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INTRODUCTION

Amongst the factors contributing to the present interest in the
problem of determining the complex irreducible characters of the
finite classical‘groups, none has produced as much impetus as the work
of J.A. Green [14]. Prior to this work, I. Schur [16] had solved
the problem for the genefal linear groups in two dimensions and
R. Steinberg [ 22] had extended this tc three and four dimensions.
Green, however, was able to solve the problem for all the general
linear groups by the introduction of certain functions (now known as
"Green functions") which are defined on the unipotent conjugacy classes
(i.e. those whose eigenvalues are all unity), one such funétion
corresponding to each conjugacy class of maximal tori (maximal
diagonalizable subgroups). Given a symmetric function in the eigen-
values of the elements an irreducible ctharacter is obtained by using
the Green functions according to a "degeneracy rﬁle". Moreover all

irreducible characters can be obtained this way.

For the general linear group‘in n dimensions over a Galois
field of q elements, the values of the Green functions are all
integrallpolynomials in q. Moreover, the Green functions satisfy quite
striking orthogonality relations. Since the classes of maximal tori
are, in this case, indexed by the partitions of n so are the Green
functions, and, by an unusual coincidence, the unipotent classes are
similarly indexed. It is chiefly this fact which allows Green's
method to produce all the irreducible characters for the general

linear groups.

In many respects the unitary groups behave like the general
linear groups. For example, the unipotent conjugacy classes for the

unitary group in n dimensions over a field of q2 elements are indexed
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by the partitions of n. Moreover, the maximal teri can also be
indexed by éhe partitions of n in such a way that their orders can be
obtained from the orders of the corresponding maximal tori in the
general linear group simply by replacing q by -q. Realizing this

V. Ennola [10] conjectured that the characters of the unitary groups
could be obtained in terms of "Green functions” where the values for
the Green function corresponding to a given maximal torus could be
obtained by substituting —q¢ for q in the values for the Green function
in the general linear group for the corresponding maximal torus.

The lack of sufficient parabolic subgroups in the unitary group (i.e.
subgroups containing the normalizer of a Sylow p-subgroup where p is
the characteristic of the Galois field) meant that the arguments used
by Green in his paper would not work in this case and as far as I am

aware this conjecture i1s still unproved.*

In her paper [20] on the characters of the symplectic group in
four dimensions over a field of ¢ elements for q odd, B. Srinivasan
obtained an analogue of the Green functions. These are similar to the
Green functions for the general lingafgroupsin the respect that they
are each associated with a conjugacy class of maximal tori, take
values which are integral polynomials in q and satisfy certain
o;thogonality relations. However, unlike the general linear gtroup,
the symplectic group has more unipotent conjugacy classes of elements
than it has conjugacy classes of maximal tori. This is sufficient to
prevent all the complex characters being obtained as in the former

case. The situation is similar for the symplectic groups in four

*
Recently a paper of G. Lusztig has appeared in Proc. Lond. Math.

Soc. (3) 33 (1976), 443-475, which calculates the values for the
Green functions asscciated with the Coxeter torus. This
calculation establishes Ennola's conjecture for this case.
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dimensions when q is even as can be easily seen from the character

table for these groups (see e.g. H. Enomoto [111]).

The recent paper of P. Deligne and G. Lusztig [8] provides a
beautiful theoretical framework in which "Green functions” arise
naturally for all the finite classical groups from what they call
"virtual representations”. A virtual representation is in fact an
alternating sum of répresentations of the group in the £-adic
cohomology groups of the associated algebraic group, for £ relatively
prime to q. The "Green functions”" thus obtained are again associated
with conjugacy classes of maximal tori and in the case of the general
linear groups and the four dimensional symplectic group are precisely
the functions already mentioned. Again they satisfy important
orthogonality conditions. Deligne and Lusztig show how these "Green
functions' can be used to constryct avlarge class of irreducible
representations. However in the general case there are insufficient
Green funtions to enable all the irréducible characters to be

obtained.

This present work is motivated by a desire to find an
adequate generalization of the Green functions. The end product is an
explicit determination of the irreducible characters of the symplectic
groups in six dimensions over a finite field of q elements where q is
a power of two. The determination is in terms of a set of functions
which I call "Green functions'" which are associated with the conjugacy
classes of "pseudo-tori'. A pseudo-torus is either a maximal torus or
a particular type of torus exhibiting a "rank defect”. The "Green
functions'" corresponding to (proper) maximal tori are precisely those
given by the Deligne-Lusztig theory. This wider class of "Green

functions" is shown to take only values which are integral polynomials
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in q and to satisfy (slightly modified) orthogonality relations.
The total number of "Green functions" for the six dimensional
symplectic group over a finite field of characteristic two is twelve

which is precisely the number of unipotent conjugacy classes.

The calculation of the {(generalized) Green functions was done
before the appearance of the Deligne-Lusztig paper (loc. cit.) but,
because of the importance of their work and the simplification it
provides, the text has been rewritten to incorporate many of their
ideas. Thus in §1 we give a general recapitulation of some of the
main results from algebraic group theory followed in §2 by a brief
sketch of some of the results of the Deligne-Lusztig theo?y. This dis
applied specifically to the case of the symplectic group in §3. We
then turn our attention to the task of obtaining explicit values for
the "unipotent” characters from gbich'the Green functions can be
obtained. Thus in §4 we obtain properties of tﬁe orthogonal subgraﬁps
of the symplectic group which in §5 are used to determine the unipotent
characters in terms of characters induced from orthogonal subgroups
and, parabolic subgroups. Im §6 machinery is set up to facilitate

e
computations and this is used to evaluate the unipotent characters
on the unipotent conjugacy clasges. Towards the end of section 6,
the pseudo~tori are introduced and the Green functions are evaluated.
Finally in §7, the virtual characters associated with the additional
psuedo—-tori introduced in §6 are obtained and linear combinations of

these used to obtain all the irreducible characters of Sp(6,q), q even.

An examination of the Green functions {(shown in table 10 of
the appendix) reveals that by substituting -q for q and interchanging
some of the unipotent conjugacy classes each Green function is

transformed into another. This result suggests a generalization of

Ennola's conjecture.



§1. NOTATION AND RECOLLECTIONS.

In this section we recapitulate some results from the theory
of linear algebraic groups. We also take the opportunity to specify
some of the notation to be employed in subsequent sections. Standard
references for this material are [11 and [5] but other sources include

Lz2], £33, £19], [23], {241 and L 25].

1.1 We denote by k a finite field of q elements, where q is a power
of a prime p, and by k an algebraic closure of k. The additive group
of elements of k and the multiplicative group of non-zero elements of
k will be denoted by k+ and k* respectively. We will be considering
two classes of objects, namely those associated with the finite field
k and those associated with k. The notation introduced for one case
will be intended to apply to the other case in an obvious way. Thus

for example k+ and k* will denote the additive group of elements of k

and the multiplicative group of non-zero elements of k respectively.

We denote by G a connected reductive linear algebraic group

~

defined over k and by F the Frobenius endomorphism of G induced by
the endomorphism F: o - a9 of k. We set G = EF where éF denotes the

set of F-fixed points of G.

1.2 For each element g of G we denote by adg the functor induced
by the inner automorphism x » gxg_l of G on the category whose objects
are the (closed) subgroups and gquotients of subgroups of G and whose

worphisms are algebraic homomorphisms.

Each element g of c has a Jordan decomposition, i.e. it can be
expressed as a commuting product of a semisimple element By and a

unipotent element By This decomposition is necessarily unique.



The elements g, and g, are referred to as the semisimple and unipotent

parts of g, respectively.

1.3 For a torus T we denote by o(T) its k-rank and by o(i) its
k—-rank i.e. o(%) is the dimension of the unique maximal k-split
subtorus of T. The k-rank G(é) of G is defined as the k-rank of a
maximally k-split maximal torus in G. A maximal torus T in G is said
to be anisotropic if 6(T) = 0 and minisotropic if o{T) assumes its

minimum possible value. Note that if G is semisimple then G contains

an anisotropic torus.

For a torus T we denote by X(%) the (discrete) character group
of T wriﬁten additively i.e. X(T) = Hom(f,ﬂ*) where the functor Hom is
taken in the sense of algebraic groups. Similarly we define the group
(again written additively) Y(T) of one parameter subgroups of T as
Hom(g*,i). Both X(%) and Y(E) are free abelian groups of rank &(i)
and can be considered as dual Z-modules under the form defined by

(1.3.1) (x,y) = =,y ¢ Hom{k* k%) = Z

il

for all x in X(f) and y in Y(f).

1.4 If T is a maximal torus of G the Weyl group ﬁ(mﬁi) relative

to T (i.e. the group Né(f)/f where Né(%) is the normalizer of T in G)
acts on Y(T) as a left W-module (wy = adw,y for all y in Y(f) and

w in ﬁ) and on X(T) in contragredient fashion (wx = xoadwhl for all

% in X{(T) and w in W).

The set z(ﬁEi) of roots relative to T is a subset of X(T) and
the corresponding coroots are elements of Y(T). The group W (i.e. its

action on X(%)) is generated by the "reflections” Wi X ox - (x,T*)r



for x in X(T) where r* is the coroot corresponding to the root r.

The space E defined as X(T)8R possesses a positive definite
symmetric bilinear form (unique up to scalar multiplication if é is
almost simple) which is invariant under the action of W. This allows

Y(T) to be identified as a subset of E where in particular

r* = 2t for each element r of L.
(r,m)
1.5 Corresponding to each root r in I is a one-parameter unipotent

subgroup X : §+ > é of é. A choice of a Borel subgroup B of G
containing T determines an ordering on ¥ and thus a unique set of
positive roots Z+ and a set I of fundamental roots within Z+. For
each subset J of I there is a parabolic subgroup ﬁJ of W generated by
the reflections v, where r ¢ J and, by the Tits correspondence, a
parabolic subgroup ﬁj of G generated by the subgroup B and the

x_r(fc*") for r in J.

1.6 1f T is an F-stable maximal torus of é then F acts on W, Y(i)
and X(%) where its action on X(%) is the transpose of its action on

Y{(T). These induced actions of F will be denoted either as Fﬁ,

and F respectively or, more concisely, simply as F.

Fy X(T)

F also permutes the one parameter unipotent subgroups xr(ﬁ+) of G

thus inducing a permutation Tp in I which is such that

F(w_ ) = w for each r in I. Considering t_ and the elements of W
T TF(]:) F
purely as transformations on I (or on X(f)) we see that for each w
in W
- -1
(1.6.1) Plw) = (adrF)(w) = TWig .

An F-gtable maximal torus % of é which is contained in F-stable

Borel subgroup B of G will be called a standard torus in G. All




standard tori in G are conjugate under the action of G. For such T
and B the corresponding system of fundamental roots I is Tp-stable

and the F-stable parabolic subgroups of é containing B are precisely
the §J for TF—stable subgsets J of II.

1.7 Let T(é) denote the set of maximal tori in G. T(é) forms a
single orbit under the action of G (é acting by conjugation). Suppose
T, T' ¢ T(é)F and choose an element g in G such that T' = adg T.

Set F¥% = (adgpl)(F). Then
-1 _ -1
F* = adg  F_, adg = ad(g "F(g)).F

whence g-lF(g) ¢ w for some element w in W {=§§). Thus

- ~ X
F*|% = adeFii and adg b carries T' (=(P")F) onto TF'. We say that

~

T' is twisted by w relative to T. Similarly F; = adw F = ad(wrg)

-1 ~ F ~ Bk
and adg carries WT.(=N§, ) onto W .

Let FT’ = {adwoFliiw € ﬁ}. For W, in W the functor adwl aces
on both Fgz and WTF so that Ff and Wrp may be regarded as W-spaces.

There is a cafonical 1-1 correspondence of orbit spaces

(1.7.1) T@F/e « Fam o wWimo .

- -

Two elements w and w' in W are F—conjugate if w = Wy W'F(wl)

for some element Wy in W. The set of F-conjugacy classes in W will
be denoted by ﬁ;;. Thus by (1.7.1) there is a 1-1 correspondence
(1.7.2) T@®F/6 < ul

which maps each G-orbit of maximal tori T' in T(é)F to the set of

elements in W which twist T' relative to T.



5.

l;§1_ For each-elemént g in G we will denote by Zc(g) its centralizer
in G fi;e.‘Zé(g) = éadg) and by Zé(g) the connected component of the
identity element in Zé(g). If T e T(é), Z is the set of roots
relative to T and t ¢ T we set g = {r ¢ Zjr(e) = 11,

Zﬁf(t) = {w € ﬁ§|adw(t) = t} and Z&i(t) = <wr]r € Xt>. For a Borel

subgroup B containing T the subgroup B n Zé(t) is a Borel subgroup
of Zé(t) and is generated by the subgroups T and the Xr(ﬁf) for r in
Et‘ Further Zé(t) iz generated by B n Zé(t) and the w in Zﬁ,(t)
T
while Zé(t) is generated by B n Zé{t) and the w in Z%q(t). In
T
particular Zé(t) is a reductive group and its Weyl group relative
to T is Z§~(t).
T
1.9 Suppose T e T(é)}, W = ﬁf and s is a semisimple element of G.

Choose T' in T(Zé(s))F and g in G such that T' = adgf. Further set

-1 ~
n, =g F(g) where w ¢ W and n,6 € W, set F* = adnwoF and set

- - *

t = adg l(s)- Then adg 1 carries Zé(s) (=Zé(s)F) onto Zé(t)F and

the Weyl group Zéw (s) of Zé{s) relative to T' onto Zé(t). Moreover
T'

if ¢

g% 1s the action on £(=Iz) induced by F* then by (1.7.1) there is

a cancnical 1-1 correspondence
(] ‘F 4] =] e
T(zz(s)) /2,(8) Zﬁ(t)TF*/Zw(t)

Thus if 0 ¢ T(é)F/G and corresponds under (1.7.2) to the element 0
in ﬁg then the classes in 0 n T(Zé(s))F under the action of Zé(s)
are in 1-1 correspondence with the classes in 0 n Z%(t)w under the

F~conjugacy action of Zé(t).



1.10 A semisimple group é is simply connected if X(i) contains a

#—-basis dual to a set of fundamental coroots. For a connected
reductive group G whose derived group [{G,G] is simply connected the

centralizer of any semisimple element of G is connected.

1.11 We denote by C(é) the set of conjugacy classes of G and by
Cs(é) and CU(E) the sets of semisimple and unipotent conjugacy
classes respectively. For each ¢ in C{G) we set Es = {xS[x e ¢} and
Eu = {xuix ¢ ¢}. Then ES € Cs(é) and Eu € Cu(é). Similar notation

is used in respect of G. Again if ¢ ¢ C(G) then c_ « CS(G) and

c, € Cu(G).

For each element g in G we denote by E(g) (or Eé(g)) the
class in C(&) to which it belongs. Similarly for each g in G we

denote by c(g) (or cx(g)) the G-conjugacy class of g.

()

1f ¢ « C(G) and t ¢ c_ we set ¢ = = {x,]x e c, x, = th

t . t
Then ci ) € CU(ZG(t)) and the mapping c b ci )

defines a 1-1
correspondence between the set of elements c¢ in C(G) for which

tecg and Cu(ZG(t)).

1.12 If ¢ ¢ C(G)F then ¢F is non-void and for any element g in
cF the G-conjugacy classes into which =F splits are in 1-1

correspondence with the elements of [Zé(g)/Z§(g)]F (for notation see

1.7). Let us assume that the derived subgroup [é,él of G is simply

connected. Then 1.10 implies the existence of a canonical bijection

A F
(1.12.1) CS(G) - CS(G).



Suppose T ¢ T(E}F and W = W;. There is an obvious canonical
F-commuting bijection Cs(é) + T/W. Combining this with (1.12.1)

we obtain a bijection in case [G,G) is simply connected
~ = F
(1.12.2) (/W)™ » C_(G) .

Under this bijection if c e (T/ﬁ)F and t € ¢ then ¢ maps to the

element E(t)F of CS(G).

1.13 Let P be a parabolic subgroup of é, let ﬁ+ be the unipotent

radical of P and let 7 be the canonical projection P > B/, Then,

if T is a maximal torus in P, 7(T) is a maximal torus in ﬁ/ﬁ+.
Moreover i induces a bijection of Cs(ﬁ) onto Cs(§/ﬁ+). 1f P is

~ -~ + -
F-stable then so is U+. Ser P = PF, U = (U+)F and let x denote the

- 4 F
canonical projection of P onto ?iU+. Then (P/U+) = P/U+ and 1 induces

a bijection of C_(P) onto CS(P/U+).

1.14 An element g of & is regular in G if the dimension of Zx(g) is

minimal. Since g ¢ Zé(gs) for any element g of G, it follows that g
is regular in G if and only if 8, is regular in Zé(gs). In particular
a semisimple element g of G is regular if and only if Zé(g) is a torus
(which is necessarily the unique maximal torus containing g). On

the other hand, the regular unipotent elements of G form a single

conjugacy class in G.

1.15 it will be convenient in the sequel to take certain liberties
with the termimology so far introduced. TFor example we shall frequently
refer to a maximal torus T of G where we mean that T = TF for some

F-stable maximal torus T of G or to a parabolic subgroup P of G where



again we mean that P = pF for some F~stable parabolic subgroup P

of G. In such cases the meaning should be clear and cause no

confusion.

1.16 We turn now to the consideration of characters of G over the
complex field €. We denote by ch(G) the ring of generalized
complex characters of G. The elements of ch(G) will also be regarded
as defined on C(G) in the obvious way. For elements ¢ and ¢ in ch(G)
their scalar product (¢,w)G igs defined as usual by

(6-0)g = TéT' EEIORICN

geG

and the norm ol as ($,¢)g- We denote by irr(G) the set of irreducible
characters of G i.e. the set of elements ¢ in ch(G) for which ¢l = 1

and deg ¢$(=¢{(1)) > 0. A proper character of G is defined to be a

sum of irreducible characters of G.

If P is a parabolic subgroup of G with unipotent radical ﬁ+
and 7 is the canonical projection P > p/ut then 7 induces an
injection ch(P/U") > ch(P). For each element ¢ in ch(®/UT) we will
normally denote by ¢* its image $ .7 under this injection and refer

to ¢* as the lift of ¢ to P.

1.17 An irreducible character x of G is said to be in the

principal series for G if it is a component of Indg(l) where B is

a Borel subgroup of G. It is shown in [ 6] that, if W is the Weyl
group of G relative to a standard torus (i.e. W is the Weyl group of

G relative to a standard torus and W = W , Vide 1.15), there iz a

bijective mapping ¢ — X¢ of irr(W) onto the set of principal series



characters of G such that for each TF—stable subset ¥ of T

(notation as in 1.6),

G - W
X,,Ind (1)] = [¢,In (1)] .
[ LS £ A P de W

1.18 An irreducible character ¥ of G is in the discrete series if

for each proper parabolic subgroup P of G (i.e. P # G) the
restriction XIP containg no irreducible component which can be
obtained as the 1ift to P of an element in irr(P/U+) (or, without
loss of generality, in the discrete series of P/U+). If Jl and Js
are TF—stable subsets of T and W(JI’JZ) denotes the set of all
elements in W which map Jl‘onto J2 then for each element w of
W(Jl,Jz) the mappings adw: T - T and adw: Xr(i+) - pr(§+) for roots

oA + +
r with support in J, induce an isomorphism w: PJ1/UJl - P32/UJ2

where each Uj is the unipotent radical of PJ for 1 = 1,2, Springer
i i

[18] has shown that if x is a discrete series character of

+ .
P, /U and L is a3 discrete series character of P fU+ then
JyT I : NP

<c*>] - I C T I

(10 ), IndS ,
Jq G WEW(Jl’JZ) Jy7 I



§2. DELIGNE-LUSZTIG THEORY

In this section we review some of the results in [8] for use
in subsequent sections. The notations introduced in 81 will be

used freely.

2.1 Suppose T e T(E;)F and w € Wx. We write W for ﬁ§ and set
F* = adw, F[%. Because of the nature of the actions of F and w

{see 1.4 and 1.6) F* = w.F on Y(%) while on,X{%), F* = Fow .

LTk V L F*
Set (TF Yy = Hom(Ty w0/7ZZ ) and assume chosen a fixed embedding
k* > Q/Z . Each element of X(T) can be regarded as an element of

- . . . F* . F* v
Hom(T,Q/ZZ ) which upon restriction to T vields an element of (T )}

Accordingly there is a short exact seguence

-~ Fk-1 ~ ~
(2.1.1) 0 - XE(T) ——— X(T) -~ (TF*)v > 0.

If n ¢ X(T)BQ/Z we may choose an element n in X(f}@@ which
maps under the canonical projection X(i)@m -> X(i)@@/ﬂ! to n. Then

(F*~1)n = 0 if and only if (F*-1)n = Eai@mi for elements 8, in X(T)
i

- Pk -
and integers m, - Upon restriction to TF the element Zmiei of X(T)
i
~Fk_V . .
yields an element of (T° ) . Thus there is a short exact sequence

~Fk_V - F*-1 ~
(2.1.2) o - (T ) + X(T)eqQ/Z ——— X(T)8Q/Z -+ ©

2.2 Suppose T' ¢ T(é)?, g is an element of G such that

T' = adg T and g—lF(g) € w. Then by 1.7 there are isomorphisms

<Pk
¥ . 1

T' - s = adg (s)

and

~w V
(T’ > (FH 8 w» g, adg



(recall that T' = (%')F, see 1.15).

Thus equation (2.1.2) may be written

Sow—l-l

(2.2.1) 0 > (T > X(T)8Q/Z ————— X(T)®Q/Z + 0.

It is apparent from (2.2.1) that an element n in X(T)6Q/Z
is the image of an element in ()Y for some T' in T(é)F if and only
if it lies in an F-stable W-orbit in X(T)®Q/Z . 1If
- B v v ) - ~
TGy, 8, € Tl and 6, ¢ T2 the pairs (Tl’el) and (Tz,ez) are
geometrically conjugate if the images of 6, and 8, in X(T)eQ/Z

TE,T2 &

under injections of the form (2.2.1) are in the same W-orbit. The
set of gecmetric conjugacy classes of pairs (f',e') where T' « T(é)F
and 6" ¢ (T')Y will be denoted by 5. Our discussion above sets up a

bijection

(2.2.2) S - [(x(Dee/z)/mT

2.3 Suppose B' ¢ (T’)V and n is the image of ' in X(T)®Q/Z under

(2.2.1). For El in T(é)F let im T; denote the image of TI in
x(f}eq/z: under an injection of the form (2.2.1) and suppose fl is

. . - v . :
twisted by Wy relative to T. Then im ’I‘1 contains an element in the

W-orbit On’ say. of n if and only if Wy is F-conjugate to an element

in Zﬁ(n)w. Thus the G-conjugacy classes of F-stable maximal tori T1
in G for which there is an element 61 of TI such that (%1’61) is
geometrically conjugate to (i’,e') are in 1-1 correspondence with the

F-conjugacy classes in W which intersect Zj(n)w (cf. 1.9).

Now im{T')q = ker(F*-1) where ker(F*-1) is the kernel of the

mapping F*~1 in {(2.2.1). Thus, using 1.7, it is easily seen that

~F*%
the wF -orbits into which On n ker(F¥-1) splits are in 1-1

11.



correspondence with the G-classes of pairs of the form (?',91) where

6, « (T*)” which are geometrically conjugate to (T',8').

2.4 A torus T* is said to be dual to T 1if X(T*) = Y(T) (whence
Y(T*) = X(T)) and the k-structure of T* is defined by transferring
the action of F on X(%) to Y(T*). A group G* is said to be dual to
G if it is a connected reducitve k-group containing a standard torus
T* which is provided with an isomorphism to the dual of a standard

torus T of é, the isomorphism carrying the fundamental roots of G*

to the fundamental coroots of G.

The mapping (y,a) = v{(a) for y in Y(T) and o in k* induces an

isomorphism Y(T)8k* ¥ T and thus an injection
(2.4.1) T » Y(T)eq/z

arising from the embedding k* > Q/Z . This yields not only the short

exact sequence

. F* . Fx-1 -
(2.4.2) 0->T = Y(T)RQR/Z —>Y(T)Q/Z -~ 0
but also a bijection

(2.4.3) GmmF 5 ez yaT

Thus from (2.2.2) and 1.12 there is a canonical bijection

(2.4.4) c @»F » s

(ef. (1.12.1)).

12,



If s is a semisimple element in T' and n is its image in
- L%
Y(T)®®/Z under (2.4.2) after identification of T' with TF then the

F . . . N . = ~
W -orbits into which On n ker{(F*-1) splits, where On is the W-orbit

of n in Y(f)GQ/Zi, are in l=-1 correspondence with the W-,~classes

Tl
of elements in T' n CG(S) (cf. 1.9 and 2.3).
2.5 We now relate the pairs (T,8) where T « T(E;')F and 8 ¢ T to
characters of G. The mapping o~ ezﬂul of @/Z into €% induces an

isomorphism TY 5> irr(T) which we use to identify TV with irr(T).

For each element & in TY we denote by pg the character of the wvirtual
representation Rg of G which is constructed in 1.9 of [8]. The Rg
are constructed loe. oi+. over the algebraic closure QE of the f-adic
field for £ a prime different froﬁ p- But aﬂ and € contain a common
splitting field for G so the p% may be regarded as elements of ch(G).

We note that the pg depend only on the G-conjugacy class of the

pair (%,B).

2.6 The Green function Qi(,is an integer valued class function
defined on G for each G class of F-stable maximal tori f as follows.

For each element g in G,

t D%(g) if g is unipotent
t,6(8) =

0 otherwise .

The importance of the Green functions is demonstrated by the
~ ~ v
following result {(theorem 4.2 ioc. c¢it.) If T ¢ T@GF and 6 e T

then

1

8
(2.6.1)  pz(x) = . ) Q.5 o
T IZG(XB) I geG adgT,ZG(xs

adngZé(XS)

13.

fxu)[(adg)(e)](xs)
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for each element x in G, where of course
[ (ad) (8) 1 (%) = 8 ((adg Dx,).
1f T,F' ¢ T(é) we set

Né(i,T‘) = {ge& I T = adg T'Y .

If i,i' ¢ T(®F we also set

NG(T,T') = Na(,TOF .
Then,
o7 I (w) @ - @]
(2.6.2) Q= u) Qn, u
Gl wee ToC TG ] 7]
2.7 StG wili denote the Steinberg character of G. If we denote

by ]Glp the order of ﬁF for some F-stable maximal unipotent subgroup
ﬁ of G then according to [ 21 ] the value of St, for any element g of
G is given by

o(é)-c(zg(g))

(-1} IZE(g)Ep if g is semisimple

(2.7.1) St (g) =

0 ! otherwise

The following are true.

_ 0 (G)~a(T) IG]r.T
(2.7.2) QG 1) = D St (DT

1 1

@7 Tol Lo %6 = TaT

ueGG

(2.7.4) Qi G(u) = 1 1if u is a regular unipotent element of G.
»
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If G is a connected reductive group with Frobenius
endomorphism F then an isogeny g + g of G onto G commuting with F
induces an isomorphism of the varieties of unipotent elements and a

bijection T » T of T(E})F onto T(E)F. Then

(2.7.3) Qs

T,G(u) = Q%’a(u)

for all unipotent elements u in G.

2.8 If él and 62 are two F-stable connected reductive subgroups of

~

G such that G Gy 62, any element T in T(E;)F can be written

%1 X iz where %1 € T(él)F and %2 € T(éz)F. Moreover, each § in TV

v
1

v

5 - Then

can be written 61 x 82 where Bl ¢ T. and 82 e T

5 s
g 1 2
(2.8.1) pr = px X px
T T1 T2
and
(2.8.2) Qx = Q- x Q=
T,G Tl’Gl Tz,Gz

Let P be a parabolic subgroup of G with unipetent radical U+,
let T be a member of T(é)F such that T < P and let & be an element of
v - - N
T . Then (see 1.13) n maps T isomorphically onto =(T) and 1 maps T

isomorphically onto »(T) carrying § to an element 8, say, of ﬂ(T)V.

Then

(2.8.3) pg = Indg({og(f)]*] )

- -~ ') v
2.9 1f T,T' ¢ T(®F, 6 ¢ T and 8" ¢ (T')’ then no element of

8 g* X
irr{G) can occur as a component in both P and O unless the pairs

(T,8) and (%',e‘) are geometrically conjugate.
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We define %(%,%‘) = i\Né(%,%') = Né(%,%')/f' and
W(T,T") = WeE,THF. Then W(I,T') = TN (T,T") - No(T,T')/T" and

the following is true.

(2.9.1) (Qg,pg,>6 = #{weW(T,T")|(adw)(8') = &)}

2.10 We note the following important property of the pe If

L-1Y T"

x « irr(G) then for some element T in T(é)F and some g in T
(2.10.1) (x»02), # O
. - X!’OT C

An element y of irr(G) is said to be unipotent if (X’D%)G £ 0

for some T in T(é)F. If T is a standard torus in G then

1
ST

= Indg(l) for a Borel subgroup B of G which implies that all

principal series characters of G are unipotent.

If ¥ is a unipotent character of G and s is a semigimplie element

of G then

(2.10.2) wis) = —i1 — ) (‘1)0(6)_0(T)(X~°%)c
st (s) TeT(z3 ()"

In particular if & is regular and contained in T

(2.10.3) x(s) = (x.e%)c
Finally,
(2.10.4) (1) = 1 —1)°(G)_°(T)(x,o%)G

I S Ay (
“ F
st 310y



2.11 The following are true.

- 1 1
(2.11.1) g = ) ] ) oF
(TYeT(GY /G T
and
o (G)—o (T)
(2.11.2) Sty = 3 (j;) p%
BT @ Fre ¥

where in both cases the sum is taken over the G-orbits in T(G)F. In

particular for any T in T&F

1 -
(2.11.3) (1gspi)g = 1
and
1, o (G)~o (T)
(2.11.4) (stg,p3)g = (~1)

These results are extended in [ 8] in the case where the
centre Z(é) of G is connected. As before S denotes the set of
geometric conjugacy classes of pairs (T,8). For each element x in S

we define

- o (G)~5 (T)
(2.11.5) o, = 1) 5 og
[(T,8)lex/G ozl
and
0 {(G)~5 1
(2.11.6) p! = (1) = 5 P
[(T,8)1ex/G ﬂpfﬂ

where the sums are taken over the G-conjugacy classes {(T,8)] of pairs
(T,e) in X and 6x denctes the k-rank of the centralizer of a

semisimple element in the dual group G* of G which corresponds



under the bijection (2.4.3) with the element x in 8. Then p, and

p; € irr(G) for all x in S.

Let £ be the semisimple rank of G and let A, be the

function defined on G by

1z(c) | q£ if g is regular unipotent
(2.11.7) bo(g) =
0 otherwise
Then AG,€ ch{G) and
(2.11.8) b = I D oy = ]é pg
x€S [¢(f,e)] Hpi I

where the final sum is over all G-conjugacy classes [(%,8)3 of pairs

(T,0) with T in T(®)Y and 8 in TV.

18.



§3. THE SYMPLECTIC GRQUP

Qur aim is now to set down explicitly some of the structure
of the symplectic group in the light of §§1 and 2., Throughout this

section & will denote the group Sp(V) defined below.

3.1 V will denote a finite dimensional vector space over k. We

extend scalars to obtain the space V (=k9kV) and a Frobenius
endomorphism F on V. We denote by GL(&), GL(m,i}, GL{(V) and GL(m,q)
the appropriate groups of non—singular linear transformations on v

or V where m = dim V. Clearly GL(V) = GL(W)F.

Suppose now that V is endowed with a fixed non-degenerate
alternating bilinear form ( , ). Then m = 2n for some integer n and
Sp(V) or Sp(2n,q) will denote the group of ( , J)-invariant linear
automorphisms of V. Extending ( , ) to V allows us to define Sp(¥)

or Sp(2n,k) similarly and obtain Sp{(V) as Sp(ﬁ)F.

3.2 A hyperbolic pair in V is an ordered pair of elements e, d in
V such that (e,d) = 1. We denote by (3) a basis of orthogonal hyper-

bolic pairs in V i.e. a basis el""’en’dl”"’dn of V such that

(ei,ej) = (di,dj) = 0 and (ei,dj) = §,,

13 for i,j = 1,...,n where 844

is the Kronecker delta.

The set of transformations in G which are diagonal with
respect to (3) is a standard torus T in G. Henceforth this definition
of T will apply unless specific reference is made to the contrary.

For each t in T we can write te, = xi(t)ei for 1 = 1,...,n. Then

LIERRE . is a Z- basis for X(T). 1If for each element o in k* we

19.
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denote by yi(a) the element in G which Ffixes the ej and dj for
j # i and maps e; and d; to ae; and a—ldi respectively then
SEREREES is a ZZ~basis of Y(%) dual to KysocosX .

n

3.3 The Weyl group §(=QT) acts faithfully on the sets
{txl,.,,,xxn} and {iyl,...,¢yn} as the group of permutations with
arbitrary sign changes. We will therefore frequently identify the

elements of W with their cycle decompositions. Note that these cylces

can be of two types. A cycle will be called a negative cycle if it

contains the same symbol twice with opposite signs and will be

called a positive cycle otherwise.

3.4 The isomorphism Y(T) » X(T) which maps y, to X for
i=1,...,n is clearly W invariant. Thus the positive definite
symmetric bilinear form ( , ) on E(zx(f)en{) for which Aps-oneaXy is

an orthonormal basis is W—invariant.

3.5 Relative to the ordering x; < x, < ... < x_ on X(T) the set
n o= {pl,...,pn} where Py = xi+1 - Xy for i = 1,...,n-1 and
Py = 2xn is a system of fundamental roots so ¢ corresponds to the

Dynkin diagram of type Cn' The fundamental coroots p{,...,pg

Zpi

(where p¥ = —————

for i = 1,...,n) are dual to the basis

—xl,—xl-xz,...,—xl—...—xn_l, x1+x2+...+xn of X(T). Thus G is a
semigimple simply connected group. We note further that when p is

odd }Z(G)| = 2 while when p = 2, |2(G)] = 1.



3.6 The Frobenius endomorphism F acts on T simply by raising

each elemeﬁt to its gth power and so acts on X(T) and Y (T) by
multiplication by q. Thus the identification of Y(T) with X(T) in

3.4 identifies T as its own dual (see 2.4). Clearly Ty acts trivially

on £ and F acts trivially on W. In particular W = W and W; = C(W).

3.7 The conjugacy classes in W correspond to ordered pairs
(#,v) of partitions such that |u| + |v| = n (see e.g. Carter [ 4 1)

the cycle structure of positive and negative cycles being given by
k and Vv respectively. Thus by 1.7 the G-classes in T(&)F are also

indexed by such ordered pairs (p,v). We will denote by %u v 2
3

representative element in the G-class in T(G)T which is indexed by

(,v). We wish to determine the structure of T11 o By 1.7, if w

4

is an element of W with cycle structure (u,v) and F* = (adw)oF[i then

this is equivalent to determining the structure of T .

~ &
3.8 We use (2.4.1) to determine the structure of T@ . Clearly

the cycle decomposition of w yields an F*—invariant direct sum

decomposition of Y(T)®Q/Z and so a direct product decomposition of

~ %k
TF . We are therefore reduced to the case in which w consists of a

single cycle of the form (12...n) or (12...n-1-2...-n).

Let €y = ]l according as the cycle is positive or negative.

n —
Then an element ) y;8a, in Y(T)8Q/Z is in the kernel of F*-1 if
i=1

and only if a; = qi-la for i = 1,...,n where a is an element of Q/Z

such that (qn-ew)a = 0. Thus

~F* _

¢3.8.1) T (qn-ew)_lzz /Z

21.



3.9 We continue to assume that w consists of a single positive

or negative cycle of order n. As in 3.8 an element

0l
Z xieui in X(T)@Q/Z 1is in the kernel of F*-1 if and only if

o, = ql-lal for 1 = 1,...,n and (qn-aw)al = 0. We use (2.1.2) and

' ~F%_ ¥V
the preceding discussion to determine (T ) . We choose a in @ such

that o = oy mod Z and set g = (qn—ew)a. Then 8 ¢ Z and

n . -~
(F*-1)( z xieqlnla) = xl@B. We will denote by g the restriction of
i=1

~ ~Fk
the element gx; in X(T) to ¥ . Now if we use (3.8.1) to identify

-~

* -
TF with (qn-sw) lE /Z then

{(3.9.1) é(a) = Ba mod #Z
~ i
for each element a in TF ., Note that since o was determiend modulo Z ,

8 is determined modulo (qn-ew)z so B may be regarded as an element of

Z /(qn—ew)ﬂ . Thus the mapping B~ £ is an isomorphism

(3.9.2) Z /(q e )z = afyY .

3.10 By 1.7, the determination of the structure of WU v(mw% )

~ W
and its action on T is equivalent to the determination of the
v

~Trk ~Fk
structure of wF and its action on (TF )V. Now, for w consisting of

- Fk
a single cycle of order m it is clear that WF = <w> if ¢ = —1 and

W
~ Tk
WF = <w,w0> when €y = +1 where L is the element (1-1)(2-2)...(n—n)

n M n .
of W. Now since w-l( X yiﬁql—la) = q( z yi@ql——la) when (qn—gw)a =0
i=1 i=1

we see that wé = q‘B for alli B ian Z /(qn—EW)ZZ. . Similarly woé = -g.
. ~F& v ~F%k . . .
Elements in (T° } in the same W -orbit will be called conjugate

characters.
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In table 1 of the appendix the information in 3.8, 3.9 and
3.10 is summarized for cycles where p = 2 and n ¢ 3. Also contained
in this table is a standard notation for the characters of fF* which
will be used in later sections. The mappings
Z/{qg-1)Z2 % {(q+1)Z /(qz—l)R etc. shown in this table are the
canonical bijections obtained by multiplying a representative in Z

by q+l1 etc.

3.11 Now let w be an arbitrary element in W. The subgroup of

-F*

~ Pk
W' which fixes each of the subgroups of TF corresponding to the

~ %
cycle decomposition of w is a normal subgroup of WF and ig a direct

product of subgroups of the type discussed in 3.10. Modulo this

~ ke
subgroup, WF acts as the full group of permutations on each of the

~Jk
sets of subgroups of TF which correspond to the cycles of w of a

given type. 1In particular, if w has a cycle decomposition (u,v)
ml m2 ['11 n2
where py = (1 ~,2 “,...) and v = (1 ,2 “,...) then
m_ +n
~F* i7i
W | = ];I (24) m, ing

-

In table 2 (of the appendix) are listed for p = 2 and n < 3

a representative from each conjugacy class in W, its cycle type (u,v),

~Fk
the structure of TF (T v) and a representative 8 of each
H )
~F . ~F* Vv .
W -conjugacy class of elements in (T ) together with the subgroup
F*

z (6) of W which fixes 8. The other entries appearing in this

aF*

table will be explained later. By 1.7 and (2.9.1) it follows that

6
hee 1 = |Z__, (&)]
T F
HyW W
for each ordered pair (u,v) of partitions and element 8 in Tpvv'
L]
In table 2 the notation p% is abbreviated to ps o We will also
3

HeV
often conform to this practice in the text.



3.12 We denote by t(al,...,an) the element of T which maps under

n
the injection (2.4.1) to the element y 8a; of Y{T)®Q/Z .
i=1

Further, E(al,...,an) will denote the conjugacy class in G to which

t(aj,...,a ) belongs. Then (from 3.3) &(aj,...,a ) = E(bl,...,bn) if

and only if bi = ta, for i = 1,...,n where the a' are some
1 1

rearrangement of the a -

Since G is gimply connected (3.5) it follows from (1.12.2)

and (2.4.3) that the semisimple conjugacy classes of G are of the

s F .
form c(al,...,an) (=¢(a ,an) 3 for all a a  in @/Z such that

12 ) I

inai is in some F-stable W-orbit in Y(i)&Q/Zﬁ. Thus c(al,...,an)

#1233

i=1
represents an element of (_(G) is and only if it can be written in

the form

T T
1 1
{3.12.1) c(al,...,al,qal,...,qal,...,q al,...,q al,az,...,az,...)

i i
where there are my elements q a, for i = 1,...,r1, m, elements q a,

i
for i = 1,...,1‘2 etc., where re is the least non—negative integer
r,+1 ri+1
such that (g * +1)ai e Z or (q -1)a; ¢ Z and if
Ty
= + { = - i A
S {ta , *qa;,...,%#q ai} for i L,... then S  n Sj @ for i # j.

Comparison of (2.1.2) with (2.4.2) taking into account the
self-duality of T (see 3.6) shows that the determination of the
geometric conjugacy classes in G is similar to the determination of
the semisimple conjugacy classes in G. Using 2.3 we can also
determine the G-conjugacy classes of pairs (%',9‘) in each geometric

conjugacy class. These are shown in table 3 of the appendix for

24,



p=2and n ¢ 3. For example, table 3 shows that for n = p = 2 there
is a geometric conjugacy class denoted by [axa]l <(one for each class
of conjugate characters a shown in table 1) which contains two

G-conjugacy classes with representatives (5(12) (G),&xa) and
L ]

(%(2),(0Y&*) (appropriate identifications having been made). Note
that no geometric conjugacy class in table 3 contains two pairs
(T',8'), (T',6") where 8',08" « (T belonging to distinct G-classes.
This however is not true for n = 4. As for table 2 we defer the

explanation of the other entries in this table.

3.13 It is easily seen that the centralizer of an element in the

class (3.12.1) in G splits into a direct product thereby reducing the

determination of the centralizer to the case of anelement in
T T
(3.13.1) ¢ = ¢(ay.0.,8,0a5.0.3Q854144q By..4,q a)

i . . .
where each ¢ a occurs m times for i = 1,...,r with r the least non-

negative integer such that (qﬁl‘i-l)a e Z or (qﬁl—l)a e Z and

-

25.

mr = n.

Set t = t(a,...,a,qa,...,qa,-..,qra,...,qra). If 8 ¢ ¢ we can
choose an element g in ¢ such that s = (adg)({t) in which case
g-lF(g) = n_ € w for some element w of W (see 1.7). By 1.9,

W

* *
Zn(e) = (adg) Zé(t)F where F* = adn_oF. We now determine Zé(t)F .

There are three cases:-

Case 1. 2a e Z. Then r =0, t ¢ Z(é} and we may take F* = F,

*
Thus Zé(t)F = G. This disposes of the first case.



Suppose 2a ¢ Z , set v = <em(i—l)+l"'°’em1>§ and

Vi T ngopyerrceodng>f £0F 1= Loo...r. Then

r
() = | [GL(V;) x GL(V;)]. For convenience we can identify

VA ~
L(V
GL (V) i=1

Gi with each 6; and with each ﬁ; by identifying ey with eim+j and
£ . L - s = . . T "'l'a .
dim+j or 1 0, s =1 and j 1, Lm Now Vi and Vl are in

duality under ( , } for i = 1,...,r s0 each element g in GL(ﬁ%) has
r -
a contragredient g+, say. Moreover, it follows that Zé(t) =.T_T Gi
i=1
-~ L -~
where Gi = {(g,g’)[g € GL(V;)}.

Case 2: 2a ¢ Z but (qr+l—1)a € Z . Let n_ be the element of G

which maps e to e and d to d . for

{(i-1)artj imtj (i-1)mrtj inrt]

to e. and

i=1l,...,vr-1 and 3 = 1,...,m and maps e(r—l)m+j i

d{r—l)m+j to dj for j = 1,...,m. If F¥* = aanoF then F2(t) = t so

x ®
ZG(S) is indeed isomorphic to ZG(t)F . But the elementsof Zé(t)F
T FY (@)L, F () with

™t l(e) = g and g in GL({ii), Thus Z (s) = cL(m,q"h

have the form ((g,g?),(F(g),F(g)

Case 3: 2a ¢ Z but (qr+l+1)a € ZZ . Let n, be the element of é
which maps e(i—l)m+j to eim+§ and d(iwl)m+j to dim+j for i = 1,...,r-1
dj = ‘. t g, [
and j 1, .M and maps e(r-l)m+j 0 dj and d(r—l)m+j to 93 or

j=1,...,m. If F* = adn oF then F*(t) = (t) whence ZG(S) is
W

* F*
isomorphic to Zc(t)F . But in this case the elements of Zé(t) have

r+1

the same form as in case 2 except that F (g) = g+. Thus in this

q2(r+1)

case ZG(s) = U(m, Yy .

3.14 We require a parametrization of T(Zé(s))F/ZG(s}. For case 1
of 3.13 this has been dealt with in 3.7. We now consider cases 2 and

3. Since éi & GL(G{) for each i, its Weyl group is precisely S_,

26.
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the symmetric group on m symbols. Thus the Weyl group of Zé(t) is
S;- Now the injection w- w x 1 x ... x 1 of Sm into S; induces a
bijection (S“.‘}OIP:EF*)r -+ (S;;l* so by (1.7.1) and (1.7.2) there are

bijections

n . A

F
T(2g(s)) /Zg(s) > (8 )y Sp) gayr * Sp T(FO)T/Sy

Now for case 2, T (Fx)T = 1 while for case 3, T paxyr = (1-1)(2-2)...{(m—m).

In either case SmT(F*)r/S igs in 1-1 correspondence with C(Sm). Thus

m
the orbits in T(Zé(s))F/ZG(s) are indexed by a single partition u of
m corresponding to the cycle type of the corresponding conjugacy class

of 5 .
m

In table 4 of the appendix is a list for p = 2 and n £ 3 of
the elements & in Cs(é)F together with Zé(t) and ZG(s) for representative
glements t in T n & and s in c. Moreover, for each Zé(s), parameters
corresponding to the orbits in T(Za(s»F/ZG(s) are shown together with
the parameters for the orbit inm T(é)F/G in which each such orbit is
contained. From this table or from 1.9 we find that for p = 2 and

n < 3, each orbit in T(é)F/G contains at most one orbit in

T(Za(s))F/ZG(s) for each semisimple element s of G. This result is

not true for n = 4 (e¢f. remarks on table 3 in 3.12).
3.15 If VO < V we denote its ( , )-orthogonal space by Vé .
il

VO is said to be totally isotropic if VO < VO. A totally isotropic
chain g: (0) < V1 < o0 <V _in V is a sequence of nested totally
isotropic subspaces of V. We let g(V) denote the set of totally
isotropic chains in V. There is an obvious identification

C(V) = C(NF. We define the rank r_ of the chain

c: (0) < Vy < -an < vV, to be r and the type v, of the chain to be the
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sequence of numberé'(dim Vs dim V2/V ). The

1,...,dim Vr/V

groups G and G act as permutation groups on (V) and g(ﬁ)

r-1

respectively. Under these actions the totally isotropic chains fall

into orbits according te their type.

3.16 If

A ——-

fin

0) < Vi < .e. < Gr is in g(&) we denote by ﬁc the set

of elements in G fixing ¢. The action on V of an element in PC

induces linear transformations on the spaces 61,62161,...,§r/6r_1

and 6;/6;. Since ér is totally isotropic ( , ) induces a non-
degenerate form {( , ) on G;/Gr and we denote by §b(g) the group
Sp(ﬁilﬁr} relative to this form. Further we set

CL(g) = GL(Vy) x GL(V,/V)) x ... x GL(V_/V__ ). There is a well
defined projection ;c: ﬁg - éi(g) x é%(g).

3.17 If 7 o= {pl”"’pn} is the system of fundamental roots in 3.5

and if v is the sequence of numbers (ml,...,mr) where

H

+...4m_ 3+ Then

J m, gn we define J = I ~ {p_ ,p 3eeesP
i=1 1 v m o +m2 m]. T

1 1
P iz a parabolic subgroup of G conjugate to PJ with unipotent
Ve

radical ker LI In cases where v = V. but the particular chain ¢

in question is unimportant we will simply write ﬁu for Pc'

Similarly we write Wu for the parabolic subgroup WJ of W. 1If
v
¢ ¢ C(V) then ﬁc is F-stable and we set P = ﬁz. We will denote by

. the projection P + GL{g) x Sp(g) obtained by restriction of ;c

- = =

to P . Then ker m = (ker = )T .
C C g
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§4. THE ORTHOGONAL SUBGROUPS IN CHARACTERISTIC 2.

Henceforth we will assume that p = 2. To assist with the
determination of the unipotent characters of ¢ (=Sp(2n,q)) we
establish in this section some properties of the orthogonal subgroups
of G. As a reference to some of the basic properties of these groups

we cite Dieudonné [91.

4.1 We denote by Q the set of quadratic forms on V with polar

form ( , ), i.e. @ consists of those functions Q: V > k satisfying

the conditiouns

(4.1.1) Qlvytv,) = Qlvy) + Q(vy) + (vy»vy)
and

2
(4.1.2) Q(avl) = a Q(vl)

for all ¢ in k and VyisVo in V.

Let (z) be a fixed basis of orthogonal hyperbolic pairs in

V. We write k, = {Y+72|Yek}. If for each element Q in ¢ we define

its pseudo-discriminant

n
(4.1.3) 8(Q) = ] QeQ(d,) modulo k, ,
i=1

then A is a well defined function Q -» k+/k0 independent of particular
basis (3) of orthogonal hyperbolic pairs used in its definition.

This can be restated another way. If we define for each Q in @ and

g in G the function Qg by setting Qg(v) = Q{gv) for all v in V then

G permutes the elements of @ in two orbits (for n » 1) distinguished
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by the values of A on Q.

4.2 For each Q in § we define 0(Q), the orthogonal group of Q,
as tbe set of linear automorphisms of V which leave Q invariant.
The subgroups 0(Q) fall into two conjugacy classes under the action
of G. We write o, = O+(2n,q) and O_ = 0_{(2n,q) for typical groups
corresponding to these two cases i.e. corresponding to 0(Q) for

A8{(Q) = 0 and A(Q) # 0 respectively.

4.3 For each Q in { the Dickson invariant of Q is a homomorphism

DQ: c(Q) ~ k' defined by
(4.3.1)

n
DQ(g) = JZ=1 Egei,dj)(gdi,dj)Q(ej) + (gei,ej)(gdi,ej)Q(dj)

i,
+ (gei,ej)(gdi,dj{]

for all elements g in 0(Q). This definition is independent of the
chosen basis {Z) of orthogonal hyperbolic pairs used (see [9]). We
note that for m > 1 im DQ = {0,1}.

4.4 Llemma. If Q ¢ Q and g ¢ G then

24 =
Dq Pas

(as functioms on 0(Q)® = 0(Q®))
Proof. Applying g to the elements of (i) yields another basis of

erthogonal hyperbolic pairs for V. We evaluate DQ with respect to

this basis vsing (4.3.1). Thus if g' ¢ 0(Q)®
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Dg(g’} DQ(gg'g—I)

]

n
i’§=1 ifgg'ei,gdj)(gg‘di,gdj)Q(gej)

+ (gg'ei,gej)(gg‘di,gej)Q(gdj)+(gg’ei,gej)(gg'di,gdji}

1
DQg(g )
since ( , ) is g-invariant.

4.5 Lemma. For each Q in Q and v in V let Qv be the function V » k

defined by
Q,(v') = Q(v') + (v,v")?

for all v' in V. Then the mapping Q.: v = QV defines a bijection

V -+ O such that

-1
(4.5.1) Q. (gv) = Q (v)®
for all g in 0{(Q). Moreover
(4.5.2) A(Q, (VY)Y = A(Q) + Q(v) modulo ko

for each v in V.

Proof. A simple verification shows that Q, is indeed a quadratic
form on V with polar form ( , ) whence Q, is well defined. The
injectivity of Q. is a result of the non-degeneracy of ( , ) .
Now if Q' ¢« @ then ﬁﬁf;ji? is a linear form on V and so can be
expressed as the mapping v' » (v,v') of V into k for a suitable

element v of V. Then Q' = Q_,{(v) and the bijectivity of Q, follows.
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Suppose g € 0(Q). Then for each v' in V

Qg (V') = QW + (ev.v) P = a4 (v, v’

-1 -1
=q 8 v =€ .

-1
This implies that Q,(gv) = Qo(v)g as claimed.

The final assertion follows immediately if v = 0. Thus we
assume that v # 0 and suppose that the basis (3) of orthogonal
hyperbolic pairs is chosen so0 that v = e;- Then working modulo k,

we have from (4.1.3)

n
I oQ (e )Q,(d))
i=1

2o 2 2
- L lacep + ““%’]Eﬂdﬁ + (v,di):[

Q)

n
= I aepadp + ey

i=1

This completes the proof.

4.6 Lemma. Suppose Q,Q' ¢ @ and let S = 0(Q) n 0(Q*'). Then

Proof. Using the previous lemma we set v = Q:l(Q'). If v=0 i.e.
if Q = Q' then the desired result follows immediately. We now
suppose v # 0 and choose a basis (2) of orthogonal hyperbolic pairs

in V such that v = e,. Since Q' = qQ, 2 simple evaluation yields the



equations Q(ei) + Q'(ei) =0 fori=1,...,n,

Q(dy) + Q'(dy) = 0 for 1 = 2,...,n and Q(d)) + Q' (d}) = 1.

Thus for

g in S we find from (4.5.1) that ge; = e, whence substituting in

{4.3.1) we obtain

Do(g) + Dgr (8) = )

n

(ge.,
i=1 +

This completes the proof.

is the (0(Q),0(Q"'))-double coset decomposition of G and set

S, =
i

Proof.

Lemns.

g.
o

el)(gdi,el) = 0

¢ = 0(Q)g,0@") u ... u 0(@g0(Q")

(1)
(11)

(1ii)

*

(iv)

and

n 0(Q')Y for 4 = 1,...,8.

If A(Q) # A(Q') then s
If A(Q) = A(Q') and
Under the conditions o

Q!S ¢0f0ri=1,.
i

If A(Q) = A(Q') and n
{a) in ecase A(Q) = O,

for precisely one

n =z

= qf2 .
2 then 8 =
f either (i) or {(ii)

ceaS .

1 then

s =q/2+ 1 and D

value of i,

Suppose Q,Q' ¢ Q, let Byr-resBy be elements of G such

q/2 + 1 .

Q'ls;™ °

(b) in case A(Q) # 0, s = q/2 and Dq,ts 40

for i = 1,...,8.

i

Let QG denote the orbit of Q in @ under the action of G.

There is a canonical 1-1 correspondence of the (0(Q),0(Q'})-double

cosets in G with the 0(Q')-orbits in QG. Moreover if Qi is an

33.
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element in the orbit in QG which corresponds to the double coset
O(Q)giO(Q') then §; is the stabilizer in 0(Q') of Q;. Now by

lemma 4.5 if we set v = EQZE—l(Q) then Q; is an 0(Q')~orbit
preserving bijection of {v'eVIQ’(v') = Q(v) mod k_} onto QG. Thus
the (0(Q),0(Q'))~double cosets of G are in 1-1 correspondence with
the 0(Q')~orbits in {V'EVIQ’(V'}(kO}w‘nen a{Q) # A(Q") and with

the 0(Q')-orbits in {v'eV[Q'(v')ek_} when A(Q) = A(Q") such that in
either case if v, is an element in the orbit corresponding to the
double coset G(Q)giO(Q') then Si is the stabilizer in O(Q') of the

point vy

Now in {V'EViQ'(V')(km} there are q/2 0{(Q')-orbits
corresponding to the q/2 values outside k_ which Q' can assume on
this set. {0} is an 0(Q')-orbit in {v‘eV!Q'(v')eko} and there are
q/2-1 others corresponding to the non-zero values in k_. Finally
{v’eV]Q'(v‘)gke}contains an orbit of Q'-isotropie points except when

n =1 and A(Q') # 0. This completes the evaluation of s.

Let*Si be the stabilizer in 0(Q') of a point vy in V., 1If

v{ is an element of <vi>¢ such that Q'(vi) # 0 then the transvection

g: V » V, defined by gv'" = v" + Q'(v;)—l(v",vi)v; for each v" in V,

fixes Q' and v, and so is an element of Si' Moreover D _,(g) = 1.

i
This shows that D

Q!
Q'ls # 0 in this case. The remaining case is when
i

all elements of <vi>l

are Q'-isotropic i.e. when n = 1 and Q'(vi) = 0.
But this situation can only occur when A{(Q') = 0 and then only for
v, in a single orbit in {v'eV|Q'(v")ek_}. 1n this case we find that

Si = 1. This completes the proof.



4.8 We return now to the conslderation of totally isotropic chains

in V. For ¢: (0) <V, < ...< V_in C(V) and Q in Q we define n to

nmn 0

1

be the integer i in the range 0 to r such that Q]V = 0 but
i

Q v # 0. For an ordered sequence v of numbers (ml,...,mr) we

i+1
define the order Ivl of v as m, +...+ m_ and the rank r(v) of v as r.
Clearly r(vc) =T for all ¢ in C(V).

4.9 Lemma. The 0(Q)-orbits of isotropic chains ¢ in V are

distinguished by the values V. and ”S' Moreover the values v, and

n. are subject only to the restrictions[vc] < 1n and ng < rc except

— o e 3
in the case when A(Q) # 0 and |v_| = n when the further restriction

Q

n* < r applies .
c

(o]

Proof. Clearly two totally isotropic chains ¢ and ¢' in V cannot

Q .

be in the same 0(Q)-orbit unless Vo T Vs and n.=n

+ » 1f ¢ is

o o

the chain (0) < V., <« ... < Vr then in is a semilinear transformation
r

1

V. > k. Now if QIV # 0 we put K = ker Q'V and choose a basis
r r

€ys---s8g, where s = ]ucf - 1, of K compatible with the sequence

(0 ¢« v, nX g ... g Vr n X = K, Further, we choose an elenment u

—t

I

from V such that Q(u)
n +1

1. If we follow the same procedure for g'

o O

to obtain ei,...,e; and u' then the mapping e, »-e£ for i = 1,...,s
and v u' extends by Cahit Arf's theorem (see e.g. [26]) to anmn

element of 0(Q) which carries ¢ to g'. The case Q v 0 is similar.
T

Clearly for any totally isotropic chain ¢ in V the conditions
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<

[ucl < n and nQ g ¥, = r(vc) must apply. Now suppose we are given

a sequence v such that |v] ¢ n and a non-negative integer n such
that n ¢ r{v). We exclude for the moment the case where lv| = n,

n = r{v) and A(Q) ¥ 0. We can choose a basis (3) of orthogonal
hyperbolic pairs in V such that Q(ei) = Q(di) =0 for 1 = 1,...,n-1

and, when A(Q) = 0, such that Q(en) = Q(dn) = 0 also. Thus there is

an obvious totally isotropic chain ¢ in V such that v, =V and
”3 = n., Finally, the case excluded is impossible for if }uc| =n
and ng =T, then dim V_ = n and Q v = 0 whence A{Q) = 0.

= = r

This completes the proof.

4.10 Lemma. Suppose Q@ € @, ¢ is the totally isotropic chain

(0) < V, < aa. < vV, in V and S is the stabilizer of ¢ in 0(Q).

o

(i) If n> <t , D #0 .

Q kerﬂcnsc

= =

C

i

(11) 1If “3 =T . T maps Sc onto GL(g) x 0(Q) where Q

is the quadratic form induced by Q on Vi{Vr. Further,

if 56 is the Dickson invariant on 0(Q) regarded as a

function on GL(g) x 0(Q) by lifting via the projection

GL(g) x 0(Q) ~» 0(Q) then Dyjg = Dpom .-

Proof. (i) Choose an element v in V_ such that Q(v) # 0 and let g
be the transvection v' i+ v' + Q(v)‘l(v',v)v for all v' in V. An
easy computation then yields the result that g ¢ SC, wc(g) = 1 and

DQ(g) = 1 which establishes the first case.



(11i) That ™. maps Sc ento GL(e) x 0(Q) can be cbtained by

an application of Cahit Arf's theorem. Now let (3) be a basis of
orthogonal hyperbolic pairs in V chosen so that V. = <el,...,es>

where s = |v_|. Then for any g in §, we have (gei,ej) = 0 for

g

i,j=1,...,s and since n, = r, we have further that Q(ej) = 0 for

j=1,...,8. This yields by substitution into (4.3.1)

n
D = ., d. . . . . .
Q(g) . j§m+1 Eﬁgel,dg)(gdi,dJ)Q(eJ) + (gei,ej)(gdi,eJ)Q(dJ)

+ (gei,ej) (gdi,dj)]

and the final statement of the lemma follows.

37.



§5. UNIPOTENT CHARACTERS

Agaln we assume that G = Sp(2n,q) where q is even.
Induction from subgroups of G allows us to identify all the unipotent
characters of G for n ¢ 3. Further, each of the virtual characters
p% is identified as a combination of these unipotent characters.
This lays the groundwork for the explicit determination of the Green

functions in the next section.

5.1 According to 3.3 the Weyl group W of G acts as a set of
permutations on n objects with sign changes. If we denote by N

the subgroup of W which fixes each object apart from sign changes then
N is a normal subgroup of W and W/N = Sn, the symmetric group on n
symbols. The irreducible characters of Sn were determined by
Frobenius [13] and are indexed by partitlons as are the conjugacy
classes of Sn' For each partition v of n we will denote by wv the
corresponding element in irr(Sn). To avoid posgsible confusion
between the cparacter associated with a partition and that associated
with its dual we will specify that w(n) denctes the principal

character on Sn while w<1n) is the altermating character. The

isomorphism W/N = Sh allows us to lift each character ¢v of Sn to a

character y* of V.
v

5.2 We consider now the representation of W on the Euclidean

space E of 3.4. For m ¢ n we denote by Wm the group of permutations

with sign changes acting on the subspace <Hysoee s Xy of E and by W;

the group of permutations with sign changes acting on



X emtl’”

X > Then W_ x w! is a subgroup of W with

z ' ' = :
Wm/Wm n N Sm and wn—mlwn—m n N Sn—m

Let 6; be the determinant character of the representation

1 v - ' t
of Wm on <xn_m+1,...,xn> and set €0 Gm.w (1™

where w; denotes the
1ift of v, from S, to W;. Then aé takes the value ~1 on any single
sign change in Wé and the wvalue +1 on any transpesition in Wé.

Finally for each ordered pair {(u,v) of partitions such that

lul + Iv[ = n we define
¢ Y - Indww xW! Sorile wL‘E'v )
w ey e
where y* denotes the lift of ¢y from 5 to W . Then the ¢
u " Jul ful TPRY

are uniquely determined by the (u,v) and form a complete set of

irreducible characters of W. Since

= B
(bu,v( 1) e iby(l)lbv(l)

it follows immediately that the linear characters of W are precisely

(=1 ), (=§'y* ) and

¢my,0) TN Siny 0y T V)t Y. m Ta¥an

® 0y, amy T

The characters of W for n ¢ 3 are written out explicitly in

table 5 of the appendix.

5.3 By 1.17 there is a 1-1 correspondence between the ordered

pairs of partitions (u,v) such that !u[ + lv] = n and the

characters y " in the principal series of G, this correspondence
M

>

having the property that for each subset J of a system of
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fundamental roots N for G as in 3.5

G
(xu v,IndP

- W
[ = Gy Tady D)y

5.4 Lemma. If J = {pz,...,pn} then

G =
Indp (D= Xy, (0 ¥ X@-1),@) ¥ X(1,0-1),(0)

N
=
X

1}
Proof. WJN a1 Wl 80 that

WJN
In (1) = 1 + 1 x g! .
de wJN wn—l 1

' = * * ! { 1 .
Now lw X £y . w(n_l) x w(l}‘sl which induces to ¢(n_1)’(1)

n-1

Further

I

Sn * *
E:nds (1)] - Ep(n) + ‘*(1,:1-1)]
n-1

*my, @ T %@, 0-1,0

Indg N(1)
J

The result now follows from 5.3.

5.5 Lemma. If x e irr(G) and (x, Indg(l))c = 1 then X = Xy (0)”

Xciny (0)” X, °F X0y, am

Proof. From 1.17, x corresponds to an element ¢ in irr(W) such that
(¢,Ind§(l))w = 1 so that ¢ is a linear character of W. The result now

follows from the remarks in 5.2 and 5.3.

5.6 Lemma. Suppose J = {pl,...,pnwl}. Then

n
Indg @ = )

5 Lo K@), (m-1)

40.



Proof. Since, for each i, N < Wi x W;—i and WJN = W there 1is

precisely one (WJ,WiXW£ i)-double coset in W. Moreover

Wy 0W, x W;_i =5, x S .. Thus by Mackey's theorem
(Indw (1),¢ ) = (1 ¢s* x P? ‘)
W), ()W YD (n-1)n-1"5,x8
i n-1i
= (1’1)8.3‘(3 . = 1
1 n—1i

But W = W; u WJ(1~1)WJ U --- U WJ(l—l)(2—2)...(n-n)wJ so again

by Mackey's theorem ﬂIndg (l)ﬂw =n + 1. Thus
J

Ind§ 1) = and the result follows from 5.3.

n
S T L @, @D

5.7 We now turn to the consideration of some characters induced
from orthogonal subgroups of G. As shown in 4.2 there are two
distinct conjugacy classes of such subgroups in G for which we denote
representatives by 0+(=0+(2n,q)) and O_(=0_(2n,q)}. For any Q in O

we will denote by €0(Q) the complex character of 0(Q) obtained in

the obvious way from the Dickson invariant BQ: 0(Q) = k+ (see 4.3).

5.8 Lemma.

(1) ﬁIndg (LI = ﬂIndg (&)} = q/2 + 1.
+ +
(ii) BIndg (DI = HIndg ()i = q/2 + 1 unless n=1 in

which case HIndg annr = ﬂIndg ()l = q/2 .

(iii) (Indg+(1),1ndg_(1)) = (Indg+(a),1ndg_(s)) =q/2 .



G G _ G G
(%v) (Ind0+(l),1ndo_(s)) = (Indo_(l), Ind0+(s))
- G G -
= (Indom(l),IndOw(E)) =0
G G 1 if n = 1,
(v) (Ind] (1),Indg (e)) =
+ + o ifn>1
Proof. let 1 = 10(Q} °T £4(Q) and ' = 1O(Q’) or £0Q")" We may
apply Mackey's theorem and lemma 4.4 to obtain
s 8.
G G T — 1 '
(Indg oy (V)5 T0dg 00y (TN Z (t ",1")g
i=1 i
)
- (.EH’.!-!)
i=1 51
where Si is as in 4.7 and where 1" = lO(Q') if 7 = 10(Q) and

™ = sO(Q') if v =

The results now follow immediately from

“0(Q) "
4.7.

5.9 Corollary: If m 2 2 the characters

G (1 - IndG {1) and Ind® (g) - 10d® (¢) are each the difference
o, o_ o, o_

Ind

of two distinct irreducible characters of G and have no common

irreducible component. When n = 1,

Indg+(l) - Indg_(l) - Indg+(s) - Indg_(e) e irr(G).

5.10 Lemma. Let ¢ be a totally isotropic chain in V and let Pc

-

be its stabilizer in G. Further, let O be the subgroup 0+ or 0
of G and let O be the orthogonal subgroup of Sp(g) corresponding to a
quadratic form Q for whiceh A(Q) is zero or non-zero according as

O = 0* or O_ respectively. Then if £ € ch(GL(g)) and x e ch(Sp(g))

42.



43.

(1,z) (Indgp(g)(s),x)

GL(g) Sp(g)

if |v | <n
(1nd%(2),IndC ((zx)*)) =
o 57 10% <X G

il
"

(1,;)GL(g)x(1) if !vglwn, 0=0__

N

O if |v_[=n, 0=0_

Proof. Let Q be the quadratic form in @ such that Q = 0(Q) and let

G(c) be the G-orbit of totally isotropic chains in V containing

He

We set £ = rc except when A(Q) # 0 and [vcf = n in which case we

set £ = L 1 and for i = 1,...,£ we choose an element ey in G(¢)

= 1. By lemma 4.9 such chains ¢, exist and form a

such that n

:

1

ey 2

complete set of representatives of the 0(Q)-orbits in G(c). Now
choose elements -9 in G for i = 1,...,£ such that g, ~ 8;¢- Then the

85 form a complete set of (O,PC)—double coset representatives in G

so by Mackey's theorem and lemma 4.4 we obtain

£ g
(IndZ(e),Indy ((2x)*))g = T (e, (exd®) g
c i=1 0 thP
I
= (e » (Txx)*)
121 O(Qi) O(Qi)nPg
8y % q
where Q, = Q for i = 1,...,£. Now clearly Ng = N, so that for

i

" 1 . » . .
i < rg emma 4,10 (i) implies that EO(Qi)

is a non—-trivial linear

character on ker LY O(Qi) n Pg. Now by definition (gxy)* is

trivial on ker L whence (e {oxy)*) =0 . When i=1r

O(Qi)’ O(Qi)nPC

to

- = Iy - = —_ * —~
lemma 4.10 (ii) implies that EO(Qi) (1GL(g) x EO(Qi)) where Q,



is the quadratic form induced on Vi/Vr by Qi and the lifting takes

place via the projection

Mot 0(Q) n Pg ~ GL(g) x 0@ .

Thus in this case

"

a{Q).

The result now follows since A(ai)

5.11 Lemma . If c e E(V),

;

"
[y
m
Q
i

0 and |v | =n
- c

[k}

<Indg(1),1nd§ (1)) =

i

r6+1 otherwise
L =

Proof. The (O,Pc)—double cosets of G are in 1-1 correspondence with

the O-orbits in G(g)- Since Vo = v, for all ¢’ in G{c) the result

» - =

is immediate from lemma 4.9.

5.12 Theorem. Suppeose n 3z 2. Then

It

. G G
(i) Indo (1) - Indﬂ_(l)

N X(n-1),(1) ~ X(1,n-1),(0)

and (11) Indg+(€) - I“dgﬂ(*:) T X, T "

where 7 is an irreducible character of G not in the principal series.

(iii) In case n = 1

G G - G G = =
Indo+(1) - Indod(l) = Ind0+(e) - Indow(s) X0y, (1) ( StG) .

44,
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Proof. Applying 5.11 we obtain, for n 2 2,

g (1),Indg N, = (Indg (1),Indg (1)) = (Indg (1),1nd§ (1)) =2

+ (1) - (1) + P
and (Indg (1),1ndg

(Iind

(n)(l))c = 1, Now since X(n),(ﬁ)(ﬂlG) occurs as an

irreducible component in both Indg (1) and Indg (1), part (i) follows
-+ -
easily from 5.4, 5.5 and 5.9. Observing that P a is a Borel subgroup
(1)
B of G we apply lemma 5.10 to obtain
G G _ G G _
(Tnd ] (s),IndB(l))G = (Indj (e),Indg (), = 1

+ + (n)

|
[ow

G G
and (Indom(E),IndBil))G

. G
Now X(my, (0) 1S not a component of Inéo+(s} g0, by lemmas 5.5 and 5.6,

X(0), (n) OCCUTS in,Indg+(e) with multiplicity 1 and is the only

principal series character to do so. Cases (ii) and (iii) now follow

easily from 5.9.

. - L G _ G G
3.13 Coroliégy. x(n—l),(l) = E{Indo (1 Ind0 (1) + IndP (1)-1G}
+ - J(1)
P (1) + -

Proof. Use lemmas 5.4 and 5.12(i).

5.14 Aside: By using a more powerful version of the result of

Springer stated in 1.18 or by considering the components of
Indg((&XIX...XI)*) {character notations as in tables 1 and 2) we

find that Indg ((ax1)*) where 1 denotes the principal character on
(1)

Sp(2(n-1),q) is an irreducible character of G for each o in
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Z [(a-1)YZ , o # 0. Further by extending lemma 5.11 we find that

G G .
(i) Imd] (1) = ¥ + Y Ind ((ax1)*)
O+ (n-l),(l) {a,_a} P(l)

and
(i1) 1Iad® Q) X + ) 1nd®  (GxD®
0_ (1,m-1),00) © (& TP
where E denotes the sum over all the (unordered) pairs {a,-a}

{a,-a}

where a ¢ Z /{(q-1)2Z , a # 0. Then from lemma 5.4 we find

G e G G .
1, = Ind (1) - Ind’ (1) - Ind> (1) - } Ind ((8x1)*),
¢ P O L ez (-1 T(D)

a#0

This yvields the following interesting characterization of characters

of G.

(5.14.1) A complex class functiom x on G is a chavracter of € if and
only if its restrictions to 0+, O_ and P are all characters.

(D

L4

5.15 We now proceed to determine the unipotent characters for some
special groups. TFor the first such exercise (5.16) we interrupt our
present development and draw only on earlier results. The discussien
carried out in 83 for Sp(2n,q) can be carried out analogously for
GL(n,q) as is well known. As mentioned in 3.14 the Weyl group of
GL(n,k) is Sn, the symmetric group on n symbols, and its c¢onjugacy
classes are indexed by partitions corresponding to the cycle type.
Thus the GL{n,q)-conjugacy classes in T(GL{n,E))F are indexed by

partitions and we will denote by Tv a representative of the class

corresponding to the partition v of n. For each T' in T(GL(n,k))F



1
and each 8' in (T')" the character p%, of GL{(n,q) has been defined

in 2.5. As usual we abbreviate the notation p% to pi for each
v
partition v of n and ¢ in Ti.
The irreducible characters wv of Sn were mentioned in 5.1.

We denote by X, the principal seriegs character of GL{(n,q)

corresponding under the bhijection in 1.17 to b The x,, can all be

GL (n,q)

obtained as integral linear combinations of characters Ind? (1

for parabelic subgroups P of GL(n,q).

1
5.16 Theorem. The wvirtual character o5 of GL(n,q) corresponding

to a minisotropic torus T is given by

(5.16.1) oty = I W, (aDx, -
- v

Proof. We use induction on n the result being clear for n = 1. We

define a character g(n) of W = Sn by g(n) = £ wv((n))wv' Then by an
)

application of the orthogonality relations for characters (see e.g.

[7]) we obtain for each element w in Sn

n if w has cycle type ()

E(n)(W}

o otherwise .

We now suppose inductively that for each m < n each virtual

1
character pu of GL(m,q) is a combination of principal series

charactersof GL(m,q) and that under the bijection of 1.17 ptm)

corresponds to . Now let i be a partition of n other than (n).
P E(m) P

ml m2
Let us suppose p = (1 ",2 ",...). Then by (2.8.3)

m m2

1 GL(n.q)«(D%l)) " (012)) X ...)%*) where PU is a parabolic

p- = Ind
v Pu

47.



+
subgroup of GL(n,q) with unipotent radical Uu such that
+ ' m m

P /U % GL(L,q) o eL2,) ° % ... . In particular pi 1s a

combination of principal series characters of GL(n,q) whence by

1 W ™ m2
{(2.11.1) P (m) is also. Now setting £, = Ind ((E(l)) x(g(z)) Xuoo)
n
™M
where Wu is a parabolic subgroup of W isomorphic to Sl x S2 X ...

' 1
we see from 1.17 that under the bijection therein oL corresponds

to gp. Thus if p corresponds to the element £ in ch(W), 1.17

1
(n)
together with the orthogonality relations implicit in (2.9.1) imply

that (g,&u )W = 0 for each y. By a simple evaluation we find that

for each w in W
EU(W) # 0 if w has cycle type u and
Eu(w) = 0 otherwise
We are therefore reduced to the conclusion that £ is a multiple of

1 e oas
E(n)' But by (2.11.3) we have (1,p(n)) = 1 and by definition

(l,g(n)) = 1. The result now follows from 1.17.

*

5.17 Remarks. The coefficients @v((n)) in (5.16.1) wanish unless

v, is the character of the ith exterior power of the reflection
representation (see e.g. [6]) of W for some i = 0,1,...,n~1. In this
case wu((n)) = (—l)i. I conjecture that, in general, if G a connected
reductive k-group, W its Weyl group, y a principal series character

of G corresponding to the irreducible character v, say, of W as in
1.17 and %' is a Coxeter torus of G then (p;.,x) = (---1)i if ¢ is the
character of the ith exterior power of the reflection representation

of W and (p%,x) = 0 otherwise.
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5.18 Theorem. 1If n = 2 there are six unipotent characters of G

namely )((2),(0)’ X(O),(lz)’ X(l),(l)’ X(lZ)’(O)’ X(O)s(z) and

Q(O),(O) where §(0)’(0) denotes the character Z in 5.12(ii). They can

be obtained as follows:«~

X2y, ~ ‘e

Xwy,a2) - St

X1y, (1) = %{Indg(l)(l) -1+ Indg+(l) - Indg_(l)}
X(12),¢0) ~ I“dg(l)(l) - e T Xy,

X(0),(2) ~ I“dg(z)(l) T e T X,

S0y, = Mg (&) - Indg () + xggy (o -

- +

. . 1 , .
Finally, the virtual characters PT can be obtained as linear
combinations of the unipotent characters with the coefficients as

shown in table 6 of the appendix.

Proof. As remarked in 2.10 all principal series characters are
unipotent. That they along with g(o),(O) can be obtained as shown

is a direct application of 5.6 and 5.12. Let c = c(d,qd) where

d ¢ (q2+1)_122 /JZ and d # O (see 3.13 and table 4). Then ¢ is a
class of regular semisimple elements of G from which a representative
8, say, can be chosen in T(O),(2)' Thus ¢ avoids all proper

parabolic subgroups of G. Now using table 4 we obtain

g (1) 1(s) [Indg (e) 1¢s)

+ +

It

i
(=]

[Ind

and

[Indg (1) 1(s)

[Indg (e)1(s) = 1 .
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Thus x(l),{l)(s) = «1, X(lz),(O}(s) = 0, X(o),(z){S) = Q and
;(0)’(0)(5) =1, Now from table 2 ﬂp%o)’<2)ﬂ = 4 so applying

(2.10.3), (2.11.3) and (2.11.4) we obtain

1 _ _ .
p(O),(Z) = 1G + StG X(l),(l) + ;(0},(0). In particular, C(O),(O)

is unipotent.

We now apply (2.8.3), 5.3 and 5.16 (in conjunction with

(2.7.5) and (2.8.1))

1 ~ G ~
o2y, - g = 1g+ Ste * Xy )y F X2y, 0 T X, @)
1 = G x L = G x -
P 1y, (1) = IndP(l)((l p(e)’(l))*) IndP(l}((l (1g-Stg))*)
- 2 Indg (1) - Indg(l)
(1)
= 1o~ St * X312y () T X(0), ()
where s = Sp(2,q) .
1 - G 1 % - G - *®
P2y, Im'J‘P(z)('{"(z)) ) I“dp(z)((lcl Stcl) )
G ¢
= 2 In (1) - Ind_ (1)
dp(z) B
= 15 - St - X2y @ T ), @
where Gy = GL(2,q).
Finally, we obtain from (2.11.1) that
1 - 1.+ St, - - - 2z i
Py, (1% ¢t T X1, T *(0),(2) (0), (0)



This completes the verification of the entries in table 6 and
establishes that the unipotent characters listed indeed form a

complete set.

5.19 Lemms . 5(0} 0) is in the discrete series for Sp(4,q).
L

Proof. From 5.12(ii) ¢ is a component of IndG {e) where
—— (0}, (0) 0

= G G * - = '
G = Sp(4,q). But from 5.10 (Indoﬂ(e),IndP(x MNg=01f P P oy OF

3
P(lz) for any character x in ch(P/U ). Further applying 5.10 and

5.12 parts {(ii) and (iii) we obtain for any discrete series
characters £ in ch(GL(1l,q)) and ¥ in ch(Sp(2,q))

xy) %
((20*))

G
Xy, 2y - ;(0),(0)’1“6P(1)

(Tndg (&) = Indg_csy,zndg(l)(<cxx>*)>G

H

(,z) (1ndSP(2:9) (¢} _ 1naSP (2D ¢y )

GL(1,q) 0,(2,q) 0_(2,q)

Sp(2,q)

>

= OB a,e %0y, 1) P sp 2,9

where the last step follows because the Steinberg character Xe0), (1)
- >

is not in the discrete series of Sp(2,q). But since ¥ is in
0, (2)
the principal series for G it cannot be a component of Indg ((zxx)*)
(1)

so neither can E(O) )" This completes the proof.

51.



2.

5.20 Lemma. For n > 2 the character f in theorem 5.12 (i1) is

unipotent and is a component of IndG ({1xz 1*) where 1

denotes the principal character on GL(I,q}n-2 and Z is as

(0), (O
defined in 5.18.

Proof. Applying 5.10 and 5.12 (ii) we obtain

C,IndG ((1xg

(x - )*))

_ G G G
= (Ind0+(£) - Indo_(e),IndP(ln_z)((lxc(o),(o))*))c

Sp(4,q)
0+(4,q)

Sp(4,q)

= (Ind 0 (4,9

(e) - Ind (), )

(0),(0)"sp(4,q)

)

&ey, 2y ™ %0y, (03° (0, (0) sp s, )

G

P2y

Thus  1is a component of Ind {(1x=g Y%}, Now from

(0),(0)

table 6, p = 1.+ St Thus from

1
0.2 - 6 ¢~ X, T W,

(2.8.1) and (2.8.3) Dl

(1“‘2),{2) is a combination of principal series

G

charactersplus Ind

((IXC(O)’(O))*) and since ¢ is not in the
1

{1n-2),(2))c # 0. This completes

principal series it follows that (Z,p

the proof.
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5.21 Lemma. If n = 3, then

X(3y,¢0) - g

X(0),(13) ~ St
~ G qy_ v 4G G B
X(2),(l) = %{Indo+(l} Indo“(l)+lndP(l)(l) lG}
= G — —
X2, T ™ DXy, 4y
G * G
X >, = Ind {x }-Ind (1)+y +1
(1), (12) Py (1), (1) P2 (1,2 ¢
G G G
X Ind (1)-Ind (1)~Ind (1)-y 2. F1
_ 1.4G G
X(lz),(l}+x(l),(2) Indp(z)(l) IndP(3)(l)
_ . G _ _
oL, wy, @ T Moy e
X 13 +y .2 = IndS (1)-10d®  (1)-1na®  (1)— +1
(1%), (0 7 (1%, (1) (1.1) Py P 3y (1,12 6
_ G
2y, @t 0y, ) © 1“d?(1)(‘1xc(0),<0))*’
- e
X(0),(3)75(1), (0 T M (eI-Indg (&)
where C{l),(O) denoctes the character ¢ of 5.12(ii) and g(@),(l) is an

irreducible character of G not in the principal series.

Proof. An examination of the character table (table 5) of the Weyl
group W yields by Frobenius reciprocity:-

G -
P T A, 0@, oty an?az, o), @)

29,2y, 0

Ind (1) =

2. 1) W0, 3@ M@, an™an, oW, @

= E

e, ., a,2)
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W —
Ind.w(z){l) = 1w+¢(2), (1)+¢(12) , (1)+¢(1) ’ (2)+¢(1’2} (o)

and

W

Ind
Y

)

@y, = ¢, @, an ™ any, oMW, @

Using 5.3 we convert these expressions into ones involving principal
series characters of G. Then using 5.4, 5.6 and 5.13 we can verify

the first 9 equations directly.

Now by 5.19, is a discrete series character of

X2 9y, (0

CL(1,q) * Sp(4,q) so we may apply 1.18 to obtain

ﬂIndg ((1x

Y¥). For J =73 (see 3.17 and 3.4) the only
(1) (1)

0y, (0)

elements w of W stabilizing J are the elements 1 and (1-1). Thus in

(1)/Utl) (=GL(1,q) *Sp(4,q)) onto itself

leaves the direct factor Sp(4,q) fixed pointwise. It therefore follows

G
P

both cases the mapping w of P

that #Ind ((lx;(o) (0))*)ﬂ = 2. Again applying 5.19 we find that
k4

(N

IS

G
(Ind 0}, (0)

P

((1xc )Y, Indg(l)) = 0 so that Indg(l) ) %)

(A2 5y, (o)

has no components in the principal series. By 5.20 g is one

(1), (0)

component of Indg )((lxg(o) (0)
(1 ?

The final equation follows immediately from 5.12(ii).

}*} so that the tenth equation follows.

5.22 Theorem. If n = 3 the principal series characters of G

together with and form the complete set of
& (1), (0) (0), (1) P
1
unipotent characters of G. Moreover the virtual characters p% can
be obtained as linear combinations of the unipotent characters with

coefficients as shown in table 6 of the appendix.



Proof. Using (2.8.3) it is straightforward to verify the coefficients
in table 6 for the first 7 virtual characters of G listed. Now

l% 1z but £ ¢ (q+1)'lzz 172 .

suppose s ¢ c(f,qf,qu) where f ¢ (q3+l)-
Then s is a regular semisimple element of G which is not conjugate
to any element of any proper parabolic subgroup of G. Moreover from
table 4 we obtain

[Indg (1) 1(s) [Indg (e) 1(s)
+ +

i
o

and

[Indg (1) 1(s) findg () 1(s)

I
|

Thus from 5.21,

X(Z),(i)(s’):—l’ X(Lz)’(o)(s)#), X(l)’(lz)(s)*l,

(s)=0, (s}=0,

X(0), (1,2) X(12y, (1) X1y, ()

X(O) R (3) (S)+X(1} L(2) (5)30, X(13) ] (0) (S)+X(12) (D) (g)mO,

“(1),0) B0y, (1) 70 #d X(gy (3) (I8, (0y (8)=L
Now L1f X5y (3y(s) # 0 then X}y (5y(s) # 0 and
X(12y (1) (8) # O which implies from (2.10.3), (2.11.3) and (2.11.4)

1
x> 7 ; 2. = d
that ﬂp(o),(?’)ll P contrary to table Thus ¥ 0 an

0,3

the entry for in table 6 can be obtained from (2.10.3).

1
P,

Next we consider an element s in c(b,d,qd) where

1

b ¢ (q+1)-1’22 /Z , b # 0 and d ¢ (q2+1)" Z/Z , d+# 0. Then again s is

a regular semisimple element of G and we obtain as before
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G

[Ind; (1)1(s) = [Indg (8)1(s) = 1
+ +
and
(1ndS (1)1(s) = [IndS ()1(s) = 0 ,
Thus from 5.21,
X(2y, (1) 87=0> X(1,2), 0y &)=L X(1), (12) (87=0>

X(0),¢1,2) 7 X2y (1) (IX(qy (9 (8770

X0y, ™y, @@= X3y (o) X127y, ) =L

S0, @ Py, ()0 wmd x(g) (3872 (o) ()1
Now set o = X(O),(3) (S)- Then

X(1),(2) =717 X(g2y ()= X3y (gy(8)=a

Y1y, @ P and Ly gy (8)=1-a

so by (2.10.3), (2.11.3) and (2.11.4)

1 1 -5

Poy,,2y T ¢ tG_X(l’g),{O)+X(O)’(2’1)+ax(0)’(3)—(1+a)x

(1), (2)

+ (1+o)x -(1l-a)ct +{1-a)z

1%, *Xa3», (1), (@) (0, (1)

2

so that Hn} = 6a” + 8. Comparing this with the entry in table

0),(1,2)"
2 implies that a = 0. This verifies the entry in table 6 for

i

1
Py, (1,2)" The entry for Py, (13 is now obtained by an

application of (2.11.1).
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§6. DETERMINATION OF THE GREEN FUNCTIONS

We begin by introducing the pseudo-tori of Sp(4,q) and
Sp(6,q) and define the Green functions associated with them. An
explicit determination of the Green functions requires the
determination of the unipotent conjugacy classes in G and this is
discussed. Next we determine the values of the functions gg(c;d)
associated with the induction of characters from parabolic subgroups
of G. Finally the Green functions are written out explicitly for

Sp(6,q) and its centralizers of semisimple elements.

6.1 Let G = Sp(4,q). We will denote the trivial subgroup 1 of G

by T(D),(O),(Z) where we refer to the number in brackets in the last

subscript as the rank defect of T The maximal tori of G

(0),(0),(2)°
together with T(O} (0) . (2) will be called collectively the pseudo-tori

of G. The maximal tori of G will sometimes be referred to as the
proper tori of G and are said to have rank defect zero. The proper

torus T of G will also be denoted by T although we will

1RV, U,Vg(o)

usually omit the subscript (0).

Let G = Sp{6,q) and let H be a hyperbolic plane in V i.e. H
is a subspace of V generated by a hyperbolic pair in V (for notations

see 3.1 and 3.2). Then Sp(H) is a subgroup of G and

x T
(0),(0),(2)
the tori which are maximal in Sp(H) x T(O),(O),(Z)

distinct conjugacy classes in G corresponding to the classes of

fall into 2

maximal tori in Sp(H). We will denote the torus T %

T, 0, @
The

(1), (0)

b and T

YT, . @ @, Ty, 0, % T, w, "

(proper) maximal tori of G together with the conjugates under G of

T > - Il rl
(1. (0. (2) and T(O),(l),(Z) will be called the pseudo-tori of G in
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this case. Again each pseudo?t6fus-bf G can.be denoted byparsymbol

of ﬁhe forﬁ Tu;v. indicating which conjugacy class in G 1t beioﬁgs to
where (y,v) is an ordered pair of partitions, ) (={(0) or (2)) is the
rank defect and |p| + |v] + |A| = n. Clearly the discussion we have
carried out for the finite groups G could as easily have been carried
out for the algebraic group G. That being done we can define P(&)

as the set of pseudo~tori in G and set P(G) = P(E)F. Then of course

the pseudo-tori in the finite case are just the T = %F for elements

T in P(G).
6.2 We now define
1 - _ _
(6.2.1) P (o), (0).(2) X(¢12),(0) X(0), (2) * X(1), (1) M C(O).(O)'

This gives rise to the appropriate entries in tables 2 and
6. We also define the extended geometric conjugacy classes of
Sp(4,q) by making the single entry shown in table 3 under the columm
headed "(0),(0),(2)". Then making use of 2.9 we easily see that 2.9
continues to hold if we replace the words “geometrically conjugate”

by the words "in the same extended geometric conjugacy class'.
We use (2.8.3) to define ptl) 0) . (2) i.e. we define

1 N G 1 _
Q(l),(O),(Z) = IndP(l)€(1 D(O),(O},(Z))*) WhEI'e 0f course G SP(G,q)-

Then

(6.2.2) 1 = - - - -
o P(1),0),€2) ~ TX®), ) X)), (3) X(1,2), (0) X(0),(1,2)

Xy, @t ray, anyta), o o,

Finally we define
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1 = _ —

- X, X, an @, o, @

Corresponding to these definitions we have made appropriate entries in

the tables. The extended geometric conjugacy classes are as shown im

~

table 3 but we defer the definition of the pcél) ©). (2 20d
» » L

P

&4
(o), (1), (2) wmEil 57

6.3 We extend the definition of the Green functions in 2.6 to

cover all pseudo-tori. Thus if T is a pseudo-torus of G

(=Sp(&,§) or Sp(G,R)) we define for each element g in G

/ p%(g) if g is unipotent

(6.3.1) (g) =

GG

0 otherwise

o~

We discuss the properties of these functions at the end of

the section. We turn now to the conjugacy classes of G.

6.4 The conjugacy classes of the finite Symplectic, Orthogonal
and Unitary groups for characteristic 2 have been determined by

Wall [26]. Each of these groups is obtained as the group of non-
singular linear transformations on a finite dimensional vector space
V over the finite field k which leave invariant a non-degenerate
symmetric bilinear form ( , ) on V and in the orthogonal case a quad-
ratic form as well. 1f for an element g in G (where here G is one of
the groups referred to above) we write T = 1 + g where 1 denotes the

unit element of G then T(V) is called the Cavley space of g. The




Cayley form of g is the bilinear form([ , ] defined on T(V) by

setting fTQ, Tv] = (u,Tv) for all uvu,v in V. It is useful to observe
in this context that [ , 1 is a non-degenerate form on T(V) and that
T(V) = (kerT)'. Moreover [Tu, Tvl + [Tv, Tul = (Tu,Tv) for all u,v
in V. The conjugacy class in G to which g belongs is determined by
its elementary divisors and by certain invariants associated with
its Cayley space and form. We will refer to the collection of
elementary divisors and other distingusihing invariants as the Wall
invariants of the element or of the conjugacy class in G to which it

belongs.

The unipotent conjugacy classes together with their orders
are shown for selected groups in table 7 of the appendix. They have
been determined by the methods of Wall (loc.cit.). 1In table 7 only
those invariants necessary to distinguish the conjugacy class are
shown. This practice is also adopted in the text. The semisimple
classes of selected orthogonal groups together with their orders
have been determined by the same methods and are shown in table 4.

The latter have already been used in §5.

6.5 Henceforth G will denote the group Sp(V) for a finite dim-
ensional vector space V over the field k of q elements where g is

a power of 2 and dim V = 2n. All other notations as in §3 will also

be assumed.

It will be useful to have the following result.

6.6 Lemma. Suppose g £« G, T = 1 + g and let [ , ] be the Cayley

form of g. We define

60.
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and n(xg) € d. It is easily seen that this definition is

independent of the choice of x in c.

6.9 Suppose Pl and P, are parabolic subgroups of G with

unipotent radicals U+ and U+ respectively such that P2 < Pl' Then

1 2

+
PQIK; is a parabolic subgroup of Pl/Ul with unipotent radical
+, + . + . s <
Uzlﬂl and if c ¢ C(G) and d ¢ C(PZ/UZ) then identifying
+ + + 4+
PZ/UZ with (leUl)/(Uz/Ul) we have
-+

G G P/
gp (c;d) = +. 8p (cielg 4+ (esd)

2 eeC(PI/Ul} 1 P, /U,
6.10 The importance of the g(c;d) stems from the following.

Suppose P is a parabolic subgroup of G with unipotent

+ +
radical U and suppose ¢ € ¢ch(P/U ). Then (Green loc.cit.)

(IndS(6%)I(e) = glc;d)o(a) .
deC(P/Uh)

The following lemma reduces the determination of the

g{c;d) to the unipotent case.

6.11 Lemma. Let P be a parabolic subgroup of G and let ¢ be an

element of C{G). Then gg(c;d) = 0 for all 4 in C{P/U+) unless

n{t) ¢ dS for some element t in cS n P. In this case {(see 1.11 for

2g(e) | (r), 4(x(r)),
u

notation) gg(c;d) =2 (1) M
P

.

4
Proof. The first assertion is clear. Suppose d ¢ C(P/U),

t e ¢ N P and w(t) ¢ ds’ Choose an element X in ¢ such that
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x. = t. If x® ¢ P and n(x®) ¢ d then n(t®) d_ so that t% = ¢t

for some element y of P. Thus g ¢ ZG(t)P. Since the left cosets
gP in ZG(t)P are in 1-1 correspondence with the cosets gZP(t) in

ZG(t) it follows from the definition of gg(c;d) that gg(c;d) is the
g

u

g) € d(-ﬂ(t)).
u u

number of cosets gZP(t) in ZG(t) such that x° ¢ Pandw(x

The result now follows.

6.12 Lemma. For each element d in CS(P/U+) let Ed be a
represéntative element in P/UT and let t; be an element of P such
that n(ty) = ty- Moreover for each e in Cu(zP/U+(td)) let u, be

. . . : L +
a representative element in ZP/U+(td)° Then for all ¢ in ch{(P/U )

and ¢ in C(G),

(6.12.1)
z2.(ty (e -
[Inds(e%) 1(e) = I I 8t e e uy-
deC_(P/UT) eECu(ZP/U+(td)) P -d
dgw(cSnP)

Proof. We apply 6.10, 1.11 and 6.11. Thus

[Ind§(¢*)](C3 gg(c;E)¢(e)

)
ecC(P/U+)

G - -
= ) 7 gP(C;cP (t.u Mot ,u)
: < Jutt d e de

deCs(P/U+) eeCu(Z?/”;(td))

z.(tg)y (ty)

= 1 D g {c ;e)o(t u) .
deC (P/UH) ecC (2, () Zpitdd o de
dc (csnP)

This completes the proof.

We will make use of the following lemma which is similar

to a result in (147 .
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6.13 Lemma. Suppose ¢ ¢ L(V), ¢ ¢ C(G), d ¢ C{(GL(g) x Sp{g))

gg {c:d) is the
<

and d has Wall invariants Wd. Then if x ¢ ¢,

number of chains ¢' in C(V) of type Ve fixed by x and such that

ﬂc.(X) has Wall invariants wd.

Proof. There is a 1-1 correspondence between the set of cosets

G/P  and the set of chains ¢' of type v, Biven by ch ~ gc. Moreover

llg]

x® . P if and only if x ¢ adg P =P . Further, 7 (x%) ¢ d if and
£ & 8S c

only if ﬁg(xg) has invariants ;. Now adg maps GL(g) x Sp{(c) onto

GL(gg) = Sp{gc) and g maps the factor spaces associated with ¢

isometrically. Thus adg maps the Cayley space and form

isometrically whence (adg)wc(xg) and ﬂc(xg) have the same Wall

invariancs. But (adg)wg(xg) = ngc(x) s0 that ﬂc(xg) e d if and

only if ngc(x) has Wall invariants wd

This completes the proof.

6.14 Lemma. The gg(c;d) where G = Sp(6,q) and P is a maximal

parabolic subgroup of G are as shown in table 8.

Proof. We merely illustrate the method used to determine the entries

in this table in several cases. The other cases are similar.
(i) Let ¢ have Wall invariaats 2x(x+1)3, 61 = 0 and let
P = P(l)' Let (3} be a basis of orthogonal hyperbolic pairs for V

and let g be the element of Sp(V) defined by:-



Eli—?e

Then g leaves invariant an element Q in @ if and only if

Qle;) = Qle,) = Q(dy)

Q in @ for which A(Q) 0. This is sufficient to show that g ¢ c.

We apply lemma 6.13. A chain of type (1) corresponds to a
l-dimensional subspace, <v> say, of V. Moreover <v> is fixed by g
if and only if <v>gker T where T = 1 + g. Now ker T = <e1,d3> so

v = ae; + Bd3 for some a, B in k not both =zero,

65.

Q(dz) = 0. Thus g leaves invariant an element

cy>t= <el,d3,e2,éz,3dl+ue3> and T{(<v>'/<v>) = <eq,dg,pdy+Bdgtae,>/<v>.

If 8 = 0 thefi <v> = <@, d3, e, ie a basis mod <v> of T(<v>l/<v>)
and the form corresponding to the Cayley space T(<v>i/<v>) is
represented by the matrix (2 é) i.e. nc(g), where ¢ is the chain

(0) < <v>, has Wall invariants ZX(X+1),(X+1)2,Sl = 0.

1f B # 0 we may choose B = 1. Thus ey d2+d3+ae2 is a

basis mod «<v> of the Cayley space T(<v>t/<v>) and the corresponding

1

Cayley form is represented by the matrix (2 a). Since this is

equivalent to (é ?) if ¢« # 0 this yields gq-1 possible choices for
¢ such that nc(g) has Wall invariants 2><(x+1),(x+1)2,s1 = 1. When

a = 0 the invariants are 2x(x+1),(x+1)2,s1 = 0.
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(ii) Let g have Wall invariants (x+1)6, §. and let P =

P .
, (1)
Choose (S) so that ker T = <e;> where T = 1 + g. Then there is

1

precisely one one-dimensional subspace fixed by g namely e >. Let
Q be an element of @ fixed by g. Then we observe from table 7 that
A Q) = 8+ Since T is nilpotent and T2 # 0 we can choose an element

v in T(V) such that Tv = e By lemma 6.6,

1
Q(el) = Qg(el} = Eel,el] = (v,el) = 0 gince T(V) = <el>l (see 6.4).

Thus @ induces a quadratic form on <e bj”/-<e:1> with polar form ( , )

1

which is invariant under the action of g on <el>l/<el> and has pseudo
discriminant 61. This shows that the transformation induced by g

on <e1>i/<el> has Wall imvariants (x+1)4, 61.

(111) Llet ¢ have Wall invariants 2x(x+1), 2x(x+1)?, s, = 0 and
suppose P = P{l)’ It is easily shown that if we define g by
Tez = e;, le = dZ’ Tel = TeB = sz = Td3 = 0 where T = 1 + g then
g ¢ ¢c. Let K = ker T. Then K = <e1,d2,e3,63>. We again choose

l-dimensional subspaces <v> of K.

(a) Suppose v e Kn K'. If ue <v>* then (Tu,u) = Qg(Tu) =0
since s = 0O and Tu ¢ TE(V) = K. But Tu ¢ K since T? = 0. Thus
Tu e Kn K' n <v>! = <v> whence T(<v>1/<v>) = 0. This implies that,
for the q + 1 possible <v> in K n Kl, g acts trivially on

<V>L/<V>.

(b) v e Kbut v € KY'. Then K £ <v>? so V = K + <v>'. Thus

TV) = T(-v>!1) and since T(V) = KR! we find that

1 1
T(<vst/cvs) = T(<v>)4<v> z __Tlv>T) = T(<v>1) = T(V)

<v> T(<v>l)n<v>

2

Since this isomorphism is compatible with the action of T and hence

of g we see that the Wall invariants of the action of g on
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4_
<v>i/<v> are 2x(x+1)2, s = 0. There are %;:%—r (g+1) such <v>,

This completes our illustration of the method used to

determine the gg(c;d) for maximal parabolic subgroups P of G. 1If

P is not maximal the gg(c;d) are obtained by applying 6.9.

6.15 Lemma. Let U be a maximal unipotent subgroup of G.

A = E T_ Q%IU , where

Gl T Fe Y

G-conjugacy classes (T) of elements of

Proof. By (2.9.1) Ip3l = |2, (8)] for
T

v
But for & in T the number of elements

the sum is over all

TF.

Then

all T in T(é)F and 8 in Tv.

W
8" in T such that

[(T,5')] = [(T,8)], where [(T,0)] denotes the G-conjugacy class of

. (W= ]
. . T
the pair (T,8), is |ZW‘(6) and from (
T

Thus from 3.5 and (2.11.8)

f#

elu g .
‘ [(T,8)1 lozt

e = -~ -
2.6.1) pTiU QT P

,G

8
p'riu

1 1
= uz D«
[(Fo8) }wa(e)! TlU

W

T heTioye 1M

3
3 +
6.16 Lemma. An and q 1c + StG + 2q(x(13),(0) + X(O),(Z,l)

2
* 2oy, 1)) T oy, (3) Y X2, 1),

) ) -
(ByeTicy/e  oir”  IWE

; p%is

L
] DT\U

T xey,m YA,

the same values on the unipotent elements of G.

1
Tlu

X1y, (1%

)} take
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Proof. We simply apply lemma 6.15 using the expressions for p%

as given in table 6 and the values of |[T| and IWTI given in table 2.

6.17 Theorem. The values of the unipotent characters of G on the

uvnipotent classes of G and the Green functions for ¢ are as shown

in tables 9 and 10 respectively.

Proof. Combining lemmas 5.12 and 6.16 allows us to calculate using
6.10 and tables 4 and 8 the values of the unipotent characters of G
on the unipotent classes of G. The values of the Green functions
then can be computed for G using table 6. The values of the Green
functions for the unitary groups can be written down immediately

from the results in 2.7.

6.18 Remarks. For each partition v we will denote the dual

partition by v*. Then in accordance with a theorem of

Kawanaka [15] we have

(6.18.1) ) x. () = || (1)
! *

ue G
u unipotent

for all ordered pairs (u,v) of partitions such that |u| + |v] = o ¢ 3.
But further we have
(6.18.2) z (v) = G o (1
ugG U,V | ]p vk, uk
4 unipotent
for all ordered pairs (u,v) of partitions such that |u| + |v| = n-2

where n < 3.

Using (2.9.1) we may rewrite (2.6.2) as follows:-



(6.18.3) 1ol

_]—'TE‘T if T,T‘ conjugate

1 =
TeT ugc QU (Mg W =

0 otherwise.

Then (6.18.3) can be checked to hold when f,f' are

pseudo-tori of G for n ¢ 3.

under G
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§7. THE IRREDUCIBLE CHARACTERS OF Sp(6,q), g EVEN

In this final section we define and establish some
properties of virtual representations associated with the pseudo-
tori of Sp(6,q) with positive rank defect. It is then possible to
write down all the complex irreducible characters of Sp(6,q) for

q even.

7.1 We rewrite (2.6.1) in the following form. If G is a

connected reductive k-group, T e T(E)Y and ¢ « T then

(7.1.1)
p%(x) ST S— Ude T,2° (x ) F 2l (2d)01(x)
|Za(xs)| geG adg 1rogt¥g

O e °
adg ZG(T)EZG(XS)
for ail elements x in G.

Our aim will be to show that for G = Sp(4,q) or Sp{6,q) if
we define p% in accordance with (7.1.1.) for pseudo-tori T of
positive rank defect then such p% are indeed elements of ch(G) and

satisfy certain properties.

~

We define the Weyl group of a pseudo~torus T of G as
ﬁ% = Nﬁ(%)/Zé(i) where Za(?) denotes the set of elements of G which
commute with all elements of T and Zé(i) is the connected component
of the identity in Zé(i). As before, we define Ws = ﬁg .  Further
for two pseudo-tori %,f' in G we define

Ne(i,i’) = {geéii = adg f‘}

and NG(T,T') = Né(f,f')F which is as for proper tori (see 2.6).



Further we define W(T,T') = Zz(TW\Ng(T,T') = Nz(T,T')/zZ(I') and
W(%,%') = ﬁ(f,?')F which is compatible with the definitions in 2.9

for proper tori.

For the purposes of computation we may rewrite (7.1.1)
using the fact that G is a semisimple simply connected group (3.4)
(which allows us to apply 1.10) and the discussion in 3.14. If
G = Sp(2n,q) with q even and n < 3, T is a pseudo~torus of G and
8 ¢ TV then for each element g of G we choose an element of G with
semisimple part t in T and unipotent part u which is G-conjugate

to g if this is possible. 1In this case

(7.1.2) PR(E) = Qf 5 () (WTp(®)
where
1 1
(7.1.3) go(t) = %, (O Ew”[(adw)(:)](t)= ‘ ¥ a(t?)
F welWg t €wa(t)

where Cw~(t) denotes the set of conjugates of t under the action
T

of Wf.
I1f 8e is not conjugate to an element of T

(7.1.4) o.%(g) = 0 .

v

Sp(4,q) or Sp(6,q9), T,T' ¢ P(G), 6 eT

and 8" ¢ (T")". Then if pJ and pg, are defined as in (7.1.1)

7.2 Leasma. Suppose G

8 o -
(Pages D3y ) #{weW(T,T") |(adw)6' = 8} .

T 16 > [wT|
Proof. The proof is omitted being identical with the proof of

lemma 6.10 in [8] except that we use the modified orthogonality

relations (6.18.3).
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7.3 Lem?a. If G = Sp(4,q), T = T(O),(O),(Z)’ 6 = lT and p is

defined in accordance with (7.1.1) then p

1 . ;
D(G),(O),(2) as defined in 6.2.

= 1 where
Py, (), (2)

Proof. Clearly p = p%o) €0) . (2) on unipotent elements of G and p

vanishes on all other elements of G. Thus by an easy computation

1 2 _ 1 . . 1
TET gzc lo()|“ = 4 = Hp(o),(o)’(z)ﬂ which implies that p(O),(O),(Z)

also vanishes on the non-unipotent elements of G.

~ -~ V .
7.4 Lemma. If G = 8Sp(6,q), T = T(l),(O),(Z)’ B e T and p is

defined in accordance with (7.1.1) then

— G ><1
(7.4.1) P =Ty 0,0, @7

where in (7.4.1) 0 is the character of GL(1,q) given by the
canonical isomorphism T = GL(1,q).

1
Proof. Now‘Qi’G p(l),(O),(Z} on unipotent elements of G by
definition where p}l),(O),(Z) is as defined in 6.2, Thus from 6.2

it follows that (7.4.1) holds for unipotent elements of G. 1If ¢

is a non—unipotent conjugacy class of G we apply 6.12 with

1 . 1 .
$ = ng{O),(O),(Z)- Since ° 0y, (0), (2) vanigshes on all elements of

Sp(4,q) except for those with elementary divisors (x-!-l)4 the

t x 1

right hand side of equation (6.12.1) vanishes unless Ed
for some (non-identity) element t in GL({l,q) and u, =1 xu for

some element u in Sp(4,q) with elementary divisors (x+1)a.

Thus [Indg ($%)](c) = 0 unless CS =c(a,0,0) for some (non-zero)
(1)



1

element a in (qwl)_ Z/Z and c, has elementary divisors

2x(x+1),(x+l)a. In this case equation (6.12.1) reduces to

G

[IndP

(6*)](c) =
1

9%0),<o>,<z)(“) (8(c(a))+6(c(-a))) since

zp(l)(td) = ZG(td) = GL(1,q) x Sp(4,q) when ;d =t x 1 with t in

GL(1,q) and cg n P y splits inte two classes in P corresponding

(1 (L)

to the elements t(a) x I and t{-a) x 1 in GL(1l,k) x Sp(&,ﬁ).
Comparing this with (7.1.2),(7.1.3) and (7.1.4) we find that

{7.4.1) holds for all elements of G. This completes the proof.

7.5 Lemma. Let G = Sp(6,q), let Z, = ZG(tl)(=GL(l,q) x Sp(4,q9))
where L, € c(a,0,0) for some non-zero a in (q-l)“lz /Z and let
zZ, = ZG(tz)(=U(l,q2) x Sp(4,q)) where ty € c(b,0,0) for some non-

zero b in (q+1}_1ZZ. /7ZZ . For any element B in Z /(q+1)Z we define

* * - —_ ™ —_ P v
p in accordance with (7.1.1) where T = T(O},(l),(Z) and 8 = B € T .
Then
= 4) » 1

°L21 %1 X P00y, (0, @)

and
-~ - 1
Olzz = E{q-2)¢2 + B +('8)3 * D(O),(O),(Z)

where ¢y is the character of GL{1l,q)} defined by

g-1 ift=1
¢l(t) =

0 otherwise

and ¢, is the character of U(l,qz) defined by
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¢ =
2(t) =

0 otherwise .

Proof. This is by direct verification using (7.1.2), (7.1.3) and

(7.1.46.).

7.6 Lemma. Let G = Sp(6,q) and let p be defined as in lemma 7.5.

Then p ¢ ch(G).

Proof. We use Brauer's characterization of characters. Let E be an
elementary subgroup of G, i.e. E = <g> x A where <g> denotes the
cyclic subgroup of G generated by an element g and A is a subgroup

of prime power order. If E consists entirely of unipotent elements
then g[E is by definition of p the restriction of a Green function
which is itself the restrictiom of a character of G so p[E e ch(E).
Otherwise <g> contains a non—-trivial semisimple element or A contains
a non-trivial semisimple element in its centre so that in either

case E < ZG(S) for some non-trivial semisimple element s of G.

Thus the lemma will follow if we show that p z (s) is a character
’ G

for each non-trivial semisimple element s of G. An examination of
table 4 shows that p|z (s) = (0 for each non-trivial semisimple
G

element s of ¢ unless s ¢ c(a,0,0) for some non-zeroc element a in

(q—l)_lzz /Z or s € c¢{(b,0,0) for some non-zero element b in

1

(q+1)_ Z/Z . But by 7.5 p‘z (8) is a character in each of these
G

cases. The result now follows.
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7.7 Lemma. Let G = Sp(6,q) and let p be as defined in 7.5 when

_ ' _ 1 1 .
B 0. Then p p<0>’(1)’(2) where p(O),(l),(Z) is the character

defined in 6.2.

Proof. By 7.2, (p,p%)G = 0 for any proper torus T of G or for

T = T(l),(O),(Z)' Using this in conjunction with the definitions

of such p% as appearing in table 6 we find immediately that

1

(7.7.1) P E MP 0y, (1), (2)

D {

for some number m and some class function ¥ which is orthogonal
to all unipotent characters of G. Now by direct computation we can
show that (p,Indg (1))G = (p|0 ,1)0 =-]1 and

+ + +

o = +1 whence by 3.12(i)

(o,Indg (Mg = G, »1)
(st(2>’(l) - X(l,Z),(O)) =-2. But p € ch{(G) by 7.6 so comparing

this relation with (7.7.1) and (6.2.3) it follows that m = 1.
1

Finally since by 7.2 fpl, = 8 and by (6.2.3) HD(O) (1) (2)“8 = 8
it follows that y = 0 as required.

7.8 We are now in a position to construct the irreducible
characters of G where G = Sp(4,q) or Sp(6,q). For each extended

geometric conjugacy class [£] of G shown in table 3 and for each i

as shown in column 2 of table 11 we define the class function xéé%
on G by
(D)
(7.8.1) eI LI
[(T,8)lelED/C 8
HQTE

where the sum is over all G-conjugacy classes E{@,e)jof pairs (T,e)

in [¢) and the values c- are as shown in table 11.

(1)
7,8

75.



76.

(1)

7.9 Lemma. The functions Xﬁ;] have positive degree and

. . 1 if f£) =1[£'], i =1
P x4y, -

[E]’ [eg 1 G 0 otherwise .

Proof. The first claim can be checked by direct computation. If
[£] # [£'] it follows immediately from (7.8.1) and 7.2 that

(i) "

Oegoxpery

c = 0 for any i and i'. Now applying the orthogonality

property implicit in 7.2 to (7.8.1) we obtain

(1) (19 o Stio

i it T,0 T,6

(7.9.1) x( s do = - 1 g
Ledm [ed 76 rr,e03c0el/e Hodl

for all i and i'. The result now follows from an examination of

the célg and Hp%n in tables 11 and 2 respectively.
*

(1)

7.10 Lemma. The functions XElxlj’ i=1,...,6 are the unipotent

characters of Sp(4,q). The functions Xéizlxlj’ i=1,...,12 are

the unipotent characters of Sp(6,q).

Proof. Lemmas 7.3, 7.4 and 7.7 show the equivalence of (7.1.1)
when 6 = 1 and the definitions in table 6. The lemma can thus

be verified directly from table 6.

7.11 Lemma. If G = Sp(4,q) or Sp(6,q) and [£] is an extended

(1)

geometric conjugacy class of G then x[z}

e irr(G) for i = 1 or 2.

(1)

Proof. 1In each of these cases Xig] iz in one of the forms

(2.11.5) or (2.11.6) and is therefore known to be in irr{(G).



7.12 Theorem. I1f G = Sp(4,q) the Xé;; defined in table 9 form a

complete set of irreducible characters of G.

Proof. All such characters are irreducible by 7.10 and 7.11. But

since the x(l) exhaust the irreducible components in the pQ for T
Lgl T

in T(é)Fand g in TV the set is complete by (2.10.1).

7.13 Lemma. If G = Sp(6,q) the functions xéz% are irreducible

characters of G for the following values of [£] and i

(a) [& 1 = [8xdx1] or [Bxfx1l], i = 3,4
(b)Y [&£ 1 = C[axaxal or [BxBxB} , 1 = 3.
(1) (2)
Proof. We will denote by - 4 and z._ - the characters of GL(2,q)
— axo s Rale ! .
defined by
(1) axa a%*
axa £ P12y, 2P and
(2) — 1 &xﬁ ;, a* *
C&x& = 5 9(12) 20(2) regspectively,

. F
where pi denotes the virtual character p% for 6 in T: with Tu a
H

maximal torus oerL(Z,ﬁ) twisted by an element of cycle type u.

That qglz and ;522 are proper (in fact irreducible) characters
o 234 axo

of GL(2,q) is evident from [14] or from methods gimilar to those

employed in 7.10 and 7.11. Now from table 11

1 _ 1 L 1
X171 T 2o, Y EPwo,

Thus from (2.8.3) ,

77.
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Indg ((

(2)

g(Z)x (1) * axaxl axaxl Ixa*

Caxe Xr11? 2 T 13), ) TE a2y, ()" T (1,2), (0)

%1 -
P (@), ) X[ axax1]
L e (1) Dyay o W .
Similarly IndP(z)((g&x& x X[lj) ) Xg exin 1] hus
x(i) ech(G) for i = 3.4.
[axax1]
Now
(})A = -1 é* - éxé
X[ 8xB] 2P(2),(0 T P(0),012)
so that
1><é* 1xéxé
G (1) = -%p -%p .2
IndP(1>((1 X(gxg1 ™ (1,2). (0 1), E9

v, . L 3
X[ixgxp]l = X{1xBxR]

Thus since Xgiiéxéj is in ch(G) by 7.11 so is X;iiéxé} .
Similarly X;iiéxé] ¢ ch(G) .

(») From table 11,

(3) - - &** (1) (g)n A
Xraxaxal — = P(3, T Xraxaxa1 T Xraxaxal © b -
Y - o (L) 2, . e ch(G) .

. ) N -
Similarly XraxBxp1 ~ P0),(3) ~ X[gxBxR] = X[8xBxR1

All these characters are irreducible by 7.9. This completes

the proof.
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- (1)
7.14 Lemma. Let G = Sp(6,q). Then X[ax1x1] € ch(G) for
{=3,...,6.
Proof. From table 11 and (2.8.3)
G ~  (3) _ G Al 1 1 1
e, (CXaP® = I (G emy, o) TR, TR P, o
11 1
T E P00, % P, 0, (20"
1 axlxl axixl axl

3Padh, TEPA @ TP, ., @

A

1 axlxl 3 8
8 P(1),a2) T Py, 0),(2)

(3
X[ ax1x1]

Thus X[&Xl!lj ¢ ch{G). The rest of the proof is similar.

7.15 Lemma. Let G = Sp(6,q). Then XE§11X1] e ¢h(G) for

i=3,...,6.

Procof. From table 11 amd (2.8.3),

G (2) _ L 1x1xB 1x8x1
Ind?(l)((lxxtlxéj’*) 2012y, 1y T Py, a2
1x1xj L 1xgxl

- 4
Thus ﬁp(lz)’(l) + L p(l)’(12> is a proper character of G which,

by table 2 and (2.9.1), has norm 3 and by 7.11 and 7.8 contains

xéi11X§] as an irreducible component occurring with multiplicity 1.

We may therefore find two distinct elements Za and 68 of 1rr{(G)

such that



Ix1x@ IxBx1 (2)
7.15.1 + = - i - -
G.15-1) zg ¥ 0g = ~2eay (1) 7% 1), (12) T X[ 1x1xE]
Similarly - %plxlxg + i 1x8 (@) is a proper character

(12), (1) P(2),) T X[1x1x8]

of G with norm 2 which has one irreducible component, ;B say, in

common with ¢, -+ BB. Thus there is an irreducible character n., of

8 B
G distinct from EB and GB such that
Ix1xB 1x8 (2)
7.15.2 + = -3 + 1L - ..
( } o ggtng 012y, (1) T2 P2), (1) T X[ix1xp]

Now define

_ éxl (1) (2) -
(7.15.3) ¢B = D(O),(l,2) + X[ 1x1x8] + x[lxle]
and
éxlxl (1) (2)
(7.15.4) Ve T Py, 1® T Xraxax@1 T X[1x1x8]

Then (by (7.9.1), table 2 and table 9) the following relations

hold:-
(7.15.5) logh = 2
(7.15.6) lvgl = 6
(7.15.7) (¢B,w8) = =2
(7.15.8) (bgsTgteg) = (d5,0, + ngd = 1
(7.15.9) (¢B,cé+es) = (ws,gs +ng) = 1.

From (7.15.5) and (7.15.8) it follows that either ¢B = 63 + ng or

c eh(G), Ingl = L and ag # * x\D . (i-1,2),

. =, + AB where X [1x1xA]

8
. But in both cases (7.15.6), (7.15.7) and {(7.15.9)

80.



allow us to evaluate

(7.15.10) by =
or
(7.15.11) bg =

Suppose now

¢B. We obtain the following alternatives:-

98 + 1. and wB = — eB - ng + ng

B8

;B+lB and wﬁ = GB + ng - 218

that B8' ¢ Z /(q+1)Z , BR' # 0 and write p for

pfé),(l),(z). Then, by 7.2,

(7.15.12) ledg = &,

(7.15.13) (p,xéiilxé3) = (o,xéiilxgg) = 0
(7.15.14) (p,cs+98} = (pygg+ng) = 0
and

(7.15.15) (ps9g) (p,wg) = 0.

If we assume that (7.15.10) holds then (7.15.14) and (7.15.15)

imply that

(7.15.16) (o,eg)

equations (7.15.1) - (7.15.4) together with (7.15.10) imply that:-

plxzxé
(12), (1)

plxéxl
(1Y,a%

1x8
P2y,

(p.ﬂﬁ) (p,zg) = 0. Moreover,

vy | _ @2  _ _ _
“Xrix1xf1 T Xrixaxgl” % T Mg T 2% -
D@ N
Xryx1x81 ¥ Xrixaxgy Y 8 M o
(1) 2 . _
Xr1x1x83 ¥ Xrixixg1 = ®p *t Mg o

81.
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Bx1 W@,

P0),(1,2) " “Xr1x1x81 T X[1x1xg1 T % * Mg

Bxixl _ ) . _ (2 _ .

o), (1% Xr1xixg] = Xrixixgl " % T Mgt 2%g -

Thus under the condition that (7.15.10) holds p has no irreducible
components in common with any virtual character corresponding

to the geometric conjugacy class [1x1xB].

In lemmas 7.10, 7.11, 7.13 and 7.14 we identified all
irreducible components of the virtual characters of G corresponding
to geometric conjugacy classes of G other than those of the form
[1X1Xé], By 7.2, none of these irreducible components appear as
components of p . Since each irreducible component of p must appear
in some virtual character of G (see (2.10.1)), it is now clear that
we can choose a non-zerc element B in Z /(q+l)Z such that p has an
irreducible component in common with a virtual character corresponding
to the geometric conjugacy class {1x1xé} and that for this B equation
(7.15.11) holds. Again it is easily shown that

1y (2)
X[lexs}’ x[lxIXQ]’ SB’ Ngs ;B and * AB are the only irreducible

components corresponding to [1x1xB]. An examination of equations

(7.15.12) - (7.15.15) together with {(7.15.11) now reveals that

(7.15.17) p = e(GB + Ng = ;B + As)
where ¢ = * 1. Now from ¢(7.15.1), (7.15.2), (7.15.3), (7.15.11)
and (7.15.17) we obtain
1x1xB Bx1 e B
E . .§. - — .
(7.15.18) Zg eazy, Y w0y, @2 T % P, W), ()



If we let 22 be as in lemma 7.5 and compute directly using the

values of the Green polynomials we find

1x1xR ~ (5) = ol
(7.15.19) (e'12y (1> Bx*[lxl?zz = -2(q-1)
Bx1 2 (5) o
and
n -1 if 8' = + B
B ~(S) 4
(7.15.21) (p s Bxy =
(0),(1),(2) lel‘ZZ { q-2 otherwise
This implies
. (5) ¥(g-1) (1-¢) if B'" = + B8
(7.15.22)  (Lg, B*x{15%17%2. =
2 ¥lq(l-e)~1+2¢ ] otherwise
(53 =+8 .

Since (c8,§1x£1x11)2 is an integer and q is even £ = 1 and &'
T2

The remaining details are now easily established.

7.16 Theoren. For G = Sp(6,q), q even, the characters xézﬁ

as defined in table 11 form a complete set of irreducible

characters for G,

Proof. The proof follows from 7.9, 7.10, 7.11, 7.13, 7.14 and

7.15.
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