARCH* 0.124 1.794 0.224  0.487 0.552 0.472
GARCH 0.216 3.792 0311 0.661 0.573 1.028

SRN-GARCH* 0.200 3.635 0.297 0.624 0.568 0.956

RKV; GJR 0210 3.758 0.304 0.641 0.574 1.012
SRN-GJR* 0.201 3.648 0.298 0.628 0.565 0.952

EGARCH 0.206 3.761 0.295 0.634 0.567 0.939
SRN-EGARCH* 0.200 3.668 0.293  0.623 0.564 0.930

GARCH 0.121 1421 0.228 0.492 0.580 0.460
SRN-GARCH* 0.108 1.268 0.215 0.455 0.575 0.420

RKV; GJR 0.116 1404 0221 0473 0.577 0.449
SRN-GJR* 0.108 1.277 0.214 0457 0.569 0.411

EGARCH 0.114 1438 0213 0.466 0.569 0.405
SRN-EGARCH* 0.108 1304 0.211 0.454 0.569 0.400

GARCH 0.132 1575 0252 0.518 0.541 0.655
SRN-GARCH* 0.118 1.415 0.238 0.484 0.530 0.600

MedRV GJR 0129 1574 0.248 0.507 0.540 0.651
SRN-GJR* 0.118 1.421 0.238 0.486 0.525 0.593

EGARCH 0.125 1.636 0.238 0.502 0.524 0.580

SRN-EGARCH* 0.118 1458 0.234 0.482 0.523 0.576

GARCH 0.145 2068 0246 0.535 0.577 0.557
SRN-GARCH* 0.132 1918 0.233  0.500 0.572 0.510

RV GJR 0.141 2046 0.239 0.515 0.576 0.546
SRN-GJR* 0.133 1927 0232 0.501 0.567 0.503

EGARCH 0.138 2.067 0.231 0.508 0.569 0.496
SRN-EGARCH* 0.133 1.948 0.229  0.498 0.567 0.490

o
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Table 4.18. N225 data: Forecast performance of the RECH and benchmark GARCH-type models
using different realized measures. For each pair of the RECH and GARCH-type models, the asterisks
indicate the model with the higher count. In each panel, the bold numbers indicate the best predictive

scores.
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Estimator MSE; MSE, MAE; MAE, QLIKE, R?’LOG Count

GARCH 0.099 0593 0.246 0.468 0.708 0.534
SRN-GARCH* 0.087 0.509 0.232  0.440 0.687 0.482

BV GJR 0.089 0538 0.236 0.443 0.694 0.499
SRN-GJR* 0.087 0.509 0.233 0.442 0.686 0.686

EGARCH 0.092 0527 0242 0.460 0.693 0.502
SRN-EGARCH* 0.085 0.505 0.231 0.436 0.684 0.475

BV GJR 0.089 0538 0236 0.443 0.694 0.499

GARCH 0.121 0.620 0.278 0.518 0.740 0.713

SRN-GARCH* 0.108 0.543 0.266 0.493 0.720 0.651

RKV; GJR 0.110 0.569 0.268 0.497 0.725 0.669
SRN-GJR* 0.109 0.549 0.266 0.497 0.718 0.652

EGARCH 0.113 0562 0.273 0.510 0.725 0.670
SRN-EGARCH* 0.106 0.540 0.263  0.491 0.714 0.640

GARCH 0.097 0.524 0.247 0.464 0.708 0.565

SRN-GARCH* 0.087 0.459 0.234 0.437 0.690 0.514

RKV; GJR 0.090 0483 0.238 0.441 0.697 0.537
SRN-GJR* 0.088 0.464 0.235 0.440 0.690 0.520

EGARCH 0.092 0474 0.241 0451 0.694 0.534
SRN-EGARCH* 0.087 0.462 0.233  0.435 0.688 0.512

GARCH 0.137 0950 0.289  0.553 0.669 0.819

SRN-GARCH* 0.123 0.824 0.275 0.524 0.642 0.763

MedRV GJR 0.127 0879 0278 0.527 0.654 0.784
SRN-GJR* 0.123 0.817 0.276  0.525 0.641 0.764

EGARCH 0.128 0.839 0.284 0.543 0.645 0.784
SRN-EGARCH* 0.119 0.793 0.274 0.519 0.638 0.758

GARCH 0.100 0.562 0.250 0.475 0.716 0.546

SRN-GARCH* 0.089 0.490 0.235 0.443 0.698 0.492

RV GJR 0.092 0513 0239 0.449 0.704 0.510
SRN-GJR* 0.090 0.492 0.236 0.445 0.697 0.494

EGARCH 0.094 0507 0244 0.462 0.704 0.513
SRN-EGARCH* 0.088 0.492 0.234 0.441 0.695 0.486

o
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Table 4.19. RUT data: Forecast performance of the RECH and benchmark GARCH-type models
using different realized measures. For each pair of the RECH and GARCH-type models, the asterisks

indicate the model with the higher count. In each panel, the bold numbers indicate the best predictive
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Estimator MSE; MSE, MAE; MAE, QLIKE, R?’LOG Count

GARCH 0.083 0.572 0.216  0.404 0.618 0.449

SRN-GARCH* 0.078 0.542 0.211 0.399 0.611 0.419

BV GJR* 0.075 0.542 0.205 0.379 0.609 0.417
SRN-GJR 0.078 0.545 0.210 0.399 0.606 0.412

EGARCH 0.078 0.547 0.210 0.401 0.602 0.408
SRN-EGARCH* 0.077 0.548 0.207  0.395 0.601 0.401
GARCH 0.103 0.691 0.245 0452 0.628 0.609

SRN-GARCH* 0.098 0.672 0.240 0.448 0.621 0.567

RKV; GJR* 0.094 0.664 0.234 0.426 0.619 0.570
SRN-GJR 0.098 0.676 0.239  0.448 0.616 0.560

EGARCH 0.099 0.678 0.240 0.452 0.613 0.556
SRN-EGARCH* 0.097 0.681 0.237  0.447 0.612 0.549

GARCH 0.067 039 0.197 0.368 0.623 0.354
SRN-GARCH* 0.064 0375 0.192 0.363 0.621 0.333

RKV; GJR* 0.060 0.369 0.185 0.341 0.614 0.324
SRN-GJR 0.064 0379 0.191 0.363 0.615 0.326

EGARCH 0.064 0.380 0.191 0.366 0.610 0.320
SRN-EGARCH* 0.063 0.382 0.188  0.359 0.610 0.314

GARCH 0.084 0525 0223 0416 0.586 0.490
SRN-GARCH* 0.077 0460 0.215 0.402 0.574 0.454

MedRV GJR 0.077 0490 0.213 0.392 0.578 0.462
SRN-GJR* 0.076 0.462 0214 0.402 0.569 0.448

EGARCH 0.076 0458 0.213 0.403 0.562 0.436

SRN-EGARCH* 0.074 0.450 0.211 0.396 0.563 0.433

GARCH 0.087 0.637 0218 0.410 0.621 0.456
SRN-GARCH* 0.083 0.619 0.213  0.407 0.616 0.426

RV GJR* 0.079 0.613 0.206 0.384 0.613 0.423
SRN-GJR 0.083 0.624 0.214 0.408 0.612 0.421

EGARCH 0.083 0.624 0214 0412 0.608 0.415
SRN-EGARCH* 0.082 0.627 0.210  0.405 0.607 0.409

o
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Table 4.20. DAX data: Forecast performance of the RECH and benchmark GARCH-type models
using different realized measures. For each pair of the RECH and GARCH-type models, the asterisks
indicate the model with the higher count. In each panel, the bold numbers indicate the best predictive

scores.
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Chapter 5

SRSV: A Statistical

Recurrent Stochastic
Volatility Model

The Stochastic Volatility (SV) model and its variants are widely used
in the financial sector while recurrent neural network (RNN) models
are successfully used in many large-scale industrial applications of Deep
Learning. Our article combines these two methods in a non-trivial
way and proposes a model, which we call the Statistical Recurrent
Stochastic Volatility (SR-SV) model, to capture the dynamics of stochastic
volatility. The proposed model is able to capture complex volatility
effects (e.g., non-linearity and long-memory auto-dependence) overlooked
by the conventional SV models, is statistically interpretable and has an
impressive out-of-sample forecast performance. These properties are
carefully discussed and illustrated through extensive simulation studies
and applications to five international stock index datasets: The German
stock index DAX30, the Hong Kong stock index HSI50, the France market
index CAC40, the US stock market index SP500 and the Canada market
index TSX250.
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5.1 Motivation and Contribution

The volatility of a financial time series, such as stock returns, is defined as the variance
of the returns and serves as a measure of the uncertainty about the returns. The
volatility, which is of great interest to financial econometricians, is unobserved and
therefore often modelled statistically in order to estimate it. The two model classes
most frequently used in volatility modelling are the GARCH models and the Stochastic
Volatility (SV) models. The GARCH model expresses the current volatility, conditional
on the previous returns and volatilities, as a deterministic and linear function of the
squared returns and the conditional volatilities in the previous time period. The
SV model (Taylor, 1982, 1986), on the other hand, uses a latent stochastic process to
model the volatility, which is usually taken as a first order autoregressive process. It
is well documented that the GARCH and SV models are able to capture important
effects exhibited in the variance of financial returns. For example, the volatilities in
tinancial returns are observed to be highly autocorrelated in certain time periods and
exhibit periods of both low and high volatility. This so-called volatility clustering
phenomenon can be modeled by the volatility processes introduced in the GARCH and
SV models, making these volatility models widely employed in financial time series

modelling.

Although the GARCH and SV models were independently and almost concurrently
introduced, the GARCH models were initially more widely adopted as it is much
easier to estimate GARCH models than SV models. This is because the likelihood
of a GARCH model can be obtained explicitly, while the likelihood of a SV model
is intractable as it is an integral over the latent process. However, the conditional
variance process of GARCH models is deterministic and hence GARCH models might
not capture efficiently the random oscillatory behavior of financial volatility (Nelson,
1991). SV models are considered as an attractive alternative to GARCH models because
they overcome this limitation (Kim et al., 1998; Yu, 2002). Recent advances in Bayesian
computation such as particle Markov chain Monte Carlo (PMCMC) (Andrieu et al.,

2010) allow straightforward estimation and inference for SV models.

Standard SV models still cannot appropriately capture some important features arising
in financial volatility. For example, a large amount of both theoretical and empirical
evidence indicates that there exists long-range persistence in the volatility process of
many financial returns, see, e.g, Lo (1991); Ding et al. (1993); Crato and de Lima (1994)
and Bollerslev and Mikkelsen (1996). The long-memory property of a time series
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implies that the decay of the autocorrelations of the series is slower than exponential.
The standard SV model of (Taylor, 1982) uses an AR(1) process to model the log of the
volatility and hence might fail to capture this type of persistence (Breidt et al., 1998).
Another line of the literature shows strong evidence of non-linear auto-dependence in
the volatility process of some stock and currency exchange returns (Kilig¢, 2011) and that
the simple linear AR(1) process cannot effectively capture the underlying non-linear

volatility dynamics.

Breidt et al. (1998) proposed the Long Memory Stochastic Volatility (LMSV) model
to overcome the short-memory limitation of the standard SV model. LMSV uses an
ARFIMA process (Granger and Joyeux, 1980) as an alternative to the AR(1) process
to capture the long-memory dependence in the volatility. The empirical evidence in
Breidt et al. (1998) suggests that the LMSV model is able to capture the long-memory
volatility behaviour in some stock return datasets. However, the literature is unclear
about whether the LMSV model can capture non-linear dynamics within the volatility
process, because the ARFIMA model is linear. Additionally, it is challenging to
estimate the LMSV model as its likelihood is intractable. We are unaware of any
available software package that implements the LMSV methodology. In another
approach, Yu et al. (2006) introduced a family of non-linear SV (N-SV) models to
capture the possible departure from the log transform commonly used in SV models.
In the standard SV model, the logarithm of volatility is assumed to follow an AR(1)
process; N-SV uses other non-linear transformations, such as the Box-Cox power
function, rather than the logarithm. The simulation studies and empirical results on
currency exchange and option pricing data in Yu et al. (2006) show that the N-SV
model using the Box-Cox transformation is able to detect some interesting effects in
the underlying volatility process. The general use of N-SV models requires the user
to select an appropriate non-linear transformation for the dataset under consideration,
and this might lead to a challenging model selection problem. Neither Breidt et al.
(1998) nor Yu et al. (2006) clearly discussed the out-of-sample forecast performance of
their LMSV and N-SV models.

Recurrent neural networks (RNN) in the Deep Learning literature have impressive
prediction performance and have been successfully deployed in a large number
of industrial-level applications (language translation, image captioning, speech
synthesis, etc.). The RNN models are well-known for their ability to efficiently capture

the long-range memory and non-linear dependence existing within various types of
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sequential data, and are considered as the state-of-the-art models for many sequence
learning problems (Lipton et al., 2015). Many researchers and practitioners have used
RNN for mean modelling in financial time series analysis, but the general consensus
is that these machine learning models do not clearly outperform the traditional time
series models such as ARMA and ARIMA (see, e.g., Makridakis et al. (2018b) and
Zhang (2003b)). Makridakis et al. (2018b) note that without careful modifications,
Machine Learning models are usually less accurate than the statistical approaches that
have been extensively investigated in the financial time series literature. Recently, the
idea of using the RNN models to improve the predictive performance of GARCH-type
models has also been proposed for volatility modelling. For example, Kim and Won
(2018) use the volatility estimates from several GARCH-type models as inputs to
a RNN model, which then non-linearly transforms these inputs to output the final
estimate of the volatility. The empirical results on the Korean stock market KOPSI 200
index show a significant improvement of forecast performance of the proposed hybrid
model over several GARCH-type benchmark models. However, similar to many
engineering-oriented Machine Learning models, Kim and Won’s model overlooks
the interpretation aspect in volatility modelling, which is often of main interest to
econometricians. One of the main motivations of our article is to develop deep learning
based volatility models that are not only able to produce accurate prediction, but
also interpretable and have meaningful in-sample analysis. These models should
not overlook the well-established features of traditional econometric models, that are
motivated by the well-known stylized facts in financial time series such as volatility

clustering and fat tails.

In the SV literature, there is still lack of research using RNN structures to model the
stochastic volatility dynamics of financial time series, perhaps because of two reasons.
First, it is non-trivial to sensibly incorporate RNN into the statistical volatility models.
Simple adaptations of RNN to volatility models easily overlook the important stylized
facts exhibited in financial volatility, which are well captured by the AR(1) process
in the SV model. It is important to select appropriate RNN structures that are not
only able to produce accurate out-of-sample volatility forecast, but also explain well
the volatility dynamics. Second, a stochastic volatility model that incorporates a RNN
structure into its latent stochastic process is highly sophisticated and thus challenging

to estimate.
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This paper combines the SV and RNN models in a non-trivial way, and proposes
a new model, called the Statistical Recurrent Stochastic Volatility (SR-SV) model.
In particular, we use the Statistical Recurrent Unit (SRU) structure of Oliva et al.
(2017), which is a special type of RNN models, to capture complex volatility effects
overlooked by an AR(1) process in the standard SV model but still retain the essential
components of the SV model. This combination allows the SR-SV model to enjoy much
of advances from both worlds of deep learning (e.g., flexibility and excellent predictive
performance) and econometric volatility modelling (e.g., excellent interpretability
of volatility effects). The SR-SV model belongs to the class of parametric state
space models whose Bayesian inference can be performed using recent advances
in the Sequential Monte Carlo (SMC) and particle MCMC literature (Andrieu and
Roberts, 2009; Andrieu et al., 2010; Duan and Fulop, 2015; Deligiannidis et al.,
2018). The simulation studies and empirical results on the five stock index datasets
demonstrate that the SR-SV model can efficiently capture the potential non-linear
and long-memory effects in the underlying volatility dynamics, and provide better
out-of-sample forecasts than the standard SV, N-SV and LMSV models. We note that
we have tested SR-SV on a wider range of stock returns but only report in the paper the
results for five of them, as we constantly observed a similar improvement of the model
compared to the other three counterpart. A Matlab software package implementing
Bayesian estimation and inference for SR-SV together with the examples reported in

this chapter are available at https://github.com/vbayeslab.

5.2 The SR-SV model

5.2.1 The SV model and its possible weaknesses

Let y={y; t=1,..,T} be a series of financial returns. We consider a basic version of SV
models (Taylor, 1982)

2
o
o= kg ) b E N, =2, N ()6

v = er®el, &/ ~N(0,1), t=1,2,.,T. (5.2)

The persistence parameter ¢ is assumed to be in (—1,1) to enforce stationarity of both
the z and y processes. In this SV model, the log volatility process z is assumed to

follow an AR(1) model. It is well documented in the financial econometrics literature
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5.2.1 The SV model and its possible weaknesses

that financial time series data often exhibit a long-term auto-dependence, which forces
the persistence parameter ¢ to be close to 1 (Jacquier et al., 1994; Kim et al., 1998).
Write p(z|6) for the density of z given the model parameters 6 = (1,¢,02) and p(y|z)
for the density of the data y conditional on z. We can view p(z|6) as the prior with 6
being the hyper-parameters and p(y|z) as the likelihood (Jacquier et al., 1994). Under
this perspective, the SV model (5.1)-(5.2) puts non-zero prior mass on AR(1) stochastic
processes, and zero or almost-zero mass on stochastic processes that are far from being
well approximated by an AR(1). This means that the SV model in (5.1)-(5.2) might
not be able to capture more complex dynamics in the posterior behavior of the log
volatility process z, such as long-term memory or non-linear auto-dependence, and
that a more flexible prior distribution should be put on z. We will design such a flexible
prior by combining the attractive features from both SV and RNN time series modeling

techniques.

Yu et al. (2006) propose a class of non-linearity N-SV models as a variant of SV which
allows a more flexible link between the variance Var(y;|z;) and the AR(1) process z.
Their N-SV model, using the Box-Cox transformation for Var(y;|z;), is written as

0.2

o= P ) e G SN0, E=20 Tz~ N () 69
i = (1+6z)V%e), €/ ~N(0,1), t=1,2,..,T, (5.4)
where ¢ is the auxiliary parameter that measures the degree of non-linearity rather than
the log transform. As 6 —0, (1+6z;)1/%° — e2% and hence the N-SV model includes the
SV model as a special case. The term non-linearity here might cause some confusion,

as it does not refer to the non-linear auto-dependence within the log volatility process

z, but the non-linearity between Var(y;|z;) and z;.

Breidt et al. (1998) suggest to use an ARFIMA(pd,q) process (Granger and
Joyeux, 1980; Hosking, 1981) for the log volatility z; to capture the long-memory

auto-dependence exhibited in financial time series. Their LMSV model is written as

(1-B)'®(B)zr = O(B)n, n~N(0,07), (5.5)
Yi = 06, 0= Ke%zf, e ~N(01), t=1,2,..,T, (5.6)

where ®(B) =1—¢1B—¢B>—..—¢,B?, ©(B) =1+6;B+6,B*+...+6,B%, and B is
a backshift operator, i.e., B°X; = X;_;. To ensure the stationarity and invertability of
the log volatility process z;, the fractional integration parameter d is assumed to be in
(—0.5,0.5) and the roots of ®(B) and ©(B) have to lie outside the unit circle.
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Another notable line of research in the SV literature is the class of semi-parametric
stochastic volatility models that incorporate non-parametric techniques into modelling
the conditional distribution of financial returns. For example, the stochastic volatility,
Dirichlet process mixture (SV-DPM) model of Jensen and Maheu (2010) uses a
Dirichlet process prior (Ferguson, 1973) to characterize the conditional distribution
of y;. Semi-parametric models are different from the SR-SV model in two important
aspects. First, the SV-DPM model is proposed to capture the asymmetries and
leptokurtotic behaviors of financial returns, while the SR-SV model focuses on
modeling the non-linearity and long-memory auto-dependence in the log-volatility
dynamics. Second, the SV-DPM model is a semi-parametric model in the sense that
the model cannot be described using a finite number of parameters as it uses a
non-parametric prior, e.g. Dirichlet process, to simulate the conditional return and
retains the parametric structure, e.g. AR(1), of the log-volatility in the standard SV
model. The SR-SV model, on the other hand, is a fully parametric model whose
mathematical representation will be discussed in Section 5.2.2. Our article therefore
uses parametric models including the standard SV, N-SV and LMSV models as the
benchmarks to evaluate the SR-SV model.

5.2.2 The SR-SV model

This section proposes the SR-SV model that combines SV and SRU for financial
volatility modelling. The key idea is that we use the SRU structure to capture the
complicated effects such as long-term memory and non-linear auto-dependence, in the
volatility dynamics that are overlooked by the basic SV models. This leads to a prior
distribution for the log volatility process z that is much more flexible than the AR(1)
prior (c.f. Section 5.2.1). Our proposed SR-SV model is as follows

re = P(wphi-1+by) (5.7)
o1 = P(wrs + wyn—1 + wez_1 + by) (5.8)
he = ahi 1+ (1 —a)p; (5.9)
n = Po+pPihi+el, €/ ENO?), t=1,2,.,T (5.10)
ze = Np+¢pzeq, t=1,..,T, (5.11)
v = ex®e!, /U N(0,1), t=1,2.,T, (5.12)
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that is, we use a SRU to model the dynamics of the hidden states h;. Here, ®(-) is
the ReLU activation function, ®(x) = max(0,x) and zy is the initial value of the log
volatility process and a convenient choice of zy is the log of the unconditional variance
of the observed series y, i.e., zop = log(var(y)). We follow the literature to initialize
h1 =0 as the recurrent units initially have no memory. Figure 5.1 plots the graphical

representation of the SR-SV model.

SRU unit SRU unit SRU unit

’ \ \ ’

__________________________________________________

Figure 5.1. Graphical representation of the SR-SV model. The @ symbol represents the addition

operation.

We note the following important properties of the SR-SV model. First, the SR-SV model
in (5.9)-(5.12) retains the measurement equation (5.12) and the linear part ¢z;_; of
the AR(1) process from the standard SV model, and captures the volatility effects not
captured by the AR(1) process, e.g. non-linear and long-memory auto-dependence,
via the latent state /i; of the SRU structure. The log volatility at time ¢ in (5.11) can be
written as

2t = o+ B1SRU(1—1, 21, 1) + 211 + €] (5.13)

Therefore, the parameter 1 characterizes all the effects in the underlying log volatility
process z rather than the short-term linear effect captured by the AR(1) process. We
refer to B1 as the non-linearity long-memory coefficient. If 1 =0 and €] ~N(Bo/(1—
$),0%/(1—¢?)), the SR-SV model becomes the SV model (5.1)-(5.2) and hence the SV
model is a special case of the SR-SV model. We therefore follow the SV literature and

assume that |¢| < 1. A sufficient condition for stationarity for the z process, and thus
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the y process, is that; = 0 and €] ~N(Bo/(1—¢),02/(1—¢?)). Non-stationarity for
volatility is often argued to be more realistic in practice (e.g. van Bellegem (2012)),
although it might be mathematically less appealing. The equation in (5.13) can be

further written out as
zt = Bo + P1N(Nt—1, W2zs—1, he—1) + Pz41 + €?, (5.14)

where 91(-) is a non-linear function and w; is the weight corresponding to z;_1. If
w,=01n (5.14), then z; only depends linearly on z;_1, therefore this equation indicates
that the parameter w, characterizes the serial dependence rather than linearity that the

previous log volatility z;_; has on z;. We will analyse w, in more details in Section 5.4.

Second, Oliva et al. (2017) set the scales « of the SRU model to several pre-specified
values to obtain a vector of summary statistics /; at different moving average weights.
We, however, treat & as a model parameter and learn it from the data. We note that
a higher « weighs more on the historical information while a smaller « puts a more
weight on the current information. We show later in the empirical study that this
parameter a is able to quantify the existence of the long-memory auto-dependence

commonly exhibited in the volatility dynamics of the financial time series.

Third, neural networks are highly flexible but often subject to overfitting, i.e., they
have over-confident in-sample fit and bad out-of-sample forecasts. Regularization is
often needed to avoid overfitting. Injecting noise into the layers of the network has
been found an effective regularization approach in the Machine Learning literature,
and seen as a form of data augmentation at multiple levels of abstraction (Sietsma and
Dow, 1991; Poole et al., 2014; Goodfellow et al., 2016; Dieng et al., 2018). In the SR-SV
model, by allowing z;_; and #;_1 to be the inputs of the SRU structure at time ¢, we
inject the noise €/, of the volatility process to the input and hidden layers of the SRU.
This noise-injecting regularization approach makes the SR-5V model perform well on
both in-sample fitting and out-of-sample forecast, even with the simplest specification
of the SRU structure where all the ¢, ¢; and h; are scalars. Our SR-SV model can be
categorized as a parametric model with the vector of model parameters 0 consisting of
eleven parameters: four main parameters B, B1, ¢, 0> and the parameters in the SRU

including a,wy,, by, w;,wy,w, and by.

Finally, B plays the role of the scale factor T = eP0/2 for the variance of y;. One could
set Bo = 0 and modify (5.12) to y; = e €/ ; however, this parameterization might be
less statistically efficient in terms of Bayesian estimation, especially for the parameter
T (see Kim et al., 1998).
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It is straightforward to extend the SR-SV model in (5.9)-(5.12) by incorporating other
advances in the SV literature. For example, we can use a Student’s t distribution
instead of a Gaussian for the measurement shock € and take into account the leverage
effect by correlating €/ with the volatility shock €/. We do not consider these extensions
here, however, because using the most basic version makes it easier to understand the

strengths and weaknesses of the new model.

5.3 Bayesian inference

This section discusses Bayesian estimation and inference for the SR-SV model. For a
generic sequence {x;} we use x;.j to denote the series (xl-,...,x]-). The SR-SV model is a

state-space model with the measurement equation
Yilze ~ N(0,€%), (5.15)
and the state transition equations
zt|z1e—1, he ~ N (¢pzi—1 + Bo + Pihe, 0?), t>2, z1 ~ N (Bo,0?). (5.16)
with
hi = SRU(xt,hi_q1), t=2,..,T, and hy =0, x; = (1;_1,2z-1)7  (5.17)
nilhy ~ N(Bo+ Biht, %) (5.18)

We are interested in sampling from the posterior distribution of 6
p(y17|0)p(6)
n(0) = p(O|lyr.7) = ———F——, (5.19)
(®) = plelyrr) p(y11)
where p(y;.7|0) is the likelihood function, p(#) is the prior and p(y1.1) =
JoP(y1:7|0)p(0)d6 is the marginal likelihood. Recall that the vector of model

parameters 0 consists of By, B1, ¢, 0> and the 7 parameters within the SRU model
(2.10a)-(2.10c).

The likelihood function in (5.19) is

p(y1.7|0) = /P(]/l:T|leT/G)P(21:T|9)dzlsz (5.20)

which is computationally intractable for non-linear non-Gaussian state space models
like the SV and SR-SV models, but can be estimated unbiasedly by a particle filter
(Del Moral, 2004). Bayesian inference for SR-SV can be performed using recent

advances in the Sequential Monte Carlo literature that we present next.
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5.3.1 The Density Tempered Sequential Monte Carlo for the SR-SV

model

Duan and Fulop (2015) propose the Density Tempered Sequential Monte Carlo
(DT-SMC) approach to Bayesian inference for state space models where the likelihood
is intractable. The DT-SMC sampler generalizes the SMC method of Neal (2001) and
Del Moral et al. (2006), discussed in Section 2.3.2, when the likelihood can be computed
analytically. In order to sample from the posterior 77(6), the DT-SMC method first
samples a set of M weighted particles {Wj ,9{) }]Ai ; from an easy-to-sample distribution
19(0), such as the prior p(6), and then traverses these particles through intermediate
distributions 7¢(0), t =1,...,K, which target the posterior distribution 77(6) eventually,
i.e. g (0) =7(0). The DT-SMC method uses the following intermediate distributions

m(0) := 7 (0y1.7) & p(yr.7|0,u)"p(0), (5.21)

where the v; is referred to as the level temperature and 0 = 79 < 71 < 72 < ... <
vk =1, p(y1.7]0,u) is the unbiased estimator of the likelihood p(y1.7|6) and u is the
set of pseudo random numbers used within a particle filter to estimate the likelihood
p(y1.7|0). For the purpose of this paper where it is possible to sample from the prior
p(0), we set p(68) = p(0). Algorithm 5.1 summarizes the DT-SMC method for the
SR-SV model.

Similar to the SMC algorithm in Section 2.3.2, the DT-SMC method consists of
three main steps: reweighting, resampling and Markov move. At the begining
of SMC iteration t, the set of weighted particles {Wz_l,ég_l}j]\i ; that approximate
the intermediate distribution 71;_1(6) is reweighted to approximate the target 77;(9).
The efficiency of these weighted particles is often measured by the effective sample
size (ESS) defined in (5.24). If the ESS is below a prespecified threshold, the
particles are resampled; the resulting equally-weighted resamples, which are now
approximate samples from 7;(6), are then refreshed by a Markov kernel whose
invariant distribution is 7;(6). For example, Duan and Fulop (2015) uses the
pseudo marginal Metropolis-Hastings (PMMH) kernal of Andrieu et al. (2010) with
the likelihood estimated unbiasedly by the particle filter in the Markov move step.
However, Pitt et al. (2012) suggest that the PMMH approach works efficiently when
the variance of the log of the estimated likelihood is around 1. For some state space
models like the SR-SV model, a large number of particles might be required to obtain

a likelihood estimator with log variance to be around 1, which is computationally
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inefficient. To tackle this problem, we incorporate the Correlated Pseudo Marginal
(CPM) approach of Deligiannidis et al. (2018) into the Markov move step. The CPM
method makes the current set of random numbers u and proposal u’ correlated, and
helps reduce the variance of the ratio p(y1.7|6",u’)/p(y1.7|6,u) in (5.25), thus leading to
a better mixing Markov chain while using less number of particles in the particle filter.
Similar to the SMC methods of Del Moral et al. (2006) and Neal (2001), the DT-SMC
method is parallelizable as the particles move independently in the Markov move step,

and provides an estimate of the marginal likelihood as a by-product.

In Algorithm 5.1, we use a random walk proposal for g(6'|8). We follow Gunawan
et al. (2018) and choose the tempering sequence 7; adaptively to ensure a sufficient
level of particle efficiency by selecting the next value of ; such that ESS stays above a
threshold.

5.4 Simulation studies and applications

This section evaluates the performance of the SR-SV model relative to the SV, N-S5V
and LMSV models using a simulation study and real data applications. We do not
report the results for GARCH as it performs similarly to SV. We use the DT-SMC
sampler for the Bayesian inference in the SV, N-SV and SR-SV models. As the LMSV
model does not have an explicit state-space representation and its likelihood function is
analytically intractable, we follow Breidt et al. (1998) and estimate the LMSV model on
the frequency domain. The implementation of Bayesian inference for the LMSV model
is presented in Appendix C.1. Table C.2 in Appendix C.2 lists our implementation
details of the DT-SMC sampler. All the computations are run on a High-Performance
Computing (HPC) machine® with 16-core CPU and 16 Gigabytes of RAM. The DT-SMC

sampler was initialized by sampling from the priors in Table 5.1.

We now motivate the choice of the priors in Table 5.1. We follow Yu et al. (2006) and
Kim et al. (1998) to set the same prior, which is a Beta distribution, for the persistence
parameters ¢ of the three models SV, N-5V and SR-SV. We also use an inverse-Gamma
prior for the parameters ¢ in all models but make it more flat than the priors used in
Yu et al. (2006) and Kim et al. (1998). We follow Yu et al. (2006) to use an informative
but reasonably flat prior distribution for the intercept y in the SV and N-SV models.
For the SR-SV model, we found that the posterior distributions of f; and w, to be

®https:/ /sydneyuni.atlassian.net/wiki/spaces/RC/overview
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Algorithm 5.1 The Density Tempered Sequential Monte Carlo for the SR-SV model
1. Sample 96 ~p(6), ué ~p(u) and set Wé =1/Mforj=1..M
2. Fort=1,...,K,

Step 1: Reweighting: Compute the unnormalized weights

ﬁ(y1:T|9Llf u{%fl)%p(eifl)

J i W 7 j j T=T-1 =
wy=Wi_— . . =W,_p(y1.7]0,_1 1) ,j=1,...M
p(ylsz{L,l/ ui,1)%_l P(Gifl)
(5.22)
and set the new normalized weights
, w
W/ = e, j=1.,M (5.23)
i w;
Step 2: Compute the effective sample size (ESS):
1
ESS = ———. (5.24)

if ESS < cM for some 0 < c< 1, then

(i) Resampling: Resampling from {Ot 1,ut71}j]\£1 using the weights
{W] and then set W] = 1/M for j = 1..M, to obtain the new
equally-weighted particles {Gt,ut,W] M,

=1

(i) Markov move: For each j=1,...,M, move the samples 0, u{; according to
Ncpm CPM steps:
(a) Sample 9{/ from the proposal density q(@{/w{).
(b) Sample €/ ~ N (0p,Ip) and set 1l =pu+/T—p2el with pe (—1,1) is
a correlation factor.

(c) Compute the estimated likelihood p (1. T|9t ,ut) using a particle
filter (see Algorithm C.2 in Appendix C.2)

(d) Set 0/ =0/ and ul = 1!’ with the probabilit
t =Y t— Uy p y

. (1 <y1T|ef,ut>vfp<e;'>q<9;|9{f>> 525
p(yrr[6], ul) 7 p(6]) q(6]'16))

otherwise keep Gt, ut unchanged.

end
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SR-SV SV N-SV
Parameter Prior Parameter Prior Parameter Prior
Bo N(0,0.1) U N(0,25) U N(0,25)
e Beta(20,1.5) s Beta(20,1.5) e Beta(20,1.5)
o? 1G(2.5,0.25) o? 1G(2.5,0.25) o? 1G(2.5,0.25)
B1 1G(2.5,1) ) N(0,0.1)
b Beta(2,2)
wy,we,wy  N(0,0.1)
by,bg N(0,0.1)
w; 1G(2.5,1)

Table 5.1. Prior distributions for the parameters in the SR-SV, SV and N-SV models. The notation

N, IG and Beta denote the Gaussian, inverse-Gamma and Beta distributions, respectively.

unimodal under inverse-Gamma priors. We use a normal prior with a zero mean and
a small variance for the SRU parameters, except w,, because empirical results from the
SRU literature show that the values of the SRU parameters are often small. Finally, we
set a normal prior with a zero mean and a small variance for the intercept S in the

SR-SV model as the empirical results often show small values of By.

Table 5.2 lists the predictive scores used to measure the out-of-sample performance.

The smaller the predictive scores, the better.

Score Definition Score Definition
PPS iy, Jogp(yily14-1,8) | MSE; Trot D, (01 —01)?
QLIKE T, Y, (log(6?)+026:2) | MSE,  Ti¥p,., (02—562)2
R’LOG T i ¥, [log(c25,2)]° | MAE, Tk ¥, ot —3il
MAE; Trest LDy |07 — 07|

Table 5.2. Definition of the predictive scores to measure the out-of-sample performance on
simulation and real index data. Here, 0; is an estimate of the volatility 07, Tiest is the number

of observations in test data Dy, and fisa posterior mean estimate of 6.
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5.4.1 Simulation studies

We consider three volatility models specified in Table 5.3. Model 1 is a GARCH(1,1).
Model 2 is an extension of the GARCH(1,1) model by applying a Box-Cox power
transformation (Box and Cox, 1964) to both the conditional variance equation and the
volatility dynamics. Model 2 is similar to the non-linear ARCH models of Higgins
and Bera (1992) but they use lagged innovations to construct the conditional variance.
Model 3 is a FIGARCH(1,d,1) model of Baillie et al. (1996) which uses a long-memory
process AFRIMA(1,4,1) to simulate the long-memory auto-dependence.

Data Model Parameters

2
=0.1,u=0.1

0f =ptayi+poiy, t=2,.T 1 "
SIM 1 x=0.07, $=0.92
ye=oer, €e~N(0,1), t=1,..,T

(yiq1)°—1
h=pta————+ph, t=2..T x=0.15, f=0.82
SIM IT .
/2% 5=09
Y= <1+5ht> e, e~N(01), t=1,..,T
02=0.1, u=0.01
oF =p+ [1-BB—(1-¢B) (1-B)!|y2+o? 1, t=2,..,T | =001, p=05
SIM III
yi=orer, €,~N(0,1), t=1,..,T d=0.62

Table 5.3. Simulation: Data generating process.

We generate time series of T = 3000 observations from these three models and name
the simulation datasets as SIM I, SIM 1II, SIM 1II, accordingly. The parameters are
set so that y; somewhat resembles real financial time series data exhibiting volatility
clustering with non-linearity (SIM II) and long-memory (SIM III) auto-dependence in
the underlying volatility dynamics. For each dataset, the first T, =2000 observations
are used for model estimation and the last T,,; = 1000 are for out-of-sample analysis.
Table 5.4 shows the posterior mean estimates for the parameters of the SV and SR-SV
models, with the posterior standard deviations in brackets; for the SR-SV model we
only show the results for the main parameters. The last column in the table shows the
marginal likelihood estimates, averaged over 10 different runs of the DT-SMC sampler,

together with the Monte Carlo standard errors in the brackets. Figures 5.3, 5.4 and 5.5
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plot the filtered values of the #; and h; components of the SR-SV model in SIM I, SIM 11
and SIM III datasets, respectively. Figure 5.2 in Appendix C.3 plots the true volatility
together with the filtered volatility produced by the SV and SR-SV models, for all the

three simulation datasets.

i ¢ o2 o Bo B1 w,  Marllh

SIM1
SV 2.145 0.985 0.019 —5100.8
(0.237) (0.004) (0.003) (0.131)
SR-SV 0.974 0.020 0.534 0.027 0.388 —0.205 —5099.9
(0.023) (0.005) (0.166) (0.031) (0.235) (0.261) (0.300)

SIM 11
SV 1.050 0.967 0.032 —4060.3
(0.125) (0.008) (0.006) (0.164)
SR-SV 0.792 0.041 0.515 0.043 0.423 0.530 —4057.7*
(0.106) (0.010) (0.156) (0.044) (0.207) (0.256) (0.306)

SIM 111
SV 0.134 0.984 0.041 —3146.9
(0.329) (0.005) (0.007) (0.195)
SR-SV 0.896 0.056 0.645 —0.093 0.325 0.290 —3144.2*

(0.035) (0.013) (0.240) (0.045) (0.132) (0.115) (0.316)

Table 5.4. Simulation: Posterior means of the parameters with the posterior standard deviations
in brackets. The last column shows the estimated log marginal likelihood with the Monte Carlo
standard errors in brackets, averaged over 10 different runs of the DT-SMC sampler. The asterisks
indicate the cases when the Bayes factors strongly support the SR-SV model over the SV model.

The marginal likelihood are reported in natural log scale.

The estimation results suggest the following conclusions. First, for the SIM I data,
the difference of marginal likelihood estimates in Table 5.4 between the SV and SR-SV
models is insignificant, the coefficient B; is insignificant, and the filtered volatilities
from these two models in Figure 5.2 are identical and close to the true volatility. This
implies that the SV and SR-SV models fit equally well to the SIM I data and that the
SR-SV model is close to the SV model if the true data generating process, which is
GARCH(1,1) in this example, exhibits no other effects rather than short-memory linear

auto-dependence within the volatility dynamics.
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Figure 5.2. Simulation: Filtered volatility of the SV and SR-SV models, together with the true

volatility, on three simulation datasets. (This is better viewed in colour).

Second, the estimation results on the SIM II and SIM III data show that the additional
neural network structure of the SR-SV model is able to efficiently capture the volatility
effects overlooked by the basic SV model. This is supported by the Bayes factors of
the SR-SV model compared to the SV model of more than e23, which, according to the
interpretation in Table 2.2, strongly support the SR-SV model. The plots of the h; and
n: components of the SR-SV model in Figures 5.3, 5.4 and 5.5 clearly show that /i, and
hence 7;, is well responsive to volatility effects rather than the linear short-memory
effects. For example, in the SIM I data when the volatility exhibits no non-linear and
long-memory effects, the ii; shown in Figure 5.3 is significantly small at all time steps
and hence the #; component simply fluctuates around By during both low and high
volatility periods. Figures 5.4 and 5.5, on the other hand, show that the h; response
adaptively to the changes in the volatility dynamics. As the result, 7; is small during
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Figure 5.3. SIM I: The filtered values of #; and h; of the SR-SV model, together with the SIM |

in-sample data. (This is better viewed in colour).
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Figure 5.4. SIM II: The filtered values of #; and h; of the SR-SV model, together with the SIM I

in-sample data. (This is better viewed in colour).

the low volatility periods and large in the high volatility periods. The non-linear (SIM
II) and long-memory (SIM III) auto-dependence of the simulated volatility are well
captured by the SRU structure of the SR-SV model. The plots of filtered volatility in
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Figure 5.5. SIM IlI: The filtered values of 7; and h; of the SR-SV model, together with the SIM Il

in-sample data. (This is better viewed in colour).

Figure 5.2 show that the filtered volatility of the SR-SV model are generally closer to
the true volatility than those of the SV model.

Third, the parameters of the SR-SV model are able to characterize well the existence of
the various volatility effects in these simulation data. The estimated posterior means
of parameter $; are more than two standard deviations from zero in the SIM II and
SIM III data, suggesting the existence of volatility effects rather than linearity in the
volatility dynamics of these two datasets; while 1 is less than two standard deviations
from zero in the SIM I data, suggesting that only simple linear effects are detectable in
the volatility dynamics of this dataset. Similarly, the non-linear coefficient w, of the
SR-SV model (c.f. equation (5.14)) is more than two standard deviations from zero in
the SIM IT and SIM III data but not in the SIM I data, indicating that the SR-SV model
is able to detect the serial dependence rather than the linear dependence that the past
log volatility z; ;1 has on the current log volatility z;. The estimated posterior mean
of the moving average weight parameter « in the SIM III data is higher than those
in the SIM I and SIM II data, supporting further the evidence of the long-memory
auto-dependence exhibited in the volatility dynamic of the SIM III data, which is
generated from a FIGARCH(1,4,1) model. Figure 5.6 shows that the posterior mode
of a in the SIM III data is much closer to 1 than those in the SIM I and SIM 1II data.
Finally, it is worth noting that the persistence parameter ¢ of the SR-SV is close to the
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persistence parameter ¢ of the SV model in the SIM I data but much smaller than that of
the SV model in the SIM II and SIM III model. This is probably because the non-linear
coefficient w, with respect to the past log volatility z;_; is significant in the SIM II and
SIM III data, and hence the historical information has been also well stored in the 7;

process.

251

V4 N\ AsiM i

Figure 5.6. Simulation: Posterior densities of the moving avarage weight @ on the three simulation

datasets.

Table 5.5 reports the predictive performance scores of the SV and SR-SV models with
the Monte Carlo standard errors in brackets. For the SIM II and SIM III data, the SR-SV
model outperforms the SV model for all the predictive scores, which is consistent with
the in-sample analysis showing that the SR-SV model fits these simulation datasets
better than the SV model. For the SIM I data, the SR-SV model also outperforms the
SV model for all scores except the PPS score. These results illustrate the impressive
out-of-sample forecast ability of the SR-SV model. The results for the real data

applications in the next section further support this claim.
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PPS MSE; MSE, MAE; MAE, QLIKE R?LOG Count

SIM1I

SV 2355 0480 0485 0506 0540 0481  0.482 1
(0.001) (0.003) (0.003) (0.002) (0.004) (0.001) (0.004)
SRSV 2357 0435 0381 0342 0319 0450  0.395 6
(0.000) (0.002) (0.003) (0.001) (0.002) (0.001) (0.003)

SIMII

SV 1881 0189 0282 0309 038 0359 0512 0
(0.000) (0.000) (0.001) (0.001) (0.001) (0.001) (0.001)
SR-SV 1.878 0.076 0.122 0139 0189 0.172  0.284 7
(0.000) (0.002) (0.003) (0.002) (0.000) (0.003) (0.003)

SIM III

SV 1722 0919 0967 0707 0796 0754  0.529 0
(0.001) (0.004) (0.004) (0.003) (0.003) (0.004) (0.004)
SRSV 1720 0733  0.775 0.548  0.625 0.588  0.399 7
(0.000) (0.004) (0.003) (0.002) (0.003) (0.003) (0.002)

Table 5.5. Simulation: Forecast performance of the SR-SV and SV models. In each panel, the bold
numbers indicate the best predictive scores and the count indicates the number of times a model has
better forecast scores than the other one. Monte Carlo standard errors in brackets, averaged over 10

different runs.

5.4.2 Applications

This section evaluates the SR-SV model using five popular daily stock indexes from
different international markets: The German stock index DAX30 (DAX), the Hong
Kong stock index HS50 (HSI), the France market index CAC40 (FCHI), the US stock
market index SP500 (SPX) and the Canada market index TSX250 (TSX).

The datasets and exploratory data analysis

The datasets were downloaded from the Realized Library of The Oxford-Man
Institute”. We used the adjusted closing prices {P;, t = 1,...,Tp} and calculated the

7ht’cps: / /realized.oxford-man.ox.ac.uk/
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demeaned return process as

Tp—1
P 1§ Pitq

yr = 100 <log b Ty 1 l; logTi) , t=1,2,.,Tp—1, (5.26)

and using the first T, =2000 returns for in-sample analysis and the rest Tyt =1000 for

out-of-sample analysis. Table 5.6 describes the relevant aspects of the datasets.

In-sample Period Out-of-sample Period T; Tout

DAX 23 Apr 2004 — 21 Feb 2012 22 Feb 2012 - 05 Feb 2016 2000 1000
HSI 27 Oct 2003 — 28 Nov 2011 29 Nov 2011 — 21 Dec 2015 2000 1000
FCHI 09 Jun 2004 — 22 Mar 2012 23 Mar 2012 — 23 Feb 2016 2000 1000
SPX 27 Feb 2004 — 06 Feb 2012 07 Feb 2012 - 28 Jan 2016 2000 1000
TSX 03 Feb 2004 — 01 Feb 2012 02 Feb 2012 - 27 Jan 2016 2000 1000

Table 5.6. Descriptions of the five index datasets.

Min Max  Std  Skew Kurtosis V,(10) V,(20) V,(30)

DAX 7437 9993 1.267 0.115 10.960  3.226* 2.501* 2.146*
2456 1.926* 1.670

HSI —11.616 12155 1.186 0.307 17551  3.934* 3.030* 2.587*
2.564* 2.088* 1.844*

FCHI -7.215 6.663 1.132 -0.320 7383 3.782* 2976* 2575*
3.018* 2.453* 2.165*

SPX  —9.351 10.220 1.307 —0.256 12502 3.188* 2.412* 2.047*
2.664* 2.040" 1.748*

TSX  —9.879 9.194 1.262 —-0.727 12.202 3.558* 2.692* 2.277*
2.877* 2199 1.875*

Table 5.7. Descriptive statistics for the demeaned returns of the DAX, HSI, FCHI, SPX and TSX
datasets. V,(g), 4=10, 20 and 30, shows the test statistics of Lo’'s modified R/S test of long memory
with lag g. Upper and lower values of the 3 last columns are the Lo's test statistics for absolute and

squared returns, respectively. The asterisks indicate significance at the 5% level.

Figure C.1 in Appendix C.3 plots the time series data and shows the existence of the

volatility clustering effect commonly seen in financial data. Table 5.7 reports some
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descriptive statistics together with Lo’s modified R/S test (Lo, 1991) for long-range
memory in the absolute and squared returns. Lo’s modified R/S test is widely used
in the financial time series literature; see, e.g., Lo (1991), Giraitis et al. (2003), Breidt
et al. (1998). All the index data exhibit some negative skewness, high excess kurtosis
and high variation. The result of Lo’s modified R/S test for long-memory dependence
with several different lags g indicates that there is significant evidence of long-memory

dependence in the stock indices.

We use the following four common realized measures including Realized Variance
(RV), Bipower Variation (BV), Median Realized Volatility (MedRV), Realized Kernel
Variance with the Non-Flat Parzen kernal (RKV) to evaluate the forecast performance
of the volatility models using the predictive scores in Table 5.2. We also scale to realized
measures by a scale as shown in 4.12 to compensate for the variation of the prices

overnight.

In-sample analysis

Tables 5.8 and 5.9 summarizes the estimation results of fitting the SV, N-SV and SR-SV
models to the five datasets. Table C.1 in Appendix C.3 shows the estimation results
for the LMSV model. For the SR-SV model, we only show the results of the key
parameters. Figure 5.7 shows the posterior densities of the moving average weight
parameter « of the SR-SV model in all simulation and real datasets. We draw some

conclusions from Tables 5.8 and 5.9 and the listed figures.

First, the marginal likelihood estimates show that the SR-SV model fits the five index
data better than the SV and N-SV models. The Bayes factors of the SR-SV model
compared to the SV and N-SV models are more than ¢>3, which strongly support
the SR-SV in all cases. There are no significant differences between the SV and N-SV

models in terms of marginal likelihood estimates across the five panels.

Second, the evidence of the volatility effects rather than linearity, e.g. non-linearity
and long-memory auto-dependence, in the volatility dynamics of the index datasets
is clear as the posterior means of the non-linearity long-memory parameter B; of
the SR-SV model are more than two standard deviations from zero in all cases. The
estimation results of the LMSV in Table C.1 show that the posterior means of the
fractional integration parameter d are also more than two standard deviations from

zero and close to 0.5 in all cases, suggesting a strong evidence of the long-memory
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i ¢ o2 ) ® Bo B1 w,  Marllh
DAX
SV —0.098 0.979 0.038 —2871.3
(0.233)  (0.006) (0.008) (0.171)
N-SV  -0.138 0.977 0.037 —0.198 —2872.4
(0212) (0.006) (0.008) (0.086) (0.224)
SR-SV 0.863 0.064 0.605 —0.117 0.410 0.397 —2868.8*
(0.052) (0.021) (0.204) (0.061) (0.201) (0.153) (0.301)
HSI
SV —0.205 0.987 0.022 —2692.0
(0.320) (0.004) (0.008) (0.184)
N-SV  —0.366  0.987 0.021 —0.242 —2691.0
(0.270) (0.004) (0.004) (0.081) (0.214)
SR-SV 0.824 0.054 0.784 —0.196 0.536 0.387 —2687.8**
(0.061) (0.021) (0.137) (0.083) (0.262) (0.139) (0.337)
FCHI
SV —-0.213  0.977 0.047 —2787.1
(0.230) (0.007) (0.010) (0.225)
N-SV  —0.217 0.979 0.041 —0.198 —2787.3
(0.257) (0.006) (0.009) (0.089) (0.234)
SR-SV 0.843 0.093 0.780 —0.179 0.449 0363 —2784.2*
(0.049) (0.027) (0.197) (0.070) (0.199) (0.134) (0.326)

Table 5.8. Applications: Posterior means of the parameters with the posterior standard deviations
in brackets. The last column shows the estimated log marginal likelihood with the Monte Carlo
standard errors in brackets, averaged over 10 different runs of the DT-SMC sampler. The single and
double asterisks indicate the cases when the Bayes factors strongly and very strongly support the
SR-SV model over the SV model, respectively. The marginal likelihood are reported in natural log

scale.

dependence in the volatility process of these five index datasets. The posterior means
of the non-linear parameter w, with respect to the past log volatility z;_; are more than
two standard deviations from zero, indicating the existence of the serial dependence
rather than linearity that the past log volatility z;_; has on the current log volatility
zt, and that the SR-SV model is able to detect this serial dependence. The posterior
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u ¢ o2 ) o Bo B1 w,  Marllh

SPX
SV —0.228  0.985 0.034 —2748.3
(0.344)  (0.005) (0.006) (0.201)
N-SV  —-0.267 0.9837 0.036 —0.121 —27494
(0.268) (0.004) (0.007) (0.080) (0.211)
SR-SV 0.844 0.056 0.527 —0.180 0.481 0373 —2745.6*
(0.060) (0.017) (0.186) (0.186) (0.241) (0.132) (0.311)

TSX
SV —0.200 0.985 0.028 —2770.1
(0.323) (0.004) (0.006) (0.231)
N-SV —0.249 0.984 0.029 -0.141 —2769.9
(0.298) (0.005) (0.006) (0.077) (0.245)
SR-SV 0.868 0.051 0.697 —0.129 0.414 0.355 —2767.2*
(0.056) (0.015) (0.195) (0.071) (0.201) (0.141) (0.347)

Table 5.9. Applications: Posterior means of the parameters with the posterior standard deviations
in brackets. The last column shows the estimated log marginal likelihood with the Monte Carlo
standard errors in brackets, averaged over 10 different runs of the DT-SMC sampler. The single and
double asterisks indicate the cases when the Bayes factors strongly and very strongly support the
SR-SV model over the SV model, respectively. The marginal likelihood are reported in natural log

scale.

density plots of parameter a in Figure 5.7 suggest the existence of the long-memory
auto-dependence in the volatility processes of the index datasets as the posterior
densities of a are highly skewed for all cases and the posterior modes are close to
1, which is similar to the results in the SIM III data.

Third, it is worth noting that, in all cases, the persistence parameter ¢ in the SR-SV
model is smaller than the persistence parameters in the SV and N-SV models as the
parameter w, is significant and hence the linear effect that z;_; has on z; is reduced. As
illustrated in the SIM I data, if the volatility process exhibits no volatility effects rather
than a short-memory linear auto-dependence, the persistence parameters ¢ in the SV

and SR-SV model are similar and the parameter w, is insignificant.

Using the posterior mean estimates in Table 5.8, the filtered values of z; of the SR-SV, SV

and N-S5V models can be computed using the particle filter. We discuss how to obtain
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Figure 5.7. Posterior densities of the moving average weight & on simulation and real datasets.

(This is better viewed in colour).

the filtered values of z; of the LMSV model in Appendix C.1. Figure 5.8 plots the
tiltered log volatility of the SV and SR-SV model, together with the filtered values of
the components h; and #; of the SR-SV model in all time steps, for the SPX data. Figure
C.3,C.2,C4 and C.5 in Appendix C.3 show the similar plots for the HSI, DAX, FCHI
and TSX data, respectively. Figure 5.8 shows that the component /;, and hence 1#;, of the
SR-SV model is well responsive to changes in the volatility dynamics, e.g. being small
during the low volatility periods and large in the high volatility periods of the SPX
data. The SRU structure of the SR-SV model is able to capture these distinct behaviors
of financial time series. We observe the similar behaviors of the h; and 7; components
for the other datasets as shown in the Figures C.2-C.5. Table 5.10 provides summary
statistics on the in-sample filtered volatilities and residuals Ety of the SR-SV, SV, N-SV
and LMSV models. We note that if the assumption about the normality of returns of
the three models is justified then the residuals €/ should have a zero skewness and a
kurtosis of 3. Table 5.10 shows that all the residual distributions produced from the
four models are close to the standard normal distribution, but still slightly skewed and
leptokurtic. The p-values of the Ljung-Box (LB) autocorrelation test of the residuals

are high in all index datasets, suggesting that there is no evidence of autocorrelation in
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Figure 5.8. SPX: (Top) The filtered log volatility of the SR-SV and SV models. (Middle) The
filtered values of #; and h; of the SR-SV model. (Bottom) The SPX in-sample data. (This is better

viewed in colour).

the residuals. We conjecture that extending the SR-SV model, for example, by using a

Student’s t distribution instead of a Gaussian for the measurement shock e{ and taking

into account the leverage effect by correlating e/ with the volatility shock €/, is likely

to lead to better diagnostics for the residuals. However, we do not consider these

extensions here.
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Filtered volatility Residual €/

Mean Std Kurtosis Skew Std Kurtosis Skew  LB-¢;

DAX
SV 1531 1930 24.465  4.075 0985 2817 —-0.215 0.978
N-SV 1591 2290 38239  5.112 0982 2742 —-0.213 0.978
LMSV 1423 1.670 13.734  2.885 0999  3.584 —0.163 0.887
SR-SV 1325 1.559 26276  4.182 0.991 2.819 —0.207 0.983
HSI
SV 1343 2.084 55.696 @ 6.187 0966  2.801 —0.040 0.162
N-SV 1428 3.133 179.820 11.399 0965  2.776 —0.040 0.226
LMSV 1271 1.632 22216  3.720 0999  3.946 —0.028 0.326
SR-SV  1.101 1.651 50.909  5.821 0978  2.768 —-0.052 0.132
FCHI
SV 1416 1563 13.561 2.851 0982 2724 —0.123 0.101
N-SV 1483 1.867 22140  3.705 0.981 2.690 —-0.117 0.103
LMSV 1287 1451 11815  2.645 1.000  3.548 —0.058 0.108
SR-SV  1.167 1.159 13285  2.756 0985 2722 —0.136 0.105
SPX
SV 1648 2712 25.696  4.395 0994  2.769 —0.254 0.136
N-SV 1729 3139 33443  5.010 0995 2737 —0.251 0.143
LMSV 1592 2810 25516  4.381 0999  3.623 —0.103 0.219
SR-SV  1.892 3.862 29.532  4.856 1.002  2.746 —0.252  0.149
TSX
SV 1543 2516 27582  4.641 0.971 2.705 —-0.311 0.977
N-SV 1590 2846 35343  5.256 0.971 2.683 —0.307 0.969
LMSV  1.395 2124 20.325  3.893 0999  3.353 —0.301 0915
SR-SV 1389 2347 28167  4.702 0973  2.659 —0.310 0.961

Table 5.10. Applications: Model diagnostics of the filtered log volatility and residual €ty The LB

p-values denote the p-value from the Ljung-Box test with 10 lags.
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Out-of-sample analysis

The marginal likelihood estimates in Table 5.8 suggest that the SR-SV model fits
the in-sample data of the five index datasets better than the SV and N-SV models.
We now examine if this in-sample performance is consistent with the out-of-sample
performance. Table 5.11 provides summary statistics on the one-step-ahead forecasts
of volatility and standardized residuals of the SR-SV, SV, N-SV and LMSV models. We

note two conclusions from Table 5.11.

First, the SR-SV model does not suffer from overfiting as often observed in neural
network based volatility models (Pagan and Schwert, 1990; Donaldson and Kamstra,
1997), as the one-step-ahead forecast volatilities and the forecast residuals appear
to be well behaved, compared to those from the more parsimonious SV and N-SV
models. We emphasize that, as discussed in Section 5.2.2, the use of noise-injecting
regularization in the novel structure of the SR-SV model helps prevent it from the

well-known overfitting problem.

Second, the means and standard deviations of one-step-ahead forecast volatility of
the SR-SV model are smaller than those of the SV, N-SV and LMSV in all five index
datasets. The SR-SV forecasts are generally more conservative in low volatility periods,
in the sense that the forecast intervals often have a smaller band compared to the
forecasts produced by the other models. The comparison of 99% one-step-ahead
forecast intervals during the period Sep 2014 - May 2015 of the SPX data in Figure 5.9
shows that the SR-SV model gives a safe buffer against abrupt changes in low volatility
regions, e.g. Nov-Dec 2014, because it maintains a wider forecast band, while it does
not produce overly large forecast intervals in high volatility regions, e.g. Oct 2014,
Dec 2014 - Jan 2015. Therefore, the SR-SV model is less sensitive to the data values in
the shorter time periods, and maintains a good trade-off between the information in
recent observations and the information in the long-term memory. The SV, N-SV and
LMSV models, compared to the SR-SV model, produce a smaller forecast volatility in
low volatility regions and a higher volatility forecast in high volatility regions. The
figure also shows that the SV and N-SV forecasts depend mainly on the return at the
previous step, as the persistence parameters ¢ in the SV and N-SV models are larger
than the persistence parameter of the SR-SV model. The SR-SV intervals are closer to
the intervals made by the realized variance and hence seem to track the out-of-sample
returns better than the SV, N-SV and LMSV models.
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5.4.2 Applications

Forecast Volatility Forecast Residual €/

Mean Std Kurtosis Skew Std Kurtosis Skew LB-¢;

DAX
SV 1.069 0.580  2.992 0.711 0997  3.964 —0.334 0.652
N-SV  1.072 0.588  3.464 0.893 0992  3.937 —0.342 0.659
LMSV 1.083 0.616  3.467 0.879 1.001 3.942 —-0.310 0.577
SR-SV 0943 0458  3.261 0.879 1.034  3.835 —0.328 0.597
HSI
SV 0.655 0380 14.099 2.823 0982  4.353 0.036  0.390
N-SV  0.649 0408 23440 3.827 0.981 4.298 0.021  0.379
LMSV 0740 0386  9.633 2.065 0928  4.465 0.057 0.283
SR-SV 0491 0215 15963 3.102 1.091 4.135 —0.008 0.368
FCHI
SV 1.087 0.620  3.796 0.989 0963  4.590 —0.436 0.734
N-SV  1.089 0.646  4.629 1.249 0965  4.415 —0.432  0.686
LMSV 1.144 0.633 5.126 1.400 0.971 4.656 —0.371 0.657
SRSV 0.894 0434  3.626 0.918 0995  4.174 —-0.375 0.609
SPX
SV 0.675 0438  9.938 2.135 0983  3.970 —0.456 0.352
N-SV  0.679 0453 12583  2.503 0978  3.970 —0.458 0.365
LMSV  0.763 0422  4.993 1.291 0920  4.075 —0.416 0.547
SR-SV 0523 0.287  9.978 2.242 1.074  3.797 —0.406 0.450
TSX
Sv 0551 0314 3.231 0.976 0960  3.859 —-0.537 0.123
N-SV 0551 0304 3412 1.035 0952  3.811 —0.533 0.105
LMSV 0541 0272  3.156 0.798 0.983  4.060 —0.583 0.098
SR-SV 0500 0.229  3.948 1.234 0973  3.734 —0.502 0.077

Table 5.11. Applications: Summary statistics on the one-step-ahead out-of-sample forecast
conditional variances 07 and residual €. The LB p-values denote the p-value from the Ljung-Box

test with 10 lags.
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Figure 5.9. SPX: 99% One-step-ahead forecast intervals of the SR-SV, SV, N-SV and LMSV models,
together with the 99% interval of index data estimated by the realized variance (RV) during Sep
2014 - May 2015. The shaded area is the 99% one-step-ahead forecast interval produced by the
SR-SV model.

Table 5.12 shows the out-of-sample performances of the four models on the SPX
data, with the Monte Carlo standard errors in brackets. Tables C.3, C.4, C.5 and
C.6 in Appendix C.3 show the results for the other four datasets. Each table
provides predictive scores separately in four panels, corresponding to the four realized
measures BV, MedRV, RKV and RV, as discussed Section 5.4.2. In each panel, we count
the number of times a particular model has lowest (best) predictive scores and list
these numbers in the last column; the model with the highest count is preferred. We
note that the PPS predictive score is independent of the realized measures of volatility,
and that the PPS predictive score is not available for the LMSV model.

As shown in these tables, the SR-SV model consistently has the best out-of-sample
performance in all the five index datasets. The superior predictive performance of
the SR-SV model is consistent with its in-sample performance discussed earlier and
provides further evidence to support the conclusion that the SR-SV model does not
overfit the five index datasets. We note that the forecast performances of the SV and
N-SV models are mixed with no model consistently outperforming the other across
the predictive scores and the datasets. The LMSV model consistently makes the least

accurate forecasts in all cases .
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5.4.2 Applications

Measure PPS MSE; MSE, MAE; MAE, QLIKE R’LOG Count

SV 1122 0103 1333 0229 0392 0347  0.667 0
(0.001) (0.001) (0.002) (0.001) (0.002) (0.001) (0.002)

BV N-SV 1122 0103 1327 0229 0392 0346  0.669 0
(0.000) (0.001) (0.002) (0.001) (0.002) (0.001) (0.003)

LMSV 0125 1406 0265 0451 0402  0.837 0
SRSV 1113 0091 1321 0209 0354 0330  0.572 7
(0.001) (0.000) (0.002) (0.000) (0.001) (0.002)  (0.000)
SV 0114 0830 0256 0428 0323  0.862 0
(0.000) (0.002) (0.001) (0.001) (0.001)  (0.003)
MedRV ~ N-SV 0114 0826 0257 0428 0323  0.866 0
(0.000) (0.002) (0.001) (0.000) (0.001)  (0.004)
LMSV 0140 0901 0294 0488 0385  1.064 0
SR-SV 0102 0.821 0235 0389 0308  0.757 6
(0.000) (0.002) (0.000) (0.000) (0.001)  (0.001)
SV 0114 0834 0256 0419 0363 0915 0
(0.000) (0.001) (0.000) (0.001) (0.000)  (0.002)
RKV ~ N-SV 0114 0829 0256 0420 0361 0918 0
(0.000) (0.002) (0.000) (0.000) (0.000)  (0.001)
LMSV 0137 0904 0290 0476 0405  1.100 0
SR-SV 0101 0.822 0237 0384 0345  0.808 6
(0.000) (0.001) (0.000) (0.000) (0.000)  (0.001)
sV 0121 1.864 0245 0421 0331  0.796 0
(0.000) (0.002) (0.001) (0.002) (0.000)  (0.002)
RV N-SV 0120 1.863 0246 0422 0329  0.799 0
(0.000) (0.002) (0.001) (0.001) (0.001)  (0.003)
LMSV 0145 195 0283 0484 0385 0983 0
SR-SV 0108 1.861 0224 0382 0316  0.692 6

(0.000) (0.001) (0.000) (0.000) (0.001)  (0.000)

Table 5.12. SPX data: Forecast performance of the SR-SV and benchmark models using different

realized measures. In each panel, the bold numbers indicate the best predictive scores.
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Chapter 5 SRSV: A Statistical Recurrent Stochastic Volatility Model

5.5 Chapter summary

This chapter proposes a statistical recurrent stochastic volatility (SR-SV) model, by
combining the statistical recurrent unit architecture from Machine Learning and
the stochastic volatility model from Financial Econometrics. These two techniques
are combined in a principled and non trivial way to form a new approach that
is, as carefully illustrated through the extensive simulation and empirical studies,
highly efficient for volatility modelling and forecasting. It is easy to carry Bayesian
inference in the SR-SV model using standard Bayesian computation methods, such
as the Density Tempered Sequential Monte Carlo method as used in this paper. The
simulation and empirical studies suggest that the SR-SV model is able to capture
various volatility effects overlooked by the SV benchmark models, and is able to

produce highly accurate forecast volatilities.
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Chapter 6

Conclusion and future
directions

This chapter concludes the dissertation and suggests directions for future

work.
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The dissertation presents new classes of statistical models with high in-sample
and out-of-sample performance. The proposed models combine deep learning and
statistical structures in flexible ways to leverage the advantages of both worlds of
deep learning and statistical/financial econometrics modeling. We show that our
novel hybrid models work efficiently for different data types, e.g. cross-section/panel
(Chapter 3) and time series data (Chapters 4 and 5), in a wide range of business and

tinancial econometrics applications.

Chapter 3 introduces improved versions of generalized linear and generalized linear
mixed models by using DFNN structure as the data presentation technique to
transform the raw covariates task automatically and efficiently. The applications on
real data show that the so-called DeepGLM and DeepGLMM models work efficiently
with cross-sectional and panel data, e.g. have better predictive performance than
the statistical benchmark models, which are commonly available in many business
and financial application. The proposed frameworks also provide a systematic
way to perform variable selections, which is a challenging task for neural network
based models. The chapter also discusses a novel and computationally efficient
variational approximation methods with a parsimonious factor covariance structure
to quickly estimate the high-dimensional deep learning based models. The study
on the computational performance of the so-called NAGVAC method demonstrate
the efficiency of our proposed method over recent advanced alternative Bayesian
approximation techniques. The DeepGLM and DeepGLMM models come with
an user-friendly software package written on Matlab, R and Python, which is an

important contribution to the financial econometrics literature.

The promising results with the DeepGLMM model have shown that the use of neural
network basis functions with random effects is a class of models that deserve more
consideration in the literature. For example, combining the random effects concept
and the Neural Process Family (Garnelo et al., 2018b,a; Kim et al., 2019) to model the

panel data more efficiently.

Chapter 4 proposes a new class of conditional heteroskedastic models, which we
call the RECH models, by incorporating a RNN structure into the conditional
variance of the GARCH-type models, and study in detail three RECH specifications:
SRN-GARCh, SRN-GJR and SRN-EGARCH. The RECH models improve the
traditional GARCH-type models by using RNN to learn the volatility effects cannot
be captured by the simple linear deterministic process of the GARCH structure. The
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Chapter 6 Conclusion and future directions

proposed additive structure of the volatility process allows the RECH framework
to leverage the advantages of both deep learning and GARCH structures. The
extensive simulation and empirical studies suggest that the RECH models not only
have both impressive in-sample fitting and accurate out-of-sample forecasts, but can
also add a satisfactory level of interpretation to explain the volatility movement. A
software package to demonstrate the efficiency of our proposed RECH models are also

provided.

An attractive feature of the proposed hybrid framework is that it is easy to use
advances in both the deep learning and volatility modeling literatures to extend the
current RECH models. This opens up many interesting future applications and areas
of research. For example, one can use the Fourier Recurrent Unit (FRU) of Zhang et al.
(2018) to construct the recurrent component of the RECH framework; FRU is currently
considered as the state-of-the-art RNN architecture in deep learning. For the garch
component, one can use the Bad Environment - Good Environment (BEGE) model
of Bekaert et al. (2015), which can efficiently simulate the heavy tailed behavior of
financial returns. Another interesting research direction is extending the univariate
RECH models to the multivariate case, e.g. combining RNN and the Dynamic
Conditional Correlation (DCC) model of (Engle, 2002). We conjecture that the recurrent
neural network architectures will be more powerful for multivariate inputs as they can

naturally capture the interaction between the inputs.

Chapter 5 proposes a statistical recurrent stochastic volatility (SR-SV) model, by
combining the statistical recurrent unit (SRU) architecture from Machine Learning
and the stochastic volatility model from Financial Econometrics in a principled and
non trivial way. Some important modifications of the SRU structure are proposed to
make the SR-SV model more interpretable and explain better the volatility dynamics.
Consequently, we show that the SR-SV outperform the SV-type benchmark models
through an intensive simulation study and real stock indexes, in terms of both

in-sample fitting and out-of-sample forecasting.

Extending the SR-SV model by incorporating features such as the leverage effect is an
interesting research question. Another interesting research question is also extending
the present SR-SV model to multivariate financial time series, e.g. flexibly combine
RNN and multivariate factor SV models.

We note that the comparison between the SR-SV and RECH models is similar to the

comparison between SV and GARCH models, due to the way to two models are
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designed. SR-SV is a parameter-driven model while RECH is an observation-driven
model, both offer different perspectives of how to model the financial volatility.
Whether or not parameter-driven models are better than observation-driven models
is still unclear, and in fact these models are all widely used in the literature. Hence,
RECH and SR-SV complement each other. The necessity for introducing both SR-SV
and RECH is similar to the necessity for introducing both SV and GARCH models
in the literature. More specifically, the volatility dynamics in SR-SV is a stochastic
latent process rather than a deterministic process as in RECH. Also, SR-SV requires
the complicated SRU structure in order to work well while RECH only requires the
most basic RNN structure. The number of model parameters in SR-SV is therefore
much larger than that in RECH. This, together with the intractable likelihood, makes it
difficult and computationally expensive to do Bayesian inference in SR-SV. Technically,
SR-SV requires methods for dealing with overfitting while this isn’t a problem with
RECH. Finally, The research questions are also different in the Chapter 4 and 5. Chapter
4 doesn’t develop a single best GARCH-type model, but shows that, by incorporating
an RNN structure into a given GARCH-type model, one can improve on it. Chapter 5,
on the other hand, tries to find a good combination of RNN and SV models.
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Appendix A

Additional details and
results of Chapter 3

A.1 Rank-1 natural gradient VB estimation method

Recall that ¥ =BB" + D? with B=(by,+-,b;) ' and D =diag(c), c=(cy,--,c4) ' . Then,

1 b?

> 1=D?-—D?BB'D % xy=B'D?B=) &

1—|—K ;s K1 ZCZZ/
and BTE 7B =x;/(1+x;). Hence, I,' = 1;;’1‘12. We still set I3 = 0 but I3 can be
computed analytically as follows. Let 2~ !=D~2—hhT with h=D"2B=(1/+/1+%;)Bo

c 2 and h?=hoh.

Iz = 2D(Z lox ™ HD
~ 2 (D—2 —D(hhT)o D' =D o D(hhT) + D{(hh") o (hhT)}D)
~ 2 (diag(c? - 24%) + DI*(DK?)")
= 2 (diag(vl) + vzva) ,
with v1 =c2—2h? and vy = Dh? =coh?. Then,

1

1
L == diag(v; )+ ———
% 2( 81 14+ Y05,/ v1;

(vl_lovz)(vl_lovz)T>

It’s important to note that it’s unnecessary to store the matrix I, 1. To obtain the

natural gradient, all we need is the matrix-vector product of the form I lo. Write
— (0T oT oT\T

§=(8182.83)

formed by the next d elements, and g3 the last 4 elements in g. The natural gradient is

with g; the vector formed by the first d elements of g, ¢» the vector

(&1 B)B+c?og1
g = L5 (g1 B)B+c2og, ) ,

%vl’loggj—i—xz [(vl’lovz)ng,} (vl’lovz)
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A.2 Further details for the example in Section 3.7.1

with x; = 2(1 +Zlvzl/ v1;)"L. The complexity of computing the natural gradient is
O(d).

A.2 Further details for the example in Section 3.7.1

The likelihood contribution w.r.t. the panel (y;,x;) is
Li(®) = [ plulxiw, B u)plal D
Ti
= /exp (Z virN (xir, w, B+ ;) — log (1 + em("if'w'ﬁ”i))) p(a;|T)da;.
=1

By Fisher’s identity (Gunawan et al., 2017)

T,
ngi(e):/Vg{logp(oci\r)+Zyit‘ﬁ(xit,w,ﬁ—i—oci)—log(l +em<xif'w'ﬁ+“i)) }p(zxi\yi,xi,@)doci.
=1
We have,
p(ailyi, xi,0) o p(a;|T)p(yi|x;, w, B, a;)

T;
, 1
S wp( vz (B -+ @) — log(1 + &5 B+)] — Za] T~ m)zenmﬂwn
t=1

S)=2Z] (yi—p))—T o, pi= pi(“z‘):(pilr--/piTi)T
Vi f () =~Z] diag(pio(1-p;))Z; =T .
Let ji,, be the maximizer of f(a;) which can be obtained by the Newton-Raphson

method, and let
~ -1 -1 R
o = (~Vaug F@lamp,) = (2] diag(pio (1= p)Zi+T7") , pi = piliin)
(A1)
We note that for the Gaussian flexible linear mixed model in Section 3.7.2, ji,, and flai

can be derived analytically.

The gradient Vy¢;(0) can be estimated as follows.

e Generate N samples le(j) NN(ﬁmi,iai), j=1,..,N.

¢ Compute the weights

wfj) =exp (f(ocl(

N
_|_
L
2
|
=
2
~—
—
[he)
2
—_
—~
R
|
:§>
~—
N——

and Wl.(j )= wl(j ) / nyzlwfk).
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¢ Compute the estimate

P N . T . j .
wme)=zve{logp<a§”|r>+2 vizh (p-a ) —log(1-+e714) }wl-“-
j=1 t=1

Because the parameters I'; are positive, a suitable transformation is needed before
applying the Gaussian VB approximation. We use the transformation 0r, = log(T;),
j=0,...,M. Let 6= (w,B,fr, .. fr, ), then,

0=0(0)=(w,Bexp(6r,),...exp(br,,))-
The posterior distribution of 6 is

P10 | 2 0(@)pi0(@

5 p(6(8))p(6()|D) =exp(6r,+...+6r,,))p(6(6)) p(6(6)|D).

We then approximate p(8|D) by g,(6).

A.2.1 NAGVAC as a general training method

This section illustrates that the training method NAGVAC can be used as a general
estimation method for high-dimensional models rather than neural network based
models. The application is concerned with high-dimensional logistic regression using
a sparse signal shrinkage prior, the horseshoe prior (Carvalho et al., 2010). Here the
variational optimization is challenging because of the strong dependence between
local variance parameters and the corresponding coefficients. Using three real datasets
we show that the natural gradient estimation method improves the performance of the

approach described in Ong et al. (2017a).

Let y; € {0,1} be a binary response with the corresponding covariates x; = (xil,...,xip)T,
i=1,...n. We consider the logistic regression model logit(y;) = Bo+x; B, where p; =
P(y; = 1|x;), Bo is an intercept and B = (B1,...,By) ' are coefficients. We consider the
setting where p is large, possibly p > 1, and use the horseshoe prior for g (Carvalho
et al., 2010). Specifically we assume By~ N(0,10) and

BilAj~N(0,A7¢%), Aj~CH(01),j=1,..p, g~C*(01),

where C*(0,1) denotes the half-Cauchy distribution. The parameters Aj, i=1..p,

are local variance parameters providing shrinkage for individual coefficients, and the
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A.2.1 NAGVAC as a general training method

VAFC of Ong et al. (2017a) NAGVAC-4
Train Error Test Error CPU | Train Error Test Error CPU
Colon 0/42 0/20 4.92 0/42 0/20 0.17
Leukemia 0/38 6/34 61 0/38 1/34 0.56
Breast 0/38 1/4 61.6 0/38 0/4 0.56

Table A.1. Performance of the ordinary gradient VAFC and natural gradient VAFC methods on
three cancer datasets. Training and test errors rates are reported as the ratio of misclassified data
points over the number of data points. Computational time CPU (per 100 iterations) is measured

in second.

parameter g is a global shrinkage parameter which can adapt to the overall level of

sparsity. The above prior settings are the same as those considered in Ong et al. (2017a).

The parameter 6 consists of 8 = (Bo,8',0',7)", where 6§ = ((51,...,(5,17)T =
(logAl,...,log/\p)T, and 7 = logg. We consider Gaussian variational approximation
for the posterior of 0, using a factor covariance structure. The three gene expression
datasets are the Colon, Leukaemia and Breast cancer datasets found at http://wuw.
csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html. These three datasets
Colon, Leukaemia and Breast have training sample sizes of 42, 38 and 38 and test set
sizes of 20, 34 and 4 respectively. The number of covariates is p = 2000 for the Colon
data, and p = 7120 for the Leukaemia and Breast datasets. This means that for the
Leukaemia and Breast datasets the dimension of 0 is 14,242 so these are examples
with a high dimensional parameter. These data were also considered in Ong et al.
(2017a) where slow convergence in the variational optimization was observed using
their method; we show here that a natural gradient approach offers a significant

improvement.

Table A.1 compares the performance of VAFC of Ong et al. (2017a) and our NAGVAC
training methods. The table shows the predictive performance and computational
time on three cancer datasets. We follow Ong et al. (2017a) and run VAFC with f =4
factors and use only a single sample to estimate the gradient of lower bound (S =1)
in two methods. As shown, the NAGVAC training method significantly improves the
performance of VAFC.
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Appendix B

Additional details and
results of Chapter 4

B.1 Additional results for section 4.4
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Figure B.1. SIM II: The true conditional variance (dashed line) and estimated conditional variance

(solid line) using the GJR model. (The figure is better viewed in colour).

B.2 Application to exchange rate data

This section reports the application of the RECH model to analyse the USD/GBP
daily exchange rates observed from 21/03/2001 to 01/03/2009%. We use the first

1000 observations for model estimation and the last 1000 observations for evaluating

8The dataset was also downloaded from the Realized Library of The Oxford-Man Institute
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B.2 Application to exchange rate data
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Figure B.2. SP500: The in-sample conditional variance of the GJR (dashed line) and SRN-GJR
(solid line) at all time steps. The bottom line shows the values of the recurrent component w; of

the SRN-GJR specification. (The figure is better viewed in colour).
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Figure B.3. SP500: The in-sample conditional variance of the EGARCH (dashed line) and
SRN-EGARCH (solid line) at all time steps. The bottom line shows the values of the recurrent
component w; of the SRN-EGARCH specification. (The figure is better viewed in colour).
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Figure B.4. SP500: Estimated residuals €; of the SRN-GJR and GJR models and their Q-Q plots.
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Figure B.5. SP500: Estimated residuals €; of the SRN-EGARCH and EGARCH models and their
Q-Q plots.

predictive performance. The SMC with likelihood and data annealing samplers are
used with the same setting shown in Table 4.2. We use realized kernal measures of the

conditional variance, available in the dataset, to access the out-of-sample performance

Page 141



B.2 Application to exchange rate data
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Figure B.6. SP500: Forecast conditional variance by the GJR (dashed) and SRN-GJR (solid)

models, together with the realized variance (dotted). (The figure is better viewed in colour).
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Figure B.7. SP500: Forecast conditional variance by the EGARCH (dashed) and SRN-EGARCH

(solid) models, together with the realized variance (dotted). (The figure is better viewed in colour).

of the RECH and GARCH-type models. The in-sample result (not shown here)
suggests that, unlike for the stock data, for exchange rate data GARCH performs the
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best compared to GJR and EGARCH. This is consistent with the study of Hansen and
Lunde (2005) who show that there is no evidence that GARCH is outperformed by
more sophisticated models on the DM /USD exchange rates. The in-sample result also
shows that SRN-GARCH outperforms GARCH, thus being the best model, in terms
of marginal likelihood. Table B.1 summarizes the estimation results from which we
draw the following conclusions. First, the marginal likelihood estimates show that
the RECH models fit the exchange rate dataset better than the GARCH-type models,
except for the SRN-EGARCH model. Second, the estimation results suggests that there
is possibly difference in the volatility dynamics of stock and exchange rate returns.
The GJR and EGARCH models do not fit the exchange data better than the GARCH
model, which is different to the results obtained for stock index datasets in Section
4.4.2. This is similar to the study of Hansen and Lunde (2005), showing that there is
no evidence that the GARCH model is outperformed by more sophisticated models
on the DM/USD exchange rate, whereas the GARCH model is clearly inferior to the
models equipped with leverage effects, e.g. GJR, EGARCH, in the analysis of the IBM
stock returns. Interestingly, the SRN-GARCH model still fits the exchange data better
than the GARCH model and is the best model in term of in-sample fitting compared
to other RECH and GARCH-type models.

Table B.2 summarizes the forecast performance measured by the predictive scores
discussed in Section 4.4, which suggests that the RECH models are able to improve

on their counterpart GARCH-type models in terms of volatility forecast.

B.3 Runtime of the SMC with likelihood annealing

sampler

As the SMC sampler is parallelizable, the running time depends on how we parallelize
the algorithm. For example, we can run the algorithm on a single multi-core machine
or multiple multi-core machines on a high performance computing cluster. Table B.3
shows the runtime of the SMC sampler, with M =1000 and M =10000 particles, for the
GARCH and SRN-GARCH models on a standard laptop with moderate specification:
Intel Core i7, 16GB RAM - 6 cores ~ 2.2GHz. In most of cases, using M =1000 particles

is sufficient to obtain consistent estimation results.

For comparison, the table also shows the runtime of the MCMC sampler for the
GARCH model by the R package bayesGARCH of Ardia and Hoogerheide (2010) with
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w o B 0% Bo B1 U1 (%) Mar.llh

GARCH 0.007  0.040 0.936 —777.7
(0.004) (0.012) (0.021) (0.659)

SRN-GARCH 0.032  0.942 0.006  0.075  0.011 -0.009 —774.3*
(0.012) (0.023) (0.004) (0.116) (0.305) (0.329)  (0.493)

GJR  0.012 0.034 0.909 0.022 —779.9

(0.013) (0.015) (0.054) (0.035) (0.513)

SRN-GJR 0.030 0.898  0.027 0.013 0.186 -0.013 -0.031 —777.5*

(0.017) (0.062) (0.039) (0.013) (0.144) (0.266) (0.326) (0.544)

EGARCH -0.047 0.091 0962  0.001 —780.7*
(0.066) (0.027) (0.052) (0.025) (0.734)

SRN-EGARCH -4.065 -0.529 0.832 -0.060 0207 0219 -0268 0.064 —783.6
(2.075) (1.335) (0.280) (0.299) (0.063) (0.128) (0.262) (0.327)  (0.480)

Table B.1. USD/GBP exchange rate: Posterior means (in bold) of the parameters with the posterior
standard deviations (in brackets). The last column shows the estimated log marginal likelihood with
the Monte Carlo standard errors in brackets, averaged over 10 different runs of the SMC using the
likelihood annealing algorithm. The asterisks indicate the cases when the Bayes Factors strongly

support the RECH models over their corresponding GARCH-type models.

PPS #Vio QS %Hit MSE; MSE, MAE; MAE, QLike R2Log

GARCH 0.827 17 0.018 0.017 0.029 0.228 0.099 0.169 -0.121 0.166
SRN-GARCH* 0.827 14 0.017 0.017 0.024 0.180 0.094 0.154 -0.128 0.159

GJR 0829 17 0.018 0.017 0.029 0225 0100 0169 -0.121 0.167
SRN-GJR* 0.829 15 0.017 0.017 0.024 0.178 0.094 0.154 -0.127 0.160

EGARCH 0.836 17 0.019 0.016 0.039 0297 0112 0196 -0.097 0.198
SRN-EGARCH* 0.843 15 0.017 0.017 0.028 0.194 0.107 0.178 -0.104 0.202

Table B.2. USD/GBP exchange rate: one-step-ahead forecast comparison. The bold numbers
denote the best scores. For each pair of the RECH and GARCH-type models, the asterisk indicates

the models having better forecast performance.

two different numbers of iterations N = 20,000 and N = 200,000, and the runtime of
the MCMC sampler for the SV model using the R package stochvol of Hosszejni
and Kastner (2020) with N = 50,000 and N = 500,000. It is important to note that,
unlike the MCMC sampler, SMC is parallelizable and hence its runtime can be reduced
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significantly when running on a computing cluster. In all of our examples, SMC was

run on a high performance computing cluster. ?, and be able to save approximately

80% of computational time shown in Table B.3.

SRN-GARCH
GARCH
SV

73

SMC bayesGARCH stochvol
M=1000 M=10000 N=20000 N=200000 N=50000 N =500000
475
154 38 405

24

133 1398

Table B.3. The runtime for the GARCH, SRN-GARCH and SV models for analysing the SP500

dataset, using various sampling methods. The runtime is in second.

9We use Artemis, the University of Sydney high performing computer cluster.
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Appendix C

Additional details and
results of Chapter 5

C.1 Bayesian inference and forecast for the LMSV model

Denote by x={x;=logy?, t=1,..., T} the series of log squared returns, the LMSV model

in (5.5)-(5.6) can be transformed to a stationary process with respect to x; as
(1-B)'®(B)zr = OB)n, n~N(0,07), t=2,..,7T, (C.1)
Xt = c+z+8, &~ (00%) t=12.,T, (C.2)
where ¢&; = log € —E[log €7] is i.i.d with mean zero and variance Ug, ¢ = log(x?) +

E[loge?]. The process x; is the sum of the long-memory ARFIMA (p,d,q) process z; and

a non-Gaussian noise, with E[x;] = c and the auto-covariance function (ACVF)
Yx(h) = Cov(xt, x4) = v(h) + (Té“‘h:o, (C.3)

where 1 is the lag number, (1) is the ACVF of the z; process and ¥, is an indicator

function which equals to 1 if # =0 and 0 otherwise. Breidt et al. (1998) estimate the

LMSV model by maximizing the Whittle log-likelihood (Whittle, 1953), defined as
(T/2]

fu(pe) =2nT ™ ) {log fonlaa) + L, } 4

where [-] denotes the integer part, = (d,(,i)l,...,qbp,é)l,...,Qq,(f,%,aé,c) is the vector of model

parameters, wy = 27tkT~! is the kth Fourier frequency, J(wy) is the kth normalized

periodogram ordinate

2 2
1 T 1 L
Jwr) = 5= <t§ X¢C0s wkt) +5 = (E xgsin wkt> , (C.5)

and fg, (wy) is the spectral density of the LMSV model in (C.1)-(C.2)
i 2
oy |© (e )] oF

p 27r|1 efzwk|2d|q)(efzwk)|2 27T

(C.6)
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The Whittle likelihood is an approximation of the time-domain likelihood and is exact

if the data are i.i.d. Gaussian.

Let 7tw (Bx) & Lw(Bx) p(Bx) be the posterior density based on the Whittle likelihood
Lw(Bx) =exp(Yw(Bx)), given the log of squared return series x = {x;, t =1,...,T}. To
sample from 7ty (By), we use an adaptive random walk MCMC method summarized
in Algorithm C.1, with the covariance matrix in the random walk proposal adaptively
scaled to target an overall acceptance probability of 25% Garthwaite et al. (2010). We
note that the vector of parameters f, in Algorithm C.1 does not include the constant
c in (C.2), which is simply estimated by the sample mean, i.e., c = %Zlext (Harvey,
2007).

Algorithm C.1 Metropolis-Hasting algorithm for LMSV model

Sample By~ p(Bx)
For each MCMC iteration:

1. Sample B/, from the proposal density q(B’|Bx)-

2. Compute the Whittle likelihood Ly (B) = exp(Ly(B)) with L4(+) defined in
(C.4).

3. Accept the proposal ), with the probability

min {1 Lw (B%) p(BY) 9(Bx|B%) }
"Lw(Bx) p(Bx) (BlBx) |

Given the samples of model parameters from the posterior density 7ty (Bx), Harvey
(2007) suggests a convenient way to obtain the estimated values of conditional variance
o? for the LMSV model as follows. Suppose that z; is a stationary process and denote
by X, and X the covariance matrices of z; and ;, respectively, then the covariance
matrix X of the log squared returns series x is X =X, + 2. The minimum mean square

linear estimator of the log volatility Z={Z;, t=1,...,T} is calculated as
z=(Ir— aéZ‘l)x’ - Uéz_ll, (C.7)

where I7 is the identity matrix of size T, ¢t is a T x 1 column vector of ones. As ¢; are
iid and serially uncorrelated, the covariance matrix Xz is Xz = 0’§IT. We note that
for a general ARFIMA (p,d,q) process, there is no closed form for the ACVEF «(h), and

hence covariance matrix X,, so approximations of 2, are needed, e.g. see Sowell (1992);
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Doornik and Ooms (2003). However, Hosking (1981) suggests exact ACVF for some
simple cases of (p,d,q) such as ARFIMA(0,4,0), ARFIMA(1,4,0) and ARFIMA(0,d,1).

Given the estimates of z; in (C.7), the conditional variance (th is computed as

G2 ="%exp(Z1),

where the scale factor %2 is estimated as

1 T
2=—Y 1, (C.8)
T =1

with y; =yrexp(—2z;/2) the heteroscredasticity corrected observations.

Denote by R the 1x T the vector of covariance between xry; and x, eg. R =
[Yx(1),...,7x(T)], the one-step-ahead forecast value of the log squared return is
calculated as (Harvey, 2007)

5C\T—|—1 = C+R271 (x — ClT)

The one-step-ahead forecast of the conditional variance is 07,1 =#%%exp(Xr1—c).

Table C.1 shows the estimation results of the LMSV model using a ARFIMA(1,4,0)
process to model the log volatility z;, with the vector of parameters By = [d,gbl,a,%,aé].
We also report the estimation of the scale factor « in (5.6) and the constant c in (C.2).
For the parameters ¢; and 0’%, we choose the priors to be similar to those of the SV
model as shown in Table 4.3. We use the same inverse-Gamma prior, as that of o2,
for the parameter O'é%. For the fractional integration parameter d, we set the prior
2d ~Beta(20,5). We run Nyicnvic = 100000 MCMC iterations of Algorithm C.1 and then

discard the first 10,000 iterations as burn-ins.

C.2 Particle filter and implementation details of the
DT-SMC sampler

Algorithm C.2 describes the particle filter for the SR-SV model where Z; = (Z},...,.ZN)
denotes the vector of particles at time t. The set of standard normal random numbers
U includes two sources of randomness: the set of random numbers {Utp wt=1,..Tk=
1,..,N} used to propose new particles in each time step, and the set of random

numbers {lltRk,t =1,...,T—1;k=1,..,N} used in the resampling step. For the resampling
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d ¢ a,% O'g K c
DAX 0442 0708 0.054 4933 1974 —1.616

(0.026) (0.082) (0.024) (0.170)

HSI 0431 0747 0052 5469 2047 —1.526
(0.030) (0.069) (0.021) (0.183)

FCHI 0434 0716 0062 5241 1984 —1.562
(0.029) (0.083) (0.029) (0.182)

SPX 0428 0.809 0040 5488 2017 —1.650
(0.035) (0.060) (0.016) (0.177)

TSX 0445 0714 0047 4964 1918 —1.493
(0.026) (0.084) (0.021) (0.160)

Table C.1. Applications: Posterior means of the parameters of the LMSV model with the posterior
standard deviations in brackets. We also report the estimation of the scale factor ¥ and the constant

C.

step, we use multinomial resampling, with sorting, to obtain the vector ancestor
indexes {AF | ,k=1,..,N} used to propose particles at time t. The sorting step helps
eliminate the discontinuity issues of the selected particles in the ordinary multinomial
resampling scheme (Gerber and Chopin, 2014). This sorted resampling scheme allows
the selected particles to still be close after being resampled and hence helps to reduce
the variability of the likelihood ratio estimator p(y1.7|6,u")/P(y1.7|6,u) shown in the
Algorithm 5.1 (Deligiannidis et al., 2018).

Variable Description Value
K Number of annealing levels 10000
M Number of particles 10000
N Number of particles in the particle filter 200
0 Correlation factor in the CPM algorithm  0.999
c Constant of the ESS threshold 0.800
Ncpm  Number of CPM moves 20

Table C.2. Implementation settings of the DT-SMC sampler.

The multinomial resampling scheme in step 2a and 2b generates the ancestor index
A’t‘_l,k = 1,..,N, from the multinomial distribution denoted as F(-|p,u) with p the

vector of parameters of the multinomial distribution and u the uniform random
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numbers used within a multinomial random number generator. We use the standard
normal cumulative distribution function ¥(-) in the resampling step to transform the

. —R
normal random numbers l,ItR_1 ; to the uniform random numbers, denoted as U;_1 4.

C.3 Additional results

This section provides the additional tables and figures discussed in Section 5.4.2.

T T T T T T T T T T T
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— s
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10 T T T T [T T T T T T
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—FCHI
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Figure C.1. Applications: Time series plots for the HSI, DAX, FCHI, SPX and TSX datasets.
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Algorithm C.2 Particle filter for the SR-SV model
Input: T,N,y1.7,0,U = (U{ ..., UT ULy, U )

1. Attime t=1,

(a) for k=1,...N, initialize the particles (H’f,q'f,Z’l‘), e.g. Hi‘ =0, as the SRU

unit initially has no memory, and

m = Po+oliy
zy = ot

(b) compute and normalize the weights

zk zk
w(zh) = PUESUNE) g, 2
q0(Zi|y1)
w1 (Z5)

Z%:l wy(Z7")

Wi
(c) compute the estimated likelihood p(y1|6) as
_ 1Y ‘
Pnlo,U) = < ) wi(Zy).
k=1

2. Attimes t=2,...,T,

(a) sort the particle vector Z;_; in ascending order to obtain the vector of
sorted particles Z; 1 = (72_1,...2?]_1). The sorted index vector associated
with Z;_; is denoted as I;_; = (I}_l,...,ltl\i 1)- In this setting, we have the
relation Z];_l = Ztli’ll with k =1,...,N. Use the sorted index vector I;_; to

define the vector of sorted weights (W}_l,...,Wi\j_l) such that

Tk If
Wi = W5

(b) sample AF | ~ F (- ]Wf,l,Uf,Lk) where Uffl,k :‘P(uﬁl,k) fork=1,...,N.
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(c) for k=1,...N, generate particles ZF by

k
xt—l — [W?t 1 Z tl]
Ak
Hf = SRU(x;_1,H,'}")
= 50+51Hf+aufk

Zi = ’7t+</’Zt1

and set Z¥ = (Z1; —,Z5).

(d) compute and normalize the weights

Ak
fo(ZF1Z, 1) g0 (ye|ZE)

wi(Ziy) = o =8z
qa6(Z¢yt, Zt—tfl)
Zk
Wi o)
Z 1wt( 1t)

(e) compute the estimated likelihood p(y¢|y1.+—1,0) as
P(yely1e—1,0,U) = Zwt Z5y)-

Output: Estimate of the likelihood

T

p(y1r16,U) = p(yal6, U) [ [ P(yily1.e—1,6, U).
=2
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Figure C.2. HSI: (Top) The filtered log conditional variance of the SR-SV and SV models. (Middle)
The filtered values of #; and h; of the SR-SV model. (Bottom) The in-sample data. (This is better

viewed in colour).
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Figure C.3. DAX: (Top) The filtered log conditional variance of the SR-SV and SV models. (Middle)
The filtered values of #; and h; of the SR-SV model. (Bottom) The in-sample data. (This is better

viewed in colour).
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Figure C.4. FCHI: (Top) The filtered log conditional variance of the SR-SV and SV models. (Middle)
The filtered values of #; and h; of the SR-SV model. (Bottom) The in-sample data. (This is better

viewed in colour).
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Figure C.5. TSX: (Top) The filtered log conditional variance of the SR-SV and SV models. (Middle)
The filtered values of #; and h; of the SR-SV model. (Bottom) The in-sample data. (This is better

viewed in colour).
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Measure PPS MSE; MSE, MAE; MAE, OQLIKE R?’LOG Count

SV 1368 0099 0763 0234 0485 0853  0.423 0
(0.000) (0.000) (0.001) (0.000) (0.000) (0.000)  (0.000)

BV N-SV 1368 0.099 0769 0234 0487 0850 0422 0
(0.000) (0.001) (0.003) (0.001) (0.002) (0.001) (0.002)

LMSV 0108 0805 0245 0501 0862 0435 0

SRSV 1365 0.09 0745 0220 0452 0847  0.386 7
(0.000) (0.000) (0.001) (0.000) (0.001) (0.000)  (0.001)

sV 0094 0582 0237 048 0810 0443 0
(0.000) (0.002) (0.000) (0.000) (0.000)  (0.001)

MedRV ~ N-SV 0094 0585 0238 0489 0810  0.447 0
(0.001) (0.004) (0.001) (0.002) (0.001)  (0.002)

LMSV 0099 0612 0245 0504 0.825  0.467 0

SR-SV 0.088 0.580 0.227 0.462 0807 0417 6
(0.000) (0.001) (0.000) (0.001) (0.000)  (0.001)

sV 0126 0994 0268 0558 0.858  0.581 0
(0.000) (0.001) (0.000) (0.000) (0.000)  (0.001)

RKV  N-SV 0126 1.001 0269 0559 0854  0.581 0
(0.001) (0.003) (0.001) (0.001) (0.001)  (0.002)

LMSV 0135 1.023 0279 0578 0878  0.603 0

SR-SV 0116 0974 0254 0516 0.851  0.538 6
(0.000) (0.001) (0.000) (0.000) (0.000)  (0.001)

SV 0107 0909 0239 0501 0.859 0442 0
(0.000) (0.001) (0.000) (0.000) (0.000)  (0.001)

RV N-SV 0108 0915 0239 0503 0855 0441 0
(0.001) (0.003) (0.001) (0.002) (0.001)  (0.002)

LMSV 0115 0936 0250 0527 0.875  0.464 0

SR-SV 0.098 0.889 0223 0462 0.851  0.400 6

(0.000) (0.001) (0.000) (0.001) (0.000) (0.001)

Table C.3. DAX data: Forecast performance of the SR-SV and benchmark models using different

realized measures. In each panel, the bold numbers indicate the best predictive scores.
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Measure PPS MSE; MSE, MAE; MAE, OQLIKE R’LOG Count

SV 1131 0069 0497 018 0319 0359  0.390 1
(0.000) (0.000) (0.001) (0.000) (0.001) (0.001)  (0.001)

BV N-SV 1130 0067 0499 0.182 0313 0357 0376 0
(0.000) (0.000) (0.001) (0.000) (0.001) (0.001)  (0.002)

LMSV 0076 0516 0205 0343 0370 0423 0

SRSV 1127 0.060 0504 0152 0261 0355  0.294 5
(0.000)  (0.00) (0.002) (0.000) (0.000) (0.000)  (0.001)

sV 0066 0371 0191 0317 0347 0435 0
(0.000) (0.001) (0.000) (0.001) (0.000)  (0.001)

MedRV ~ N-SV 0065 0370 0.188 0312 0344 0423 1
(0.001)  (0.000) (0.001) (0.000) (0.001)  (0.002)

LMSV 0073 0396 0207 0335 0356  0.469 0

SR-SV 0.059 0389 0164 0272 0341  0.338 5
(0.000) (0.001) (0.000) (0.001) (0.000)  (0.001)

SV 0100 0740 0230 0385 0366  0.665 1
(0.000) (0.001) (0.000) (0.001) (0.001)  (0.001)

RKV ~ N-SV 0098 0741 0226 0380 0364  0.648 0
(0.000) (0.002) (0.001) (0.001) (0.000)  (0.002)

LMSV 0.112 0764 0246 0405 0380  0.744 0

SR-SV 0.087 0748 0194 0323 0360  0.519 5
(0.000) (0.002) (0.000) (0.001) (0.000)  (0.001)

sV 0069 0522 0186 0318 0367  0.390 1
(0.000) (0.001) (0.000) (0.001) (0.001)  (0.001)

RV N-SV 0068 0524 0181 0311 0365 0374 0
(0.000) (0.001) (0.000) (0.001) (0.001)  (0.002)

LMSV 0077 0552 0204 0353 0386  0.419 0

SR-SV 0.060 0530 0150 0258 0361  0.291 5

(0.000) (0.002) (0.000) (0.000) (0.001) (0.001)

Table C.4. HSI data: Forecast performance of the SR-SV and benchmark models using different

realized measures. In each panel, the bold numbers indicate the best predictive scores.
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C.3 Additional results

Measure PPS MSE; MSE, MAE; MAE, OQLIKE R?LOG Count

SV 1384 0108 1076 0235 0504 0863 0426 0
(0.000) (0.000) (0.001) (0.000) (0.001) (0.000) (0.001)

BV N-SV 1383 0108 1.086 0234 0507 0860  0.420 0
(0.000) (0.000) (0.002) (0.000) (0.001) (0.000)  (0.001)

LMSV 0118 1.104 0246 0527 0.872  0.469 0

SRSV 1381 0.095 1057 0210 0.448 0856  0.354 7
(0.000) (0.00) (0.001) (0.000) (0.001) (0.000)  (0.001)

SV 0100 0670 0238 0500 0.833  0.543 0
(0.000) (0.001) (0.000) (0.001) (0.001)  (0.002)

MedRV ~ N-SV 0100 0672 0237 0501 0832 0538 0
(0.000) (0.002) (0.001) (0.000) (0.000)  (0.001)

LMSV 0112 0695 0247 0513 0.849  0.582 0

SR-SV 0.090 0.665 0216 0452 0.828  0.472 6
(0.000) (0.001) (0.000) (0.000) (0.000)  (0.001)

sV 0158 1271 0301 0624 0901  0.750 0
(0.000) (0.001) (0.000) (0.001) (0.000)  (0.002)

RKV ~ N-SV 0159 1285 0301 0628 0.896  0.745 0
(0.000) (0.002) (0.000) (0.000) (0.000)  (0.001)

LMSV 0168 1332 0315 0656 0908 0815 0

SR-SV 0139 1229 0275 0.562 0.890  0.645 6
(0.000) (0.001) (0.000) (0.000) (0.000)  (0.001)

SV 0103 0908 0232 0495 0877 0411 0
(0.000) (0.001) (0.000) (0.000) (0.000)  (0.001)

RV N-SV 0103 0920 0232 0498 0873  0.404 0
(0.000) (0.002) (0.000) (0.001) (0.000)  (0.001)

LMSV 0113 0945 0245 0521 0.884  0.449 0

SR-SV 0.090 0.880 0209 0440 0.869  0.340 6

(0.000) (0.001) (0.000) (0.000) (0.000)  (0.001)

Table C.5. FCHI data: Forecast performance of the SR-SV and benchmark models using different
realized measures. In each panel, the bold numbers indicate the best predictive scores and the model

with highest count of best predictive scores is preferred.
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Appendix C Additional details and results of Chapter 5

Measure PPS MSE; MSE, MAE; MAE, OQLIKE R’LOG Count

SV 1.004 0074 0904 0192 0295 0106  0.542 0
(0.001) (0.000) (0.002) (0.001) (0.001) (0.001)  (0.003)

BV N-SV 1.003 0074 0902 0192 0294 0105  0.543 1
(0.000) (0.000) (0.002) (0.001) (0.001) (0.001)  (0.002)

LMSV 0091 0965 0217 0331 0197  0.676 0

SRSV 1.001 0.069 0900 0181 0273 0107 0517 6
(0.000)  (0.00) (0.001) (0.000) (0.001) (0.001)  (0.001)

sV 0074 0289 0210 0310 0098  1.052 0
(0.000) (0.001) (0.001) (0.001) (0.001)  (0.002)

MedRV ~ N-SV 0073 0291 0210 0309 0098  1.044 0
(0.000) (0.002) (0.001) (0.000) (0.001)  (0.001)

LMSV 009 0360 0239 0353 0209  0.839 0

SR-SV 0.069 0287 0201 0291 0098  0.985 5
(0.000) (0.001) (0.000) (0.000) (0.001)  (0.001)

SV 0096 0349 0246 0357 0.134 0987 0
(0.000) (0.001) (0.000) (0.001) (0.000)  (0.002)

RKV ~ N-SV 0096 0347 0246 0355 0.134  0.991 0
(0.000) (0.001) (0.001) (0.000) (0.001)  (0.001)

LMSV 0.110 0392 0263 0378 0220  1.120 0

SR-SV 0.089 0341 0236 0336 0131  0.951 6
(0.000) (0.001) (0.000) (0.000) (0.000)  (0.001)

sV 0087 1370 0206 0319 0118  0.625 0
(0.000) (0.002) (0.000) (0.000) (0.001)  (0.002)

RV N-SV 0087 1368 0206 0317 0117  0.627 1
(0.000) (0.002) (0.000) (0.001) (0.001)  (0.002)

LMSV 0100 1418 0224 0342 0195  0.742 0

SR-SV 0.081 1363 0195 0295 0119  0.597 5

(0.000) (0.002) (0.000) (0.000) (0.001) (0.001)

Table C.6. TSX data: Forecast performance of the SR-SV and benchmark models using different

realized measures. In each panel, the bold numbers indicate the best predictive scores.
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