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SUMMARY

The problem considered is that of a swept wing, cither
conical or cylindrical, of arbitrary section, under any system of
bending and torsion loads. The wing is assumed to consist of a
non=buckling outer skin, a sorios of booms located along generators
of the tubo, and a soriocs of closely spaced ribs all parallol to
the root scction. The ribs are assumed to be rigid in their own
planes but to offer no resistance to warping out of their planes.
No rostriction is placed on either the taper or the swoep of the
wing.

Tho theory is doveloped in goneral terms, for arbitrary
wing scction, arbitrary variation of stress boaring area over the
tube, and arbitrary applied loads. The fundamental equations are
¢xprossed in torms of a stross function which is found to satisfy
a complicated integro=differontial equation. Analytical solutions
of this equation aro obtained for certain simple types of tube and

applied load by a process conslsting essontially of separation of

the variables,
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Thoso solutions in somo cascs lead to formulac cxactly
analagous to thoso of tho simplo theorios of bending and torsion
for an unswopt wing. Thoy aro slightly more complicated than the
lattor formulac, in that thoy show an intoraction botween bonding
and torsion which is charactoristic of this typo of wing.

The Appondix givos dotailed numerical applications of tho
theory to a highly taporod unswopt four boom tube of rectangular
cross scction, with a completely constrained root section, undor
varying beonding momont and torquo. It is shown that whon the tapor
is large the root offect is of prime importance and the analysis of

a delta wing would thereforo be very tedious,
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INTRODUCTION :

In recent years considerable attention has been glven to
the use of swept back wings for high speed aeroplanes, tho reason
being primarily an aerodynamic one concerned with comprossibility
offocts. Such wingsmay be divided roughly into two classese. In
the first type, both the leading and tralling cdgcs of the wing arc
swept through approximately the samc angle so that, although the
swoop may be large, the taper of the wing i1s only slight. In the
sccond typc, known as a delta wing, the leading odgoe is highly swept
but the trailing edge i1s more or less unswept so that both thc taper
and the "average" sweep arc large.

Consider for the moment only tho first type, that 1is, 2
highly swcpt but slightly taperod winge We may considor this to be
derived from g corresponding unswept wing in ono of two ways.
Fig.l(a) shows the plan view of a conventional unswept wing and

{3indicatos the directions of the internal ribs which maintain the

?ﬁore and aft sectlion of the wing. If this wing 1s rotated bodily

;&bout a vertical axls through the point A it will take up a position
as shown in Fig.l(b)e. The addition of a "root trianglo" thon gives
o swept wing in which the ribs are morc or loss porpondicular to the
lecading cdgee. However, an alternative procedure would be to shear
the unswept wing backwards until it takes up a position as shown in
Figsl(c)s This gives a swept wing in which the ribs are parallol
to the root soction. Therc is of course an infinite number of
intermediate directions for the ribs, but the configurations shown
in Figs.1(b) and 1(c) illustrate the two oxtremos and probably the
two most likely rib dircctions.

As far as the first type, Fig.l(b), is concerned, it is
clear that, away from the root, conventional wing stressing methods,
based on the concopt of a floxural axis, will apply. The treatment
of the root triangle is a problem in stress diffusion which may
present difficulties in determining tho strossos in the vicinity of

the root but will have little effect on the behaviour of the wing
as a wholc, AV-§
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However, if the ribs are all parallel to the root section
as in Fig.l(c), the mode of deformation of the wing may be changed
considerably, depending upon the spacing and the stiffness of the
ribs. The limiting case occurs when tho ribs arc infinitely closely
spaccd and have an infinitc stiffness in their own plenes so thet
all scctions of the wing parallel to the root section retain theoir
original shapo undcr load.

Thorc scems to bc no definite opinion as to which rib
dircction is the most desirable, particularly from an aoroclastic
point of viows It has been pointed out by Collar (Rof.4) that with
ribs porpendicular to the loading cdge, as in Figel(b), the floxural
stiffnoess may bo just as important as the torsional stiffness in
determining tho critical acroclastic specds, such as tho ailcron
roversal spood. Applying this ideca in very goneral torms to Figel(c)
1t may well be that the acroclastic properties would be improved by
having the ribs parallcl to thc root scction. However, beforo any
retional conclusion can bc reached it is neccssary to derive a theay
from which tho strossos and deformations in a wing of this type
under any given system of loads can be detormined. Such is the aim
of tho analysis givon in the subscquent pagos.

To simpiify tho problem tho limiting casc of infinitely
closcly spaced ribs parallel to tho root scction, complotely rigid
in thelr own planos but offoring no resistance to warping out of
their plancs, is taken. Apart from the ribs, the wing is assumed
to be either a swept cylinder or a swopt cone of arbitrary section,
consisting of a non=buckling outer skin, together with a seriocs of
booms, or concontrated tension members, of the same material as tho
skin and located along generators of the tube. If the skin 1is
stabiliscd by stringers these arc considered under the genoral
heading of boomss No rostriction is placed on cithcr tho swecep or
the taper of the tubc which mcans that the theory is applicable not
only to highly swept and slightly tapered wings but also to wings of
tho dolta typc with ribs parallol to the root scctione
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At this stage 1t 1s worth considering the problem in
perspectives, The tubes which are being analysed here are all part
of a broad class, being defined completely in their extorlor shapo
by tho shapo of the root section, which we may take in a fixed
roferoncc planc, and by tho position of the apox of tho conos Tho
structurc inside this outor surfacoc consists of skin, booms and ribs
of tho typo previously doscribed. If the porpendicular distance of
tho apox from tho root section is large in comparison with tho
dimonsions of the root scction the tube may be said to bo slightly
taporeds A cylindrical tube can be rogardod as tho limiting casc of
a conical tubo as tho apox is takon to infinity in a dircetion which
dofinos tho swoep. Convontional wings in which both tho taper and
tho swoop arc small may boe dofinod as thosc in which tho anglo
botweon any generator and the perpendicular to tho root scction is
small cnough for its cosine to bo takon as unity. This lattor group
has beon oxhaustively treatod by Hadji=Argyris and Dunno (Rofs.1,2,3)
and the prosont analysis can be looked upon as an oxtonsion of thoir
work to the wholo class of tubes fitting into this broad picturc.

In thinking of the deformations of this type of tubo tho
conventlional idoas of twist and bonding must be rovised. It is cloer
that the only soctions which will retain thoir original shape under
load arc tho rib scctions. Consequently the displacoments of any
point on the surface of tho tube can be defined by tho rigid bedy
movoments in the plane of the rib passing through the point togothor
with o warping displacoment perpendicular to tho plane of the rib.
Tho rigid body movemonts will vary from rib to rib so that tho
"twist" of tho tube may be regarded as the relative rotation of
adjacent ribs about an axis porpondicular to the root seetion. In
a similar way wo can think of "bonding" as being brought about by
reclativo displacements of the »ibs in a dircction parellel to the
root scction and "curvatures" can bo dofined on this basis.

To fit in with thosc dofinitions of twist and bending we

mist rogard o "torquo" as a couplo appliod about an axis porpendicule
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ar to the root section and "bending moments" as couples applied about
axes parallel to the root section.

With these definitions in mind it will be evident that if
a pure torque is applied to the wing shovm in Fige.l(e), tho tubo
will not only twist but will also bend. Similarly, if a pure
bending moment is applied, about a horizontal axis say, the tube
will both bond and twist. This interaction betwecon torsion and
bending is characteristic of wings of this type and, in thec author!s
opinion, constitutes tho fundamontal difforenco botwoon a swopt and
an unswept wing. This fact can indeod be used as a dofinition of
on unswopt winge. Tho mathomatical conditions to be satisfied aro
derivod in §'5.2, the rosults of which are in offoct an oxtonsion of
tho simple theory of bending and torsion and clearly show the inters
action betwecon tho two types of deformation. It will also bo clear
from tho above romarks that thore is no such thing as a floxural
axls for this typo of wing.

A point of comparison botween tho two wings shown in
Figsasl(b) and 1(c) which is worth cmphasising is that in Fig.l(b)
thero 1s a discontinmuity of structure in passing ovor tho scction AB
into tho root trianglc so that an analysis of this typo of wing must
necossarily bo divided into two parts. 1In Figel(c), however, no
such discontinuity cxists so that tho analysis will be valid right
up to the root secction.

We now turn to a comparison of the two rib dircctions from
the point of viow of aoroclastic phonomenae Collar (Rof.4)
discussod the aoroclastic offocts of sweepback on the implied
assumption that the ribs wore perpendicular to the leading odge, as
in Figel(b), and rigid in their owm planoss This leads naturally to
the idea of using the section perpendicular to the loading edge as
tho basic acrofoil scction of the wing, since during deformation this
soction only changos incidence without distorting. Conscoquently tho
total air spood in the horizontal plano 1s rosolved into a componcnt

borpendicular to, and ono in the direction of, the lecading edgo.
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In an infinltely stiff wing this latter component would have little
effect on the aerodynamic forces, (This is strictly true only in
the case of a yawed two~-dimensional aerofoil but can be expoctod to
be reoasonably true away from tho root triangle of a threo dimonsion-
al wing. Since aeroclastic phonomena are concerned primarily with
redistributions of aerodynamic forces noar tho wing tips tho root
cffoct can bo ignored.) Howover, if tho wing bends (in tho
convontional sonso) the componont in the horizontal plano parallol
to tho undistorted loading edge would have a component perpendicular
to tho distorted leading odge and this would produce an cffective
incidonce change quite apart from that duoc to twist of tho winge.
Collar thercfore concludes that thoe floxural stiffnoss of the wing
plays Just as important a part as torsional stiffnoss in determining
the control characteristics at high speedss A low flexural stiff=-
ness has an adversc offect both on the aileron or clovon revorsal
spoced and on the longitudinal stability, the lattor being probably
the most important. This fact complicates considerably tho stiff-
noss critorion for a swopt wing with ribs berpendicular to tho
leading odgo.

If a similar analysis of a wing of the type shown in
Figsl(c) is mado, wo sooc first that tho basic aerofoil soction must
be takon as that parallel to tho root section. Since tho total air
flow 1s parallcl to this section it is clear that bending of tho
wing, as defincd proviously, will have no effect on tho aileron
roeversal spoed or on the longitudinal stability of tho aircraft.
It is not possiblec to say, from a general argument such as this,
which rib dirocction would give tho bost acroelastic proporties sinco
welght saving would play a part in deciding this question. The
analysis given in this paper doos howover provido a foundation on
which a rational treatment of the problem can be based,

In calculating the doformations of a conventional unswopt
wing under load, tho methods almost invariably usod in practice

depend on an application of simple bonding thcory and the Brodt=Batho
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theory of torsion. These theories, however, are exact in very few
casess The simplest requirements for their validity are as follows:-
(a) tho tube section (both éxternal and internal) is constant
along the length;
(b) tho bonding moment and torque arc constant,
and (¢) aro appliod to the ond sections by strosses distributed in
a proscribed manncr,

If thoso conditions arc satisfiod an originally planc
cross soction of the tubc in general warps out of its planc, and all
soctlions warp identically. If, however, the soction, tho bending
moment or tho torque varics along tho tubo, as happens in practico,
the various scctions tond to warp by difforont amounts with tho
rosult that, in ordor to have compatiblo displacoments, the strosscs
arc rodistributed and the simple thoorics are no longor exact, This
offoct will be folt over the wholo tube. Similarly, if the loads
are appliod to the cnd soctions by a stress distribution other than
that prescribed by the simple thoory there will cxist an additional
solf=cquilibrating stress system which will have its greatest mag-
nltude at tho onds and decay towards the contre of the tubo. In
spito of theso inexactitudes, howover, the simple theories arc still
applicd,

Tho analysis given in this paper takes all thesc offocts
into account but, in tho process, formulao exactly analagous to
those of the simplo theory of bending and torsion are derived.

These are given in § 3.2 for a conical tube, and in 86 for a
cylindrical tubo. The formulac for a conical tube are valid if the
skin thickness remains constant along any generator with all boom
arcas and the bending moment and torque varying 1incar1y from zeoro
at the apex to a maximum at the root. The corresponding formuleo
for the cylindrical tube are truc if the section, the bending moment
and tho torque remain constent along the length of the tubc. Both
sets of formmulac dopend upon tho loads being appliod to theo end

soctlons in a prescribed manncr,
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In view of the fact that simple bending and torsion theory
is used so widely for unswept wings, even when it is not strictly
applicable, it is felt that a similar use could be made of these
corresponding formulae for a slightly tapered swept wing, at loast
as far as thc calculation of deformations which detormine the
aoroclastic propertios is concorned.

For a highly tapcrcd tube, such as a delta wing, the
position 1s not so simple. Thoro thc somi-span is of tho samo order
of magnitude as tho root chord and the disturbances arising from the
root do not dccay rapidly towards the tip. No simple formulae can
bo cxpocted to give a roasonably exact knowledge of the stresscs and
deformations, and tho calculation of the critical aeroelastic spceds
would bc very tedious. This coffoct is cloarly shown by the numerical
work described in tho Appendix. The tube considorod is highly
tapored but unswopt and it is shown that the solf=equilibrating stress
systems arising from the root constraint are of prime importance
throughout the whole tube.

It might be expocted from tho preoceding discussion that
the rosults for a swept cylindrical tube could be obtained as tho
limiting casc of those for a conical tubo as the apox is takon to
infinity. Howcver, the coordinate system which was found most con-
veniont for a cylindrical tubc is not casily derived as the limiting
casc of the system for a conlcal tubc. Consequently, in é;l, which
gives the fundamental oquations applicable té any load distribution,
tho two types of tube are considored side by sides Equations which
correspond oxactly in the two cases bear the same number, followed
by a letter "a" if they refer to a conical tube, and by "b" if they
refer to & cylindrical tube. Thus, equations (12a) and (12b)lfof
example are corresponding equations for conical and cylindrical
tubes respectively.

In succoeding sections, which deal with solutions of the
fundamental cquations for the two types of-tube, tho oquations aro

numbered consecutively without any accompanying lettors.
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NOTATION
SYMBOL CONICAL TUBE CYLINDRICAL TUBE
X ;¥ »2 An orthogonal R.H.system An orthogonal R.H.system
°© ©" 2 | of axes with origin O at of axes with origin 0 at
the apex of the tube. The any point in the tip sect~
Z, axls is perpendicular to ! ion. The z, axis is per=-
the rib planes and x,y, - pendicular to the rib
are any two axes forming an | planes and y, is parallel
orthogonal R.H.system with to the plane of sweep.
ZO. (Fig.B) (Fig.f).
Z The constant z_, coordinate
of the root section.(Fig.2) -
Oz An axis parsasllel to the
generators with origin at
e oint 0 in the tip section
Fig.:ﬁ)-

X,y The x,,y, coordinates of A pair of coordinate axes
any poin% on the periphery parallel to Ox,,y, with
of the root section.(Fig.2) | origin at the point of

intersection C of the axis
Oz with gny rib plane.
(Fig.3)
p = Zc/z (Fig.z) -
s Clockwise distance round Clockwise distance round
the periphery of the root the periphery of any rib
section ?Fig.z) section, measured from a
fixed generator.(Fig.3)
r = (£ + y2+ )" Length of
8 generator from the apex | = = wc--a
to its point of intersect-
ion with the root section.
L | eeee- Angle of sweep, i.e. the
angle between 0z, and Oz,
(Fig.3)
v Angle between the positive directions of s and Ve
(Figs.2, 3).
P = (xcos¥ =~y sin¥ ) — see Figs.2 and 3.
A = (x sinV +y cosY ) —— gee Figs.2 and 3.
_ %2, 2\
n=a(r-B)RE D)
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NOTATION =~ Continuod.

[ ey

SYIBOL CONICAL TUBE CYLINDRICAL TUBE
A Aree enclosed by root sect=- Area cenclosed by any rib
ion. section.
A Lrea swept by radius fron Lrea swept by radius fron
b5 the point of intersection G, the point of intecr-
of 0z. with root section section of 0Oz with any rib
as its ond moves over dis- section, as its end moves
tance s. ovei distance s.
X,V The x,y coordinates of the centroid of the areca 4.

[ sm, 41,

[APS P o

Z.-! sm',n?

W

ingle in thoe tangent plane between the generator and the
?angen? to the rib at any point on the tube surface.
Fig.4).

Direct%on cosines of a gonerator, rcferred to Oxo,x),zﬂ.
(Figed)s X

Direction cosines of a line in the tangent planc por=-
pendicular to the tangent to the rib at any point on theo
tube surfoce.(Fig.4).

Direction cosines of a line in the tangent plene pers=
bendicular to thc goncrator at any point on the tubeo
surface (Fig.4).

Number of booris in the tube section.

Number of walls in a rmlti=cell tube secction.,

Young's modulus.

Modulus of rigidity.

Poisson's ratio.

= B/(1 -)42).

Skin thickness.

Defined by cquation (48). Defined by equation (148).

Cross sectional area of the mth boonie
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NOTATION - Continued.

SYMBOL CONICAL TUBE CYLINDRICAL TUBE
B! Value of B, at p=l. Value of B, at z=0.
m
U,V Displacements in the x_,y, Displacements in the x_,y¥,
directions of the point of directions of the point of
intersection of the axis Intersection C of the axis
OzO with a rigid rib. 0z with a rigid rib.
o Clockwise rotation of a rigid rib in its own plane.
w Displacement in the z, direction of any point on the
tube surface.
v Displacement in the direction of s of any point on the
= tube surface.
w Displacement in the tangent plane in a direction pers=
P pendicular to s of any point on the tube surface.
w Displacement in the direction of the generator of any
J point on the tube surface.
w" That part of w corresponding to warping of the ribs out
of their own planes.
U,V,0 Curvature and twist constants, defined as required in the
textu
I Shear strain of the skin referred to directions along and
perpendicular to s (Fig.4).
£ Linear strain of the skin in a direction perpendicular
to s (Figo‘g:)o
ES Linear strain of the skin along the generators (Fige4).
q = GtT . Shear flow in the skin in directions parallel
and perpendicular to s (Fig.5).
i = E't € . Direct stress flow in the skin in & direction
perpendicular to s (Fig.5).
o] Shear flow in the skin in directions parallel and
3 perpendicular to the generators (Fig.5).
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SYNMBOL CONICAL TUBE CYLINDRICAL TUBE
£ Direct stress flow in the skin perpendicular to the
g generators (Fig.5).
P = E & B + Tensile force in the mth boom.
j 1
R Total applied force at any section in a direction normal
to the ribs.
S, s Sy Shear forces at eny section along the x and y axes.
Mﬁ’ My Bending moments at any section about the x and y axes.
T Torque at any section Torque at any section
about the axis 0z about an axis parallel to
0z, and passing through C.
Ns & Defined by equations (95) Defined by equations (203)
¥ and (96). and (204).
§J §x=§d Defined by equations (104). | Defined by equations (208).
Ay sy Ay } Defined by equations (105). | Defined by equations (209).
TGy Ly
F Stress function.
Function of s )
) quantities involved in particular
P A constant ) stress functions.,
c, D Constants of integration.
J ,Wp Functions defined by -
f equations (131).

Suffixes i,]

Suffix m

Suffix m,m+1

refer to values associated with the ith and jth
eigenvalues.

refers to values associated with the mth boom.

refers to the value at the mth boom in the wall
Joining the mth and (m+l)th booms.



16.
$1. FUNDAMENTAL EQUATIONS FOR ARBITRARY LOAD DISTRIBUTION :

11, Coordinate systems :

In the analysis for both conical and cylindrical tubes
it is necessary to use two different coordinate systems for locating
a point on the surface of the tube. In each case the first system
refers to an orthogonal set of axes, and the second system defines
the generator and the rib intersecting at 'the point. It is con-
venient to consider the two cases separately.

(a) Conical tubes.

Let X 2V, 92, be a right handed orthogonal set of axes, as
shown in Fig.2, with origin O at the apex of the tube., The axis
z_ 1is perpendicular to the rib planes and X, 27, 2are in any other
directions perpendicular to %z, and to each other. We may define any
rib section by z, = constant, and in particular the root section
corresponds to z_ = Z, where Z is a constant equal to the perpendic=
ular distance from the apex to the root section.

Further let x,y be the coordinates referred to the axes
X, 27, of any point on the root section, and let s be the distance
round the periphery of the root section. Then any generator may be
defined by the coordinates (x,y) or s of its point of intersection
with the root section. Also, if B, = pZ, any rib section may be
defined by p = constant, the root section being p = 1. Hence it
will be seen that any point on the surface of the tube may be
located by the coordinates (x,y,p) or (s,p), defining the generator
and the rib intersecting at the point.

1t should be noted that the operators ¥/dp and d/ds in
the sﬁbsequent analysis refer to variations along a generator and
round the periphery of a rib section respectively.

Since all rib sections are similar in shape to the root

section the two coordinate systems are related by

X 2
—2 = -'Xg- =-—°- --p . @ . . *. & 8 ® . . . l'(l)

% ¥ Z
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(b) Cylindrical tubes.

Let X, Yor 2o be a right-handed orthogonal set of axes,
as shown in Fig.3, with origin at any point O in the tip section.
The axis 2 is perpendicular to the rib planes and v, is parallel to
the plane of sweep, so that all the generators are parallel to the
plene containing the axes ¥, and 2.

Now let z be an axis parallel to the generators of the
tube and with its origin at the point 0. Let this axis intersect a
given rib section at the point C, so that OC = z. Then the length
of any generator from the tip section to its point of intersection
with the given rib section is also equal to z, and we may therefore
define a rib by z = constant. To locate a point completely we need
its position on the rib and for this purpose we take two new axes
Cx and Cy with origin at the point of intersection C of the z axis
with the rib plane and parallel to Ox_, and Oy, respectively. Also
let s be the distance round the periphery of the rib. Then we may
define the position of any point on the tube surface by (x,y,z) or
(sy2), the coordinate z defining the rib and x,y or s the generator
intersecting at the point.

The operators d/9z and 3/3s refer to variations along
a generator and round the periphery of a rib section respectively.

The angle ol between z and z, is called the angle of
sweep, and the two coordinate systems are related by the equations

X =X

o Wor =3

T+ 2 8l  seveess D)

L L W A P
P
il

)
¥y = yo - z_ tandl i or
)

2 =2z sec! z cosol

3]
I

§1.2 Geometm:

In a conical tube all rib sections are similar in shepe
to the root section (p=1), the linear dimensions being in the ratio
p« Consequently the geometry of the whole tube may be defined simply
by the geometry of the root scction. Let W in Fig.2 be the angle



18,
between the tangent to the periphery of the root section and the
axls y , and let p be the longth of the perpendicular to this tane

gent from tho axis Z., SO that

Sinl}'=g—§., COSW'—"% ..'l'lll.(a)
P=(xcos ¥ =y sin ¥ ) s % 0 6w w el

Further lot A bo the distance botwoen the foot of the perpcndicus=
lar and tho point of tangency so that
A= (xsin¥Y + 3 cos ¥ ) v g e a s o (D)

In the caso of a cylindrical tube the angle WV in Fig.3
1s dofined as the angle botween the tangent to the poriphery of any
rib seoction and tho axis ¥.» whilst P 1s the length of the
porpendicular to this tangent from the point C (the intorscction of
the z axis with the rib plane). The distance between tho foot of

this porpondicular and tho point of tangeney is A o+ It will bo

soon from a comparison of Figs.2 and 3 that equations (3), (4) erd
(5) arc still applicablo.

Wo now considor the dirocctions of various linos lying
in the tangont plano at any point A on tho surfaco of tho tubc. It
should bo noted that this planoc will be tangontial to tho surface
at all points on tho genorator through A.

Roforring to Fig.4, the line AT is the tangent to the
rib through A, the line AG is a gonerator, and AP and AQ are
perpendicular to AT and AG rospoctively.

Lot (% ,m, ,n.) bo tho direction cosines with respect to
the orthogonal axoes (xo,yb,zc) of the generator AG. In a conical

tube thosc are givon by

7 = X = = 4
(.0 r.’ mo r! no T

)
)
* = 2 2 B 8 6
g (6a)
whero r = x4+ y2 + 2" = pa + Z}a +2° )
whilst in a cylindrical tubo

Z»:'-O’ mo=sinoi, no=COSDL alooo.o(ﬁb‘

°
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In each case the direction cosines of the tangent AT are
(sin V', cos ¥, 0). Let (l,myn) and (7',m',n') be the direction
cosines of AP and AG respectively.
Since AP and AT are perpendiculer we have
Lsin¥V +meos¥ =0 « e u v owow w73
Also, since AP, AT and AG are coplanar i
sin V' cos ¥ 0
s me n, 0w we e v ow s i8)
ey m n
Equations (7) and (8) in conjunction with
P+m + n° = 1

sufflce to determine (I,m,n). On solving we obtain

Ll =cos¥ (1 cos¥ = m, siny )z'?' ;
= )

m=mw Sinw_( lo cos ¥ = mo sin w )ng- ;. ¢ w 8. m (9)
2q -k )
n=n°[1—(zosin1+"+mocosw- )] ;

Proceeding in an exactly similar way we find that the

direction cosines (7',m',n') of the line AQ are given by

]

(Al hn' [sinl}f -Te(ZosinW*'mocos"V)]

m! = I..fi. [cogl}f - mo(f,osin Y +m, cosV¥ )] {10)

n'

St S Ul S S N Vi g

-n (Zosin Y +m_ cosY )

where n is given by the third of equations (9).
If § is the angle between the tangent AT and the generator

AG we have
cos g = (lo siny +m _cos Y¥')
sin g = Pon
On substituting (6a) into equations (9), (10) and £11) 1%
is found thet for a conical tube
L =p cosy (22 + pa)"‘% ;
~psin Y (22 + p)~H } T o e (1
)
)

)
Fols b e wiwveiy 100
)

m

n=2z(z° + pa)-%



’ o )
A %? [sin § = z?g} ;
mt:ﬂ[cosw—%j ;...........(1:5&)
)
nI:—.g;é ;
R !
P’ & ;. PASE B N SEE RS M ST R -t - )
sinﬁ=%-(zz+p2)% ;

Similarly, substitution of (6b) into (9),(10) and (11)

gives for a cylindrical tube

[ = «n tan o/ sin W cos WV ;
m= ntan L sin‘Y g.........._.(l2b)
n= [1+tan’s siny] “# ;

n sec-L gin'y

o~
I

m! = n coss cos ¥ b 0w e W e e i s SR e Ut O

cos f = sin L cos }

)
)
)
n' =en sin o cos ¥ )
)
;l & % 9 s e W 8 & W O ® & E R (l4b)

sin @ = cos L /n
Frequent reference will be made to the above equations

during the subsequent analysis.

~

1,3 Strains and displacements:

We now consider the tube to be loaded so that it undergoes
small displacements from its unstrained position. Since it is
assumed that the ribs are infinite in number and rigid in their own
planes the displacement of any point on the surfece of the tube meay
be defined by the rigid body movements of the rib passing through
the point, together with a warping displacement in a direction
normal to the rib.

In both conical and ecylindrical tubes we let © be the
rotation of a rib about an axis parallel to Z s and w be the
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component displacement in the direction of z_ of any point A on the
surface of the tube. Also let v_, w. and wh be the components of
the displacement of A in the directions AT, AP and AG respectively.

The shear strain in the skin, referred to the directions
AT and AP, is denoted by ¥ » and the linear strains in the directions
AP and AG by & and 59 respectively. From the assumption of rigid
ribs the linear strain in the direction of AT must be zero.

It is convenient now to comsider the conical and
cylindrical tubes separately.

(a) Conical tubes.

In addition to the definitions given above we let u and v
be the displacements in the directions of x_ and ¥y, of the point of
intersection of a rib with the axis z s so that u, v, 6 define the
rigid body movements of the rib.

The displacements of the point L in the x, and y_ direct-
ions are then equal to (u - py®) and (v + px@) respectively.
Resolving these in the directions AT, iP and /LG we obtain the

equations
ve =sin VY (u = py@) + cos YV (v + px0) « o o o « o (15a)
W, = L(u - pye) + m(v + pXO) + NW & o ¢ « » o o o (16a)
W9=?,ou+mcv+now -..t-.-......(l'?a)

It should be noted that no terms in © appear in (17) because the
generators all intersect the axis z, at the apex and therefore a
pure rotation @ about z, cannot give rise to a displacement along

the generators.

The shear strain ¥ in the skin is glven by the equation

Vs dWp
= ewewen P cmmmen 2 8 o B * 8 s e @ s+ @
¥ el - (18a)

where dzp is an element of length along LP.

It will be seen from a consideration of Fige4 that

DV OV dv
—L = cos — t e
Az, ec # rdp 8ot 0 pds

4lso, since the ribs are rigid in their own planes
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pds
Hence,
X=00390¢§'}r"‘1+§£§ .-.....o.-.(lga)
r)p pos

Remembering that u, v and © are functions of p only, x and
y functions of s only and w a function of both p and s, substitution
of (15a) and (16a) into (19a) and simplification by means of (4) and

(12a) gives

X:%[%¥+Sinw5%+cosw%§+l)p&n;] -.00(203)

The linear strain ES along the generator is given by

1 dw.
= e —
ES r 3p

Substitution of equation (17a) then gives

ES=;]*2[Z§—‘;+X§'-I';+F‘§_-E] ............(21&)

It is well knovn that if the strains in three directions
at a point are given, then the strain in any other direction may be
determined by simple geometrical considerations. Hence, using the
fact that the linear strain along AT 1s zero we can obtain in this
way a relation between & , §5 and ¥ . This relation is found to
be

.= & sin“f + ¥ sin @ cos # o @ % 9w e SR
where @ is the angle shown in Fig.4.

By virtue of equations (11) and (1l4a) this becomes

2
EE’:I—I'I‘;—a'&"'n;f'X ..o..........(ZSa)

2w

If equations (20a) and (2la) are solved for %%H and T
8 e

respectively we obtain

M=el-e[d_.u V4 & gos V' de
7\ sin o cos ¥ + pp 7 « s s s A e s wicds)

o8 n
2
QW T & 1 ):xdu+ dv—J
= - e — — ......t.lllz
dp Z VA dp de 2082

On differentiating these two equations with respect to p

and s respectively and then subtracting,the displacement w is



23.
eliminated and we obtain the equation

2
2 (p¥) - 2 (v ):P[de':Sm"Pq.choﬂF-&- C%,f_)z(pe)}

M DP dp?

00-5-0-0(268.)
Equation (26a) will be called the equeation of compatibility of

strains.

(b) Cylindrical tubes.

Let u, v be the displacements in the X, s ¥, directions of
the point of intersection of a rib with the z axis (not the z, axis
as in the conical tube) so that agein u,v,0 define the rigid vody
movements of the rib. :

The derivation of the equations corresponding to (15a) =
(26a) above follows an exactly similar course and to save unnecessary
repetition the equations will be written down without reproducing the
full arguments. Thus

V. =8in L (n=y0) +o008 W (¥ % 30) « ¢ & 5 5 = o (15b)

W, = [ (u=y30) +m(v +XO) +0W . 0. 0w oo o. .. . (16b)
Wg = (v + x0)sino + w cos « > w8 @ e A e e e LD
DV AW
=l + —_— . . * 8 . » . ® . . . s . @ .
¥ 9z, 98 s
= cosec ﬁ av‘r + D L ] . - L ] L ] - L] L ] L ] L ] - L ] L] L ] (lgb)
D2z 'Bs
= n secol Lcosd -L+sin‘f-'k —-+9 sino{) +cos ng+pt%gj (20b)
QW DW dav de
E = =8 = oS mem+ ginod 24 A v—— il o
9 dZ D2 daz = a0n dz (21b)

Equation (22) still applies so that

1 .
ol .
A 99—:?:-—5 +_xl1"' sino cos cosY. T . .. . . (23b)

Solving (20b) and (21b) for i%g and %Eg:respectively gives

2w _ I du ) dv dG]
" sec Lsin ul(.dz + @ sin + cosY - + pE; vs (24D)

W
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EE:SBCdé —tano{d-'—v--xtanotg-g- -.......(2512’
dz 3 dz dz

Elimination of w between (24b) and (25b) then gives the equation of
compatibility

2 A
cost of _ 9% - Q.E + 1Y + 9_2 . e s w28
= = i e siny pe cosY dzl ( )

$1.4 Twist and curvatures:

It is clea® from purely physical grounds that if the
internal strains are known at every point in the tube then it should

be possible to calculate the "twist" and "curvatures", defined here

de d’u dv dO a2 d‘u d?v
as EB’ &;3 and dpz in a conical tube, and = > 33 and s in a

cylindrical tube. It is highly important to obtain these relations
since the whole basis of the subsequent treatment of the differential
equations depends upon them.

(a) Conical tubes.

To obtain the expression for the twist %% teke the circuit

integral of equation (24a) round the periphery of the root section,
thus

Suds = pPds - £[de fx rdr ity pdo Gpas]

Since w, X and y are the same at both ends of the circuit, the L.H.S.
and the second and third terms on the R.H.S. of the above equation

vanishe Also we have

é;pds = 2A

where A 1s the area enclosed by the root section. Hence the above

equation gives

pQQ = & SE Q%— ds * % e 8w e e e U278

dp RA
42
The corresponding equation for the curvature =2 is obtained by
dp

multiplying equation (26a) throughout by y and again taking the

circult integral. Using equation (27a), the fact that ¥s T and.§3
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are the same at both ends of the circuit, and the relations
dSydx = A, dfydy = 0, g)pwﬁs = 3Ay
whero x,y are the coordinates of the centroid of the area A enclosed

by the root section, we finally obtain the equation

dy .. Z §Be-398 (s - ke . Vds.
Fd:?' .ﬂé L ’)aP(P) Aé‘“a"s ® ¢« » o+ o(280)

In an ecxactly similar way

* E%‘(ﬁ(?_%ii)_ab?(pnds + & ey sia ¥ ds.

2
Pj"—:z v 8 ekeont

(b) Cylindrical tubes.

The equations for o cylindrical tube corresponding to

those above follow in an exactly similar way and the results are

dﬁf"-—'COS&‘élds l.o.a'o-....l.(z'?b)
dz R4 n

glj_g - _ Cosal ‘(23'55'-)_@_3_"015 -—L§£ cos ¥ ds o v & v wlEER)
dz¢  2A n 3z AL

y cosx§(2x—5§);3_j§d5 g nge SinWds

== A S5z Ad 3 . v v v o s (20D)

n

dz

whore in this case A is the area of any rib section and X,y are the

coordinetes, referred to the x and y exes, of its centroid.

It is perhaps worth emphasising that all the above
equations are perfectly goneral in that there is no restriction on
either the taper, the sweep or nature of the applied loads. They
are a natural conseguence of thc fact that the ribs retain their
shapes. Previous investigators into the theory of unswept cylindricel
tubes have derived an equation corresponding to (27a) and (27b)
above. Indeed, if oL =0 so that n=1, cquetion (27b) becomes identical
with oquation (14) of Ref.l. Howover, in spite of the necessity for
their existence on physicel grounds, to the author!'s knowledge no
relations between the curvatures end internsl 8trains have previously

been derived.
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$1.5. Warping of the ribs:

We consider now the warping of a rib section out of its

original plane. Again from physical considerations it is evident
that if the internal strains are known this warping should be com=

pletely determinate except for arbitrary rigid body movements.

§a1 Conical tubes.

If equation (R4a) is integrated with respect to s we

obtain

- =
W, =

a‘};( 50) “g‘g—;;(y’y )
+ p[ Sl ds — A“SBEOIS

-.....(30&)

where suffix "so" refers to the value at s=0 and Aos is the area
swept by the radius from the z, axis as its end moves over the
distance s on the periphery of the root section.

The first three terms on the R.H.S. of (30a) represent
rigid body movements of the ribs, by uniform displacement in the z
direction and by rotations about axes parallel to Y, end x,
respectively. The remaining terms must, thercfore, include all
displacements corresponding to warping of the ribs out of their

original planes. We may now define a warping function w*"by the

equation
X
dS*AoSf]gIdsJ P
PLJ S ds =L ] i

Alternatively the rate of change of warping round the section is
given by

dws pf¥ —P_gSIds]

. PE a2Pe e o s o oo (32a)

(b) Cylindrical tubes.

The corresponding results for a cylindrical tube are

obtained in an exactly similar way from equation (24b), thus

W = Wgg —SRCOL(#I(:Z-FQQEY‘&-)(X‘KSQ) - 38(.‘:-(3__: (y .

SREYSESI SN

.-....(5013)
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Hence we define w . by

o
W* :f %ds i %5¢€d5 e & o e @ (Slb)
o]
and 3___\“1*: I “‘_E.§'_h:d5 ....oo(szb)
95 n 2A T n

It should be emphasised that the warping function w*-aa
defined by equations (3la) and (31b) above is not in general the
complete normal displacement w, and care should be exercised in
using it. It is convenient however to have Such a simple warping
function, for the purpose of dealing with end effects, but whenever
complete displacements are required equations (30a) and (30b) must

be used.

$1.6 Stress flows in the skin:

So far only displacements and strains have been considered
and we turn now to the stress flows in the skin, (Following standard
practice a stress flow is defined as & stress times the skin thick-
ness, or the force per unit sectional length of skin.)

Let q be the shear flow in the skin in the directions AT
and AP, and let f be the direct stress flow in the direction AP, as
shown in Fig.5. Since the linear strain along AT is zero the direct
stress flow in this direction must be equal touf, where)x:is
Poisson's ratio. Then, if E and G are the Young's modulus and
modulus of rigidity respectively and if E'=E/(1-}f), the stress flows
q and f are related to the strains Y and ¢ by the equations

q=0Gt7¥ ey e e el 18)
f =EBtt¢s » % e s Ee Y e s s (34)
where t 1s the thickness of the skin.

When the equations of equilibrium of the skin and booms are
conslidered it will be necessary to have the shear and direct stress
flows q3 and fé over the gencrator AG (see Fig.5) in terms of q and
f+ Considering the equilibrium of the small olement shown in Fig.5,

we have



28,
q(sinaﬁ - coszﬁ) = (1 «un)f sin f cos @
f(cos @ +‘}Lsiniﬁ) - 2q sin @ cos #

i

%

g

The angle § is given by equations (14a) for a conical tube and (14p)

1l

for a cylindrical tubc.

Honece, for a conical tube

-[2%-ila - (p 82

. n

E & & & & & & » .(55&)
== [I*(I-—}.Qﬁ_JF‘ = 3-—2‘2%

4 5

whilst for a cylindrical tubo

s C__G_ii -11q —U:.é") Sind cosol cosy =
%5‘[2 n? 4 i R

Fg = D___(i_F)C_?I_S_;Q‘JF B Sinaol Cosol cos Y Ct

n

§1.7 The shoar stress at & built-in end:

Yo are now in a position to reach certain general cone
clusions cbout the distribution of shear stress round the root
section if the tube is held in such a way that w, and therefore %;g,
is zero at all points on this section.

By virtue of equations (20a) and (33), with %%% = 0 and

p =1, we obtain for the conical tube

ﬂL = G___‘r‘} S‘H‘lwi—-“ + CQSWC{V + Pde] * * v e w 8 .(363.)
g I dp dp  dp
whore EE, %3 and 39 teke their values at the root section (p=1).
P P P

In a similar way, from equations (20b) and (33) with

-%g’= 0O and €@ = 0, we have for the cylindrical tube

% Crsecot [sinwdy + cosWdy 4 pdé

} e w e e(BED)

dz dz az

where QB, dv and de
dz

o i are again the values at the root section.

In either case it will be seen from the two above equations

that if the section of tho tube is & polygon, so that in each
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straight side {, p and n are constants, then the shear stress (a/t)
is also a constant in each straight side of the root section. This
result is useful in checking the accuracy of an approximate numerical
method of dealing with this type of end constraint described laters

Had ji~Argyris and Dunne (Ref.l) showed that in an unswept
cylindrical tube the shear stress (q/t) round a non-warping section
is statically determinate. This result follows from the fact that
the root shear forces (in the x and y directions) and the root torque
(about the axis z,_) are balanced entirely by the shear flow q acting
round the root section, thus leading to three simultaneous equations

from which the root wvalues of gg, gg and gg can be determined.

Knowing these values the shear stress distribution is obtained from
equation (36b) with n=1 and o/ =0. However, in the type of tube with
which we are concerned here this argument does not apply, since the
direct stress flow f and the boom tensions also contribute towards
the root shear forces and torque, and it is no longer possible to
calculate the shear stress distribution from considerations of

staticse.

él.s Equilibrium of the skin and the stress function F:

The subsequent solutions are most conveniently obtained by
expressing the various stress flows in the skin in terms of a stress
function F which is defined in such a way that the equation of
equilibrium of the skin is automatically satisfied. To obtain this
equation of equilibrium we consider a smell element of the skin
bounded by two generators and by two ribs. The forces acting on the
sides of the element (arising from the various stress flows) are
shown in Fig.6(a) for a conical tube and Fig.6(b) for a cylindrical

tube. The direction cosines of these stress flows are as follows:=

q3 sesesssse(l ,m on,) glven by equations (6a) or (6b)
fﬁ eeesassse(7'ym',n') given by equations (13a) or (13b)
f  essseesss(l,m 4n ) given by equations (12a) or (12b)
G esesesees(8in Y , cos ¥, 0)
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In addition to these forces the ribs will also be exerting forces on
the inside face of the element. However, since the ribs are assumed
to be incapable of exerting forces normal to their own planes, the
stress flows on the sides of the element of the skin must have zero
resultant in the direction normal to the ribs (i.e. parallel to z_).
This leads to an equation of equilibrium, and it is convenient now to

consider the conical and cylindrical tubes separately.

(a) Conical tubes.

Resolving the forces on the sides of the element shown in

Fig.6(a) in the z_ direction we obtain the equation

D HENT =
5§;(Y1FP)4‘§% LP(YL%9+-n’3)] O O 6 @ & @ & .(37&)
This 1s satisfled by a stress function F defined by
F:.._I_.'E_)__F ootooosn(SBﬂ)
ne 3s
l F = —WL-éE- « = ® ¥ 8 w .(59&)
n°%§+n 9 r 3p

But by virtue of equations (35a), (6a) and (13a)
l
) & ke -
Moy +n b= ¥ [2q-naF]
On substituting this equation into (39a), using (38a) and solving
for q we obtain
= _i..[é_éﬁ-_?ef]
% =k p as 23p
To obtain the linear strain &, along the generator in terms of the

3
stress function we have from equations (23a), (33), (34), (38a) and

e e+ & & e 0(40&)

(40a)

i % -
7 el (4 §2)% 03]

il

But since E = E'(l-}f) 2G(1+ 1) we may write

LA T 4
! 4G

The expression for Eé then reduces to

Sl Fern EZNAE . ADE S e e e el
Es‘c;ntr‘*[(‘ 4G n‘)pas A%,’J e
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(b) Cylindrical tubes.

The corresponding results for the cylindrical tube follow
in an exactly similar way. Thus, the equation of equilibrium is

i(ﬂp> +§_§;(COS°LCLS+Y1’?9):O ¢ * ® & .-.-. .(va)

which is satisfied by a stress function F defined by

f=—]-""§'—F" -oco-ono(SSb)
n ]

cosol q + n'f = o OF « © @ e % e alSon)
g J z

The expression for g becomes

= tanol cos Y -%-:5 - sec o %E

o o 8 e’ B @ '(4013)

and the linear strain along the generators

£ —_]:(l t— Lf—-?“")a_f --bi'nitoswa_r: * 8 e -(4lb)
G‘nt N 25 Dz

$1.9 The integrodifferential equation in F:

The stress function F has been defined in such a way that

every element of the skin is automatically in equilibrium, but we
must now ensure that the strains corresponding to F constitute a

physically possible system. To do this we turn to the equations of
compatibility (26a) and (26b).

(a) Conical tubes.

Substitution of (33), (40a) and (4la) into (26a) yields the
equation
D T fh 2 3 L1 {rt EZVIE . ABRE
gﬁ[_E( Ss P H as[nt{G 4G n*/pds 2p }
= d.'._L_J ihw .dj-y o W' dl
GP[dplb +dfa‘~c SW+ pg_fgz(pe):-( =

The three terms involving u, v and © on the R.H.S. of (422) may them=

" s e e .(42&)

selves be obtained in terms of F by means of equations (272), (282)
and (29&), thus

PR AGE JRF N E - HCE ST 9] PO
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d'y - 96 L\,Bl‘ QF
i S 59 e BT e

i F G A TG S A

2 e =
cﬁﬁS::{ “ai%>9% B cesens(45a)
If equations (432), (44a) and (45a) are substituted into the R.H.S.
of (42a) an integrodifferential equation in F is obtained. It should
be pointed out however that this equation can only exist if the
boundary conditions for F (considered later) ensure that 69 is a
single valued function of s, since the derivation of equations (27a)

to (292) depended on this fact.

(b) Cylindrical tubes.

The corresponding equations for a cylindrical tube are

obtained in a similer way and we obtain

> [ - WO SE > T E cos\DE _ ~ar:}
— | — (Simxtcos¥'OF — 2 ) [ _ 2| L COS“)*-‘ ol == ]
3 nt( | cos Se aZ)J ds }:nt{(‘ 4C 2 /s Sin Coslf-'az

= e dU SnY + %—"’ Cos W +-p6d{:292]

y s
.00-0000(421))

where
2 S
C_i_g — ....._!_.. ,a‘ [J— (Sl.ﬂf){coswh_f BF):\ ...I!C(45b)
45 2hGFozink 9s 2z
_CF{. (2 y)B (Smol cosY¥ OF — oF ]ds
d z* ZAC i s dz

Sy A, casuf[(‘ E cosaz OF — svn chUJbF]CLS
ACJ wnt 4G T/ s OZ 1 | ueus(44D)
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r 2 o FOF — ai—“ ds
;2 2AC§(KX ?)x) th_ (‘51 ol cosS Y z )]

dead § sinW¥ ]:(14._‘3_99.5:1_&);_5 — Sinst cosU“bF—]({S
AG ht 4(:; YJ; DS ..oo-o(45b)

The above integrodifferential equations in F can be read-
ily solved for certain types of tube section and thickness variation,
by a process consisting essentially of separation of the variables.
By combining a number of such solutions it is theoretically possible
to build up a solution for arbitrary distribution of applied load
and at the same time satisfy the conditions at the ends of the tube.
Although the methods of solution are fundamentally the same for both
conical and cylindrical tubes, the functions involved in the
solutions are quite different, and it is convenient now to consider

the two types of tube separately.
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§ 2, METHOD OF SOLUTION FOR CONICAL TUBES

§ 2,1 Separation of the variables:

We now consider the possibilities of obtaining basic
solutions of equetions (42a) in the form
F = g(p)h(s) S R e SRR
In the most general case the skin thickness t will be =2
function of both s and p but it is clear from equation (42a) that
separation of the variables will be feasible only if
£ = t'(s)t (p) R R S L
where t! is a function of s and t* a function of De
If equations (46) and (47) are substituted into (42a), with
the terms involving u, v and © replaced by equations (43a), (44a) and
(45a), the resulting equation consists of a series of terms, each of
which is a function of p times a function of s. Each of these

functions of p is one or other of the following i~

_].-;.E.., i 48 | ir-g;\"]_andﬁ—(-e-%\
t* p t* dap dp kt ) dp \t" dp/

If then we divide throughout by the first of these functions it will

be seen that each of the terms

« . ES i
£ 48 eE..@..(@ and&.g'.(.%dﬁ\
g dp g dp \t’/ g dp \t" dp/
must be a constant independent of p. This is possible only if

f I
g = p I =p

where (A and k are any constants.
Consequently we now restrict the tubes to those in which

the thickness variation is governed by

t-’-‘-pkt'(s) R SR CDCR ST RPN PR R 1
and take the stress function to be of the fomm

o 5t ) L e
Physically, equations (48) and (49) mean that the variation of skin
thickness and of the stress flows 18 the same round all rib sections,
the magnitudes varyiné from section to section according to a power

of the distance from the apex.
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Using equations (48) and (49) we have

B-k -
_‘.}. s D:_ ,b_‘ - "‘—\ {ll-- }‘){ .---..(50)
.3f,[;,!;(ﬁ§*s h—;;)]-(P 9] (O - B f .
: - oy 'J'ig—1
Ll B 2 NBE . A DE s Zydhopah]
HELG 'qTL/fbs'AnrJ ‘& L' 46 v/ d g | J b ey

It will now be seen from (43a), (44a) and (45a) that each

of the terms

2 3 2
d d“u and pd ¥

petie (P9}, DE;;_' -

In fact we may write

is simply a constant times p .
2 f-k-) :
. . . 0(52)

du-“‘"ap e ® 8 s 8 @

dp2

St . «(53)

1l
<]
©

-

dl

p—

dp”
2 p-k-|

pﬂg-(pﬂ) 3‘) s & & & % a8

dp-

. «(54)

where U, v and 6 are constanbs.
If equations (50) =« (54) are substituted into (42a) and

*
Sek-d
the term p' cancelled, the following ordinary differential

equation in h is obtained

Of'U\Nl—@)-¢4L¢10-5Lﬂ)%:‘ﬁAWJ

'ut
— (;_‘ -@1" -'lex‘lilu'r'r VCC:S‘&)
(r S B

It will be seen that the sbove differential equation in h is linear
and of second order, the coefficients and the right hand side being

Its solutions will therefore be of the form

functions of s.
000000(56)

h = CH (s) + DH,(s) + GH,(s) + uH_(s) + VH_(s)
where C and D are constants of integration, H, and H. represent the

complementary function, and H., H,, H., the particular integral of

(55).
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For each wall of the tube in which t! and W are continuous
functions of s there will be a separate solution of the form (56),
each solution containing the two unknown constants C and D, which
will in general have different values in the various walls, together
with the three unknown twist and curvature constants 3, U, ¥ which
are the same for all walls, Thus, in a single cell tube with N
booms, connected by N continuous walls, the total number of unknowns
appearing in the solutions for h will in general be (2N+3) and we
therefore require (2N+3) equations for their evaluation. The first
2N of thecse arise from conditions of continuity of strain and of
equilibrium at each of the N booms and the remaining three from the
values of the stress resultants.

Before deriving these equations it is convenient to
summarise the expressions for the stress flows corresponding to the
stress function (49). Substitution of this equation into (38a),
(39a) and (40z2) gives

1 an #
f = i == & * % 2 B e s B e 0 8 * s B s @
n ds © (87
b it dh b-1
q ""Z"'" (A & - ﬁa h) P S | LR ST P W I (58)
ngq +n'f = B o7 (59)
r,q3 _3 B % 0] 8 * 0 & ¢ ® B & & s & 4 e e W »

Also, from (4la), the linear strain along the generators becomes

2 £ Z°\dh — B
ES:CY:‘i‘ltl L(r—a%—;ﬂ_)c%g B&ﬂp F e W e gt

Consider now the equations arising from the continuity of
strain at the mth boom (Fig.7). It is evident that the linear strain
ES along the generator must be the same in each of the two walls
meeting at the mth boom. Thus, by virtue of (60), we have

[ {0-E2) b -pak}] = [ {(-E£B)qh - pabl]

m, om+ |
‘]1)\‘1“' )

L] L] L] L] L L] L] . (61)
where suffix m,m=l refers to the value ot the mth boom in the wall
joining the mth and (m=1)th booms, etc. The common value of the

quantity on the two sides of equation (61) will now be denoted by
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suffix m.,
Since the dimensions of a rib section are proportional to
p and the skin thickness to pk, the total cross sectional area of
skin in a rib section is proportional to pk+|. Consequently we must
take the variation of boom area %o obey the same law, so that

%1
B:'B":pk 1.---.-.-0..-0..(62)

m
where B _ is the cross sectional area of the mth boom and B! is its
value at the root (p=1).

By virtue of (60) and (62) the tensile force P in the mth
boom is given by

N - %[j;,{@ Mﬂ)g—"— Mh}]p s R

m
Consider now the equilibrium of an elementary length of
the mth boom. Each of the two walls meeting at the boom exert forces

on the boom element, arising from the stress flows fé and q_ (Figs.

4 and 5). Also the tension P will have different values ag the two
ends of the element. The ribs, to which the skin and the booms are
attached, cannot exert forces in the direction normal to themselves
end it is evident, therefore, that the component in the z, direction
of the forces on the sides of the element must be in equilibrium with
the component in this direction of the change in boom tension over

the element., This leads to the equation

(T‘Iotggqrﬂp)mmj"(ﬂq/«rﬂp), .=“F°C’.P - VR R

On substituting (59) and (63) this becomes

\nww“]nm,m_: = (—;E—Z;ﬂ [nt{v}*—— [AA]}] v & e wBE)

Equations (61) and (65) applied at each of the N booms in
turn provide 2N linear simultaneous equations in the (2N+3) unknowns.

It should be noted that equation (65), in conjunction with
(63), provides an alternative and simpler expression for the boom

tension, thus
b
Yol {
- m - e * 8 s 8 e 9 & & s (66
P“"'ﬁ Z‘(hm,mﬂ I‘]m,m-J)P (66)
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4§2.2. The stress resultants:

In order to derive the remaining three equations for
determining the unknowns, we now consider the values of the stress
resultants. At every rib section these will be resolved into two
bending moments M, end MJ about axes parallel to x_  and T, s 8 torque
T about the z, axis, shear forces Sx and SJ along the > and y 2 8axes
and a direct force R in the direction of the z axis. The sign
convention is as follows:=-

MX,MJ sesses positive when tending to produce tensile stresses

for positive ¥ and x, respectively.

i P positive when tending to produce positive shesar
flow q and positive twist %9 .
P

S ,S cssves positive when they correspond to positive MJ and
M, respectively.
R esesas positive when tending to produce tensile stresses

over the section.

Each of the above stress resultants may be expressed as an integral

of the stress flows, thus

R

o Pnfds + Z(n,P), BT R UERa

!

MX = p“énfyds + 8] % (napy)m P e 8 8 8 8 s e e * s » (68)

M = PUEXGE % 5 2 0 BR » 5 5 w5 s 55 5 e F08)

43 = pz‘¢ [pq + (mx - Z y)f] dS " s s ® 3 & s & = @ (70)
1 adam

S = — _.;): - L] - L] L] - - L] - L] L] - L] - L] L] L] -

o A (71)
1l du

S = — —'—5 - . . L] L] . . . . ® ° . - . - . . .

7 Z dp o

In the above expressions the circuvit integral, which is taken over
all walls, gives the contribution of the skin, and the summation gives
the contribution of the boom tensions. It should be noted that in
equation (705 for the torque there is no contribution from the booms
because all the generators intersect the axis z_s to which the torque

is referred, at the apex.
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Consider first the expmression for the direct force Rs On

substituting equations (57) and (66), equation (67) becomes

[§dbds v 5 (h, . -h,, )} :
(4

= Bkl e Bl ek MEOT o i e R e

¥y

where'§ h] is the sum of the differences of h between the ends of
each wall. It is clear from a consideration of Fig.6 that for any
single cell tube
Gl Elh, ey

so that finally we have

R=0 DR e A e e e o e o R
Hence the assumption of the stress function F = gh automatically
infers no force on the tube in a direction normal to the ribs.
Fortunately such forces are quite insignificant in practice so that
(74) is not a serious restriction.

Substitution of (57) and (66) into (68) gives

NX < PB*IiS{ij{_}jt{s = ZD’ (hm)mfi""hm,mﬂ)}

= L&H{ &hCOSWdQ + Cﬁyh] ZU ( W met  aagme )}

Again we have, for any single cell tube,

Cﬁ:}h]"—' %ym(hm‘m-f_l"m’n-w!)

so that finally

A4l A
:M""'_""pir &hcosw‘ds o.ttoooo----(75)
In an exactly similar way
|
M‘)’ = - QB+ § h Sin'q‘j‘ds ¢ & ©° ° ® " =2 8 8 & @ (76‘

Substitution of (75) and (76) into (71) and (72) now gives for the
shear forces

_ _ B+ kg
S - pj}hsin'qfds...........(’?’?)

X
s=-1—%lpﬁ’§3hcos”4fds R B R

Finally, on substituting equations (57) and (58) into (70) and
simplifying by means of (4), (6a) and (12a), the expression for the

torque becomes
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It is now evident that the stress function F = gh will give a
possible solution, if the applied loads give rise to bending moment

and torque variations of the form

g+l

M, = M'p g
A
M = T‘.‘I’p{ ) s e« & "8 e 8 8 & 9 s 1(80)
J J Rl )
P = Py’ )

where M!, M; and T' are constants, being the values at the root
section. The remaining three equations for the determination of the

unknown constants then become

:ﬁh cosy ds = = M! ;
. )
é}h siny ds = = M} ; & e ) e i ser dpat EaRILESNY
. )
B g\ hpds = 27! )

The (2N+3) linear simultaneous eguations (61), (65) and (81) will
give a unique solution for the unknown constants, unless it so
happens that the load variation (80) corresponds to a value of B
which makes one of the equations a lineer combination of the remain=-
ing ones. It is unlikely, however, that such a case would need
consideration in practice and nothing more will be said about it.
Values of P at which this irregularity occurs are called the
eigenvalues, and their practical importance will appear in § 2.3 when
self=equilibrating stress systems are considered.

Any smooth variation of bending moment or torque along the
tube may be represented approximately by a few terms of a power
series in p.  Each term of the series will correspond to a stress
function of the type being considered, so that the stress function
gh should give a possible solution for any smooth load variation.
The accuracy of the solution will depend entirely on how many terms

of the power series are taken.
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j_2.3 Self equilibrating stress systems and end effects:

The method so far described gives a possible solution for
the stresses and deformations due to any smooth variation of applied
load, but neglects entirely the conditions at the two ends of the
tube, i.e. at the root and tip. In this respect it is exactly
similar to Saint Venant's classical theory of torsion of prismatical
bars which gives an accurato representation of the stresses in the
bar except in regions near the two ends. In this case the disturbe
ing stresses are highly localised, and decay rapidly from the two
ends towards the middle of the bar. However, in a highly tapered
tube this is no longer true, and the disturbing stresses may be
appreciable over the whole length of the tube, so that it is
imperative to be able to derive systems of self-equilibrating
stresses to superimpose on the previous solutions, in order to
satisfy the end conditions,

Lf the stress system corresponding to F = gh is self=

equilibrating it is evident from equations (81l) that we must have
Theosy¥ds = hsin¥ ds = Phpds =0 . . . . (82)

The conditions (61), (65) and (82) again give (2N+3) linear
simultaneous equations in the (2N+3) unknowns, but these equations
are now all homogencous. It is evident, therefore, that a non-zero
solution can exist only if the determinant formed by the coefficients
of the unknowvns in the (2N+3) equations is zero. These coefficients
are functions of 13 so that the determinantal equation is essentially
an equation in B - This equation is called the "characteristic
equation” and it will be seen later thazt it is in general trans-
cendental with an infinite set of roots BL « These roots are the
¢igenvalues already mentioned and are essentially the "decay factors"
for the self-equilibrating stress systems. Corresponding to each
eéigenvalue are definite ratios between the unknowm constants which
enable them all to be expressed in terms of any one of them. The
magnitude of this remaining unknowvm defines the "amplitude" of the

stress system and is arbitrary. Thus we conclude that in general
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there are an infinite number of possible self-equilibrating stress
systems, each one being derived ffom a stress function

FE =2hop-
where PL is one of an infinite set of eigenvalues or roots of a
characteristic equation and hL is its associated eigenfunction. For
each ﬁi the eigenfunction hi 1s defined completely in functional
form but not in absolute magnitude. The magnitude or amplitude
depends entirely upon the purpose for which the stress system is to
be used.

In order to build up a given end condition it is theoretic=-
ally necessary to apply the infinite set of self-equilibrating stress
systems, each with a suitable amplitude. For an unswept slightly
tapered tube in which na 1, Hadji~-Argyris and Dunne (Ref.l) showed

that the eigenfunctions are mutually orthogonal in the sense that

Egl%i-ds = 0 1 3k j

= 0 if 1= j
This result enablied them to combine the whole set of eigenfunctions
as terms of a generalised Fourier series and calculate the coeffic=-
ient of each term individually, in much the same way as the
coefficients of an ordinary Fourier series are determined. However,
for the tubes with which we are concerned here the eigenfunctions
are not orthogonal so that the possibility of obtaining an analytical
solution to satisfy the conditions at all points in the end sections
is ruled out.

It is possible, however, when applying the theory numeric-
elly, to get a good approximation by making an intelligent choice of
only a few eigenfunctions and satisfying the conditions at a few
chosen points in the end section. To fix our ideas suppose that the
tube section is symmetrical about the y axis, inferring zero sweep
in the x direction. Further suppose that the tube is continuous to
the apex, that the warping is completely prevented at the root
section and that a torque T = T'p4 (1.ce ﬁ = 3) is being applied to

the tube. It is possible to eliminate the warping at eight points
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on the root section (viz. the two points on the ecxis of symmetry,
three points above the y axis aond the three corresponding points
below the y axis) by the application of two sclf-cquilibrating stress
systems only. Thesc systoms must correspond to positive ﬁi so that
the self-cquilibrating strcsses decay towards the apcx, and the
natural cigeuvalues to choose arc those nearest to ﬁ = 3, in which
case tho "residual" warping over the remainder of the root section
may be cxpected to be as small as possible. It will alvays be
possible to calculete this residual warping, giving a check on the
errors involved in the approximation. A further check is obtainablo
from the results of § 1«7 for the root shear flow. This method is

illustrated numcrically in the Appendix.

$ 2.4 The warping of the ribs:

For this type of stress function (F = gh) it is possible
*
to obtain a very convenient cxpression for the warping w .

Substication of equations (33), (48) and (58) into (32a)

o, sk paddls _p Ao
nt‘(A r&h\ 2;-‘ ‘."E‘(&J—S pl:)dBJ ses0ns(B3)

Also, from equations (54) and (27a), in conjunction with (33) and

(58)
-k I
QzAC)(J{nt( dl ) v w s w e RS

Substitution of (84) into (83) then gives

f‘

Wil p T(M ado-p) - G B
bS (ﬁk)(,ZL nt' ﬁ) PJ = s e s @ -;¢(85)

Now using the differential cquation (55) in conjunction with (60) we

obtain the equation

an I T i D (vis bk
T '/$~k)Z[PE)5(P Al

Integration of (86) gives

(US;H?‘FI"‘ -\}-CDS-Q"F):] .g..--o-(86)
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bk
* | ]: 2 } — “)J [_
Tt S Y E, + (ux+v_y + Functien(p)
oz P79 v f :
L] - . . . .(87)
Tho torms in u and ¥ and tho function of p correspond to
rigid body movements of the ribs and may be discarded, so that the

cxpression for tho warping function wi becomes finally

i
%
wi o o= PYHES

L . * s 9 L] . L] L] (88)
(p-k)Z
Equation (88) nolds, with onc excoption,

for any stress function of

the form gh. The exception is when ﬁ = k in which case equation (84)

gives € = 0 so that (85) becomes meaningless.

For this case equation
(31a)

must be used os it stands for calculation of the warping.
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$3. CONICAL TUBE WITH SKIN THICKNESS CONSTANT ALONG THE GENERATORS :

§3,.1 Introductory remarks :

So far the analysis has been concerned primarily with
setting up the differential equation for the function h together
with the appropriate conditions for the evaluation of the unknown
constants involved in its solution. We turn now to detailed solutw=
ions for a particular type of tube, namely one in which the skin
thickness does not vary along the generators so that k=0 with
t=t'(s) and B = oB!.

First, 1f f =k=0 the differential equation (55) can be
integrated directly and an analytical solution, which holds for
arbitrary section and for arbitrery variation of t with S, can be
obtained. Since ﬁ =0, the load variation in this case corresponds
to constant shear forces, with bending moments and torque proportion-
al to the distance from the apex. The results obtained are remark-
ably similar to those arising from ean application of the simple
theory of bending and torsion to an unswept cylindrical tube.

Apart from this one case, however, integration of (55) can
be performed only if the section and the thickness variation are
specified, so that r, Py Ay n, V¥ and t are known functions of s.
Even then it may not be possible to integrate (55) anélytically.
However, the case considered here is that of a tube whose section is
polygonal with constant skin thickness in each flat wall (i.e.
t=t'=constant). Booms, which taper linearly in area from a maximum
at the root to zero at the apex, are concentrated at the intersectiors
of the various walls. This should give a fairly good approximation
to tubes occurring in practice, and, moreover, gives an integrable

form for the differential equation (55).

§3.2. Solution for linear variation of bending moment and. torque(5=0)

With ’3= 0, equation (80) for the bending moment and

torque variation may be written



M, = pM = pZ8, ;
MJ=pM;-‘=‘-pZS)L %-............-(89)
T = pTt )

It will be seen from (79) that the stress function in the form gh
with ﬁ =0 automatically infers zero torque so that F=h(s) is not
the most gen-ral form to give the required load distribution. To
make it quite general an extra term must be superimposed and we

take
F:‘_‘h(S)":'ZClogep l;..o--oooc--oo-(QO)

where C is a constant. (The constant Z has been introduced in
enticipation of later simplification.) It should‘be noted that at
this stage the constant C may heve different values in the various
walls, although later considerstions will show that it has the same
value in all walls.

In this particular case we have ﬁ =k=0 so that, from (84),
6 = 0. Also, by virtue of (52) and (53)
d‘u _ U S e

Sa— = — ] S L] L] L] L] L] L] L L] L] L] L (91)

dpﬂ .-\2 dpz 2

©

On substituting (90) and (91) into equation (422) we obtain

%&d_b[_’.. {(Y‘ E ;f-)d{g . ZC&}J = ~E(Tsimy + Vcosllf)

nt 4G
" s s s . .(92)
This equation may be integrated directly to give
E (o e zydh—Zeal = E(D-5x-9Y)
Cnt{(r 4(:71—1)6{5 (
* 8 8 ° @ -(95)
where D is a constant of integration.
On solving (93) for g—g we obtain
dh _ E B v I
O(—S-CW“”";?;ts “’z‘XtE "'?3tE e » o o = »{9%)
s
where Y? = AZ(Y‘ -Ea;i, e s o o 0(95)

s St (- £Z) e
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There is no necessity to integrate equation (94) any further in this
case.
On substituting equations (90) and (94) into (41la) the

linear strain iEﬂ along the generators becomes

& = o (D-Tx-7y) N
Equation (97) shows that the condition of continuity of strain through
the various booms is automatically satisfied if the value of the
constant D is the same in all walls.
Also, since each boom area is proportional to p and the
stress in the boom (=Eé%) is inversely proportional to p by virtue
of (97), it is clear that the tension in each boom is constant.

Consequently the boom equilibrium equation (64) becomes

+ ! 1
(naqs = %i)m,m+l (noqg * n':ﬁ)m:m'l

By virtue of equations (593) and (90) this equation is automatically
satisfied if the constant C has the same value in all walls.

Hence, in this case, however many booms the tube contains,
we have only four unknown constants, namely C, D, u and V. These
mey be determined from the values of the applied loadse.

Substituting (90) into (38a) and (40a), the stress flows

f and q become

3
f=“')?l§-1§ ® & & & & 3 e s s ¢ & 8 * = 1(98)
< 3 FIA en }
Foem | — "'G *® P * B & & » s 8 e 0w
q el B (99)

Consider now the expression for the torque T. Substituting
(98) and (99) into (70) and simplifying by means of (4), (5), (6a)
and (12a) we obtain the equation

T=-p095pds = = 2ACD

- !
ioeo C ST R S ® % s & & 8 " " 8 s s 8 8 @ »
5 (100)

As would be expected the value of C does not depend on the

magnitudes of the applied bending moments since the second term in
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equation (90) for F was introduced purely to take account of the

applied torque.

In a similar way equations (67), (68) and (69) for the

remaining stress resultants become, after using (100),

R = -2‘%5 + E
|
: P E
M =237 2A§" s Z?

end

= éﬁ.tEds
A, = Pleyds
>\y =4>t£xcls
Ixx:‘gs tEQYZdS

O

|

N

v

G - EV
Ez2 Ay = o A
EG —E%
Z2 L, z =
Ed 1 EV
=2 Iyy % Ix.y

ZSEA( 'j‘,r—c.';_,‘)hlds

2o Ay(r-£Z) ds

2§ 0x(™ £ B

:9(5 tEXZdb’ + ‘gn n:’ xhzm B“‘:
1
X
Ixyuétgxyds v Z n mYon B

i

o & o o AIOF)

s o & ¢ (1082)

¢ s » (103)

0.0000(104)

et e e et el e e S e S N S S

eseeses(105)

i N R e s Y L) e N N

The properties of the root section defined by equations

(105) are exactly similar to those arising in the simple theory of

bending and torsion for an unswept cylindrical tube.

Thus the term

A is analagous to the stress bearing area of the section (tE being

regarded as an effective skin thickness),

)\x and X y are analagous

to the moments of the stress bearing area about the x and Y axes,
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Rx

I and Iuy to the second moments of the stress bearing area about

the x and y axes and IMJ to the product of inertie with respect to

these axes. The essential difference between equations (101) to

(103) and the corresponding ones for an unswept cylindrical tube is

in the presence of the three terms involving & , ¥ and 53 e It is

worthy of note that, by virtue of their definitions (104), these

three terms are in no way dependent upon the distribution of stress

bearing area round the section but only on the shape of the ribs and

the position of the apex, which defines the taper and aerodynamic

SWeep.

In what follows we shall be concerned only with bending

end torsion loads so that we put R = 0. Equations (101) to (103)

then give
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e o o (207)

« « » (108)

Knowing the velues of M!, Mgrand T', equations (107) and

(108) give u and v, equation (106) then gives D, and C is given by

(100), so that the solution is now complete,

To obtain the twist of the tube we substitute equations

(33), (99) and (94) into (27a), thus

2 dps T Ean 4 o ED L AL g
2AGP;{7 I i zzé;nt

—-E0 { Axte . _ EV R Oyte s
22 nt ds jﬁfﬁ nk 5

Noticing that, by virtue of (95) and (96),

Ate -

ZX
nkt ?

m |0
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equation (109), after substitution of (106), becomes

o e H; 2 de 2t
P dp ~ 4AG nE E 2
- g v W] St
+z7li_iu>|7<5>‘f>‘§y> ‘*2,\&2 X <§>\" A8 ORISR R 1 o

In the past the word "unswept" has been used rather loosely
and, to the author's knowledge, no mathematical definition has been
given to a "structurally unswept tapered tube". It seems logical to
suppose that such a tube would be one that setisfies the following
conditions:

(a) shear forces S and Qy applied to the tube in planes parallel
to the ribs along lines intersecting the z_ axis produce
bending without twist

and
(b)a torque applied about an axis perpendicular to the ribs

produces twist without bending.
Considering equations (107) and (108) it will be seen that

the terms in T! disappear if

S ay oo by R WS N

A > Ay

and the curvatures u and V then depend only on the values of the
constant shear forces SX and SJ. Further, if (112) is satisfied, the
terms in u and ¥V disappear from equation (111) and the twist depends
only on the torque. Consequently, for linear bending moment and
torque variation, equations (112) represent the condition that the
tube should be structurally unswept according to the above definition.
It does not follow, however, that (112) is also the condition for
Zzero sweep if the bending moment and torque variation is anything but
linear. Also it should be realised that in the above argument no
account has been taken of the conditions at the end sections.

An investigation into the effects of symmetry of the
section on the equations so far derived is useful. Consider first
the case of a tube whose section is singly symmetrical about the y

axis, inferring no Sweep in the x direction. We then have automatic~

ally
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= = =TI = 0 ....00(115)
g gx }\J Kj

and equations (106), (107), (108) and (111) give

EY s e BD G - M )
EL" — _...'__. ' :I._ / . s s 0(114)
T% 3 Ty (hb & 2£\§q> i

“ab s AW by o E J
P d e 4AG CJS"TE'J " "z

If the tube is doubly symmetricel about both the x and y

axes, so that there is no sweep in either direction, we have in
eddition to (113)

A = § = 0 ow ¥ v ek s s o 1E5)

so that equations (114) reduce further to

o

1

O
TR

EG - - My
Z'Z Iy;{ ® @ ¢ & @ @& @ (116)
EV < — My
_;_Z—a‘ I&-‘
d IR e s
P e 4A°C nt

Equations (116) are identical in form with the correspond=

ing results arising from the simple theory of bending and torsion.

The expressions for ng and I&J however place no restriction on the

amount of taper. The equation for the twist should be compared with

that corresponding to the Bredt=Batho formulee, namely

2de
— = ——— ds . . L] . . . s . 117
b dp 4A2 éj Gl

The two formulae become identical if the apex is taken to infinity

(still maintaining the double symmetry) in which case J%— —> 0 anu
n—1,
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For this doubly symmetrical tube the stress flows f and q
are given by

& ST e My oxbe o MYy
pa n i ) n ]
I Ix" -.-...(118)

e
2|
q = L] (1- A7)~ M Axte » N Ayke]
» i SRR T R
SN — x X

In particular, if the bending moments are zero, the stress flows due

to pure torque become

e G
P: 2Ap
L—L(l“élo o B w woe v EALE)
b= 2Ap K

Now—A—ZTJ—?Oand——*:-OasZ——‘»oo. Hence

Y
<, —
% 2Ap

and the Bredt-Batho formula overestimates the shear flow by an
amount wnich decreases as the taper decreases.
* A further result of interest for the doubly symmetrical

tube is the stress in the booms. From (97) and (116) the boom stress

is given by
. | [Z\T M, M J
= g BT s 0 S R L /8
E & P(‘”){-Iy,y I”Df o v o s o o(180)

In particular the boom stress due to a pure torque T=pT' is zero.

§ 3.3. Tube of polygonal section = solutions for non-zero values of {3:

As mentioned previously (€& 3.1), integration of equation
(55) with ﬁ other than zero is only possible if the shape of the
section is known. Consequently we now confine our attention to tubes
of polygonal section with the thickness constant over each flat wall.

In any side of the polygon both W/ and p are constant and,
by virtue of (12a), n is also constant. Also, from equations (3),

(5) and (6a)

88 . 5

. L ] L] - Ll Ll L] - L] . - . j\
=y (12

L(r’) = 2a .......‘.....(122)
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Then, on substituting k¥ = 0 and t! = t = constant into (55),
and performing the necessary differentiation by means of (121) and
(122), we obtain the equation

(al £ 7 d:bi__g(ﬁ_oﬁﬁdh 4 ﬁ(pngh

A( 'Jl C{ [3 C{A

= —=(Gnt (PO + Tsin¥'+ V) . 5w o4 LeoE)

But, from (6a) and (12a), we have

L8

\I\_ALEH.,' = A"+ (1= G‘)(zﬂp*) iy e e o wataes)

i
Hence, if we change the independent variable from (\ to [' where

L B o
A:F(* Iq)(z‘fP) S s A A ECE
the differential equation (123) becomes

(1+r -~ 2(p- i)F‘“' - B(B-)h

(,‘\'}t(PEJrUSinwA«rTICcSQ-‘? e+ oo e e oeo. (126)
The R.H.S. of (126) is a constant in each wall and a complete
solution is obtainable in terms of elementary functions.
The solution for p = 0 has already been obtained and this
can be excluded. A special case of (126) occurs when ﬁ = 1 in which
case the second and third terms on the L.H.S. are zero. The general

solution then becomes

h={4 DI - Cnt(p + 0 S |=11P+Vc_osw>[r'tc1n 1'1-—2103 (l+!"‘2)_)

. . L] . .(127)
For all other values of {3 a particular integral of equation (126) is

e o Gl R Vs
kp WF)(P+ ) s e faeE

To obtain the complementary function of (126) we make the R.H.S. zero
and then change the variables by means of the transformationﬁ
"= tan ®

)
—f Yoo % 5w s v oo w AI0D)
h = S2cos )

@

% This transformetion is due to Mr.W.B.Smith-White of the Department
of Mathematics, University of Sydney.
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Equation (126) then reduces to the simple harmonic equation
d'se /5‘& =0
o ®
and its solution is
L= 0 cos/ﬂ @ +D sin/f) @
On changing back to the variables h and |' and adding the

particular integral (128) the complete solution for h becomes

h=CJ,-$(r”“’)+D1ffi3(!")+hP c e e e e 0 s e (130)
l}
A
where J, (") = (1 +0M)° cosl( /% tan 1)
[
r’s/ . i o.....-o(lSl)
Wﬁ(f‘) = (L + %)% sinl f tan )

The solution (131) holds for all non=-zero values of {3 other than

ﬁ = 1 in which case (127) must be used. For positive integral

velues of }% the two functions J, and WB reduce to polynomials and
i

for convenlence these are tabulated below for values of /5 from +1

to +7.
TABLE .

B () W ()
+ 1 21 (!
* 80 1w o
+ 3 g S g it

2
¢85 | 1Bl ap” ar - am’
85 | 1eion «50 5" « 207" +7°
+ 6 L e IS +15|"°’ -aF'G 61" = 220i'I3 +6r‘5

2 4+ G 3 5 7
+ 7 1«21 +3Ne 7 ¥V o« 350" el al?

These polynomials could have been obtained by assuming
at the outset that the complementery function of equation (126) is a

power series in [7 . Proceeding in this way we find that

= F o = BRE-DB-2).o.(B-2ve) ot
L= 1+ Z (p-D @%«)! (B-2v+) A" )

RYS) YB-2) .. (B-2v " cwsersEhloR]
o = b {1 s £ EXEDsb20 (o]
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is a positive inte

For nega

1l
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(132) terminate at a finite number of terms if [
!

ger, giving the polynomials previously derived.

tive integral values of k we use the fact that

(1 + w"iﬁJﬁcﬂ)

)
*ﬁ "*B ;- ¢ & s o = ® s s = 0(133)
W () = (1 +T)W(r) )
In particular we have
)
I (M) = = )
" 1+ )
g REEEE LR
W (1) = - i )
1+ )

The two functions J@ and Wﬁ have several properties which are useful

for computation. A 1list of formulae which have been found particular-

1y useful in the numerical work described later are given velow, For
convenience in writing, the variable [’ has been omitted from the

functions (e.g. JB(fj) is written as J, ).

4
By = dg =MWy, (W03, =0 + W, ) (135)
i 'l o L B B 155
Wo =Wy, +IM%, (1+ I )W,g-| = WB - F‘J& )
oL+ LA 3 el e & 03 e (136)
W‘i}'#’ = 1’:{.{ Jﬁ + th w[ﬂ) )
ddJd » aw ;
:;%— = - P E%“ » 1;%: = FﬁJé'f a ¢ * 8 s = (157)
3\
Wi o
‘J‘Jé’clrr = g kg
S0 9 88 8N 158
= kan IV iF PES= L e

‘ Foar o e
Jkygdﬁ - —_f%f Fp#F I
= < flls iy 1F Bl

(1+7) défs SBrT, = - BW,
:

Ty dwfﬁ -
M) &h
(F+ ) 17

(139)

Jp

QF\VBZ

|
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ad, = et T
fj‘T}: BJE K3 =

: OO R
qooWg _ pw, = —p W,
! T e B p

A1l the formulase given above may be verified by direct substitution
of equations (131).

Having established general solutions for h in terms of the
independent variable |', we now reconsider the boundary conditions
and the expressions for the stress resultants and stress flows. On
using equations (127), (128), (130) and (131) the boundery conditions

(61) and (65) become

e omgioies] [ roirl]

;ﬁ E

i, =

N4 4

e

:Q(l—_E_.AY-‘n\ (lﬂ ""L‘) )
o e R . (141)

. L] L] .

Also, the expressions for the stress resultants (75), (76) and (79)

become

Mls m gC0 = (- £ Pheesv @ L

e, 780 (B v (BT

Tt

sveees(142)

Finally the equations (57), (58) and (60) for the stress flows and

linear strain along the generator become

v = #JZP h PJ—I
g.:—z'?(g_};a) ;li?’P vl a8 & e L EASY
B-
= -.'—. dh—.} JI * & & & = 8 @ (14)
9= o{rgk-ph)p :

(-5 Bleagoprde™ e e

The above expressions for h and the associated boundary conditions

give all the information necessary for solving eompletely for a
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polygonal tube of this type. However, at this stage, nothing more
can be said until the numerical work on a particular tube section is

described in the Appendix.
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§ 4, EXPONENTIAL SOLUTION FOR SWEPT CYLINDRICAL TUBES :

$§4,1. Separation of the variables:

As in the case of the conical tube we first look for
solutions of equation (42b) in the form
= g(z)h(s) P P
so that the distribution of stress flow is the same round all rib
sections. Again, solutions of this type will be possible only if
the thickness variation over the tube is of the form
I R ) Rt SR S
Substitution of (146) and (147) into (42b)=(45b) then
yields an equation in which every term is a function of z times a
function of s. It is found that the variables can be separated only
if
3z x kz
g= £ , t =. e
where 55 and k are any constants.
Consequently we now confine our attention to tubes in which
the thickness variation is governed by
e A
and take the stress function to be of the form
Bk Ry ety S i s e
By virtue of (148) and (149) we have

'—-—ISHULLOBLI«"\N'_N-?:‘ )(3’ k)[ {bm,z._oswdh Q‘EJ

32 th 28 ng .ol(150)

]ﬂ i C*:\S&)bf—smxcoSUJSZ] éﬂk}zf;‘:t 7(( :F— s % ﬁb:hicosqjl‘l}‘}

cooa-nn(lSl)

Hence, by virtue of equations (43b)=(45b), we may write

2 -
g-ll:-ﬁ.e(ﬂwz ooo--coqc-o.ooo(lsz)

s o +{153)

1l
L
-
L]
-
-
L]
L]
L3
-
-
-
L]

s m e now e w ow s e e aliDR)

I
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L)
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where u, v and 6 are constants.
If now equations (150)=(154) are substituted into (42b)

the following ordinary differential equation in h is obtained.

l‘q a wotcosy dh — - d r_'._.g = £ COS“{\)({L' S-vri{_‘osw‘(‘n?-
k' tb SR s bli‘ {15__Y1E“L{(! 40 wE g cls !ﬁ | ‘j_

=G (pb+ T sy + VCos W)
¢« » o » +11556)
This equation is of the same general type as the corresponding
equation (55) for the conical tube, being linear and of second order
with coefficients and a particular integral which are functions of s.
Its solution is therefore of the form given in equation (56) and in
an N boom tube there will be in general (2N+3) unknown constants in
the expressions for h in the various walls. The equations necessary
for their evaluation are obtained in the same way, that is 2N equat=-
ions from continuity of strain and equilibrium at each of the N booms
and the remaining three from the stress resultants.

Substitution of the stress function (149) into (38b) to

(40b) gives the expressions for the stress flows, thus

f f— —L- @' elgz (1:—_-1-'
n ds
IE'Z
q = sec o/ (sin « cosy" %% = BB) 0 eaevsds (150D
2z
008-1qq+n'f3= 85 WAL R R a S e

Also, from (41b), the linear strain along the generators is given by

2 P )z
'}:(\-_IF-EI T(lh%c—es—:z d‘il‘ %SIMQ{LOQU LI ( ) ....--(159)
t 4N = =1 ¥ RS

The cross sectional area of skin in & rib section is

Z
proportional to € so that we take the variation of the area of the

mth boom to be given by

k
L B =Bf &‘z L R I e e O T T S T S S (160)

L0G] ™

By virtue of equation (159) the condition of continuity of strain
through the mth boom is

[ ! (() E LDE)J cil %Si‘uicosu”l«,}l
N ;i '

LN TR Y

e O B cst sn1xcch|1J
e [ht’g 4(" V\ ﬁ } h,\J\n_.I --.....(16.1;
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Denoting the common value at the mth boom of the quantity
on the two sides of (161) by a suffix m, the tension P in the mth

boom is then given by
- Bz
];- « JE 5‘ —L*‘f(l E ¢oss }Q{_-Es.’..icosui‘ll\” £ ennel162)
W ¢ ™ Ink (V4G E Jds ! -
The equation of equilibrium of an elementary length of the mth boom
in the z direction is
= cosi_gzﬂ (163)
dz

(COS oL qﬂ * n'fg )m.m-l " (GOS ot qg * n'fﬂ )I'Ham"'l

Using equation (158) this becomes

_E cosot\ dh _ H
H'-,mw_l’m,u--: G B C°S°<[nug<* £557) L Peinsceswhg|
. ] . ) ® . (164)

Equation (164), in conjunction with (162), provides an alternative

expression for the boom tension, thus

Bz
P‘ = Sec‘.){(hm'm.Fl - h’m,m-l) e R T e L 0(165)

i
Equations (161) and (164) applied at sach of the N booms in turn
provide 2N of the necessary (2N+3) linear simultaneous equations in

the unknown constants.

£ 4.2 The stress resultants:

We now consider the values of the stress resultants
corresponding to the stress function gh. At every rib section these
are resolved into two bending moments Mx and My about the x and y
axes, shear forces S, and §y along the x and y axes, a direct force
R in the z_ direction and a torque T about an axis parallel to z,
and passing through the origin C of the x,y axes. Each of these

stress resultants may be expressed as an integral of the stress flows,

thus



6le

R = é&-nfds-!-cosd e P

M_= Pnfyds + cosel = P y_

)
)
)
)
)
g
M, = gJ nfxds + cos X = P x )
: e )
. o E )
I S ¢ [pq = (mx i Z y)fj uR P Sin e ‘& P_..Xm ; 0000(166)
)
S = secd aily ;
dz
)
8 = sgsacd éEi + R tan« )
J dz )

If equations (156), (157) and (165) are substituted into

the above expressions we obtain, after some reduction,

R =0 ;

' )

Mx=_eﬁzd>hcos"t}fds ;

Bz . )

My=-e g)hsinl}f ds ;
8z )eenselE6T)

T =- Pescot o pupds + M teno )

, : )

S = = :.-'?) sec L eiz Sj')h sin WV ds ;

z )

Sy=- ﬁseco{aﬁ j)hcos\)f ds )

Hence, as in the conical tube, the assumption of the stress function
gh automatically infers no load normal to the ribs. The remaining
stress resultants vary exponentially along the length of the tube.
If then the applied loads are such that they give rise to an

exponential variation of bending moment and torque so that

bz
M, =M e )
| )
0z )
MJ=M;G ;.--..-.--....--(168)
Az )
P =P o )

where M', M; and T' are the values at z=0, then the remaining three

equations for the evaluation of the unknown constants are given by
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§- h cos Wds

é‘h sin Yds . o (20,

b § nons

In practice it is highly improbable that the applied loads

I

Il
H
-
e N M N N N N
.
-

(M; sin o = T!' cos& )

will give anything approaching an exponential variation of bending
moment and torque, and an arbitrary smooth distribution cannot be
represented adequately by a series of exponenticls. Hence, for
obtaining stress systemé in equilibrium with the applied loads it
is unlikely that this type of stress function will be of much use.
It does, however, enable self=equilibrating stress systems to be

derived and these will be considered nexbte.

$4,3, Self=equilibrating stress systems :

If the stress system corresponding to F = gh is selfe

equilibrating then by virtue of equations (167) we must have
§>hcosl{~’ds= gf-h sinWads = §5th=0 e o« o o« (170)

Equations (161), (164) and (170) provide (2N+3) linear simultaneous
equations in the (2N+3) unknowns and all the equations are homogeneous.
A non-zero solution exists only if the determinant formed by the
coefficients of the (2N+3) unknowns is zero, thus leading to a
characteristic equation in fg « The roots /55 of this equation, or
the eigenvalues, are in general infinite in number and each one is
associated with an eigenfunction hL which is defined completely in
functional form but not in absolute magnitude.

It is fairly easy to show from the differential equation

(155) and the "boundary conditions" (161), (164) and (170) that the

eigenfunctions h, and hj satisfy the reciprocal rlation
) b Sinol cosl,tfc'(h- 3 J‘»)ds ‘5{) h; (Srra{cos’l}-} dh; e
oy T ity = — ALy - A g
ém{'f( Tt o e ﬁtf«’n)

RPTRER R R A L |
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If £ = 0, in which case n = 1, this reduces to the equation

) "‘.:’ 3 : }1'.‘1' .
(Bi-b;) $ i

o

so that @;Muds—oifi# J

This is the orthogonal relation for unswept cylindrical tubes deriv-
ed by Hadji-Argyris and Dunne. It will be seen from (171), however,
that in the swept tube no such orthogonality exists so that, as in
the conical tube, it will be possible to satisfy the conditions at

only a few chosen points in the end sections.

_§4.4. The warping of the ribs

In order to deal with the conditions at an end which is
constrained against warping an expression for the warping function
w;‘corresponding tp the stress function gh is required. The deriv-
ation of this expression is exactly similar to that of the c¢corres-

ponding equation (88) for the conical tube, giving finally

Wﬁz';“(zg/gse""“—i'):(" ..00-000.10(172)

Again it should be emphasised that the warping W'\E in
equation (172) is not the complete displacement w but the difference

*
between w and w corresponds to rigid body movements of the ribs.

84,5, Solution of equation (155) for a polygonal tube with constant
wall thickness :

To conclude this discussion of the stress function gh, the
solution of equation (155) will be obtained for a tube of polygonal
section with k = 0 and t = t' = constant in each flat wall. In this

cese Y, p and n are also constant in each wall so that equation

(155) becomes

5 @
(l__..":-.-("'cs&)é_b_ —-ZB‘_-..IH‘:&‘LO 4 + }:5 h

4(4 f}’ll »zsl

= "_(;.V?t(pgw‘ O s Y ¥ FQ(,;;'!;Z)
lo-.....(ll’?‘s)
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This is a second order linear differential equation with constant
coefficient and a constant particular integral. Its general

solution is

T Gnt
[(_s”.pthosﬁJ e {P@‘f“’“w" vest i) wonsf178)

where
o

A
.

2
. g E Ces 3L
ﬂgul ol e oS ‘+ ( - ‘%“'L,‘ -‘?}& )
 Cesat /,_E_.)i(/_ & @;e-é’)“’
/5 2 4¢ 4G nt

c.nuo-(l75)

bt

The solution (174) holds for all values of ﬂ, other than zero but
this special case will be considered at a later stage when another

type of stress function is discussed (§ 6).
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€5, SINOIDAL SOLUTION FOR SWEPT CYLINDRICAL TUBE OF CONSTANT
POLYGONAL SECTION :

It is evident from the preceding discussion that, unlike
the conical tube, the stress function in its simplest form gh is not
likely to be of much use for dealing with an arbitrary smooth varie
ation of bending moment and torque. Such a distribution can, however,
be represented adequately over the length of the tube by a few terms
of a Fourier series. Apart from the constant term, each term of the
series will be proportional to either sin f% Z O COS ;% Zs where ﬂ
is a constant, and we now look for a method of dealing with a load
variation of this type. Because of the greater complexity of the
stress function the method of solution is developed only for the
case of a tube of polygonal section with the skin thickness constant
in each flat wall and each boom area constant over its length. In
this case the stress function is of the form

F =h, (s) sin B z +* hz(s) cosjj z e b S e s e 8 e BATE)

Using this equation and the fact that Uy, p, n and t are

constants in each wall we have

P . DF OF
& Lnt(\mx’. cos U, e DZJ

= -}{3& lsmxcosw J"rﬁ}aJccsﬁz E ﬁ J_‘.:naiucsw;“'n—/ meﬁz

e ® = @ = e 0(177)

e ; E LQ‘TJ)
nk

¢ \:;;

— Sin®cosY QE
o2z

T:_é I:(!_ f{_lc%od)bﬂa_ ‘I.%S‘}noi L‘oswhz]S!‘u)@Z

l(%~£ ﬂﬁ* igL*ﬁﬁﬁdﬁbsy”hJCOSﬁz
. v ow owe s e TTE

It will therefore be seen from equations (43b)=~(45b) that

the curvatures and twist may be written
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— an (
Q—L;=u' sinﬁz-l-u?_cosﬁz

‘3‘---1-"=ir“l sinﬂz-k‘{r’zcos ;32 i o o 0379)

|

e N S N S N S St St il N’
L]
L]
.
-

9I sin ;@ A Gz cos ;g

where W , u,, V,, V,, 6, and 8,are constants.
1

2 2?
If now equations (177)=(179) are substituted into (42b) the
resulting equation becomes

E Losx’ [{/n_ i}; +285»,.>10(605Wf_{£2 + Ont Usan+\}_Co$W+Pa]
Slnﬁz[( 4(, = 'I.S /8 ! / ds ' N [ 8 )

+ Cosjﬂz[(/ t Cos )i,/?: _/32/:1_ -?/gsw'nad c.'osyf'f/_/_sfih - 6"’“{7(513!319"*?26051}-"4/32)]

= 0 oo w e e $180)
The two terms in this equation are compatible with each other only if
they are both zero, thus giving the two linear simultaneous differ=-

ential equations

(I*E C_'_qui _d__l_ B‘Jh +2/£Sp'noicos A (‘_{_b‘é - — CH&(UJS‘I}'] Y T/:C'os ZP?)‘J'IQ")
4({ ”L dsl ' ds

eeee(181)
[(,_chosd d lgzj “Zﬁbfno{c‘os(}‘gﬁ = —C,.né(U Sy + v cgsw.,P&)

Nn*
Since in each wall W, py n and t are constants these two equations
have constant coefficients and particular integrals and it is a

simple matter to show that the complete solution is

lﬁ,z eﬂzs<CSf‘nﬁjS+Dcosfg}g) + eu_)gzs(Hs:'nﬁ;Sqr KCGSJB,S)

+ gﬂt(asr'nﬂ-’+ chosw+ p@})
= «ee(182)

=S
Jr)2: eﬁzs(l)s;n ﬁls —-CCOSB’S) s f’z (KSJ’Hp;S ~ kees /B,S)
: Q[;_;:t<als’-”w + V,Cos¥3 Péz)
where ﬁ’ and ﬁ?_ are given by equations (175).

The constants of integration C, D, H and K in general take

different values in the various walls, whereas the curvature and twist

~ constants EI 3 Ez, ?f] - '{r'z 3 3' and 32 are the same in all walls. Thus
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in an I boom tube there are in general (4N+6) unknown constants in
the solutions for h and hz’ so that (4N+6) equations are required
for their evaluation.
Substitution of the stress function (176) into equations
(38b)=(41b) gives the following expressions for the stress flows and

linear strain along the generators

F = _;T[hl—?l Sr.nj:'jz-p— é[g" CDSBZ] . o e e el
CDJO{C{/-}—Y?F = FjL? 5“"?’2” h COS?’Z] o g e e ek L)

% secal [(S“,O{Cosqri{q_‘w-tﬂh)‘amﬁz +(Smolc.oswdlm Sh)coaﬁ 1

.......(185)

" :_l:_t<| P COSM’ <d|=.+[3fl1z S Pz +< ‘4—[3,17)0(:55 J

4‘£| "}')‘
.......(186)

It will be seen that the linear strain E% consists of two
perts, one proportional to sin @ z and the other to cos ﬁ z. BEach
part must have the same value on the two sides of each boom so that

the condition of continuity of strain through the mth boom becomes

I:ht-< 41:( c:fii) CE_{; 5 3 h )J = [n.’: i CCSoZ 0“’1; +Bh, >ijm_f

sisasniniet 187}
(- £ d-n)] = [R(-£ g -4%)

Denoting now by a suffix m the value at the mth boom of

m =1

gach of the two quantities involved in equations (187), the tension

P, in the boom becomes

P o fl 0SB [l Ploen]
s, 5 # s » » L188)
If now equations (184) and (188) are substituted into (163"

it will be found that the equetion of boom equilibrium also consists
of a part proportional to sin.JB z and one proportionel to cos ﬁi Ze

These may be separeted to give the two equations
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B, =0 & Bt [l (S 0]

—m

ootoa.(lBg)

( ) ! 0) = = B cosd [ht(l £ w‘si dhz fg%l—(

l

Equations (187) and (189) applied at each of the N booms in
turn provide 4N of the necessary (4N+6) linear simultaneous cquations
in the unknown constants. The remaining six equations are obtained
from the values of the stress resultants.

Equations (189) may be used to glve an dlternative expression

to (188) for the boom tension P, thus

P secu[(), 7 J5inB2 + seed (), 7, e8P

a o o e & 13 ® e (190)
Substitution of (183), (185) and (190) into equations (166)
for the stress resultants gives, after simplification,

R =20

1

M, = = sin B 2 é> h, cosY ds = cosﬁ z Sb h, cos Y ds

M --s:i.ngzg:\hJ sinurds-cosﬁzé;\ h_ sin V ds

e S S S S e Ve St S s e B e St Nt Nt Nt

J

T = fS secs/ [sin {3 2 (;) h2 pds = cosﬁ Z S&h, pds] +I-.-Ijtana£ (191)
s, = (f) sec ol [sin ﬁ. z é; h,sinyds - cosf,z(j; h,siny ds

8= j’) sec X Lsin FS z (j'; h cosY'ds ~ cos ﬁ)z @ h cos V' ds

Hence if the applied loads give rise to a bending moment and torque
variation of the form

M, = M. sinj& z + M! cos @z

=
li

%)

)
)
M")sinﬁz-l-M cos(&z %......‘.....(192}
TI' sin]Sz+Tz' cosﬁ )

=
1l

where M:x ’ M_“:)R , etc. are constants, the remeining six equations

necessary for the determination of the unknowns are given by
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]
]

(Eu'hJ cos Yds -M'x s ej;hz cos Y ds

-M!
2X

it A i
M i §n, sin W ds -

gﬁ h siny ds

Il

)
)
)
)
)
e = ] "» 1 ihe V4 = 1 s =1
{3 Lg; h, pds CI‘I cosal M*_, sin ), ﬁ,b‘(\h, pds (M,‘) ing =T cosx) )
Il.ltcl.(lgs)
To allow for the conditions at the ends of the tube self=-
equilibrating stress systems of the type described in §4..’5 must be

superimposed.
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§6. SWEPT CYLINDRICAL TUBE OF ARBITRARY CONSTANT SECTION UNDER
CONSTANT BENDING MOMENT AND TORQUE :

If a cylindrical tube of constant section is subjected to
constant bending moments and torque it is possible to obtain a com=
plete analytical solution which holds for any shape of tube section
and for any distribution of stress bearing area round the section.

The stress function is of the form

= h(s) + Cz SR 8 B b N el O K
where C is a constant,

Substitution of (194) into equations (38b)=(41b) gives

= 1. db

f n dS L] . . . L] L] L] - . . . . ® . . . (195)
q = sec (sind.costp gg - C) i e nw ow os e (1960

COS8 oL qo + n'fé= - C o B W B e R W 8 e 8 e % e E % s s W (19?)
g, = [ (1 - EL ﬁﬁﬁg—- 4 . ¢ sin o cosuﬂ (198)
3 Gnt ds

Since both the boom area and boom stress (=E£§) are
independent of z, the tension in each boom is conatant so that, by
virtue of (197), the equation of boom equilibrium (163) is automatice=
ally satisfied if C has the same value in all walls.

If equation (194) is substituted into (43b)=-(45b) it is

found that )
Sl )
dz? )
d*u o )
== = constant = u ) T R R e
az* )
2 o) )
4V = constant = ¥ )
dz*® )

The differential equation (42b) then becomes

0[5 L‘t’ %0 £ ('DSJ)QU—’l CSlnicosu}] - - G(G SinWs Veos QJ)

4G Mt Jds
e *» s @ ® * 0 .(200)

This equation may be integrated as it stands to give

I E.QQ.?.;._ gh-c sins cosY = 0nt (D = UX = VY) esesse(201)
s

where D is a constant of integration. Solving for gh then gives
8
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g_l.]-:'.CO-FEtE(D—EX-‘\;y) .oil.a.loot-‘goz)

ds
2 =]
where  Y) = sin s cos Yy 1 - < GRa. T s 1 b UG B
26 on*
2 -
tﬂ-—G—n‘t<l-—E—9~9—§-{:‘——) 0........(204)
- E 4G n*

By virtue of (198) and (201) the linear strain €5 may be written
85=D-"dx-'{r'y o gl s r JaF e ] s AT o T AR
and the condition of continuity of strain through the various booms
is therefore autometically satisfied if D hes the same value in all
walls. Hence, however many booms the tube contains only four
unknown constants are involved in the solution, namely C, D, T and V.
These are determined from the magnitudes of the stress resultants.
By virtue of (205) the tension in the mth boom is given by
P =EB (D~ux =7vy) ..............(2b6)
Substitution of (195), (196), (202) and (206) into equations (166)
for the stress resultants then yields the expressions
R =C% +ED\ =Eu), =~EVA,
M,=CS§ +ED)\, ~ Eul, =~ EVI,

=
1l

+ K - = - Rrd s & 8 & ¢ o & 8 e @ @
c §y EDA, =~ Bul , = EVI | (207)
T = e« 2AC sec( + MJ tan

=0

e S S Yo N S S Nt St St S’

= R tan «

where

1 E Z ‘—I
#ﬂno{ cosY (1 - — 90—83—"—-—> ds
' 4G n°

[Whs]
I
O

oo
Q.
©»

Il

§ = cﬁﬁyds - #y sin cos¥ (1 _ E goa® )" ds .(208)

4G n*

e
<
Il
<o~
==
b
Qs
()]
1l

é)x sinx cos Y’ (l - —-— M——) ds

S S S St S S N N S N N
L]

a_ndk = gf)t_ds +cosod Z B )
o o )
= @t{yds + cossl S B,y. )

3 iy Yo v s © & wiw e a wkeOo)
Ay = @)tExds + cos«{ £ B x, g
i §t5y ds + cos .é By’ }
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)
Eoy é t x°ds + cos oL ?ﬂ Bmx:: )
: ¢ ;.....(209) continued
I = Gt xyds +cosd = Bxy, )
Xy \¢) [ 3 J m > )

Equations (207)-(209) are exactly analagous to the corresponding
equations (100)=(105) for the conical tube.

The fourth of equations (207) gives the valuc of the

constant C, thus

C = o= éﬁ (T cos & -EIJ Sinﬁ‘l-) « & 8 e & o ® s e -(210)

As wec arc intorested here only in the application of

constant bending moment and torque we make R = O so thet Sd 0 alsoe

The first of cquations (207) then gives, after using (210),

D= [—g-:(Tcosd-Ii sinal)-#-ﬁ)\-i-?)\xj .
>\ AL J y

Hence, from the second and third of equations (207)
! BT -
Mx: ZLIT}: (§AK*>\5Q<TCC~.5¢— M"),Slr. >L) 4 Tq(x,u)\y >\Ix3>

E": “
¥ f(xx—hlxﬁ . i e o R

My: 2%5\ (§Ay~>\§§)<chsd*/\)y§;nal) + ’%\__(A;—-)\Iw)

X %!(%"XJEAI"’) & v e e SR
The constant C is obtained from (210), u and v from (212)

and (213) and then D from (211), so that ths solution is now complete.
So far the origin of the coordinates x,y has been chosen

arbitrarily but a certain amount of simplification is now possible

if the origin is defined as being that point in the section for which

Kipe B Ny 5 s
(If the tube is unswept this amounts to taking the origin at the

controid of the stress bearing ares of the section). Fixing the

origin in this way equations (211)=(213) reduce to

M

£ )
D = 1y ol = M sinel
TR (T cos 5 sin ) %
ol & . = . )
My= = g7 (T cosol - My sinsd) = Bul,, = EvI,, ;.....(214)
Sy )
)

— o R | c - Ty - B .
y = (T cos My sinol) Eul,, = EVI,,
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It is worthy of note that if the tube is unswept so that o = 0, we
neve, from (208), §= § = §J:= 0. The two curvatures u and v
are tren independent of the torque T, and equations (210) and (214)

becoms

i = - Eugy - Eva%

=
1

)
)
|
D = O ; L L - L . L] L] L L L L] . L ] (215)
)
)
)

M, = - Eul, - EVI,,

Also, in this case equation (204) gives

|
= -.E.—(-E—)] =—E— v . & & e+ 26
tE t [ 5 = t . (2186)
Now for an unswept tube %%t is the effective skin thickness for stress

in the direction of the generators, the linear strain in the perpene
dicular direction being zero. Consequently the properties of the

section A\, ‘Xx, hy s I, I, and I&ydefined by equation (209) become

JJ
respectively the effective stress bearing area of the section, the
moments of this area about the x and y axes, the second moments about
these axes, and the product of inertia (or cross moment) of the effect
ive stress bearing area with respect to these axes.

The twist of the tube is obtained by substitution of (33),
(196) and (202) into (27b). After a certain amount of simplification

we obtain the equation

Adb._ . ﬁg(r-r)s.mzccsu)ds L (DE-TE~RES
C{Z AAG Nk 2A

On using equations (210) and (211) this becomes

ol_e (T»chaZ Mjbmoc‘)[ ({—‘fsmolC‘oSW)As "
oAz 4 A*G; nk E )

U (§x,728)+ X 2 (BX=25y)

ZA%
lcoo.|o|(21‘7}

Note that if ol = 0 this reduces to the Bredt=Batho formula

ae _ 1 fas

dz  4A%¢ J ¢
Suppose now that the couples M , MJ and T are of such magnitudes that

the curvatures u and V are zero. Then, from the last two of equations
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(214), we have
M, _ M, _ -7 (218)
- §j (24 secol = §Jtano¢ )

This result means that the resultant couple, whose components are
M, s MJ and T, is being applied about an axis whose direction cosines
({ , m y n.) are given by

c c ¢

H : = : : S - 0¢ " e 8 = e @ 219
[im in,= §: § 1 (24 sec §, tanol) (219)
This axis will be called the "zero curvature axis™ and its significe
ance is that if a pure couple is applied about it the tube twists
without bending. By virtue of (217) and (218) the twist is then

given by

de_ _ M {SBQ-&\“*CCSWR)O(S vl :\j] C e e . (220)

d: 2AC§

In the special case of a tube whose section is symmetrical about the

y axis the preceding results simplify considerably by virtue of the

fact that
§=§x=>\d=1)‘j=o o, # s d e e e e mam AGE
Equations (214) then give
D =0 )
)
EQ = = S VY §3 (T cos, = M sinoé)J | SPI (
Iy L 7 2% )
)
B . M )
I )

xX

and the twist (217) becomes

do _ CTCQSOL-MIYSM.;Z)[ (}—]RSM.)zcoSWJC{S .;,_G_E;] + My Sy
dz 4AG Ly

E :
oo oww o e wfEEY)

Also the direction cosine Zc is zero so that the zero curvature axis
is parallel to the plane of sweep. Its direction in this plane is

as shown in Fig.8, where

tan-S—}-:r'lE:?'éSecaé-tanDL 000130000(224)
m,_ £
¥
If the section is rectangular as in Fig.9, it can be shown that
A sinsl

§=

Jl - é%cos{x

and  equation (224) then becomes
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tan SL.= tan L + 2 (} - é% cot <
= tan oL + (1 = p ) cob L o os e W v elEes)

The angle SL in (225) has a minimum value S¢p3,= tanfl(2~fi;;()
occurring at an angle of sweep L= tan_‘(Ji:jI). If K= %? the
minimum velue of Si is 58.50, when the angle of sweep is 39.2°. Also
when ol = 0 or 90° equation (225) gives §L==90°so that for the tube
of symmetrical rectangular section the zero curvature axis lies soOwu~
where in the range 58.5° < S < 90°,

A further result of interest for the symmetrical rectangule
ar section is that if ol = tan“'J/E then SL= tan |1/M , so that
the zero curvature axis is parallel to the generators. If‘}L= %%
this occurs when { = 30°,

Considering the complexity of the analysis leading up to
equation (225) its simplicity is remarkable. It is interesting also
that for any tube of singly symmetrical section the angle s2 ,
defining the direction of the zero curvature axis, depends only on
the shape of the section and not upon the distribution of stress
bearing area. For this statement to be true it is only necessary
for the shape of the section to be symmetrical (so that & = 0) and
no restriction of symmetry need be placed on the distribution of

stress bearing area round the section.
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¢7., SWEPT CYLINDRICAL TUBE OF CONSTANT POLYGONAL SECTION UNDER
LINEARLY VARYING BENDING MOMENT AND TORQUE :

For this type of load variation the stress function is of
the form

F=h(s)+2h (s) #2302 oo oesoeswooso . (226
where C is a constant.

This stress function is simply an extension of (194) for
which the author is indebted to a suggestion by Mr.J.J.Thompson of
the Department of Aeronautics, University of Sydney.

Equations (38b)=(41b) for the stress flows now take the

form

f:_.J_-_@.Qn.;_Z'_g..l.’l.L e & ® ® ® ® ® 8 = 2w 8 s 8 o » (227)

n. 4ds 3 N

q = secot(sincicosqf%ﬁf ~h, )+z secd(sincicosﬁf%gg =0 oo vss (228)
cos:iqgﬂﬂff3 = ~(h' + Cz) w R W m & ek ae e WAl e
Also 2

i E cos%l dh
%= Got [(1 - g ) B - sinccosy h']

-

= 2
+ 2~ (1-£-&<l$-‘$— Ay _ ¢ sin ol cos¥ naisiaen v LD ]
Gnt 4G n? ds

In developing the method of solution we shall consider only
the case of a2 tube of constant polygonal section so that in each flat
wall Y, p, n and T are constants.

If the stress function (226) is substituted into equations
(43b)~-(45b) it is found that the rate of change of twist and the two

curvatures may be written

2 )

‘i—f =T, )

dz ;

2

a u = s

— =1 + u 2z - ® ® @ ® ©°© 8 ® e & s & 6 251

dz? 2 ! § : :
2 o —

dv = v + Vv, Z )

G o ¢

az )

where §_, U_, u,, vV, and V, are constantse
The solution now follows in an exactly similer way to that
for a sinoidal load variation (§ 5) and to save unnecessary repetition

only the outline will be given.
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It is found that the two functions h_and h must satisfy

the two simultaneous differential equations

(I COS ) = — C Y‘)t(q 3].n lV + V,COSW_)

4G nt

Q E cOSut OH7 = 2smdcos Y dl“:-C ' (232)
46t /) ds das

S <U°Si'nw + V,cos¥ + P_éo)

Since in each wall Y, p, n and t are constant and ds = d A, these
equations may be integrated to give
lr,'z CYZA + E t{ [L ¥ :D&“‘gi_ﬂz(ljlsinw+-\—-‘:CDS‘W) - PA (G*cosw-—vls{n w)]

s 0w » o (285)

S |
O_lba': "Z‘{(l’) + EL (K ux vy 2A 9) e Cé(l £ coszat)
n

ds

s o ow e @ (234)
where K, L and D are constants of integration and 17 end t_ are given
by equations (203) and (204) respectively.

Note that there is no necessity to integrate (234) any
further since ho only occurs in the form of its first derivative in
equations (227)=(230).

The conditions of continuity of strain and of boom equil=~
ibrium give rise to four equations at each boom, two of which are
automatically satisfied if C and D have the same value in all walls.

The remaining two equabtions to be satisfied at the mth boom are

[}( +E’IY‘]'E(SIHOLCOSWI‘)'“'CA):[ = [K + (Smo{ccsw lq CQ)]

-1
m me | m,m

e o o s o« (235)

(h)m mal —("I)m,m-—f ) EBW\ (1) = BX,- Y, yM)CQSOL

« o8 o «(236)
The total number of unknown constants in the solutions for

h_and h| is in general (2N+7) in an N boom tube, composed of 2N of
the type K and L, which have different values in the various walls,
together with the seven absolute constants C, D, § , u , u , v, and

(o] o |

v,. BEquations (235) and (236) applied at each boom give 2N
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equations which enable the values of K and L in each wall to be
expressed in terms of the other seven absolute constants.
By substitution of equations (227), (228) and (230) into
(166) it is found that the stress function (226) infers stress

resultants of the form

=
i

constant

i = I -+ it
I’ux on Z}lx

M = M' <+ zM!
J & 2

g =4pt 4 gT!
O ‘

S M S S Nt S S
.
Ll
-
L]
-
L]
-
L]
-
-
-
-
L]
-
—
[a¥]
9}
~I
S

where Méx, fo, etc. are constants. These constants, together with
R, are expressed in terms of the seven remaining unknowns C, D, EL,
W, U, V, and V, which may therefore be determined to complete the

solution.
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§8. SWEPT CYLINDRICAL TUBE WITH STRINGERS REPLACED BY EQUIVALENT
SHEET ¢ :

In all the solutions so far described, any stringers which
the tube contains for t he purpose of stabilising the_skin have been
considered under the general name of booms. It has been seen that if
the number of booms (including stringers) is N, the number of
simultaneous equations necessary to obtain a solution is in general
at least (2N+3). Now if the booms consist only of four spar flanges
(N=4) this would involve in general eleven simultaneous equations,
although symmetry of the section and the applied loads would approx-
imately haelve this number. However if the skin depen’ed upon string-
ers for its stability, the number of Stringers required would probab-
ly be at the very least.ten and in all probability considerably more
for a wing of reasonable size. Consequently the number of simult-
aneous equations would then reach an impracticeble level. The theory
so far developed can therefore be regarded as having a practical
value only if the skin is either so thick that it does not require
stabilisation -~ a remote contingency ~~ Or is stabilised by a
continuous medium which mey be considered to be an integral part of
the skin, 2s in a sandwich.

In conventionel wing structures the difficulty described
above is usually overcome by replacing the stringers for the purpose
of stress analysis by an equivealent skin on the basis of equal areas.
The fact that the stringers are usually fairly qlosely spaced and
have a cross sectional area small in comperison with that of the spar
flanges 1is sufficient justification for this approximeation. This
immedintely suggests the possibility of adopting a similar procedure
for the types of tube with which we are concerned here.

In order to represent adequately the effect of the string-
ers, the equivalent skin, henceforth called the "stringer sheet”,
mist be considered to be oomﬁosed of a series of elemental fibres.
located along the generators, which do not interact with each other
and which are therefore subjected to pure tension or compression in

the direction of the generators. These fibres will be "glued" to the
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skin so that equilibrium considerations will not be violated if the
tension or compression varies along their length. With this basic
conception the foregoing theory can be readily adjusted to take the
stringer sheet into account. It is found, however, that in a conical
tube the fact that the generators 211 lie in different directions
makes the resulting differential equeations impossible to integrate
enalytically (Ref.5, App.II). In the analysis that follows, there-
fore, consideration is given only to the case of swept cylindrical
tubes.

It is clear that the direct stress flow in the stringer
sheet in the direction of the generators will be (Etsés), where &
is the thickness of the stringer sheet. It is convenient to resolve
this into a direct stress flow f5 and a shear flow qS over the rib
section, as shown in Fig.l0. Since there is no stress flow over the

generator AG, equilibrium considerations for the triangular element

give
5 2 )
o Lol cos ol
R b 53 sinﬂ—Etséﬂ HE ))
- ur ..-..(258)
- 5t & £ sinscos cos ¥ )
q by & sin # cos g = Et, &g = }

The total stress flows ft and qg over the rib section due to both

skin and stringer sheet are given by

£ =2+ £ )

L S ; L - - L] L L . = o - L] L] L Ll - L] (239)
= +

qt q qS

It will now be seen that the equation of equilibrium of an
element of the stringer-skin combination is the same as (37b) if £ is

replaced by fk. The stress function F is now defined in such a wa

that
. OF
f = e— e ® & ® ® & ® @+ ©° ® ©°© & ® ® &8 @8 »
A T (240)
OF
cos -5{ q +n'f = e ——— L] L [ ] . L] . . - . 3 . . L] . °
’ 3 - (241)

From equations (23b), (33), (34) and (238) we have

x :
'y E ts cosddl E ts sinelcos’ s %
¢ ( E' t n4> G t no 9 »eel24E)

Also, from equations (35b) and (13b),
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(cos qs + n'fﬁ) = cosSol q =n sinoL cosY f

-0000(245)

On substituting (242) and (243) into (240) and (241), and solving Lo

f and q we obtain the expressions

. OF OF
= Q,I = + 5 Y $ A
OF OF
= Cl AP + s v - L] L] L]
g = sec (Qza S‘2 =
where &
Ul ng
Q =& sinol cos ¥
2 g
g = Bty sinoL cos's cos W
! en? &
3 _____L(t+Et5 cos ol
' E|n4
s L =t # Ebs cos'et i o« 2, coszcl)
Gn? 4G n?

B N M N M M M i M N S S N N

The lineer strain ES is obtained from (238) and (239),

e n.2 (ft - f)
6 s haent SESEE S,
3 Ets cos?al

Using (240) and (244) this gives

o 2F o DF
63 Gnt (Q’s Q8 85'5'5

where e B _x E cosznd>
3 Q 4G ne

8 = u t §in2f: gos"l” = «Q

F 4

and 4 is given by (246).

thus

. (244)

. (245)

. (248)

(247)

(248)

Finally, the total shear flow qt, obtained from equations

(238), (239), (245) and (247), becomes

& : JF
qt sec oL (sinsl cos Y w=

The differential equation (42b) is now replaced by

< [nt oA 25)] Ss L»t(c‘\’s Ss

-5 (g

Z

and equations (43b)-(45b) become

O F

- 25

OF + S, 5‘:

S + dV cos\l'-rpde’

dz*

)]
)

L]

. (249)

« (850"
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QF > DF
ZACS%EJZ nt< g " 82%2 st

thf-L
NPJ

‘Q~

zlp AAG@HH 9L ( QE*SZ%EJC{S

-— Cosw BF 5 OF too-.o.(251)
AC,§D (Q5 5 3az>"{5

Q-

Lz 3 2AG§£’@X 5| (QBF"SZL)}C{S

| \
“36 $ Tt O35-s30)ds

The solutions for the various types of stress function now
follow in an exactly similar way to those previously described,
although two essential differences should be emphasised. First, the
stringers no longer count as booms, which now include the spar
flanges only. Secondly, the contribution of the stringers to the
stress resultants are taken into account by replacing f and g in
equations (166) by £, and q, respectively, the summations in these
equations then referring to the spar flanges only.

Finally, it should be mentioned that if the section of
the tube is constant and polygonal, and if t and tS are constant in
each flat wall, then the functions QI, Qa’ QS, Sl, S2 and 83 are also
constants. This means that the differential equations for the'h
functions will be linear with constant coefficients and constant
particuler integrals, and analytical solutions can therefore be

readily obtained.
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$9. EXTENSION TO MULTI-CELL TUBES :

The preceding theory has been confined, for simplicity, to
tubes containing a single cell, but the extension to multi=-cell tubes
of the type shown in Fig.ll presents no particular difficulty. The
analysis is almost identicel with that given previously, with the
exception of a few small modifications. To save unnecessary
repetition the main modifications will be enumerated for the conical
tube analysis only, and the corresponding changes to be made in the
swept cylindrical tube analysis will then be apparent.

(a) The circuit integrals in equations (27a), (28a) and (29z)
for the twist and curvatures can now be taken round any closed circuit
of the section. A similar interpretation must be made of the circuit
integrals in equations (31la) and (32a) for the warping.

(b) The differential equation (55) for the function h is still
applicable but the condition of continuity of strain (61) through ‘-
mth boom must now be extended to take account of the fact that the
number of walls meeting at a boom may be more than two. The linear
strain Eﬂ at the boom must be the same in all of them.

(c) Equations (64) and (65) for the equilibrium of an element

of the boom must also be extended to include the forces exerted on

the element by all the walls meeting there. On meking this alteration
it is found that the L.H.S. of (65) mey be conveniently written as

(Y _h), being the resultant "flow" of h out of the mth boom when h

is treated as a fluid flow in each wall and is counted positive when
it is flowing in the direction of s.

(d) Using this new equation of boom equilibrium it is found that
equations (74)=(79) for the stress resultants remain unaltered so

long as the circuit integrals are taken to mean the integrals over

all walls of the section and not merely round a single closed cell.
(e) A review of the number of unknown constants involved in t..c
solutions for h is required. If the tube contains N booms joined by
W continuous walls it is easy to see that the number of cells must

be (W=N+1). ilow the number of unknown constants in the solutions for

h in the various walls will in general be (2W+3), composed of 2W
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constants of integration of the type C and D in equation (56), to-
gether with U, v and © which are the same for all walls. The con-
ditions of continuity of strain through the various booms leads to
(2W-N) equations in the unknowns, since at each boom the number of
available equetions is one less than the number of walls meeting
there. TFurther, the number of equations arising from boom equil=-
ibrium considerations is N, and finally there are three more
equations from the stress resultants, thus giving (2W+3) equations
in all.
gf) The only other essential modification is in the solution
for linear variation of bending moment and torque ( § 3.2). The
constant C in equation (90) is no longer the same in all walls of
the tube but is such that at the mth boom (YZ“C) is zero, where, as
above, (YZ;C)_means the "flow of C" out of the boom when it is
treated as a fluid flow in'each wall in the direction of s. This
complicates the algebra considerably ancd it is no longer possible
to proceed without defining the number of cells. This complication
corresponds exactly to that encountered when the simple Bredt-Batho
formulae for en unswept cylindrical tube are generalised to apply to

a mult=cell tube.
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$10. CONCILUSTIONS

solutions

These may

(2)

(b)

The general theory has been used to obtain analytical
for certain fairly simple types of tube and applied loade.

be surmarised as follows:ie

Conical tube of arbitrary section with the skin thickness
constant along all generators, all boom areas tapering
linearly to zero at the apex, and subjected to bending
moments and torque varying linearly from zero at the apex

to a maximum at the root.

Swept cylindrical tube of arbitrary section with the skin
thickness constant along all generators, all boom areas
constant along the length of the tube, and subjected to

constant bending moments and torque.

The formulae of (a) and (b) represent extensions of the simple

theories of bending and torsion for an unswept tube.

(c)

(a)

(e)

(£)

Conical tube of polygonal section, with the skin thickness
constant over each flat wall, all boom areas tapering
linearly to zero at the apex, and subjected to bending
moments and torque which vary from section to section

as a power of the distance from the apex.

Self-equilibrating stress systems for the tube defined

in (c).

Swoapt cylindrical tubes of polygonal section, with the skin
thickness constant over each flat wall, all boom areas
constant along the length of the tube, gnd subjected to
bending moments and torque which vary along the length of

the tube according to either an exponential, sine or

power law.

Self=equilibrating stress systems for t he tube defined

in (e).

All the solutions exhibit an interaction between bending

and torsion, which constitutes the essential difference between an
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unswept wing and a swept one of the type considered here.

The Appendix shows that if the tube is highly tapered, the
root effect is of prime importance in determining the stresses and
deformations. It is highly unlikely, therefore, that any simple
formulec, similer to those of the simple bending theory for example,

#will give anything epproaching the true stresses and deformations.
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APPENDIX,

Numerical solutions for a highly tapered unswept tube of doubly
symmetrical rectangular cross section.

3 Al Description of tube ond agpplied loads

The foregoing theory will now be applied numerically to the
tube showm in Fig.l2. This is a highly tapered unswept conical
tube with a doubly symmetrical rectangular section, the lengths of
the sides of the rectangle being d and 2d at the root. The perpendic=-
ular distance Z from the apex to the root section is also equal to d.
The thickness of the top and bottom skins is constant and equal to
t, whilst that of the two side walls is also constant and equal to
2t°. The tube contains four equal booms, located at the corners of
the rectangle, and varying linearly in area from zero at the apex to
dt, at the root. The root section is held in such a way that it is
prevented from warping, and the tube is continuous to the apex of the
cone.

The numerical work is confined to two types of applied load.
The first type gives rise to a pure torque variation according to the
equation

prl

T =Ttp
where T' is the value at the root section. The values of fﬁ consider-
ed are 0,1,2,3,4 and 5. Two self-equilibrating stress systems are
derived in order to deal with the zero-warping condition at the root.

The second type of load is one giving rise to bending
moments about the horizontal axis of symmetry, with variation of
moment according to

MJ = m; pﬁ+!
where M! is the value at the root and the values of ﬁ considered are
again 0,1,2,3,4 and 5. The root condition is again dealt with by
two self-equilibrating stress systems. The methods used in obtaining

the stresses and deformations are as set out in §2 and §3. The

variation of ['(equation 125) round the section is as shown in Figel3
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which also indicates the values of p, n and w" in each wall.

The value of Poisson's ratio }1 is taken to be -?)—, so that
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& A.2. Stress systems in equilibrium with torque T = T'pfa :

We first derive stress systems to balance the applied
torque, regardless of the non-warping root section.

First, if p = 0 so that T = pT', the twist and the stress
flows may be computed from equations (116) and (119). On substitut-

ing numbers these give

4o _ 7,765 T!
dp  p*ed‘t,

T 3

f-:--_—

2Ap 1+M?
42

q: [, N

24p 1+ N*
where A = d2/4 is the area enclosed by the root section.

The warping w’, which in this case is equal to the complete
displaecement w since u = v = 0, is obtained from equation (3la) and
gives

= Il (0.722 tan I - 2.506) in the side walls
Gdt

= b (10173 tan_lr‘ - 0.565(7) in the top and bottom wnl’ -
Gat,

For the other values of P considered, namely 1,2,3,4 and
5, the results of§3.5 are applicable. However it is clear from the
symmetry that the tube will twist about its central axis so that
u=v =0, and we look for stress systems in which g is symmetrical
and f and w anti-symmetrical about both the horizontal and vertical
centre lines of the section. Since M is anti-symmetrical this
means that h must be symmetrical about each centre line so that in
equations (127) and (130) we meke D = O, It is then only necessary
to consider the conditions of continuity of strain and of equilibrium
at one of the four booms (chosen here to be the top left hand one),
and the conditions of zero bending moment ebout the x and y axes are
automatically satisfied.

Denoting now by suffixes 1 and 2 the values of h in the
left hand and top walls respectively, the expressions for h and h

are as follows :-
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p=1 h, = Gdt, [ C, = 0.89448 { Mtan " -} log (1+ 4]
h, = 6dt, [C, - 0.12409 { M ban -3 log, (1+ r‘z)}]
B=2,3,4,5,h, = Gdt, [C, 3, (") - 0.8944E/p (fp=1)] ; el
h, = Gdt, [C, 3, (") = 0.12408/p (p -1)] )

The functions Jﬁ reduce to the polynomials given in Table 1
for the integral values of F& considered. The constants C > C2 and 6
are at present unknown.

Equations (141) applied at the top left hand boom give

4.'ﬂdi*n Pk, = 1625 |(1+ 2)452— th
[0 i Al ; rjz.zgas | [O E A1 ﬁ ]r':—-8‘595 (253)

= r-4797[[h2) = (h)

p*_.3553 !r’:-lgséj

whilst the third of equations (142) for torque equilibrium becomes

p

If we now substitute the expressions for hf and h2 given

1936 0 3 51

0 ~-«8593

above into equations (252) and (254) we obtain three simultaneous
equations for each value of JB s which may be solved to give C,» C,

and ©. These are tabulated in Table 2.

TABLE 2.
B Sea“t, /7" c, Ga*t, /T c,6d t /T
1 9.402 -1.572 -2,241
2 ~30.398 -18.187 0.637
3 5.275 -0.506 0.188
4 12.643 0.148 0.174
5 12.979 -0.393 ~0.225

Now that the values of C s C, and © are known, the express-
ions for the stress flows f and q follow from equations (143) and
(144). The boom strain is derived from (145), which then gives the

tension P in the boom. Also the warping W follows from oquation
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(88)s The twist of the tube, obtained by integration of (54), is

given by
p-2

g'—g- = p e ® ® 8 8 8 & 8 e * e & € » -(255)

dp

TBIOE

These are all given in Tables 3, 4, 5 and 6. (Note that
P is the tension in the top left hand boom.) For comparison the

corresponding results for (3 = 0 are included.

TABLE 3. Shear Flows.
2Aqp' P /1
[5
Side Walls Top and bottom walls
o | () (3 AT
i 04786 = 2,102 1oge(l+ rf‘) 1.121 - 0.292 log, (1+ )
2 44592 -2.522
3 0.760(1= rfa) + 1.179 -0.283(1-!"1) + 0,164
4 =0.297(1=3 r‘z) + 1.885 =0e348(1=3 1“2) + 0,261
5 0.984(1-6P2+ !"4)-4- 1.451 0.562(1-6f_'2+ !74) + 0,201
TABLE 4, Direct Stress Flows.
2afp' PR /pt
ﬁ Side Walls Top and bottom walls.
0 | «1:7320 (3% 1) =1.732 M (1+)"
1 | -7.282 tan 1,010 tan
2 31.500 M -1,103 [
3 24631 -0,979
4 =0,514 (3" = r“s) «0,603(3 " = r*a)
5 | 6.814(M =) 5.804( =)
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TABIE 5. Warping
w“GdtUp“ﬁ/T'
ﬁ Side Walls Top and bottom walls
- | -l
0 | 0,722 dan [ = 2,506 1.173 tan [' = 0565 [7
=] | el
Liog (1+ PZ)] Liog (1—mz)]
2 e 2 e
2 |8.220 ~1,852 "
3
3 0.185(5P-r‘3) +0,284 |7 «0,111(3M = 17) +0.,0647
3 3
4 | =0.214( =17) +0,340 7 -0.408(" =) +0,077["
3 o] 3 <)
5 [0.142(5M =20 +") +0.209 [ 0.132(5M =10M+) +0.047
TABLE 6. Iwist and Boom Tensions.
A 0 1 2 3 4 5

2
Gd?g ?g'ﬁ 74765 | 9,402 | =15.199| 1,758 | 3,161 | 2.596
i P

P o 0 |~1.014 6.708 | 1.010 | 0,218 | 1.768

T

In interpreting these results consider first the values of
the twist %% given in Table 6. For a2ll values of ﬁ the root torque
1s the same, namely T!, so that the value of the twist at the root
(p=1) is simply equal to T’/Gdzto times the appropriate figure given
in Table 6. At first sight the variation of the root twist with B
appears to be very erratic, in fact when P = 2 the twist is
negative, i.e. in the opposite direction to the torque. It must be
remembered however that the figures for the twist given in Table 6
have taken no account of the root constraint. The stress systems so
far obtained are those for which the distribution of stress is the
samé round all sections. They can only exist alone if the aPprop=

riate stresses are applied at the root. In the case of 3 = 2 the
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warping wj;and the direct stress flow f at the root are both large
and the positive work done by f in moving through the root warping
more than counteracts the negative work done by the torque due to
the negative twist. The apparently erratic variation of root twist
with ’3 can be explained by considering the eigenvalues, the first
two of which occur at /3 = 1.827 and ﬁ = 4,709 as will be found

later., If a torque T = Tlp2'887 o T,p5-709

is applied to the tube
and a solution sought in which the stress distribution is the same
round all sections it would be found that § must necessarily be
infinite. Consequently the variation of root twist with FS must
presumebly be something like that indicated in Fig.l4. It will be
seen later that when the root is brought back into its original
plane by the application of self=-equilibrating stress systems the
variation of root twist with ﬁ is quite smooth so that we conclude
that the effect of high taper is to meke the root condition of priie
importance.

The variations of the non=dimensional stress flows §&$ and

T

§£¥ round the top left hand quarter of the root section (p=1),

T

obtained from Tables 3 and 4, are shown in Figs.1l5 to 20 for values
of ﬁ =0, 1, 2, 3, 4 and 5 respectively. It will be seen that in
some cases the shear flow g is negative, i.e. opposes the torque,
over parts of the section, but this also is due to the fact that no

account has been taken of root constraint.

Finally the variation of the non-dimensional warping
K
-—E%L round the top left hand quarter of the root section, obtained
T

from Table 5, is shown in Fig.21l.
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§.A.5. Self-equilibrating stress systems for elimination of warping
due to torque :

In order to eliminate the root warping due to the stress
systems just derived, self=equilibrating stress systems giving a
warping distribution anti-symmetrical about both centre lines of the
cross section arc required. These are obtained from the symmetrical
h functions given in equations (252) and the problem now is to find
possible values for ﬁ s 1.e. the eigenvalues.

Substitution of (252) into (253) and (254), with T'=0,

gives the following three equations:

[_w[a(‘l%e)] g, * [1.625wp(.8593)J G, = .5464‘97,3([3-1) = 0
[JB(.IQSG)J G\ [1.0985F>W?,(.8595) - Jﬁ(.8593)J c,
[_.7704 + 1171 p] o/p(p -1) =0
[2-23613, (.2936) + .45:50.1{3(.1956@ c, + [.5039‘&!5(.8595)
+ .43507,(.8593)| G, - .4410(B+1)G/R(p-1) =0
58 e & B % = 8 (256)

These equations are homogeneous and a non~zero solution

exists only if the determinant formed by the coefficients of C,» C

and © is zero. On expanding this third order determinant and

B

equation in 15 is finally derived:

substituting for J, and Wb from (131), the following characteristic
(5.5978 + P ) cos (.5186 p) - (4.,3589 +-p) cos (.9012 p)

- .63450 [4.2 sin (. 19012 ) + sin (.5186 )] =0 sves(257)

The periodic neture of this equation indicates that it has

an infinite number of real roots. Since the L.H.S. is an even
function of 13 the roots occur in equal positive and negative pairs.
It was found that the first three pairs of roots occur at ﬁ =i
- l 827 and - 4 709. The root + 1 may be discounted since the
solution (130) of the differential equetion in h bresks down for
this value of p + The root - 1 may also be discounted because of -
singularity which occurs at that value of ﬁ in the integral of the
function J, (equations 138). Consequently the first two pairs of
elgenvalues are ﬁ = 23,827 and ﬁ = 24,709,
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The fact that the roots occur in pairs is interesting from
the point of view of the relative importance of the root and tip
effects. The self=equilibrating stresses corresponding to the first

pair of eigenvalues vary along the length of the tube as pO‘827 and

p-2'827 respectively. Consequently the system corresponding to the
positive eigenvalue decays from the root towards the tip only very
slowly, but that corresponding to the negative eigenvalue decays
mach more rapidly from the tip to the roote This means that, whereas
the root effect is likely to be appreciable over the whole tube, the
tip effect will be fairly localised. In seeking the main trends of
high taper we are therefore justified in taking the tube under con-
gideration to be continuous to the apex, and are interested only in
stress systems deceying towards the apex, i.e. with positive eigen=
values.

Substitution of P = + 1.827 into any two of equations
(256) enables the constants Ci and GZ to be determined in terms of 9,
thus

C, = 0.68468 , C, = =0.00518

The expressions for hl and h.2 (252) are then known and the
stress flows q and f and the warping w ¥ then follow. The magnitude
of @ remains arbitrary. This stress system will, for convenience,

be called the first torque-eigenload, and the stress flows and

warping are given in Table 7.

TABLE 7. 13t Torgue=Eigenloade.
Side walls Top and bottom walls
g _~*B27 | L1 88087 (1) + 1.0816 .00923 (") + .1500
Gtoe 827 «827
& "‘.827
~—p -2.1665W (1) .0160W ()
Gtog « 327 « 827
W oo 2470W (1) + .2136[ +0030W (! + ,0481 1
as® 1.§27 1.é27)
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The twist of the tube, from equation (255), is given by

d—i-g- = 0.54756p—0.175 ® e ¢ & 8 & 8 & e e & (258)
dp
whilst the tension P in the top L.H. boom becomes
- 1827
P = —Oolr?r?éGdtogp ® & ® o e & v s = s » (259)

An exactly similar procedure ensbles the second torque=
eilgenload, corresponding to P== + 4,709, to be derived. The stress

flows and warping are given in Table 8.

IABIE 8. 2nd Torgue=~Eigenload.
Side walls Top and bottom walls
-41—55'709 ~e 6374 ér‘) + 2411 ~37773 (1) + ,0334
Gto0 O ¥080 34709
i -60709 .
f,, -1.1039W ([7) -.6541W (M)
G0 34709 34709
W =4,709
- -.0488W (1) + .0185" | =, 0470W (') + .0042("
dae 4,709 «709
The twist and the tension in the top left hand boom are
given by
a8 = 0.21246p2'7°9. S W ¥R W R e Eoeew §AtEen)
dp
P = "0.5784Gdt0—§p4-709 o * 2 ©o & » » ® 8 & o o » (261)

The variation of the stress flows and the warping round the
root section (p=1) due to the first and second torque-eigenloads is
shovm in Figs.22 and 23 respectively. The marked difference between

them is quite obvious.
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$A.4. Elimination of warping due to torque :

So far, the amplitudes of the first and second torque=

eigenloads derived iné A.3 are arbitrary. However, by giving suite
able values to © and then superimposing them on the stress systems
due to the torque T=T'o"*' , derived in §A.2, it is possible to
eliminate the warping at any two chosen points in each quarter of the
root section. The points chosen for this purpose are the booms and

the quarter points of the top and bottom walls. The necessary values

of 6, denoted by 35; and 6, , are given in Table 9.

TABLE 9. Amplitudes of Torgue~Eigenloads.
B 0 1 2 3 4 5
6" to8, /T! | =B.128 |-~10.662 | 34.545 | 3.729 | 1.527 | 0.816
GA” £ 4B /T 0.718 0.262 | =0,010 | =0.317 [-1.167 | 3.414

The warping at points in the root section other than those
at which it has been made zero can now be determined by substituting
0= 3£I and O, into Tables 7 and 8 respectively and adding the warp-
ing due to the torque (Table 5). Proceeding in this way it was found
that in no case was the maximum residual warping in the root section
more than 12% of the maximum value before the eigenloads were super=
imposed. It is therefore considered that, for 0 < ﬁ,ﬁé 5, the
first two eigenloads give a sufficiently accurate representation of
the root condition.

The variation of twist, due to both torque and eigenloads,
is shown in Table 10, which glves also the value at the root (p=1).
These root values of the twist should be compared with those in Table
6 before the two eigenloads were added. It will be seen that the
apparently erratic variation of root twist with.[S has now been smoothe
ed out, thus confirming the conclusion that the root effect is
highly important.
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TABLE 10. Final Twists.
ca’ t, Qﬁ/tr'
dp
Variation with
ﬁ arza ki Root Valus
x oP 2 | xpme173 | 5 24709
0 b 74765 | ededd48 § 0.152 3,469
1 0,402 | =5.835 0.056 3,623
2 -15.199 | 18.907 | =0.002 3,706
3 1.758 2.041 | =0.087 3,732
| s 2.596 0.44% 0.725 3.768

The total stress flows, q and f, can also be obtained by
adding those due to the eigenloads on to those due to the torque. The
variation of shear flow q round the root section (p=1) and also round
the section mid-way between the root and the apex (p=%) is shown
graphically in Figs. 24(a) to 29(e) for values of ﬁ =0 to 5
respectively. The variation of direct stress flow f round the same
two sections is shown similarly in Figs. 24(b) to 29(b). These
should be compared with Figs.l5 to 20 which show the variations of q
and f before the application of the eigenloads.

The theory of § 1.7 proves that in the exact solution the
shear flow q should be constant in each side of the root section. An
inspection of Figs. 24(a) to 29(a) shows that the approximate sol-
ution, using two eigenloads only, gives a remarkably good reprecent-
ation of this condition.

The marked difference between the stress distributions

round the sections p=1 and p=} further emphasises the importance of

the root condition.
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+1
éA.S. Stress systems in equilibrium with bending moment M3=m;pﬁ 2

We now consider solutions for an applied bending moment

l\zI‘y = Mépﬁ*'. This also implies a shear force Sx = ({5+1)g;p?/z.
First, if I3 = 0, equations (116) give
Vv =de/dp = 0 '
2.1
o d My
ETI
It 1s found that I, = .07638a°t, so that
u = ~4.910M! /Gdto
The stress flows are given by (118), with M: = T! = 0, thus
z
L - 35BE 4y bhe L.H.WE1D
M; 1+
= ilg&ﬁa in the top wall
1+
2 Fi
and pd'q = 8780 - in the L.H.wall
M 1+
o
= l;géil: in the top wall
1L &

For P = 1,2,3,4 and 5 we use equations (127) and (130) for
the stress function h. From symmetry, however, it is clear that the
tube will neither twist nor bend in the y-direction so that we take
€ =7 = 0. Also the shear flow g must be symmetrical about the
y~axis and anti-symmetrical about the x-axis, and vice=-versa for
the direct stress flow f and the warping w*. This means that h must
be symmetrical about the y-axis and anti-symmetrical gbout the x=aiis.
The functions h! and h2 in the L.H. and top walls respectively, are
therefore as shown below, the constants C, D and 4 being at present

unknown.

o
1l
=
o 3
i

: Gto[c - 1.788%u {Ptal':lr' - #log (1+ Pz)}]

h, = GtDI"
B =2,5,4,5 h, = Gt, [CJ (") - 1.7889u/B(p -1)]
p '.10000(262)
h, = GtoDWﬁ(f")
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The condition M, = T = 0 is automatically satisfied by the

symmetry but the second of equations (142) becomes

« 1936
f h’ldrl L -.BBVSM;/G e # = s # 8 & & & 8 2+ @ (263)
o)
This, together with equations (253), enables the unknown

constants C, D end U to be determined, and the results are given in

Table 1le
TABLE 11.
ﬁ GdtOEVM5 GdtOC/M; GdtoD/Mg
1 =3 4448 -2.038 0.983
2 ReS2Y 0.083 0.873
3 ~4,044 34331 ~0.849
4 9,358 ~04654 ~0.162
5 194253 -04317 -0.,104

The stress flows f and g can now be obtained and are given
in Tables 12 and 13. The corresponding expressions for ﬁ = 0 are

also included.

TABLE 12. Direct Stress Flows.,
ﬁ3 fdap‘-B/M;
L.Hewall Top wall
Vo=l ' 2 |
0 15.232 [ (1+) 1.813(1+1)
=
5 ) 10.685 tan [ 1.702
2 0,287 3,024
S
3 344614 [ -4,413(1=[1)
3 Z
4 4,530(3N = 1) -1.,119(1=3[")
3 2 4
5 10.,985([" = [1) ~0,900(1=61"+1")
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TABLE 135, Shear Flows,
ad” o' 7P
o
p LeHewall Top wall
0 87831 (1417 ) 1,047 1 (1475 )
1 2.038 + 3.085 1oge(l+r’l) 0
2 3.998 - =14746 7
3 9.992(1~ r’z) - 5817 5.096
4 2.615(1-6!"2) + 5.580 0.646(5F-F‘3)
5 1.586(1-6r3+rf5 + 8,611 z.ova(r*-rﬁ)

The constant u defines the magnitude of the curvature of
the tube (equation (253) and its apparently erratic variation withp
(Table 11) can be explained in a similar way to the veriation of the
twist with fg in§A.2. It is due to the fact that & must become
infinite at the eigenvalues, the first two of which will be found
later to be P = 24642 and 6.808. When the root warping has been
eliminated by the superposition of self=equilibrating stress systems
the variation of the root value of the curvature with Fs becomes
quite smooth.

The variation of the stress flows f and q round the top
L.He quarter of the root section are shown graphically in Figs.30 to
35 for values of p = 0,1,2,3,4 and 5 respectively. In comparing
these graphs it should be noticed that Figs.33=35 are dravm to a
smaller vertical scale than Figs.30-32,

We turn now to the warping of the section. Since, by

symmetry, the twist is zero, equation (27a) gives

Eb-%} ds = 0

Hence, from (31a),

*

S
w = ""p"'-‘ ] i dS . . e L ] . . . . . L] . - (264)
G o nt
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Teking the point s = 0 to be at the middle of the L.H.wall,
substituting the expressions for g from Table 13 and performing the
integrations, the expressions for wﬂ*are as shown in Table 1l4. The

values at the top booms are also given.

TABLE 14,
< S
Gdtow p /mj
ﬁ LeHewalle. Top Top wall.
booms
oL} 2
0| 3.169(I" =tan M) .0075| =0.162+0,307 loge(l-i-f’)
-
1[-1.491M+2.226 [ tan M+ | 145 | 0.145
$logg (1+0)]
2
2| 1.443 )" 279 0.512(1=17) + 0,146
3 2
3 2 4
41 0s944( M=) + 2.014 [ e566 | =0.095(1=6"+1") + 0,293
3 2 2 4
5| 0.114(5M=10+ M)+3,107]" «704 | =0.061(1=10["+ 5[7) + 0.481
*

The warping w given in Table 14 is not necessarily the
complete displacement w. From equation (30a), with Wy, =Xy, Sl
end p = 1, the value of w at the root is given by

*
W = - "—J:-" g}}) e & & 8 e s & o & e 8 2 8 e @ (265)
d dp p=l
Hence, by giving a suitable value to the root slope (du/dp)p=l the

complete displacement w can be made zero at all four booms. This
amounts to giving the whole tube a rigid body rotation sbout the
y=axis in the root section.

Since at the top booms x = d/8, the root slope necessary to
eliminate w at the booms is simply equal to eight times the value of
vv*at each of the top booms in the root section, as obtained from
Table 14. This leads to Table 15 which shows the root slope
necessary to eliminate warping at the booms in the root section, and
also the expressions for the displacement w at other points in this

section.



TABLE 15.
du Gdt w/M &t the root.
bl "
p=l '
L.Hewall Top wall
= a
O | <060 | 3,130~ 3,169 tan [ =0,170 + 0.307 logg(1l+[")

-
1]|1.162 |=2.24201+ e.zzs[tan b 0
M loge(1+1M)]

21 2.285 | O 0.512(1-r12) - 0,133
5|3.494 | 1.202(3M =) - 3.563 ~0.498(1-31") = 0.606

4 | 4.526 o.944(rﬂ-r"3) - 0.9100 -0.095(1—6F1+P4) - 0.273
5 | 5.634 o.114(5r'-1or13+ﬁs)-o.535r' ~0.061(1-10M+5[") - 0,223

The distribution of w round the top L.H. quarter of the
root section, computed from Table 15, is shown plotted in Fig.36.
In no case does the meximum value of Gdtow/M; in the L.H. wall exceed
+003 which, in comparison with the values in the top wall, mey be
assumed to be zero,.
. Finally, the tension P in each of the two top booms is

given in Teble 16,

TABLE 16.
-
B 0 ¥ 2 3 4 5
Pdp~ B/M; 1.293 | 1.214 | 0.564 | 3.826 | 2.304 | 2.348
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§A.Qﬂﬂﬁelf—equilibrating stress systems for elimination of warping
due to bending moment

To eliminate the warping due to the bending moment Md’ selfw
equilibrating stress systems giving a werping distribution symmetricel
about the x=axis and anti-symmetrical sbout the y=-axis are required.
These are derived from the h functions (262) and will be called
bending eigenloads.

The procedure for determing the eigenvalues is exactly tue
same as for the torque eigenloads (§ A.3) and leads to the following
characteristic equation :

(7.8174 +p2) sin (.5186[5) - (7.4648 +pa) sin (.9012[5)
+ .7628‘3[3.38’76 cos (.9012(3) + cos (.SIBGP)] =0
The L.HsS. of this equation is an odd function of 9 so that once
again the roots occur in equal positive and negative pairs. The first
two positive eigenvalues were found to be p = 2.642 and }5 = 6.808.
. For each of these values of P » the constants C and D in
equations (262) can be obtained in terms of U, and the stress flows

f and g then follow. These are given in Tables 17 and 18.

TABLE 17. 1st Bending Eigenload.
L.leall Top w'a.ll
~1.642
fd_ - 1.9386W (M) 0.61073 (M)
Gtou 1.642 1.642

-1.642
~ad_ - 111683 ér’) + 1.0894 | -0.3526W éf‘)
1.642 1.642

TABLE 18. 2nd Bending Eigenload
L.Howall Top Wall
e - 0.,7006W (1) =0.5165J (f
Gtou 5.808 2. 808’
gd =5.808
— -~ 0.4045J (') + 0.3080 | 0.2082% ()
Gtou 5.808 5.808
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The warping w at the root can be adjusted so that it is
The

zero at all four booms by & judicious choice of the root slope.

necessary value of (tfm/ciip)r:):t and the consequent expressions for the

warping are shown in Teble 19 for both eigenloeads.

TABLE 19
2nd Bending-Eigenload

1lst Bending=Eigenload
LeHewall | =e1520W () + .4008 " -e0214W (7)) + 1210 [T
w 24642 64808
u
Top wall «0783J tgf"') + .0488 -.0257.7 ér') + .0203
2.642 6.808
du oy o
= - .0118u - 0153
(dD)P=J e

Finally the tension P in each of the top booms is given by

P 2.642 )
= w=e2715p for the lst bending~eigenload

Gtou

«808
= =,2908p for the 2nd bending-eigenload.

The variation of f, g and w round the top L.H. quarter of

the root section due to each of the two eigenloads is shown graphic=

ally in Figs.37 and 38 respectively.

PR
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§A47,LElimination of werping due to bending moment :

By giving suitable values to u in the 1lst and 2nd bending=-
eigenloads and then superimposing them on the stresses due to the
bending moment ( §A.5) it is possible to eliminate the warping at
the middle and the querter points of the top and bottom walls in the
root section. The necessary values of u, denoted by EE” and EEE

respectively, are given in Table 20,

TABLE 20.

B 0 1 2 3 4 5
adboly, /M, | 1.329 O | =2.975 | 8.683 2.891 | 2.214
Gdtol,, /M; ~0.150 0 0.016 | =0.045 | =0.161 | -0.487

After applying the two eigenloads with these amplitudes the
residuael warping in the root section is in no case greater than 13%
of the maximum value before they are applied. This is considered to
be sufficiently eeccurate,

The variation of curvature along the tube, its value ab
the root and the value of the root slope, due to both the bending

moment end the eigenloads, are given in Table 21.

TABLE 21.
2
Gdt, du [yt Root Slope
dp? J
I5 Vaeriation with p Root Gdto ;EE)
Value ! (
= M d =
xo P72 | 5 00642 xpt+808 3 P/p=1
0 -4,910 1.329 -0.150 ~3.731 0.047
& -3e449 0 0] ~34449 1l.162
2 24327 ~2.975 0.016 -0.632 2270
3 ~4 4045 84683 -0.045 4,594 34392
4 9.359 2.891 -0.,161 12.088 40495
) 19.253 2.214 -0.478 20,989 5.615
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It will be seen from Table 21 that the curvatures at the
root section become positive as ﬁ increases. The explanation of
this may be found in the presence of the shear force SX which is
equel to (p-+1)m;pﬁ/d. This gives rise to shear stresses in the side
walls which produce positive shear slopes (du/dp). For a given value
of M;, S, increases more and more rapidly towards the root as ﬁ
increases so that the resulting positive curvatures also increase.
These curvatures due to shear more than counteract the negative
curvatures due to bending moment. This explanation is confirmed by
the increase of root slope with ﬁ » shown in the last column of
Table 21.

The total stress flows f and q, due to both bending moment
and eigenloads, are shown plotted in Figs.39 to 44 round the top left
hand quarter of the root section (p=1l) and the section midway
between the root and the tip (p=%).

The shear flow should actually be constant in each straight
wall of the root section, as shown in §1.7. The fact that q is anti-
symuetrical about the vertical centre line shows further that in the
top and bottom walls of the root section the shear flow should be
zero. An inspection of Figs.39 to 44 shows that these conditions
are very neariy satisfied by the application of two eigenloads only.
In all cases the shear flow in the top wall of the root section is

too small to plot.
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SUMMARY

The problem considerod is that of a swept wing, ceither
conical or ecylindrical, of arbltrary soction, under any system of
bending and torsion loads. The wing 1s assumed to consist of a
non=buckling outor skin, a sorios of booms located along generators
of tho tubo, and a sories of closely spaced ribs all parallol to
the root scction. The ribs are assumed to be rigid in their own
planes but to offer no rosistance to warping out of their planes.
No reostriction is placed on either the taper or the swecp of the

~

Tho theory is doveloped in genoral terms, for arbitrary
wing scction, arbitrary-variution of stress bearing area over the
tube, and arbitrary applied loads. The fundamental equations are
cxprossod 1in torms of a stross function which is found to sdtisfy
a complicated intogro=-differontial equation. Analytical solutions
of this equation aro obtained for certain simple types of tube and

opplied load by a process cdnsisting-essontially of separation of

the variables.
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Thosc solutions in somo cascs lead to formulae oxactly
analagous to thoso of tho simplo thoorios of boending and torsion
for an unswopt wing. Thoy arc slightly more complicatod than the
lattor formulao, in that thoy show an intoraction botweon bonding
and torsion which is charactoristic of this type of wing.

Tho Appondix gives dotailed numerical applications of the
thoory to a highly tapored unswept four boom tube of roctangular
cross soction, with a completoly constrained root section, under
varying bending momont and torquo. It 1s shown that whon tho tapox
is large the root offect is of prime importance and the analysis of

a delta wing would thoreforo be very tedious.
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SUMNMARY,

The problem considered is that of a swept wing, elther
conical or cylindrical, of arbltrary section, under any system of
bending and torsion loads. The wing is assumed to consist of a
non=buckling outor skin, a sorios of booms located along generators
of tho tubo, and a sories of closoly spaced ribs all parallel to
tho root scction. The ribs are assumed to be rigid in their own
Planes but to offer no rosistance to warping out of their planes.
No rostriction is placed on either the taper or the swecp of the
wing.

Tho theory is doveloped in gonoral terms, for arbitrary
wing scctlon, arbitrary variation of stress bearing area over the
tube, and arbitrary applied loads. Tho fundamental equations are
exprossod in torms of a stross function which is found to satisfy
a compllicated inteogro-differcntial equation. Analytical solutions
of this equation aro obtained for certain simple types of tube and

applied load by a process conslsting essontially of separation of

the variablcs.
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Theso solutions in somo cascs lead to formulae oxactly
analagous to thoso of tho simplo theorios of bending and torsion
for an unswopt wing. Thoy aro slightly more complicated than the
lattor formulao, in that thoy show an intoraction botween bonding
and torsion which is charactoristic of this type of winge.

Tho Appondix gives dotailed numorical applications of tho
thoory to a highly tapored unswopt four boom pubo of rectangular
cross soctlon, with a complotely constrainod root section, undor
varying bending momont and torquo. It is shown that whon thc taper
i1s large the root cffect is of prime importance and the analysis of

a delta wing would thereforo be very tedious.
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SUMMARY

The problem considercd is that of a swept wing, either
conical or ecylindrical, of arbitrary soction, under any system of
bending and torsion loads. Tho wing 1s assumed to consist of a
non=buckling outor skin, a sorios of booms located along generators
of tho tubo, and a sorios of closoly spaced ribs all parallol to
tho root scction. The ribs are assumed to be rigid in theoir own
planes but to offer no rosistance to warping out of their planes.
No rostriction is placed on either the taper or the swecp of the
wing.

Tho theory is developed in general terms, for arbitrary
wing scction, arbitrary variation of stress becaring area over the
tubo, and arbitrary applied loads. The fundamental equations are
exprossod 1n torms of a stross function which is found to satisfy
a compllicated intogro=-differential equation. Analytical solutions
of this equation aro obtained for certain simple types of tube and
appliod load by a process conslsting essontially of separation of

the variables,
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Those solutions in somo casces lead to formulae oxactly
analagous to thoso of tho simple theories of bending and torsion
for an unswopt wing. Thoy arc slightly more complicated than the
lattor formulac, in that they show an intoraction betweon bonding
and torsion which is charactoristic of this type of wing.

Tho Appondix gives dotailed numorical applications of the
theory to a highly tapored unswept four boom tube of roctangular
cross scctlon, with a completoly constrainod root section, under
varying bonding momont and torquo. It 1s shown that whon the tapor
is large tho root offect is of prime importance and the analysis of

a dolta wing would thereforo be very tedious.,
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SUMMARY

The problem considered is that of a swept wing, either
conical or cylindrical, of arbitrary section, under any system of
bending and torsion loads. The wing 1s assumed to consist of a
non=buckling outer skin, a scrieos of booms locatod along generators
of the tubo, and a scrioes of closoly spaced ribs all parallecl to
the root scction. The ribs are assumed to be rigid in their own
planes but to offer no rosistance to warping out of their planes.
No rostriction is placed on either the taper or the swecp of the
wing.

Tho theory is doveloped in general terms, for arbitrary
wing scction, arbitrary variation of stress bearing area over the
tubo, and arbitrary spplied loads. The fundamental equations are
cxprossed in torms of a stross function which is found to satisfy
a complicated intogro-differontial equation. Analytical solutions
of this equation aro obtained for certain simple types of tube and
applied load by a process conslsting essontially of separation of

tho variables.,



S SR : i,

Qe

These solutions in somo cascs lead té forrmlae oxactly
analagous to thoso of tho simplo theorics of bending and torsion
for an unswopt wing. Thoy arc slightly more complicatod than the
lattor formulac, in that thoy show an intoraction botwoon bending
and torsion which is charactoristic of this type of wing.

Tho Appondix gives dotailed numerical applications of tho ‘
thoory to a highly tapored unswopt four boom tube of rectangular
cross soction, with a completoly constrainod root section, under
varying bending momont and torquo. It is shown that whon the tapor
1s large the root offect is of prime importance and the analysis of
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a delta wing would thereforo be very tedious.



