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abstract

Mathematical models of fertilization have been developed for many taxa, for both external and inter-
nal fertilizers. They estimate the proportion or number of fertilized gametes based on gamete concentrations
and parameters relating to the biology of the model organism, as well as serve multiple purposes: a pre-
dictive purpose, with applications in, for example, artificial insemination; they clarify causal components
of fertilization success such as concentration, size, collision rates and swimming speed of gametes, and
polyspermy block times; and they function as components of models in evolutionary ecology, which often
require understanding of fitness consequences of resource allocation between gametes and other traits. We
pay particular attention to this last category, which has received less attention than other uses. Many
evolutionary models assume the simplest relationship between fertilization success and gamete numbers:
all eggs are fertilized. In nature, however, it is not uncommon for eggs to be sperm limited, and fertiliza-
tion success must decrease as sperm density approaches zero. Fertilization functions become important in
the range between these two extremes. We focus on models in evolutionary ecology, but aim for a resource
that is useful regardless of topic or taxon by reviewing models developed for different purposes in a com-
mon mathematical framework.
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Introduction

F ERTILIZATION is a fundamental pro-
cess and crucial component of fitness

for all sexually reproducing organisms, and
the only way for obligately sexual organisms
to reproduce and to pass on their genetic
information to the next generation. Many
aspects of this process have beenmodeled us-
ing mathematical models (henceforth called
fertilization functions—see Appendix 1), which
describe the proportion or number of fertil-
ized gametes as a function of total gamete
numbers. These functions have potential ap-
plications in several fields. They have signif-
icantly added to our understanding of the
ecology of marine broadcast spawners (Vogel
et al. 1982; Styan 1998; Millar and Anderson
2003) where empirical and theoretical devel-
opments have reinforced each other (Styan
and Butler 2000; Franke et al. 2002; Levitan
et al. 2007; Okamoto 2016; Levitan 2018).
An obvious application, with potential eco-
nomic impact, is artificial insemination of
livestock, where a good understanding of fer-
tilization is necessary for optimal use of sperm
when the aim is to fertilize as many females
as possible using a limited supply of high-
quality sperm. In other words, the aim is to
use enough sperm per insemination, but no
more than necessary (Salisbury and Van-
Demark 1961; Foote and Kaproth 1997; Den
Daas et al. 1998). Our goal is to provide a
resource that is of value regardless of topic,
but we will pay particular attention to an ap-
plication that has received less attention than
the two mentioned above: the use of fertil-
ization functions as components of mathe-
matical models in evolutionary ecology. Many
models, including the majority of sperm com-
petition models (Parker 1998; Parker and
Pizzari 2010), assume the simplest possible
relationship between the proportion of fer-
tilized eggs and the total number of sperm:
that is, that there are always sufficient sperm
to fertilize all eggs. This is often well justified
in the biological scenarios that these models
investigate, and we do not criticize this ap-
proach—instead, we aim to complement it.
We show that comprehensive mathematical
machinery exists that can be integrated into
such models with relative ease whenever the
biological question of interest necessitates this.
And such cases clearly exist: it is intuitively
This content downloaded from 129
All use subject to University of Chicago Press Term
clear that if thenumberof spermis zero, then
thenumberof fertilizedeggsmustalsobezero.
Whathappensinbetween,whenspermispre-
sent but not necessarily sufficient to fertilize
all eggs? This intermediate scenario, not un-
common in nature, is often known as sperm
limitation (or,moregenerally, gamete limita-
tion), and it is considered to be a particularly
potent selective force inmarine external fer-
tilizers (Levitan and Petersen 1995; Yund
2000; Levitan 2010), which was likely the
mode of reproduction of our ancestors (Le-
vitan2010). Althoughseveralpublishedmod-
els do account for sperm limitation in some
form (Cox and Sethian 1985; Ball and Parker
1997; Mesterton-Gibbons 1999; Levitan 2000;
Bode and Marshall 2007; Iyer and Rough-
garden2008;LehtonenandKokko2011;Hen-
shaw et al. 2014), many (but not all) of these
models have derived the fertilization pro-
cess anew from the ground up, without refer-
ence to existing models of fertilization. The
use of fertilization functions already available
in the literaturemay streamline development
of such models, while making it easier to ac-
count for various features of fertilization, such
as polyspermy (Styan 1998;Millar and Ander-
son 2003; Bode and Marshall 2007) or isog-
amy (Togashi et al. 2007; Lehtonen 2015).

The aim of this review is to combine exist-
ing fertilization functions, currently scattered
throughout different (often quite specialized)
research topics, into a clear and easily acces-
sible source. Fertilization functions may have
been initially published using a variety of no-
tations and conventions; here we will present
them in a commonmathematical framework
that facilitates comparison and selection of
fertilization functions, as well as their inte-
gration into further evolutionary models. We
will examine features that are common to
most fertilization functions regardless of taxon,
while pointing out their unique features. In
doing so, we also discuss extensions of exist-
ing models, and suggest future directions
for research on mathematical models of fer-
tilization.
Scope, Purpose, Structure, and

Notation of Fertilization Functions

Fertilization functions can be applied to a
great taxonomic range of sexually reproduc-
.078.056.178 on May 20, 2019 22:47:05 PM
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ing organisms, frommarine broadcast spawn-
ers (Rothschild and Swann 1951; Vogel et al.
1982; Styan 1998; Millar and Anderson 2003)
to cattle (van Duijn 1964, 1965; Schwartz
et al. 1981; Fearon and Wegener 2000), hu-
mans (at least on a qualitative and illustrative
level; Amann 1989), and even to isogamous
organisms that reproduce sexually via syn-
gamy, but do not have separate male and fe-
male gametes (Togashi et al. 2007; Lehtonen
2015). Although some models have been tai-
lored to a specific study organism or taxon,
most fertilization functions have several fea-
tures in common. Case-specific details may
be vital when studying the ecology of par-
ticular species or taxa, but broader, species-
independent features of fertilization can
becomemore important in evolutionarymod-
els that aim to address questions that apply to
a broad range of organisms. The fact that such
near-universal properties of fertilization func-
tions exist in the first place is not surprising,
given that regardless of case-specific details,
all fertilization functions aim to describe the
same fundamental process: the coming to-
gether of gametes for successful fertilization
as a function of gamete numbers or concen-
trations. The fertilization functions we discuss
in this article generally refer to total fertiliza-
tions as a function of total gamete numbers:
they describe the overall outcome of a fertil-
ization event, but not how that outcome is di-
videdbetween,say,competingmales.Wealso
initially leave aside phenotypic variation be-
tween gametes (within a sex ormating type),
effects of the fertilization environment, and
how these factorsmay interact. Inotherwords,
we intentionally retain fertilization functions
(denoted by F or p—see below) as separate,
modular components from, for example,
sperm competition, cryptic female choice,
gamete-mediate mate choice, and other fac-
tors that affect division of the total fertilization
outcome. We then discuss how these factors
can be combined into a single model.

Fertilization functions are most commonly
presented as the proportion of eggs fertil-
ized. This can alternatively be interpreted as
the probability that a randomly chosen egg
is fertilized. Therefore, a typical fertilization
function takes on values in the range [0,1].
In commonly studied scenarios with clearly
diverged male and female gametes, this is a
This content downloaded from 129
All use subject to University of Chicago Press Term
verypractical approach; ina typical study spe-
cies, the relative size difference betweeneggs
and sperm is enormous (Parker 1982), and it
is intuitive to think of the proportion of fer-
tilized eggs varying as a function of sperm
density. Inotherwords, the fertilization func-
tion is considered from an egg’s perspective,
in line with how we typically envision an egg
being fertilized by a spermatozoon, rather
than vice versa. However, things are not as
clear-cut once we broaden our taxonomic
focus to isogamous or near-isogamous spe-
cies, which are common and can be found in
all eukaryotic supergroups (Lehtonen et al.
2016a). In such cases, where gametes are
morphologically similar, there is no obvious
preferred perspective, and it becomes am-
biguous to speak of proportions or probabil-
ities of fertilization.

In this article we therefore adopt two nota-
tions for fertilization functions. We use the
letter p for the proportion of fertilized gam-
etes (or, equivalently, probability of fertiliza-
tion). In the standard, anisogamous case we
denote the number of eggs with x and the
number of sperm with y. In situations where
there are no morphologically diverged gam-
etes (isogamy), these letters arbitrarily de-
note the two mating types (Lehtonen et al.
2016a; see Appendix 1). x and y can also be
used as subscripts (as in px or py) to clarify
whether we mean the fertilization probabil-
ity of an x or y gamete. A gamete collision
rate parameter is denoted with the letter a.
This parameter is sometimes called “‘aptitude’
for union” (Scudo 1967:286), “bimolecular re-
action constant” (Vogel et al. 1982:195), or
simply fertilization efficiency parameter. In a
more general context, which may cover, for
example, rates of encounters between preda-
tor and prey or between females and males,
the term “encounter-ratekernel” is oftenused
(Kiørboe 2008:8). This parameter may play
slightly different roles in different fertiliza-
tionfunctions,andsomemodels includemore
than one parameter. In this article, the nota-
tion px(x, y) refers to the probability of fertili-
zation of an egg, when there are x eggs and
y sperm. This notation suggests the common
practice of treating a as a parameter, but this
does not need to be the case—in some situa-
tions,wemaybe interested in the fertilization
probability of a fixed number of gametes as
.078.056.178 on May 20, 2019 22:47:05 PM
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a function of the collision rate. Furthermore,
a can be composed of several components,
such as the collision area and relative velocity
of gametes (Vogel et al. 1982; Togashi et al.
2007). We will later encounter more compli-
cated fertilization functions that have addi-
tional variables or parameters such as gamete
mortality rates, survival times, andpolyspermy
block times. x and y may be termed gamete
numbers, concentrations, or densities in dif-
ferent models. Concentration is the number
of gametes per volume, and there is therefore
no fundamentaldifferencebetween these two
conventions, but it is important to be aware of
this terminological difference. It may also be
necessary to scale the constant a when total
numbers are used instead of concentrations
(Togashi et al. 2007).

Although a probability-based notation is
often very clear and simple, it is useful to in-
troduce an alternative notation that makes
comparisons of fertilization functions be-
tween different gametic systems (i.e., isog-
amy, anisogamy, oogamy—see Appendix 1)
more convenient. We use F to denote the
total number of fertilizations, so that F(x, y)
refers to the total number of successful fer-
tilizations (per unit volume of suspension,
when working with gamete concentrations),
when there are x and y gametes of the two
types. The reason that this notation is in some
sensemore general is that it is unambiguous,
regardless of whether we are dealing with
isogamy, anisogamy, or oogamy. When the
outcome is overall number of successful fer-
tilizations, no decision needs to be made
aboutwhichperspective is chosen(i.e., prob-
ability of fertilization for an x-type gamete or
for an y-type gamete). In fact, the total num-
ber of fertilizations must necessarily be the
same for the two sexes (or mating types) if
gametes cannot fusewith their own type.This
seemingly simple fact has far-reaching evo-
lutionary consequences and is often termed
the Fisher condition (Houston and McNa-
mara 2005). It is not uncommon to acci-
dentally construct a model that violates this
condition, either at the level of gametes or
adult organisms (see Lehtonen and Kokko
2011; Jennions and Fromhage 2017, where
the formerexplicitlydiscusses thegameteper-
spective). Using the F-notationmakes it easier
to avoid such mistakes when using fertili-
This content downloaded from 129
All use subject to University of Chicago Press Term
zation functions, because the common cur-
rency that links the fitnesses of the two
sexes is explicitly visible. One tradeoff in us-
ing this notation is that although it is per-
spective-independent (the same number F
applies to the x- and y-perspectives), it is not
volume-independent: the total number of
fertilizations may depend on the volume of
suspensionbeingobserved,whileprobability
of fertilization does not (assuming a homog-
enous fertilization environment). It is simple
to transition between these two notations: if
there are x eggs, and F successful fertiliza-
tions, then the proportion of fertilized eggs
must simply be F

x , so that pxðx, yÞ = F ðx,yÞ
x and

F(x, y) = xpx(x, y). By a similar argument we
have pyðx, yÞ = F ðx,yÞ

y and F(x, y) = ypy(x, y). In
this article we use both notations, depend-
ing on which allows for a simpler and clearer
argument.
Fertilization Functions:

From Simple to Complex

(over)simplified fertilization

functions

In evolutionary models, the use of a fertil-
ization function is often implicit: manymod-
els assume that all eggs are fertilized, and
although this might not be explicitly written
out, it can be thought to be underpinned by
a fertilization function that states, in mathe-
matical form, that all gametes of the less nu-
merous type are fertilized. For the purposes
of this article, it is useful to express even
these very simple cases using the same syntax
as we do with more complicated functions.
Thismakes it easier to see exactly where such
assumptions are made in an application in
evolutionary modeling, and how they could
be relaxedby replacing the fertilization func-
tion with a more general one. Although it
may seem like oversimplifying the point,
doing so reveals unifying structures among
models, and makes it easier to recognize
where a fertilization function could be
“plugged into” an existingmodel, to convert
it to a more general one that explicitly ac-
counts for the fertilization process. In this
spirit, our simplest function arises from the
assumption that in an anisogamous gametic
system, all eggs are fertilized (Figure 1A).
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F x, yð Þ = x,  or px x, yð Þ = 1 (1)

where F is the successful number of fertiliza-
tions, y the number of sperm, and x the num-
ber of eggs in a given fertilization event.

This is obviously not useful as a predictive
model, and it does not give us much insight
into causal factors in the fertilization pro-
cess. Yet it does have value for clarifying the
structure of evolutionary models. Take, for
example,aclassic, simple spermcompetition
model based on the “raffle principle” (Par-
ker 1998:9, converted to the notation used
inthisarticle).Parkerconsidersgroupspawn-
ing fish, where N males compete for a set of
x eggs.Now, if there is onemutantmale in the
group who releases ym sperm while the (N−1)
“residents” release yr sperm, the expected fit-
ness gain of themutantmale from this spawn-
ing event is wðym , yr , xÞ = ð ym

ym+ ðN−1ÞyrÞx. The
first component is due to the raffle principle:
each male’s fertilization success is assumed
to be proportional to his relative contribu-
tion to the sperm pool that competes for
the x eggs. The point of revisiting this simple
model here is that, by virtue of Equation (1),
the fitness equation can be rewritten as

w ym , yr , xð Þ = ym
ym + N − 1ð Þyr

� �
x

=
ym
y

� �
F x, yð Þ

(2)
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where y without a subscript now refers to the
total sperm number in the spawning group,
i.e., y = ym + ðN − 1Þyr . Equation (2) makes it
explicit that thismodel (perhaps the simplest
sperm competition model) can be thought
to already contain a simple fertilization func-
tion. As we explore other fertilization func-
tions, we can envision replacing F(x, y) in
Equation (2) with each of these functions,
to account fordifferent aspects of thebiology
of the fertilization process. In a similar way,
one can take many other (potentially more
complex) models from behavioral and evo-
lutionary ecology that make the assumption
of all eggs being fertilized, identify the place
of the fertilization function in the model, re-
place the function with a suitable alternative
and, thus, convert the model into one that
accounts for the risk of incomplete fertiliza-
tion. We will revisit this topic in more detail
later. Note that Equation (2) also underlines
theapproachof this article,wherewe thinkof
fertilization functions as mathematical func-
tions that estimate the total number of fertil-
izations F(x, y), while sperm competition is
modeled as a separate,multiplicative compo-
nent( ym

y ).Thepointoftheprecedingequations
is not to say that existing sperm competition
models never account for sperm limitation
(some do, reviewed in Parker and Pizzari
2010). Instead, our aim is to provide tools
and templates that facilitate future work on
models of sperm competition and other top-
ics, with access to functions accounting for
Figure 1. Simple Fertilization Functions

Number of fertilized eggs F versus sperm concentration y (ml−1) for Equation 1 (panel A; F0 in Table 1) and
Equation 3 (panel B; F1 in Table 1). The initial number of eggs x in the equations is set at 100. In panel B, the
rate parameter a is arbitrarily assigned a value of 0.02. See the online edition for a color version of this figure.
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various biological aspects of fertilization from
simple phenomenological models to more
complicated ones incorporating factors such
as polyspermy or isogamy.

Nevertheless,Equation(1) clearlydoesnot
account for sperm limitation. Perhaps the
simplest approach to correct this (but a prob-
lematic one, as we will soon see) is to assume
that the number of fertilized eggs increases
linearly with the number of sperm, leading
to Equation (3), where the number of real-
ized fertilizations, or zygotes, is proportional
to the product of number of sperm and eggs:

F x, yð Þ = axy, or px x, yð Þ = ay (3)

where a is a collision rate parameter. This
function has been used inmodels of the evo-
lution of anisogamy that emphasize the se-
lection for maximizing gamete contact rates
(Kalmus 1932; Iyer and Roughgarden 2008;
RoughgardenandIyer2011).AlthoughEqua-
tion (3) may be a reasonable approximation
under extremely low gamete densities, visual-
izing it (Figure 1B) immediately reveals a fun-
damentalproblemwith itundermoregeneral
conditions. The problem is that the number
of fertilizations increases indefinitely with an
increasing amount of sperm (assuming x > 0,
a > 0):

lim
y→∞

F x, yð Þð Þ = ∞: (4)

Given that thenumberof fertilizations can
never exceed the number of the less nu-
merous gamete type (usually eggs), this is
obviously biologically impossible. It can be
shown that many of the more realistic fertili-
zation functions are approximately equal to
themathematical formofEquation (3)under
very gamete limited conditions (Lehtonen
2015), but given its very limited applicabil-
ity, it seems prudent to avoid using this func-
tion when better options are available.

In addition to these simple (but often bio-
logically unrealistic) fertilization functions,
a number of more realistic functions have
been derived to account for properties we
expect the fertilization process to have (Ta-
ble 1). The remainder of this review will be
mainly concerned with these more realistic
This content downloaded from 129
All use subject to University of Chicago Press Term
fertilization functions. In this paper we fo-
cus on fertilization functions that can be pre-
sented explicitly in closed form, but will
briefly discuss functions that cannot be pre-
sented in closed form in the section titled
Properties of the Fertilization Environment
in External and Internal Fertilizers.
saturation curves

Equations (1) and (3) are both clearly very
limited models of fertilization. They suffer
from opposite problems: the value of Equa-
tion(1)doesnotchangewithchangingsperm
concentration, whereas the value of Equa-
tion(3)never stopschanging.Thevaluegiven
by Equation (1) is constant across all sperm
concentrations, which is clearly not realistic
when considering a wide range of concen-
trations. Equation (3) fixes this issue bymak-
ing fertilization probability dependent on
sperm concentration, but it introduces the
problem of never-ending increase. As a min-
imum requirement, a realistic fertilization
function must fix these problems: it must ini-
tially increase with sperm concentration, but
it cannot increase indefinitely. To resolve the
problemof a function unrealistically increas-
ing past the biological maximum number of
fertilizations, themajority of fertilization func-
tions are saturating functions of sperm con-
centration. That is, as the number of sperm
increases, the number of fertilizations in-
creases at a gradually decreasing rate, ap-
proaching the maximum number of possible
fertilizations (or the number of eggs). A vari-
ety of different derivations can lead to a simi-
lar qualitative shape.

A simple version of a saturation curve
(Fearon and Wegener 2000) can be seen in
equation F2 (Table 1, visualized in Figure 2),
which attempts to rectify the main problem
of equation F1 (Table 1) exceeding the num-
ber of eggs by introducing amaximum value
to the equation equal to the number of eggs
available.

Many fertilization functions, including
equations F3, F4, F5, and F6 (Table 1, visual-
ized in Figure 3), have an outcome that is
qualitatively similar in some respects, but
with amore gradually saturating curve. Equa-
tion F3 (Figure 3A) is based on a model of
.078.056.178 on May 20, 2019 22:47:05 PM
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enzymekinetics commonly used inbiochem-
istry (MichaelisandMenten1913).Ithasbeen
appliedasa fertilizationfunction(Mesterton-
Gibbons 1999; Fearon and Wegener 2000),
but we do not know of explicit biological jus-
This content downloaded from 129
All use subject to University of Chicago Press Term
tifications for this. Similarly, equation F6 (Fig-
ure 3D) seems to be based mainly on a good
fit with data in artificial insemination (Pace
et al. 1981)withno clear biological rationale.
Both of these equations therefore appear to
bephenomenological,where therelationship
between the variables seeks to best describe
the data without considering underlying bio-
logical processes (Hilborn andMangel 1997).
Contrarily, equation F4 (Figure 3B) can be
derivedunder thebiological assumption that
the egg-sperm encounters follow a Poisson
distribution (Schwartz et al. 1981 for artifi-
cial insemination) or using differential equa-
tions(Vogel et al. 1982 for seaurchins).These
models are mechanistic, where the relation-
ship is instead derived from biological pro-
cesses that are thought to have given rise to
the data (Hilborn and Mangel 1997).

Despite the different methods used to
arrive at the equations above, as well as the
apparentdifferenceswhenreading theequa-
tions (Table 1), it is evident when repre-
Figure 2. A Simple Saturating Fertilization

Function

Number of fertilized eggs F versus sperm concentra-
tion y (ml−1) for equation F2 (Table 1). The initial num-
ber of eggs x in the equations is set at 100, and the rate
parameter a is assigned a value of 0.1. See the online
edition for a color version of this figure.
Figure 3. Saturating Fertilization Functions

Number of fertilized eggs F versus sperm concentration y (ml−1) for equations F3 (panel A), F4 (panel B),
F5 (panel C), and F6 (panel D) from Table 1. The initial number of eggs x in the equations is set at 100, and
the rate parameter a is arbitrarily assigned a value of 0.1. In panel C, γ = 1. See the online edition for a color version
of this figure.
.078.056.178 on May 20, 2019 22:47:05 PM
s and Conditions (http://www.journals.uchicago.edu/t-and-c).
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sented visually (Figure 3) that the functions
all produce qualitatively similar saturation
curves, at least over part of their range. How-
ever, it is important to note that equations F5
(Figure 3C) and F6 (Figure 3D; Table 1)
both have initial phases where the fertiliza-
tion success does not increase with sperm
density until a minimum value is reached
(F5), or increases more slowly at first (F6). In
other words, both equations have an initial
“accelerating” (convex)phasewith equation
F5 accelerating in a stepwise fashion, while
the other saturating curves are decelerating
(concave) the entire way. The two “accelerat-
ing” functions therefore suggest that fertili-
zation is either impossible or less efficient
until a critical density of sperm is achieved.
Whether such an assumption is realistic is
debatable, and the answer may be taxon-
specific. Schwartz et al. (1981) question the
derivation of equation F5 originally proposed
by van Duijn (1964, 1965) for artificial in-
semination of livestock, stating that the as-
sumptions about aspects of sperm kinetics
introducedby the formulawere complicated
and not well understood. The equation is a
good fit to the data presented by van Duijn,
as well as that presented by Schwartz et al.
(1981), but in both cases there are no data
for very low sperm concentrations and low
fertilization probability, which is where the
threshold or acceleration effect would be ob-
servable. Similarly, equation F6 seems to have
been first explicitly proposed by Pace et al.
(1981) who found that it fit their data better
than other exponential forms, while offering
no biological justification.

The case of a threshold of sperm concen-
trationseemsinconclusive.VanDuijn(1965)
and Pace et al. (1981) both found that the
“threshold versions” fit their empirical data
best. On the other hand, fertilization is pos-
sible when sperm concentration in the imme-
diate vicinity of eggs is low, such as in marine
invertebrates (Franke et al. 2002) as well as
mammals (Hunter 1996). The only potential
biological reason for such a threshold or ac-
celerating effect that we are aware of is poly-
spermy in birds: contrary to most taxa, it has
been shown that the fertility of chicken and
turkey initially increase with the number of
sperm that penetrate the perivitelline layer of
This content downloaded from 129
All use subject to University of Chicago Press Term
the egg (Bramwell et al. 1995; Wishart 1997).
In other words, polyspermy (if defined as
multiple sperm penetrating the perivitelline
layer) canbebeneficial inbirds.However, fe-
males seem to compensate for low sperm
concentrations by enhancing sperm progres-
sion to the ovum (Hemmings and Birkhead
2015), potentially canceling the threshold
effect in the overall relationship between in-
seminated sperm concentration and fertility.
We are not aware of such accelerating func-
tions having been proposed for describing
fertilization in external fertilizers. However,
it is important to be aware that fertilization
functions or fertilization data are quite com-
monlypresentedonalogarithmicscale,which
may give the impression that the sperm con-
centration-fertilization relationship is initially
accelerating even for those functions that
are in fact decelerating all the way (Styan
1998; Levitan 2004, 2005; Okamoto 2016).
The initial seemingly convex phase in these
casesarisesonlybecauseofhowthelogarithm
transforms the data. The existence of an ini-
tial accelerating phasemaybe of relatively lit-
tle importance for the purposes of artificial
insemination, where the main interest lies
in the part of the curve that maximizes fertil-
ity. However, in the context of marine exter-
nal fertilizers there has been much interest
in fertilization under low sperm concentra-
tions (Levitan 1993; Levitan and Petersen
1995;Yund2000;Frankeetal.2002;Okamoto
2016), where a hypothetical initial acceler-
ating phase would be important. Similarly,
such details are relevant in models in evolu-
tionary ecology, where the shape of the func-
tionmayhaveimportantconsequencesforthe
evolutionary origin of the two sexes (Kalmus
1932; Iyer and Roughgarden 2008; Lehto-
nen and Parker 2014; Parker and Lehtonen
2014) and for sex-specific selection on fur-
ther asymmetries once males and females
have evolved (Lehtonen et al. 2016b; Parker
et al. 2018). The only two models in Table 1
with an initial convex phase are F5 and F6.
The biological assumptions of the former
have been questioned (Schwartz et al. 1981),
while no biological justification was given for
the latter by Pace et al. (1981). Furthermore,
the empirical data used to test these func-
tions appears to not cover low enough fertil-
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ity to test for such an accelerating phase. For
these reasons, we are somewhat skeptical of
such functions.

Further Biological and Physical

Factors in Fertilization Functions

gamete age, mortality, and motility

The fertilization capacity of gametes de-
creases, and theproportionof abnormal em-
bryos resulting from fertilizations increases
with gamete age (Salisbury and Hart 1970;
Reinhardt 2007). Although both sperm and
eggs senesce (Salisbury and Hart 1970), on
the timescale of a single fertilization event
sperm aging is dominant and, hence, most
fertilization functions only account for sperm
aging. Many models account for gamete ag-
ing explicitly (van Duijn 1964, 1965; Vogel
et al. 1982; Lehtonen 2015; Okamoto 2016),
although themathematical details may differ
significantly between models. For example,
in function F7 (Table 1; Togashi et al. 2007;
Lehtonen 2015), t can denote fixed gamete
life span or a fixed experimental time, which
results in an overall fertilization efficiency pa-
rameter that can be decomposed into multi-
plicativecomponents: gameteencounter rate
and gamete life span. Alternative functions
presented by Lehtonen (2015), and amodel
accountingforpolyspermybyOkamoto(2016)
implement a constantmortality rate on gam-
etes, which corresponds to exponentially dis-
tributed gamete life spans if gametes were
allowed to die of old age. Functions F8–F10 in
Table 1 all contain a time parameter t, which
is in practice often approximatedwith sperm
half-life (Vogel et al. 1982; Styan 1998; Millar
and Anderson 2003). Even in phenomeno-
logical functions, such as F3, it may be useful
to qualitatively envision that the parameter
a is influenced by gamete aging.

Most fertilization functions treat spermag-
ing so that spermatozoon behavior does not
change until they effectively “die” and are re-
moved from the pool of available sperm. In
reality, it is likely that the aging process is
more gradual, with the fertilization ability of
a single spermatozoon decreasing over time,
and a discrete death event may not even be
discernible. Infact,adecrease inspermmotil-
itymaybethemainexpressionofspermaging
This content downloaded from 129
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(see Reinhardt 2007 and references therein).
This suggests that amortality rate of sperma-
tozoa, or other ways of modeling gamete
“death”may not be the most realistic way to
model gamete aging. A more realistic alter-
native may be to make the gamete collision
rate a function of time, so that a = a(t), and
gamete aging effects can be included in the
functiona(t).Wewill return to this topic later
and show that many existing models can be
readily converted to this line of thinking. It
is also worth noting that simply observing a
decrease in the fertilization ratio of eggs with
increased sperm age does not, by itself, en-
able us to differentiate between the effects of,
say, sperm dying and sperm slowing down.
upper limit to fertility

Evidence suggests that less than 100% of
eggs are fertilized even under optimum con-
ditions in internal fertilizers (Salisbury and
VanDemark 1961; Schwartz et al. 1981) as
well as external fertilizers (Hodgson et al.
2007). To maintain focus on the biological
features of interest that differ between the
functions, and to avoid superfluous parame-
ters, we have omitted this component of the
fertilization functions inTable 1 (as domany
of the articles from which the functions were
sourced). This intentional omission can be
easily amended by multiplying each function
with an additional parameter that controls
maximum fertility (see Schwartz et al. 1981;
Hodgson et al. 2007).
fraction of egg surface that is

fertilizable, or fertilization

efficiency

Although the eggs ofmany species are not
picky in that any point on the surface of the
egg is fertilizable, in some species sperm can
enter the egg only at certain locations on
the surface ( Jaffe and Gould 1985). The Don
Ottavio model (F8) as originally presented
by Vogel et al. (1982), as well as that ofMillar
and Anderson (2003) accounts for this by us-
ing two collision constants, one correspond-
ing to the total cross section of the egg, the
other to the fertilizable area. However, in
Table 1 we have instead followed the nota-
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tion of Styan (1998) who argues that, in prac-
tice, it is difficult to separate the fertilizable
fraction of the egg from other effects, such
as characteristics of the quality of sperm, or
incompatibility between certain combina-
tions of egg and sperm. Instead of two colli-
sion constants, Styan uses a single parameter
Fe that determines the fraction of sperm-egg
contacts that are potentially fertilizing, thus
incorporating all of the above effects. This
is the notation that we follow in F8–F10(Ta-
ble 1), which are all based on the framework
laid out in Vogel et al. (1982).
isogamy

Most fertilization functions have been de-
rivedwithoogamousorganisms inmind.They
start ( justifiably) from a clearly asymmetri-
cal starting point, treating the gametes of fe-
males and males differently. These types of
functions may mislead if applied to organ-
isms where gamete dimorphism is low or
absent. Amodel that is compatible with isog-
amy (i.e., a gametic system where gametes
are of similar size; Lehtonen et al. 2016a)
must instead be able to treat the two gamete
types symmetrically, with no preexisting as-
sumptions about differences between eggs
and sperm. Applications of such isogamete-
compatible fertilization functions could
relate to understanding the ancestral diver-
gence in gamete sizes (see recent reviews by
Lessells et al. 2009; Togashi and Cox 2011;
Lehtonen andParker 2014) or to contempo-
This content downloaded from 129
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rary species in which gametes are identical
or very similar in size (which are more com-
mon than one might think; Lehtonen et al.
2016a). Equation F7 (Table 1; Togashi et al.
2007; Lehtonen 2015) is symmetrical for
both gamete types mathematically and visu-
ally (Figure 4A). Togashi et al. (2007) derive
a similar equation for species without mat-
ing types (not shown in Table 1), and Lehto-
nen (2015) derives three other equations that
are compatible with isogamy with mating
types (not shown inTable 1), basedondiffer-
ent assumptions about gametemortality. Ad-
ditionally, Iwasa and Sasaki (1987) derived
fertilization kinetics for isogamous organisms
with multiple mating types as components of
a model on the evolution of the number of
sexes.We do not show the equations of Iwasa
and Sasaki (1987) in Table 1 but note that
they may be useful in models of isogamous
systems with more than two mating types.

Toourknowledge, there is currentlynodi-
rect empiricalevidence for these fertilization
functionsunder isogamousornear-isogamous
conditions(althoughtheycoincidewithother,
previously derived fertilization functions as
the ratio of gamete numbers increases; Fig-
ure 4B in this article; Figure 1 in Lehtonen
2015). Their main benefit for now is to pro-
vide a mathematical basis that remains logi-
cally consistent across the continuum from
isogamy to anisogamy and oogamy, which is
essential in theoretical investigations of the
evolution of anisogamy (Togashi et al. 2007;
Lehtonen and Kokko 2011; Lehtonen and
Figure 4. A Fertilization Function that Does Not Assume Anisogamy

(Panel A) Number of fertilizations F versus number of gametes type x and type y for equation F7 from Table 1.
The two gamete types (x, y) are interchangeable and symmetrical, compatible with isogamy. (Panel B) A cross sec-
tion of the three-dimensional plot so that y is fixed at 200, representing an anisogamous situation across most of
the range. a = 0.001, t = 1. See the online edition for a color version of this figure.
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Parker 2014; Parker and Lehtonen 2014).
Whereas anisogamous fertilization functions
havebeenapplied toexplicit empirical fertil-
ization data for both internal fertilization
(Schwartz et al. 1981; Fearon and Wegener
2000) and external fertilization (Warner et al.
1995; Styan and Butler 2000; Gribben et al.
2014; Okamoto 2016), the same has not yet
been done for isogamous functions, and it
remains unconfirmed whether these func-
tions capture the key biological processes
that influence fertilization in isogamous or-
ganisms. Forexample, it isnot clearhowpoly-
spermy(seebelow)would functionalong the
continuum from isogamy to anisogamy and
oogamy, and currently no model accounts
for isogamy and polyspermy at the same time.
However, it has been shown that in the isoga-
mous Chlamydomonas reinhardtii “polygamy”
(an isogamous version of polyspermy) is very
rare ( Johnson 2010; Liu et al. 2010), which
suggests that a model that does not account
for lethal polyspermy (e.g., models in Toga-
shi et al. 2007; Lehtonen 2015) may be rea-
sonably realistic for these purposes.
polyspermy

None of the fertilization functions previ-
ously mentioned in this article take into ac-
count polyspermy, where more than one
sperm may enter the egg cytoplasm (Roth-
schild 1954; Jaffe and Gould 1985; Snook
et al. 2011). Polyspermy unions are lethal for
the resulting zygote in many species (Roth-
schild1954), although there ismuchvariation
by taxon (Snook et al. 2011). For example,
birdsmaybenefit frommultiple spermpene-
trating the perivitelline layer of the egg, and
in chicken and turkey the optimum number
of penetrating spermatozoa seems to be six
(Bramwell et al. 1995; Wishart 1997). Poly-
spermy is an intricate, sometimes controver-
sial, and widely studied topic (see Byrd and
Collins 1975; Jaffe 1976; Nuccitelli and Grey
1984; Jaffe and Gould 1985; Brawley 1987,
1992; Wong and Wessel 2004; Snook et al.
2011; Hemmings and Birkhead 2015 for just
a few examples), and beyond the scope of
this review in its biological details. Neverthe-
less, in terms of fertilization functions poly-
spermy can be a crucial factor to take into
This content downloaded from 129
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consideration, at least inmanymarine inver-
tebrates. Although the Don Ottavio model
of Vogel et al. (1982; F8 in Table 1) is not de-
scribed as a polyspermy model, it could be
interpreted as one that models nonpatho-
logical or physiological polyspermy (see Jaffe
andGould 1985; Snook et al. 2011):multiple
spermatozoa may stick to one egg in the
model, and any egg with one ormore poten-
tially fertilizing sperm-egg interactions is
successfully fertilized.Thediminishingeffect
thesemultiplegametecollisionshaveonsperm
concentration is explicitly accounted for.

Styan (1998) argues that themodel of Vo-
gel et al. (1982) implicitly assumes that eggs
have a polyspermy block that is instanta-
neous with no possibility for other sperm to
fertilize an egg once an initial sperm already
has. In reality, there would be a time period
between the initial fertilization and the acti-
vation of a polyspermy block, in which time
additional lethal fertilizations can potentially
occur ( Jaffe 1976; Jaffe and Gould 1985).
Styan (1998) expands on the fertilization
model of Vogel et al. (1982), in what seems
to be the first model accounting for lethal
polyspermy (equation F9 in Table 1), includ-
ing an explicit parameter for polyspermy
block time (tb), which can vary significantly
across taxa (Lambert and Lambert 1981;
Styan 1998). Only those eggs that receive no
further fertilizations before activation of the
polyspermy block are successfully fertilized
in this model. Figure 5 illustrates the effect
of variation in the polyspermy block time on
fertilization success using Styan’s (1998) fer-
tilization function.

At least three further models accounting
for lethal polyspermy have been published
since Styan’s (1998) work. Millar and Ander-
son(2003)derivedanalternativemodel(equa-
tion F10 in Table 1), again using the model
of Vogel et al. (1982) as a starting point. Al-
though qualitatively similar, the derivation
ofMillar andAnderson (2003) ismore rigor-
ous, avoids theuseof someof the approxima-
tions used in Styan’s (1998) derivation, and
suggests that the earlier modelmay underes-
timate the fraction of polyspermic fertiliza-
tions. Some evolutionary models (Bode and
Marshall 2007; Tomaiuolo et al. 2007) have
used a simple, phenomenological fertiliza-
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tion function (similar to the probability den-
sity function of the gamma distribution;
Weisstein 2002) that qualitatively accounts
for lethal polyspermy.However, amathemat-
ically very similar function can be derived
from simple biological principles, as we show
in the section titled Generality, Taxonomic
Scope, and the Value of Simplicity. Recently,
in conjunction with an empirical study, Oka-
moto (2016) produced an alternative, com-
partmentalized differential equation model
that accounts for polyspermy, and also ex-
plicitlymodels gametemortality. Thismodel
cannot be expressed in closed form and re-
quires integration at the last step to obtain
thenumberof successful fertilizations.These
last two functions are not shown in Table 1.
gamete polymorphisms within sexes

Althoughthemostobviousphenotypicdif-
ferences between gametes occur between
the male and female sexes, intrapopulation
This content downloaded from 129
All use subject to University of Chicago Press Term
variation also exists within sexes. In terms of
fertilization functions, the most palpable
kind of within-sex variability is perhaps that
in gamete size, longevity, speed, and other
features that may have an immediate impact
upon the central variables and parameters of
fertilization functions, such as gamete num-
bers or collision rates. This is an issue that
maybeencountered, forexample, in “loaded
raffle” spermcompetitionmodels. Ina loaded
raffle, spermmay not be equal in their fertil-
ization capacity or competitiveness, for ex-
ample, due to differences in motility (Parker
andPizzari 2010). A fertilization function that
is founded on the assumption that sperm are
equal may not be suitable for use in such
models. Somemodels of loaded raffle sperm
competition between two males have incor-
porated sperm limitation using a modified
version of the phenomenological function
F3, where the total sperm number y has been
replaced with a weighted sumof spermnum-
bers from the twomales: y = y1 + ry2, where r is
Figure 5. Polyspermy

Number of fertilizations versus sperm concentration y (ml−1) for equation F9 (Table 1). The parameters Fe
and a arbitrarily assigned a value of 0.01, with the sperm half-life (τ) set to 800. The polyspermy block time (tb) is
assigned a value of 0 for panel A (resulting in a version not accounting for lethal polyspermy), 10 for panel B,
30 for panel C, and 50 for panel D. A longer delay in polyspermy block activation increases the risk of polyspermy.
See the online edition for a color version of this figure.
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a loading factor that determines the “unfair-
ness” of the raffle by adjusting the inequality
in fertilization capacity of sperm of the two
males.

A related but perhaps less immediately ob-
vious kind of variability is nonrandom fusion
of gametes, variation in compatibility between
pairs of gametes, and so-called “gamete-
mediated mate choice,” which can facilitate
sexual selection at the level of gametes (Ke-
käläinen andEvans 2018). Compatibility can
be mediated via membrane-bound mole-
cules, including carbohydrates and proteins
(Kekäläinen and Evans 2018). The evolution
of gamete recognition proteins has been ex-
amined in theoretical studies making use of
fertilization functions. Gamete recognition
proteins are expressedon the surface of both
gamete types (Wong and Wessel 2010; Kos-
man and Levitan 2014). Evidence for rapid
adaptive evolution and intrapopulation vari-
ation in gamete recognition proteins exists
for many taxa, and several hypotheses have
been put forward to explain these patterns
(see Tomaiuolo and Levitan 2010; Vacquier
and Swanson 2011 and references therein).
At least one such study has made use of a fer-
tilization function that accounts for different
affinities between combinations of gamete
recognition proteins in eggs and sperm, to-
gether with lethal polyspermy (Tomaiuolo
and Levitan 2010). This function (equation
F11 in Table 1) is a phenomenological one,
and similar in its underlying mathematical
form to the polyspermy functions used by
Bode and Marshall (2007) and Tomaiuolo
et al. (2007). Tomaiuolo and Levitan (2010)
used their model to show that the evolution
ofgameterecognitionproteins inexternal fer-
tilizersmaybe linked to the strengthof sperm
competition and the extent of polyspermy.
For example, sperm limited conditions are
expected to select for high fertilization rates
andreduced variation in recognitionproteins
so that the number of compatible gamete en-
counters ismaximized.Theopposite extreme
of high sperm concentration, strong direct
competition between sperm from several
males for a single egg, and polyspermy is ex-
pected to result in variation in recognition
proteinsmaintainedby frequency-dependent
selection, with matched sets of compatible
This content downloaded from 129
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sperm-egg proteins (Tomaiuolo and Levitan
2010; Levitan 2018).

From a theoretical standpoint, there is a
close affinity between loaded raffle sperm
competition, variation in gamete compatibil-
ity, and gamete mediated mate choice. All
of these biological factors imply that the ef-
fect of gamete numbers on fertilization suc-
cess is no longer mediated by a simple sum
of gamete numbers. One approach is to re-
place the total number of sperm (y) with a
weighted sum of different types of sperm (as
was done in Mesterton-Gibbons 1999; Ball
and Parker 2000; Tomaiuolo and Levitan
2010). Although this is likely a good approx-
imationinsimplecases,therangeof biological
conditions for which it is valid is uncertain.
It would be valuable to derive fertilization
functions accounting for variability mecha-
nistically, starting from clear biological as-
sumptions in future research (see the section
titled Future Directions).
properties of the fertilization

environment in external and

internal fertilizers

So far in this article we have not been very
explicit about the fertilization environment.
The fertilization environment can of course
refer tomany factors, biotic andabiotic,which
may have considerable effects on the overall
fertilization outcome. Many of the fertiliza-
tion functions that we focus on in this article
(Table 1) assume that the fertilization envi-
ronment is in some sense homogeneous, or
that deviations from homogeneity can be
dealt with by using average values for gamete
density. This often permits mathematically
tractableclosedformsolutions,andalthough
it allows us to cover a great deal of interesting
and relevant biological ground in a palatable
form, it inevitably excludes somemore com-
plex models and variation that may appear
innature. It is alsowell known thatwhen there
is significant variation in, say, gamete con-
centrations within a gamete population, sim-
ply using the average concentration over the
population to compute fertilization success
may lead to misleading results (see Denny
2017 for a recent discussion). The spatial dis-
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tribution of the spawning population, and
the mixing, stirring, and flow properties of
the fertilization environment are examples
of factors that have been examined in more
complicated models (Denny and Shibata
1989; Babcock et al. 1994; Claereboudt 1999;
Lauzon-Guay and Scheibling 2007; Crimaldi
2012; Thomas et al. 2013), and also covered
in a recent review of the physics of broadcast
spawning(CrimaldiandZimmer2014).These
models account for specific features of the
fertilization environment in more detail but,
as a drawback, become much more compli-
cated and difficult to apply as modular com-
ponents of evolutionary models, one of the
mainaimsof this review(see thesectiontitled
A Brief Guide to Using Fertilization Func-
tions in Evolutionary andEcologicalModels).

Factors such as mixing and spatial distri-
bution of spawning individuals do not only
affect the overall fertilization outcome, but
also the extent of competitive versus non-
competitive fertilizations, sperm limitation,
and polyspermy (Levitan 2018) that, in turn,
can influence selection on gamete affinity
and on variation in gamete compatibility
types (Tomaiuolo and Levitan 2010; Levi-
tan 2018; see the section on gamete poly-
morphisms above). Internal fertilization also
comes with its own “environmental” factors
with potentially significant consequences.
Herewearereferring to theinternalenviron-
ment of the female reproductive tract, and
the relevant factors may be very different
from those affecting external fertilizers. In
some internally fertilizing species only a
small fraction of sperm ever reach the ovum,
to the extent that the reproductive tracts of
birds and mammals have been described
as “hostile” to sperm (Birkhead et al. 1993).
This also raises the possibility of cryptic fe-
malechoiceof sperm(Eberhard1996),which
is a major component of postcopulatory sex-
ual selection, alongside sperm competition
(Parker and Pizzari 2010). Cryptic female
choice implies unequal fertilization proba-
bilities for spermfromdifferentmales,which
can give rise to loaded raffle sperm competi-
tion (Parker and Pizzari 2010; see the above
section). Hence, with both external and in-
ternal fertilization, properties and implica-
tions of the fertilization environment are
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linked to polymorphisms in gamete pheno-
types.

Generality, Taxonomic Scope,

and the Value of Simplicity

the value of simple functions

A brief look at Table 1 makes clear that
there is great variation in the complexity of
fertilization functions, from F0 to F11. This
may raise the question of whether there is
any value to the simpler functions, such as
F0 to F4. We argue that there is value to these
simpler forms, for at least three reasons.
First, examining the range of functions from
simple to complex, while attempting to un-
derstand the biological meaning of each al-
teration can be a very valuable learning tool.
It may also point the way to factors that may
bemissing from our current understanding,
both in terms of mathematical modeling,
and in terms of empirical testing. Second,
modeling in evolutionary ecology often aims
to understand patterns that span very broad
taxonomic ranges. In such models it is de-
sirable to avoid dependence on specifics of
any individual species or taxon: a modeler
might seek something that applies approx-
imately to a wide range of taxa, rather than
something that applies in more detail to a
single taxon. Complex models of fertiliza-
tion tailored to specific systems may not be
very useful in such cases. Third, from a prac-
tical standpoint in the context of evolutionary
modeling, it is easier to work with simpler
functions that may allow for explicit, analyt-
ical solutions that are not necessarily acces-
sible with complex ones. A hybrid approach
is often useful, where one starts with simple
models, possibly with analytical solutions.
The robustness of such solutions can then
be tested with complex functions, using nu-
merical methods if necessary.

For example, Mesterton-Gibbons (1999)
examined the effect of incomplete fertiliza-
tion risk on a previously published model of
sperm competition that assumed all eggs are
fertilized (Parker 1990). Mesterton-Gibbons
used the function F3 (Table 1) in his analysis.
Although this function is a phenomenolog-
ical one with apparently no clear biologi-
cal justification, it is visually similar to those
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found with other models (Figure 3), and fits
empirical data quite well at least in cattle
(FearonandWegener2000).Combinedwith
itsmathematical simplicity, these factors sug-
gest that F3 is a reasonable starting point in
gaining a qualitative understanding of how
sperm limitation may alter results of existing
models. Bode and Marshall (2007) similarly
used a simplified, phenomenological fertili-
zation function accounting for polyspermy
in an investigation of the effect of sperm lim-
itation and polyspermy on sperm competi-
tion models in broadcast spawners. Again,
the choice to use a simple function made it
possible to solve themodelsanalytically,which
may be more valuable in gaining initial in-
sight into the question at a qualitative level.
If doubt remains about the robustness of the
results, the fertilization functions in the mod-
els of Mesterton-Gibbons (1999) and Bode
and Marshall (2007) could be replaced by
other, more biologically grounded alterna-
tives from Table 1, and robustness could be
confirmednumerically if necessary. A recent
article examining the evolutionary influence
of gamete size on sex-specific competitive
traits (Lehtonen et al. 2016b) used this type
of approach: a result on sex-specific selec-
tion was first derived analytically for a class
of relatively simple fertilization functions
(e.g., F3 and F4 in Table 1), and this was then
generalized to more complex functions (F7
and F9) using numerical methods. The sim-
pler functions therefore pointed the way to-
ward a result that may have been difficult to
see directly from a more complicated one.
internal versus external fertilization

and simple example derivations

Another interesting and important ques-
tion that arises from the range of superfi-
cially different functions is whether internal
and external fertilization can be described
by similar mathematical forms. Biologically
speaking, there are several fundamental dif-
ferences between external fertilization and
internal fertilization. Ingeneral, internal fer-
tilization has more protection from the out-
side environment and predators as well as a
moreclearlydelineatedroute to theopposite
gamete. However, more energy is generally
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required to bring males and females into in-
timate contact, and internal development of
offspring places a limit as to how many can
be produced in a given reproductive event
(Heath 1977). External fertilizers have po-
tential for a larger number of offspring in a
single reproductive event, and they also save
energy making use of natural mediums for
the gametes to drift. Sexual selection oper-
ates differently in many respects in internal
and external fertilizers (Levitan 2010; Parker
2014), and sperm competition and male go-
nad investment tend to be lower in internal
fertilizers than in external fertilizers (Parker
2016; Parker et al. 2018). Gamete structure,
as well as the relationship between gamete
structure and swimming speed, may differ
between the two types of fertilizers (Popham
1974; Simpson et al. 2014). The list could go
on, but the point is that with the differences
pointed out above, one might assume the
functions required to describe the fertiliza-
tion process for the two types of fertilizers
wouldbequitedifferent.Again, thisdepends
on the level of detail that is needed. For ex-
ample, equation F4 (Table 1) appears tohave
been independently derived for both inter-
nal and external fertilization. Rothschild and
Swann(1951)andVogel et al. (1982)derived
equation F4 in studies of sea urchin fertili-
zation (with slightly different derivations),
while Schwartz et al. (1981) converged on
the same equation in a study of artificial in-
semination of livestock. This is partly due
to the probabilistic nature of the process be-
ing modeled, as can be seen with a brief and
heuristic example derivation,modified from
Schwartz et al. (1981) who originally consid-
ered internal fertilizers.

Consider x eggs and y sperm randomly
mixing—in the case ofmany internal fertiliz-
ers, we might simply have x = 1. Now assume
that any given spermatozoon fertilizes any
given egg with a very small probability q. Let
us further assume that any egg that is “fer-
tilized” by one or more sperm will develop
normally. In other words, we assume that
polyspermy causes no adverse effects in the
first place, or that the polyspermy block is
so fast that harmful effects of additional fer-
tilizations are prevented. The probability that
any given egg is fertilized n times is bino-
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mially distributed with mean l = qy, and be-
cause q is assumed to be very small, a Poisson
distributionwith the samemeangives a good
approximation (Rice 2004). This in turn im-
plies that the probability that a given egg is
fertilized exactlyn times is lne−l

n! . In particular,
theprobability that anegg is fertilizedexactly
0 times is l0e−l

0! = e−l. Under our assumptions,
the probability of a successful fertilization is
the complement of this, which yields px = 1 −
e−l = 1 − e−qy = 1 − e−ay, where we have finally
equated the probability q with the fertiliza-
tion parameter a. Alternatively, this can be
written using the F -notation: F = xpx = x(1 −
e−ay), which is F4 in Table 1.

This should not be taken as a rigorous der-
ivation, and we have not been explicit about
all of the assumptions it entails, but an im-
portantmessage here is that there is nothing
in the derivation that is obviously specific to
internal or external fertilization. Although
the aboveequationwill not suffice for all pur-
poses (e.g., polyspermy: Styan 1998; Millar
and Anderson 2003; isogamy: Togashi et al.
2007; Lehtonen 2015), it does demonstrate
that there is no fundamental reasonwhy sim-
ilar mathematics could not describe both
internal and external fertilization when the
process is examined at a fairly general level.
Note also that if we let the exponent ay in-
crease indefinitely, then e−ay ≈ 0 and F = x(1 −
e−ay) ≈ x. At the other extreme, for very small
values of ay we have e−ay ≈ 1 − ay (first order
Taylor polynomial for the exponential func-
tion; Weisstein 2002) and hence x(1 − e−ay) ≈
axy. In other words, the function we have
heuristically derived above describes a range
of conditions from complete lack of sperm
limitation to very sperm limited, and at the
two extremes it is approximately equal to F0
and F1 (Table 1).

Similar logic canbeused toderive a simple
model accounting for polyspermy. Above we
modeled a Poisson process withmean l = qy.
Now consider lethal polyspermy: if there is
no polyspermy block, then only those eggs
that come into contact with exactly one sper-
matozoon are viable. Under the Poisson ap-
proximation, the probability of exactly one
fertilization is l1e−l

1! = le−l = aye−ay, using the
same notation as above (Rice 2004). This
gives a biological rationale for the general
This content downloaded from 129
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form of the polyspermy fertilization func-
tions used in some recent evolutionary mod-
els (although not exactly identical; see Bode
and Marshall 2007; Tomaiuolo et al. 2007;
Tomaiuolo andLevitan2010). Although this
derivation accounts for lethal polyspermy, it
is noteworthy that it does not include a poly-
spermy block.
beyond broadcast spawners and

artificial insemination

Althoughmost fertilization functions orig-
inate from work on artificial insemination
ormarineexternal fertilizers, the simpleder-
ivations above show that on some level, simi-
lar principles should apply across a broad
range of taxa, covering very different repro-
ductive systems.Floweringplantsofferagood
example. Despite the great differences be-
tween the life cycles and reproductive biol-
ogy of flowering plants, livestock, andmarine
broadcast spawners, the same functions have
been used in all three cases. An influential
short paper on limits to seed production in
plants (HaigandWestoby1988)useda simple
graphical model of the relationship between
pollen attraction effort and effectively polli-
nated ovules, very similar to the saturating
functions in Figure 3. Later research has ex-
plicitly used functions F3 (Ashman et al. 2004;
Burd 2008; Rosenheim et al. 2014) and F4
(Kohn and Waser 1985; Waser and Price
1991; Porcher and Lande 2005) to model the
relationship between pollen attraction and
fertility, or the direct relationship between
pollen load and fertility. Clearly there ismuch
potential for synergy between these diverse
fields in the context of modeling fertiliza-
tion. For example, a recent article (Petersen
and Burd 2017) points out similarities in the
evolution of heterospory (bimodal size dis-
tributions with small male spores and large
female spores) in land plants and the evolu-
tionof anisogamy(in the fertilizationdynam-
ics context of Lehtonen and Kokko 2011),
and suggests that a model tailored to plant
life cycles could elucidate plant evolution.

Dothesamefertilizationfunctionshaveap-
plications in human biology? On some level,
the answer is certainly yes. Qualitatively, at
least, fertilization functions can provide in-
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sight and understanding in humans as they
can in other organisms. Data on pregnancy
rate versus sperm concentration in humans
(Bonde et al. 1998) suggests a saturating re-
sponse qualitatively similar to the functions
in Figure 3. Amann (1989) uses a graphical
fertilization function, adapted from the arti-
ficial insemination literature (Salisbury and
VanDemark 1961) to illustrate concepts re-
lated tohumanfertility;however, thegeneral
topic of Amann’s (1989) paper is the diffi-
culty and complexity of predicting human
fertility based on sperm characteristics. An
extensive survey of the medical literature is
beyond the scopeof this article, but abrief re-
view suggests that there has not been much
use of explicit fertilization functions of the
kind discussed in this article in research on
human fertility. Declining sperm count in
humans over time is a pressing issue (Levine
etal. 2017)but,at thesametime, therelation-
ship between semen quality and fecundity is
complicated, with several potentially impor-
tant predictors beyond spermconcentration
(Guzick et al. 2001; Cooper et al. 2010; Virta-
nen et al. 2017). It may therefore be the case
that simple functions relating sperm num-
bers or concentration to pregnancy rate do
not have the kind of predictive power that
would be useful in determining fertility in a
medical context.

A Brief Guide to Using Fertilization

Functions in Evolutionary and

Ecological Models

general guidelines

Aswehaveseen, fertilizationfunctionshave
improved our understanding of the fertili-
zation process in organisms ranging from
marine broadcast spawners to artificially in-
seminated livestock. Perhaps less obvious and
potentially underused is their wide applica-
bility in models of adaptive evolution in evo-
lutionary and behavioral ecology, where
fertilization functions can provide a mathe-
matical link between evolutionary change
and its consequent effects on overall fertili-
zation success. This can be considered a type
of eco-evolutionaryor ecogenetic link (Kokko
and López-Sepulcre 2007) that acts on a
short timescale. Suchmodels often deal with
tradeoffs and their expected evolutionary
This content downloaded from 129
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consequences, commonlyusingoptimization
methods (Parker and Maynard Smith 1990),
integrating aspects of game theory and adap-
tivedynamicswhennecessary(MaynardSmith
1982; Parker andMaynard Smith 1990; Dieck-
mann and Law 1996; McGill and Brown 2007;
Lehtonen 2018). Fertilization functions enter
the scene when the model concerns a trade-
off that affects allocation to gametes under
potentially sperm limited or polyspermic con-
ditions, e.g., when seeking evolutionarily sta-
ble investment into gonads versus allocation
into survival (Parker et al. 2018).

The importance of fertilization functions
as a component offitness under natural con-
ditions is particularly clear with external fer-
tilizers, where the dilution of gametes into
an external medium means that there is a
higher risk of gamete limitation (Levitan and
Petersen 1995; Levitan 1998a, 2010; Yund
2000). In other words, even though sperm
usually vastly outnumber eggs, fertilization
of all eggs is far from guaranteed. The same
may be true in some species when sperm
concentration is too high, where lethal poly-
spermy may alter the expected evolutionary
outcomeandgenerate sexual conflict (Bode
and Marshall 2007; Levitan 2010). Sperm
limitation or polyspermy that impacts total
fertilization success can act simultaneously
with sperm competition, which impacts the
division of fertilizations between competing
individuals (Bode andMarshall 2007; Lehto-
nen and Kokko 2011; Levitan 2018; Parker
et al. 2018). This in turn implies that any
change in allocation to gamete production
may have a considerable impact on fertiliza-
tion success, in a fashion thatmay bedifficult
to see intuitively. As a relatedpoint, although
research in sexual selection has been largely
focused on internal fertilizers, it has long
been argued that external fertilizers canpro-
vide deep insight into sexual selection and
into someof themost fundamental ancestral
transitions in reproductive biology (Levitan
1998b, 2010; Parker 2014; Beekman et al.
2016), such as the evolution of anisogamy
(Parker et al. 1972; Lessells et al. 2009; To-
gashi and Cox 2011; Lehtonen and Parker
2014), fertilization mode (Bishop and Pem-
berton 2006; Henshaw et al. 2014), and sex-
ual dimorphism (Parker 2014; Parker et al.
2018).
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Interestingly, early models of the transi-
tion from isogamy toanisogamywere in their
essence gamete limitation models (Kalmus
1932; Scudo 1967) and, thus, included a
model of fertilization success. These early
models were, however, later recognized to be
basedongroupselection,whileamodelbased
on gamete competition demonstrated that
anisogamy can evolve entirely via individual-
level selection (Parker et al. 1972). Widely
known as the PBS model (named after its
three authors), it remains the most widely
accepted explanation for the origin of male
and female gametes to this day. However, it
seems apparent that gamete competition,
gamete limitation, and polyspermy can all
be significant selectivepressures, particularly
in external fertilizers and, in this vein, there
has been a recent tendency to combine both
gamete competition and gamete limitation
in mathematical models of the reproductive
biologyof external fertilizers (BodeandMar-
shall 2007; Lehtonen and Kokko 2011; Hen-
shaw et al. 2014; Parker et al. 2018). One
consequence of these models is that the driv-
ing forces behind the earliest models of an-
isogamy evolution (Kalmus 1932; Scudo 1967)
and those behind later models (Parker et al.
1972) are not in conflict, and instead act
in the same direction and can reinforce and
complementeachother (LehtonenandKokko
2011; reviewed in Lehtonen and Parker
2014).

Some models in evolutionary and behav-
ioral ecology have incorporated a custom
model of fertilization, which may have been
built into the overall model either implicitly
or explicitly (Scudo 1967; Ball and Parker
1996, 1997; Bode and Marshall 2007; Leh-
tonen and Kokko 2011). There is nothing
wrong with this approach. However, one of
the points we wish to make is that some of
thesemodels could be simplified andunified,
and links betweenmodels could be clearer if
existing fertilization functions were used to
model the fertilization process. This allows
fora “modular”constructionofmodels (Leh-
tonen 2015), whichmay reveal a clearer struc-
ture behind complicated models, and allows
for straightforward incorporation of many
different biological assumptions (Table 1)
using oneunderlyingmodel frameworkwith
a placeholder for a fertilization function.
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To illustrate this, we now return to Park-
er’s (1998:9) simple fair rafflemodelof sperm
competition, which we rewrote earlier as

w ym , yr , xð Þ = ym
ym + N − 1ð Þyr

� �
x

=
ym
y

� �
F x, yð Þ

(5)

where ym is themutantmale’s spermnumber,
while the (N − 1) “residents” release yr sperm.
Thetotal spermnumberreleasedinthegroup
is y = ym + (N − 1)yr. Now, having covered a
range of fertilization functions, we can read-
ily see ways to explore specific cases of this
underlying, modular model. Recall that the
original model (Parker 1998:9) can be inter-
preted to make use of F0, the simplest fertil-
ization function that assumes that all eggs
are fertilized. But we are free to use any func-
tion fromTable 1. For example, we could ac-
count for the effect of sperm limitation using
the simple negative exponential model F4
(Rothschild and Swann 1952; Schwartz et al.
1981; Vogel et al. 1982):

w ym , yr , xð Þ = ym
y

� �
F4 x, yð Þ

=
ym
y

� �
x 1 − e−ayð Þ:

(6)

The structure of the model remains exactly
the same, only the fertilization function
changes along with its biological conse-
quences. The model now describes how
sperm competition and sperm limitation to-
gether determine the mutant individual’s
fitness. The sperm competition and sperm
limitation components are both impacted
by themutant trait value ym, so themodel tells
us how ym influences fitness via the sperm
competition and sperm limitation compo-
nents (note that ym also appears in thedenom-
inator, as well as in the exponent, because
we have used the short notation y = ym + (N −
1)yr). This permits us to estimate selection
on the trait. The evolutionary implications
of suchamodelcanbeexploredusing similar
overall methods regardless of which func-
tion we choose to use, although the result-
ing equations differ in their appearance and
complexity and will not be analytically solv-
able in all cases. In exactly the same way we
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could also incorporate the possibility of le-
thal polyspermy into the model by using F9
or F10 instead of F4. There would be no fun-
damental difference to Equation (6), except
for the replacement of the fertilization func-
tion. If, instead of fish (as in the original
model), the aim is to model isogamous or
near-isogamousorganisms,wecanuseF7(To-
gashi et al. 2007; note also the special case
x = y in Table 1):

w ym , yr , xð Þ = ym
y

� �
F7 x, yð Þ

=
ym
y

� �
xy

eaty − eatx

yeaty − xeatx
:

(7)

Although the model remains structurally
similar, an interesting difference appears in
this case: the fertilization function compo-
nent of the model is now symmetrical for x
and y, and we could write an equation for
the x-type that would simply look like a mir-
ror image of Equation (7). This means that
the biological symmetry of an isogamous or
near-isogamous system is reflected in the
symmetrical structure of the mathematics,
and it makes it possible to use mathematical
models (e.g., evolutionary game theory) to
investigate how the fundamental asymmetry
of anisogamy might arise from a symmetrical
starting point. Equation (7) is already very
close to the structure of a model for the evo-
lution of anisogamy that incorporates both
gamete competition and gamete limitation.
Where gamete competition and gamete lim-
itation select for increased sperm numbers,
adding a third component that models zy-
gote survival as a function of size would cre-
ate the disruptive selection for increased egg
size that is thought to have caused the ances-
tral divergence of the two sexes (Parker et al.
1972). See Lehtonen (2015) and Parker and
Lehtonen (2014) for further details on this
kind of model structure, and how function
F7 can be applied to such questions.
structured populations, kin selection,

and group selection

The importance of population structure
and interactions with kin is widely recog-
This content downloaded from 129
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nized in evolutionary modeling (Hamilton
1964; Frank 1998; Rousset 2004; Marshall
2015). In a structured population (say, with
limited offspring dispersal from spawning
groups), raremutantshavean increasedprob-
ability of interacting with othermutants, and
this can have important consequences for
selection on these rare mutants, and on the
evolutionary outcome. For example, compe-
tition between related males is theoretically
predicted to diminish sperm expenditure
(Parker 2000) and has been suggested to
shift the relative importance of selective
forces from sperm competition to sperm
limitation and polyspermy (Lehtonen 2016).
It is important to be aware that the popula-
tion structure we discuss here is very differ-
ent from the type of spatial structure in the
section titled Properties of the Fertilization
Environment in External and Internal Fer-
tilizers, where we briefly discussed spatial
population characteristics of spawning sub-
populations thatmay influence the local fer-
tilization process. The population structure
we discuss here is the kind that can generate
differences ingenetic compositions between
groups, which can influence how selection
operates. Although we will not go deep into
this topic, we note that modern methods
make it relatively straightforward to incorpo-
rate the effects of simple population struc-
ture and kin interactions of this kind. In
particular, the direct fitness method (Taylor
and Frank 1996; Frank 1998) provides a very
powerful toolkit for analyzing the effect of
population structure and kin interactions.
This method also allows for the incorpora-
tion of class structure. Consider a scenario
where k females and n males aggregate in
spawning groups. We may envision a sce-
nario where females within a group are re-
lated to each other, or males within a group
are related to each other, or that both apply
simultaneously, and that females and males
are also related to each other. If male and
female offspring dispersal rates differ, the
relatedness coefficients within and between
classes may also differ, and the evolutionary
outcome of interactions via sperm compe-
tition and sperm limitation in such cases is
far from obvious. The direct fitness method
(Taylor and Frank 1996) provides tools for
analyzing such cases. It allows for multiple
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classes of individuals, with potentially differ-
ent reproductive values (Fisher 1930; Taylor
1990) and different relatedness coefficients.
Such models are broadly called kin selec-
tion models, although the technical meth-
odology is quite different from that initially
developed by Hamilton (1964). In simple
cases it is also possible to convert a direct fit-
ness kin selectionmodel intogroup selection
formalism, in the sense proposed by Price
(1972), simply by rearranging the mathemat-
ical components of a kin selectionmodel in a
specific way (Lehtonen 2016). Although the
evolutionary predictions do not differ, pre-
senting these two alternative viewpoints to
natural selection may make the results ac-
cessible to a broader audience with differ-
ent methodological preferences. Second, kin
and group selection models can be thought
to present different causal decompositions
of selection (Okasha 2016). For example, in
a simple model incorporating sperm com-
petition and sperm limitation (very similar
to Equations 5–7 above), kin selection of-
fers technical convenience, but the group
selection viewpoint produces a cleaner split
between the selective effects of sperm com-
petitionandspermlimitation,fitting theeco-
logical aspects of the question better in this
sense (see Lehtonen 2016 for a worked ex-
ample).
Generalizations For Decreasing

Gamete Motility

It has been suggested that the main effect
of spermaging is adecrease inmotility (Rein-
hardt 2007). A change in motility would, in
turn, alter the collision rate parameter a
(Vogel et al. 1982; Togashi et al. 2007). This
implies that instead of strict gamete death,
it may bemore realistic tomake gamete colli-
sion rate dependent on gamete age. In other
words, instead of a constant a we would have
a function a(t) that determines the collision
rate for gametes of age t. The formofa(t) en-
capsulates the effects of gamete aging, and
we should expect a(t) to be a decreasing
(but always nonnegative) function of t. It
is possible to modify many existing fertiliza-
tion functions in this way, and their overall
mathematical form is relatively unaffected
by the change. We demonstrate this modifi-
This content downloaded from 129
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cation with a rederivation of a simple nega-
tive exponential function (F4 in Table 1),
while accountingexplicitly for time.Theder-
ivation is based on that of Vogel et al. (1982).
We first rederive the function in its original
form, with a constant parameter a, and then
modify it with time-dependent motility.

Vogel et al. (1982) derive their simplest
fertilization function, which they term the
DonGiovannimodel, under the assumption
that sperm concentration is so much higher
than egg concentration that the effect of
egg-sperm collisions and fertilizations on
sperm concentration is negligible, and hence
sperm concentration or number y is consid-
ered constant. Now, if we denote total egg
number by x (which is also a constant) and
the number of unfertilized eggs by xu (not a
constant), then the change in the number
of unfertilized eggs is described by the differ-
ential equation

dxu

dt
= −ayxu : (8)

That is, each fertilization removes one un-
fertilized egg from the gamete pool, and
the rate at which fertilizations take place is
proportional to the number of sperm times
the number of available (unfertilized) eggs
(mass action; Otto and Day 2007). Under
the assumptions described above, ay is a con-
stant, which implies that Equation (8) is a
standard differential equation for exponen-
tial decay with decay constant ay (Weisstein
2018).Thenumberofunfertilizedeggs there-
fore decays exponentially as follows:

xu = xu0e
−ayt = xe−ayt (9)

where the initial number of unfertilized eggs
xu0 is simply equal to the total number of eggs,
because all eggs start off as unfertilized. Now
the number of fertilized eggs F is the total
number of eggs minus the number of unfer-
tilized eggs:

F = x − xu = x − xe−ayt = x 1 − e−aytð Þ, (10)

which is of the same form as F4 (Table 1),
with time t explicitly shown. Note that essen-
tially the same function has been derived
elsewhere using different methods (Roth-
schild and Swann 1951; Schwartz et al. 1981;
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see also the heuristic derivation earlier in
this article).

Next, we show how this derivation can be
modified to account for a time-dependent
collision parameter. We begin with the same
differential equation, but with the constant
a replaced with a function a(t):

dxu

dt
= −a tð Þyxu: (11)

To solve this, we make the substitution T =Ð t
0 aðτÞdτ, implying dT

dt = aðtÞ, or dt = dT
aðtÞ.

Substituting this expression for dt into Equa-
tion (11), we get

dxu

dT
a tð Þ

� � = −a tð Þyxu (12)

or

dxu

dT
= −yxu : (13)

This is of exactly the same form as Equa-
tion (8) with a = 1, and with t replaced by T.
But based on Equations (8–10) we already
know the solution to this is

xu = xu0e
−yT = xe−yT (14)

and using the identity T =
Ð t
0 aðτÞdτ to re-

turn to the original notation, we have

xu = xe
−y

ð t

0
a τð Þdτ

: (15)

So for the number of fertilized eggs we have

F = x 1 − e
−y

ð t

0
a τð Þdτ

0
@

1
A: (16)

In other words, at in the exponent has been
replacedby the integral

Ð t
0 aðτÞdτ,whichgen-

eralizes the solution to scenarios where the
collision rate changes with gamete age. Equa-
tion (10) is still covered as a special case, as
can be seen by setting a(τ) = a and integrat-
ing:

Ð t
0 ad τ = at . Although this particular

problem could have been solved more di-
rectly without using the substitution method,
the valueof themethod is that itworks equally
well inmany other cases: an analogous line of
reasoning using the same substitution can be
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used to generalize many other fertilization
functions in the same way. For example, Vo-
gel et al.’s (1982) main Don Ottavio model
(nonpathological polyspermy in our termi-
nology, F8 in Table 1) and Togashi et al.’s
(2007) model for isogamy with fixed gam-
ete life spans or experimental time (F7 in Ta-
ble 1) can both be generalized in this way
by replacing at with the integral

Ð t
0 aðτÞdτ.

With F7 it should be noted that both gam-
ete types may senesce at similar rates. The
time-dependent collision rate would then
depend on changing motility of both gam-
ete types, thusdecreasing their relative veloc-
ities. Applying this change to the equations
describing lethal polyspermy appears more
complicated, and we leave this question for
future work.

This generalization is useful in at least two
ways. First, because a(τ) always enters the
equation in the same way inside the integralÐ t
0 aðτÞdτ, in many modeling applications we
can treat the entire integral as a parameter,
without explicitly modeling the underlying
time-dependent collision rate. This implic-
itly covers a wide range of scenarios, where
the underlying collision rate can depend on
time in potentially complicated ways. Sec-
ond, the generalized equations can be used
as a foundation for fertilization models that
explicitly account for age dependence of
the collision rate. a(τ) and consequently the
integral

Ð t
0 aðτÞdτ could potentially be esti-

mated from empirical observations. Interest-
ingly, Levitan (2010) has noted that sperm
velocity seems to trade off with sperm lon-
gevity within and between species. This sug-
gests that overall fertilization efficiency as
determined by the integral could remain rel-
atively similar, if species with higher initial
values of a(τ) also experience faster rates of
decline in a(τ) Whether this is actually the
case would of course depend on the detailed
shapes of a(τ).
Future Directions

Much progress has been made in under-
standing the ecology of fertilization, both
theoretically and empirically. Mathematical
models of fertilization seem to have been
particularly successful in describing the fer-
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tilization process in marine broadcast spawn-
ers (Rothschild and Swann 1951; Vogel et al.
1982; Styan 1998; Millar and Anderson 2003;
Levitan 2010; Okamoto 2016), which may
not be particularly surprising. Broadcast
spawning is in some respects simple com-
pared to internal fertilization. The fertiliza-
tion environment consists of a relatively
uniform physical environment, rather than
complicated internal organismal structures
that may be difficult to probe. As a conse-
quence of this, it is also easier to count fer-
tilized eggs soon after fertilization. Each
fertilization event generally involves a much
larger number of eggs and fertilizations than
internal fertilization (where it is not uncom-
mon for there tobeeither 0or 1 fertilizations
per insemination), whichmakes it simpler to
collect the amount of data required for eval-
uating thefit of theorywithdata.However, in
saying that the models have been successful,
the implication is not that they predict fertil-
ization with great accuracy under all condi-
tions. Instead, they have been particularly
useful inpushingforwardourunderstanding
of the fertilizationprocess. There is nodoubt
that there are still useful unexplored direc-
tions for developing fertilization functions
and related empirical fields. The main ave-
nues to push the field forward depend on
what the objectives of the modeler are. If the
aim is to gain a more finely detailed under-
standing of external fertilization in natural
conditions, it may be necessary to go beyond
the relatively simple closed form solutions
presented in Table 1, instead moving onto
more complicated models at the interface of
physics and ecology (Crimaldi and Zimmer
2014). If the goal is (as in this review) to inte-
grate models of fertilization into models in
evolutionary ecology, exploring new ground
doesnotnecessarilyrequireverycomplicated
models.

A recent article, combining empirical ex-
periments with mathematical models (Oka-
moto 2016) suggested that a single collision
rate parameter (a in our notation) may not
be able to describe collision rates under dif-
ferent gamete concentrations. Instead, the
empirical results were consistent with a colli-
sion rate that declines with egg density. This
indicates that the bimolecular kinetics ap-
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proach (Vogel et al. 1982) often used to
model fertilization may require reconsid-
eration, at least in external fertilizers. Note
that suchagameteconcentration-dependent
collision rate would introduce quite a differ-
ent mathematical problem than the time-
dependent collision rate we have explored
above, because it would make even the sim-
plest differential Equation (8) nonlinear in
xu. The consequences of Okamoto’s work
(2016) remain largely unexplored.

An area that seems to have been relatively
little studied empirically is the relationship
between gamete densities and fertilization
success in isogamous organisms. Isogamy is
common in unicellular organisms (Lehtonen
et al. 2016a), which tend to receive less re-
search interest than theirmulticellular coun-
terparts. For example, although aspects of
the reproductive biology of some unicellular
algae are now known in some detail (Suda
et al. 2005; Johnson 2010; Liu et al. 2010),
our knowledge of fertilization success in uni-
cellular algae has always lagged behind that
of multicellular algae (Brawley and Johnson
1992). The isogamy-compatible fertilization
function (F7 in Table 1; Togashi et al. 2007)
and others developed in Lehtonen (2015)
thereforeremainlargelyempiricallyuntested.

Most existing fertilization functions have
limited capacity to handle within-sex (or
within-mating type) variation in gamete prop-
erties, which can be a problem for modeling
inevolutionaryecology.Evolutionarymodels
must, by their very nature, assume heritable
variation in the population being modeled.
This does not cause problems if the cause
of variation ultimately enters the fertilization
function only via gamete numbers, which is
usually the focus of fertilization functions.
For example, we might model a population
of broadcast spawners where a rare mutant
produces slightly more or less gametes than
the resident type. The fertilization function
is then simply applied to the total number
of gametes in a spawning group, including
gametes of the mutant and residents (see
Equations 5–7). Complications may arise if
we considermutations that alter the collision
rate parameter a, or, e.g., gamete mortality,
or if we are modeling a population that is
otherwise polymorphic for these traits. Such
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difficulties can arise, for example, in “loaded
raffle” sperm competition models where dif-
ferent sperm phenotypes may have different
levels of competitiveness (Parker and Pizzari
2010), in cryptic female choice (Eberhard
1996), which can occur in internal as well as
external fertilizers (Alonzo et al. 2016), or
when there are differences in compatibility
between different types of gametes for any
reason (Kosman and Levitan 2014; Nadeau
2017; Kekäläinen and Evans 2018).

Although the total number of potentially
fertilizing gametes (if they are identical)
can often simply be added up, and the fer-
tilization function canbeapplied to the total,
it is not clear how andunderwhat conditions
thiswouldwork for thecollisionparametera.
Somepublishedmodels(Mesterton-Gibbons
1999; Ball and Parker 2000, 2007; Tomaiuolo
and Levitan 2010) have solved this problem
by using simple fertilization functions where
total sperm number has been replaced by
a sum with different sperm types weighted
by loading factors or fertilization affinities.
ThefertilizationfunctionusedbyTomaiuolo
and Levitan (2010; F11 in Table 1) allows for
an unrestricted number of affinities simul-
taneously in the population. Although this
function was used tomodel variation in gam-
ete recognition proteins, the affinities be-
tween pairs of protein types (cij) in the model
have a very similar effect to the parameter a.
F11 or variants of it could therefore potentially
be used as an approximate model for fertili-
zation when there is any kind of variation in
encounter and fertilization rates. It remains
uncertain how this function would gener-
alize to account for further complications
such as sperm depletion, gamete mortality,
gamete aging, polyspermy blocks, isogamy,
and so on, and it would be useful to explore
alternatives to F11 with explicit biological jus-
tification. As an alternative to explicit fertili-
zation functions, it is possible to implicitly
account for small variation in gamete mor-
tality rates (as was done in Lehtonen and
Kokko 2011), and variation in collision rate
could likely be accounted for in a similar, im-
plicit way. It is important to keep in mind
that when variation of this kind is combined
in a model with sperm competition, a mu-
tant gamete type with a higher affinity or col-
This content downloaded from 129
All use subject to University of Chicago Press Term
lision rate or with lower mortality gains a
larger share of fertilizations than its resi-
dent counterpart. In other words, we must
account for the effect of variation on both
the overall fertilization outcome, and on how
that outcome is divided between competi-
tors (see Mesterton-Gibbons 1999; Ball and
Parker 2000; Tomaiuolo and Levitan 2010;
Lehtonen and Kokko 2011).

Recent empirical evidence is making it
clear that nonrandom fusion of gametes is
quite common (Nadeau 2017; Kekäläinen
and Evans 2018). Given the interest to in-
corporate this nonrandomness into evolu-
tionary models, we see the integration of
variation in gamete phenotypes, preferably
mechanistically grounded in clear biological
assumptions, as one of the most important
future directions in the development of fer-
tilization functions.
Conclusions

Fertilization functions attempt to predict
the proportion or number of successful fer-
tilizations as a function of gamete numbers
or concentration and additional parameters
relevant to the biology of the model organ-
ism. They are used in a wide range of con-
texts, ranging from artificial insemination
of livestock to empirical studies of broadcast
spawners to theoretical models of adaptive
evolution, and their methods of derivation as
well as underlying biological assumptions can
vary significantly. Although fertilization func-
tions have been used in some models in evo-
lutionaryandbehavioral ecology, they remain
somewhat scattered in literature on diverse
topics and may not be easy to find. Many
models in behavioral and evolutionary ecol-
ogy that assume that all eggs are fertilized
could relatively easily be generalized to in-
clude theeffects of gamete limitationorpoly-
spermy using existing fertilization functions.
A range of relatively simple functions have
been developed, including functions with
clearlyunrealisticproperties tomorerealistic
saturating functions. Although simple satu-
rating fertilization functions may not ac-
count for details of specific species or taxa,
they have value particularly in evolutionary
models that attempt to answer questions that
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relate to a broad range of taxa and, hence,
cannot be based on species-specific assump-
tions. Simple models can also be used to ar-
gue that similar mathematical principles may
apply, at least as an approximation, to inter-
nal and external fertilization. More complex
functions accounting for lethal polyspermy
have been developed for broadcast spawn-
ers.These functionsdescribehow fertilization
success increases with sperm concentration,
until a maximum is reached, and thereaf-
ter decreases due to increasing risk of poly-
spermy. Fertilization functions accounting
for isogamy are useful in theoretical and em-
pirical research on isogamous organisms or
on the ancestral origin of the two sexes, but
contrary to many of the anisogamous func-
tions, they have not yet been compared to
explicit empirical fertilization data. Most
models of fertilization model gamete aging
in a way that assumes that gametes remain
unchanged until their death. However, de-
This content downloaded from 129
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creasing motility is likely the main effect of
sperm aging in nature; we show that many
fertilization functions can readily begeneral-
ized to account for decreasing sperm motil-
ity. We suggest directions for future research
in fertilization functions, particularly high-
lighting the importance of incorporating
variability in gametes and gamete compati-
bility in their derivation.
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APPENDIX 1
Glossary

Anisogamy: Gametic system where the gamete types are dimorphic in size: one type (e.g., eggs) is
larger than the other (e.g., sperm).

Female: The adult phenotype that produces the larger gametes in an anisogamous system.

Fertilization function: A mathematical function that predicts the proportion or number of
successfully fertilized gametes based on gamete numbers or concentrations and additional
parameters relating to the biology of the model organism.

Isogamy: Gametic system where the gamete types are of similar size.

Male: The adult phenotype that produces the smaller gametes in an anisogamous system.

Mating types:Molecular mechanisms that regulate compatibility in sexually reproducing eukaryotes.
Mating types enable disassortative fusion in isogamous systems.

Oogamy: A form of anisogamy where the female gamete is significantly larger than the male
gamete. The female gamete is usually not nonmotile.

Polyspermy: More than one sperm enters the egg cytoplasm. Usually fatal, except in “physiological”
or “nonpathological” polyspermy.

Sperm competition: Competitive process and selective force in postcopulatory sexual selection that
occurs when the ejaculates of different males compete to fertilize a given set of ova.

Sperm limitation: Occurs when there is not enough sperm to fertilize all eggs.

Syngamy: The fusion of two gametes to form a zygote.
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