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ABSTRACT
In mathematics education, teacher knowledge matters. While pedagogical knowledge devoid of
subject matter knowledge is inconceivable, empirical evidence supporting the role and significance of
subject matter knowledge has remained elusive. This may be due to the ways in which subject matter
knowledge has been measured. In this study, teachers’ understandings of mathematics play a pivotal
role in the tasks they design for students and the ways in which they respond to students’
mathematical thinking.
To investigate how teachers’ understandings of mathematics influence their knowledge for teaching,
this study explored relationships between three aspects of teacher knowledge: knowledge for
designing mathematical tasks; applying knowledge of mathematics to solve problems; and knowledge
for making judgements of student learning. Positivism was applied to establish the intention and
expectations for objective, context-free generalisations throughout the research and to attach
corresponding methodological approaches and tools. Examining relationships between aspects of
teacher knowledge required the selection, testing, development and use of measures to gain insights
into each aspect of teacher knowledge before correlations among them could be tested. Investigating
relationships among multiple aspects of teacher knowledge necessitated the selection of content that
could illuminate conceptual, rather than procedural, knowledge.
A combined methods approach was adopted to facilitate the gathering of multiple data sets and the
study of relationships among them. All data were gathered in a single day from a group of 64
participants teaching 10 to 12 year old primary school students in a large metropolitan schooling
system in New South Wales. Relationships between aspects of teacher knowledge were identified and
tested using measures of statistical association before correlations among all three aspects were
studied simultaneously. Teachers’ understandings of mathematics were found to significantly
influence the level of challenge in the tasks they designed and their noticing of higher levels of student
achievement. While higher levels of subject matter knowledge were predictive of noticing higher
levels of student achievement, teachers’ solutions to the particular problem upon which student work
was based were the best predictor of their interpretations of student thinking. Stronger subject matter
knowledge, to the extent that teachers could solve more complex, unfamiliar, non-routine problems,
was predictive of increases in pedagogical knowledge.
Australia aspires to increase the proportion of students studying higher levels of mathematics. This
study proposes that teachers’ understandings of mathematical content are foundational to their
development of aspects of pedagogical content knowledge essential for effective teaching. Increasing
teachers’ proficiency with the content they teach offers an effective starting point for increasing the
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quality of tasks they design for student learning and the ways in which teachers attend to, interpret
and respond to higher levels of student thinking. Without increasing the knowledge of the key
stakeholders responsible for student learning, changing the syllabus, raising professional standards
and testing students more frequently may not lead to higher levels of achievement in mathematics.
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Chapter 1 INTRODUCTION
Teacher knowledge is a significant issue for mathematics education (Sullivan, 2008a). This research
into primary teachers’ mathematical knowledge for teaching was undertaken at a time of educational
change in New South Wales (NSW) between 2012 and 2017. Just as the challenge of learning new
content creates the disequilibrium that prompts students to grasp new information (Piaget, 1936),
new syllabuses act as a catalyst for raising the profile of not how much, but how, teachers need to
know mathematics in order to teach it effectively (Ma, 1999). This study emerged from a sense of
responsibility to understand the subject matter knowledge required by primary school teachers to
enliven the aims and objectives of the NSW Mathematics K-10 Syllabus for the Australian Curriculum
(NSW Board of Studies [BOS], 2012). The review of literature illuminated the extent to which research
has already identified aspects of teacher knowledge for effective mathematics teaching and the
influence that different types of knowledge may have on student learning outcomes (Bobis, Higgins,
Cavanagh & Roche, 2012). Yet, at the commencement of this study, five years after ‘equity and
excellence’ were named as the goals of Australian schooling (Ministerial Council for Education,
Employment, Training and Youth Affairs [MCEETYA], 2008), concerns about the mathematical
proficiency of Australian students remained.
This chapter conveys the combination of global, political and educational influences that sparked this
investigation into the knowledge required for expertise in teaching primary school mathematics. An
overview of the impetus for, and intention of, changes to the curriculum, and their implications for
teacher knowledge, is provided first to convey that change is not only necessary, but desirable. Three
significant changes in the Australian educational landscape are described. These changes
communicate important background to the research and reinforce the significance of research into
the nature and structure of teacher knowledge. An introduction to the implications of changes for
teachers and teaching is then presented with regard to two practical applications of teacher
knowledge. These practical applications provide an important foundation for the study of
relationships between aspects of teacher knowledge across the subject matter and pedagogical
knowledge domains from the perspective of teachers’ knowledge needs, rather than as measures of
teachers’ effectiveness. The researcher’s role in working closely with teachers in preparation for
implementing a new mathematics syllabus is shared to connect the background to the study with its
aim and the structure of the thesis.

1.1

Context of the Study

Just prior to the development of the study, the Organisation for Economic Community Development
(OECD, 2011) generated questions regarding the performance of Australian students in the
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Programme for International Student Assessment (PISA) and Trends in International Mathematics and
Science Study (TIMSS). The OECD report identified the need for Australia to work strategically to
maintain a base of mathematical knowledge and skill in its students. While Australia’s overall
performance was relatively high when compared to international benchmarks, the period leading up
to the commencement of the study witnessed a decline in the performance of Australian students particularly at the top end (Gonski, 2011). Notably, Australia was identified as one of fifteen countries
where student performance on items focused on geometry had deteriorated significantly between
2003 and 2012 (OECD, 2016). By comparison with international measures, the proportion of students
continuing to study higher levels of mathematics and mathematics-related subjects, was substantially
lower in 2011 than in previous years. Given that teachers exert different types and levels of influence
on students’ achievement through their knowledge of, beliefs about, and valuing of subject matter
(Hattie & Anderman, 2012), the question of “what [teacher] knowledge matters more, and why”
(Bobis, et al., 2012, p.1) emerged as central to understanding how the quality and impact of
mathematics education might be increased.
This study was designed against a backdrop of educational change informed by global
recommendations: changing the curricula, increased emphasis on national testing using the National
Assessment Plan for Literacy and Numeracy (NAPLAN) and the introduction of Australian Professional
Standards for Teachers. While each change had improvement as its intention, from a teacher
perspective the emphasis was on change. Together these changes provide examples of distractions
from improving the quality of teaching and learning (Hattie, 2015). Changing the curriculum,
increasing accreditation requirements and increasing testing measures can shift attention and
resources away from the most significant factor influencing student achievement: the teacher and
their knowledge for teaching. Increasing accountabilities and raising expectations for quality teaching,
do not in themselves necessitate increases in teacher effectiveness because they do not provide the
means for increasing knowledge and expertise.

1.1.1

The Australian Curriculum

The curriculum describes the expectations for what is to be learned by students at each level of
education (Hattie, 2015). The mathematics syllabus outlines the mathematical content to be learned
and provides teachers with a structure to support them in designing learning that supports students
to achieve the identified outcomes (Li & Lappan, 2014). The importance of curriculum design, and the
flow from the intended curriculum to the implemented and attained curriculum, is captured by the
TIMSS curriculum model illustrated in Figure 1-1 (Mullis, Martin, Ruddock, O'Sullivan, & Preuschoff,
2011). Evident in the model is the central role of the teacher in transforming what is intended into

14

what is attained by students through the ways in which the curriculum is implemented by the teacher.
The question for this research is the extent to which teachers’ subject matter knowledge influences
this transformation.

Figure 1-1

TIMSS curriculum model (Mullis et al., 2011, p. 10)

The Melbourne Declaration on Educational Goals for Young Australians, adopted by the Ministerial
Council in December 2008, guided the development of the first Australian Curriculum. The Australian
Curriculum, Assessment and Reporting Authority (ACARA) developed the Australian Curriculum in
consultation with all Australian states and territories and gave responsibility to their respective
educational authorities for supporting schools and teachers in its implementation. In NSW the Board
of Studies (BOS), which evolved to become the NSW Board of Studies Teaching and Educational
Standards (BOSTES), and is now referred to as the NSW Education Standards Authority (NESA), was
responsible for developing the mandatory mathematics syllabus in NSW in consultation with
stakeholders. The NSW Mathematics K-10 Syllabus for the Australian Curriculum was developed from
the time of the release of the Australian Curriculum, until its approval on 9 August 2012, in readiness
for implementation from 2014. These timeframes were intentional in allowing a year or more for
familiarisation and professional development in schools. For primary teachers, who teach across all
key learning areas and were simultaneously in the process of implementing a new English syllabus,
this time was crucial. It was during this period that the question of how to support teachers at a time
of significant curriculum change, and how teachers’ knowledge of mathematics and teaching might
support them during the familiarisation process, highlighted the need for this study.
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Similarities and differences exist in the structure, detail and specificity of the ACARA and the BOSTES
mathematics syllabuses. A key difference between the Australian Curriculum Mathematics (ACARA,
2010) and NSW Mathematics K-10 Syllabus (NSW BOS, 2012) was the level of detail in the content.
The art of teaching is to balance the need for knowledge, skills and processes with opportunities for
deeper processing of concepts (Hattie, 2015). Deeper-thinking skills are important, yet students also
need to develop fluency with the content and skills that are the focus of learning at each given stage.
The Australian Curriculum required teachers to move away from a mathematics education
characterised by rushing through a series of disconnected points towards one that focused on
understanding and mastery of content (ACARA, 2010). The perspective in NSW was that the Australian
Curriculum content descriptions were not specific enough for the purpose of assuring consistent
expectations for teaching and learning (Stephens, 2014). While both the ACARA and the BOSTES were
in accord regarding the importance of understanding and mastery, the BOSTES perspective was that
providing teachers with detailed knowledge of the content they were to teach was an important factor
in achieving the goals of equity and excellence.
The rationales, aims and objectives of the Australian Curriculum Mathematics (ACARA, 2010) and NSW
Mathematics K-10 Syllabus (NSW BOS, 2012) are closely aligned and flow from the same educational
goals and research. For example, the influence of strands of mathematical proficiency (Kilpatrick,
Swafford & Findell, 2001) are evident across the two documents, particularly in the selection and
definition of working mathematically components. The rationale for mathematics in the Australian
Curriculum articulates the need to develop increasingly sophisticated and refined mathematical
understanding, fluency, logical reasoning, analytical thought and problem-solving skills (ACARA, 2013).
It promotes learning that enables students to respond to both familiar and unfamiliar problems by
selecting and employing efficient strategies. The NSW Mathematics K-10 Syllabus reiterates the same
beliefs and the importance of mathematics as an essential component of students' preparation for life
in the 21st century.
An important structural difference between the Australian Curriculum Mathematics (ACARA, 2010)
and NSW Mathematics K-10 Syllabus (NSW BOS, 2012) is the way in which the outcomes are organised.
Outcomes in the ACARA syllabus are organised by Grade, while outcomes in the NSW syllabus are
organised by Stage. In NSW there are four stages of learning in primary schooling ranging from Early
Stage 1 to Stage 3. Early Stage 1 refers to the first year of formal schooling, while each subsequent
stage comprises two grades. This means that Stage 3 in the NSW Mathematics K-10 Syllabus, the level
of schooling that is the focus of this research, is the equivalent of Grades 5 and 6 combined.
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The NSW Mathematics K-10 Syllabus is structured around the achievement of objectives for
knowledge, skills and understandings, and values and attitudes to achieve the syllabus aims over the
course of study from Kindergarten to Year 10. These objectives relate to the strands of mathematics
in the syllabus. There are three content strands, including Number and Algebra, Measurement and
Geometry and Statistics and Probability, and a Working Mathematically strand. Each strand comprises
a number of sub strands that detail specific outcomes for the topics in that sub strand. An
understanding of the structure of the syllabus can be gained by examining the Organisation of Content
diagram illustrated in Figure 1-2 (NSW BOS, 2012).

Figure 1-2

Organisation of Content NSW K-10 Mathematics Syllabus (NSW BOS, 2012)

Achieving the objectives of the content and working mathematically strands involves:

17



Working Mathematically: develop understanding and fluency in mathematics through inquiry,
exploring and connecting mathematical concepts, choosing and applying problem-solving
skills and mathematical techniques, communication and reasoning



Number and Algebra: develop efficient strategies for numerical calculation, recognise
patterns, describe relationships and apply algebraic techniques and generalisation



Measurement and Geometry: identify, visualise and quantify measures and the attributes of
shapes and objects, and explore measurement concepts and geometric relationships, applying
formulas, strategies and geometric reasoning in the solution of problems



Statistics and Probability: collect, represent, analyse, interpret and evaluate data, assign and
use probabilities, and make sound judgements (NSW BOS, 2012).

Setting clear expectations for student outcomes in mathematics, through specific detail in the content,
is the power of the NSW Mathematics K-10 Syllabus. This study is concerned with the roles that
teachers’ subject matter and pedagogical knowledge play in fulfilling these expectations. Teachers are
responsible for transforming the syllabus into learning for students. It is therefore essential to consider
the alignment between syllabus objectives, teachers’ knowledge of mathematics and mathematics
teaching and measures used to evaluate the effectiveness of teaching and its impact on student
attainment. Changes in curriculum may need to consider the knowledge of those responsible for
teaching it. Political and educational leaders must provide opportunities for teachers to increase their
knowledge in readiness for, rather than as an addendum to, syllabus implementation.

1.1.2

National Testing

In the years leading to the commencement of this study, calls for changes to the curriculum were
paralleled by calls for standardised testing measures to evaluate how well the curriculum was
implemented (Hattie, 2015). The NAPLAN was introduced in 2008 as an annual assessment of
Australian students in grades 3, 5, 7 and 9 to evaluate learning achievement (ACARA, 2015). The
Numeracy test assesses students’ numeracy on a continuous scale. While mathematics is “a reasoning
and creative activity employing abstraction and generalisation, numeracy involves applying
understandings of mathematics across other subject areas and in life beyond the classroom (NSW
BOS, 2012). In NSW, the Mathematics syllabus makes clear the links between mathematics and other
disciplines. There is an expectation for students to apply their mathematical knowledge, skills and
understandings in a broad range of contexts. Students’ scaled scores on the NAPLAN Numeracy test
can be used in two ways: to identify students’ achievement against Australian standards and to
measure students’ growth in numeracy from one testing period to the next. The testing provides
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objective, free assessment information regarding the extent to which students have achieved
outcomes in comparison to other students at the same level of learning across Australia.
Access to data on NAPLAN items allows teachers to identify student misconceptions and increases
teachers’ awareness of a variety of questions and applications that might be used for teaching and
assessing content. While NAPLAN does not in itself improve educational outcomes, it makes explicit
what is expected of students through well-selected problems and large comparative data sets linked
to syllabus outcomes. However, interpretation of, and response to, student misconceptions, is reliant
upon teachers’ knowledge of mathematics. Although there is a need to improve student performance
at the top end (Thomson, Hillman, Wernert, Schmid, Buckley & Munene, 2012), NAPLAN testing
provides no evidence of the thinking used by students when responding to problems. That is, students
might arrive at an answer by guessing, counting on their fingers or using sophisticated reasoning. The
test merely identifies whether, not how, students achieve answers. In order to identify students’
misconceptions and successful strategies, teachers require the knowledge to analyse the problems
and students’ responses to them to determine how to support students in improving their
mathematical thinking. Hence, increasing testing measures without increasing the knowledge of the
teachers who provide the means for moving students from their current level of performance to a
higher level, might not result in equity and excellence in mathematics education.

1.1.3

Australian Professional Standards for Teachers

At the national level, the Australian Institute for Teaching and School Leadership (AITSL) was
established on 1 January 2010 to play a key role in supporting the implementation of the Australian
Curriculum. The agreed priorities for the institute included responsibility for rigorous professional
standards and driving high quality professional development for teachers and school leaders. The
Australian Professional Standards for Teachers describe the standards to be attained at four career
stages: Graduate, Proficient, Highly Accomplished and Lead (AITSL, 2014). The standards are organised
into three domains of teaching: Professional Knowledge; Professional Practice; and, Professional
Engagement. Notably, the domains reflect the central issue being investigated in this thesis. That is,
the relationship between teachers’ knowledge of the content and their knowledge of how to teach it.
Commencing in 2018, all teachers in NSW, regardless of years of experience, are required to be
accredited with AITSL and must achieve and maintain the proficient status. Just as new syllabus
documents and national testing do not in themselves improve student learning outcomes,
professional standards do not necessarily improve the quality of teaching. However, they do provide
clarity about what is expected of teachers. For this reason, the Australian Professional Standards for
Teachers offer a valuable lens for evaluating the knowledge required by teachers. Three standards are
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of particular relevance to this study of relationships between teachers’ subject matter knowledge and
their ability to activate this knowledge when making pedagogical decisions that impact on student
learning:


Standard 2 know the content and how to teach it



Standard 3 plan for and implement effective teaching and learning



Standard 5 assess, provide feedback and report on student learning.

Together, these standards highlight a link between teachers’ understandings of the content they teach
and their daily teaching practice. Detailed descriptions of standards in the Australian Professional
Standards for Teachers illustrate strong connections to the recommendations of mathematics
education research. For example, Standard 2 know the content and how to teach it, reflects the finding
that teachers require “conceptual understanding of the core knowledge of mathematics, students,
and instructional practices” (Kilpatrick et al., 2001, p.32). Standard 3, plan for and implement effective
teaching, supports empirical evidence that students’ mathematical performances can be increased by
working on well designed tasks that are cognitively demanding (Baxter & Williams, 2010; Henningsen
& Stein, 1997). Further, Standard 3, being able to assess, provide feedback and report on student
learning, echoes research that in order to maximise the potential of tasks teachers need to “elicit
evidence of students’ current mathematical understanding and use it as the basis for making
instructional decisions” (National Council of Teachers of Mathematics [NCTM], 2014, p.53).
In summary, three significant changes in education - a national curriculum, increased emphasis on
testing and professional standards for teachers - emerged in the lead up to this study. Challenges
associated with the nature of change offered a unique opportunity for studying teacher knowledge. A
new syllabus announced clear goals for learning new content and NAPLAN testing made explicit the
types of problems that students should be able to solve as a consequence of the intended and
implemented curriculum. Professional standards articulated expectations for proficient teaching that
could transform the intended curriculum into the attained curriculum through quality teaching. Yet,
what teachers needed to know about mathematics, how they needed to know it and the mechanisms
available to teachers for increasing their mathematical knowledge to improve the quality of their
teaching, were less clear.

1.2

The Perspective of the Researcher

Teaching primary school mathematics taught me that I never really understood mathematics as a
student. Like so many teachers, my mathematics education was very much about memorising facts
and formulas and putting the right numbers in the right places. A good memory for facts and
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procedures can create a false sense of ‘being good’ at mathematics and inhibit the development of
reasoning and creative thinking. Teaching mathematics for understanding is more demanding than
knowing facts and formulas. It pushes you to think flexibly, turn on all your senses and be open to the
possibility that a student might have an elegant way of solving a problem that you would never have
thought of despite your years of experience.
Almost two whole generations have entered and completed schooling and joined the profession since
I commenced teaching. Despite this, teaching mathematics for understanding still does not appear to
be the norm. My experiences, as a student, tutor, teacher and parent, Coordinator, Curriculum
Adviser, Leader of Learning, Educational Coach and Education Officer, have illuminated a paradox:
teachers who were not taught to understand mathematics must teach mathematics for
understanding. Changes in the curriculum, national testing and teaching standards have failed to
recognise a core issue: teachers need time to understand the mathematics themselves before they
can teach for understanding. This is regardless of teachers’ levels of attainment in mathematics
because most measures of attainment are measures of correct answers to routine problems that may
not be indicative of understanding mathematics.
I have been privileged to work across a large number of schools providing professional learning and
in-situ support for teachers who are diverse in their beliefs, experiences and teaching contexts. One
thing has become abundantly clear: the language that teachers use to talk about mathematics
teaching is contemporary, yet a chasm exists between what teachers aspire to and what they believe
they can put into practice in the classroom. My perspective is that the absence of change in
mathematics teaching and learning is not due to a lack of volition on the part of teachers. Every day
teachers express the desire to teach for understanding and every day they lament that they cannot
teach for understanding those things that they learned as automated processes. It is the responsibility
of educational systems to move beyond articulating expectations for what students should learn and
the standards that teachers must maintain, to identifying and providing the means for teachers to
develop and act upon the knowledge required for effective teaching.
In the years preceding this study, teachers’ evaluations of professional learning presented by the
researcher, reported that doing, talking about and understanding the mathematics in tasks assisted
them in acting upon pedagogical aspects of knowledge in their classrooms. Teachers expressed the
belief that professional learning that engaged them in doing mathematics was more readily
transformed into classroom practice than learning about principles of quality teaching. Feedback from
around 500 teachers shaped my belief that teachers need to re-experience mathematics in the ways
that they aspire to teach it. Teachers’ insights sparked the hypothesis that immersing teachers in
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solving problems that highlight important mathematical ideas might increase subject matter
knowledge and harness a growing interest, passion and commitment to teaching mathematics in ways
that live out the aims and objectives of the syllabus.

1.3

Practical Implications for Teacher Knowledge

In readiness for the implementation of a new mathematics syllabus, this study was inspired by the
conviction that more can be done to improve student learning by improving the effectiveness of
teachers than by any other strategy (Dinham, Ingvarson & Kleinhenz, 2008; Sanders, Wright & Horn,
1997). At the commencement of the study, increased emphasis on developing and assessing students’
communication, problem solving and reasoning (ACARA, 2010) presented a dual-edged sword.
Teaching students to work mathematically aimed to improve the quality of student learning, yet also
elevated the demands on primary teachers’ knowledge for teaching mathematics. While an
abundance of mathematical knowledge is required to provide high quality mathematics learning and
teaching for all, the amount of time, funding and resources available to support teachers in developing
this knowledge is limited. Access to quality teaching is a matter of equity (Dinham et al., 2008).
However, it is not possible to support all teachers in developing all aspects of knowledge during a time
of ongoing curriculum change. There was a need to consider the types of knowledge that were most
powerful for supporting teachers to offer quality mathematics teaching to all students. Students
needed increased opportunities to solve more complex problems, higher expectations for
communicating their thinking and greater exposure to alternative solution approaches (Thomson,
Hillman & Wernert, 2012). In particular, there was awareness that “more attention needs to be paid
to extending students at the highest levels of achievement” (Thomson et al., 2012, p. 20). Therefore,
teachers needed knowledge to support them in providing these opportunities.
In considering what teachers needed to be able to do to support students in developing higher levels
of mathematical thinking, two practical daily applications of teacher knowledge were identified.
Teachers needed to be able to: (i) design and implement tasks that offered high levels of challenge
and promoted communication, problem solving and reasoning; and, (ii) respond to the types of
student thinking revealed in response to challenging tasks. The questions for the research became:
what would teachers need to know, and how would they need to know it, in order to make these
opportunities available for every student, every day in every classroom?
The selection and design of tasks provides a practical example of how teachers’ daily work of planning
learning requires them to draw upon their mathematical knowledge. Designing tasks with appropriate
levels of cognitive demand is crucial for offering effective mathematics instruction because tasks form
the basis of the lessons that students experience and teachers’ beliefs about high expectations
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influence their design of tasks (Smith & Stein, 2011; OECD, 2012). Yet, to shift teaching beyond
exercises that focus on learning procedures, teachers need more than beliefs (Ma, 1999). They need
a repertoire of examples, tasks, problems, analogies and illustrations through which their students can
explore and understand concepts (Shulman, 1986). A consideration was therefore the knowledge that
primary teachers need to support them in designing cognitively challenging tasks responsive to
students’ learning needs. Knowing the importance of high expectations and the features of cognitively
challenging tasks is important. However, teachers cannot act upon pedagogical knowledge unless it is
supported by proficiency with the subject matter that is the focus of student learning because strong
beliefs about teaching mathematics for understanding cannot overcome low levels of subject matter
knowledge (Ma, 1999). A dilemma arose: how might teachers develop increasingly sophisticated and
refined mathematical understanding, fluency, reasoning, and problem-solving (ACARA, 2010) in their
students if they did not possess profound understandings of the mathematics they teach (Ma, 1999).
Interpreting and responding to the mathematical thinking of students engaged in challenging tasks
offers a further example of how daily teaching practice requires teachers to draw upon their
mathematical knowledge. Teacher noticing refers to the ways that teachers attend to, interpret and
respond to student thinking. It provides the connection between students, the task and the content
(NCTM, 2014). In mathematics, noticing relies upon skilful perception of how, rather than whether,
students respond to questions, make calculations, or reason when solving problems - regardless of
the approach taken by the student. Teachers must evaluate the mathematical soundness of all
students’ solutions and assist all students to learn from their strategies and mistakes (Ball, Hill & Bass,
2005). The knowledge required for teacher noticing is substantial. On the surface it may appear that
raising awareness of strategies for eliciting student thinking will result in increases in teacher noticing.
Yet, to “scrutinize, interpret, correct, and extend” (Ball et al., 2005, p.17) students’ mathematical
thinking, teachers need to be able to represent ideas in multiples ways and “carry out and understand
multi-step problems” (p.21). Difficulties arise if teachers are not sufficiently proficient with the subject
matter to support them in anticipating students’ responses, responding to students’ misconceptions
and identifying students’ insights (Kilpatrick et al., 2001). If teachers who do not know content well
are unlikely to have the knowledge to help students learn this content (Ball, Thames & Phelps, 2008,
p.404), then ensuring teachers’ knowledge of the mathematics they teach must be a priority in a
nation aspiring towards equity and excellence in education.
Designing cognitively challenging tasks and noticing student thinking exemplify important daily
applications of teacher knowledge for teaching mathematics. Together, these two applications
highlight the need to investigate the extent to which teachers’ understandings of content support
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them in making pedagogical decisions (Hoth, Döhrmann, Kaiser, Busse, König & Blömeke, 2016). At
the commencement of the study the intentions of a new syllabus were clear and most primary
teachers encountered by the researcher supported these intentions. Not how much, but how,
teachers knew mathematics (Ma, 1999) was identified as a factor with the potential to influence
whether teachers would be able to act upon their beliefs to achieve the aims and objectives of a new
syllabus. It was for these reasons that this research set out to identify the role that teachers’
understandings of mathematical content played in their development of pedagogical knowledge
associated with the effective teaching of mathematics.

1.4

Aim of the Study

Research is needed to champion, rather than critique, the cause of teachers who strive to teach
mathematics effectively. To increase levels of student attainment in mathematics there is a need to
go beyond what teachers are expected to know and do to how mathematical knowledge for teaching
is acquired and increased. The aim of this study is to understand relationships between aspects of
teacher knowledge required for the effective teaching of students in the final two years of primary
school. This study seeks insight into how teachers’ understandings of content influence their
development of pedagogical knowledge for teaching mathematics. Through the achievement of this
aim, relationships among aspects of teacher knowledge can be identified and used to inform the
design of efficient, effective professional learning. Identifying the strength and nature of these
relationships aims to support teachers in offering quality mathematics teaching to every student,
every day, in every classroom, regardless of their own mathematics education and training.
The foundation for almost every mathematical concept and principle is laid in the primary years of
schooling. If we aspire to increase student achievement in mathematics, then quality mathematics
teaching must start from the outset of schooling. Understanding the nature of primary teachers’
mathematical knowledge for teaching is of the utmost importance because improved educational
outcomes can only result from increases in teacher knowledge. Hence, providing the means for
developing the type, depth, understanding and organisation of primary teachers’ mathematical
knowledge for teaching is fundamental to increasing students’ attainment in mathematics. Until the
role and nature of teachers’ understandings of mathematics in their development of knowledge for
teaching it are understood, the mathematical reasoning, problem solving and communication of
students may continue to limit their futures as competitors in the global workforce. At a time when
maintaining proficiency with professional standards is a requirement for all teachers, the need to
understand and support primary teachers’ mathematical knowledge for teaching has never been
greater. This study is significant because, while it seems reasonable that teachers’ understandings of
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mathematics influence the effectiveness of their teaching, proof of this phenomenon has remained
elusive (Kilpatrick et al., 2001). This study contributes to the national interest, to the interests of
primary teachers as major stakeholders in education and to ensuring the provision of quality
mathematics education for students. The methodological innovation used in the development of this
study makes a significant contribution to mathematics education research.

1.4.1

Structure of the Thesis

This thesis comprises six chapters, a reference list and appendices. Following the Introduction in
Chapter 1, Chapter 2 presents a comprehensive review of the research literature used to inform the
study. It includes an examination of teacher knowledge, its importance, conceptualisations and
applications. The review of literature concludes by introducing the research questions and a
conceptual framework for probing interactions between aspects of teacher knowledge. Chapter 3 is
dedicated to the methodology, including the research paradigm, rationale, research design and a
detailed account of the methods applied, with particular attention to the development of data
gathering instruments. Chapter 4 details the results for each measure of teacher knowledge, followed
by the analysis of correlations among the aspects of teacher knowledge studied. A discussion of the
results is presented in Chapter 5, commencing with an overview of the key findings, followed by a
consideration of specific findings related to each aspect of teacher knowledge and then the nature
and strength of relationships between them. A conclusion to the research is offered in Chapter 6. It
summarises the findings, reflects upon the significance of the study and makes a number of
recommendations for education and further research.
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Chapter 2 LITERATURE REVIEW
This literature review comprises three main sections. The first section reviews research regarding the
importance of teacher knowledge. It compares and contrasts conceptions of teacher knowledge for
teaching mathematics and considers the specialised knowledge required to teach the measurement
attributes of area, perimeter and volume. The second section presents literature specific to three
practical aspects of teacher knowledge: pedagogical knowledge for designing mathematical tasks;
content knowledge for solving mathematical problems; and, pedagogical knowledge for noticing
student thinking. Each aspect is framed with reference to a relevant Australian Professional Standard
for Teachers (AITSL, 2014). The final section of this chapter introduces the research questions and
proposes a conceptual framework for studying relationships between aspects of teacher knowledge
to inform the design of the study (Baskarada, 2014). The organisation of literature in this review is
summarised in Figure 2-1.

Figure 2-1

Organisation of the Literature Review
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2.1

Teacher Knowledge Matters

In a critical examination of influences on student achievement Hattie et al. (2012) found that students’
achievement is affected by what teachers know, do and care about. Of nine identified influences on
student achievement, the teacher and their teaching strategies are of particular interest. “After
accounting for the variance among students, the next most powerful influence on student
achievement is the teacher” (Hattie et al., 2012, p.xx). Evidence suggests that teachers exert a range
of influences on student learning through their beliefs about, and valuing of, subject matter (Davis,
2006). A consistent finding is that students engage in learning more “when they perceive that their
teachers are focused on understanding” (Hattie et al., 2012, p. 222). This study investigates the
importance of teachers possessing mathematical knowledge that is characterised by understanding.
Recognition of understanding as an important dimension of teachers’ mathematical knowledge is
reflected in research on conceptual understanding (Kilpatrick et al., 2001; National Mathematics
Advisory Panel [NMAP], 2008), profound understanding (Baumert, Kunter, Blum, Brunner, Voss,
Jordan, Klusmann, Krauss, Neubrand & Tsai, 2010; Ma, 1999), relational understanding (Skemp, 1976)
and deep subject matter knowledge (Hill, Ball & Schilling, 2008).
Substantial evidence exists to support the belief that teachers have the most significant impact on
student learning outside of the students themselves (Hattie et al., 2012). This highlights the
importance of mathematical knowledge for teaching because, “if the teacher is ineffective, students
under that teacher’s tutelage will achieve inadequate progress academically” (Sanders et al., 1997, p.
7). Access to quality teachers and quality teaching is the biggest equity issue in Australian education
(Dinham et al., 2008). Essentially, teacher knowledge matters because it influences the quality of
teaching experienced by students. Hence, differences in teacher knowledge may account for some of
the variance in student achievement. It is on this foundation that the study of teachers’ mathematical
knowledge for teaching is identified as an important field of study.
In this study it is necessary to distinguish between the terms teaching quality and teacher quality.
Teaching quality refers to “teachers’ instruction – both knowledge and delivery – and instructional
artefacts” (Hattie et al., 2012, p. 238). It describes teachers’ practices and their impact on student
achievement. Teacher quality is a broader term that encompasses teachers’ practices and impact, as
well as their credentials for teaching. Teaching quality is the term of greater relevance to this study
because it focuses on what teachers currently know and do, rather than on their qualifications from
the past. Teaching quality is appropriate to the researcher’s role of working with all teachers,
regardless of their credentials, to ensure access to quality mathematics education for all students
across a system of schools. While subject matter knowledge is embedded within both terms, research

27

literature to support links between teachers’ credentials and their effectiveness in classrooms is
inconclusive (Kane, Rockoff & Staiger, 2008). The section that follows reviews literature regarding
influences of teacher knowledge on student learning.
Given that teachers have a significant impact on student learning it is reasonable to predict that
relationships exist between what teachers know and the effectiveness of their teaching. Despite this,
research linking characteristics of teacher knowledge to student achievement is inconclusive.
However, this may be due to the ways in which teacher knowledge has been measured rather than
the absence of relationships between student achievement and teacher knowledge (Cochran-Smith,
2009; Cochran-Smith & Zeichner, 2005; Goe, Bell & Little, 2008). Differences in effect sizes for teacher
knowledge result from variables such as the selection of general versus domain-specific knowledge,
the subject under investigation, the type of teacher knowledge being investigated and the measures
applied. For example, teacher knowledge has been found to have a larger effect on students’
mathematical achievement than on their reading achievement (Nye, Konstantopoulos & Hedges,
2004). When results of studies measuring the impact of teacher knowledge on teacher effectiveness
are aggregated across different subjects, at different levels of education, it may appear that teacher
knowledge has a negligible effect (Hattie et al., 2012). However, the aggregation process masks to
some extent the impact of teacher knowledge on mathematics achievement. For these reasons, a
comparison between studies of general and domain-specific teacher knowledge is necessary. The
primary school teachers who are the focus of this research are specialist primary educators, yet
generalists who teach all subjects. Given that the quantity and difficulty of mathematical content
increases as students progress through schooling, teaching students in the final two years of primary
school may place additional demands on the specialised content knowledge of generalist teachers.
From a generalised perspective, increases in teacher knowledge have not been closely associated with
increases in student achievement. (Goldhaber, Cowan & Walch, 2012). However, studies examining
the relationship between teacher knowledge and teaching quality across subjects and levels of
schooling have mostly used measures of teacher knowledge such as the courses or degrees
undertaken, or the highest level of mathematics studied by teachers in their own schooling, which do
not provide evidence of understanding mathematics. That is, generalised perspectives have focused
on measures related to teacher quality rather than teaching quality. Correlations between variables
of teacher knowledge using these measures, together with longitudinal data on students’ levels of
achievement, have produced varying results due to the lack of consistent, valid measures of teacher
knowledge (Hattie et al., 2012) that reflect the type of mathematical knowledge required for effective
teaching (Ball et al., 2005). Pelayo and Brewer found that “teacher ability is clearly a quantifiable
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predictor of teacher effectiveness in the classroom” (2010, p.180), while other studies have found that
teachers’ subject matter knowledge has little or no effect (Clotfelter, Ladd & Vigdor, 2010). Generally,
evidence suggests that increases in teacher knowledge, based on their teaching qualifications, have
not led to increases in the quality of teaching. This has challenged the importance of teacher
knowledge (Hattie et al., 2012), and highlighted the need to select valid, subject-specific measures of
teacher knowledge when studying its relationship to teaching quality.
From a domain-specific perspective, teacher knowledge influences the quality of mathematics
teaching (Ball et al., 2005; Ma, 1999; Sullivan, 2011). Shulman‘s (1986) proposition of Pedagogical
Content Knowledge (PCK) enhanced the study of relationships between domain-specific knowledge
and teacher effectiveness. Since this time, some studies have compared teachers’ practices between
areas of high and low content knowledge, while others have assessed differences in teachers’ planning
of content within and outside their areas of specialisation (Hattie et al., 2012). Studies comparing
teaching practices in high and low knowledge areas have observed notable differences. Teachers are
more likely to ask higher level questions, encourage open-ended student work and recognise students’
misconceptions when teaching in areas that are high in subject matter knowledge (Baumert et al.,
2010; Hasweh, 1987; Hill et al., 2008). By comparison, teaching practices in areas identified as low in
subject matter knowledge tend to be more teacher-centred, focus more on direct instruction and offer
limited in opportunities for student questioning. Notably, in areas described by teachers as weaker in
subject matter knowledge, studies have observed that students’ misconceptions are often overlooked
or even reinforced by teachers (Baumert et al., 2010; Gess-Newsome, 2002).
A challenge faced in exploring primary teachers’ knowledge for teaching mathematics is an
incongruence that results because teaching primary students is a high knowledge area that is not
supported by specialised knowledge for teaching mathematics. The ways in which primary teachers’
knowledge is defined and conceptualised by research presents implications for the ways in which
teachers’ knowledge for teaching mathematics is studied. In the section that follows a range of
conceptualisations of knowledge for teaching mathematics are considered.

2.1.1

Knowledge for Teaching Mathematics

Conceptions and categories of teacher knowledge have expanded over time. A shift in emphasis is
evident from what knowledge teachers possess to “why different types of knowledge are important,
how that knowledge is acquired, studied and impacts on the quality of instruction” (Bobis et al., 2012,
p.313). The intertwining nature of mathematical knowledge (Kilpatrick et al., 2001) poses further
challenges for studying teacher knowledge. Understanding how aspects of teacher knowledge are
related may be more beneficial to increasing teacher effectiveness than measuring aspects of teacher
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knowledge in isolation, because the structure of knowledge may influence teaching more than the
quantity (Ma, 1999).
Mathematics education research mostly investigated mathematics and student achievement as
separate areas until the 1970s when the influence of the teacher was proposed as a crucial link
between them. From around 1980, research on teachers’ knowledge of mathematics, together with
their role in teaching it, increased rapidly. While most research on teacher knowledge for teaching
mathematics sets out to improve mathematics education, differences in the emphasis on theoretical
and practical aspects of teaching are evident in the research literature. This section of the literature
review presents prominent conceptualisations of teachers’ knowledge for teaching mathematics
relevant to this study of relationships between aspects of teacher knowledge.
Shulman (1986) challenged the notion of evaluating subject matter and pedagogical knowledge
separately by proposing PCK as seven knowledge bases for teaching. Shulman’s knowledge bases
included subject matter knowledge; pedagogical knowledge; curricular knowledge; knowledge of
students; knowledge of content; and, knowledge of educational goals. The fundamental belief of PCK
is that neither subject matter knowledge nor knowledge for teaching alone are sufficient for effective
teaching. PCK provides a powerful conceptualisation of teacher knowledge that encompasses the
content knowledge that teachers use to identify the structure of a subject, the contextual knowledge
used to make it accessible to students and the pedagogical knowledge used to select teaching
strategies that will maximise learning. PCK is linked to teacher effectiveness because it involves
understanding “how particular topics, problems, or issues are organised, represented, and adapted to
the diverse interests and abilities of learners, and presented for instruction” (Shulman, 1987, p. 8).
Pertinent to this investigation is Shulman’s observation that “while we assume that most teachers
begin with some expertise in the content they teach … this may be an unfounded assumption”
(Shulman, 1986, p. 8). Building upon the work of Shulman (1986), the studies of Ma (1999), Kilpatrick
et al. (2001), Ball et al. (2005), Hill et al. (2008), Chick, Baker, Pham & Cheng (2006), Baumert et al.
(2010) and Charalambous (2010) provide valuable conceptualisations of teacher knowledge.
Ma (1999) raised the profile of not how much, but how, teachers need to know mathematics in order
to teach it effectively. In a study of teachers’ mathematical knowledge Ma presented the notion of
Profound Understanding of Fundamental Mathematics (PUFM) when analysing differences between
the knowledge of teachers in China and the United States. PUFM highlights that the way in which
mathematics is taught in primary school lays a foundation for later learning because it embeds topics
that underpin advanced mathematics. Ma’s definition of PUFM draws attention to the importance of
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primary school teachers’ possessing connected, coherent, structured understandings of conceptually
powerful mathematical ideas that extend beyond the year levels they teach.
Ma (1999) noted differences between the ways in which teachers with, and without, profound
understandings represented and connected mathematical ideas. Teachers in China were generally
more able to highlight and connect mathematical ideas, display multiple perspectives and connect
current, prior and future learning. That is, they tended to have a well-structured schema of
mathematics that supported them in relating any idea in the curriculum to others. By comparison,
teachers in the United States tended to possess knowledge about how to complete mathematical
operations and procedures, yet lacked understandings of how they were connected to important
principles of mathematics. Further differences in teacher knowledge noted by Ma included that
teachers with PUFM placed greater emphasis on justifying mathematical arguments, were more likely
to approach topics in multiple ways and tended to offer a greater variety of examples to students.
Ma proposed that differences in teachers’ understandings of basic mathematical principles might
influence their development of networks of conceptual and procedural topics, or ‘knowledge
packages’. Knowledge packages play an important role in supporting effective teaching. They
encompass knowing the role of students’ prior knowledge, which ideas and procedures support it and
connect to it, and how to elaborate upon them. Knowledge packages contain both procedural and
conceptual knowledge. As the organisation of knowledge within knowledge packages is flexible,
teacher-specific and determined by the content, knowledge packages act as a navigation system to
assist teachers in moving fluidly and cohesively between mathematical ideas and topics.
Differences between the mathematical understandings of teachers in China and the United States
might be the consequence of the nature of the education system of which teachers are graduates. If
teachers did not learn mathematics in ways that built a foundation for connecting mathematical ideas,
then how and when might teachers develop knowledge packages? In a program of research that
spanned a decade, Ball et al. (2005) closely examined challenges in teaching primary school
mathematics. They analysed the types of mathematical knowledge and skills that teachers applied
when teaching. From extensive research, an understanding of Mathematical Knowledge for Teaching
was identified as “professional knowledge of mathematics different from that demanded by other
mathematically intensive occupations” (Ball et al., 2005, p.17).
By studying whether teachers solved mathematical problems, as well as their ability to identify
different solution approaches to the same problem, Ball et al. (2005) captured teachers’ knowledge
of content and their specialised knowledge for teaching mathematics. The research team designed a
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series of measures to assess teachers’ knowledge for teaching mathematics and linked them to
measures of impact on student achievement. Their analysis of data from 700 teachers on the Learning
Mathematics for Teaching (LMT) test, together with the learning gains of almost 3000 students,
identified teachers’ Content Knowledge for Teaching Mathematics as a significant, positive predictor
of student achievement in grades 1 and 3. The correlation between the number of correct responses
by each teacher and the achievement gains of students in their classroom far exceeded measures
associated with teacher credentials, even when the results were controlled for student’s
socioeconomic status, absence rates, teacher experience and the duration of lessons (Hill, Rowan &
Ball, 2005). The research team noted a comparability between teachers’ mathematical knowledge for
teaching and the effect of socioeconomic status on students’ learning gains. They suggested that
deepening teacher knowledge for quality teaching may provide a means for overcoming inequity in
education. When the learning gains of students in the classroom of a teacher with an average score
on the LMT were compared to the learning gains of students in the class of a teacher in the top quartile
on the same test, the students of a teacher in the top quartile made gains that were equal to the
effects of an additional two to three weeks of instruction.
Ball and colleagues (2005) identified significantly lower student achievement in the classrooms of
teachers scoring in the lowest 20% to 30% of Content Knowledge for Teaching Mathematics, with
greater effects in Year 3 than in Year 1. However, increases in teacher knowledge beyond this level
were not found to significantly influence student learning gains. The researchers hypothesised that
this might mean that there is minimum aptitude for teaching mathematics that influences teachers’
abilities to ask questions, use models to support explanations and identify and use non-standard
methods for solving problems. Their study of teacher knowledge identified the role of specialised
mathematical knowledge as supporting teachers to “scrutinize, interpret, correct, and extend” (Ball et
al., 2005, p.17) the emergent mathematics of students.
The results of the study by Ball and colleagues (2005) suggest that, while high levels of content
knowledge do not necessitate higher levels of teacher effectiveness, low levels of content knowledge
reduce effectiveness. As surmised by Hattie et al. (2012) there may be a minimum threshold of content
knowledge required for effective teaching. The research of Ball et al. (2005) is of particular relevance
to the present study because it included an assessment of the content knowledge that primary school
teachers commonly use in the classroom. The LMT included knowledge of number concepts,
operations, patterns and algebra, rather than the types of measures of teachers’ attainment in
mathematics courses that had been used in prior studies. The research team used carefully selected
items to probe the relationship between knowledge of content and knowledge for teaching. This was
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made possible through the inclusion of mathematical explanations and representations of
mathematical ideas in an assessment that went beyond correct answers to a consideration of
teachers’ knowledge of multiple solution methods.
Further research by Hill et al. (2008) into content knowledge for teaching investigated what teachers
need to know and be able to do in order to teach effectively. The rationale for the research included
the need for a practice-based theory of mathematical knowledge for teaching. The research team
identified tasks involved in teaching, the mathematical demands of these tasks and other aspects of
teachers’ work when teaching mathematics. As part of the research, a categorisation for describing
teacher knowledge within the subject matter knowledge and pedagogical content knowledge domains
was developed and tested. The diagrammatic representation of this framework in Figure 2-2 shows
two broad domains each comprising three sub-domains of teacher knowledge.

Figure 2-2

Domain map for Mathematical Knowledge for Teaching (Hill et al., 2008)

The Knowledge of Content and Students sub-domain highlights a complex relationship identified
between knowledge of students and knowledge of subject matter (Hill et al., 2008). In order to act
upon knowledge of content and students, teachers need to apply their own mathematical knowledge,
while simultaneously identifying students’ mathematical reasoning. The study found that teachers
could not rely only upon their own mathematical knowledge, skills, or processes because these were
insufficient for identifying the range of novel approaches that might be used by students. Using the
set of items piloted and analysed in the study, the researchers identified a Knowledge of Content and
Students sub-domain within the teaching population. However, they also recognised that the role of
teachers' underlying subject matter knowledge on their development of Knowledge of Content and
Sudents could not be discerned when using the selected items. Understanding the extent to which
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teachers’ knowledge of content and students relies upon their proficiency with the subject matter is
central to this study.
The practice-based conceptualisation of Mathematical Knowledge for Teaching by Hill et al. (2008)
included Horizon Knowledge within the Subject Matter Knowledge domain. Horizon Knowledge
highlights the need for teachers to know and understand mathematics beyond the level they currently
teach. In essence, “teachers must know the subject they teach [and] there may be nothing more
foundational to teacher competency” (Ball et al., 2008, p.404). The Horizon Knowledge sub-domain
echoes Ma’s (1999) emphasis on teaching primary school mathematics in ways that lay a foundation
for later learning. In order to provide learning that builds upon what students can already do, teachers
need to understand how the content they are responsible for teaching connects to future learning. As
“an awareness of how mathematical topics are related over the span of mathematics included in the
curriculum” (Ball et al., 2008, p.403), Horizon Knowledge is essential because the mathematical
knowledge at each stage of learning builds a platform upon which each subsequent stage of
development rests. This is an important consideration when selecting measures of teachers’
mathematical knowledge for teaching. To understand the subject matter knowledge required for
teaching students in the final two years of primary school, it may be necessary to consider how this
subject matter is applied in the following stage of learning.
A framework for categorising PCK was proposed by Chick et al. (2006) and used to investigate teachers’
knowledge of specific content. The framework, shown in Table 2-1, makes multiple facets of PCK
explicit by grouping aspects of teacher knowledge into three categories: (i) clearly PCK, (ii) content
knowledge in a pedagogical context and (iii) pedagogical knowledge in a content context. In this
framework, elements of teacher knowledge where knowledge of content and pedagogy are
completely intertwined, such as designing a mathematical task or knowledge of students’
misconceptions, are referred to as clearly PCK. By contrast, content knowledge in a pedagogical
context refers to teachers’ awareness of the structure of mathematical topics and their ability to
recognise and draw upon conceptually powerful mathematical ideas, paralleling Ma’s (1999) PUFM.
The final category, pedagogical knowledge in a content context, includes the application of knowledge
of general teaching principles when teaching mathematics. For example, knowing how to maintain
students’ interest, or engage students in sharing ideas during a mathematical task, would require the
application of generalised pedagogical knowledge in the context of a mathematics lesson.
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Table 2-1

Framework for Analysing Pedagogical Content Knowledge (Chick et al., 2006)

Chick et al. (2006) used their framework, together with a questionnaire-and-interview, to gain insights
into the PCK of primary teachers when teaching the comparison of decimals as a specific mathematics
topic to Year 6 students. While not all aspects of PCK listed in the framework for analysing pedagogical
knowledge were evident in the results, no aspects of PCK were identified that had not been captured
by the framework. The framework for analysing PCK is pertinent to the present study because it
proposes categories that can be applied to gathering data regarding teacher knowledge in the content
and pedagogical domains. By describing evidence of effective teaching related to specific aspects of
PCK, the framework is valuable for designing a study in a context where teachers are required to
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provide evidence of meeting professional standards such as knowing the content and how to teach it.
The study of Chick et al. is noteworthy because it examined multiple aspects of the pedagogical
knowledge of teachers in Australia, teaching the final year of primary school. Further, the study of
Chick et al. provides an example of research where a specific topic in the mathematics syllabus,
recognised as problematic for students, was selected as the content focus for research on teacher
knowledge. The approach of probing teacher knowledge by using content where student
misconceptions are prevalent offers a valuable starting point for developing data gathering
instruments for studying teacher knowledge.
Baumert et al. (2010) investigated the contribution that content knowledge and pedagogical
knowledge each make to the quality of instruction. This necessitated distinguishing between content
knowledge and pedagogical content knowledge. The research team conceptualised teachers’ content
knowledge as “a profound mathematical understanding of the curricular content to be taught”
(Baumert et al., 2010, p.11), that was distinct from PCK as a body of instructional knowledge. The
researchers used three dimensions of teacher knowledge to define PCK: using mathematical tasks,
recognising student thinking and using multiple representations. The first two dimensions of PCK
studied by Baumert’s team parallel the two aspects of teachers’ pedagogical knowledge that are the
focus of the present study in the Australian primary school setting.
To directly measure teachers’ content knowledge and PCK Baumert et al. (2010) developed two tests.
The first assessed the depth of teachers’ understandings of the content. The second assessed teachers’
knowledge of tasks, students’ ideas and representations. They studied the profound mathematical
content knowledge of secondary teachers by presenting 13 open-ended items based upon a range of
mathematical content. The items targeted a level between what was expected of students and the
level required at university. The team established that teachers’ PCK was theoretically and empirically
distinguishable from their content knowledge. The results showed teachers’ PCK scores to be
predictive of increases in the quality of instruction, with 39% of the variance in student achievement
explained by teachers’ PCK. The researchers observed correlations between increases in PCK and areas
such as the cognitive activation of students and the alignment between the curriculum and
expectations for student learning. While content knowledge was not identified as a predictor of
teacher effectiveness, it was highly predictive of PCK scores, which were in turn correlated with
teacher expertise. The present study builds upon the work of Baumert et al. by investigating how
increases and coherence in teachers’ mathematical content knowledge might be related to increases
in their PCK and therefore influence teacher effectiveness.
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Charalambous (2010) investigated the relationship between teachers’ mathematical knowledge and
their selection and implementation of tasks. In an exploratory study, Charalambous used a multiplecase approach that focused on two teachers with different levels of mathematical knowledge,
identified using their relative performance on the LMT test developed by Ball et al. (2005). Both
teachers taught similar grade levels, had teaching experience of more than 25 years, yet performed
on the 93rd and 35th percentiles of the LMT respectively. By gathering data across a series of nine
lessons taught by each teacher, Charalambous analysed the implementation of tasks with respect to
stronger and weaker levels of subject matter knowledge. The Task analysis Guide (TAG) of Stein et al.
(1998) was applied to identify the levels of cognitive demand in the tasks selected by each teacher.
Then, video-tape and interview data were used to examine differences in instruction in consideration
of differences in mathematical knowledge.
Charalambous identified a positive association between teachers’ mathematical knowledge and the
levels of challenge available for students during the implementation of tasks. His analysis revealed
notable differences between the learning opportunities available to students in the classrooms of
teachers with stronger and weaker mathematical knowledge. Around 40% of the tasks implemented
by the teacher with stronger mathematical knowledge were presented with higher levels of cognitive
demand in comparison to only 17% of the tasks implemented by the teacher with weaker
mathematical knowledge. Further, while the teacher with stronger mathematical knowledge spent
about half of each lesson on challenging aspects of learning, the teacher with weaker mathematical
knowledge spent around 80% of lesson time on less demanding material. Charalambous also noted
that the ways in which a teacher with weaker mathematical knowledge responded to a student’s
thinking reflected their responses to related items on the LMT test. “Instead of trying to follow the
student’s unconventional method for dividing fractions, [the teacher] determined that the student’s
approach was incorrect, for it deviated from the traditional algorithm” (Charalambous, 2010, p.275).
Charalambous recommended the association between teachers’ mathematical knowledge and the
cognitive demand in tasks as an important area for investigation and suggested the selection of
teachers using the same curriculum materials and teaching the same topic. He also proposed that the
analysis of subject matter knowledge should shift from assessments of teachers’ overall mathematical
knowledge to assessing their knowledge of specific problems or tasks. Charalambous’ research
provides an important foundation for the present study. However, rather than investigating
differences between the mathematical knowledge of two teachers and the unfolding of tasks, this
research takes the form of an empirical study, investigating how differences in teachers’ subject
matter knowledge are associated with their pedagogical knowledge for planning and evaluating
learning.
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Chick and Stacey (2013) highlighted a connection between teachers’ mathematical knowledge and
pedagogical knowledge by examining ways in which teaching was similar to problem solving. Problem
solving can be routine or non-routine, familiar or unfamiliar, simple or complex. Similarly, “teaching
mathematics is challenging, involving problems of teaching for which the solutions may not be readily
apparent” (Chick et al., 2013, p.2). The researchers conceptualised mathematics teachers as applied
mathematicians applying mathematical knowledge to resolve teaching problems. They examined the
connection between subject matter knowledge and pedagogical knowledge using seven scenarios to
represent the types of problems that arise when teaching mathematics. The scenarios provide insights
into how and why improving the quality of mathematics teaching may depend upon teachers’
mathematical knowledge. The researchers derived a number of principles that exemplify teaching
scenarios related to the focus of the present study. For instance, teachers should start with the
students’ own thinking; developing excellent tasks requires substantial expertise; teachers need to be
mathematically confident to lead mathematical discussions; and, students are more likely to learn to
be good problem solvers if teachers show how students’ ideas can lead to a solution than if they are
only shown the teacher’s method (Chick et al., 2013, p.15).
In mathematics, domain-specific knowledge is linked to teacher effectiveness (Ball et al., 2005;
Baumert et al., 2010; Charalambous, 2010; Hill et al., 2008, Ma, 1999). As the mathematical demands
of teaching are substantial, teachers need to know more, rather than less, mathematics (Ball et al.,
2005). This contrasts with the generalised findings of meta-analyses, which suggest relatively small
effects for teachers’ subject matter knowledge in comparison to high impact strategies such as
formative evaluations of student learning (Hattie et al., 2012). In mathematics education, “teachers
who do not themselves know a subject well are not likely to have the knowledge they need to help
students learn this content” (Ball et al., 2008, p.404). There is a need for further research into
relationships between teachers’ mathematical knowledge and their knowledge for teaching, including
the development of subject-specific measures closely reflecting the work that teachers engage in as
professionals. Research should recognise that teachers work within a professional standards
environment, inclusive of planning for learning and evaluating student work (Remillard, 2005). While
stronger content knowledge “seems to be a factor in recognising and seizing teachable moments’’
(Kahan, Cooper & Bethea, 2003, p. 245), the strength of the relationship between knowledge of
content and knowledge for teaching is unclear. “PCK is inconceivable without CK” (Baumert et al.,
2010), yet research to date has been unable to establish the centrality of subject matter knowledge
to quality teaching.
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Studies involving larger samples using standardised measures are required to understand how teacher
knowledge and quality teaching are related (Hattie et al., 2012). A number of gaps in the research
literature on teacher knowledge are identified. These include studies of the type of knowledge
required by teachers to teach students to solve more complex problems, studies of relationships
between multiple applications of teacher knowledge in the Australian primary school context and
studies of teachers’ proficiency with specific subject matter that is identified as problematic for
students. To evaluate the relationship between specific, practical aspects of teachers’ knowledge in
the pedagogical domain and understandings of content in the subject matter domain, measures of
subject matter knowledge that are aligned with the values, attitudes and organisation of content that
teachers teach (Baumert et al., 2010) are needed. In particular, data gathering instruments that
provide insight into teachers’ understandings of mathematics beyond simple routines, procedures and
calculations are required to elicit understandings of important principles of mathematics (Ball et al.,
2005; Baumert et al., 2010; Ma, 1999). The section that follows reviews literature regarding the
importance of knowledge characterised by understanding in the provision of quality teaching
mathematics.

2.1.2

Knowledge Characterised by Understanding

Research indicating that teachers must know in detail the mathematical content they teach recognises
that a conceptual understanding of the material to be taught is required (NMAP, 2008). Since the
introduction of the Australian Curriculum, increased emphasis has been placed on teachers possessing
conceptual understandings that enable them to recognise and understand interconnections between
mathematical concepts (Sullivan, 2011). The importance of conceptual understandings of
mathematics is recognised internationally. Reports on international benchmarks in TIMSS testing
suggest that challenges are faced in the extent to which elementary teachers demonstrate “a
dependence on rule-bound knowledge” and shortcomings in their “conceptual understanding of
content” (Hourigan & O’Donoghue, 2007, p.2).
An alternative perspective regarding the emphasis on understanding versus knowledge is presented
by Mason and Spence (1999). While knowledge is often perceived as a pathway to understanding,
Mason et al. present the case that understanding is insufficient for quality teaching because “a person
can understand but not know-to act” (p.5). The researchers describe knowing-to as “active knowledge
which is present in the moment when it is required” (p.1), making it powerful knowledge for teaching.
Knowing-to determines what teachers notice and pay attention to, as well as what they choose to
ignore. It is the type of knowledge needed to respond flexibly to students and maximise learning in
classrooms. Knowing-about a subject, including knowing-what, knowing-why and knowing-how, does
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not necessitate being able to teach it. By contrast, Knowing-to is a special type of knowledge that goes
beyond knowing-about a subject or teaching.
Knowing-to addresses a central issue in educational research that may explain why identifying a
relationship between teachers’ subject matter knowledge and their effectiveness has remained
elusive. Knowing-about mathematics has generally formed the core of mathematics education and
mathematics education research because it is the type of knowledge that is easy to test. Yet knowingabout mathematics does not indicate whether students, or teachers, will be able to select of act upon
this knowledge when it is needed in novel situations. Teachers who received an education that taught
them about mathematics may not possess the active, practical knowledge to support them in
responding flexibly to students. Knowing-to describes the type of knowledge of interest in this study
of relationships between aspects of teacher knowledge, because it encompasses and goes beyond
conceptual understandings. Mason and Davis (2013) propose that teachers might increase knowingto by engaging in mathematical thinking collaboratively and individually. Knowing-to is “a way of being
with mathematics that enables teachers to structure learning situations, interpret student actions
mindfully, and respond flexibly, in ways that enable learners to extend understandings” (Mason et al.,
2013, p.193). Yet, just as there are many types of knowledge, there are many different types and
definitions of understanding.
In defining teacher content knowledge as a profound understanding of the mathematical content to
be taught, Baumert et al. (2010) referred to the distinction between instrumental and relational
understandings of mathematics. Skemp (1987) introduced these terms to distinguish between
teaching practices based upon memorising and routinely applying procedures from teaching practices
that emphasise how and why mathematics works. Instrumental understanding involves learning an
increasing number of fixed plans of what to do at each point in a solution process to achieve a correct
answer. It means knowing what to do and how to get answers in specific situations. By contrast,
relational understanding involves building up a conceptual structure from which an unlimited number
of plans can be developed to solve a variety of problems, including those that are unfamiliar.
Relational understanding is the type of understanding required to teach content for meaning and
understanding. It emphasises explaining, reasoning and using multiple representations of
mathematical ideas. When studying students’ learning about area and perimeter, Pesek and Kirshner
(2000) concluded that the initial rote learning of concepts can impact upon later development and
progress. They noted that students exposed to instrumental instruction before receiving relational
instruction “achieved no more, and most probably less, conceptual understanding than students
exposed only to the relational unit” (p. 537). Differences were observed in the ways that students who
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learned content through instrumental instruction approached solving problems. Students who
learned area and perimeter as a set of rules, formulas and operations found it difficult to think flexibly
when applying their knowledge to unfamiliar problems. By contrast, students whose initial
experiences were relational tended to develop and apply flexible methods to solve problems. The
importance of developing relational understandings of mathematical concepts is evident in the
association between countries where teachers are reliant on rule-bound knowledge and lower
student performances on solving unfamiliar problems (Hourigan & O’Donoghue, 2015).
The types of schemas that develop as a consequence of relational understandings (Skemp, 1987) are
coherent with Ma’s description of ‘knowledge packages’. Ma described four characteristics of
understanding for effective mathematics teaching. The first characteristic was attention to simple,
powerful basic principles of mathematics that provide a foundation for later learning (Ma, 1999). The
second characteristic was connectedness, or the ability to understand the link between concepts and
develop a holistic understanding of a body of knowledge. A third characteristic, referred to as multiple
perspectives, was the ability to find alternate ways of approaching and representing problems. It
involved recognising a variety of strategies for solving the same problem so as to engage in
mathematics as a dynamic process drawing upon properties and relationships. The final characteristic
described by Ma was longitudinal coherence: understanding what students need to know at any grade
level in order to be prepared for the next.
While teachers’ beliefs and values affect the quality of instruction (Hattie et al., 2012), their beliefs
about conceptual understandings need to be supported by deep knowledge of the content being
taught. Ma (1999) emphasised that possessing “strong beliefs about teaching mathematics for
understanding” (p.36) could not overcome limitations in teachers’ subject matter knowledge. In her
study of teacher knowledge, Ma engaged teachers in solving four mathematical problems and
describing the mathematical basis for their solutions. Ma’s final problem, which focused on content
regarding the relationship between area and perimeter, involved a situation where a student
describes a theory that they have discovered. The student’s theory is that, as the perimeter of a shape
increases, its area also increases. Ma observed that teachers’ initial knowledge of area and perimeter
and how to calculate them were similar, yet teachers’ responses to the student’s theory and the
conclusions they reached differed. While teachers with PUFM explored and generalised the
mathematical principles that underpinned the theory, teachers without PUFM tended to generate
multiple examples by repeating the same procedure to prove the student’s theory.
Kilpatrick et al. (2001) described five interdependent strands of mathematical proficiency: conceptual
understanding, procedural fluency, strategic competence, adaptive reasoning and productive
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disposition. As a framework that encapsulates what students require to be proficient in mathematics,
these strands also represent foundational mathematical knowledge required by teachers (Sullivan,
2011). Illustrated in Figure 2-3, the framework offers an adaptive conceptualisation for considering
how teachers’ understandings of mathematics interact with their development of knowledge for
teaching it. Conceptual understanding “refers to an integrated and functional grasp of mathematical
ideas” (Kilpatrick et al. 2001, p.118) that goes beyond knowing isolated facts and skills to
understanding why ideas are important and when to use them. It supports the retention and retrieval
of ideas, as well as the learning of new ideas, by connecting them to what is already known.
Conceptual understanding shares a number of characteristics in common with knowing-to (Mason et
al., 1999) and relational understanding (Skemp, 1987). It is characterised by the ability to verbalise
connections between ideas and represent ideas in multiple ways. Conceptual understanding provides
a foundation for generating new knowledge, including solving problems that are unfamiliar. By
compacting clusters of interrelated facts and principles into well-organised structures, conceptual
understanding has the potential to reduce the amount of content that students, and teachers, need
to learn.

Figure 2-3

Mathematical Proficiency (Kilpatrick et al., 2001)

Building on proficiency with mathematics, proficient mathematics teaching demands:
conceptual understanding of the core knowledge of mathematics, students, and instructional practices
needed for teaching; procedural fluency in carrying out basic instructional routines; strategic
competence in planning effective instruction and solving problems that arise while teaching; adaptive
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reasoning in justifying and explaining one’s practices and in reflecting on those practices; and a
productive disposition toward mathematics, teaching, learning, and the improvement of practice
(Kilpatrick et al., 2001, p.32).

Kilpatrick et al. (2001) proposed three kinds of knowledge crucial for teaching mathematics to support
students in developing mathematical proficiency: knowledge of mathematics, knowledge of students,
and knowledge of instructional practices. Together these form the instructional triangle illustrated in
Figure 2-4. Mathematics, the teacher and the students are depicted as the triangle’s vertices, while
instructional practices are interactions portrayed by the arrows. In this conceptualisation, subject
matter knowledge is inclusive of the five strands of mathematical proficiency. Teachers need to
perform procedures accurately and understand the conceptual foundations that underpin them. This
is important because, while knowledge of the content does not encompass all the knowledge that
teachers need to teach mathematics effectively, “it is viewed as the cornerstone of teaching for
proficiency” (Kilpatrick et al., 2001, 394). Deepening teachers’ mathematical knowledge, and their
capacity to use it when teaching, is crucial to increasing students’ mathematical proficiency.

Figure 2-4

Instructional Triangle (Kilpatrick et al., 2001)

Leinwand and Fleischman (2004) contrasted what research says about developing conceptual
understandings of mathematics and what happens in most classrooms. Even though initial instruction
that focuses exclusively on procedural skills results in students experiencing difficulty in understanding
mathematical concepts, procedural skills remain the focus of instruction. It is important to consider
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whether teachers continue to focus on instrumental understandings of mathematics, not because
they do not accept the importance of conceptual understandings, but because their own
understandings of mathematics are founded upon instrumental learning as a consequence of their
own mathematics education (Ball et al., 2005). For example, if teachers learned that perimeter means
adding up the numbers on the sides of a shape, it could be difficult for them to describe perimeter as
the border of an object that is a special case of length. This might influence whether teachers design
investigations into how a given area can have many different perimeters or provide exercises that
involve students in calculating the area and perimeter of many different examples that do not highlight
the relationship between area and perimeter. The enactment of teacher knowledge may reflect the
nature of the mathematics education that teachers received, and associated weaknesses in knowingto, rather than their beliefs about the importance of teaching for understanding (Leinwand et al.,
2004), or any weaknesses in knowing-about mathematics (Mason et al., 1999).
A number of valuable messages are evident in the research literature regarding the importance,
nature and structure of teacher knowledge for teaching mathematics. Together, studies spark a
complex chain of ideas flowing from the belief that “more can be done to improve education by
improving the effectiveness of teachers than by any other single factor” (Sanders et al., 1997, p. 57).
While teachers are more effective when they are focused on understanding (Hattie et al., 2012),
definitions of knowledge and understanding vary. Further, teachers’ beliefs and educational
experiences influence the ways in which they teach. Ma observed that, “teachers who expected
students merely to learn the procedure tended to have a procedural understanding” (1999, p.3). Just
as “teachers who do not themselves know a subject well are not likely to have the knowledge they
need to help students learn this content” (Ball et al., 2008, p.404), teachers who do not possess
conceptual understandings of mathematics may not be able to teach for conceptual understanding.
A further complexity is that the mathematics syllabus is made up of multiple content strands – Number
and Algebra, Measurement and Geometry and Statistics and Probability (NSW BOS, 2012). As teacher
knowledge is finely grained, conceptual understanding of one strand or topic does not necessitate the
same level or type of understanding in others. This study distinguishes between “knowledge
demonstrated about a general situation or teaching principle, and an explanation of a more specific
activity, task, or student’s thinking” (Chick et al., 2006, p.2). Consequently, the conceptualisations,
frameworks and principles uncovered by prior research must be applied to the intricacies of the
specific subject matter that is the focus of this research. The section that follows presents literature
related to the knowledge required to understand concepts, represent ideas and interpret students’
thinking when teaching area, perimeter and volume.
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2.1.3

Knowledge for Teaching Area, Perimeter and Volume Measurement

Measurement is an essential experience in mathematics that forms the basis for judging the size of
objects (NCTM, 2000). Measurement and Geometry form one of three content strands in the NSW
Mathematics K-10 syllabus (NSW BOS, 2012). They are presented as a single strand to emphasise their
interrelationship. Geometry provides opportunities to investigate and manipulate the spatial
properties of two-dimensional shapes and three-dimensional objects, while Measurement enables
the identification and quantification of their attributes so that they can be compared and ordered
(Lehrer, 2003). Understanding units of measure is pivotal for distinguishing between ideas in
Measurement and Geometry and central to developing understandings of number and relationships
(Bragg & Outhred, 2000). Measurement outcomes present powerful opportunities for students to
apply knowledge of Geometry and Number and Algebra while solving practical problems. Importantly,
length, area and volume provide the means for students to understand the structure of space (Lehrer,
2003) and rich content for stimulating communication and reasoning in response to relevant,
purposeful mathematical problems.
Measurement is an important application of mathematics of the greatest relevance across other
subjects and life beyond schooling (Department of Education, Employment Workplace Relations
[DEEWR], 2008). It is found in all cultures throughout the world and therefore essential knowledge for
teachers and students. Despite this, in studies where comparison of content strands is available,
student performance on tests of Measurement and Geometry lag behind those on Number and
Algebra. In the TIMSS assessment (2003), students around the world performed lower on
Measurement than on all other areas of mathematics, with an international average of just 50%. In
TIMSS (2015), Year 4 students in 21 countries showed a relative weakness in Measurement and
Geometry in comparison to 14 countries for Number. The trends for Australian Year 4 students show
that, of the three content domains assessed, Measurement and Geometry is the only domain for
which the performance of Australian students fell from 2007 to 2011 and again from 2011 to 2015.
To achieve the Advanced International Benchmark in TIMSS (2015), one of the indicators for Year 8
students was to apply knowledge of geometric figures to solve a variety of problems about area and
surface area. Just 9% of Australian students achieved this benchmark (Mullis, Martin, Foy & Hooper,
2016). Three main reasons limiting performance in Measurement and Geometry are noted: less
rigorous attention in curriculum documents, the practical challenges of teaching measurement in
classrooms and limited teacher knowledge of Measurement and Geometry in comparison to
knowledge in areas such as Number and Algebra (Clements, 1999; Lehrer, 2003). Notably, the
selection of measurement content is less visible in studies of relationships between teacher
knowledge and teaching quality.
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Of five measurement sub strands from Kindergarten to Year 6, the attributes of length, area and
volume have in common the requirement for students to understand the organisational structure of
units in readiness for developing strategies for calculating measurements. These measurement
attributes provide opportunities for students to apply understandings of number, Aagebra and
geometry and offer a source of visual representation for algebraic concepts. For example, in Years 3
and 4 an understanding of the distributive property for multiplication is introduced through an area
model, which relies on understanding the way that area units are organised into rows and columns.
The area method is later applied in secondary mathematics to multiply expressions and factorise
polynomials. Teaching measurement for understanding thereby has benefits beyond the
measurement outcomes themselves. This escalates concerns raised by the following studies regarding
misconceptions about area, perimeter and volume that extend into secondary school.
Studies reveal widespread student misconceptions about area, perimeter and volume measurement.
Outhred and Mitchelmore (2000) attributed a lack of understanding of area measurement to the
challenge of coordinating multiple ideas. A link between students’ misconceptions and teacher
knowledge may be the over reliance on learning experiences that focus on procedural knowledge
(Kordaki & Potari, 2002). In a study of 120 students aged six to ten, Bragg et al. (2000) found that
teachers’ overemphasis on procedures when teaching measurement concepts impacted upon
students’ long-term development of understandings such as the spatial organisation of units and
scale. Limited understanding of length units subsequently hampers the introduction of structured area
and volume units. A lack of understanding about how to restructure a length into a succession of
distances also impacts on students learning to calculate perimeter (Lehrer, Jenkins & Osana, 1998b).
The focus on procedure over understanding, coupled with a reliance on inappropriate learning
experiences, such as completing worksheets in place of measuring real objects, may result from
limitations in pedagogical knowledge or reflect a lack of teacher confidence with measurement
content (Sowder, Phillip, Armstrong, & Schappelle, 1998).
Students’ understandings of area measurement are recognised as problematic. Among difficulties
noted in the literature, reorganising area units, understanding the relationship between area and
perimeter, and recognising relationships between different shapes with related dimensions, are
pertinent to the study of area in the final two years of primary schooling. At this point in the
mathematics syllabus students investigate rectangles with the same area and different dimensions
and learn about the relationship between areas of triangles and rectangles with the same length and
perpendicular height. Most students studied by Lehrer et al. (1998b) recalled formulas for calculating
the areas of rectangles, whereas fewer than half could reconfigure a shape to find the area of a related
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shape. Multiple studies have confirmed that students can structure two-dimensional arrays and use
the rectangular area formula by rote, yet do not understand the relationship between area
measurement and multiplication (Battista, 1999; Clements & Sarama, 2007). Limitations in the ability
to restructure area units by recognising one shape as a composition of others, leads to a reliance on
learning an increasing number of formulas as new shapes are introduced (Skemp, 1987). Volume
measurement presents additional challenges because the measurement units need to be coordinated
in three dimensions (Battista, 2003). When calculating volume, many students count the visible faces
of cubes rather than seeing the cube as a three-dimensional unit. This means that some cubes are
counted multiple times while those without visible surfaces are not included in the calculation
(Battista, 1999; Battista & Clements 1995a). These misconceptions become further apparent when
the surface area of three-dimensional objects is introduced (Lehrer, 2003).
Concerns regarding misunderstandings of measurement concepts were identified almost 40 years ago
in the National Assessment of Educational Progress (NAEP) Assessment for Area and Volume (Hirstein,
1981). The assessment, including a balance of items rated as low, moderate and high in complexity,
measured students' knowledge and skills and their ability to apply their knowledge to solve area,
perimeter and volume problems. Items rated as low in complexity asked students to recall a property,
while items at the moderate level asked students to make a connection between properties and items
at the high level required students to analyse assumptions. The study found that 71% of students aged
13 correctly calculated area when unit squares were visible, yet just 51% correctly calculated the
answer when the same rectangle was presented without visible unit squares. The results suggested
that many students relied on unit squares on rectangles to identify which attribute was being
measured. Similar challenges were evident among 13 and 17 year old students in questions about the
areas of right-angled triangles. When students were given the lengths of all three sides, as illustrated
in Figure 2-5, adding the three sides together was the most common error for 48% of 13 year olds,
supporting the proposition that students were confused between area and perimeter and reliant on
clues such as visible units to select the appropriate mathematical operation (Hirstein, 1981).
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Figure 2-5

Area of a Right-Angled Triangle (Hirstein, 1981, p.705)

Students’ results on two non-standard area questions, represented in Figure 2-6, provide further
insight into misconceptions about area. The first question, involving an L-shaped region composed of
two rectangles, was answered correctly by just 16% of students, while 24% of students either added
or multiplied the four lengths given in the positions marked*. The second item, the area between two
rectangles, was answered correctly by 40% of students, with errors largely due to an absence of
conceptual understandings of area rather than as a consequence of difficulties in making
computations. Hirstein (1981) identified the results as being indicative of the challenge created by the
urgency of teachers to introduce formulas for calculating area. While formulas can save time, the
results demonstrated that knowing formulas was not indicative of understanding the attribute being
measured.

Figure 2-6

Area of Composite Shapes (Hirstein, 1981, p.705)

Calculating the volume of rectangular prisms relies on understanding unit cubes organised into equal
rows, columns and layers. Similar to misconceptions about area, students were more successful in
calculating volume when unit cubes were visible, as shown in Figure 2-7. While most 13 year olds
(78%) correctly identified the volume of (a), only 58% correctly identified volume (b). Common
incorrect responses resulted from counting the number of cubes in a single layer or counting the
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number of faces visible in the diagram. The results highlight the difficulties that students experience
in identifying the number of cubes in each layer and the number of layers. With this in mind, it is not
surprising that, as the number of units in each dimension increases, confusion between volume and
surface area becomes more pronounced.

Figure 2-7

Volume of Prisms (Hirstein, 1981, p.707)

The results of the NAEP assessment for area and volume highlighted three main issues (Hirstein, 1981).
First, many secondary school students confuse the concepts of area and perimeter. They rely on clues
such as visible squares as a prompt for finding area, and linear dimensions on the sides of shapes as a
prompt for finding perimeter. Consequently, when numerical data are presented, students often
choose computations that are not related to the concept in the question. When unit cubes are
introduced for volume, the confusion between concepts escalates. Many students pay attention to
the visible faces of cubes and and mistakenly calculate the area of the visible surfaces without
attending to the structural organsiation of the cubes in equal layers.
Marchett, Medici, Vighi & Zaccomer (2005) studied the conceptions of Year 4 and Year 5 students
regarding area and perimeter. They used an experimental design in which students completed two
tasks, one requiring students to compare perimeters and the other requiring students to compare
areas. Both tasks were based on the situation of designing an enclosure for sheep, which allowed for
calculating how much fencing was needed as well as the amount of space inside the fence available
for the sheep. In the study of Marchett and colleagues, most students aged nine to eleven did not
recognise perimeters of the same length and found it easier to compare area than perimeter. For
example, very few students in Year 4 (19%), or Year 5 (12%), identified two shapes as having the same
perimeter. Students focused on the space occupied by shapes, rather than their boundaries, when
asked to calculate perimeter. Analysis of students’ reasoning and solutions confirmed the importance
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of working on the concepts of perimeter and area before focusing on measuring them to avoid
procedural knowledge prevailing over reasoning (Marchett et al., 2005). The researchers made a
number of recommendations to increase students’ understandings of perimeter and area, including
working on a range of non-standard concave and convex shapes, experiencing geometrical
transformations and developing understandings of congruence from an early age.
Teachers’ conceptions of relationships between area and perimeter were examined by D’Amore and
Fandino Panilla (2006). The researchers asked primary, middle school, secondary and pre-service
teachers to identify examples of different cases for area and perimeter. For instance, teachers were
asked to provide an example of a case where the perimeter of a shape increases while its area
decreases. The researchers identified misconceptions among teachers by analysing the examples that
teachers provided to match each case for area and perimeter. The results of the study demonstrated
that even teachers with high levels of attainment in mathematics may exhibit misconceptions about
area and perimeter. For instance, the majority of teachers said that it was impossible for the area of a
shape to decrease when its perimeter increased and could not provide an example for this case.
Subsequently, teachers participating in the study assessed their students’ beliefs about the same cases
for area and perimeter using one-to-one interviews. After viewing the results of teachers and their
students, the researchers concluded that obstacles to improving students’ understandings of the
relationships between area and perimeter included teachers’ understandings of relationships and
their reliance on standard, convex figures. They noted that the absence of concave shapes in teaching
examples precluded the investigation of different cases and possiblilities. Building upon the findings
of Marchett et al. (2005), they recognised the importance of including transformations that preserve
or modify either area or perimeter, but not both, to increase understandings of measurement
relationships. The assessment used by D’Amore et al. was reminiscent of Ma’s (1999) assessment in
which teachers were asked to respond to a student’s theory about perimeter and area. However, it
provides a more detailed picture of specialised content knowledge for teaching measurement through
the examination of teachers’ knowledge of seven different cases for area and perimeter.
The results of student interviews in the study of D’Amore et al. (2006) reinforce the observations of
Blume, Galindo & Walcott (2007) that students are generally able to determine the perimeter and
area of common polygons given the relevant measurements, yet articulating relationships between
perimeter and area is problematic. Blume et al. found that many students in Years 5 to 8 did not
possess conceptual understandings of the attributes of shapes sufficient to support them in solving
area and perimeter problems. They noted that limitations in understandings of perimeter and area
posed challenges for student achievement beyond the measurement outcomes themselves because
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understanding relationships between the measurement attributes of shapes is the foundation for
work on congruence and similarity in geometry. The findings of Blume et al. reinforce the need for
teachers to possess PUFM to support them in developing students' understandings of the attributes
of measurement and shapes prior to introducing rules for calculating measurements.
Together, the studies of D’Amore et al. (2006) and Blume et al. (2007) present a chicken and egg
situation for improving the quality of instruction. Teachers need to support their students in
developing deep conceptual understandings of measurement. However, teachers’ responses were
analagous to those of their students. D’Amore et al. concluded that teachers’ knowledge did not allow
them to transform knowledge of content into knowledge of how to teach it. Most teachers in their
study did not know-to, yet many also did not know-that or know-why (Mason et al., 1999) when
examining connections between area and perimeter. This might be because teachers’ understandings
of content are largely the consequence of their own educational experiences (Ball et al., 2005). If
quality mathematics teaching is reliant on teachers’ possessing deep, conceptual understandings of
the content, then opportunities are required for teachers to deepen their conceptual understandings
in order to increase the quality of teaching. This is not to suggest that teachers are not good at
mathematics, but to acknowledge that teachers may have been taught rules without reasons and
therefore lack the necessary foundation of conceptual understandings (Skemp, 1987). From a teacher
perspective, “if no-one has ever taught us these things, how can we possibly know them” (D’Amore
et al., 2006, p.14).
Challenges in learning about area and perimeter are mostly explained as the consequence of
misunderstanding relationships between concepts and the limited range of shapes selected for
exploring relationships (Blume et al., 2007; D’Amore et al., 2006; Hirstein, 1981; Marchett et al., 2005).
An alternative position is offered by Babai, Nativ and Stavy (2016) in a study that involved students in
comparing perimeters. Using fMRI brain imaging, the research team identified that confusion between
area and perimeter arises because of the way that irrelevant variables are automatically processed in
the brain and interfere with students’ correct reasoning. The research team found that confusion
arose regardless of whether students possessed the skills and knowledge to complete perimeter tasks.
Essentially, when students were asked to compare objects that displayed a visible difference in area,
and asked to compare them with respect to perimeter, they intuitvely paid attention to area because
it was the more salient attribute.
A consideration regarding the interference of area as the more observable feature of shapes in
questions about perimeter is whether teachers’ pedagogical content knowledge alerts them to this
misconception. Teachers with high levels of PCK provide experiences that enhance students’
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awareness, reasoning and understanding through well-selected examples from the outset (Chick et
al., 2006). Content for students in the final two years of primary schooling in NSW calls teachers to
address understandings of the concepts of area and perimeter and the relationships between them.
“Knowledge of misconceptions is a significant component of knowledge of teacher knowledge” (Chick
et al., 2006, p.2). Across the measurement outcomes in the syllbus, a number of opportunities exist
to explicitly address these misconceptions. Students investigate and compare the areas of rectangles
with the same perimeter, recognise that rectangles with the same area may have different
dimensions, investigate and compare perimeters of rectangles with the same area and recognise that
rectangles with the same perimeter may have different dimensions (NSW BOS, 2012).
Investigating limited student gains in Measurement and Geometry on national and international
assessments, Steele (2013) explored the mathematical knowledge required for teaching
measurement. His study included a set of tasks for assessing teachers’ mathematical knowledge for
teaching relationships between measurement attributes. Criteria for the selection of items in Steele’s
research included tasks that were representative of the curriculum, measured common and
specialised content knowledge and required responses beyond correct or incorrect calculations.
Steele’s six tasks reflected a knowledge base for teaching measurement to students from Year 5 to
Year 8. The results showed that teachers with stronger performance in describing relationships
between area and perimeter were more likely to use multiple representations of measurement
attributes and more likely to select representations that made relationships visible to students. Steele
noted that teachers were more successful on tasks where relationships could be described empirically
than they were on tasks using only geometrical properties. When composite shapes provided
opportunities to apply general principles, teachers’ understandings of measurement relationships
were less evident. Steele also found that teachers who performed better on a task involving
minimising perimeter “were better able to write specific goals” (Steele, 2013, p.265) for using the
same task with students. Steele’s findings suggest that teachers’ understandings of Measurement and
Geometry may influence the extent to which they realise the potential of tasks related to the same
content and indicate the importance of opportunities for teachers to successfully complete tasks used
as the basis of student learning.
The research literature highlights area, perimeter and volume as concepts where students are prone
to developing misconceptions that impact on future reasoning and development, and that teacher
knowledge is central to overcoming these misconceptions. Students learn more and sustain learning
gains in classrooms where teachers are more knowledgeable about teaching Measurement and
Geometry, even when teachers are equally knowledgable about teaching Number and Algebra
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(Lehrer, 2003). Despite this, most studies of the impact of teacher knowledge on student learning have
focused on Number and Algebra. There is a need for current Australian research using measurement
attributes as a focus for studying relationships between teachers’ knowledge of content and
pedagogy. To teach Measurement, teachers need to understand concepts and relationships, know
how to present ideas, identify opportunities in measurement tasks, make sense of alternative solution
methods and anticipate different ways of thinking about shapes (Hill et al., 2008). Studies using
measurement concepts to study teacher knowledge are essential because teachers’ knowledge of
student thinking is finely structured and understanding knowledge for teaching Number and Algebra
may not reflect a similar capacity for teaching Measurement and Geometry.
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2.2 Applications of Teacher Knowledge
This section of the literature review examines applications of teacher knowledge suited to an
investigation of relationships between aspects of teacher knowledge across the subject matter and
pedagogical knowledge domains. Research on teacher knowledge highlights the selection of
appropriate, subject-specific measures of teacher knowledge as essential for gaining insights into
teaching quality (Goe et al., 2008). A range of measures are identified in the literature. Mathematical
knowledge for teaching is inclusive of planning for learning, writing assessments, and evaluating
student work (Ball et al, 2005). To plan effectively, teachers need to design learning tasks, anticipate
students’ responses to those tasks and interpret students’ thinking (Smith et al., 2011).
In quantitative studies, teachers’ responses to theoretical teaching situations are extremely useful for
investigating teacher knowledge (Baumert et al., 2010; Chick et al., 2006). Teachers’ responses to
theoretical situations are considered to be artefacts of their knowledge for teaching because
“documentation work is at the core of teachers’ professional activity and professional change”
(Gueudet & Trouche, 2009, p.4). The mathematical tasks that teachers design are artefacts of their
plans for effective learning because tasks prompt the active processing of the material being learned
(Remillard, 2005). Similarly, teachers’ evaluations of student work samples are artefacts of their
noticing, because “the most important single factor influencing student achievement is what the
learner already knows” (Ausubel, 1968, p.vi). Teachers need to ascertain this in order to teach students
effectively.
A challenge in studying relationships between teachers’ understandings of mathematical content and
their development of knowledge for teaching it is the identification of a measure of subject matter
knowledge characterised by understanding. The concept of proficiency in teaching mathematics
(Kilpatrick et al., 2001) offers a foundation for designing a measure that reflects the values and
attitudes of the syllabus taught by participants in this study. Proficiency in teaching mathematics is
inclusive of conceptual understandings of mathematics, procedural fluency for carrying out basic
routines, strategic competence for solving problems while teaching, adaptive reasoning and a
productive disposition towards doing mathematics. Problem solving draws upon all strands of
mathematical proficiency because it is not a topic to be taught, but pervades all mathematics topics.
It thereby provides a lens through which proficiency with mathematics might be considered. Teachers’
responses to problems that are applications of the content they teach provide an authentic measure
of their understandings of mathematics because teachers need to solve the problems they present to
students in order to anticipate and interpret student responses (Smith et al., 2011). The selection of
problem solving as a measure of understanding content is supported by the conceptualisation of
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understanding as the ability to select critical mathematical components fundamental to a concept
when solving problems (Chick et al., 2006; Kilpatrick et al., 2001). The ability to engage in solving
problems that are novel, non-routine and complex is reflective of the type of knowledge needed for
knowing-to (Mason et al., 1999).
The sub sections that follow review literature relevant to the design of mathematical tasks, solving
mathematical problems and noticing student thinking as artefacts of teacher knowledge. Literature
for each artefact is presented with respect to a relevant Australian Professional Standard for Teachers
(AITSL, 2014). The standards reinforce that quality teaching should be by design and not by chance
(Hattie et al., 2012). Each application of teacher knowledge reviewed is reflective of evidence at the
proficient level, because this is the level that underpins standards required for teacher accreditation
in New South Wales.

2.2.2

Designing Mathematical Tasks

The design of mathematical tasks is an important application of PCK. Shulman (1986) highlighted the
need for teachers to possess useful representations of ideas within the subjects they teach “some of
which derive from research whereas others originate in the wisdom of practice” (Shulman, 1986, p.9).
As primary teachers are responsible for teaching measurement, they need to possess a repertoire of
powerful examples, tasks, problems, analogies and illustrations through which students can explore
and understand the concepts of area, perimeter and volume. The design of mathematical tasks is
therefore a critical aspect of teacher knowledge.
Tasks matter because, for any given topic, the tasks that teachers use form the basis of the lessons
that students experience. The tasks that teachers design make salient their transformation of syllabus
content into learning goals for students, and “formulating clear, explicit learning goals sets the stage
for everything else” (Hiebert, Morris & Jansen, 2007, p.51). As tasks have the potential to extend or
limit learning (Grouws & Cebulla, 2000), the design of tasks has long been considered an essential skill
for teachers (Blomeke & Delaney, 2012). It is a high-leverage practice in which teachers must be
competent or face obstacles to teaching effectively (Ball & Forziani, 2010). Although designing tasks
is not the same as implementing them, evidence suggests that how teachers design tasks is related to
how they implement them. Notably, in studies involving repeated measures, the tasks that teachers
design make their knowledge of teaching visible while removing variables of classroom context that
are not within their control (Morris & Hiebert, 2017). It is for these reasons that the design of tasks,
rather than the selection or implementation of them, was chosen as the measure of teachers’
knowledge of planning for effective learning in this study.
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Designing quality learning tasks is integral to expectations for proficient teaching. Standard 3 in the
Australian Professional Standards for Teachers (AITSL, 2014) outlines the requirements for teachers
to make learning engaging and valued. This includes designing learning experiences that provide
appropriate levels of challenge and are open to the learning of all students. Standard 3 – Plan for and
implement effective teaching and learning - requires teachers to set explicit, challenging and
achievable learning goals for all students. Teachers need to possess a repertoire of effective teaching
and learning activities that develop students’ knowledge, skills, problem solving and critical and
creative thinking through well-designed tasks and lessons.
The questions that teachers embed within tasks guide the learning process for students and establish
teachers’ expectations for what is being learned and how it will be demonstrated (Smith et al., 2011).
This makes the level of challenge in tasks important, although not all tasks provide worthwhile
opportunities to learn. If there is no discrepancy between the demands of the task and what the
student can already do, then no learning takes place (Vygotsky, 1978). Cognitively challenging tasks
are required to develop conceptual understandings in mathematics because they are associated with
deeper learning. By comparison, shallow tasks do not require sufficient processing to increase learning
or address misconceptions (Craig, Sullins, Witherspoon & Gholson, 2006; Ge, Chen & Davis, 2005).
When teaching perimeter, a shallow question might be, if I add up the sides of the rectangle will it give
me the perimeter? This question is shallow because it can be answered with ‘yes’ or ‘no’. A deeper
question might be, why is it that when the area of a rectangle increases its perimeter can stay the
same? Deeper questions prompt students to take their existing knowledge, compare ideas and
develop a theory about the relationship between them (Graesser and Person, 1994). Deeper tasks
integrate questions with content to build connections between the task and the concepts being
learned.
Hattie (2015) described the art of teaching as the ability to “balance the need for surface knowledge
with deep processing of this knowledge” (p.14). While students need knowledge of skills and content
to engage in deeper-thinking, it is not possible to develop deeper-thinking skills unless students are
presented with tasks that give them something to think about. The SOLO taxonomy (Biggs & Collis,
1982; Biggs & Tang, 2011) offers an effective taxonomy for distinguishing between superficial and
deeper thinking. It presents a five-level hierarchy for understanding how learning moves from having
no relevant knowledge, to knowing single facts, sets of facts and ideas, and then being able to relate
and extend ideas. While single facts and sets of facts are needed for surface learning, relating and
extending ideas are associated with deeper learning and the ability to apply surface knowledge to
develop new knowledge (Hattie, 2015).
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The levels of challenge in tasks influence opportunities to learn. An underlying issue in improving
mathematical communication, problem solving and reasoning is the need for opportunities that
stimulate thinking beyond what students can already do independently (Thomson et al., 2012;
Vygotsky, 1978). Increasingly, empirical evidence suggests that mathematical achievement can be
increased by working on more challenging tasks (Baxter et al., 2010; Henningsen et al., 1997; Smith et
al., 2011). While there has been a perception at times that challenge is for more capable students,
challenging tasks are important for all students. All students need opportunities to look for patterns,
examine constraints, make inferences and explain and justify their thinking in order to process
mathematical ideas. Tasks that focus on simple routines and memorisation prevent students from
experiencing the productive struggle needed to stimulate higher levels of thinking (Pogrow, 1988).
The level of cognitive challenge in tasks is the focus of a number of well-cited studies. In the
Quantitative Understanding: Amplifying Student Achievement and Reasoning (QUASAR) project,
Stein, Grover & Henningsen (1996) analysed 144 mathematical tasks to identify examples that
enhanced students’ thinking and reasoning. In the QUASAR project, mathematical tasks were defined
as “classroom activity, the purpose of which is to focus students’ attention on a particular
mathematical idea” (Stein et al., 1996, p.460). The researchers analysed tasks in two ways: according
to their features and their level of cognitive demand. Task features refer to the potential of tasks to
engage students in mathematical thinking, reasoning and sense-making, while cognitive demand
refers to the level of the thinking processes required to solve the task. The researchers recognised
that knowledge for teaching mathematics includes “the capacity to engage in the processes of
mathematical thinking, in essence doing what makers and users of mathematics do: framing and
solving problems” (Stein et al. 1996, p.456). While identifying the importance of tasks that stimulate
cognitive processes and enable learning, the researchers recognised that the development of deep,
interconnected understandings of mathematical concepts and procedures, beyond memorising and
applying formulas, also places additional demands on teacher knowledge.
The Task Analysis Guide (TAG), developed by Stein and Smith (1998), was derived from the work of
Resnick (1987) and Doyle (1988) and through its application for categorising tasks in the QUASAR
project. Depicted in Table 2-2, the TAG is intended to assist teachers in matching student learning with
goals. It offers an effective lens for examining and distinguishing between levels of cognitive demand
in the tasks that teachers design for students. The TAG provides a set of subject-specific characteristics
for classifying mathematical tasks based on four categories of cognitive demand (Stein et al., 1998).
Ranging from low to high respectively, the categories are: Memorisation; Procedures without
Connections; Procedures with Connection to Concepts and Meaning; and, Doing Mathematics. The two
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higher levels represent cognitively demanding tasks that stimulate mathematical thinking and
reasoning (Stein et al., 1998; Smith et al., 2011). Higher level tasks engage students in productive
struggle, can be solved using a variety of approaches, can be represented in different ways and provide
opportunities for students to generalise findings and justify solutions. By contrast, the two lower levels
of cognitive demand refer to tasks that involve “stating facts, following known procedures, and solving
routine problems” (Van De Walle, Karp, & Bay-Williams, 2012, p.36).
Table 2-2

The Task Analysis Guide (Stein et al., 1998)

In the QUASAR project, 40% of tasks selected by teachers displayed the characteristics of Doing
Mathematics, while a further 34% met the criteria for Procedures with Connections to concepts and
meaning. The remainder of the tasks targeted lower levels of cognitive demand, were non-
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mathematical or described as “other” (Stein et al., 1996). Notably, only 2 of the 144 tasks studied
involved Memorisation. The TAG reflects general recognition that experiences which focus on
developing understanding are more effective (Hattie et al., 2012). The category for tasks where
procedures are presented with connection to meaning is coherent with Ma’s observation that
teachers with PUFM teach procedures in ways that connect them to important principles of
mathematics. It also resounds Skemp’s (1987) notion of relational understandings that emphasise how
and why mathematics works.
Tasks with higher levels of cognitive demand are important for increasing equity in classrooms (Smith
et al., 2011). Doing Mathematics tasks permit entry to students with a range of prior knowledge and
experience because they can be solved and represented in different ways and have low entry points
and a high ceiling. Students’ starting points can then be used to determine how to advance learning.
Importantly, tasks with higher levels of cognitive demand are needed to stimulate productive
mathematical discussions about important mathematical principles. “Productive discussions that
highlight key mathematical ideas are unlikely to occur if the task on which students are working
requires limited thinking and reasoning” (Smith et al., 2011, p.20).
The importance of challenging tasks is resounded globally. High expectations, communicated through
challenging tasks, are recommended as a principle of effective mathematics teaching (Stein et al.,
2009; Sullivan, 2011). There is growing recognition that Australian students need increased
opportunities to solve more complex problems, higher expectations for communicating their thinking
and greater exposure to alternative solution approaches (Thomson et al., 2012). The characteristics of
challenging tasks described by Sullivan et al. (2011) reflect the mathematical knowledge and skills
required for teaching mathematics in the 21st century. They convey the shift from what mathematics
students should learn to how students learn mathematics (Mevarech & Kramarski, 2014). Students
need opportunities to:
plan their own approach; sequence multiple steps; process multiple pieces of information; make
connections; see concepts in new ways; engage with important mathematical ideas; choose their own
goals and level of access; sustain effort; explain strategies; justify their thinking to others; and, extend
their knowledge and thinking in new ways (Sullivan et al., 2011, p. 34).

Measures of student achievement in mathematics have shifted from assessing basic mathematical
skills to assessments of solving problems in context. The shift in emphasis makes teaching basic
mathematical skills necessary, yet insufficient (Thomson et al., 2012). Global recommendations for
engaging students in challenging tasks, and the characteristics of challenging tasks identified by
mathematics education research, are reflected in the aims of the NSW Mathematics K-10 syllabus for
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the Australian Curriculum (NSW BOS, 2012). Challenging tasks provide the opportunities needed for
students to develop increasingly sophisticated understandings of mathematical concepts. They act as
catalysts for activating, regulating and evaluating cognitive processes (Mevarech et al., 2014).
Without challenging tasks, students may develop the mindset that there is one method for solving a
problem, learn one method, and consequently limit their ability to evaluate and justify solutions
(Smith et al., 2011). Designing tasks with high levels of cognitive challenge is thereby a valuable
application of teachers’ knowledge of the content and how to teach it.
Smith et al. (2011) developed a framework of five practices for orchestrating productive mathematical
discussions. The practices sit at the interface between designing tasks and noticing students’ thinking.
As such they are relevant to two measures of teachers’ pedagogical knowledge in this study.
Recommended practices include anticipating, monitoring, selecting, sequencing and connecting
students’ responses to mathematical tasks. The practice of anticipating recognises the ways in which
planning for learning outside the classroom can improve learning inside the classroom. Anticipating is
an important factor in being able to respond to students as they engage with tasks in the classroom,
beyond deciding what the correct answer might be. It involves predicting how students might
approach a task, interpret a problem and relate to the concepts, representations and procedures
being learned. In order to anticipate, teachers first need to solve the task themselves. The practice of
anticipating is significant because challenging tasks cannot become the cornerstone of mathematics’
learning environments unless teachers are confident in designing them and prepared to engage in
solving them.
The levels of cognitive demand in the tasks that teachers design provide a valid measure of their PCK.
While designing challenging tasks does not necessitate the ability to maintain high levels of challenge
when implementing them (Stein et al., 2009), teachers cannot implement learning if they cannot plan
for it. Doyle (1988) proposed that tasks could be studied to account for how students learn because
they direct the focus of the learning as well as how students think about, develop, use and understand
the mathematics. In a study of the role of challenging tasks in building persistence, Clarke, Roche,
Cheeseman and van der Schans (2014) applied the model of Stein et al. to investigate how the
decisions that teachers make impact on student learning. They concluded that the decisions that
teachers make when planning can make a considerable difference to the effectiveness of tasks.
Regardless of the context, “the key decision that the teacher makes is the choice of task” (Sullivan,
2011, p.31).
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The tasks that teachers design are influenced by a number of factors, including teachers’ goals and
their knowledge of students (Cheeseman, Clarke, Roche & Wilson, 2013; Hollingsworth, Lokan &
McCrae, 2003). Yet, how teachers’ understandings of specific mathematical content influence the
nature of the tasks they design for students is yet to be determined (Tzur, 2008; Charalambous, 2010).
Understanding the extent to which levels of challenge are present in the tasks that teachers design,
and how these levels are influenced by teachers’ proficiency with subject matter, is worthy of
investigation in a study of relationships between aspects of teacher knowledge in the Australian
context.
Complex, unfamiliar, non-routine problems encapsulate many of the characteristics of challenging
tasks. They require problem solvers to plan approaches, process multiples pieces of information,
sequence multiple steps, choose strategies and sustain effort (Sullivan, 2011). Cognitively challenging
tasks and problem solving are inextricably linked. Both focus on thinking and sense-making beyond
what the learner can already do without cognitive effort. The connection between challenging tasks
and unfamiliar problems is implicit in Vygotsky’s definition of the zone of proximal development: the
distance between independent problem solving and the level of problem solving in collaboration with
a teacher or more capable peer (Vygotsky, 1978). The teacher’s role in supporting students to solve
problems beyond those they can already solve independently elevates the importance of teachers
being able to solve unfamiliar problems in different ways in order to act as the catalyst for student
learning. In the section that follows, problem solving is evaluated as a lens for gaining insight into
teachers’ understandings of mathematical content.

2.2.3

Problem Solving

Problems provide important examples of tasks that create cognitive conflict and set the scene for
future learning (Chick et al., 2006). The ability to solve problems related to, and beyond, the content
that teachers are responsible for teaching (Ball et al., 2005; Baumert et al., 2010; Ma, 1999) is
essential, because teaching opportunities may be lost if teachers overlook the mathematics offered
by an example (Chick, 2009). Recognising the learning opportunities in a problem, including the variety
of ways of representing it and leading discussion of the mathematics embedded within it, requires a
deep understanding of mathematics that is ultimately reliant on being able to successfully solve the
problem. Problem solving offers substantial insight into teachers’ conceptual understandings of
mathematics because it requires them to mobilise existing knowledge and make connections between
concepts, information and embedded mathematical properties (Lampert, 2001; Silver & Cai, 2005;
Thompson, 1985). Consequently, problem solving is an integral component of teachers’ subject matter
knowledge.
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Problem solving lies at the heart of mathematics education (Polya, 1973; Schoenfeld, 2011; Silver et
al., 2005). It offers the answer to why, as well as how, people learn and experience mathematics and
reflects the aim of developing quantitatively literate citizens who can apply knowledge and skills to
make informed decisions (Mevarch et al., 2014). Students learn to analyse, reason and communicate
by interpreting and solving a variety of mathematical problems (OECD, 2012). A challenge in providing
mathematics education for the 21st century may be the extent to which teachers’ knowledge supports
them in engaging students in analysing, reasoning and solving problems.
Anderson, White and Sullivan (2005) studied links between primary teachers’ use of problem solving
in classrooms and the role of problem solving for learning mathematics in the syllabus. They
considered the issue that, while most teachers endorsed the importance of problem solving, limited
opportunities for problem solving were evident in classrooms. Their study identified factors related to
differences between teachers’ beliefs and practices in using problem solving. Through the collection
and analysis of survey data the research team reported that some teachers held traditional views,
while others held more contemporary views that influenced their intentions regarding problem
solving. Factors included the grade level, school culture and the pressure of time. Beliefs about how
formal mathematics should be taught was identified as a major constraint impacting on problem
solving in classrooms. The research concluded that, as problem solving was central to learning
mathematics, professional learning should include opportunities for teachers to engage in wondering
about mathematics through problem solving. While teachers’ beliefs are a critical factor influencing
teaching practice (Davis, 2006), teachers’ abilities to act on their beliefs may be enabled or restricted
by their understandings of the content, the syllabus and their own experiences as learners of
mathematics (Putnam & Borko, 2000; Schoenfeld, 2011).
The ability to solve problems that are applications of the content they teach is integral to the role of
teachers in a context where problem solving is an outcome and component of the syllabus. Standard
2 in the Australian Professional Standards for Teachers (AITSL, 2014) makes clear the expectation for
teachers to know the content and how to teach it. To achieve this standard, teachers must know and
understand the concepts, structures and processes relevant to the syllabuses and programs they
teach. This includes being able to teach fundamental concepts, such as area, perimeter and volume,
as well as the working mathematically outcomes of communicating, problem solving and reasoning.
Knowledge of content and how to teach it encompasses understanding developmentally appropriate
strategies for student learning and the ability to make the content meaningful to students. Teachers
need to know and be able to apply content knowledge. While subject matter knowledge alone is
insufficient for proficient teaching, teachers cannot apply knowledge of content and teaching to
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develop engaging tasks if they do not know and understand the concepts and structures of the content
they teach (Baumert et al, 2010; Hill et al. 2008; Ma, 1999).
Global research supports the role of problem solving in developing and extending students’ thinking
(City, Elmore, Fiarman & Teitel, 2009). While the emphasis on problem solving in mathematics
education is not new, the nature of problem solving has evolved because the types of problems that
need to be solved have changed. The extent to which something is perceived as a problem is relative
to the individual (Schoenfeld, 1985), and the resources available to them. With ready access to
technology, the meaning of problem solving has shifted from applying formulas to known variables to
analysing, reasoning and communicating about problems where all of the information is not given
(English & Sriraman, 2010; Lesh & Zawojewski, 2007). For the purposes of this research, mathematical
problems refer to tasks for which a solution method is not known in advance by the problem solver
(NCTM, 2000).
Problem solving is the means through which students learn to think (Polya, 1962). Polya’s distinction
between teaching students how to think and teaching students what to think heralded a move beyond
routine problems that emphasise procedural knowledge and are therefore inconsistent with genuine
problem solving. Solutions to familiar, routine problems can be misleading. While the solutions might
be precise, routine problems do not convey the nature of understanding and reasoning used in arriving
at a solution (Mevarech et al., 2014). Schoenfeld’s (1992) example of giving an elementary geometry
problem to university students majoring in mathematics, and finding that most were unable to solve
it, typifies the observation that high levels of mathematical coursework do not necessitate the ability
to solve unfamiliar problems. This reinforces the claim that primary teachers require PUFM (Ma,
1999), rather than higher levels of mathematics, to teach effectively. For this reason, the selection of
problems in this study to evaluate teachers’ understandings of content takes into account the degree
to which problems are experienced by participants as familiar, routine and complex.
The strands of mathematical proficiency proposed by Kilpatrick et al. (2001) describe desirable
mathematical actions for students embedded within the Australian Curriculum (Sullivan, 2011).
Problem solving draws upon these desirable actions in varying combinations. For example, strategic
competence, is characterised by the ability to formulate, represent and solve mathematical problems
(Kilpatrick et al., 2001; Sullivan, 2011). Yet, to solve a problem where the solution method is not known
in advance, problem solvers need more than strategic competence. They need to identify relevant
concepts, select and apply appropriate procedures, make sense of their actions in relation to the
problem and have the willingness to engage and persist in planning and sequencing the steps involved.
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Problem solving offers a valuable measure of teachers’ content knowledge reflective of knowing–to,
rather than knowing-about, mathematics (Mason et al., 1999). It evaluates connections between ideas
as well as the consolidation of mathematical knowledge and thinking and therefore provides a window
to understandings of concepts and processes (Arcavi & Friedlander, 2007; English et al., 2010). In order
to teach and assess through problem solving, teachers need to be able to solve problems that provide
appropriate experiences of the selected content. As recognised by Chick et al. (2013), teachers need
to be mathematically confident to lead mathematical discussions, and students are more likely to
learn to become good problem solvers if teachers can show how students’ ideas can lead to a solution.
Without confidence and skill in solving mathematical problems, teachers may experience difficulty in
designing cognitively challenging learning tasks (Sullivan et al., 2009) and evaluating students’
solutions. The specialised knowledge required for teaching mathematics is inclusive of the ability to
“carry out and understand multi-step problems” (Ball et al., 2005, p.21).
While familiar, routine problems are necessary for providing practise in mathematics, they do not
probe understanding. This is particularly the case for area, perimeter and volume content where the
learning of formulas prior to the development of conceptual understanding is associated with the
phenomenon of rules without reasons (Skemp, 1987). Problems that are unfamiliar, non-routine and
complex are needed to evaluate “flexibility in exploring mathematical ideas and trying alternative
solution paths” (NCTM, 2000, p. 21). While research identifies problem solving and the teacher’s role
in developing it as paramount, little research is identifies how teachers’ learn to teach through
problem solving. For example, little is known about how to support more frequent use of alternative
solutions by teachers in classroom instruction (Silver et al., 2005).
As problem solving lies at the core of mathematical experience, measures of teachers’ knowledge for
teaching mathematics should include responses to problems. The OECD framework for evaluating
students’ mathematical achievement (2012) identified the importance of blending together
assessments of content with competency in problem solving and the ability to identify mathematics
within a context. Given the broad recognition of problem solving as a process, instructional goal,
instructional method and means through which students’ abilities, beliefs, attitudes and performance
develop, problem solving offers a valid measure of teachers’ understandings of mathematics. To
understand how teachers can support their students to become better problem solvers, teachers need
to experience “mathematical problem solving from the perspective of the problem solver before they
can adequately deal with its teaching” (Thompson, 1985, p.292).
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2.2.4

Noticing Student Thinking

Teacher noticing refers to the ability to attend to, interpret and respond to students’ mathematical
thinking (Jacobs, Lamb & Philipp, 2010). It is an important application of PCK that complements the
design of challenging tasks. To maximise the potential of tasks, teachers need to “elicit evidence of
students’ current mathematical understanding and use it as the basis for making instructional
decisions” (NCTM, 2014, p.53). Noticing is a valuable component of effective teaching. As teachers are
increasingly called to personalise learning through ongoing formative assessment and feedback in
relation to learning goals (Dinham, 2016; Hattie, 2015), teacher noticing is an important field of
research (Sherin, Jacobs & Philipp, 2011a). Substantial contributions have recently been made to
research on teacher noticing (Jacobs et al., 2010; Kaiser, Busse, Hoth, Konig & Blomeke, 2015; Sherin,
Jacobs & Philipp, 2011b). An identified challenge in mathematics teaching is the complexity of
recognising and interpreting student thinking (Leatham, Peterson, Stockero, & Van Zoest, 2015).
Teachers’ responses to student thinking may indicate more about whether a teacher recognised a
students’ thinking and how they interpreted it than about their understanding of the importance of
providing students with feedback.
Teacher noticing matters because it is “essential to attending to learners, to the domain for which the
teacher is responsible, and to connections between the learners and the domain” (NCTM, 2014, p.53).
Noticing involves monitoring student thinking and constructing understandings of the content that is
the focus of the learning. It is a complex process that draws upon specialised knowledge of teaching
that is clearly PCK (Chick et al., 2006). Teacher noticing highlights the intense demands that effective
mathematics teaching places on the knowledge of generalist primary teachers. To recognise and
attend to the information needed to improve student learning, teachers must notice what students
are thinking and identify why it is important. Studies of professional learning focused on noticing
student thinking, have observed positive changes from teachers focusing on whether answers are
correct to articulating evidence of students’ strategies and understandings, (Barnhart & van Es, 2015;
Goldsmith & Seago, 2013).
Noticing student thinking is integral to teachers’ roles in assessing, providing feedback and reporting
on student learning. To meet Standard 5 of the Australian Professional Standards (AITSL, 2014),
proficient teachers must interpret and use student assessment data to diagnose learning needs and
challenge students to improve their performance. Effective teaching includes planning assessments
and providing feedback to students that will improve their learning. Teachers’ analyses and
evaluations of students’ thinking, their judgements of student learning, and the grades they allocate
to written work samples, offer evidence of this standard. Other artefacts of teacher noticing include
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feedback to increase the accuracy, efficiency and sophistication of student thinking and identifying
different levels of student performance. Proficient teachers make consistent, comparable judgements
of student learning and report accurately on student achievement. To achieve Standard 5, primary
teachers need to be able to attend to, interpret and respond to students’ mathematical thinking.
In mathematics, noticing relies upon skilful perception of how, rather than whether, students respond
to tasks, make calculations, or reason to develop approaches when solving problems. This is regardless
of the novelty of the approach taken by students because teachers are responsible for evaluating all
students’ solutions (Ball et al., 2005). The analysis of student thinking is important in face-to-face
interactions with students as well as in the examination of written work samples (Goe et al., 2008;
Remillard, 2005). Interpreting student achievement relies on the ability to block out preferences and
biases that are irrelevant to improving student learning (Jacobs et al., 2010). For example, working
neatly, thinking like the teacher or memorising formulas are not indicative of students’ understandings
of measurement. Disciplinary knowledge plays an important role in teacher noticing. Teachers need
to be familiar with the content, because if they are not, students’ thinking may go unnoticed (Ball &
Bass, 2003).
Teacher noticing is conceptualised in a number of ways (Kaiser et al., 2015; Blomeke, Gustaffson &
Shavelson, 2015; Santagata & Yeh, 2016). While there is general agreement that teacher noticing is a
set of skills, the ways in which these skills are viewed varies. Dunekacke, Jenßen, Eilerts and Blömeke
(2016) referred to noticing as a sequence of steps, yet observed a strong relationship between
perception and planning and noted the difficulty of separating these skills. Dyer & Sherin (2016)
suggested that a dynamic relationship exists between these processes and that teachers make sense
of and interpret students’ mathematical thinking flexibly, rather than sequentially. In observing and
analysing data on teacher noticing they noted that teachers used perceiving and attending
interchangeably. By taking this approach they inferred that teachers attend to what they perceive.
Hence, attending provides evidence of perceiving, because students’ mathematical thinking cannot
be attended to unless it is first perceived by the teacher.
In a cross-sectional study of teacher noticing, Jacobs et al. (2010) investigated how teachers
interpreted students’ understandings when examining their strategies. While acknowledging that a
single problem does not give a complete picture of student thinking, the researchers considered
whether teachers’ interpretations of student work were consistent with evidence of students’
strategies and mathematical development. They developed two measures for capturing participants'
professional noticing, both of which involved structured classroom artefacts. One measure involved a
set of written student work samples that demonstrated a range of responses to a problem solving task
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(Jacobs et al., 2010). Teachers responded in writing to students’ work samples to demonstrate their
ability to attend to, interpret and respond to students’ strategies. The research team coded, analysed
and combined the scores for each noticing skill to produce an overall score. The study found that “no
Prospective Teachers and only about one-sixth of the Initial Participants provided robust evidence”
(Jacobs et al., 2010, p.20) to support their evaluations of students’ thinking.
Theoretical and methodological issues in research on teacher noticing are discussed by Kersting,
Sutton, Kalinec-Craig, Jablon Stoehr, Heshmati, Lozano & Stigler (2016). They suggest that quantitative
instruments applying numerical scales to summarise teacher noticing may not capture the richness of
teacher noticing. However, the challenge of separating aspects of teacher noticing counters this
position (Dunekacke et al., 2016). The absence of an agreed relationship between different categories
of teacher noticing makes data gathering and analysis of separate categories of teacher noticing
untenable. The purpose of the present study is not to examine relationships between different aspects
of teacher noticing, but to identify relationships between teacher noticing overall and other aspects
of teacher knowledge. Measures that can support empirical findings regarding the extent to which
teachers’ mathematical knowledge may predict their perception and planning skills are needed
(Dunekacke et al., 2016). Teacher noticing is an indicator of teacher competence and therefore a
continuum of dispositions and performances that influence perception, interpretation and decision
making (Blomeke et al., 2015). Accordingly, a single measure of teacher noticing in this study of
relationships is more appropriate.
A failure to take into account environmental influences on teacher decision-making is problematic in
studies of teacher noticing. Teachers make decisions based upon the norms of the activities they are
engaged in within their environment (Erickson & Herbst, 2016). Teachers can only observe student
thinking that is evident in their classroom setting. Variables of environmental influence require
particular attention in studies across school settings, teaching students of different abilities who are
grouped in different ways. Research suggests that the collection and analysis of data on teacher
noticing needs to be controlled in ways that avoid the variability of classroom environment. For
example, a study of teacher noticing across contexts needs to control variables such as the content,
the quality of the task that students are engaged in and the range of student thinking available for
analysis.
In a mixed methods study, Simpson & Haltiwanger (2017) examined prospective teachers’ noticing of
students’ mathematical thinking. In contrast to most studies of teacher noticing, where classroom
videos have been used to gather data, Simpson et al. used student work samples as structured
artefacts to gather data. To examine teachers’ noticing when analysing written work samples, the
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researchers assigned scores to teachers’ responses based on evidence of attending, interpreting and
responding to students’ thinking. Simpson et al. noted that teachers in their study did not attend,
interpret and respond consistently to student thinking and considered whether teachers’ content
knowledge may influence noticing. They found that limitations in content knowledge were associated
with a lack of evidence regarding levels of student understanding and a failure to take students’
thinking into account. Teachers with limited content knowledge tended to pose any question related
to the initial problem, rather than questions based on what the student did or did not understand
(Simpson et al., 2017), raising the question of how can teachers respond if they cannot discern what
a student understands about a problem? The researchers cautioned that measuring teacher noticing
as three separate skills, rather than as three interrelated skills, made analysis more difficult.
Investigations of teacher noticing have focused on what teachers do and do not not see. A gap in the
research literature exists in understanding how teachers’ subject matter knowledge influences what
is attended to and how it is interpreted (Scheiner, 2016). There is a need to understand the extent to
which teachers’ understandings of content are activated when making decisions about the level of
mathematical thinking evident in student work (Dunkacke et al., 2016). In studying the relationship
between teachers’ understandings of mathematics, the level of demand in the tasks they design and
their noticing of student thinking, there is an opportunity to probe these unaddressed issues in a
controlled setting. While a number of descriptions and categories of teacher noticing are of interest,
the conceptualision of teacher noticing proposed by Jacobs et al. (2010) as “the extent to which
teachers notice children’s mathematical thinking” (p.171) is adopted for this study.
The noticing skills of attending, interpreting and responding (Jacobs et al., 2010) apply equally to the
examination of written student work samples and joint interactions between teachers and students
in the classroom. While most studies have focused on how teachers respond to misunderstandings,
this research is interested in how teachers distinguish between different levels of understanding and
reasoning evident in correct and incorrect solutions. Identifying how, as well as whether, students
achieve answers reflects teachers’ abilities to “scrutinize, interpret, correct, and extend” (Ball et al.,
2005, p.17) the thinking of students. Interpreting and responding to the strategies of students who
demonstrate higher levels of understanding is as important as identifying misunderstandings, because
formative assessment is used to design and adapt tasks to support the future learning of all students,
including those who are already achieving at a high level.
Knowledge of students includes general knowledge of how various mathematical ideas develop over
time as well as specific knowledge of how to determine a child’s developmental trajectory (Kilpatrick
et al., 2001). Noticing students’ mathematical thinking is therefore integral to developing increasingly
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sophisticated capacity for logical thought and actions. The research literature establishes teacher
noticing as a meaningful measure of teachers’ abilities to assess, provide feedback on, and report
accurately on, student learning. It is a measure that reflects knowledge of content and students as
specialised knowledge for teaching mathematics (Hill et al., 2008). In a study involving multiple aspects
of knowledge for teachers from a variety of contexts, evaluating teacher noticing against the same set
of written work samples offers the means for controlling variability in the range of student thinking
available to teachers. This approach is essential for collecting data suited to studying relationships
between aspects of teacher knowledge. Proficient teachers “must interpret students’ written work,
analyse their reasoning, and respond to the different methods they might use in solving a problem”
(Kilpatrick et al., 2001). Having examined the research literature related to three aspects of teacher
knowledge, the section that follows summarises the literature used to inform the development of this
study and introduces the research questions.

2.3

Research Questions and Conceptual Framework

The research literature offers significant insights into the complexity of knowledge required for
teaching mathematics. Comprehensive bodies of research identify different conceptions of teacher
knowledge, yet less is understood about the interaction between types of knowledge and how
strengths or weaknesses in one may influence others. The amount of specialised knowledge
demanded of teachers suggests that is not prudent to focus on increasing aspects of teacher
knowledge separately. There is a need to understand how different aspects of teacher knowledge
might be used to develop, support, enhance or extend mathematical knowledge for teaching with the
aim of offering high quality mathematics education to all students.
Numerous studies have examined the role of content knowledge in the development of knowledge
for teaching mathematics. Yet, many of these studies have used teachers’ levels of academic
attainment in formal mathematics courses as the measure of content knowledge when examining its
relationship to teacher effectiveness. There is a need to understand relationships among different
facets of teacher knowledge using measures closely aligned with the values and attitudes of the
syllabus that teachers teach. In Australia, the professional standards environment emphasises the
importance of designing and planning for effective teaching. Artefacts, such as the design of
mathematical tasks and evaluations of student work, increasingly provide evidence of proficient
teaching. In NSW, mathematics education focuses on “developing increasingly sophisticated and
refined mathematical understanding, fluency, reasoning, and problem-solving skills” (NSW BOS,
2012). Hence, studying relationships between teachers’ understandings of mathematics and their
pedagogical knowledge should be based on proficiency with the content when doing mathematics.
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2.3.1

Research Questions

This study sets out to investigate relationships between teachers’ understandings of mathematical
content and their development of two aspects of pedagogical knowledge: the level of cognitive
demand in the tasks they design for students (Stein et al., 1998) and their noticing of students’
mathematical thinking (Jacobs et al., 2010). The relevance of primary teachers’ mathematical content
knowledge to their knowledge for planning and assessing student learning is investigated to answer
the major research question:
How do teachers’ understandings of mathematical content influence their knowledge for
teaching it?
A number of studies have explored the relationship between teachers’ mathematical content
knowledge and their mathematical knowledge for teaching using generalised measures of teacher
knowledge, or measures focused on Number and Algebra (Ball et al., 2005; Chick et al., 2006; Hill et
al., 2008; Baumert et al., 2010). In this study, area, perimeter and volume provide a specific content
focus for understanding relationships between aspects of teacher knowledge. These measurement
concepts offer a deep and specific analysis of teachers’ understandings of content and teaching. They
provide significant opportunities for probing conceptual understandings of three related
measurement attributes that are recognised as problematic for students (Blume et al., 2007; D’Amore
et al., 2006; Hirstein, 1981; Lehrer, 2003; Marchett et al., 2000; Steele, 2013). Answering the major
research question was approached by gathering data to answer the following research sub questions:
1. What are the levels of cognitive demand in the area, perimeter and volume tasks that teachers
design for students?
2. To what extent do teachers’ understandings of area, perimeter and volume support them in
solving mathematical problems?
3. What mathematical thinking do teachers interpret as representing higher levels of reasoning
and understanding in students’ area work samples?
The results of data gathered and analysed to answer the first three research sub questions were
subsequently used to investigate relationships between aspects of teacher knowledge:
A. How are teachers’ understandings of area, perimeter and volume related to the level of
cognitive demand in the tasks they design for students?
B. How are teachers’ understandings of area, perimeter and volume related to their noticing of
higher levels of students’ mathematical thinking?
C. How are the levels of cognitive demand in the tasks that teachers design related to their
noticing of higher levels of students’ mathematical thinking?
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Together, these questions form the basis of this investigation into relationships between three subdomains of knowledge for teaching mathematics across the subject matter and pedagogical domains
(Hill et al., 2008). For the purposes of this study, aspects of teacher knowledge that translated into
practical tasks that teachers engage in within sub-domains were identified. Each teacher task in this
study provides an artefact of teacher knowledge within the identified sub domain as well as evidence
of a teaching standard at the Proficient level (AITSL, 2014). The selected artefacts thereby reflect what
is expected of teachers at the level required to maintain accreditation to teach in Australia and form
the basis of the conceptual framework developed to understand relationships between aspects of
teacher knowledge. Together with the research literature, the sub-domains and professional
standards provide a theoretical triangulation for interpreting the data gathered in this study (Elliott,
Fischer & Rennie, 1999).

2.3.2

Conceptual Framework

A conceptual framework was generated to inform the design of this study. The framework, presented
in Figure 2-8, illustrates the interconnectedness between the subject matter and pedagogical domains
(Hill et al., 2008; Shulman, 1986): the “two main categories of knowledge needed to convert tasks to
lessons, and for the teaching of mathematics generally” (Sullivan, Clarke & Clarke, 2012, p.8). As
mathematical learning is based on tasks, better tasks provide better opportunities for effective
learning and teaching. In this framework, better knowledge drives the creation of better tasks. In order
to realise the potential of tasks, or design tasks using knowledge of students, teachers need to be able
to interpret students’ mathematical thinking (Jacobs et al., 2010). However, teachers may not notice
the mathematical thinking of their most capable students if they do not provide tasks that prompt
higher levels of thinking and reasoning.
In this framework, the design of tasks and noticing of students’ mathematical thinking are influenced
by teachers’ proficiency with the mathematics they teach. Proficiency is complex. It is the
consequence of intertwining strands of conceptual understanding, procedural fluency, strategic
competence, adaptive reasoning and productive disposition (Kilpatrick et al., 2001). Together these
strands have the potential to influence every decision that teachers make when planning for effective
learning (Sullivan, 2011). The strands of mathematical proficiency are implicit in teachers’ knowingto, whether solving a problem themselves, designing tasks for their students or noticing the thinking
of their students in response to mathematical tasks.
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Knowledge of
Content and Teaching

Subject Matter
Knowedge

Figure 2-8

Conceptual Framework: Aspects of Teacher Knowledge

Within the subject matter and pedagogical knowledge domains lie practical aspects of teacher
knowledge that can be observed and measured (Goe et al., 2008). Representing problems in a variety
of ways when designing cognitively challenging tasks (Stein et al., 1998), and noticing students’
mathematical thinking (Jacobs et al., 2010) in response to them, are integral to effective mathematics
teaching. At the proficient level, teachers should: Know the Content and How to Teach It; Plan for and
Implement Effective Teaching and Learning; and, Assess, Provide Feedback and Report on Student
Learning. Coherence between sub-domains of mathematical knowledge for teaching, professional
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standards, and artefacts of proficient mathematics teaching, is communicated diagrammatically by
the labels attached to each sub-domain in the framework.
In this framework the five strands of mathematical proficiency (Kilpatrick et al., 2001) are represented
within the Subject Matter Knowledge domain to emphasise connections between proficiency in
mathematics and proficiency in teaching. The strands of mathematical proficiency are essential for
understanding concepts, performing procedures accurately and understanding the conceptual
foundations of knowledge; they are “the cornerstone of teaching for proficiency” (Kilpatrick et al.,
2001, p.394). While conceptual understanding features strongly in the literature, teachers draw upon
all strands of mathematical proficiency to support knowing-to, as well as knowing-about, mathematics
(Mason et al., 1999). In Chapter 3, the conceptual framework and research literature are used to shape
the design of research into relationships among aspects of teacher knowledge.
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Chapter 3 METHODOLOGY
This study investigated relationships between aspects of teacher knowledge across the subject matter
and pedagogical domains. Set at a time of new syllabus implementation and during the introduction
of professional standards for teachers, the research set out to identify the extent to which teachers’
understandings of mathematics influence their knowledge for teaching it. The research required the
identification and development of measures closely reflecting the nature of teachers’ work (Gorard &
Taylor, 2004) in the curriculum mapping arena (Remillard, 2005). For these reasons it was necessary
to select an approach that would allow for different methods, appropriate to each aspect of teacher
knowledge being investigated, to be selected and combined so that relationships among them could
be explored (Creswell, 2003).
This chapter comprises four main sections. The first section presents the paradigm within which the
research was developed. It offers a rationale for the methodological approaches selected, an overview
of the research and introduces the participants. In the second section, a detailed account of the
methods is provided. Particular attention is given to the design and development of data gathering
instruments. A separate sub section is dedicated to the method for each data gathering instrument
and the associated analysis processes for each aspect of teacher knowledge investigated. The third
section presents the steps taken to ensure ethical research practice in the gathering of data. The
chapter concludes with a summary of the methods used to answer the research questions introduced
in Section 2.5.1.

3.1

Research Design

This study was undertaken because the research literature, political landscape and approach of the
schooling system in which the researcher was situated highlighted a lack of agreement regarding the
importance of teachers’ proficiency with the mathematical content they teach. Designing a study to
investigate relationships between aspects of teacher knowledge exposed the complexity of defining,
describing and comparing different types of knowledge for teaching Mathematics. It necessitated
representing substantive variables of teacher knowledge in ways that reflected the problem under
investigation. A comprehensive evaluation of teacher knowledge, linked to the expectations for
proficient teaching, and based on a number of different, yet appropriate, measures of teacher
knowledge, was required (Goe et al.,2008).
Ernest described Mathematics education as “an interdisciplinary field situated at the confluence of
mathematics, the social sciences, and the humanities” (p. 8, 2012). The design of this study considered
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the strengths of Social Science research and the opportunities presented by drawing upon traditions
such as case study, focus groups, observations, questionnaires and interviews. Yet, as the researcher
was immersed in understanding and responding to large numbers of teachers and students, learning
and teaching across diverse contexts, this study required an objective approach that was not
influenced by the researcher’s own perspectives and beliefs (Hudson and Ozanne, 1988; Somekh &
Lewin, 2005). The need to draw upon elements of objectivism, sampling and measurement (Crotty,
1998) influenced the selection of the research paradigm for this study. A positivist approach, that
offered objective, context free generalisations for informing the knowledge that would best support
teachers at a time of curriculum change, was identified as the overarching research paradigm for the
study.
Positivism was applied to establish the intention and expectations at different stages of the research
and to attach corresponding methodological approaches and tools (Kuhn, 1983). The strengths and
assumptions of positivism provided a foundation for a research design that adopted measures
appropriate to each type of knowledge under investigation, while enabling the identification of
relationships within the same study (Gorard et al., 2004). It supported the researcher in understanding
what it means to ‘know’ in relation to different aspects of teacher knowledge (Crotty, 1998) and
subsequently probing relationships between aspects of teacher knowledge using statistical
techniques.
As a blend of rationalism and empiricism, positivism emphasises observation and reason as a means
of understanding human behaviour. It argues that true knowledge is based on the experience of the
senses, obtained by observation and measurement. As a research approach, positivism offers the
elements of logic, empirical data collection, cause and effect (Cresswell, 2007). In the context of this
research, positivism presented the advantage of investigating teacher knowledge that relied on what
could be observed. This was paramount in a cross-sectional study that set out to examine multiple
aspects of teacher knowledge, relationships among them and the extent to which one may be
predictive of others. The collection of quantitative data supported the researcher in removing
personal perspectives as forms of potential bias (Denscombe, 2007). Through the lens of positivism,
truths regarding relationships among different types of knowledge for teaching mathematics were
uncovered.
A combined methods research approach was adopted to maximise the gathering of data that were
authentic to the different aspects of teacher knowledge being investigated. Referred to as ‘multimethods research’, ‘integrated research’ (Creswell, 2003) and ‘mixed-methods research (Tashakkori
& Teddlie, 2003), combined methods research has been used to improve the quality of educational
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research (Gorard et al., 2004). Combined methods research allowed the researcher to adopt a
pragmatic philosophy, gathering data that reflected the nature of different aspects of teacher
knowledge and applying techniques for examining relationships between sets of data within the same
study. This approach made possible the investigation of a complex question, involving multiple
relationships. It facilitated the selection of available tools and methods to create a more rigorous
understanding of relationships among aspects of teacher knowledge (Creswell, 2003).
Correlational research played a particular role within the broader framework of a combined methods
approach. In a study of repeated measures it provided the opportunity to search for relationships
between variables of teacher knowledge through measures of statistical association (Husen &
Postlethwaite, 1994). Correlational research supported the aim of identifying relationships between
teachers’ understandings of mathematics and two aspects of their pedagogical knowledge: designing
tasks for students and noticing students’ mathematical thinking. Correlational research, which fulfils
an important function in quantitative educational research, maximised the opportunity for exploring
the nature of relations among three variables. It allowed for the identification of relationships
between aspects of teacher knowledge, as well as the elimination of unrelated aspects.
The strength of correlational research for this study lay in its predictive capabilities. Correlational
research methods offered the benefit of determining whether relationships between aspects of
teacher knowledge existed without the need to assign teachers to different learning conditions that
might facilitate or impede learning. With a sample size of 64 participants, the researcher was able to
gain a measure of teachers’ understandings of content as an independent variable and apply measures
of statistical association to determine whether teachers’ proficiency with the mathematics was
predictive of strengths in their pedagogical knowledge. It was decided that, in the event that any
strong correlations were identified, these could be used as starting points for investigating factors that
could support the development of teacher knowledge in future studies. By determining the strength
of relationships between aspects of teacher knowledge, correlational research provided a starting
point for testing the conceptual framework depicted in Figure 2.8 regarding how increases in one
aspect of teacher knowledge might be used to support efficient, effective increases in others.

3.1.1

Research Overview

A cross-sectional research design was used to provide a ‘snapshot’ across three aspects of teacher
knowledge. The research involved the collection and analysis of multiple sets of data from the same
group of participants, at the same point in time, in relation to the same content and curriculum level
(Gorard et al., 2004). Three inter-related data sets were collected. The data included measures of: the
level of cognitive demand in the tasks that teachers designed for students; teachers’ proficiency with
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content when solving problems; and, teachers’ noticing of students’ mathematical thinking when
evaluating student work samples. After data sets had been analysed to provide insights into each
aspect of teacher knowledge, correlations among the three aspects of teacher knowledge were
examined using methods of statistical association. Linkage between the research questions, data and
data gathering instruments, informed by the conceptual framework, is depicted in Figure 3-1.
Data reflecting practical applications of the types of teacher knowledge being investigated were
collected by engaging teachers in three tasks on a single day of participation referred to as the Launch
Day. The term task was intentionally chosen to focus attention on teachers’ applications of knowledge
in the work they do and remove any sense that teachers were being tested. Tasks in this study
represent “replicas or analogues to the kinds of problems faced by… professionals in the field”
(Wiggins, 1993, p.229). Each task acts as an artefact of teacher knowledge used to provide valid
information about what teachers know and are able to do (Goe et al., 2008). The tasks that teachers
engaged in on the Launch Day included the following:
I.

The Design Task: a measure of the level of cognitive demand in the area, perimeter or
volume task designed by each teacher.

II.

The Problem Solving Task: a measure of teacher’s understandings of area, perimeter
and volume content when solving problems.

III.

The Noticing Task: a measure of teachers’ noticing of higher levels of understanding and
reasoning in students’ written area work samples.

Data from the three tasks were analysed and summarised using descriptive statistics. The results were
used to answer the first three research sub questions regarding the level of cognitive demand in the
tasks that teachers design, teachers’ understandings of mathematics when solving problems and
teachers’ noticing of student thinking. The descriptive statistics generated were then used as the
building blocks for exploring, testing and augmenting relationships among the three aspects of teacher
knowledge investigated. The relationships examined using the data from the three teacher tasks
included the following:
A. Teachers’ understandings of content and levels of cognitive demand in the tasks they design.
B. Teachers’ understandings of content and their noticing of students’ mathematical thinking.
C. The levels of cognitive demand in the tasks teachers design and their noticing of students’
mathematical thinking.
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RESEARCH QUESTION
How do teachers’ understandings of mathematical content
influence their knowledge for teaching it?

2. PROBLEM SOLVING TASK
To what extent do teachers’ understandings of Area, Perimeter and
Volume support them in solving mathematical problems?

3. NOTICING TASK

1. DESIGN TASK

What mathematical thinking do teachers
interpret as representing higher levels of
reasoning and understanding in Area work
samples?

What are the levels of cognitive
demand in the Area, Perimeter and
Volume tasks that teachers design?

Relationship C
How are the levels of cognitive demand in the tasks teachers design
related to their noticing of higher levels of student thinking?

Figure 3-1

Linkage between Research Questions, Research Design and Data Gathering
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3.1.2

Participants

The increased demands of mathematics taught by primary teachers in a new syllabus, influenced the
selection of Stage 3 as the curriculum level focus for this study. Stage 3, which refers to the final two
years of primary schooling in NSW, was the highest level at which mathematics was taught by teachers
who were not required to have a specialisation in mathematics teaching at the time of the study. All
practising Stage 3 teachers from a large schooling system across a large urban geographical region in
a capital city were invited to take part in the study.
The principles of opportunistic sample selection were applied to identify participants for this study. At
the time of the study, teachers in this region were the population that the researcher was entitled to
generalise findings for due to her responsibility for the professional development of teachers in the
system of schools (Fraenckel & Wallen, 2008). In accordance with ethical considerations for the study,
initial communication with teachers regarding the opportunity to participate in the research was made
via the regional office and School Principals’ Meeting, then subsequently with participating teachers
upon their expression of interest.
From approximately 246 Stage 3 teachers, working across 33 primary schools, 92 teachers nominated
themselves for the study. From these, a representative sample of 64 participants were selected and
agreed to participate in the study. The aim of the selection was to represent the diversity of teachers.
Considerations included representing the range of school performances as measured by NAPLAN
Numeracy testing based on the Year 5 cohort performance in participants’ schools in the year prior to
the study. School performance in the region ranged from being just below the State mean to being
similar to the State mean (equal to or less than one State standard deviation above) to significantly
above the State mean (more than one standard deviation above). In a study of multiple aspects of
teacher knowledge associated with transforming the intended curriculum into the implemented
curriculum (Mullis et al., 2011), NAPLAN provided a consistent, objective measure of differences in
the extent to which the intended curriculum was attained by students. A further consideration in the
selection of participants was capturing a range of early, mid and later career teachers, as the number
of years of full-time teaching experience in the region ranged from 0 to 37 years. The selection of
participants also took into account varying levels of responsibility for teaching and leading
mathematics; hence selection was inclusive of classroom teachers, Mathematics Coordinators and
Assistant Principals. All participants were generalist primary teachers with responsibilities for teaching
mathematics to Stage 3 students or leading the planning, assessment and teaching of mathematics in
their school. All participants were volunteers who nominated themselves for the study.
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Table 3-1 shows the breakdown of participants’ positions and years of teaching experience organised
by Year 5 student NAPLAN performance in the year prior to the study. The participants selected were
representative of the teachers responsible for the design and implementation of tasks, delivery of
instruction, selection of resources, evaluation and enhancement of students’ thinking and assessment
and reporting in mathematics at the time of the implementation of the NSW K-10 Mathematics
Syllabus (NSW BOS, 2012). The distribution of teachers indicated that the teachers in the study were
representative of teachers across the region in terms of their roles, student achievement data and
teaching experience. The ratio of teachers to leaders was approximately 3:1, teachers from a range of
contexts in terms of student performance based on Year 5 NAPLAN were included, and a fairly equal
distribution of early, mid and later career teachers were selected for participation in the study.
Data collected from these participants were used to answer the major research question of how
teachers’ understandings of mathematical content influence their development of knowledge for
teaching it. To support participation in the study, teachers were provided with a choice of release from
face-to-face teaching or remuneration paid at the hourly rate for external examination marking.

Table 3-1 Overview of Participants

Teacher Sub Groups

NAPLAN Numeracy Year 5 Performance
Compared to NSW State Mean 2014
Number of
teachers in
schools
below the State
mean

Number of
teachers in schools
equal to or less
than 1 SD above
the State mean

Number of
teachers in
schools more
than 1 SD
above the State
mean

Total

Years of
Experience

0-5 years
6-10 years
>10 years

2
1
1

13
12
10

6
9
10

21
22
21

Position

Classroom
teacher
Leadership
Position

3

25

18

46

1

11

6

18

4

36

24

64

Total
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3.2

Methods

This section describes the methods applied within the research design. A summary of the data
collection process is presented first using the outline for participants on the Launch Day. The outline
reflects the practical implementation of the study communicated in Figure 3.1 and provides an
overview of the data gathering processes. Following this, each data gathering instrument and related
data collection and analysis processes, is presented within a separate sub section for the aspect of
teacher knowledge being studied. Comprehensive explanations regarding the selection and
development of data gathering instruments, and descriptions of the data gathering and analysis
processes, are included. The methods of statistical association applied to study relationships among
the three aspects of teacher knowledge then follow.
All data were gathered on the same day to provide a snapshot of teacher knowledge across three
aspects of teacher knowledge in relation to the same content at the same point in time. The Launch
Day commenced by introducing the study, the nature of the three tasks and the structure of the data
gathering session. Teachers were provided with an opportunity to share views, challenges and
opportunities related to teaching mathematics to Stage 3 students. This approach was taken to
promote a sense of shared endeavor and to reduce any anxiety regarding participation in a study of
teacher knowledge (Swars, Daane, & Giesen, 2006). Table 3-2 provides an overview of the data
gathering process on the Launch Day.
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Table 3-2 Launch Day Outline for Participants.

ITEM

TIME

Welcome
- Sign-in, welcome, coffee and tea, orientation

DATA COLLECTED

8:30 – 9:00 am

Introduction
- Purpose; Participation; Right to withdraw
- Discussion: Mathematical Knowledge for Teaching
Designing a task for students
- Introduction to the Design Task
- Design a task that provides an opportunity for
students to demonstrate their achievement of a
selected outcome and matching content descriptors
Collection of Design Task
- Informal discussion of challenges in designing tasks
that provide opportunities for all students to learn

Consent forms
9:00 – 9:30 am
9:30 – 9:35 am
9:35 – 10:20 am

10:20 – 10:30 am

Design Task
What are the levels of
cognitive demand in the
Area, Volume and
Perimeter tasks that
teachers design?

Morning Tea

Solving Area, Perimeter and Volume problems

11:00 – 11:10 am

-

11:10 – 11:40 am

-

Introduction to the Problem Solving Task
Use your understanding of Area, Perimeter and
Volume content to solve 9 mathematical problems.
Rate each problem using the characteristics:
familiar/unfamiliar; routine/non-routine;
low/moderate/high in complexity.

Evaluating student work samples
- Introduction to Noticing Task
- Examine work samples representing 5 different levels
of student achievement in response to a problem.
- Rank work samples from highest to lowest using the
reporting descriptors Extensive, Thorough, Sound,
Basic and Limited.
- Provide written feedback to improve the student
thinking demonstrated in each work sample.

11:40 – 11:50 am

11:50 am – 12:00 pm
12:00 pm - 12:30 pm

12:30 – 12:40 pm

Problem Solving Task
To what extent do
teachers’
understandings of Area,
Volume and Perimeter
support them in solving
problems?

Noticing Task
What mathematical
thinking do teachers
notice as representing
higher levels of,
reasoning and
understanding in Area,
work samples?

Lunch
Sharing solutions to the Problem Task
- Work in pairs using a blank copy of the Problem
Solving Task. Share strategies, solutions and
misconceptions.
Questionnaire
- Experience and PL needs for teaching mathematics
Table discussion and plenary
- What factors influence the evaluation and quality of
feedback on student work samples
Conclusion and Thanks

1:30 – 2:00 pm

2:00 – 2:30 pm
2:30 – 2:50 pm

2:50 – 2:30 pm

Questionnaire
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3.2.1

The Design Task

The Design Task was used to gather data to answer the first research sub question regarding the levels
of cognitive demand in the area, perimeter and volume tasks that teachers design for students. In a
syllabus that aims to develop increasingly sophisticated communication, problem solving and
reasoning (NSW BOS, 2012), teachers’ abilities to design, select and implement cognitively challenging
tasks are fundamental to student learning (Stein, et al., 2009; Sullivan, 2011). In this study, the design,
rather than the selection and implementation of tasks, was used to gather evidence of teachers’
knowledge of planning for effective student learning. The design of tasks in response to syllabus
content was selected as a valid measure of teachers’ pedagogical knowledge because, “it is through
tasks, more than in any other way, that opportunities to learn are made available to students”
(Anthony & Walshaw, 2010, p.96). While many good examples of tasks derive from research, others
originate from the wisdom of classroom practice (Shulman, 1986). The tasks that teachers designed in
this study provided relevant artefacts of their interpretations of the intended curriculum and their
ability to plan learning to achieve a specific learning goal (AITSL, 2014; Smith et al., 2011).
The Design Task was developed in light of research demonstrating that “student learning is greatest
in classrooms where the tasks consistently encourage high-level student thinking and reasoning”
(NCTM, 2014, p. 17). While many studies have focused on the selection and implementation of already
designed tasks, the Design Task required teachers to design a task themselves using the syllabus as
their starting point. This decision was made intentionally to maximise insights into teacher knowledge
when planning learning. Designing a task demanded the identification and selection of critical
mathematical components that were fundamental to the concept being learned (Kilpatrick et al. 2001;
Mason et al., 1999). The purpose of the Design Task was to collect data that could discriminate
between levels of cognitive demand in the tasks that teachers designed to evaluate students’
understandings of area, perimeter and volume content.
3.2.1.1 Design Task Development
The Design Task was closely aligned with system expectations for teachers participating in the study
to plan daily teaching, learning and assessment tasks for their students. Expectations included: clear
identification of learning goals; opportunities for all students to demonstrate what they can do;
opportunities for exploration and investigation; emphasis on communication, reasoning and problem
solving; and, the collection of ongoing formative assessment information. These expectations were
reflective of key principles of effective mathematics instruction described by Sullivan (2011) and
expectations for proficient teaching (AITSL, 2014). The Design Task, illustrated in Figure 3-2, included
a content stimulus, instructions for teachers and a recording sheet. Teachers designed their task in
response to a goal identified in the syllabus content, using only the syllabus and the instructions as a

83

stimulus. The instructions were displayed on a separate sheet so that teachers could readily refer to
them while designing their task.
Design Task: 45 minutes
Select an outcome and matching content descriptor as the learning goal for a mathematics task.
Design a task that has the scope to assess students’ understanding and reasoning in relation to the selected
content. Include opportunities for students to embed Working Mathematically outcomes.
Use a copy of the syllabus to provide the context and background information for the outcomes and content.
Use a highlighter to indicate the outcome and content that you have selected for your task.

Outcomes
MA3-1WM describes and represents mathematical situations in a variety of ways using mathematical
terminology and conventions
MA3-2WM selects and applies appropriate problem solving strategies, including the use of digital
technologies in undertaking investigations
MA3-10MG selects and uses the appropriate unit to calculate areas of squares, rectangles and triangles
Content
Solve problems involving comparison of areas using appropriate units (ACMMG137)
 investigate the area of a triangle by comparing the area of a given triangle to the area of a rectangle
of the same length and perpendicular height
 explain the relationship between the area of a triangle and the area of a rectangle of the
same length and perpendicular height (Communication, Reasoning).
 establish the relationship between the base length, perpendicular height and area of a triangle
 investigate and compare the areas of rectangles that can be formed using whole number dimensions
for a given perimeter (Problem Solving, Reasoning)
 solve a variety of problems involving the areas of rectangles (including squares) and triangles

Outcomes
MA3-1WM describes and represents mathematical situations in a variety of ways using mathematical
terminology and conventions
MA3-2WM selects and applies appropriate problem solving strategies, including the use of digital
technologies in undertaking investigations
MA3-3WM gives a valid reason for supporting one possible solution over another
MA3-11MG selects and uses the appropriate to estimate, measure and calculate volumes and capacities
and converts between units of capacity
Content
Calculate the volumes of rectangular prisms
 construct rectangular prisms using cubic centimetre blocks and count blocks to determine volumes
of prisms
 construct different rectangular prisms that have the same volume (Problem Solving)
 explain that objects with the same volume may be different shapes (Reasoning)
 describe rectangular prisms in terms of layers (Communicating)
 establish the relationship between the number of cubes in one layer, the number of layers and the
volume of a prism.
 calculate the volumes of rectangular prisms in cubic centimetres and cubic metres
 recognise that rectangular prisms with the same volume may have different dimensions
(Reasoning)
 record calculations used to find the volumes of rectangular prisms

Figure 3-2

The Design Task
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The development of the Design Task gave careful consideration to the content that teachers could
select from. The criteria used to identify content for the Design Task included:


content in Stage 3 outcomes that focused on area, perimeter or volume (NSW BOS, 2012)



content that provided opportunities for examining relationships between measurement
concepts



content that provided opportunities to address conceptual understandings of area, perimeter
or volume that were identified by research as problematic for students (Blume et al., 2007;
Hirstein, 1981; Marchett et al., 2005; Stavy & Tirosh, 2000; Steele, 2013)



content points including verbs (e.g. investigate, explain, determine, establish, solve, describe)
that reinforced working mathematically.

3.2.1.2 Design Task Analysis Framework
The development of the Design Task involved the selection and adaptation of an analysis framework
that could be utilised to consistently and objectively categorise tasks according to the level of
opportunity available to students. The analysis framework combined the levels and characteristics of
the Task Analysis Guide (TAG) developed by Stein et al. (1998) with an application of the Structure of
Observed Learning Outcomes (SOLO) taxonomy (Biggs et al., 1982), illustrated in Figure 3-3. The TAG
was selected as the most appropriate analysis framework for this study because of its link with the
conceptual model of Stein et al. (2009) in which teachers’ content knowledge is seen to influence the
enactment of cognitively demanding tasks.
While the TAG was well-suited to the nature of the data, a small number of tasks were identified in
the initial analysis as not meeting the criteria for any TAG category. This led to the need for a minor
adaptation of the framework for the purposes of this study. Tasks that did not reflect characteristics
of any TAG category were those that did not provide any opportunity for students to demonstrate
understanding of the selected content. That is, they did not match the learning goal for the content
selected by the teacher. It was essential to include and classify these tasks in the data set, because
specifying a clear learning goal that identifies what students will know and be able to do as a
consequence of a task is ‘a priori’ learning for designing cognitively challenging tasks (Smith et al.,
2011). The inclusion of these tasks in the data necessitated a fifth category for tasks that
misinterpreted the intention of the syllabus content.
The SOLO taxonomy, which was developed to evaluate the quality of learning generally, recognises
five levels of sophistication moving from most naive to increasingly complex. In order of sophistication,
the levels of Pre-structural, Uni-structural, Multi- structural, Relational and Extended Abstract
respectively represent having no knowledge, one idea, many ideas, relating ideas and extending ideas.
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While the levels related to one and many ideas are associated with lower level, surface thinking,
relating and extending ideas are associated with higher level, or deeper thinking. Overlaying the SOLO
taxonomy with the TAG highlighted notable similarities in the approach to the classification of tasks
between a general and subject-specific framework. By combining the broader application of the SOLO
taxonomy with the subject-specific characteristics of the TAG, the TAG was adapted to analyse, level
and code all tasks. The relationship between the TAG and the SOLO taxonomy is represented in Table
3-3, followed by a detailed explanation of how the framework was applied in the analysis of Design
Task data.

Figure 3-3

SOLO Taxonomy Biggs et al. (1982).

3.2.1.3 Design Task Data Analysis
A number of steps were necessary to establish consistent, reliable identification of the level of
cognitive demand in the area, perimeter and volume tasks designed by participants. As with any
subjective judgement of quality, multiple raters were needed to identify potential ambiguities in the
characteristics of levels and this required the development of a set of clearly stated guidelines for
levelling tasks (Uebersax, 1987). The guidelines for this study can be viewed in Appendix F.
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Table 3-3
Design Task Analysis Framework.
Adapted from the TAG (Stein et al., 1998) and the SOLO Taxonomy (Biggs et al., 1982).

SOLO
LEVEL

TAG
LEVEL

0
Prestructural

n/a

1
Unistructural

1
Memorisation

2
Multistructural

2
Procedures
without
Connections

3
Relational

3
Procedures
with
Connections

4
Extended
Abstract

4
Doing
Mathematics

CHARACTERISTICS

CATEGORY

Little or no relevance to the selected content.
Does not provide an opportunity for students to communicate, solve
problems, reason or demonstrate understanding or fluency with the selected
content.
Draw upon knowledge of single facts or skills.

Involves either reproducing previously learned facts, rules, formulas, or
definitions or committing facts, rules, formulas or definitions to memory.

Cannot be solved using procedures because a procedure does not exist or
because the time frame in which the task is being completed is too short to
use a procedure.

Are not ambiguous. Involve the exact reproduction of previously seen material,
and what is to be reproduced is clearly and directly stated. Have no connection
to the concepts or meaning that underlie the facts, rules, formulas, or
definitions being learned.
Involve sets of knowledge or skills but does not rely upon an understanding of
how they are connected.

Are algorithmic. Use of the procedure either is specifically called for or is
evident from prior instruction, experience, or placement of the task.

Require limited cognitive demand for successful completion. Little ambiguity
exists about what needs to be done and how to do it.

Have no connection to the concepts or meaning that underlie the procedure
being used.

Focused on producing correct answers instead of developing mathematical
understanding.

Require no explanations or explanations focus solely on describing the
procedure used.
Require the identification and/or use of relationships

Focus students’ attention on the use of procedures for the purpose of
developing deeper levels of understanding of mathematical concepts and
ideas.

Suggest explicitly or implicitly pathways to follow that are broad general
procedures that have close connections to underlying conceptual ideas as
opposed to narrow algorithms that are opaque with respect to underlying
concepts.

Can be represented in multiple ways, such as visual diagrams, manipulatives,
symbols, and problem situations.

Require some degree of cognitive effort. Although general procedures may be
followed, they cannot be followed mindlessly.

Students need to engage with conceptual ideas that underlie the procedures
to complete the task successfully and that develop understanding.
Require independent selection and application of mathematics in an unfamiliar
context

Require complex and non-algorithmic thinking—a predictable, well-rehearsed
approach or pathway is not explicitly suggested by the task, task instructions,
or a worked-out example.

Require students to explore and understand the nature of mathematical
concepts, processes, or relationships.

Demand self-monitoring or self-regulation of one’s own cognitive processes.

Require students to access relevant knowledge and experiences and make
appropriate use of them in working through the task.

Require students to analyse the task and actively examine task constraints that
may limit possible solution strategies and solutions.

Require considerable cognitive effort and may involve some level of anxiety for
the student because of the unpredictable nature of the solution process
required.

Design Task
Category 1



Design Task
Category 2

Design Task
Category 3

Design Task
Category 4

Design Task
Category 5
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The first step in analysis involved the researcher in developing and applying the guidelines to identify
an initial level for each task. Through this process, a set of tasks were identified in the data as
exemplars for each level. Examples of tasks at different levels of cognitive demand, presented by Smith
et al. (2011), were invaluable in the selection of a set of exemplars. Exemplars were then
independently rated by an expert mathematics educator. This allowed for initial feedback, testing the
analysis framework and guidelines, and for the ratings of exemplars to be compared and confirmed
prior to a more formal validation process involving all tasks. While ratings were consistent on
exemplars, discussion regarding evidence of characteristics was valuable in refining a set of guidelines
for analysis. This process resulted in the decision to include a written summary for each task that could
inform the classification of tasks in the event that variability in judgement occurred. An example,
showing how tasks were analysed and the nature of evidence, is provided in Figure 3-4.
The next step in the analysis of tasks was to ensure consistency in the researcher’s own ratings (Gwet,
2014). Unmarked copies of tasks were re-rated by the researcher and any variance between current
and initial ratings was noted. When the researcher’s ratings were consistent, the exemplar tasks and
guidelines were used as the foundation for training an ‘expert group’ of two inter-raters. Raters
analysed the exemplar tasks, checked ratings for agreement with the researcher’s ratings, identified
the lower and higher level task from pairs of tasks and justified their judgements prior to
independently analysing all tasks. When all tasks were levelled, a simple inter-rater reliability study,
discussed in Section 4.5.2, was undertaken to evaluate the extent of agreement between raters.
The agreed level for each task was used to allocate participants’ responses to Design Task categories
ranging from category 1 (Pre Structural) to category 5 (Doing Mathematics), with 5 representing the
highest level of cognitive demand. Design Task categories were analysed and summarised using
descriptive statistics. The decision to represent Design Task data numerically was made to make data
more manageable in a study involving multiple measures and relationships. The analysis provided a
picture of the levels of cognitive demand available in tasks designed by a group of teachers who were
representative of Stage 3 teachers in a system of schools. The analysis identified the Design Task
category for each individual participant, which was later used to evaluate relationships between
teachers’ knowledge of planning for student learning and other aspects of their knowledge for
teaching mathematics. The Design Task data, and results of the analysis, are presented in Chapter 4.
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Figure 3-4

3.2.2

Sample Design Task Analysis Summary and Evidence

The Problem Solving Task

The Problem Solving Task (Appendix H) was designed to gather data regarding the extent to which
teachers’ understandings of area, perimeter and volume support them in solving problems that are
applications of the content they teach. The importance of problem solving, and its role in mathematics
education, was prominent in the research literature. As “problem solving is not a specific topic to be
taught but permeates all mathematics" (Thompson, Battista, Mayberry, Yeatts & Zawojewski, 2009,
p.2), it offered an ideal lens for viewing teachers’ proficiency with the selected content. Recognised
as an effective measure of student achievement in international assessments (Mullis & Martin, 2015),
problem solving sits at the core of the NSW Mathematics K-10 syllabus. Problem solving provides a
valid measure of teachers’ subject matter knowledge because it is “the cornerstone for any effective
learning environment for mathematics in the 21st century” (Mevarech et al., 2014, p.23).
While the importance of problem solving is widely accepted, how teachers develop the skills,
confidence and knowledge required to teach problem solving beyond solving familiar, routine
problems has not been established. Problem solving was not selected as a measure of teachers’
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proficiency in mathematics to critique teachers’ knowledge. Rather, problem solving was selected
because it was the most authentic measure of the teachers’ understandings of content for
anticipating, monitoring, sequencing and connecting students’ learning (Smith et al., 2011; Sullivan,
2011). Identified in the research literature was the inadequacy of measures of subject matter
knowledge that focus on knowing-about mathematics (Mason et al., 1999). The specialised knowledge
required for teaching a mathematics syllabus with problem solving at its core infers the ability to carry
out and understand multi-step problems (Ball et al., 2005). A measure of subject matter knowledge
comprising the identification of relevant concepts, selecting and applying procedures, making sense
of situations and planning and sequencing steps, was needed (Kilpatrick et al., 2001). Consequently,
the Problem Solving Task was developed to discriminate among teachers’ levels of proficiency with
mathematics when viewed through the lens of solving problems related to the content they teach.
This measure was essential to the study of relationships between subject matter and other aspects of
teacher knowledge. While existing instruments for measuring teachers’ content knowledge, such as
Content Knowledge for Teaching Mathematics (Hill et al., 2008) have been well-utilised in research,
the design of an assessment tool specifically matched to the context of the research presented a
number of advantages (Goe et al., 2008). This context was inclusive of a new syllabus, increased
emphasis on national testing and the introduction of professional standards that articulated
expectations for proficient teaching.
3.2.2.1 Problem Solving Task Development
In a study of multiple relationships there was a need to narrow and deepen the content focus of the
study because it was not practical to explore relationships between understandings of mathematical
content in general and multiple aspects of pedagogical knowledge (Chick et al., 2006). Further, as an
Australian study situated during the first year of syllabus implementation, the research presented a
unique opportunity to gain insight into teachers’ understandings of content when solving problems
closely aligned with the types of problems that their students were asked to solve in national testing.
The Problem Solving Task provided an appropriate, relevant measure of teachers’ content knowledge
as an independent variable for examining relationships between knowledge in the subject matter and
pedagogical domains (Ball et al., 2005).
Increased emphasis on problem solving as an outcome in the NSW Mathematics K-10 Syllabus (NSW
BOS, 2012) meant that it was an area of interest for primary teachers at the time of this study. While
there was a need to gain measures of teachers’ understandings of content for the purposes of the
study, it was also important to engage teachers in an experience that reflected syllabus outcomes,
values and attitudes. Hence, while test conditions were applied during the Problem Solving Task, the
data gathering process provided an engaging experience in which teachers were presented with
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problems that offered varying degrees of challenge and provided examples of a range of problems
that might be used as opportunities for learning or assessing the content.
The Problem Solving Task consisted of a set of nine items adapted from NAPLAN Numeracy tests
between 2008 and 2013. All items could be solved using understandings of area, perimeter, volume,
or relationships among these, related to content introduced to students in Stage 3. Area, perimeter
and volume were selected as the content focus for the study because they posed a rich opportunity
to investigate teacher knowledge in an area of mathematics where limitations in the conceptual
understandings of students (Hirstein, 1981; Lehrer, 2003; Marchett et al., 2005), and teachers
(D’Amore et al., 2006; Ma, 1999, Steele, 2013), had been identified. As outcomes that rely heavily on
conceptual understandings, area, perimeter and volume allowed for the selection of a set of items
that focused on relationships and offered opportunities to draw upon all strands of mathematical
proficiency (Kilpatrick et al., 2001; Sullivan, 2011). The criteria and process for the selection of items
in the study are outlined in the following section.
3.2.2.2 Problem Solving Task Trial
The nine items used in the research were selected from a larger set of 22 items, related to the same
content, through a trial involving 32 teachers responsible for teaching the same grade levels as the
participants in this study. Teachers in the trial attempted and rated 22 items that assessed area,
perimeter and volume content and could be solved using applications of Stage 3 content. Data
gathered through the trial included the number of correct responses to each item, as well as teachers’
ratings of the items. Teachers rated each item in three ways: whether the item was familiar or
unfamiliar, whether the item could be solved using a known routine (Mevarech et al., 2014), and the
level of complexity of the item (Hirstein, 1981). Teachers’ ratings were used to eliminate and select
items for the Problem Solving Task used in the study. The complete set of items used in the trial,
including their ratings, can be viewed in Appendix D.
The process used to select items for the Problem Solving Task recognised the need to balance the
degree of familiarity, routineness and complexity of items, as well as the inclusion of open response
and multiple choice formats (Mullis et al., 2015). Teachers’ ratings of problems were important in the
selection of items because mathematical problems are defined as tasks for which a solution method
is not known in advance by the solver (NCTM, 2000). Further, the extent to which something is
perceived as a problem is relative to the individual (Schoenfeld, 1985). Hence, there was a need to
include problems that ranged in familiarity, routineness and complexity from the perspective of Stage
3 teachers. The problems needed to probe ideas in the content that were introduced in Stage 3 and
be closely aligned with the ideas made available to teachers in the Design Task: (1) areas of triangles;
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(2) the relationship between area and perimeter of rectangles; and, (3) volumes of rectangular prisms.
In summary, the balancing of criteria among the nine items selected from the 22 items trialled resulted
in:


three questions related to each of the main ideas in the content available in the Design Task



six open response questions and 3 multiple choice questions



four questions rated as familiar and 5 questions described as unfamiliar



four questions rated as routine and 5 questions described as non-routine



one question rated at each complexity rating for each main content idea

Table 3-4 presents the nine items included in the Problem Solving Task organised by content focus.
The problems are accompanied by the aggregated descriptions and ratings indicated by teachers in
the trial. Only items where greater than 60% agreement was evident, in familiarity, routineness and
complexity ratings, were included. It is important to note that Item 9, which fell within the mid-range
of difficulty, and was rated as unfamiliar and non-routine, was selected as the basis for the collection
of the student work samples that teachers ranked against reporting descriptors in the Noticing Task,
detailed in Section 3.2.3. It thereby acts as a moderator variable in the study across the Problem
Solving and Noticing Task.
3.2.2.3 Problem Solving Task Data Gathering
Problem Solving Task data were gathered in a 40 minute session in which teachers were asked to solve
nine area, perimeter and volume problems. The decision to engage teachers in the Problem Solving
Task after the Design Task was made to avoid modelling problems that might influence teachers’
decisions in the Design Task. The Problem Solving Task was introduced linking the nature of the task
to the importance of Problem Solving in the syllabus. It was reinforced that participants’ data would
be de-identified and would not be communicated to their employers. Teachers attempted the nine
problems independently with access to a calculator. This decision was made to assess understandings
of the concepts, rather than teachers’ computational strategies. Teachers rated the familiarity,
routineness and complexity of items in the Problem Solving Task using the same process applied
during the Problem Solving trial. When the task was completed, teachers engaged in a discussion of
the types of difficulties experienced by students when solving problems. Solutions were not shared
with or by participants at this point in the data collection process to avoid influencing the knowledge
of content required in the Noticing Task.
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Table 3-4

CONTENT

Problem Solving Task Items Organised by Content Focus

Q.
ITEM
2. A square has an area of 121 square centimetres.


7.
Area and
Perimeter
of
Rectangles

What is its perimeter?

A teacher is showing a picture on a screen.
The picture is 12 cm by 8 cm.
The screen is 2.4 m by 2 m.
The teacher enlarges the picture on the screen so that it is as big as
possible without distorting its proportions.

8.


What are the dimensions (in cm) of the enlarged picture?
This diagram shows a common tiling pattern that uses squares and
octagons.

DESCRIPTION
Open response
familiar
routine
low complexity
Open response
unfamiliar
routine
moderate
complexity

Open response
unfamiliar
non-routine
high complexity

The dotted lines show that the area of each octagon is a multiple of the
area of each square. The area of each octagon is 175 cm².


What is the side length of each square?
Open response
familiar
routine
low complexity

1.



Area of
triangles

9.

The diagram shows some measurements of a nature reserve.



6.

What is the area of the grey part of the shape?

What is the area of the nature reserve?

Steve had a rectangular piece of paper that was 90 cm long and 60 cm
wide.
He cut the paper into right angled triangles the same size and shape as
this one.

There are no pieces of paper left over.


Multiple choice
unfamiliar
non-routine
- moderate
complexity

How many of these triangles did he cut the paper into?

Multiple choice
-

unfamiliar
non-routine
high complexity
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5.

A cube of side length 2 cm is glued onto the top corner of a cube of side
length 4 cm.



Volume
and
3
surface
area of
rectangular
prisms

Multiple choice
unfamiliar
non-routine
- low complexity

What is the surface area of the new object?

Ali made a rectangular prism by joining two identical cubes as shown.

Open response
-

-

unfamiliar
routine
moderate
complexity

The volume of the prism is 686 cubic centimetres.

4.


What is the height of the prism?
This stack of bricks has been delivered to a building site.

Open response
unfamiliar
non-routine
- high complexity

The stack is 7 bricks high, 12 bricks wide and 15 bricks deep. There are
two holes in the stack which go from one side to the other.
Each hole is one brick high and two bricks wide.


How many bricks are in the stack?

3.2.2.4 Problem Solving Task Data Analysis
A straight-forward marking scheme, where correctly answered items were scored 1 and incorrect
items were scored 0, was applied to the Problem Solving Task. A Problem Solving raw score,
representing the number of correct items, was recorded for each participant. The number of correct
responses to each of the nine test items were then studied in relation to item characteristics identified
by participants. To evaluate the extent to which teachers’ understandings of content supported them
in solving problems, differences in the number of correct responses to problems for each content
focus, and their ratings for familiarity, routineness and complexity, were examined. As part of this
process the relative difficulty of Item 9, the question that formed the basis of the Noticing Task, was
evaluated.
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A Problem Solving score was recorded for each participant. Raw scores were used to allocate
participants’ responses to five Problem Solving categories to overcome the issue of examining
relationships where a small number of participants achieved the same score. Problem Solving
Categories, ranging from 1 to 5, summarised teachers’ levels of proficiency with content, with category
5 (High) representing the highest level of proficiency with Stage 3 area, perimeter and volume content.
Item 9 was included in participants’ Problem Solving scores and also recorded separately so that it
could be used to probe the relationship between teachers’ understandings of content and their
noticing of student thinking. The use of Item 9 across the Problem Solving and Noticing tasks provided
a more detailed picture of whether overall problem solving on the selected content, or their ability to
solve the particular problem upon which student work samples were based, was more influential in
teachers’ noticing of student thinking.
The analysis process for Problem Solving Task data mirrored that applied to the Design Task data.
Measures of distribution, central tendency and dispersion were applied to data representing teachers’
understandings of area, perimeter and volume content when solving problems. In addition, the
number of correct responses to each item was analysed according to the content focus and the item’s
ratings for familiarity, routineness and complexity. The analysis provided a picture of Stage 3 teachers’
understandings of the selected content that was subsequently used to examine whether subject
matter knowledge was predictive of other aspects of teacher knowledge. The results of the Problem
Solving Task data analysis are presented in Chapter 4.

3.2.3

The Noticing Task

The Noticing Task was designed to answer the third research sub question regarding the mathematical
thinking that teachers interpret as representing higher levels of reasoning and understanding in
student work samples. At the proficient level, teachers make consistent, comparable judgements of
student learning, evaluate students’ understandings of content and report accurately on student
achievement (AITSL, 2014). The significance of this type of knowledge is made more explicit by the
term ‘teacher noticing’. Teacher noticing is conceptualised as expertise in three interrelated skills:
“attending to children’s strategies, interpreting children’s understandings, and deciding how to
respond on the basis of children’s understandings” (Jacobs et al., 2010, p. 172). While the three skills
are interrelated, interpreting was selected as the measure for this study as it is not possible for
teachers to interpret something that they have not attended to, nor is it possible to identify what
teachers attend to without seeing their interpretation. The Noticing Task consisted of a set of student
work samples that demonstrated a range of responses to a task based on Item 9 in the Problem Solving
Task. The aim of the Noticing Task was for teachers to show their interpretations of different levels of
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understanding and reasoning in students’ work samples by ranking them using reporting descriptors
from Extensive to Limited. Teachers were also asked to record written feedback on each work sample
that would support the student in improving their understanding and reasoning. The feedback
recorded on students’ work samples by teachers was used to confirm their rankings and provide richer
insights into their interpretations of student thinking through their responses (Kersting et al., 2016).
3.2.3.1 Noticing Task Development
It was necessary to design an assessment tool specifically for the Noticing Task in this study that would
control the variability of classroom context. Less is known generally about how teachers’
mathematical content knowledge influences their evaluations of student thinking in comparison to
how it influences their design of tasks (Jacobs et al., 2010) and no existing tool for examining teacher
noticing was identified as appropriate to the nature and context of this study. In particular, there was
a need to design an instrument that could be used to study teachers’ interpretations of students’
mathematical thinking specific to the Stage 3 area, perimeter and volume content that were the focus
of the Design Task and the Problem solving Task.
The intent of the Noticing Task was to provide an indication of teachers’ abilities to discriminate
between levels of sophistication in students’ understanding and reasoning in a set of work samples
based on a problem that was as closely related as possible to the Problem Solving Task. This required
the selection of student work samples that would allow teachers to demonstrate their attention to,
and interpretation of, an extensive range of student responses (Goe et al., 2008). As previously noted,
area, perimeter and volume content offer insights into students’ understandings of measurement
attributes as well as their numerical reasoning, procedural fluency and understandings of geometry –
including their ability to visualise and manipulate shapes. Calculating the areas of plane shapes where
the dimensions are given numerically on all sides of the shapes is noted as problematic across the
middle years of schooling (Battista, 1999; Hirstein, 1981; Lehrer, 2003; Marchett et al., 2005).
Item 9 was selected as the basis for collecting student work samples that could be evaluated by
teachers in the Noticing Task for a number of reasons. This item was rated as moderate in complexity,
yet unfamiliar and non-routine. These characteristics made Item 9 ideal for eliciting a range of
strategies, levels of efficiency and sophistication that authentically represented the diverse levels of
students’ mathematical thinking. As a problem based on applying understandings of the areas of
triangles, Item 9 captured the relationship between the area of a triangle and a rectangle with the
same base and perpendicular height. As a problem described by most Stage 3 teachers as non-routine,
Item 9 could be solved using syllabus content for the area of triangles. However, the triangles were

96

represented together diagrammatically as a quadrilateral, thereby leaving the identification of the
shapes, relevant dimensions and properties to the problem solver.
Stage 3 syllabus content focuses on relational understandings of the area of triangles. Students,
explain the relationship between the area of a triangle and the area of the rectangle of the same length
and perpendicular height [and] establish the relationship between the base length, perpendicular
height and area of a triangle (NSW BOS, 2012, p.245).

Background Information in the syllabus highlights the importance of students using words to
generalise their methods for calculating areas of triangles prior to developing procedural knowledge,
such as formulas, so as to avoid the problem of ‘rules without reasons’ (Skemp, 1976). Item 9 was an
example of a problem that might be solved more efficiently by using relational, rather than
instrumental, understandings of content. Selecting a task that provided these types of opportunities
was important, because students in Stage 3 have not yet been formally introduced to the formula for
calculating the areas of triangles. Consequently, the student work samples collected in response to
this problem demonstrated a variety of novel approaches that could challenge and stimulate teachers’
noticing of common misconceptions as well as sophisticated levels of understanding and reasoning.
The distinction between the presentation of Item 9 in the Noticing Task and the Problem Solving Task
was the emphasis on efficiency and the focus on how, rather than whether, the problem was solved.
Differences in presentation, illustrated in Figure 3-5, meant that teachers who successfully solved this
problem using a formula still needed to attend to the novel approaches of students in order to
discriminate between different levels of mathematical thinking in work samples with correct solutions.
ITEM 9 IN THE PROBLEM SOLVING TASK
ITEM 9 IN THE NOTICING TASK
The diagram shows some measurements of a The diagram shows some measurements of a
nature reserve.
nature reserve.

What is the area of the nature reserve?

Item 9 in the Problem Solving Task was solution
focused. Efficiency, reasoning and understanding
were not taken into account.
Figure 3-5

Demonstrate and explain the most efficient
strategy for calculating the area of the nature
reserve.
Item 9 in the Noticing Task focused on the efficiency
and communication of strategies to provide insights
into students’ mathematical thinking.

Item 9 in the Problem Solving and Noticing Tasks
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The task used to collect student work samples required students to explain the most efficient strategy
for calculating the area of the nature reserve. The five student work samples used in the Noticing Task
were selected from a class set. Consequently, the work samples authentically reflect examples of the
types of mathematical thinking that Stage 3 teachers might need to attend to, interpret and respond
to in the classroom. Differences in the accuracy, efficiency and levels of understanding and reasoning
evident in the student work samples are illustrated in Figure 3-6.
The work samples in the Noticing Task showed whether a correct answer was achieved and also
contained important information about how. Three of the work samples captured the diversity of
mathematical thinking used by Year 6 students (Caitlin, Brendan and Amelia) to correctly solve a
problem involving the area of triangles. Caitlin achieved a correct solution, recording a formula and
using procedural knowledge with limited efficiency or evidence of understanding the relationship
between the area of a triangle and rectangle with the same base and perpendicular height. Brendan’s
work was more efficient. It demonstrated a more thorough understanding of the relationship between
the area of a triangle and rectangle with the same perpendicular height, but did not record a formula.
Amelia’s work showed evidence of being able to manipulate the dimensions of shapes and restructure
area units: understandings recognised as vital for understanding and applying area concepts flexibly
beyond the content being learned (Battista, 2003; Clements et al., 2007). The other two work samples
demonstrated different ways in which Year 6 students (Dylan and Edward) might arrive at incorrect
answers as a result of common misconceptions (Hirstein, 1981). Dylan’s work showed a basic
awareness of the properties of the shape and attribute being measured. The dimensions that he
selects to calculate the answer suggest that he understand the idea of multiplying two dimensions of
a triangle and halving the result, yet he does not identify the base and perpendicular height of each
triangle. Rather, he multiplies a long side by a short side. By comparison, Edward’s work shows limited
awareness of the shape, its properties or the attribute being measured. He simply chooses two of the
four numbers on the outside of the figure and multiplies them together. In the Noticing Task these
five work samples were used to assess the extent to which teachers’ understandings of mathematical
content supported them in “interpreting students’ statements and solutions” (Hill et al., 2005, p. 373).
Teachers’ interpretations of the student thinking in each work sample, captured through their rankings
and written feedback, were used to evaluate teacher noticing in the specific context of Stage 3 area
content.
3.2.3.2 Noticing Task Data Gathering
On the Launch Day teachers were presented with copies of the five student work samples illustrated
in Figure 3.6. It was explained that the work samples provided evidence of five different levels of
understanding and reasoning in Year 6 students’ responses to a problem based on Item 9 from the
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Problem Solving Task. This meant that teachers had attempted the problem that the work samples
were based on just prior to evaluating them. Teachers were given 40 minutes to interpret the
mathematical thinking in the work samples. They were asked to show their interpretations of the work
samples by ranking them using the reporting descriptors of Extensive, Thorough, Sound, Basic and
Limited. Teachers then confirmed their interpretations by recording written feedback on each work
sample that would support the student in improving their understanding and reasoning.
While the Noticing Task was completed individually, at the conclusion of the task a number of teachers
expressed that their uncertainty about the correct solution to the problem made ranking the work
samples and providing feedback very difficult. While this information does not form part of the formal
data collection, it is noted here because it became increasingly relevant during the analysis of the data
for this measure.
WORK SAMPLE

DESCRIPTION
Caitlin calculates the area successfully
by partitioning the area into 2 triangles
and uses procedural knowledge to
calculate the total. Each step is
completed separately. There is limited
evidence of efficiency e.g. multiplying
by 20, then halving the answer. There
is no evidence to suggest that Caitlin
understands the relationship between
areas of rectangles and triangles,
beyond the application of a formula.

Brendan calculates the area
successfully. He partitions the area
into 2 triangles and uses knowledge
flexibly to calculate the area of
triangles using efficient strategies
which provide evidence of recognising
the relationship between areas of
rectangles and triangles. While it is not
a requirement of the task, he converts
area to hectares.
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Amelia identifies a diagonal as a
common side for the two triangles and
uses this as a common base with two
identified perpendicular heights that
can be averaged to form a rectangle.
Her novel approach provides evidence
of sophisticated thinking, rearranging
areas to form a rectangle and make
calculations using efficient strategies.
She uses the diagram to communicate
her thinking and the relationship
between the two triangles and
rectangle with a common length.

Dylan calculates the area of the shape
incorrectly. He partitions the area into
two triangles, but multiplies a longer
side by a shorter side on each triangle
without identifying whether they are
perpendicular. This might suggest a
lack of awareness about the properties
of shape as well as how the area of a
triangle and rectangle are related. He
completes each step separately and
adds to find the total.

Edward calculates the area of the
shape incorrectly. He does not show
awareness of the properties of the
shape being measured. He selects two
sides where the lengths are given and
multiplies them without showing an
understanding of the properties of the
shape. He uses the distributive
property successfully to multiply two
dimensions.

Figure 3-6

Student Work Samples in the Noticing Task

3.2.3.3 Noticing Task Data Analysis
Noticing Task data were analysed in two ways to capture:
(I)

where teachers ranked Amelia’s work sample demonstrating Extensive achievement.

(II)

which student work sample teachers ranked in the Extensive position.

To understand teachers’ noticing of higher levels of student thinking, both the ranking allocated to
Amelia’s work sample, demonstrating Extensive achievement, and which work sample teachers
ranked as Extensive, provided relevant information. Teachers’ rankings of student work samples were
used to allocate participants’ responses to Noticing Task Categories ranging from category 5
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(Extensive) to category 1 (Limited). To reflect the two different analyses of Noticing Task data, each
response was allocated to two Noticing Task categories. These are referred to as:
I.

Noticing Task Position Category: this records where the teacher ranked Amelia’s work sample
demonstrating Extensive mathematical thinking.

II.

Noticing Task Student Category: this records which work sample teachers ranked in the
Extensive position.

Noticing Task categories were analysed using descriptive statistics similar to those applied to Design
Task and Problem Solving Task data. The decision to represent Noticing Task data numerically
overcame the challenge of separating elements of teacher noticing (Dunekacke et al., 2016) and made
data manageable in a study involving multiple measures and relationships. At the same time, teachers’
written feedback responses were collected to capture the richness of the teacher noticing data
(Kersting et al., 2016). The Noticing Task categories for individual participants’ responses were
subsequently used to study relationships between teachers’ noticing of student thinking and their
proficiency with mathematical content when solving problems.

3.3 Correlational Analysis Processes
Following the analysis of data related to each aspect of teacher knowledge studied, regression was
used to characterise relationships between participants’ results in the Problem Solving Task, Design
Task and Noticing Task. The strength of Problem Solving as a predictor of two aspects of pedagogical
knowledge was evaluated first. The correlation coefficient was used to describe the overall proportion
of variance in the Design Task and Noticing Task explained by Problem Solving Task results. Univariate
ANOVA and the Tukey test for honest significant difference (HSD) were then conducted to evaluate
how much change in the level of any given aspect of teacher knowledge might be explained by change
in another. This process was conducted for each of the three possible relationships between the
aspects of teacher knowledge studied. To crystallise relationships, results for the Problem Solving
Task, Design Task and Noticing Task were examined simultaneously to make patterns across the three
variables of teacher knowledge more salient. These patterns were identified using visual examination
of a scatterplot and by examining common patterns in stronger or weaker results across the three
variables.
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3.4

Ethical Research Practice

Prior to the commencement of the research, ethics approval for the research design, data gathering
instruments, flyer (Appendix A), Participation Information Statement (Appendix B) and Participant
Consent Form (Appendix C)) was sought from Sydney Catholic Schools and the University of Sydney.
The research existed within a ‘practitioner research’ approach involving the researcher in exploring
teacher knowledge to improve their effectiveness as a provider of teacher professional learning and
development. The teachers in the study were fully aware of the researcher’s role in the schooling
system, as she had worked professionally within schools and provided professional learning focused
on developing subject matter and pedagogical knowledge for teaching mathematics for a number of
years. There was no conflict of interest between the researcher’s role as a Mathematics Advisor and
researcher, because the collection of student and teacher data were integral to the researcher’s role
in determining system, rather than individual, learning needs. The purpose of data gathering was to
inform the design and focus of professional learning through probing the interaction between types
of teacher knowledge represented in the conceptual framework in Figure 2-8. At the time of the study
this was particularly important in readiness for the implementation of a new mathematics syllabus.
While the researcher was responsible for providing professional learning, she was not in a position of
authority over teachers, having no input into teachers’ employment, conditions or contracts, and no
power or authority with which to coerce them. The researcher’s role and conditions of employment
held her to a higher level of ethical accountability than an external researcher. Teachers participating
in the study were familiar with the responsibilities of the researcher’s role and any form of coercion
would have jeopardised the researcher’s employment. To further ensure that coercion of teachers
did not occur, information contained in the Participation Information Statement emphasised that,
“being in this study is completely voluntary”, and that teachers can “withdraw at any time”. This was
communicated to participants from the outset and throughout the Launch Day (Santiago-Delefosse,
Bruchez, Gavin & Roux, 2015). Additionally, all participant data were blinded through the use of codes
so that it was not possible for individual teacher data to be used by others.
Two ethical considerations for the researcher were how teachers would nominate for the study
without feeling pressured to participate and how to ensure that the study did not place additional
demands on teachers’ time. To address the first consideration, the researcher did not approach
teachers in person to identify participants for the study (Elliott, Fischer & Rennie, 1999). Initial
communication regarding participation was made via the Regional Office and School Principals’
Meeting, so that flyers advertising the opportunity could be distributed in schools without the direct
involvement of the researcher. Only teachers interested in taking part in the study contacted the
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researcher to request copies of the Participant Information Statement and Participant Consent Form
which outlined the purpose and conditions of the study. To ensure that the study did not add to the
existing workload of teachers at a time when significant changes in curriculum were taking place,
participating teachers were provided with a choice of a day of release from face-to-face teaching or,
in the event that they were in a part-time role, remuneration paid at the hourly rate for external
examination marking to support them in attending the Launch Day.
Developing an approach to the research that was of potential benefit to the participants as
educational professionals was a further consideration. The data gathering session commenced with
an outline of the study, the nature of the three tasks and the structure of the data gathering session.
After this, teachers were provided with an opportunity to share views, challenges, opportunities and
needs in the teaching of mathematics to Stage 3 students to promote a sense of shared endeavor and
reduce anxiety regarding participation in a study of teacher knowledge (Swars et al., 2006). For
example, at the conclusion of the Design Task, teachers engaged in a discussion of challenges
experienced when designing tasks that provide appropriate levels of challenge for all students.
The research took into consideration the need to minimise anxiety related the fear of being assessed
on professional knowledge. The term task was chosen to focus teachers’ attention on applications of
knowledge in the work they engaged in on a daily basis so as to remove any sense of being tested. The
tasks used involved participants in demonstrating meaningful applications of their knowledge
(Mackinnon, 2001). All data were gathered on the same day so that teachers could develop their own
‘snapshot’ of how they drew upon different aspects of knowledge in relation to the same content at
the same point in time.

3.5

Validity and Reliability

Determining the types of measures and methods that were best suited to evaluating relationships
between aspects of teacher knowledge took into account the validity and reliability of the data
gathering instruments used. Validity is the “most fundamental consideration in assuring the quality of
any assessment” (Millett, Stickler, Payne, & Dwyer, 2007, p. 4). In this study, validity refers to the
degree to which an interpretation of a score from a measure of teacher knowledge is supported by
evidence that reflects an authentic application of that particular aspect of teacher knowledge
(Borsboom & Markus, 2013).
Integral to the validity and reliability of data regarding each aspect of teacher knowledge is whether
the timeframes, physical and social environment and working conditions on the day of data gathering
were appropriate for the types of tasks being undertaken. Care was taken to ensure that the five hours
involved in the gather process on the day of participation was shorter in duration than the regular
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school day for teachers. To avoid fatigue, teachers were provided with breaks between tasks and
catering upon arrival and at each meal break. Breaks between tasks included a half hour morning tea
break and a fifty minute lunch break, each of which exceeded the recess time durations for teachers
on regular school days. The physical environment was also optimised. A temperature-controlled
working environment, including comfortable tables and large work spaces, was created, while
opportunities for discussion were placed prior to and between tasks to provide a sense of shared
endeavour and remove any sense that teachers were being tested.
This section considers whether each data gathering instrument assessed the dimension of teacher
knowledge it set out to measure and whether the evidence gathered was valid for the purposes for
which it was used in this study. In this research, the understanding that data gathering instruments
cannot be valid in and of themselves, but rather valid for particular purposes, (Kane, 2006; Messick,
1989) was applied. Determining the validity of instruments in this study involved an evaluation of the
evidence regarding what each instrument measured, what it did not measure, and how the scores
were used. Blanton and Jaccard (2006) identify six criteria that are particularly useful for this purpose.

3.5.1

Validity

The three tasks used to collect data as measures of teacher knowledge were developed to reflect the
nature of the work that teachers engage in when teaching primary mathematics. Validity
considerations in the collection of data for examining relationships among aspects of teacher
knowledge were central to the decision to design instruments particular to this study so as to provide
authentic measures of teacher knowledge matched to the context in which the study took place. The
use of these data gathering instruments involved teachers in performing real-world tasks and resulted
in the collection of data that demonstrated meaningful applications of their knowledge. While the
tasks represented “replicas or analogues to the kinds of problems faced by… professionals in the field”
(Wiggins, 1993, p.229), they cannot be considered as encompassing an aspect of teacher knowledge.
Rather, each task acts as an example that typifies how, when and why teachers might draw upon a
given aspect knowledge in their daily practice. Following is a discussion of the validity considerations
for each data collection instrument.
The Design Task was used to measure teachers’ knowledge of content and teaching. While the Design
Task was developed specifically for this research, the adoption of the TAG (Stein et al., 1998) as a wellutilised framework for the analysis of mathematical tasks, enhanced the validity of Design Task data.
As identified by Stein et al. (1996), being able to design or select tasks with high levels of cognitive
demand does not necessitate the ability to implement and sustain levels of cognitive demand in the
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classroom. Hence, Design Task data represent a valid measure of the tasks teachers designed, but do
not represent a holistic measure of teachers’ knowledge of teaching.
In this study each teacher individually designed a task by examining the syllabus outcomes and content
in conjunction with what they knew about student learning. A consideration for validity is that many
teachers generally design tasks collaboratively - sharing ideas and posing questions to refine tasks rather than designing tasks in isolation. This discrepancy between planning practices and the data
collection process was necessary to collect data appropriate for examining correlations among aspects
of teacher knowledge where data represented the application of knowledge of each participant. If this
data was gathered from teachers who were more familiar with a process such as selecting tasks from
an already developed bank of resources, the validity of the Design Task might be diminished. It is also
recognised that the Design Task provided a measure of the cognitive demand in an area, perimeter or
volume task which may not be reflective of the level of demand in the tasks that teachers design for
other content strands.
The Problem Solving Task was developed as a measure of teachers’ understandings of area, perimeter
and volume content. Collecting data involving teachers’ solutions to mathematical problems was a
valid measure of teachers’ knowledge of content because solving problems prior to instruction is an
experience that supports teachers in anticipating students’ experiences (Sullivan, Borcek, Walker &
Rennie, 2016). The Problem Solving data represent solutions that teachers were able to achieve
independently. While teachers might share solutions when exploring a problem, or solve problems
when planning collaboratively, in the classroom teachers need to understand problems well enough
to respond in-the-moment to the range of thinking and approaches of students.
The problems selected were problems that directly reflected applications of Stage 3 content and
therefore provided a valid measure of how teachers might draw upon common content knowledge in
the course of instruction. The selection of items used to assess area, perimeter and volume in national
testing, which had also been trialled and rated by a separate group of participants from the same
schooling system, meant that the wording, graphics, suitability and difficulty of the items in relation
to the selected content had been established prior to this study. The ratings of items selected from
the larger set of 22 problems used in the trial, and the discrimination between items, were similar to
the range in the number of correct responses illustrated in Figure 3-5.
The work samples used in the development of the Noticing Task were authentic student work samples
that reflected the range in student thinking that teachers might encounter in the classroom.
Discriminating between students’ responses, ranking work samples, allocating reporting descriptors
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and providing feedback are valid representations of the work that teachers engage in throughout the
teaching and learning cycle. Providing the opportunity for teachers to solve the problem used to
collect work samples prior to evaluating them, mirrored the types of processes that teachers might
adopt to support them when assessing student achievement.

A difference between noticing student thinking in the classroom and the Noticing Task was that the
work samples were written and did not offer teachers the opportunity to question students to clarify
their interpretations in the event that the written communication of the student was unclear. This
decision was necessitated because it was not pragmatic to collect data on teacher noticing across 64
different classrooms. Observing and measuring teacher noticing in classrooms would have reduced
the validity of the Noticing Task data because of the variability of classroom contexts. The use of
student work samples as structured artefacts demonstrating a range of levels of achievement,
including recognisable misconceptions, strategies and approaches, ensured a consistent measure as
part of a cross-sectional ‘snapshot’ of teacher knowledge. A further consideration was the amount of
time available for teachers to analyse the five work samples and record feedback. Teachers were
provided with 40 minutes to complete the Noticing Task. This was an average of 8 minutes per student
work sample. Based on an average class size of 30 students this would equate to having 4 hours to
analyse a class set of student work samples. The amount of time provided on the Launch Day therefore
exceeded the three hours of release time available per week for teachers to complete similar tasks.

3.5.2

Reliability

The consideration of reliability in this research is focused on the analysis of Design Task Data. It was
necessary to adopt a clear framework, apply a clear set of guidelines and involve multiple raters to
ensure reliability in identifying the levels of tasks. An initial concern was regarding the consistency in
the researcher’s own judgements. When re-rating the 64 tasks, four tasks demonstrated inconsistency
in the judgement of the researcher. These were all tasks where evidence of characteristics was
distributed across levels: either levels 1 and 2 or levels 2 and 3 on the Analysis Framework. For
example, a task could be at the higher end of level 2 or the lower end of level 3. While a scoring
guideline was considered to overcome this difficulty, this approach was not adopted due to a lack of
evidence for the relative values of different characteristics - even at the same level. The question, “are
the higher level characteristics sufficient to describe the task overall as providing an opportunity at
the higher level, or, are the lower level characteristics more likely to result in an opportunity at the
lower level”, was used to level tasks where ratings were inconsistent. This process of questioning was
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effective in achieving consistency in the researcher’s own ratings and reflected the nature of decisionmaking and practice that teachers engage in when moderating student work samples.
Consistency in the ratings of the researcher, the exemplars for each level and the guidelines were then
used as the foundation for training an ‘expert group’ of two inter-raters to increase the reliability of
the data. Two regional experts, not involved in the research study and with significant experience in
designing and providing feedback on tasks, rated all tasks independently to provide the inter-rater
reliability for the study. The researchers’ ratings for all tasks alongside those the ratings of both expert
raters can be viewed in Appendix G. Three operational definitions of inter-rater reliability (Gwet, 2012)
were applied to define the process and work of inter-raters:
1. Raters analysed the exemplar tasks. Their ratings were checked for agreement with the
researcher’s rating as the official rating of each exemplar task prior to rating of all tasks.
2. Raters identified the lower and higher level task from pairs of tasks each of which had
evidence of some characteristics across the same two levels. Raters justified their decisions
and their ratings were confirmed against the researcher’s rating.
3. Raters independently analysed each of the 64 tasks using the guidelines. When all tasks were
rated, tasks where agreement was evident had their ratings confirmed. Tasks where exact
agreement was not evident were compared to the researcher’s ratings and tabled for
discussion, based on the sharing of evidence of characteristics, which led to agreement.
A simple inter-rater reliability study was undertaken to evaluate the extent of agreement between the
two expert raters prior to discussion between the raters and the researcher. A two-way table,
presented in Table 4-6, was used to evaluate the distribution of the 64 tasks by Rater and Category.
Table 3-5 Distribution of Tasks by Rater and Category

Rater B

Rater A

Total

Total

Level 0

Level 1

Level 2

Level 3

Level 4

Level 0

8

0

0

0

0

8

Level 1

0

12

1

0

0

13

Level 2

0

1

18

1

0

20

Level 3

0

0

1

13

0

14

Level 4

0

0

0

0

9

9

8

13

20

14

9

64
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The 93.25% agreement between Rater A and Rater B supports the reliability of the data:
P₀ =

3.6

8+12+18+13+9
64

= 0.9325

Summary of Method

Different methods were applied during a single day of data collection to gather data reflecting the
three aspects of teacher knowledge being investigated. The research design took into account the
importance of selecting measures that reflected the types of tasks that teachers engaged in regularly
and were in alignment with expectations for proficient teaching. The design also considered the need
to control the variability of teacher context in a study of repeated measures. This required substantial
investment in the design, selection, trialling and development of appropriate data gathering
instruments and analysis processes. Each data gathering instrument was presented as a task that
resulted in an artefact of teacher knowledge that was designed to provide empirical data that could
be used to answer the research sub questions introduced in Section 2-3.
The combined methods approach allowed for teachers to design a task, solve mathematical problems
and evaluate students’ mathematical thinking in relation to the same content without the need to
assign teachers to groups. This approach generated rich data sets that could be analysed to answer
the major research question of how teachers’ understandings of mathematical content influence their
development of knowledge for teaching it.
Once data for each aspect of teacher knowledge had been gathered, coded, and analysed, measures
of statistical association were used to explore relationships among the three variables of teacher
knowledge. Statistical tests were applied to identify correlations, test the strength of relationships
using regression analysis and establish the extent to which variables of teacher knowledge were
predictive of others. To determine whether teachers’ overall scores in the Problem Solving Task, or
their ability to solve the problem upon which work samples were based, were more closely related to
teacher noticing, Fischer’s exact test was applied. Finally, relationships among all three variables of
teacher knowledge proposed in the conceptual framework in Figure 2-8 were evaluated
simultaneously to identify whether common patterns were evident across three variables of teacher
knowledge.
These methods were applied using ethical research practices to collect data that were authentic
replicas of teacher knowledge in each sub domain and reflective of expectations for proficient
teaching in NSW. The data were used to investigate, and answer, the research questions. The

108

methods, summarised in Figure 3-7, guided the analysis of data and organisation of results in Chapter
4.

1. Design Task

2. Problem Solving
Task

3. Noticing Task

Question

Question

Question

What are the levels of
cognitive demand in the
Area, Perimeter and Volume
tasks that teachers design
for students?

To what extent do teachers
understandings of Area,
Perimeter and Volume
support them in solving
mathematical problems?

What mathematical thinking
do teachers identify as
representing higher levels of
reasoning and understanding
in student work samples?

Data
Problem Solving Raw ScoreNumerical raw scores 1 - 9

Data
Design Task Category
1 (Pre-structural) -5 (Doing
Mathematics) for each
participant

Data

Problem Solving Category

Noticing Task Position
Category

1 (Low) -5 (High)
Item 9 response

1 (Limited) -5 (Extensive)

0 (incorrect) -1 (correct)
Item ratings for familiarity
(0-1), routineness (0-1) and
complexity (1-3)

1 (Limited) -5 (Extensive)

Relationship A: How are teachers’
understandings of content related to the level of
cognitive demand in the tasks they design?

Noticing Task Student
Category

Relationship B: How are teachers’
understandings of content related to their
noticing of students’ mathematical thinking?

Relationship C: How are the levels of cognitive demand in the
tasks teachers design and their noticing of students’ mathematical
thinking related?

Major Research Question: How do teachers’ understandings of mathematical content influence
their development of knowledge for teaching it?
Figure 3-7

Summary of Methods
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Chapter 4 RESULTS
This chapter presents results from the analysis of data gathered as measures of teacher knowledge
using the methods justified in Chapter 3. The results are revealed in four main sections. First, an
overview of the data and variables is presented. Then, the results of the Design Task, Problem Solving
Task and Noticing Task are communicated using descriptive statistics. Following the results for each
aspect of teacher knowledge studied, the results of each task are used as building blocks to explore
three possible relationships among the aspects of teacher knowledge investigated. Finally, the results
of all measures are examined simultaneously to identify patterns across aspects of teacher knowledge.
The summary of data collection methods and research questions presented in Figure 3.7 structure the
presentation of these results.

4.1

Overview of Data and Variables

Participants’ scores for the Design Task, Problem-Solving Task and Noticing Task were coded,
categorised and recorded using SPSS software. Four categorical scores, a raw score, an item score, 30
item ratings and five written feedback responses were recorded for each of the 64 participating
teachers and coded in the results. Categorical scores included a Design Task Category, ProblemSolving Task Category, and two Noticing Task Categories for each participant. Two Noticing Task
Categories were included to analyse: (I) where teachers ranked the work sample demonstrating
Extensive mathematical thinking; and, (II) which work sample teachers ranked in the Extensive
position.
In this Chapter, participants’ raw scores for the Problem Solving Task are presented prior to the
analysis of Problem Solving Category data to show the distribution of teachers across the full range of
scores. Results for Item 9 are included in participants’ Problem Solving Task scores and also as a
separate Item 9 score to allow for the examination of differences in influence between overall Problem
Solving, and solving a particular problem, on teacher noticing. The analysis of the Problem Solving Task
data includes a comparison of item characteristics and their impact on the number of correct
responses. Teachers’ ratings of items in the Problem Solving Task were used in the analysis of item
characteristics because mathematical problems in this study are tasks for which a solution method is
not known in advance by the solver.
As a foundation for understanding the variables of teacher knowledge, a consistent set of descriptive
analyses were conducted using SPSS. Descriptive statistics are presented in Table 4-1 to provide an
overview of data gathered, including similarities and differences in the distribution of responses across
scores and categories for each aspect of teacher knowledge studied. These descriptive statistics
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informed the selection of variables studied in the correlational analyses. Following the overview, each
aspect of teacher knowledge is presented in greater detail to specifically answer the related research
sub question.
Table 4-1 Overview of Data for Aspects of Teacher Knowledge

ASPECT

N

Median
Md

Mean
M

Std
Deviation
SD

Range

Mode

Std Error
of Mean
SE

Variance
VAR

Design Task Category

64

3

3.03

1.23

4.00

3

0.15

1.52

Problem Solving
Raw Score

64

4

4.53

2.74

9.00

2

0.34

7.52

Problem Solving
Category

64

3

3.02

1.31

4.00

2

0.16

1.74

Noticing Task
Position Category

64

3

3.20

1.33

4.00

2

0.17

1.75

Noticing Task
Student Category

64

3

3.67

0.87

3.00

3

0.11

0.76

4.2

Descriptive Analysis

This section presents the results of the Design Task, Problem Solving Task and Noticing Task using
descriptive statistics.

4.2.1

Design Task Results

Design Task data were analysed to answer the first research sub question regarding the levels of
cognitive demand in the area, perimeter and volume tasks that teachers design for their students.
Design Task data were analysed for distribution and central tendency [M = 3.03 (SD = 1.23, N = 64)].
Figure 4.1 illustrates the distribution of participants’ responses in Design Task Categories. Categories
ranging from 1 (Pre-structural) to 5 (Doing Mathematics) represent the level of cognitive demand in
the area, perimeter and volume tasks designed by teachers on the Launch Day. The results showed
that teachers were more likely to design tasks that provide learning opportunities in Category 3
(Procedures without Connections) than they were to design tasks in any other category.
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Figure 4-1

Distribution of Levels of Cognitive Demand in Tasks

Figure 4-1 summarises the following results:


Design Task Category 1 – Pre-Structural: eight teachers designed tasks that did not provide
any opportunity for students to demonstrate their understanding of the selected content
because the tasks did not match the selected content.



Design Task Category 2 – Memorisation: fourteen teachers designed tasks that required
students to reproduce previously learned facts, rules, formulas, or definitions, or exactly
reproduce previously seen material.



Design Task Category 3 - Procedures without Connections: nineteen teachers designed tasks
that involved students in drawing upon sets of knowledge or skills but did not require students
to understand how the knowledge and skills were connected to concepts.



Design Task Category 4 – Procedures with Connections: fourteen teachers designed tasks that
required students to identify or use relationships, or engage with concepts that underpinned
procedures, in order to complete the task.



Design Task Category 5 – Doing Mathematics: nine teachers designed tasks that required
students to independently select and apply mathematics in an unfamiliar context by analysing
the task and constraints to determine solution strategies.
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In summary, approximately two-thirds (41) of the teachers in this study designed tasks that targeted
lower levels of cognitive demand (categories 1-3). This was almost double the number of teachers (23)
who designed tasks with higher levels of demand (categories 4-5). Most teachers designed tasks that
focused on procedural knowledge, simple routines and memorisation, or did not match the selected
content. While tasks providing opportunities at all levels of cognitive demand were evident, teachers
were less likely to design tasks with opportunities for students to make connections, engage with
concepts and develop deeper levels of understanding than they were to design tasks for developing
knowledge, skills and procedures.

4.2.2

Problem Solving Task Results

Problem Solving Task data were analysed in a number of ways to answer the second research sub
question regarding the extent to which teachers’ understandings of area, perimeter and volume
supported them in solving problems. First, the number of items correctly answered by each participant
were studied as Problem Solving raw scores. This analysis was then used to allocate participants’
responses to Problem Solving categories in readiness for investigating relationships between Problem
Solving and other aspects of teacher knowledge in the correlational analysis. Then, Problem Solving
data were analysed to illuminate the influence of item characteristics, such as content, familiarity,
routineness and complexity, on the number of correct responses.

Problem Solving Task raw scores were analysed for distribution and central tendency [M = 4.53 (SD =
2.74, N = 64)]. On average, teachers’ knowledge of area, perimeter and volume supported them in
correctly solving half of the problems presented. The results demonstrated the full range of available
scores from 0 to 9 inclusive. Figure 4-2 illustrates the frequency of each score, where scores represent
the number of correct responses to items in the Problem Solving Task.
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Figure 4-2

Distribution of Problem Solving Raw Scores

Teachers were more likely to correctly answer two of the nine Problem Solving items than any other
number of items. However, they were equally as likely to score nine out of nine as they were to score
four out of nine. The results indicated dramatic differences between the frequencies of some
consecutive raw scores. For example, the raw score of nine was more than twice as common as the
score of eight. The small number of participants achieving some raw scores on the Problem Solving
Task informed the decision to allocate participants’ responses to Problem Solving categories based on
raw scores.
Participants’ responses were organised into five categories and analysed for distribution and central
tendency [M = 3.02 (SD = 1.32, N = 6)]. Figure 4-3 illustrates the number of participants with responses
in each Problem Solving Category. The results indicated that more teachers provided responses in the
Low-Moderate category than in other categories. However, the number of responses in the Moderate
and Moderate-High categories were quite similar. Overall, responses were clustered around the mean
and less frequent in the Low and High categories, with fewer teachers offering responses in the Low
category than in any other category.
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Figure 4-3

Distribution of Teachers in Problem Solving Task Categories.

The results depicted in Figure 4-3 can be summarised as follows:


Problem Solving Task Category 1 – Low: nine teachers responded by applying understandings
of area, perimeter and volume to correctly solve none or one (0 or 1) of the nine items.



Problem Solving Task Category 2 – Low-Moderate: sixteen teachers applied understandings of
area, perimeter and volume to correctly solve few (2 or 3) of the nine items.



Problem Solving Task Category 3 – Moderate: fifteen teachers applied understandings of area,
perimeter and volume to correctly solve approximately half (4 or 5) of the nine items.



Problem Solving Task Category 4 – Moderate-High: thirteen teachers applied understandings
of area, perimeter and volume to correctly solve most (6 or 7) of the nine items.



Problem Solving Task Category 5 – High: eleven teachers applied understandings of area,
perimeter and volume to correctly solve all or almost all (8 or 9) of the nine items.

Twenty-four teachers (37.5%) demonstrated stronger subject matter knowledge by applying their
knowledge of content to solve most, almost all or all of the items in the Problem Solving Task. By
contrast, 40 teachers (62.5%) demonstrated weaker subject matter knowledge by applying their
understandings of content to solve approximately half or fewer of the items presented in the Problem
Solving Task. This means that around two-thirds of the participants in the study did not solve more
than five of the nine selected problems that were applications of the content they teach.
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4.2.2.3 Analysis of Problem Solving Task Items
The number of correct responses to items were analysed for distribution and central tendency [M =
32 (SD = 13.25, N = 64)]. On average, items were answered correctly by half of the participants. The
range of 39 across the number of correct responses to nine items demonstrated that possessing the
content knowledge to solve one problem did not necessitate being able to solve other problems
related to the same content. Most teachers (N=55) correctly answered Item 2, while fewer teachers
(N=16) correctly answered Item 8 than any other item.
Figure 4-4 shows the ratio of correct to incorrect responses for Problem Solving items. The number of
correct responses to Item 9 was compared to the numbers of correct responses for other items to
evaluate its relative level of difficulty as the item that was the basis for student work samples analysed
by teachers in the Noticing Task. The number of correct responses to Item 9 (N=27) was similar to the
mean number correct responses for all items, suggesting that it was within the mid-range of difficulty
for teachers in the study.

Figure 4-4

Proportion of Correct: Incorrect Responses by Item

To further understand the extent to which teachers’ understandings of area, perimeter and volume
supported them in solving problems, the numbers of correct and incorrect responses were examined
within each of the three content ideas that were the focus of the Problem Solving Task. Teachers’
responses to questions related to the area of triangles, the relationship between area and perimeter
of rectangles and the volume rectangular prisms were compared. The results, illustrated in Figure 4-
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5, show that the mean numbers of correct responses (M = 31.6), (M = 30.0) and (M = 34.3) respectively,
were similar across the three content ideas. On average, there was little variation in the extent to
which teachers’ understandings of different ideas in the content supported them in solving problems.

Figure 4-5

Comparison of Problem Solving in Content Ideas

By comparison, the number of correct responses within content ideas did vary. The range in the
number of correct responses for items assessing the relationship between the area and perimeter of
rectangles (N=39) was equal to the range across all items, regardless of content (N=39). A comparison
of Item 2 and Item 8, which demonstrated the greatest (N = 55) and least (N = 16) numbers of correct
responses, is presented in Figure 4-6.
Greatest Number of Correct Responses
A square has an area of 121 square
centimetres.
What is its perimeter?

Least Number of Correct Responses
This diagram shows a common tiling pattern that uses squares
and octagons.

Item 8: 25% correct

cm

Item 2: 86% correct

The dotted lines show that the area of each octagon is a
multiple of the area of each square.
The area of each octagon is 175 cm².
What is the side length of each square?

Figure 4-6

Items Demonstrating Greatest and Least Numbers of Correct Responses
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Figure 4-7 illustrates that while the mean number of correct responses for Problem Solving items
related to Triangles, Rectangles and Prisms were similar, the numbers of correct responses to items
within the each content focus varied. In this figure, colour is used to indicate items with the same
content focus.

Figure 4-7

Variation in Correct Responses by Content Focus

Table 4-2 conveys the way in which the differences in the number of correct responses, were
associated with different levels of complexity in items within each content focus.

Table 4-2 Number of Correct Responses by Content Idea

Total
Responses
Content Idea

Correct
Responses
Low
Complexity

Correct
Responses
Moderate
Complexity

Correct
Responses
High
Complexity

Mean

Range

Area of Triangles

192

46

27

22

31.6

24

Area of Rectangles

192

55

19

16

30.0

39

Volume of Prisms

192

43

31

29

34.3

14

Mean

192

48

25.7

22.3

32

25.7

Range

0

12

12

13

4.3

25
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Together, Figure 4-7 and Table 4-2 show that differences in the number of correct responses to items
in the Problem Solving Task were more closely related to the complexity of items than to the content
being applied. To further investigate this observation, the mean numbers of correct responses were
analysed according to teachers’ ratings for familiarity, routineness and complexity. Figure 4-8
illustrates the proportion of correct and incorrect responses to items according to participants’
familiarity and complexity ratings.

Figure 4-8

Influence of Familiarity and Complexity
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Participants were almost twice as likely to correctly answer items rated as familiar (M=51) in
comparison to items rated as unfamiliar (M=27). While more correct responses were observed on
items rated as routine (M=38) than non-routine (M=27), routineness did not influence performance to
the same extent as familiarity. When examined using teachers’ complexity ratings, complexity was
identified as a factor influencing the number of correct responses to items in the Problem Solving Task.
The number of incorrect responses to problems rated as low in complexity (N=16) more than doubled
for problems rated as moderate in complexity (N=38). The increase in the number of incorrect
responses, from items rated as moderate in complexity (N=38) to items rated high in complexity
(N=42,) was less pronounced.
Analysis of the number of correct and incorrect responses to items with different characteristics
showed that most teachers’ understandings of area, perimeter and volume content were sufficient to
support them in solving problems that were either familiar or low in complexity, or both. However,
most teachers in the study did not possess understandings of content sufficient to support them in
solving problems rated as unfamiliar and/or moderate to high in complexity.
The impact of complexity on the number of correct responses was further examined by testing
relationships between the number of correct responses and the number of participants rating each
item as low, moderate or high in complexity. The number of teachers rating items as low in complexity
was positively correlated with the number of correct responses [r = 0.923, n = 9, p = 0.01]. Conversely,
the number of teachers rating items as high in complexity was negatively correlated with the number
of correct responses [r = -0.767, n = 9, p = 0.05]. As the number of teachers rating an item as high in
complexity decreased, the number of incorrect responses increased. Figure 4-9 captures the way that
different ideas in the content, represented by colour, were distributed across complexity ratings and
varied in the number of correct responses.
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Figure 4-9

Correlation between Number Correct and Low - High Complexity Ratings

In summary, teachers’ understandings of content supported them in solving approximately half of the
items in the Problem Solving Task. Most teachers were able to apply content knowledge to solve area,
perimeter and volume problems that they rated as familiar, routine and/or low in complexity. Only
one of the nine teachers with responses in the Low Problem Solving category correctly answered an
item other than Item 2, which was the only item rated as familiar and routine by every participant.
Most teachers’ understandings of content did not support them in solving problems rated as
unfamiliar, non-routine and/or moderate-high in complexity. The item rated as unfamiliar and nonroutine by all teachers, and high in complexity by most teachers, was the item with the lowest number
of correct responses.

4.2.3

Noticing Task Results

Noticing Task data were analysed to answer the third research sub question regarding the
mathematical thinking that teachers identify as representing higher levels of reasoning and
understanding in student work samples. Noticing Task data were analysed in two ways to capture: (I)
where teachers ranked the work sample demonstrating Extensive mathematical thinking; and, (II)
which work sample teachers ranked in the Extensive position. Two Noticing Task categories were used
to summarise these results:
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I.

Noticing Task Position Category: this represents where teachers ranked Amelia’s work sample
against the five reporting grade descriptors ranging from Extensive (highest) to Limited
(lowest) in achievement. This category communicates how teachers interpreted a student
work sample demonstrating Extensive mathematical thinking.

II.

Noticing Task Student Category: this represents which work sample teachers ranked in the
Extensive position using the reporting descriptors. It communicates which work sample
teachers interpreted as demonstrating Extensive mathematical thinking.

Noticing Task Position data are presented first. Within this analysis, teachers’ written feedback
responses to students were used to confirm their interpretations of the reasoning demonstrated in
Amelia’s work sample. These results are followed by Noticing Task Student data. Item 9 is examined
as a moderator variable in both sets of results to highlight differences between the noticing of
participants with correct and incorrect solutions to the problem upon which the student work samples
in the Noticing Task was based.
4.2.3.1 Noticing Task Position Category Results
Noticing Task Position data were analysed for distribution and central tendency [M = 3.20 (SD = 1.33,
N = 64)]. Figure 4-10 illustrates the number of participants in each Noticing Task Position Category,
where categories represent teachers’ rankings of the Extensive mathematical thinking evident in
Amelia’s work sample. The majority of participants did not notice the sophisticated reasoning and
understanding demonstrated in this work sample, with less than one-quarter of the participants
(N=14) ranking it in the Extensive position. Teachers were equally as likely to rank Amelia’s work
sample as Thorough or Sound as they were to rank it as Extensive. While most teachers ranked
Amelia’s work sample in one of the top three positions, more teachers ranked this work sample in the
Basic position than at any other level of achievement. Almost one-quarter of the participants (N=15)
ranked the work sample exhibiting an efficient, correct solution and sophisticated reasoning in a
position lower than at least one of the work samples with an incorrect solution related to a common,
predictable misconception.
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Figure 4-10

Distribution of Noticing Task Position Categories

The Noticing Task Position results illustrated in Figure 4-10 can be summarised as follows:


Noticing Task Position 1: seven teachers ranked the work sample demonstrating Extensive
mathematical thinking in the Limited position.



Noticing Task Position 2: fifteen teachers ranked the work sample demonstrating Extensive
mathematical thinking in the Basic position.



Noticing Task Position 3: fourteen teachers ranked the work sample demonstrating Extensive
mathematical thinking in the Sound position.



Noticing Task Position 4: fourteen teachers ranked the work sample demonstrating Extensive
mathematical thinking in the Thorough position.



Noticing Task Position 5: fourteen teachers ranked the work sample demonstrating Extensive
mathematical thinking in the Extensive position.

Twenty-eight teachers (44%) noticed the sophisticated reasoning and understanding in Amelia’s work
sample as representing one of the two higher levels of mathematical thinking by ranking it in the
Extensive or Thorough position. Thirty-six teachers (56%) misinterpreted Amelia’s correct solution as
representing Sound, Basic or Limited achievement by ranking it in one of the three lower levels for
mathematical thinking. Of the teachers who misinterpreted Amelia’s thinking, 22 ranked Amelia’s
work sample lower than one, or both, of the work samples exhibiting incorrect solutions. This means
that one in three teachers did not attend to the correctness of Amelia’s solution or the sophisticated
reasoning and understanding demonstrated. These results were probed further by examining the
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influence of teachers’ solutions to Item 9 on Noticing Task Position categories. This analysis was
possible because Item 9 was included as the final item in the Problem Solving Task and also used as
the basis for the work samples ranked by teachers in the Noticing Task.
Teachers who correctly answered Item 9 were more likely to rank Amelia’s work sample as Extensive
or Thorough and less likely to rank it in the Sound, Basic or Limited positions. Of the 28 teachers who
gave responses in the two highest Noticing Task Position categories, 24 had answered Item 9 correctly
in the Problem Solving Task. Figure 4-11, illustrates the way that teachers who did not answer Item 9
correctly were also unlikely to notice higher levels of reasoning and understanding in student work
samples related to this item. Incorrect answers to Item 9 did not preclude two teachers from
interpreting the understanding and reasoning in Amelia’s work sample as Extensive, yet none of the
teachers who identified Amelia’s work sample as Basic or Limited correctly answered Item 9 in the
Problem Solving Task.

Figure 4-11

Influence of Item 9 Responses on Teacher Noticing
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4.2.3.2 Feedback to Students as Evidence of Interpretation
Teachers’ written feedback comments on student work samples were used to confirm their rankings
of work samples in the Noticing Task. While teachers provided feedback for all work samples, only
feedback recorded for Amelia is used in these results. This section presents samples of feedback
responses from teachers in different Noticing Task Position categories. Selected examples provide
insight into what teachers in different categories attended to in Amelia’s work sample, how they
interpreted her mathematical thinking, and how they responded to her the understanding and
reasoning she had demonstrated. The examples presented summarise the range of feedback in
teachers’ responses to the same student work sample. An image of a ranking and written feedback
comment on Amelia’s work sample is presented in Figure 4-12 to illustrate the connection between
the work sample, the teacher’s ranking and feedback in the Noticing Task.

Figure 4-12

Sample Ranking and Teacher Feedback Comment

Teachers who interpreted Amelia’s work sample as Limited or Basic tended to misinterpret her
strategy of rearranging the areas of the triangles to form a rectangle by using the common side length
and averaging the perpendicular heights to establish the width of the rectangle. It is important to
recall that none of the teachers in these two categories had correctly responded to this item in the
Problem Solving Task. Most responses ranking Amelia’s work as Limited or Basic interpreted her
explanation of rearranging area as evidence that she thought that the shape was a rectangle or did
not know how to calculate the area of a triangle. None of the responses in these Noticing Task
positions provided feedback that was likely to enhance Amelia’s reasoning or understanding for
calculating area. The range of responses in the two lowest Noticing Task Positions included:
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Comments framed as questions, e.g. “Can you explain where you got the 18 m from? This
information is not in the question”.



Explanations that the shape was not a rectangle and comprised three, rather than two,
triangles, e.g. “This is not a rectangle. You need to check whether the sides are parallel. The
shape is actually made up of three triangles, not two. You need to calculate the area of each
of the three triangles first and then add the three of them together”.



Suggestions that Amelia had omitted a step, e.g. “Explain what you need to do after the
rectangle. There is another step. You need to halve your answer at the end and use the
formula for the area of a triangle”.

Some of the teachers who ranked Amelia’s work sample in the Sound position provided feedback
comments recognising that her answer was correct. However, most teachers in this category
interpreted Amelia’s efficient solution as an absence of procedural knowledge and therefore a deficit
in her thinking. In considering these feedback responses, it is important to remember that the majority
of teachers with responses in this category had not solved this item in the Problem Solving Task.
Generally, feedback from teachers in this position would be unlikely to enhance Amelia’s
understandings of area measurement. The range of feedback from teachers with responses in this
position included:


Comments conveying that it was not possible to work out the answer using Amelia’s strategy,
e.g. “You will not get the correct answer using this strategy. Try making your calculations in
smaller steps to avoid making unnecessary mistakes”.



Suggestions that Amelia’s method only worked by coincidence and that a formula would
increase accuracy, e.g. “This is a great attempt at working out a problem using your own
approach. You managed to get the correct answer but now you need to learn the correct
formula for calculating the area of a triangle and set out your work using the formula so that
it is more accurate”.



Recognition of Amelia’s approach while also seeking a more detailed explanation of how and
why the approach worked, e.g. “This looks like a clever idea. Check your working using a
different strategy to see if you get the same answer using a different method. I would like to
hear more about how this strategy works as I am not certain about whether it would work on
other triangle questions”.

Most teachers who ranked Amelia’s work sample as Thorough or Extensive tended to be confident
that her answer was correct. Feedback from teachers in these categories generally acknowledged the
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elegance of Amelia’s strategy with some suggestions about how to improve the mathematical
communication in the work sample. Comments included:


Admitting that the strategy worked without recognising why or how it might be extended, e.g.
“You managed to achieve the correct answer this time; however this strategy will not work
for other examples. To improve your work please use the correct formula”.



Stating that the answer was correct and conveying a preference for the use of a formula, e.g.
“Your calculation is correct. Next time please show all of your working and also show that you
can check you work using the appropriate formula”.



Recognising the correctness of the answer and suggesting ways to improve the mathematical
communication, e.g. “Your answer is correct, but you need to make your communication
clearer so that the teacher can understand what you are doing. Try shading the diagram to
show where the pieces of the triangles move to form the rectangle and why this works”.



Acknowledging the elegance of the solution and proposing that Amelia further develop her
theory, e.g. “This is an incredibly efficient way of working out the area of this shape. It would
be good to investigate how and when you could apply this thinking to a range of other shapes.
I would like you to concentrate on providing more detail about why you could average the
heights of the triangles”.

The latter feedback comment on a response in the Extensive Noticing Task Position Category provides
an example of feedback that could provide some direction for Amelia on how to improve her response
to the problem.
In summary, most teachers did not interpret a work sample with a correct, efficient, sophisticated
solution, as representing Extensive achievement. Teachers who had successfully solved the problem
on which the work samples were based were far more likely to rank Extensive mathematical thinking
in the Thorough or Extensive positions. Only four teachers who had not solved the problem correctly
themselves identified Amelia’s work sample as Extensive or Thorough. Written feedback responses
from teachers in each Noticing Task Position Category supported the analysis of numerical data.
Generally, written feedback suggested that most teachers attended to the absence of a formula,
rather than to the reasoning and understanding of area relationships presented by Amelia. Written
feedback also illuminated that teachers with incorrect solutions to this problem were uncertain about
whether Amelia’s solution was correct. This contributed to the ranking of Amelia’s work sample as
Basic or Limited. The section that follows presents Noticing Task Student Category results to capture
which student work sample teachers ranked in the Extensive position.
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4.2.3.3 Noticing Task Student Category Results
Noticing Task Student data were analysed for distribution and central tendency [M = 3.67 (SD = 1.33,
N = 64). Figure 4-13 illustrates the number of participants in each Noticing Task Student Category,
where categories represent which work sample teachers ranked as Extensive. Almost half of the
participants (45%) ranked Caitlin’s work sample with a correct solution using a familiar procedure,
where each step was completed separately, as representing the highest level of reasoning and
understanding. Teachers (N=29) were far more likely to interpret Caitlin’s work sample as representing
Extensive achievement than the more efficient, sophisticated understanding and reasoning in the
work samples of Amelia (N=14) or Brendan (N=18). Very few teachers ranked work samples with
incorrect solutions in the Extensive position. No teacher ranked the work sample demonstrating
Limited achievement in the Extensive position. However, three teachers ranked Dylan’s incorrect
solution, which demonstrated Basic achievement resulting from a common misconception, as
Extensive. While the majority of teachers did not rank Amelia’s work sample in the Extensive position,
most teachers ranked a work sample with a correct solution in this position.

Figure 4-13

Distribution in Noticing Task Student Categories

The distribution of responses in Noticing Task Student categories can be summarised as follows:


Noticing Task Student Category 1: No teacher interpreted the work sample demonstrating
Limited achievement as Extensive.
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Noticing Task Student Category 2: three teachers interpreted a work sample demonstrating
Basic achievement as Extensive.



Noticing Task Student Category 3: twenty-nine teachers interpreted a work sample
demonstrating Sound achievement as Extensive.



Noticing Task Student Category 4: eighteen teachers interpreted a work sample
demonstrating Thorough achievement as Extensive.



Noticing Task Student Category 5: fourteen teachers interpreted a work sample
demonstrating Extensive achievement as Extensive.

4.2.3.1 The Influence of Item 9 on Noticing Task Student Results
Most teachers who correctly answered Item 9 gave responses in the two highest Noticing Task Student
categories. Teachers with correct responses to Item 9 in the Problem Solving Task were more likely to
rank work samples demonstrating Thorough or Extensive understanding or reasoning in the Extensive
position. By contrast, most teachers who ranked Caitlin’s work sample in the Extensive position were
teachers with incorrect responses to Item 9. While most teachers (86%) with responses in Noticing
Task Student Category 5 correctly answered Item 9 in the Problem Solving Task, only a small
proportion of teachers (10%) with responses in Noticing Task Student Category 3 had answered Item
9 correctly. The influence of Item 9 on which work sample teachers interpreted as Extensive is
illustrated in Figure 4-14.

Figure 4-14

Influence of Item 9 on Noticing Task Student Categories
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4.3

Correlational Analysis

This section presents the results of measures of statistical association applied to identify and test the
strength of relationships between participants’ Design Task, Problem-Solving Task and Noticing Task
results. These results are used to answer the research sub questions:
A. How are teachers’ understandings of area, perimeter and volume related to the level of
cognitive demand in the tasks they design for students?
B. How are teachers’ understandings of area, perimeter and volume related to their noticing of
higher levels of students’ mathematical thinking?
C. How are the levels of cognitive demand in the tasks that teachers design related to their
noticing of higher levels of students’ mathematical thinking?

4.3.1

Relationship A: Problem Solving and Levels of Cognitive Demand

A bivariate correlation was run to evaluate how teachers’ understandings of area, perimeter and
volume influenced the level of cognitive demand in the tasks they designed for students. A scatterplot
of Design Task results against Problem Solving Task results was plotted as shown in Figure 4-15. A jitter
effect was introduced to the scatterplot to overcome the issue of over plotting where more than one
participant achieved the same pair of scores in a study involving repeated measures (Chambers,
Cleveland, Kleiner, and Tukey, 1983, p. 107). Visual inspection of the scatterplot indicated a linear
relationship between teachers’ Problem Solving scores and the levels of cognitive demand in the tasks
they designed. The Pearson correlation coefficient [r = 0.759, n = 64, p = 0.01] identified a strong
correlation worthy of further investigation.

Teachers’ understandings of area, perimeter and volume were highly, significantly predictive of the
level of cognitive demand in the tasks they designed for students using the same content. A regression
was calculated to describe the overall proportion of variance in the Design Task explained by Problem
Solving Task results. A significant regression was found (F (1,62) = 84.485, p<.001), with an R² value of
.577, suggesting that Problem Solving results accounted for 57.7% of the variation in the levels of
cognitive demand in tasks. The adjusted R² = 57% characterises this as a moderate effect size (Cohen,
1992). The equation Design Task Category =.342*Problem Solving Score + 1.483 predicts an increase
of one level of cognitive demand for every three additional items (between one and two Problem
Solving Categories) correctly answered on the Problem Solving Task.
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Figure 4-15

Problem Solving Scores as a Predictor of Cognitive Demand in Tasks

A univariate ANOVA was conducted to explore the significance of differences between the Problem
Solving Task means of Design Task Categories. The ANOVA was conducted using Problem Solving
Categories to overcome the issue of error levels due to unequal group sizes on raw scores. The results
of the ANOVA (F (4, 59) = 17.776, p = .0001), illustrated in Figure 4-16, identified a statistically
significant difference in Problem Solving results across Design Task Categories.
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Figure 4-16

Comparison of Problem Solving Means across Design Task Categories

The Tukey post hoc test identified significant differences in Problem Solving results for groups in
Design Task Categories that were non-adjacent. Increases of two or more Problem Solving categories
were significantly predictive of increases in Design Task categories. The following differences were
observed:


The Problem Solving mean for the Pre-Structural Design Task category (M=1.67) was
significantly lower than the Problem Solving means for the Procedures without Connections (p
= .013), Procedures with Connections (p = .001) and Doing Mathematics (p = .0001) categories,
but not significantly different to the mean for the Memorisation category (p = .211).



The Problem Solving mean for the Memorisation Design Task category (M=2.44) was
significantly lower than the Problem Solving means for the Procedures with Connections (p =
.005) and Doing Mathematics (p = 0.001) categories, but not significantly different to the
mean for the Procedures without Connections category (p = .64).



The Problem Solving mean for the Procedures without Connections Design Task category
(M=2.87) was significantly lower than the Problem Solving mean for the Doing Mathematics
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category (p = .001), but not significantly different to the mean for the Procedures with
Connections category (p = .159).

Overall, responses in the Problem Solving Task were highly, significantly predictive of responses in the
Design Task. Teachers’ understandings of content, when measured through the lens of Problem
Solving, accounted for more than half of the variation in the levels of cognitive demand in the tasks
that teachers designed on the Launch Day. Figure 4-17 captures the way in which teachers who
designed Doing Mathematics tasks generally demonstrated higher levels of proficiency with content
in the Problem Solving Task. Conversely, teachers who designed Pre-structural or Memorisation tasks
generally demonstrated lower levels of proficiency with content in the Problem Solving Task. Two
outliers, indicated by *23 and *56, were identified. *23 depicts a result where a Procedures without
Connections task was designed, though none of the items in the Problem Solving Task were answered
correctly. *56 represents a result where a Doing Mathematics task was designed although only around
half of the items in the Problem Solving Task were answered correctly. Notably, teachers who
designed Procedures without Connections tasks ranged from the lowest to highest levels of proficiency
on the Problem Solving Task.

Figure 4-17

Relationship A: Design Task Categories and Problem Solving Scores
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4.3.2

Relationship B: Problem Solving and Teacher Noticing

A bivariate correlation was run to evaluate how teachers’ understandings of area, perimeter and
volume influenced their noticing of higher levels of reasoning and understanding in student work
samples. A scatterplot of Noticing Task against Problem Solving Task results was plotted as shown in
Figure 4-18. A jitter effect was introduced to overcome the issue of over plotting in a study involving
repeated measures (Chambers et al., 1983). Visual inspection of the scatterplot indicated a significant
relationship between teachers’ responses to the Problem Solving Task and the Noticing Task.
Pearson’s correlation coefficient [r = 0.674, n = 64, p = 0.01] confirmed a correlation worthy of further
investigation.

Figure 4-18

Problem Solving and Teacher Noticing

Teachers’ understandings of area, perimeter and volume were significantly predictive of their noticing
of higher levels of understanding and reasoning in student work samples on the same content. A
regression was calculated to describe the proportion of variance in Noticing Task categories explained
by Problem Solving results. A significant regression equation was found (F (1, 62) = 51.550, p<.000).
The R² value of .454, suggested that Problem Solving scores accounted for 45.4% of the variation in
Noticing Task Position categories. The adjusted value R² = 44.5% identified Problem Solving scores as
a moderate effect on Noticing Task Position (Cohen, 1992).
A univariate ANOVA was conducted to explore differences between the Problem Solving Task means
of responses in Noticing Task Position categories. The ANOVA was conducted using Problem Solving
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categories to overcome the issue of error levels due to unequal group sizes in raw scores. The results
of the ANOVA (F (4,59) = 13.264, p = .0001), illustrated in Figure 4-19, showed a statistically significant
difference between the Problem Solving means of different Noticing Task Position categories.

Figure 4-19

Comparison of Noticing Task Position means in Problem Solving Categories

The Tukey post hoc test revealed the following differences in the Problem Solving means of Noticing
Task Position Categories:


The Problem Solving mean for the Limited Noticing Task Position (M=1.71) was significantly
lower than the Problem Solving means for Thorough (p = .001) and Extensive (p = .000)
Noticing Task Positions, but not significantly different to means in the Basic (p = 0.835) or
Sound (p = .225) positions.



The Problem Solving mean for the Basic Noticing Task position (M=2.20) was significantly
lower than the Problem Solving means for the Thorough (p = .002) and Extensive (p = .000)
Noticing Task positions, but not different to the mean for the Sound and Limited Noticing Task
position.



The Problem Solving mean for the Sound Noticing Task position (M=2.71) was significantly
lower than the Problem Solving mean for the Extensive (p = .004) Noticing Task position, but
not different to the mean in the Thorough (p = 0.084) Noticing Task Position.

The results showed that teachers’ responses in the Problem Solving Task were significantly predictive
of their noticing of higher levels of student thinking. Yet, the Problem Solving scores of teachers in the
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Extensive and Thorough categories were similar. Overall, teachers’ understandings of content,
measured through the lens of Problem Solving, accounted for almost half (45%) of the variation in
Noticing Task Position. While overall Problem Solving had a moderate effect on teacher noticing,
correctly solving the item upon which work samples were based was associated with responses in the
Thorough and Extensive Noticing Task Position categories. Fisher’s exact test was used to further
examine the significance of this association by evaluating the contingency of teachers responding
correctly or incorrectly to Item 9 and which work sample they identified as representing Extensive
student thinking, as shown in Table 4-3. The exact test statistics value of <0.00001, significant at p <
.05, confirmed that correctly solving Item 9, the problem that was the basis for the set of student work
samples, was highly, significantly predictive of responses in the two higher Noticing Task Student
categories. Incorrect solutions to Item 9 strongly predicted ranking lower levels of student
achievement in the Extensive position.
Table 4-3

Fisher’s Exact Test for Noticing Task Position and Item 9

Higher Noticing Task
Student Categories

Lower Noticing Task
Student Categories

Marginal Row Totals

Item 9 Correct
Item 9 Incorrect

24
8

3
29

27
37

Marginal Column
Totals

32

32

64 (Grand Total)

The influence of Item 9 on teacher noticing was also examined visually. Figure 4-20 illustrates the
extent to which teachers with any given Problem Solving score and Item 9 correct/incorrect ranked
the same work sample in the Extensive position. Only one teacher with a Problem Solving score >4
and Item 9 correct did not identify a work sample demonstrating Thorough or Extensive mathematical
thinking as representing Extensive achievement. By contrast, the majority of teachers with incorrect
responses to Item 9 ranked the work sample demonstrating Sound achievement in the Extensive
position. Teachers with correct responses to Item 9 were unlikely to achieve a Noticing Task Student
category < 4. Teachers with Problem Solving scores > 5 were equally likely to rank Amelia’s work
sample as Thorough or Extensive when Item 9 was correct.
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Problem Solving and
Noticing Task Student
Categories for correct
responses to Item 9.

Problem Solving and
Noticing Task Student
Categories for incorrect
responses to Item 9

Figure 4-20

Noticing Task Categories by Item 9 Correct/Incorrect

The following influences of Item 9 on Noticing Task Student Position, disregarding overall Problem
Solving scores, were identified:


No teacher ranked a work sample showing evidence of Limited achievement in the Extensive
position, regardless of whether Item 9 was correct or incorrect.



None of the teachers with correct responses to Item 9 ranked a work sample showing
evidence of Basic achievement in the Extensive position in comparison to three teachers with
Item 9 incorrect.

137



Three teachers with correct responses to Item 9 ranked a work sample showing evidence of
Sound achievement in the Extensive position in comparison to 26 teachers with Item 9
incorrect.



Twelve teachers with correct responses to Item 9 ranked a work sample showing evidence of
Thorough achievement in the Extensive position in comparison to six teachers with Item 9
incorrect.



Twelve teachers with correct responses to Item 9 ranked the work sample showing evidence
of Extensive achievement in the Extensive position in comparison to just two teachers with
Item 9 incorrect.

In summary, the analysis of Problem Solving and Noticing Task results identified a strong relationship
between teachers’ understandings of area, perimeter and volume and their noticing of students’
mathematical thinking. Problem Solving scores were significantly predictive of noticing higher levels
of student thinking in written work samples. Teachers’ understandings of content, measured through
the lens of Problem Solving, accounted for almost half of the variation in Noticing Task categories.
However, the correctness of teachers’ responses to the particular item on which work samples were
based was the strongest predictor of teacher noticing. Teachers who did not correctly answer Item 9
were unlikely to identify Extensive mathematical thinking on related work samples and far more likely
to rank less efficient, procedural thinking in the Extensive position, regardless of their overall Problem
Solving score. Only teachers who did not solve Item 9 correctly ranked a work sample demonstrating
Extensive achievement lower than work samples with incorrect solutions.
Results in the Extensive and Thorough Noticing Task categories were associated with higher scores on
the Problem Solving Task, while results in the Limited and Basic categories were associated with lower
scores on the Problem Solving Task. However, high Problem Solving scores did not necessitate
discriminating among different levels of reasoning in work samples with correct solutions. Figure 2-21
illustrates the way in which results in the Sound category were linked to Problem Solving scores
ranging from zero to nine. Two outliers were identified. *26 and *33 represent results where Amelia’s
work sample was ranked lower than at least one work sample with an incorrect solution, even though
approximately half or more of the items in the Problem Solving task were solved correctly.

138

Figure 4-21

4.3.3

Relationship B: Noticing Task Position and Problem Solving Scores

Relationship C: Levels of Cognitive Demand and Teacher Noticing

Following the investigation of relationships between Problem Solving as a measure of teachers’
Subject Matter Knowledge and two aspects of Pedagogical Content Knowledge, the relationship
between the two pedagogical aspects of teacher knowledge was examined. This analysis was included
to identify whether there was a correlation between two different measures of pedagogical
knowledge, which had each been identified as positively correlated with teachers’ understandings of
the same content using the same measure. The purpose of testing this relationship was to compare
the strength of a relationship within a domain of teacher knowledge to the strength of relationships
across domains, thereby completing the triangle of relationships illustrated in Figure 3-1.

A bivariate correlation was run to evaluate whether the levels of cognitive demand in the tasks that
teachers designed were associated with noticing of higher levels of student thinking. Visual inspection
of the scatterplot of Noticing Task against Design results did not indicate a significant linear
relationship between teachers’ Design Task and Noticing Task results. The Pearson correlation
coefficient [r = 0.511, n = 64, p = .01] confirmed that the correlation between these two measures was
not as strong as the relationships identified between Problem Solving scores and each variable of
pedagogical knowledge.
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Figure 4-22

Relationship C: Design Task and Noticing Task results

Visual inspection of the scatterplot suggested that responses in the Pre-structural Design Task
Category were visibly associated with lower Noticing Task Categories, while responses in the Doing
Mathematics Design Task Category were associated with higher Noticing Task Categories. The absence
of a significant correlation was due to the distribution of responses across the middle categories for
the Design Task and Noticing Task.
Results related to the following contingencies highlighted that Problem Solving might be a factor in
the absence of a strong linear relationship between the Design Task and Noticing Task results:


Five teachers designed Procedures with Connections tasks yet did not notice higher levels of
mathematical thinking in work samples. Four of these five teachers were the only four
teachers with Low-Moderate Problem Solving scores who designed higher level tasks.



Eight teachers designed Procedures without Connections tasks yet did notice higher levels of
thinking. Four of these were the only teachers with Moderate-High or High Problem Solving
scores who designed tasks that did not target higher levels of cognitive demand.
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Two teachers who designed Memorisation tasks yet did notice higher levels of mathematical
thinking. These were two of only three teachers who designed Memorisation tasks and
correctly solved the problem that the Noticing Task was based on.

These observations informed the decision to conduct a multiple regression analysis, controlling for
Problem Solving scores, to evaluate the relationship between Design Task and Noticing Task results as
part of the analysis of relationships among three aspects of teacher knowledge.

4.4

Relationships among Three Aspects of Teacher Knowledge

To test the relationship between the Problem Solving Task, Design Task and Noticing Task results, a
multiple regression was applied. The regression was undertaken to summarise the data in answer to
the major research question regarding how teachers’ understandings of mathematical content
influence their knowledge for teaching it. The regression evaluated the extent to which the level of
cognitive demand in the tasks teachers designed, and their noticing of higher levels of student
thinking, together, predicted Problem Solving scores. The examination of relationships among each
pair of variables was used to confirm the appropriateness of the test against the eight assumptions
for multiple regression analysis. The results of the multiple regression are summarised in Table 4-4.
Table 4-4

Model

Levels of Cognitive Demand and Teacher Noticing as Predictors of Problem Solving

R

.829

R Square

.687

Adjusted R

Std. Error

Square

Estimate

.677

1.55902

The multiple correlation coefficient [R = .829, N = 64, p < .001] suggested a strong, positive correlation,
between levels of cognitive demand in tasks and rankings for higher levels of student thinking
together, and Problem Solving scores. The F-ratio [F (2, 61) = 66.996, p<.000] suggested that the
regression model was a good fit for the data. The R² value of .687 confirmed that the variables of
pedagogical knowledge considered as a whole were closely associated with variations in Problem
Solving scores.
Common patterns for participants’ responses across the Problem Solving, Design and Noticing tasks
were identified. Eight possible combinations of results were identified. Figure 4-23 illustrates patterns
regarding higher or lower levels of subject matter knowledge domain associated with higher or lower
levels of knowledge on two aspects of pedagogical knowledge. Eight combinations were considered.
Four patterns for teachers with stronger subject matter knowledge are represented by thicker lines.
The lines indicate the contingency that teachers with stronger subject matter knowledge might design
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tasks with higher or lower levels of demand and either notice or misinterpret higher levels of
mathematical thinking. Similarly, four patterns for teachers with weaker subject matter knowledge
are represented by thinner lines. These represent the contingency that teachers with weaker subject
matter knowledge might design tasks that target higher or lower levels of demand and notice or
misinterpret higher levels of student thinking.
Subject Matter Knowledge
Was Subject Matter
Knowledge Stronger or
Weaker?
Stronger Subject Matter
Knowledge
Pathway A

Cognitive Demand in Tasks
Was the task higher or
lower in cognitive demand?

Noticing Student Thinking
Were higher levels of
student thinking noticed or
misinterpreted?

15 teachers

Stronger-Higher-Noticing

Stronger Subject Matter
Knowledge
Pathway B

2 teachers

Stronger-Higher-Misinterpreting

Stronger Subject Matter
Knowledge
Pathway C

4 teachers

Stronger-Lower-Noticing

Stronger Subject Matter
Knowledge
Pathway D

3 teachers

Stronger-Lower-Misinterpreting

Weaker Subject Matter
Knowledge
Pathway E

2 teachers

Weaker-Higher-Noticing

Weaker Subject Matter
Knowledge
Pathway F

4 teachers

Weaker-Higher-Misinterpreting

Weaker Subject Matter
Knowledge
Pathway G
Weaker-Lower-Noticing

Weaker Subject Matter
Knowledge
Pathway H
Weaker-Lower-Misinterpreting

Figure 4-23

7 teachers

27 teachers

Patterns across Three Aspects of Teacher Knowledge
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Table 4-5 presents the number and percentage of participants with responses that followed each
pattern, both in terms of the proportion of teachers with weaker or stronger subject matter as well as
the proportion of all participants.
Table 4-5

Subject
Matter
Knowledge
(SMK)

Pathway

Description

Number
of
teachers

% of
Stronger
or weaker
SMK

% of
All
Participants

A

Higher levels of cognitive demand
and noticing higher levels of
student thinking.
Higher levels of cognitive demand
and misinterpreting higher levels
of student thinking.
Lower levels of cognitive demand
and noticing higher levels of
student thinking.
Lower levels of cognitive demand
and misinterpreting higher levels
of student thinking.
Higher levels of cognitive demand
and noticing higher levels of
student thinking.
Higher levels of cognitive demand
and misinterpreting higher levels
of student thinking.
Lower levels of cognitive demand
and noticing higher levels of
student thinking.
Lower levels of cognitive demand
and misinterpreting higher levels
of student thinking.

15

62.5%

23.44%

2

8.33%

3.13%

4

16.66%

6.25%

3

12.50%

4.69%

2

5.00%

3.13%

4

10.00%

6.25%

7

17.5%

10.94%

27

67.50%

42.19%

B
Stronger
(24 teachers)

C

D

E

F
Weaker
(40 teachers)

Participants Responses: High and Low Pathways

G

H

Almost two-thirds (62.5%) of the teachers with responses that were stronger in subject matter
knowledge also designed tasks with higher levels of cognitive demand and noticed higher levels of
student thinking. Similarly, just over two-thirds (67.5%) of the teachers with responses that were
weaker in subject matter knowledge also designed tasks that were lower in cognitive demand and
misinterpreted higher levels of student thinking. When the frequency of each pattern is considered in
light of all eight possibilities the most common pattern was weaker subject matter knowledge with
lower levels of cognitive demand in tasks and misinterpreting higher levels of student thinking
(42.19%). However, the second most common pattern was the complete inverse - stronger subject
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matter knowledge, higher levels of cognitive demand in tasks and noticing higher levels of student
thinking (23.44%).
The scatterplot in Figure 4-24 is presented to crystallise the complexity of relationships among the
three aspects of teacher knowledge. The two aspects of pedagogical knowledge studied are
represented on the axes, while colour and size indicate Problem Solving Categories for responses in
any given position. The graphic demonstrates the way in which the two variables of pedagogical
knowledge together were associated with teachers’ proficiency with content when measured through
the lens of Problem Solving. While a significant correlation between the two aspects of pedagogical
knowledge was not evident initially, when these variables were controlled for Problem Solving scores,
the relationship between them became more salient. The medians for the Design Task and Noticing
Task, represented as dotted lines, are used to consider the results for three variables in ‘quadrants of
teacher knowledge’. The median was used for this purpose after considering the normality of
distributions using the Kolmogorov-Smirnov test (p < 0.001).
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Figure 4-24

Relationships among Three Aspects of Teacher Knowledge

Visual inspection of Figure 4-24 reveals that all teachers with results in the Low Problem Solving
category also achieved at or below the median for both the Design Task and the Noticing Task. Low
levels of proficiency with content, represented by small dots, were associated with designing tasks
that targeted lower levels of cognitive demand and interpreting Extensive mathematical thinking as
Basic or Limited when the content remained constant. These results are located in the bottom left
(LOW-LOW) quadrant of the graphic. By contrast, teachers with results in the High Problem Solving
category, represented by the largest bubbles, achieved at or above the median score for both the
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Design Task and the Noticing Task. The way in which High levels of proficiency with content were
associated with designing tasks that targeted higher levels of cognitive demand and interpreting
higher levels of mathematical thinking as Thorough or Extensive is visible in the top right (HIGH-HIGH)
quadrant. The graphic also makes visible the ways in which teachers with results in the Low-moderate
and Moderate Problem Solving categories tended to have results in lower or higher categories on
either the Design Task or the Noticing Task. Results in these categories were distributed across the full
range of scores on either one or both measures. Teachers with results in the Moderate-High Problem
Solving category tended to have results in the higher levels for the Design Task; however some
interpreted higher levels of student thinking as Basic. This was mostly the case for teachers with
overall higher Problem Solving scores who incorrectly solved the item on which the student work
samples were based.
In summary, the results provide insights in answer to the major research question of how teachers’
understandings of mathematical content influence their knowledge for teaching it. Teachers’
understandings of area, perimeter and volume, when measured through the lens of Problem Solving,
demonstrated strong positive relationships with the levels of cognitive demand in the tasks they
designed and their noticing of higher levels of student thinking. Increases in the number and type of
problems solved by teachers, particularly problems that were unfamiliar, non-routine and more
complex, were predictive of increases in the levels of cognitive demand in tasks and noticing higher
levels of student thinking. Around two-thirds of the teachers with stronger subject matter knowledge
also designed tasks with higher levels of cognitive demand and noticed higher levels of student, while
around two-thirds of the teachers with weaker subject matter knowledge designed tasks with lower
levels of cognitive demand and misinterpreted higher levels of student thinking. Teachers who only
solved routine problems tended to design lower level tasks and rank Extensive student thinking as
Limited or Basic. However, solving the problem on which student work was based was the strongest
predictor of noticing higher levels of student thinking. The results presented in this chapter are
discussed in Chapter 5 in light of the findings of studies examined in the literature review.

4.6

Summary of Results

Results from the analysis of data gathered as measures of three aspects of teacher knowledge were
used to describe the levels of cognitive demand in the tasks teachers designed for students, teachers
understandings of mathematical content and teachers’ noticing of higher levels of student thinking.
The following results were identified:
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1. Design Task responses were distributed across all levels of cognitive demand from 1 to 5. More
teachers designed tasks in the Procedures without Connections category than any other
category. Approximately one-third of the teachers designed higher level tasks.
2. Problem Solving Task responses were distributed across the full range of scores from 0 to 9.
On average teachers answered half of the problems correctly. While the number of correct
responses was similar for each content focus, teachers were far more likely to solve problems
rated as familiar and/or low in complexity.
3. Noticing Task responses were distributed across all Noticing Task Position categories from 1
to 5. Most teachers did not identify the sophisticated mathematical thinking in a student work
sample as Extensive. Almost half of the teachers in the study ranked a work sample with a
correct solution demonstrating the inefficient application of a formula in the Extensive
position. Teachers who correctly answered Item 9 were far more likely to notice higher levels
of student thinking.
The descriptive statistics used to summarise each aspect of teacher knowledge studied were used as
building blocks to study relationships between aspects of teacher knowledge. The following
relationships were identified:
A. Problem Solving Task scores were highly, significantly predictive of Design Task Categories [r
= 0.759, n = 64, p = 0.01]. Problem Solving accounted for 57.7% of the variation in the levels
of cognitive demand in the tasks that teachers designed.
B. Problem Solving scores were significantly predictive of Noticing Task Position Categories [r =
0.674, n = 64, p = 0.01]. Problem Solving accounted for 45.4% of the variation in noticing
higher levels of student thinking in student work samples. Correctly solving the problem that
was the basis for the set of student work samples was highly, significantly predictive of higher
Noticing Task Positions [<0.00001, significant at p < .05].
C. Design Task Categories were not strongly correlated with Noticing Task Position Categories [r
= 0.511, n = 64, p = .01]. However, when Design Task and Noticing Task data were controlled
for Problem Solving a significant relationship was identified [R = .829, N = 64, p < .001].
Patterns and relationships were evident when all three aspects of teacher knowledge were considered
simultaneously. Common patterns across all three variables of teacher knowledge suggested links
between: stronger subject matter knowledge, designing tasks in the higher levels of cognitive demand
and noticing higher levels of student thinking; and, weaker subject matter knowledge, designing tasks
in the lower levels of cognitive demand and misinterpreting higher levels of student thinking. Notably,
all teachers demonstrating Low levels of proficiency with the selected content achieved at or below
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the median on the Design Task and the Noticing Task using the same content. By contrast, all teachers
demonstrating High levels of proficiency with the selected content achieved at or above the median
on the Design Task and the Noticing Task.
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Chapter 5 DISCUSSION
This chapter consists of four sections that together interpret the results presented in Chapter 4. The
discussion is structured to answer the research questions introduced in Chapter 2. The first section
offers an overview of key findings in relation to the aim of investigating how teachers’ understandings
of mathematics influence their knowledge for teaching it. In the second section, a discussion of specific
findings related to each aspect of teacher knowledge is presented in light of research examined in the
literature review. The third section scrutinises the nature and strength of relationships between
aspects of teacher knowledge and offers an explanation of the results in relation to the major research
question. The final section considers the limitations of the research.

5.1

Overview of Findings

The results of the individual aspects of teacher knowledge studied, and the results of tests of statistical
association to study relationships among them, supported the notion that teachers may exert
different influences on student learning as a consequence of differences in their knowledge (Davis,
2006). The research set out to identify the extent to which teachers’ understandings of mathematics
influence their knowledge for teaching it. Through the analysis of data related to the same content,
for the same group of participants, teaching the same grade levels, using the same new syllabus at the
same point in time, valuable insights into teachers’ knowledge for teaching mathematics were
gleaned. When used together in the correlational analysis, the results indicated significant positive
relationships between teachers’ understandings of mathematics and two aspects of their pedagogical
knowledge. Seven key findings were identified:


Most teachers did not design the types of higher level tasks required for students to make
connections between concepts and procedures and engage in ‘doing mathematics’.



Most teachers’ understandings of content supported them in solving problems rated as
familiar, routine and low in complexity.



Teachers were most likely to interpret procedural thinking as representing higher levels of
mathematical thinking in students’ work samples.



Teachers with stronger subject matter knowledge were more likely to design tasks that
provided opportunities for higher levels of cognitive demand.



Teachers with stronger subject matter knowledge were more likely to notice higher levels of
mathematical thinking, although the most significant predictor of teacher noticing was
correctly solving the problem upon which student work was based.
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A correlation between the levels of cognitive demand in tasks that teachers designed and their
noticing of higher levels of student thinking was only evident when both aspects of
pedagogical knowledge were controlled for Problem Solving scores.



Teachers with stronger subject matter knowledge also designed tasks with higher levels of
cognitive demand and noticed higher levels of student thinking in work samples.

Together, the results indicated a strong, positive relationship between aspects of teacher knowledge
across the pedagogical and subject matter knowledge domains. The influence of teachers’
understandings of content on two aspects of their pedagogical knowledge was evident when all
measures of teacher knowledge pertained to the same content, the same stage of learning and when
teachers’ understandings of mathematics were based on applying their knowledge of the content to
solve problems.

5.2

Aspects of Teacher Knowledge

This section discusses findings related to the first three research sub questions and compares them to
the findings of studies identified in the literature review. The recommendations of the OECD for
Australian students to have increased opportunities to solve more complex problems, higher
expectations for communicating their thinking and greater exposure to alternative solution
approaches (Thomson et al., 2012) are re-stated here to contextualise the analysis of results for the
three aspects of teacher knowledge that are the focus of this study.

5.2.1

Knowledge of Teaching in the Design Task

Tasks play an important role in mathematics learning and teaching. In particular, tasks with higher
levels of cognitive demand are associated with improved learning outcomes. As “the key decision that
the teacher makes” (Sullivan, 2011, p.31), the tasks that teachers designed in this study were
examined as artefacts of their knowledge for planning effective learning (AITSL, 2014). This section
discusses results related to the first research sub question regarding the levels of cognitive demand in
the area, perimeter and volume tasks that teachers design for students.

Overarching the evaluation of the Design Task results is the issue of how teachers transform what is
intended by the curriculum into what is implemented (Mullis et al., 2011). Four observations are
discussed in this section. First, the range of tasks across all five levels of cognitive demand illustrated
the inequity of learning opportunities available to students in different classrooms due to substantial
variability in teachers’ expectations for students of the same age when learning the same content.
Second, with almost two-thirds of the tasks designed by teachers in this study targeting lower levels
of cognitive demand, high expectations for mathematical learning and achievement may not be a
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reality for most students. Third, the prevalence of Procedures without Connections tasks for learning
content that emphasises exploring, identifying and describing relationships, suggested an
overemphasis on procedural knowledge that limits opportunities for developing deeper conceptual
understandings (Hattie et al., 2012). Finally, as one-eighth of the tasks did not provide any opportunity
to learn the selected content, some students may experience educational disadvantage as a
consequence of limitations in teacher knowledge.
5.2.1.1 Variability in teachers’ expectations for student learning
The levels of cognitive demand in the tasks that teachers designed provided a window into their
pedagogical knowledge and their expectations for student learning. The Design Task results in this
study made salient the variability in teachers’ expectations for student learning. The range in levels of
cognitive demand challenged the notion of equity in education, even for students of the same age,
learning the same content, within the same schooling system, in the same metropolitan area. Whether
tasks derive from research, experience or practice (Shulman, 1986), all students should be provided
with opportunities to attain the intended curriculum through its effective implementation. Tasks, and
the levels of cognitive demand available through them, play a vital role in this process.
Vast differences in the levels of cognitive challenge available to students may explain some of the
variation in student attainment (Sanders et al., 1997). The range in levels of cognitive demand, from
Pre-structural to Doing Mathematics, reflected a chasm in educational opportunity. It represented the
difference between having no real opportunity to encounter the relevant facts, skills or concepts for
the selected content to having unlimited opportunities to explore, identify, understand and generalise
theories and relationships and achieve standards of excellence. Notably, the relationships that are the
focus of the content selected for this study are foundational to the algebraic formulas for perimeter,
area and volume that students will need to establish in the following stage of learning. Hence, the
issue of equity may not impact only on learning the specific topics that are the focus of this research,
it may also impact on the ideas that build upon them. Early topics, such as area, perimeter and volume,
underpin topics in advanced mathematics (Ma, 1999). They provide a source of reasoning and visual
representation for geometric concepts such as congruence and similarity, and algebraic concepts such
as the distributive law and factorisation of polynomials. Consequently, the variability in teachers’
expectations for students learning about area, perimeter and volume in the final two years of primary
school, and the experiences that they designed for them, have the potential to extend or limit
students’ longer term success in mathematics. One of the indicators for Year 8 students to achieve the
Advanced International Benchmark in TIMSS is the ability to apply knowledge of geometric figures to
solve a variety of problems about area and surface area. In 2015, just 9% of Australian students
achieved this benchmark (OECD, 2016).
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5.2.1.2 The conflict between high expectations and the prevalence of lower level tasks
High expectations for student learning, which are associated with achieving standards of excellence in
mathematics education (Hattie et al., 2012), were not evident in the majority of the tasks in this study.
Most teachers did not design the types of tasks needed to provide opportunities for students to make
connections between concepts and procedures or engage in ‘doing mathematics’ (Stein et al., 1998;
Sullivan, 2011). The smaller proportion of tasks in the two higher levels of cognitive demand might
have been affected by teachers’ experiences of students who struggle, or the belief that challenge is
only for more capable students (Pogrow, 1988). Even so, teachers in this study were asked to design
a task to assess the understanding and reasoning of all students on the selected content. The relatively
small number of “rich and challenging tasks that allow students time and opportunities to make
decisions” (Sullivan, 2011, p.26) suggested limitations in teachers’ applications of the Australian
Professional Standards for Teaching (AITSL, 2014). Proficient teaching should make learning engaging
and valued by offering appropriate levels of challenge through tasks that are open to the learning of
all students. Proficient teachers are expected to develop students’ problem solving and critical and
creative thinking skills through the implementation of well-designed tasks (AITSL, 2014).
The proportion of tasks identified in the higher levels of cognitive demand raised a concern because
tasks guide the learning process for students, establish expectations regarding what is being learned
(Smith et al., 2011) and target the discrepancy between what students already know and the new
learning (Vygotsky, 1978). Tasks that target higher levels of cognitive demand are necessary to develop
the types of conceptual understandings of mathematics that are associated with deep learning (Hattie,
2015). Just over one-third of the tasks in this study provided experiences with the potential to enhance
students’ awareness, reasoning and understanding of measurement concepts through well-selected
examples (Chick, 2009). These tasks were characterised by deeper questions that could prompt
students to take their existing knowledge, compare ideas and develop a theory about relationships
between them (Graesser et al., 1994). They integrated questions and content seamlessly to build
connections between the task and the concepts being learned. The remaining tasks (64%) did not
provide opportunities likely to stimulate deeper, conceptual understandings of the content (Ma, 1999;
Pesek et al., 2000; Skemp, 1976; Smith et al., 2011).

The majority of tasks designed in this study demonstrated characteristics that were in juxtaposition to
the recommendations of research and the Australian Professional Standards for Teaching (AITSL,
2014). The design of tasks is an aspect of teacher knowledge in which teachers must be competent in
order to teach effectively (Blomeke et al., 2012; Grouws et al., 2000) and integral to expectations for
proficient teaching (AITSL, 2014). Standard 3 in the Australian Professional Standards for Teachers
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makes clear the expectation for teachers to set explicit, challenging learning goals for all students. For
these reasons it was concerning that just one-third of the tasks designed in this study targeted the
higher levels of cognitive demand, and only a minority of these higher level tasks targeted Doing
Mathematics. Primary teachers in NSW are responsible for teaching measurement, as well as the
working mathematically components of communication, problem solving, reasoning, understanding
and fluency (NSW BOS, 2012). Despite this, just nine tasks demonstrated characteristics such as
requiring complex, non-algorithmic thinking, exploring and understanding the nature of concepts and
relationships, accessing and applying relevant knowledge and skills and requiring significant cognitive
effort (Stein et al., 1998).
As the origin of the TAG (Stein et al., 1998), the QUASAR project (Stein et al., 1996) provided a useful
lens for considering the proportion of tasks identified at each level of cognitive demand in the present
study. A number of differences were noted. In particular, the percentage of tasks targeting lower levels
of cognitive demand in this study was more than double the percentage of tasks targeting lower levels
in the QUASAR project. Differences in the results might have been influenced by a range of factors.
First, the studies involved different expectations for teachers and different conditions for the
collection of data. While teachers in the present study designed a task independently, using a new
syllabus and content selected by the researcher, teachers in the QUASAR project selected their own
content and the majority selected an existing task rather than designing one themselves. Further, the
content selected for this research was content recognised as problematic for students (Blume et al.,
2007; Hirstein, 1981; Ma, 1999; Marchett et al., 2005), and teachers (D’Amore et al., 2006; Steele,
2013). Analysis of the trends in TIMSS for Australian Year 4 students indicates that, of the three
content domains assessed, Geometry and Measurement is the only domain for which the
performance of Australian students fell from 2007 to 2011 and again from 2011 to 2015 (OECD, 2016).
One of the principles in the organisation of teacher knowledge is that it is determined by the content
(Ma, 1999). Hence, it is possible that the higher proportion of teachers designing lower level tasks in
this study might have been a consequence of selecting content that teachers associated with
memorising and applying formulas. Nevertheless, the results suggest that the majority of students
may not be experiencing opportunities to solve more complex problems, high expectations for
communicating their thinking and exposure to a range of solution approaches (Thomson et al., 2012).
5.2.1.3 An emphasis on procedural knowledge
While the syllabus emphasises exploring, identifying and describing relationships among
measurement attributes, more tasks in this study were characterised as Procedures without
Connections to meaning than at any other level of the analysis framework. The number of tasks in this
category offered insight into teachers’ understandings of how the topics of area, perimeter and
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volume are organised and can be represented (Shulman, 1987). The results reflected the contrast
identified by Leinwand et al. (2004) between recommendations for designing tasks that develop
students' understandings of mathematics and the types of tasks that students experience. Even
though initial instruction that focuses exclusively on procedural skills results in students experiencing
difficulty in understanding mathematical concepts, procedural skills were the most common focus of
the tasks designed by teachers in this study.
While it is not possible to predict the level at which teachers would implement tasks that focused on
Procedures without Connections in the classroom, research suggests that teachers cannot implement
learning if they cannot design or plan for it (Doyle, 1988; Smith et al., 2011). Generally, the number of
tasks focusing on the development of procedural knowledge indicates that many teachers may not
have made the shift from whether students can achieve an answer to how. The issue with tasks that
focus on procedural knowledge, without connecting it to the concepts that underpin the procedure,
is that teachers may infer that students understand the attributes and relationships involved because
they tend to make correct calculations when given the procedure and only the relevant dimensions.
Such tasks mask the issue that students may not recognise when or why to select a procedure or how
to identify the relevant dimensions for the relationship being applied. As noted by Hirstein (1981),
when students were given the lengths of all three sides on a right angled triangle and asked to
calculate the area, adding the three sides together was the most common error for 48% of 13 and 17
year olds. Hence, Tasks in the Procedures without Connections category focused on procedures at the
expense of opportunities for students to understand and demonstrate conceptual understandings of
the attribute being measured. They denied students opportunities to:
plan their own approach; sequence multiple steps; process multiple pieces of information; make
connections; see concepts in new ways; engage with important mathematical ideas; choose their own
goals and level of access; sustain effort; explain strategies; justify their thinking to others; and, extend
their knowledge and thinking in new ways (Sullivan et al., 2011, p. 34).

Teachers play a pivotal role in transforming the intended curriculum into what is attained by students
(Mullis et al., 2011). The NSW Mathematics K-10 syllabus reflects research that initial rote learning of
measurement concepts can interfere with meaningful later learning. Hence, the proportion of tasks
targeting isolated practise of procedures and skills exemplified how limitations in teachers’
pedagogical knowledge may impact upon the learning opportunities available for students.
The tasks that teachers designed indicated inconsistencies in the interpretation of syllabus content.
While the selected outcomes and content emphasised conceptual understandings over procedural
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knowledge, many teachers designed tasks that focused on developing procedural knowledge. For
example, the syllabus intends that students “investigate and compare the areas of rectangles that
have the same perimeter” (NSW BOS, 2012). That is, even though the perimeter stays the same, the
area may vary (D’Amore et al., 2006; Marchett et al., 2005). Yet, a number of tasks provided evidence
that some teachers interpreted this as, “find the areas of different rectangles with different
perimeters”. Such tasks provided dimensions that resulted in a different perimeter and different area
for each rectangle and therefore did not offer an opportunity for students to understand that when
the perimeter stays the same the area can increase or decrease because of the way that the space is
organised. Notably, the syllabus alerts teachers to the fact that students at this stage of learning
should use words and not formulas to generalise their methods for calculating area, perimeter and
volume. Despite this, many teachers designed tasks that involved students in learning or applying
formulas that the syllabus intentionally does not introduce until the following stage of learning. By
comparison, few tasks required students to generalise relationships and express them in words as
required by the syllabus. Based upon the results of the Design Task, the majority of students would
not have opportunities to achieve the intended curriculum, because the tasks designed for students
learning these topics did not reflect the syllabus intent of exploring, identifying and recognising
relationships.
The high proportion of tasks that focused on procedural knowledge in this study may be due to the
enactment of teacher knowledge that reflected the instruction that teachers experienced in their own
education (Ball et al., 2005; Leinwand et al., 2004). That is, teachers might design tasks similar to those
through which they initially learned the content in their own education. The results may be associated
with Ma’s observation that, “teachers who expected students merely to learn the procedure tended
to have a procedural understanding” (1999, p.3). If it is intended that teachers implement the
curriculum by teaching for understanding, through problems that stimulate the communication and
reasoning of their students, then teachers may first need opportunities to understand the content in
the syllabus they teach beyond knowing and applying procedures.
5.2.1.4 The impact of limitations in teacher knowledge
Analysis of the results indicated that some students may experience educational disadvantage as a
consequence of limitations in teacher knowledge. Tasks convey teachers’ expectations for student
learning. Notably, one-eighth of the teachers in this study designed tasks that did not reflect the
selected content and therefore provided no relevant opportunity for students to attain the intended
curriculum. This means that opportunities for students to learn area, perimeter and volume content,
as intended by the syllabus, may be extremely limited in some classrooms.
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In the study of Stein et al. (1996), the proportion of ‘non-mathematical’ or ‘other’ tasks was so small
that they were not included as a category in the TAG. The identification of eight tasks in the present
study necessitated the inclusion of the Pre-structural category as an additional category to describe
tasks that did not offer any relevant opportunity for students to demonstrate knowledge,
understanding and skills related to the selected learning goal. Smith et al. (2011) highlighted the
importance of teachers having clear learning goals as a foundation for improving the quality of tasks
and instruction. From both a research and teacher professional standards perspective, mathematical
knowledge for teaching is inclusive of planning for learning and writing assessment tasks (Ball et al.,
2005) to evaluate students’ achievement of clearly identified outcomes and objectives. The Prestructural tasks in this study did not provide evidence of proficiency in planning for effective learning
(AITSL, 2014). The eight tasks in this category created a dilemma because,
without explicit learning goals, it is difficult to know what counts as evidence of students’ learning, [or]
how students’ learning can be linked to particular instructional activities (Hiebert et al., 2007, p.51).

It is possible that teachers’ understandings of subject matter influenced their interpretation of syllabus
content and therefore their articulation of relevant learning goals. Sowder, Phillip, Armstrong &
Schappelle (1998) proposed that tasks that do not identify a clear learning goal reflecting the nature
of the task that teachers design may result from limitations in their pedagogical knowledge.
Alternatively, tasks that did not provide opportunities for students to learn the selected content may
have reflected limitations in proficiency with the subject matter (Charalambous, 2010; Tzur, 2008).
In summary, the proportion of tasks targeting lower levels of cognitive demand suggested that most
teachers were unable to draw upon a repertoire of powerful examples, tasks and problems that would
require students to explore and understand concepts (AITSL, 2014; Shulman, 1986). The results
reinforced the recommendations of PISA and TIMSS regarding the need to increase opportunities for
Australian students to solve more complex problems, raise expectations for students to communicate
their thinking and offer greater exposure to alternative solution approaches (Thomson et al., 2012).
The results also supported the belief that the tasks that teachers design are influenced by a number
of factors, including teachers’ goals, knowledge of students and knowledge of the subject matter
(Cheeseman et al., 2013; Hollingsworth et al., 2003). Having considered the levels of cognitive demand
in the tasks that teachers designed for students, the question of why higher levels were only evident
in around one-third of the tasks studied, is raised. The relationship between teachers’ subject matter
knowledge and the levels of cognitive demand in the tasks they design will be discussed in Section 5.3.
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5.2.2

Knowledge of Content in the Problem Solving Task

The extent to which teachers were able to apply their understandings of area, perimeter and volume
to solve problems was used as a measure of teachers’ subject matter knowledge. The Problem Solving
Task was used to gather data that reflected Knowing-to rather than Knowing-about mathematics
(Mason et al., 1999), inclusive of the five strands of mathematical proficiency (Kilpatrick et al., 2001).
The number of correct responses, and variations in performance related to item ratings, were used to
answer the second research sub question regarding the extent to which teachers’ understandings of
area, perimeter and volume support them in solving mathematical problems.
Guiding the discussion of the Problem Solving Task results is the issue of not whether, but how,
teachers needed to understand content in order to respond to the variety of problems suited to
improving student learning. Three main issues are presented for discussion. The first issue is the
contradiction between the ideals of equity and excellence and the extreme variability demonstrated
in teachers’ Subject Matter Knowledge. Second, the results illuminated teachers’ reliance on solving
familiar, routine problems, suggesting limitations in the depth and flexibility of content knowledge, or
Knowing-to. The third issue raised is that most teachers solved problems rated as low in complexity,
but not problems rated as moderate or high in complexity. This presents a challenge in responding to
the recommendations for Australian students to solve more complex problems and be extended at
the top end (Thomson et al., 2012).
5.2.2.1 A Contradiction: Equity, Excellence and Variability
A key finding of the Problem Solving Task was that, on average, teachers’ understandings of content
supported them in solving half of the problems presented. The mean conveyed a sense of mediocrity
in subject matter knowledge, yet the distribution of scores from zero to nine indicated extremes in
teachers’ proficiency with the selected content. While four teachers were unable to solve any
problems, eight teachers successfully solved all problems. In reality, this means that some students
have access to teachers with strong subject matter knowledge that can be applied flexibly and fluently
to support them when solving a range of area, perimeter and volume problems, including those that
are high in complexity. By contrast, other students may have limited opportunities to attain the
intended curriculum because their teachers do not have sufficient levels of proficiency with the
content to support them in analysing, reasoning and communicating when interpreting and solving
mathematical problems (OECD, 2012), including those that are low in complexity. The results pose a
significant challenge to achieving the goal of equity in Australian schooling (MCEETYA, 2008).
Increasing the mathematical proficiency of all Australian students may first require opportunities for
teachers to increase their own proficiency with the mathematics they teach. Levels of subject matter
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knowledge are not equal across classrooms, and only one in eight of the teachers in this study were
able to solve all of the area, perimeter and volume problems selected from NAPLAN Numeracy items.
It was surprising that just 50% of responses to the selected area, perimeter and volume problems, all
of which were applications of content taught in the final two years of primary school, were correct.
While the emphasis on Problem Solving in the syllabus had increased at the time of the study, it was
not new. Mathematical knowledge for teaching is the knowledge that teachers need in order to carry
out their roles as mathematics teachers effectively (Ball et al., 2008). If teachers need to know the
content they teach, and problem solving describes how students learn the content, then it seems
reasonable that teachers need to be able to solve the types of problems used to teach and assess
students. The role of Problem Solving in developing and extending student thinking is acknowledged
globally (City et al., 2009). Problem Solving equips teachers to provide experiences through which
students can construct knowledge based on understanding (von Glasersfeld, 1989). It enables learning
environments where student learning can be activated by challenge. Consequently, the number of
correct responses to items in the Problem Solving Task poses challenges for bringing the principles of
effective mathematics teaching to fruition.
Teachers’ responses were distributed across all five Problem Solving categories form Low to High. As
the teaching of mathematics in primary school provides a foundation for later learning (Ma, 1999),
the small number of teachers’ demonstrating higher levels of proficiency with the content challenges
the notion of excellence in mathematics education (Hattie et al., 2012). In their study of mathematical
knowledge for teaching, Ball et al. noted “the critical role that a basic understanding of the
mathematics in the student curriculum plays in planning and carrying out instruction” (2008, p.6). In
the present study, fewer than one in five teachers were consistently able to mobilise subject matter
knowledge to make connections between concepts, information and embedded mathematical
properties (Lampert, 2001; Silver et al., 2005; Thompson, 1985). We might “assume that most teachers
begin with some expertise in the content they teach” (Shulman, 1986, p. 8), yet the results of the
Problem Solving Task suggested that this assumption was unfounded for many teachers when
teaching area, perimeter and volume. While the content selected for this study evaluates only a
sample of teachers’ content knowledge, the results highlight the complexity of increasing the quality
of mathematics teaching across all classrooms, because teaching opportunities are often lost when
teachers overlook the mathematics offered by an example (Chick, 2009). If teachers cannot solve the
problems that students are required to solve in national testing, it is likely that they will overlook the
teaching and learning opportunities within them.
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5.2.2.2 The Paradox of Familiar, Routine Thinking for Solving Problems
The results of the Problem Solving Task reinforced the phenomenon that the extent to which
something is perceived as a problem is relative to the individual (Schoenfeld, 1985). Teachers were far
more likely to solve area, perimeter and volume problems rated as familiar and routine than they were
to solve problems that were unfamiliar and non-routine. The results may reflect that teachers’
experiences of Problem Solving have not shifted in alignment with expectations for student learning:
from applying known formulas to analysing, reasoning and interpreting problems (English et al., 2010;
Lesh et al., 2007). The results exposed a paradox: most teachers solved only problems that were
familiar even though problems are defined as tasks for which the solution method is not already
known by the problem solver (NCTM, 2000).
A comparison of the proportion of teachers solving most or all problems with those solving
approximately half or fewer of the problems revealed that the majority of teachers were not proficient
with the selected content. Just over one-third of the teachers in the study selected and applied
knowledge flexibly (Mason et al., 1999) to solve all, or almost all, of the problems presented. While
higher levels of content knowledge do not necessitate higher levels of teacher effectiveness, low levels
of content knowledge are associated with lower levels of teacher effectiveness (Ball et al., 2005).
Responses in the lower categories for Problem Solving might have been due to a range of factors:
teachers’ conceptual understandings, procedural fluency, strategic competence, adaptive reasoning
or productive disposition - or any combination of these (Kilpatrick et al., 2001). These five desirable
mathematical actions are embedded in the outcomes, content and working mathematically
components of the syllabus that teachers are responsible for teaching (Sullivan, 2011). The Problem
Solving Task drew upon these actions in varying combinations and ways. For example, teachers
needed strategic competence to formulate, represent and solve unfamiliar problems (Kilpatrick et al,
2001; Sullivan, 2011; Watson & Sullivan, 2008). To solve non-routine problems teachers needed to
identify relevant concepts, apply appropriate procedures, make sense of their actions and have the
willingness to persist in achieving a correct solution. The extent to which teachers needed to draw
upon these mathematical actions was affected by the extent to which they found problems to be
familiar, routine or complex.
The results of the Problem Solving Task reflected the conclusion of D’Amore et al. (2006) that teachers
may exhibit deeply-rooted misconceptions about relationships between measurement attributes. The
inclusion of some unfamiliar problems exposed misconceptions that were not evident when teachers
were responding to familiar items. For example, when calculating the area of a quadrilateral
comprising two triangles, approximately half of the teachers in the study selected a response
suggesting they had multiplied the length of one triangle by a side that was not perpendicular to it.
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This misconception was not evident in a more familiar problem involving the area of a triangle where
only the relevant dimensions were given. Blume et al. (2007) noted that students in the middle years
were generally able to determine perimeter and area of common polygons in problems when given
only the relevant measurements. They found that identifying relationships between the measurement
attributes of perimeter and area was problematic because limited conceptual understandings of the
attributes of shapes were insufficient for engaging meaningfully in solving measurement problems. In
the present study, higher numbers of correct responses were evident for items where relevant
dimensions were overt, in comparison to problems where the variables relied upon identifying
relationships and attributes. The comparability of results from the present study, to studies of student
performance involving the same concepts, supported the finding of Blume et al. (2007) that students’
understandings of measurement attributes may be analagous to those of their teachers.
Teachers’ ratings regarding the familiarity of problems were positively correlated with the extent to
which their understandings of content supported them in solving problems. The mean number of
correct responses to items rated as familiar by most participants was almost double the mean number
of correct responses to items rated as unfamiliar. For example, almost all teachers calculated the
perimeter of a square when given its area, yet few teachers possessed understandings of content
sufficient to support them in adapting their knowledge to solve a less familiar problem based upon
the same concept. The comparison of performance on problems that were underpinned by the same
content, reinforced that “a person can understand but not know-to-act” (Mason et al., 1999, p.5).
Almost all teachers understood the relationship between the area and perimeter of a square, yet most
teachers did not apply this knowledge flexibly when it was presented in an unfamiliar situation where
they needed to identify what to pay attention to, as well as what to ignore.
The proportion of responses demonstrating weaker subject matter knowledge in this study was
associated with a reliance on instrumental understandings (Skemp, 1976) that were insufficient to
solve unfamiliar, non-routine problems. The larger numbers of correct responses to items rated as
familiar and routine counter-balanced the smaller numbers of correct responses to items rated as
unfamiliar and non-routine. Almost one-quarter of participants’ scores were reliant on solving just one
or both of the items rated as familiar and routine by all participants. As problem solving is a task for
which a solution method is not known in advance (NCTM, 2000), responses to familiar, routine items
did not constitute evidence of problem solving (English et al., 2010; Lesh et al., 2007; Mevarech et al.,
2014). Responses where only one or both of these items were answered correctly, relied on teachers
knowing what to think, rather than how to think (Mason et al., 1999; Polya, 1962). Hence, teachers’
responses in the Low and Low-Moderate categories did not reflect the type of connected, coherent,
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structured understandings of conceptually powerful mathematical ideas that are a necessary
foundation for working with students in or beyond this stage of learning (Ma, 1999). Responses
demonstrating correct solutions to only those problems that were familiar and routine may be
misleading, because solving familiar problems does not convey whether understanding and reasoning
were used in arriving at a solution (Mevarech et al., 2014).
The finding that many teachers only solved items identified as familiar and routine is worthy of
consideration given that a proposed link between students’ misconceptions of area, perimeter and
volume is teachers’ overemphasis on procedural knowledge (Kordaki et al., 2002). Based on the results
of the Problem Solving Task, it is possible that teachers emphasise procedural knowledge because
they rely on it to solve problems successfully. Considered in this light, the results of the fifteen teachers
who solved only the items that were rated as familiar and routine, might not reflect low levels of
attainment in coursework (Schoenfeld, 1979). Teachers with responses in this category may have high
levels of mathematical attainment achieved by applying known routines to familiar problems. The
shift in education towards solving unfamiliar problems for which neither the solution method nor the
solution are known in advance by the problem solver may need to consider the types of experiences
through which teachers learned the content in their own education.
5.2.2.3 The Influence of Complexity versus Content
The results of this study mirrored the findings of research that students’ errors are similar across
problems involving the concepts of area, perimeter and volume (Hirstein, 1981). The mean number of
correct responses to problems involving calculating the areas of triangles, using the relationship
between area and perimeter of rectangles and calculating the volumes of rectangular prisms showed
great similarity in the extent to which teachers could apply understandings of content to solve
problems. While performance on items was not associated with the specific content, the number of
correct responses was influenced by the complexity of the problems. This does not mean that content
knowledge is not relevant, but rather that teachers’ understandings of content (Ball et al., 2008),
schemas, or ‘knowledge packages’ (Ma, 1999) may be not be sufficiently developed to respond to
more complex problems. Teachers were less likely to solve problems encompassing more information,
involving more steps, or where the dimensions of attributes needed to be calculated by using a
relationship to another fact or attribute. The results present a challenge for teaching mathematics
that relies on teachers being able to “carry out and understand multi-step problems” (Ball et al., 2005,
p.21) in order to teach effectively.
The number of teachers rating a problem as low in complexity was highly, significantly predictive of
the number of correct responses. As the number of teachers rating a problem as low in complexity
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increased, the number of correct solutions increased dramatically. Conversely, as the number of
teachers identifying a problem as moderate or high in complexity increased, the number of correct
solutions decreased. The number of incorrect responses more than doubled from problems that were
low in complexity to problems that were moderate in complexity. These results elevate concerns
regarding teaching quality when Problem Solving is considered to be the cornerstone of mathematics
education and the vehicle through which students meaningfully experience the content (Mevarech et
al., 2014). If teachers can only solve problems that are low in complexity, and Problem Solving is the
conduit for students learning to think (Polya, 1962), then the scope for students learning to think
beyond low levels of complexity will be limited. This raises the issue of how Australian students will
be provided with increased opportunities to solve more complex problems, communicate their
thinking and experience greater exposure to alternative solution approaches (Thomson et al., 2012).
In summary, the results captured great variability in the extent to which teachers’ understandings of
content support them in solving mathematical problems. Extreme variations in subject matter
knowledge present a challenge for achieving equity in mathematics education. The shift in
mathematics education, from applying known formulas to solve familiar problems to solving problems
for which neither the solution nor the method are known may be hampered if teachers can only solve
familiar problems. Students must learn to analyse, reason and communicate by interpreting and
solving a variety of mathematical problems (OECD, 2012). The results of the Problem Solving Task
were in conflict with the notion of Problem Solving: most teachers’ understandings of area, perimeter
and volume supported them only to the extent that they could solve problems that were familiar,
routine and/or low in complexity. Opportunities to achieve excellence in education may be limited if
most teachers cannot apply understandings of the content to solve the types of unfamiliar, nonroutine, complex problems that are the cornerstone of 21st century learning environments (Mevarech
et al., 2014).

5.2.3

Knowledge of Students in the Noticing Task

Teacher noticing plays an important role in mathematics learning, teaching and assessment (Jacobs et
al., 2010). In this study, teachers’ rankings of written student work samples were used to investigate
the extent to which teachers’ interpretations of higher levels of student achievement were consistent
with the evidence of students’ strategies and mathematical development. This section discusses the
results related to the third research sub question regarding the mathematical thinking that teachers
identify as representing higher levels of reasoning and understanding in student work samples.
Evident in the Noticing Task results was the extent to which teachers’ judgements of students’
attainment were influenced by their interpretations of the curriculum’s intentions (Mullis et al., 2011).
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While the NSW Mathematics K-10 Syllabus emphasises that formulas for calculating area are not
introduced in Stage 3 (NSW BOS, 2012), teachers responses indicated a widely shared conviction that
knowing the formula for the area of a triangle provided evidence of students’ attainment of Stage 3
content. Two main observations are highlighted in the discussion of the Noticing Task results. First,
the variability in teachers’ interpretations of the same student work sample, from Extensive to Limited,
suggested that many teachers do not make comparable judgements of student learning. This is likely
to result in a lack of equity, because the same work might be interpreted as representing any level of
achievement. In particular, students with higher levels of mathematical thinking, who develop novel
solution approaches, may be disadvantaged in the classrooms of teachers who do not possess the
depth or type of flexible, conceptual knowledge required to attend to and interpret their thinking.
Second, teachers were most likely to interpret procedural thinking as representing higher levels of
achievement. Hence, the recommendation that Australian students be exposed to a range of
alternative solution approaches may be not be feasible because sophisticated, alternative solution
approaches developed by students are not necessarily recognised or valued.
5.2.3.1 Variability in Teacher Noticing
The Noticing Task results captured enormous variability in teachers’ interpretations of higher levels of
students’ mathematical thinking. This was evident from the perspective of where teachers ranked a
work sample exhibiting sophisticated mathematical thinking. Less than one quarter of the teachers in
the study ranked the work sample evidencing a correct solution, using sophisticated understanding
and efficient reasoning, in the Extensive position. From the five levels available, teachers were equally
as likely to rank the same work sample as Thorough or Sound as they were to rank it as Extensive and
even more likely to rank it as Basic. Notably, a small number of teachers ranked this work sample as
Limited, suggesting that they interpreted it as demonstrating no relevant evidence of achievement.
The almost equal distribution of teachers’ rankings for the same student work sample across four of
the five reporting descriptors reinforced that teachers’ understandings of achievement vary greatly
(Hattie et al., 2012).
Noticing relies upon skilful perception of how, as well as whether, a student responds to a question,
makes a calculation, or reasons to develop an approach when solving a problem (Jacobs et al., 2010).
Yet, the results of this study illuminated that many teachers were not able to discriminate between
different levels of understanding and reasoning used to achieve correct answers. Teachers were more
likely to rank Amelia’s work sample in the Basic position than in any other position. This means that
the most popular ranking for a work sample with a correct answer, achieved using sophisticated
reasoning and understanding, was lower than at least one of the two work samples with incorrect
solutions. The proportion of responses ranking Amelia’s work sample as Basic or Limited indicated that
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approximately one-third of the teachers in the study did not notice whether or how Amelia achieved
a correct answer. As teachers’ judgements of student work have a significant influence on student
learning, it was concerning that a small number of teachers identified Amelia’s thinking as Limited.
While Amelia used a novel approach to solve an unfamiliar, non-routine problem, using her knowledge
of geometrical properties and reasoning, the proportion of teachers ranking her work in the Basic or
Limited positions suggests that she is likely to be disadvantaged at some point on her journey through
schooling. Notably, none of the teachers who ranked Amelia’s work in the two lowest positions had
correctly solved this item in the Problem Solving Task. This highlighted the importance of
opportunities for teachers to successfully complete tasks prior to providing them for students.
However, the relationship between teachers’ understandings of content and their noticing of student
thinking will be discussed in detail in Section 5.3.
Teachers’ feedback responses were used to confirm their interpretations of a student work sample
exhibiting Extensive achievement when solving an area problem. Feedback illuminated that teachers’
uncertainty about whether a response was correct or incorrect, in combination with the student’s
novel solution approach, influenced teacher’s rankings of higher levels of student thinking. Responses
suggested that many teachers held deeply-rooted misconceptions about area relationships (D’Amore
et al., 2006). The results reinforced the importance of teachers experiencing “mathematical problem
solving from the perspective of the problem solver before they can adequately deal with its teaching”
(Thompson, 1985, p.292). Further, teachers’ feedback supported the notion that teachers whose
knowledge of mathematics is founded on procedures and facts tend to focus their attention on
students’ acquisition of procedural knowledge (Ma, 1999), such as knowing the formula for finding
the area of a triangle.
Feedback from teachers in the two lowest Noticing Task Position categories confirmed that a reliance
on standard figures may be an obstacle to improving students’ understandings of measurement
relationships (D’Amore et al., 2006). A number of feedback responses that referred to finding the area
of three triangles suggested that some teachers did not identify the importance of the perpendicular
heights in the figure. For example, the suggestion that “the shape is actually made up of three
triangles. You need to calculate the area of each triangle first and then add three of them together”,
provided evidence of misconceptions. It was not possible to calculate the areas of three separate
triangles based on the dimensions given. The reference to three triangles suggested an inclination to
use formulas to find the areas of right angled triangles, rather than the area of any triangle. Feedback
offered by teachers with responses in the two lowest Noticing Task Position Categories reinforced the
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finding that teachers who are low in subject matter knowledge may overlook students’
misconceptions, or sometimes even reinforce them (Baumert et a., 2010; Gess-Newsome, 2002).
Around one-fifth of the teachers in this study interpreted the sophisticated, efficient understanding
and reasoning evident in a work sample as representing Extensive mathematical thinking. This may be
because these teachers possess the type of Profound Understandings of Fundamental Mathematics
(PUFM) described by Ma (1999). An important characteristic of PUFM is the ability to recognise a
variety of strategies for solving the same problem so as to engage in mathematics as a dynamic process
that draws upon properties and relationships. For example, the ability to recognise that the student
had calculated the area of a quadrilateral by averaging the perpendicular heights of two triangles that
were formed by one of the quadrilateral’s diagonals. Ma also emphasised the importance of
understandings of mathematics that support longitudinal coherence. An understanding of how ideas
in the syllabus from one stage to the next may be central to interpreting higher levels of student
thinking. For example, students in Stage 2 in NSW (years 3 and 4 combined) learn to describe the
relationship between the dimensions of a rectangle and its area. In Stage 3 (the final two years of
primary school) students build on this knowledge and describe the relationship between the areas of
rectangles and triangles. Understanding these relationships lays an essential foundation for students
to establish algebraic representations of measurement relationships in Stage 4 (the first two years of
high school in Australia). The results of this study suggest that around one in five teachers noticed the
dynamic process used by Amelia and the way that she drew upon properties and relationships to solve
a problem. To notice the higher levels of understanding and reasoning in Amelia’s work, teachers
needed a profound understanding of area and its connection to the geometrical properties of shapes.
The important yet basic principles of proportion, congruence and equivalence needed to be identified.
To make comparable judgements between solutions achieved using procedural thinking and those
demonstrating understandings of relationships, demanded longitudinal coherence. Teachers required
an awareness of why averaging the perpendicular height of a shape without parallel sides could be
used to make an efficient calculation. They needed to understand why Amelia’s approach embraced
a powerful idea in the structure of measurement units that went beyond learning a rule and beyond
the particular shape in question.
The proportion of teachers who identified Amelia’s work sample as representing Extensive
understanding and reasoning raises a challenge when teachers are increasingly called to personalise
learning through ongoing formative assessment and feedback (Dinham, 2016; Hattie et al., 2012;
Hattie, 2015). At the proficient standard, teachers make comparable judgements of student learning
and provide quality feedback, regardless of the novelty of the approach taken by the student. They
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need to validate the mathematical soundness of all students’ solutions and assist students to
generalise their findings (AITSL, 2014; Ball et al, 2005; Baumert et al., 2010). If teachers are not able
to identify and interpret higher levels of student thinking, then they will not be able to explicitly
respond in ways that improve the learning of their most able students (Dyer et al., 2016). Educational
equity cannot be achieved by offering challenging tasks that are open to all learners if teachers can
only interpret and extend the thinking of students with routine responses (Smith et al., 2011). The
results exemplify the extent to which students’ thinking may go unnoticed when teachers do not
recognise the opportunities offered by a problem (Chick et al., 2006).
5.2.3.2 Valuing Procedural Knowledge as Higher Levels of Thinking
The Noticing Task highlighted the extent to which evaluations of student achievement are affected by
what people know and value (Hattie et al., 2012). Noticing Task Student data were informative for
recognising the type of mathematical thinking that teachers interpreted as representing the highest
level of understanding and reasoning. Almost half of the teachers in the study interpreted procedural
thinking as representing the highest level of student achievement. The features of Caitlin’s work
sample included a correct solution achieved using a familiar procedure where the formula was
recorded first and then each step was completed separately. It demonstrated a series of steps with
no evidence of connection to meaning and additional calculations that limited efficiency. Caitlin
demonstrated knowledge of a formula but showed no understanding of the relationship that
underpins it. As it is the relationship between the area of a triangle and the area of a rectangle with
the same length and perpendicular height that is the focus of the syllabus content, it is important to
consider why so many teachers interpreted Caitlin’s work sample as demonstrating Extensive
achievement.
The distribution of responses across Noticing Task categories demonstrated a lack of robust evidence
for ranking student achievement. More than twice as many teachers interpreted Caitlin’s work as
representing Extensive mathematical thinking as interpreted the efficient, sophisticated,
understanding and reasoning in Amelia’s work sample. This may indicate limitations in teachers’ use
of evidence when making judgements of student learning, or provide further testament to the valuing
of procedural knowledge over reasoning. In a study of teacher noticing, Jacobs et al. (2010) noted that
less than one-sixth of teachers provided robust evidence to support their evaluations of students’
thinking. The result, where almost half of the teachers in this study identified the work sample which
first recorded the formula for finding the area of a triangle, flies in the face of syllabus content and
background information. The syllabus emphasises that “when generalising their methods to calculate
areas students in Stage 3 should use words. Algebraic formulas are not introduced until Stage 4” (NSW
BOS, 2012, p.244). While formulas can save time, knowing a formula is not indicative of understanding
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the attribute being measured (Hirstein, 1981), nor is it evidence of reasoning or problem solving. The
results of the Noticing Task Student data resonate with the proposition that most teachers emphasise
procedural knowledge over understandings of measurement and geometry concepts (Outhred &
McPhail, 2000).
The extent to which teachers value procedure over reasoning was confirmed by the feedback
responses from teachers who ranked Amelia’s work sample as Sound. Responses in this category
mostly conveyed the belief that it was not possible to work out the answer using Amelia’s strategy:
her method had achieved a correct answer by coincidence rather than because it was based on
mathematical reasoning and understanding. A number of teachers provided feedback that explained
how to use a formula to calculate the areas of triangles and support Amelia in being more accurate,
even though Amelia’s answer was already accurate. Comments, typified by the example, “you
managed to get the correct answer this time but now you need to learn the correct formula for
calculating the area of a triangle and set out your work using the formula so that it is more accurate”,
highlight the emphasis on procedural knowledge. They give witness to the extent to which some
teachers may see the formula as the goal, rather than the algebraic generalisation of a relationship
that holds true, the principles of which can be manipulated to calculate the areas of a range of nonstandard figures. Not only did many teachers rank the student who used procedural knowledge in the
Extensive position, their feedback to the student with Extensive reasoning and understanding was that
they could improve their thinking by using the procedure rather than by working mathematically. The
results may provide some insight into why so many students in the middle years are able to use
formulas to determine the areas of common polygons when given the lengths of the relevant
measures on standard figures, yet articulating relationships between measurement attributes remains
problematic (Blume et al., 2007). Based upon the results of this study, until teachers’ understandings
of relationships that underpin measurement calculations move beyond recalling formulas, increasing
opportunities for students to solve more complex problems and experience a range of alternative
solution approaches may not be feasible.
The distribution of teachers across the five Noticing Task Position categories questioned teachers’
proficiency in interpreting and using student assessment data to monitor student progress. Operating
effectively at all stages of the teaching and learning cycle, includes planning student assessment and
providing feedback to students that will improve their learning (AITSL, 2014). Analysing and evaluating
students’ mathematical thinking, providing evidence of consistent judgements of learning and
allocating grades on written work samples provide evidence of the proficient teacher standard. While
it is plausible that teachers might have overlooked or misinterpreted the sophisticated reasoning in
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Amelia’s work, Brendan’s work sample was also efficient and correct, and showed stronger evidence
of understanding area relationships than Caitlin’s. Brendan’s approach was less novel than Amelia’s
and applied an understanding of the relationship between the area of a rectangle and a triangle with
the same dimensions, yet without recording a formula. Hence, even accounting for the
misinterpretation of one student work sample, most teachers did not make comparable judgements
of student learning that would allow them to report accurately on student achievement. The results
raise the issue that professional noticing relies on the ability to block out preferences and biases that
are not relevant to improving student learning (Jacobs et al., 2010). For example, memorising formulas
is not indicative of understanding measurement concepts or efficient problem solving, yet it seems to
be the focus of teachers’ attention. The research literature recognises that disciplinary knowledge
plays an important role in teacher noticing.
In summary, teachers’ judgements of student attainment appear to be influenced by their
interpretations of the curriculum (Mullis et al., 2011), which are in turn shaped by deeply-rooted
beliefs about the value of procedure over reasoning. Only a small number of the teachers were able
to “elicit evidence of students’ current mathematical understanding and use it as the basis for making
instructional decisions” (NCTM, 2014, p.53). Most teachers interpreted the use of a formula as
evidence of higher levels of mathematical thinking, despite the clear intentions of the syllabus for
students to explore, recognise and describe relationships. This may mean that students who know and
can regurgitate formulas for calculating measurement are more likely to be identified as possessing
higher levels of thinking, and be rewarded with higher levels of attainment than students with higher
levels of thinking. To increase opportunities for Australian students to solve more complex problems,
hold higher expectations for students to communicate their thinking and expose students to
alternative solution approaches, it may be necessary to provide experiences for teachers that remove
the heavy reliance on ready-made formulas and standard figures.
A number of common themes emerged across the results from the study of three aspects of teacher
knowledge. The variability of teacher knowledge was prominent in answering each of the research
sub questions. All levels of cognitive demand were evident in the tasks that teachers designed,
teachers’ understandings of content supported them in solving anywhere from none to all of the
problems presented and teachers’ interpretations of higher levels of student thinking varied across all
five reporting descriptors. Procedural thinking was also prominent in the analysis of results for all
aspects of teacher knowledge. More tasks were identified as focusing on Procedures without
Connections than at any other level of the framework, most teachers solved only problems rated as
familiar and routine and almost half of the teachers in the study interpreted procedural thinking as
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evidence of Extensive achievement. In the following section, the discussion of aspects of teacher
knowledge will move from considering individual aspects of teacher knowledge to a discussion of
correlations among them.

5.3

Relationships among Aspects of Teacher Knowledge

Three relationships were studied between the aspects of teacher knowledge discussed in Section 5.2.
Examination of these relationships pinpointed the significance of this study in addressing a gap in the
research literature regarding the role that subject matter knowledge plays in supporting the
development of pedagogical knowledge for teaching the NSW Mathematics K-10 syllabus at the
standard required for teacher accreditation. The discussion of relationships between aspects of
teacher knowledge in this section is directly related to the study’s central aim of understanding how
teachers’ understandings of mathematical content influence their development of knowledge for
teaching it.
The conceptual framework introduced in Figure 2-8 is re-presented here in Figure 5-1 with minor
amendment. The amended framework highlights relationships identified in this study. Positions on
the framework where the teeth of the cogs connect, so that the movement of one cog results in
propelling another, signify the relationships discussed in this section. The study of these relationships
was made possible by taking a snapshot of teacher knowledge across three aspects of teacher
knowledge in relation to the same participants, using the same content, at the same level of schooling
at the same point in time. The discussion in this section first answers the research sub questions
pertaining to relationships between each pair of aspects of teacher knowledge, followed by the major
research question: How do teachers’ understandings of mathematical content influence their
development of knowledge for teaching it?
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Knowledge of
Content and Teaching

Subject Matter
Knowedge

Figure 5-1

5.3.1

Conceptual Framework: Relationships among Aspects of Teacher Knowledge

Knowledge of Content and Knowledge of Teaching

Designing tasks and solving problems based on the same content provided an ideal opportunity for
studying how knowledge in the subject matter domain is related to knowledge in the pedagogical
domain. To design tasks, teachers needed to draw upon their content knowledge to identify the
structure of a topic, use contextual knowledge to make it accessible to students and pedagogical
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knowledge to determine tasks that would maximise learning (Shulman, 1986). Solving problems
required teachers to make connections between concepts, information and embedded mathematical
properties (Lampert, 2001; Silver et al., 2005; Thompson, 1985). This section discusses findings
regarding the relationship between teachers’ understandings of content and the level of cognitive
demand in the tasks they designed. First, the extent to which differences in teachers’ understandings
of content accounted for variation in the levels of cognitive demand in the tasks they designed is
illuminated. Then, connections between the types of problems that teachers solved and the features
of the tasks they designed are discussed, with a particular focus on the connection between solving
familiar, routine problems and tasks with lower levels of cognitive demands.
5.3.1.1 Teachers’ Understandings of Content Influence the Tasks the Design
Teachers’ understandings of area, perimeter and volume content were highly, significantly predictive
of the level of cognitive demand in the tasks they designed for students. While subject matter
knowledge alone may be insufficient for proficient teaching (Ball et al., 2005), the results of this study
found that teachers were unable to design engaging tasks if they were not proficient with the content
(Baumert et al, 2010; Hill et al. 2008; Kilpatrick et al., 2001; Ma, 1999). Teachers who solved most, or
all, of the problems in the Problem Solving Task were far more likely to design higher level tasks. The
finding that 57.5% of the variation in the level of cognitive demand in tasks was explained by teachers’
proficiency with the content reinforces the importance of primary teachers possessing connected,
coherent, structured understandings of mathematics (Ma, 1999). For teachers to provide students
with increasing opportunities to solve more complex problems, teachers may first need opportunities
to engage with problems that probe and deepen their own understandings of the content.
As teachers’ proficiency with the content increased, the levels of challenge in the tasks they designed
also increased. Significant differences were identified between the Problem Solving Task means for
responses in different Design Task categories. For example, the Problem Solving mean for responses
in the Doing Mathematics Design Task category was significantly higher than the means for responses
in all other categories with the exception of the Thorough category. While the mean Problem Solving
score for teachers who designed Doing Mathematics tasks was eight out of nine, the mean Problem
Solving score for teachers who designed Pre-Structural tasks was just one out of nine. The relationship
between the two aspects of teacher knowledge showed that the variability identified in both aspects
of teacher knowledge was interconnected. Teachers who designed tasks with higher levels of cognitive
demand were those who demonstrated stronger subject matter knowledge. Conversely, teachers
who designed tasks with lower levels of cognitive demand were those who demonstrated weaker
subject matter knowledge. While high levels of content knowledge do not guarantee higher levels of
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teacher effectiveness, low levels of content knowledge reduce teacher effectiveness (Ball et al., 2005)
because they lower teachers’ expectations for student learning.
The results identified that increases in teachers’ Problem Solving scores would predict increases in the
level of cognitive demand in the tasks they design. In practical terms this means that, if teachers
increased their understandings of content sufficiently to support them in solving two or more
additional problems this would be associated with an increase of one level of cognitive demand in the
tasks they design for students. For the 19 teachers who designed Procedures without Connections
tasks, the most common Design Task category, this would represent a shift from the lower levels of
cognitive demand to the higher levels. Similar increases in the level of demand in tasks would be
associated with increases in Problem Solving scores for teachers with responses in the Pre-structural
and Memorisation categories. However, increases in content knowledge for teachers with responses
in the Procedures with Connections category would not necessarily predict a shift to designing Doing
Mathematics tasks.
The results reinforced the proposal that “teachers who do not themselves know a subject well are not
likely to have the knowledge they need to help students learn this content” (Ball et al., 2008, p.404).
In this respect, the results were reminiscent of research by Ball et al., (2005) where significantly lower
student achievement was evident in the classrooms of teachers who performed in the lowest 20 –
30% of their assessment of Content Knowledge for Teaching Mathematics. In the present study, none
of the teachers with scores in the lowest 23% on the Problem Solving Task designed tasks with higher
levels of cognitive demand. It is possible that significantly lower levels of student achievement in the
classrooms of teachers with lower levels of subject matter knowledge might be due to learning
opportunities that are insufficient to prompt learning or identify misconceptions. By contrast, as no
significant differences were observed between the Problem Solving scores of teachers who designed
tasks in the two higher levels of cognitive demand, increases in subject matter knowledge beyond a
certain threshold might not be associated with higher levels of teacher effectiveness (Ball et al., 2005;
Hattie et al., 2012). Essentially, there was a strong positive relationship between teachers’
understandings of content, the clarity of learning goals, the communication of high expectations for
learning, opportunities to develop deeper conceptual understandings of content and opportunities
for students to become proficient in mathematics.
The positive association identified between teachers’ understandings of content and the levels of
challenge in the tasks they designed builds upon the findings of Charalambous (2010). Charalambous’
research revealed notable differences between the unfolding of tasks in the classrooms of teachers
with stronger and weaker mathematical knowledge. In Charalambous’ study, more than twice as many
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tasks implemented by a teacher with stronger mathematical knowledge were presented with higher
levels of cognitive demand when compared to the implementation of tasks by a teacher with weaker
mathematical knowledge. The empirical findings of the present study may be connected to
Charalambous’ observation that, while a teacher with stronger mathematical knowledge spent about
half of each lesson on challenging aspects of learning, a teacher with weaker mathematical knowledge
spent around 80% of lesson time on less demanding material. In this study, there was a strong
association between stronger subject matter knowledge and designing tasks with higher levels of
cognitive demand, representing teachers’ intended lessons.
The extent to which teachers’ understandings of area, perimeter and volume content accounted for
variation in the levels of cognitive demand in the tasks they designed can be considered in light of
positive correlations in previous studies (Baumert et al., 2010). Baumert and colleagues found
correlations between increases in PCK and areas such as the cognitive activation of students in the
classroom and teachers holding expectations for student learning that corresponded to the
curriculum. They identified teachers’ PCK scores as accounting for 39% of the variance in student
achievement. The present study builds on these findings by examining the extent to which primary
teachers’ understandings of content influence a specific aspect application of their PCK: the design of
mathematical tasks. The levels of cognitive demand in tasks and the cognitive activation of students
are intertwined. Tasks provide insight into teachers’ interpretations of the intended curriculum
through the expectations for student learning embedded within them. In the study of Baumert et al.
PCK was highly predictive of teacher effectiveness. In this study teachers’ understandings of content
were highly, significantly predictive of an aspect of PCK, which is in turn correlated with teacher
effectiveness.
The results of this study supported Ma’s (1999) conceptualisation of PUFM. Increases in teachers’
understandings of the content were associated with increases in pedagogical knowledge, or the ability
to act more effectively on existing pedagogical knowledge. Differences in understandings of basic
mathematical principles seemed to impact on the schemas required to support the teaching and
learning of area, perimeter and volume as specific mathematical topics. Two things need to be
considered simultaneously to understand this relationship. First, the questions embedded within the
tasks that teachers design provide insight into their interpretations of the curriculum and their
expectations for student learning because tasks are the conduit for students’ attainment of the
intended curriculum and reflect how the curriculum is implemented in classrooms. Second, the
development of schemas or ‘knowledge packages’ impact on the coherence of teachers’
understandings of important mathematical ideas. In this study limitations in teachers’ understandings
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of area, perimeter and volume limited their ability to design mathematical learning experiences. The
findings have strong implications for achieving the goals of equity and excellence in Australian
education. Hill et al. (2005) identified a comparability between teachers’ mathematical knowledge for
teaching and the effects of socioeconomic status on students’ learning gains. The results of this study
support the recommendation that deepening teachers’ understandings of the mathematics they teach
should be a priority in overcoming educational inequity.
5.3.1.2 Solving Familiar, Routine Problems and Tasks with Lower Levels of Demand
There was a strong connection between designing tasks with lower levels of cognitive demand and
Problem Solving scores that were achieved by solving familiar, routine problems. This association
raised a central issue: teachers were once students and students who learned the content through
instrumental instruction may experience difficulties in solving unfamiliar, non-routine problems
(Pesek et al., 2000). If teachers learned area, perimeter and volume content as sets of fixed rules and
formulas during their own education, then it is not surprising that they may experience difficulty in
thinking flexibly in response to non-routine problems. Nor is it surprising that teachers who
understand the content as sets of rules and formulas design tasks that focus on Procedures without
Connections - for procedures would be central to their schemas for the selected concepts. Teachers
who solved a variety of unfamiliar, non-routine problems also represented, connected and highlighted
powerful mathematical ideas in the tasks they designed, while teachers who only answered problems
that were familiar, routine and low in complexity focused on procedural knowledge. As noted by Ma
(1999), the structure of teacher knowledge may influence teaching more than the quantity. How
teachers understood the content, rather than whether, may have influenced the types of learning
experiences they designed. In considering the question of what teacher knowledge matters more and
why (Bobis et al., 2012), the results of this research suggested that teachers’ subject matter knowledge
matters greatly. When founded on deep, understandings of content, subject matter knowledge is the
type of powerful, flexible, adaptable knowledge that can support teachers’ pedagogical knowledge.
The strength of the relationship between Problem Solving and Design Task results reflected the origins
of the TAG (Stein et al., 1998). It reinforced the important, yet additional demands that developing
deep, interconnected understandings of mathematical concepts places on teacher knowledge in
comparison to memorising and applying formulas. To design higher level tasks teachers needed to
understand the concepts in the selected content to the extent that they could apply their knowledge
to solve unfamiliar, non-routine, more complex problems. Complete understanding of mathematics
involves “the capacity to engage in the processes of mathematical thinking, in essence doing what
makers and users of mathematics do: framing and solving problems” (Stein et al. 1996, p.456). The
results of this research suggested that framing and solving problems related to the same content are
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interconnected. Teachers who designed tasks that were open to a variety of solution approaches were
those who were able to use knowledge flexibly to solve a variety of problems.
Teachers who demonstrated Low levels of content knowledge mostly designed Pre-structural tasks
that did not reflect a learning goal related to the content they selected. Low levels of content
knowledge influenced the design of tasks by making the content unclear – to the teacher and the
students. Low levels of content are particularly concerning because it is difficult to determine what
counts as evidence of student learning or how student learning is linked to the learning task without
clear learning goals (Hiebert et al., 2007). Most of the teachers who solved less than two of the
problems involving measurement relationships designed tasks that did not focus on the selected
content. The results reflected Steele’s (2013) finding that teachers who performed better on a task
“were better able to write more specific goals” (Steele, 2013, p.265) for using that task with students.
In this study, Low levels of understanding area, perimeter and volume content when solving problems
were associated with not knowing what, why or how to design learning tasks for students.
Teachers who demonstrated Moderate levels of content knowledge when solving area, perimeter and
volume problems tended to design Procedures without Connections tasks. These were the types of
tasks that required students to engage in more than just memorisation of isolated facts, but did not
require an understanding of how knowledge and skills were connected to the concepts being learned
(Smith et al., 1998). Teachers whose scores relied on solving problems rated as familiar, routine and/or
low in complexity mostly designed tasks that limited opportunities for conceptual understanding
because the content, the tasks and the concepts were not integrated sufficiently to build connections.
Teachers demonstrating Moderate levels of content knowledge predominantly emphasised applying
rules and learning the types of fixed plans that would support students in knowing what to do and
how to get answers when responding to familiar, routine problems. The results reinforced the extent
to which teachers may demonstrate a dependence on rule-bound knowledge as well as shortcomings
in their conceptual understandings (Hourigan et al., 2013) and how a dependence on rule bound
knowledge can influence their implementation of the curriculum. With the exception of two teachers,
Moderate levels of proficiency did not support teachers in designing the types of learning experiences
that would enhance students’ awareness, reasoning and understanding (Chick et al., 2006) of area,
perimeter or volume. Teachers whose understandings of content supported them in solving about half
of the problems tended to focus on students Knowing-how to use procedures (Mason et al., 1999),
but not why.
Teachers who demonstrated High levels of content knowledge were most likely to design tasks with
higher levels of cognitive demand. Ten of the eleven teachers demonstrating the highest level of
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proficiency with the selected content designed tasks with higher levels of demand and the majority of
these tasks focused on Doing Mathematics. They engaged students in exploring and understanding
the nature of the concepts, processes and relationships in the content in ways that required students
to self-monitor and regulate cognitive processes in order to reach solutions. High levels of content
knowledge appeared to influence the design of tasks that embedded principles of effective
mathematics teaching (Sullivan, 2011) and provided substantial opportunities for developing the five
desirable mathematical actions (Kilpatrick et al., 2001). These tasks required students to plan their
own approach, sequence multiple steps, process multiple pieces of information, make connections
between ideas, see concepts in new ways, engage with important mathematical ideas, choose their
level of access to the task, explain their strategies and justify their thinking (Sullivan et al., 2011).
Teachers who solved all of the problems presented, regardless of the degree of familiarity, routineness
or complexity, designed tasks through which students might experience Knowing-to, rather than
Knowing-about, the content (Mason et al., 1999). They demonstrated the ability to think about the
content and structure learning situations “in ways that [would] enable learners to extend
understandings” (Mason et al., 2013, p.193).
Variations in teachers’ knowledge of the specific subject matter accounted for more than half of the
variation in the levels of challenge available for students. While knowledge of the content did not
encompass all of the knowledge needed to design tasks, teachers needed to understand the
conceptual foundations of the content in order to design tasks with higher levels of cognitive demand.
Analysis of the relationship between aspects of teacher knowledge in the subject matter and
pedagogical knowledge domains illuminated that teachers’ designs for learning were influenced by
both whether and how they understood the content. The strength of the relationship identified
teachers’ understandings of the content as a cornerstone of designing learning for proficiency
(Kilpatrick et al., 2001). Analysis of the relationship between teachers’ subject matter knowledge and
the tasks they designed for students confirmed that,
attention to teachers’ mathematical knowledge and its central role in practice is crucial to ensure that
their study of mathematics provides teachers with mathematical knowledge useful to teaching well
(Kilpatrick et al., 2001, p.395).

5.3.2

Knowledge of Content and Knowledge of Students

Together, the results of the Problem Solving Task and Noticing Task made possible further
investigation of relationships across the subject matter and pedagogical knowledge domains. The
Problem Solving Task assessed teachers’ understandings of content when solving mathematical
problems, while in the Noticing Task teachers needed to examine evidence of students’ proficiency
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with the same content. Teachers’ understandings of content influenced their noticing of students’
mathematical thinking in a number of ways. First, higher levels of proficiency with the content were
correlated with noticing higher levels of student thinking. Second, solving the particular item on which
student work was based was the strongest predictor of teacher noticing. Third, teachers’ reliance on
procedural knowledge influenced their interpretations of student achievement. This section discusses
the strength and nature of the relationship between teachers’ understandings of content and their
noticing of higher levels of students’ mathematical thinking.
5.3.2.1 Understandings of Content and Noticing Student Thinking
Teachers’ understandings of area, perimeter and volume were significantly predictive of their
interpretations of students’ mathematical thinking. Teachers who did not know and understand the
concepts and structures of the content sufficiently to solve a variety of problems did not identify
higher levels of students’ mathematical thinking in work samples based on the same content (Baumert
et al, 2010; Hill et al. 2008; Jacobs et al., 2010; Kilpatrick et al., 2001; Ma, 1999). As teachers’
proficiency with the content increased, they were increasingly likely to notice higher levels of student
thinking and identify them as representing Extensive or Thorough achievement. By contrast, lower
levels of proficiency with content were associated with misinterpreting higher levels of student
thinking. The positive correlation between teachers’ responses to the Problem Solving Task and the
Noticing Task confirmed that disciplinary knowledge plays an important role in teacher noticing. The
results reinforced Ma’s (1999) conviction that strong beliefs about teaching mathematics for
understanding cannot overcome limitations in subject matter knowledge. Even teachers who believe
steadfastly in teaching for understanding cannot attend to, interpret and respond to students’
understandings if they do not have the depth and type of subject matter knowledge to support them
in doing so.
Stronger subject matter knowledge was associated with noticing higher levels of student thinking. The
results suggested that increasing teachers’ understandings of content by two or more categories
would be associated with increases in noticing higher levels of student thinking. Based upon these
results, increasing teachers’ understandings of the content they teach should be prioritised. The 22
teachers with responses in the two lowest Noticing Task Position categories, representing just over
one-third of the teachers participating in the study, all ranked one or both of the incorrect student
solutions ahead of one or more correct solutions. None of the teachers in the two lowest Noticing
Task Position categories demonstrated strong subject matter knowledge. By comparison, among the
14 teachers who interpreted the sophisticated thinking in Amelia’s work sample as Extensive, 11 had
responses in the two highest Problem Solving categories. Differences in teachers’ understandings of
basic mathematical principles in the Problem Solving Task seemed to impact on the networks of
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conceptual and procedural knowledge available to them when identifying the mathematical thinking
of students in response to a problem (Ma, 1999). None of the teachers with responses in the highest
Problem Solving Task category ranked a work sample with an incorrect student solution higher than a
correct solution. The results reinforced the extent to which teachers’ Knowledge of Content and
Students relies on their understandings of the content they teach and that minimum levels of
proficiency with the content are required for proficient teaching. Subject Matter Knowledge matters.
In this study, differences in Subject Matter Knowledge were strongly associated with differences in
teachers’ judgements of student learning. The result that many teachers with weaker understandings
of content ranked incorrect solutions higher than correct solutions reflects the observation that, in
areas lower in subject matter knowledge, misconceptions are often reinforced by teachers (GessNewsome, 2002).
The results confirmed the finding that there is a minimum threshold of content knowledge required
for effective teaching (Ball et al., 2005; Hattie, 2012). Significant differences were evident between
the noticing of teachers with Low and Low-Moderate levels of proficiency with content in comparison
to teachers with Moderate-High and High levels of proficiency. Teachers in the lowest 40% of
proficiency with the selected content demonstrated a significantly lower ability to “scrutinize,
interpret, correct, and extend” (Ball et al., 2005, p.17) student thinking. Only one of the teachers who
solved less than half of the items in the Problem Solving Task ranked Amelia’s work as Thorough or
Extensive. However, increases in teachers’ proficiency with area, perimeter and volume content
beyond the lowest 40% were not associated with significant increases in teacher noticing. Hence,
there may be a minimum aptitude for teaching mathematics that influences teachers’ abilities to ask
questions, use models to support explanations and identify and use non-standard methods for solving
problems (Ball et al., 2005).
Differences in teachers’ understandings of content accounted for almost half of the variation in
noticing higher levels of student thinking. Teachers needed to draw upon their own knowledge as well
as students’ current knowledge, the ideas that supported it, relied on it and how they could build upon
them (Ma, 1999) in order to rank student work samples. The results reinforce the complex relationship
that exists between knowledge of students and knowledge in the subject matter domain and the
challenge of discerning the strength of this relationship (Hill et al., 2008). While the correlational
analysis in this study identified a strong, positive relationship between teachers’ understandings of
the content and their noticing of student thinking, teachers’ subject matter knowledge was not as
significantly predictive of teacher noticing as it was of the level of cognitive demand in the tasks they
designed. Analysis of the influence of teachers’ responses to Item 9 as the discriminator variable
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suggested that this may be due in part to the finely grained nature of teacher knowledge. Possessing
knowledge of content overall and possessing knowledge regarding a particular problem provided
different insights into the relationship between teachers’ understandings of the content and their
noticing of student thinking.
5.2.3.2 The Fine Grained Nature of Subject Matter Knowledge
Teacher’s responses to the particular problem on which student work samples were based were the
strongest predictor of noticing higher levels of mathematical thinking. Not one of the teachers with
responses in the two lowest Noticing Task positions had correctly solved the problem that student
work samples were based on, in comparison to 88% of the teachers in the two highest Noticing Task
Position categories. Fisher’s exact test confirmed that correctly solving the item that was the basis for
the set of student work samples was a stronger predictor of teachers’ interpreting higher levels of
student thinking than their overall scores on the Problem Solving Task. Teachers’ incorrect solutions
to Item 9 predicted the misinterpretation of higher levels of students’ understanding and reasoning
as Basic or Limited achievement. The results provide testament to the belief that “teachers must know
the subject they teach [and] there may be nothing more foundational to teacher competency” (Ball et
al., 2008, p.404). Yet, in addition to knowing the subject they teach, teachers must know and
understand the mathematics that underpins the examples they present to students in order to notice
students’ mathematical thinking. In this study, misinterpreting higher levels of student thinking largely
resulted from teachers’ uncertainty about the correct answer to the problem presented to students.
Analysis of the relationship between teachers’ responses to Item 9 and their noticing of higher levels
of student thinking confirmed the need to distinguish between “knowledge demonstrated about a
general situation or teaching principle, and an explanation of a more specific activity, task, or student’s
thinking” (Chick et al., 2006, p.2). When comparing the interactions of teachers with higher and lower
levels of subject matter knowledge, Charalambous (2010) described how teachers’ responses to
problems influence the ways in which they respond to students’ thinking. Charalambous recounted
how a teacher with weaker subject matter knowledge and an incorrect response to a related item
misinterpreted and diminished a students’ thinking. “Instead of trying to follow the student’s
unconventional method for dividing fractions, [the teacher] determined that the student’s approach
was incorrect, for it deviated from the traditional algorithm” (Charalambous, 2010, p.275). In the
present study, many of the feedback responses from teachers with incorrect answers to Item 9 would
diminish the thinking of the student who demonstrated the highest level of understanding and
reasoning on a task related to the same item. Many teachers in this study did not follow the
understanding and reasoning communicated by the student, because they determined that their own
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approach (through which they had arrived at an incorrect solution), was the one that should be
demonstrated by the student - regardless of the evidence of the student’s mathematical thinking.
The relationship between teachers’ understandings of content and their noticing of students’
mathematical thinking reignited the chicken and egg question of how to improve student learning
outcomes. Two of the principles described by Chick et al. (2013) to exemplify teaching scenarios
included that teachers need to be mathematically confident and “students are more likely to learn to
be good problem solvers if teachers show how students’ ideas can lead to a solution than if they are
only shown the teacher’s method” (Chick et al., 2013, p.15). Many teachers in this study were not
confident in solving Item 9 and teachers who were unable to solve it were prone to misinterpreting
student thinking. Additionally, the proportion of teachers who interpreted procedural knowledge as
evidence of Extensive achievement confirmed that almost half of the teachers in this study started
with their own method when evaluating students’ solutions to an unfamiliar problem. The strong
emphasis on using the formula for finding the area of a triangle, evident in teachers’ feedback
responses, reinforced that teachers may exhibit deeply rooted misconceptions about area concepts
(D’Amore et al., 2006). Teachers are called to increase opportunities for students to solve more
complex problems using a variety of solution approaches. Yet, teachers cannot provide meaningful,
formative evaluations of student work if they do not possess the substantial subject matter knowledge
required to support them in solving the problems posed to activate student learning (Ball et al, 2005;
Hill et al. 2008) – not just in one way, but in a variety of ways (Sullivan, 2011).
5.2.3.3 A Reliance on Routine Problems and Procedural Knowledge
The influence of teachers’ solutions to area, perimeter and volume problems on their noticing of
student thinking reinforced the finding that teachers’ own learning experiences may not allow them
to transform knowledge of content into knowledge of how to teach it (D’Amore et al., 2006).
Teachers’ understandings of content are largely the consequence of the quality of their own
educational experiences and “many have difficulty clarifying mathematical ideas or solving problems
that involve more than routine calculations” (Kilpatrick et al., 2001, p.394). The student work sample
demonstrating Extensive understanding and reasoning in this study applied a novel approach to solve
a problem that most teachers rated as unfamiliar, non-routine and moderate in complexity. Teachers’
interpretations of the student’s thinking might have been influenced by learning that the only way to
find the area of a triangle is to use the correct formula and this may in turn influence what they look
for when evaluating student work. A challenge for improving the quality of mathematics education is
therefore: how teachers who are reliant on procedural knowledge develop the knowledge,
understandings and confidence to teach students to communicate, problem solve, reason and
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understand mathematics. From a teacher perspective, “if no-one has ever taught us these things, how
can we possibly know them” (D’Amore et al., 2005, p.14).
A conceptual understanding, or “integrated and functional grasp of mathematical ideas” (Kilpatrick et
al. 2001, p.118) beyond knowing isolated facts and skills to understanding why ideas are important
and when to use them, is essential. In this study, conceptual understanding alone was insufficient for
noticing higher levels of student thinking. Teachers needed to Know-to as well as Know-about the
content (Mason et al., 1999). Mathematical proficiency (the intertwining strands of conceptual
understanding, procedural fluency, strategic competence, adaptive reasoning and productive
disposition) was required to support teachers in developing their own solutions and responding
flexibly to the range of solutions presented by students (Kilpatrick et al., 2001; Sullivan, 2011).
Proficiency is not synonymous with getting all of the answers correct. Responses in the High category
for Problem Solving did not ensure the identification of higher levels of student reasoning. For
instance, one teacher with a response in the High Problem Solving Category did not interpret higher
levels of understanding and reasoning as Extensive or Thorough because they ranked procedural
thinking over understanding as evidence of achievement. The teacher’s feedback, “you managed to
get the correct answer this time; however this strategy will not work for other examples. To improve
your work please use the correct formula”, provides insight into why a teacher who solved all items
on the Problem Solving Task ranked Amelia’s work as Sound, rather than Extensive. Higher levels of
content knowledge predicted, but did not ensure, higher levels of PCK (Hill et al., 2008).
Teachers’ interpretations of procedural thinking as representing Extensive achievement may have
been due to the prevalence of procedural knowledge among teachers in the study. While the
strategies used by teachers were not recorded, one of the most common points of feedback to Amelia
was to record and use the correct formula. Notably, almost half of the teachers in the study identified
the work sample exhibiting procedural knowledge as representing Extensive achievement. The
majority of these teachers solved only problems rated as familiar and routine. The association
between teachers who ranked procedural knowledge as Extensive and understood the content
sufficiently to solve familiar, routine problems, reflected Ma’s (1999) observation that “teachers who
expected students merely to learn the procedure tended to have a procedural understanding” (p.3).
The findings reinforce the observations of Simpson et al. (2017) that limitations in teachers’ content
knowledge are associated with a lack of evidence when ascertaining students’ understandings.
Simpson and colleagues noted that many teachers with lower levels of content knowledge fail to take
students’ thinking into account. In response to students’ solutions, teachers with limited content
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knowledge sometimes discuss any idea related to the initial problem, rather than ideas based on
evidence of what students do or do not understand.
Emphasis on procedures in the teaching of measurement concepts has been long identified as
impacting on students’ understandings and mathematical development (Bragg et al., 2000). The
continued emphasis on procedural knowledge may result from limitations in teachers’ proficiency
with measurement content (Sowder et al., 1998). Hirstein (1981) found that students’ errors were
largely due to an absence of conceptual understanding of area rather than from difficulties in making
computations. He proposed that this was the consequence of teachers’ urgency to introduce formulas
for calculating the areas of triangles and rectangles. The high proportion of teachers interpreting
procedural knowledge as representing the highest level of mathematical thinking in the present
research indicates that the emphasis on procedural knowledge prevails. Yet it also highlights that
changes in student learning cannot occur without changes in teacher knowledge. Knowing-what,
knowing-why and knowing-how (Mason et al., 1999), can assist teachers in correctly solving problems
and identifying which work samples present correct solutions. However, Knowing-about area
measurement does not necessitate being able to discriminate between levels of thinking in student
work samples with different yet correct solutions. Knowing-about mathematics is insufficient for
assessing, providing feedback and reporting on student learning (AITSL, 2014). The proportion of
teachers interpreting inefficient, procedural thinking as evidence of Extensive understanding and
reasoning raises the challenge that Knowing-about has generally formed the core of mathematics
education, but does not indicate being able to respond to the novel, sophisticated reasoning of a
student (Mason et al., 1999). Only teachers with stronger subject matter knowledge in this study were
able to demonstrate skilful perception of how, rather than whether, students responded to a question,
made a calculation, or the reasons used to develop an approach when solving a problem. Teachers
with weaker subject matter knowledge did not demonstrate the pedagogical knowledge needed to
make comparable judgments of student work because they were unable to validate the mathematical
soundness of students’ solutions (Ball et al, 2005).
In summary, teachers’ understandings of content influenced their noticing of higher levels of
mathematical thinking in a number of ways. Teachers’ interpretations of student thinking relied to
some extent on their overall proficiency with the selected content (Kilpatrick et al., 2001). At the same
time, solving the problem that was the basis for student work, flexibly and in multiple ways, played a
critical role in teacher noticing. Teachers are unlikely to “engage their students in productive
conversations about multiple ways to solve a problem if they themselves can only solve it in a single
way” (Kilpatrick et al., 2001, p.399). While knowledge of the content that teachers need to teach does
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not encompass all of the knowledge needed to interpret and respond to student thinking, teachers
must be able to understand concepts correctly, perform procedures accurately and understand the
conceptual foundations of that knowledge (Kilpatrick et al., 2001). The results of this study illuminate
the likelihood that novel, sophisticated mathematical thinking, based on conceptual rather than
procedural understanding, is likely to go unnoticed in classrooms where teachers are not
mathematically proficient.

5.3.3

Knowledge of Teaching and Knowledge of Content and Students

Although teachers’ Problem Solving scores were significantly predictive of their responses on both the
Design Task and the Noticing Task, their responses on the Design Task and Noticing Task were not
predictive of each other. Teachers who designed tasks in the highest level of cognitive demand mostly
noticed higher levels of mathematical thinking and teachers who designed tasks in the lowest level of
cognitive demand mostly misinterpreted lower levels of mathematical thinking as representing higher
levels. However, the Noticing Task categories for teachers with responses in the middle three
categories of the Design Task were distributed across the full range of Noticing Task categories. The
results were surprising and defied the logic that if the two pedagogical aspects of teacher knowledge
were each positively correlated with their subject matter knowledge using the same measure, then
these aspects of pedagogical knowledge would be correlated with each other. It also seemed
reasonable that teachers who designed more cognitively demanding tasks would be more likely to
attend to, interpret and respond to higher levels of student thinking. Yet the results found that this
was not necessarily the case.
A plausible reason for the absence of a strong positive relationship between the two aspects of
teachers’ pedagogical knowledge was the nature of the primary teachers’ specialised knowledge for
teaching. Primary teachers are specialists in teaching primary aged students, who may possess high
levels of pedagogical knowledge for teaching across the curriculum (Hattie, 2012). They tend to be
knowledgeable about general principles of education such as the importance of open-ended tasks,
high expectations for all students and models for differentiated learning. At the same time, primary
teachers are generalists who teach across all subject areas and mathematics is just one of these.
Consequently, teachers may have possessed the pedagogical knowledge to design a task that offers
high levels of cognitive demand, yet lacked the knowledge of mathematics and student
misconceptions to support them in identifying and responding to the range of students’ responses to
tasks based on these principles.
The five practices for orchestrating mathematical discussion proposed by Smith et al. (2011) were
valuable in considering the absence of a significant correlation between designing tasks with high
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levels of cognitive demand and interpreting high levels of student thinking. The five practices of
anticipating, monitoring, selecting, sequencing and connecting students’ responses to challenging
mathematical tasks “moderate the degree of improvisation required by the teacher” (Smith et al.,
2011, p.15). Planning for learning needs to go beyond selecting goals and tasks and extend into solving
the problems that will be posed for students and identifying possible solution pathways. The
establishment of clear learning goals and design of tasks with the potential to support students in
achieving goals represent essential starting points for, rather than orchestration of, effective teaching.
However, if teachers cannot solve the problems posed for their students in multiple ways to anticipate
responses they may experience difficulty in responding to and building upon students’ responses in
ways that support the mathematical progress of all students in the classroom (Smith et al., 2011).
In the Design Task, teachers may have drawn upon principles of cognitively challenging tasks and
applied these principles to the selected content, or even adapted a task that they were familiar with.
By contrast, in the Noticing Task, teachers did not select which task the work samples were based on
or which work samples they would interpret and respond to. As teachers generally select the tasks
that students engage in, differences in teacher noticing based on whether teachers do or do not select
the task themselves may be worthy of further investigation. The three sub groups identified as being
of particular interest in probing the absence of a strong relationship between the Design Task and
Noticing Task results. A number of observations regarding the results for these sub groups are worthy
of discussion:
i.

Four of the five teachers who designed higher level Procedures with Connections tasks, yet
did not notice higher levels of mathematical thinking, were teachers with Low-Moderate
levels of proficiency with content on the Problem Solving task. There were only four teachers
with Low-Moderate Problem Solving scores who designed higher level tasks, and all of these
teachers demonstrated lower levels of noticing. This may suggest that teachers who design
higher level tasks, yet demonstrate lower levels of proficiency with the content, do not
possess the amount, or type, of subject matter knowledge required for noticing higher levels
of student thinking. It is possible that these teachers used high expectations for students
knowing-about mathematics, in combination with an understanding of the qualities of good
questions (Sullivan, 1997) to design higher level tasks, without Knowing-to, which restricted
their ability to interpret a novel student response. The results for these four participants may
also suggest variations in the ways that the strands of proficiency with mathematics are
structured. For example, a teacher might have higher levels of strategic competence that
support them in planning for effective instruction, yet lower levels of conceptual
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understanding or adaptive reasoning that limit the effectiveness of their core knowledge of
mathematics when evaluating student thinking (Kilpatrick et al., 2001). It is also possible that
some teachers see themselves as designers of learning but not as engaging in the process of
“doing mathematics”. Complete understandings of mathematics include “the capacity to
engage in the processes of mathematical thinking, in essence doing what makers and users of
mathematics do: framing and solving problems” (Stein et al., 1996, p.456). Teachers need to
engage in solving problems in as many ways as possible in order to anticipate and respond to
the mathematical thinking of students (Smith et al., 2011).
ii.

Four of the eight teachers who designed lower level Procedures without Connections tasks
yet noticed higher levels of thinking were teachers with Moderate-High or High levels of
proficiency on the Problem Solving task. These were the only four teachers in the study with
Moderate-High or High Problem Solving scores who designed tasks that did not offer higher
levels of cognitive demand. This means that these teachers had higher levels of proficiency
with mathematics and were able to identify higher levels of student thinking, yet did not
design tasks with higher levels of demand. The results for these teachers might reflect that
the written design of the tasks did not convey their intended implementation in the classroom
(Stein et al., 1998). An assumption of the research design was that teachers cannot implement
learning in the classroom if they cannot design and plan for it. Doyle (1988) proposed that
tasks could be studied to account for how students learn from teaching, because tasks direct
the focus of the learning as well as how students think about, develop, use and understand
the mathematics. However in their study of the role of challenging tasks, Clarke and colleagues
(2014) concluded that the decisions that teachers make when planning can make a
considerable difference to the effectiveness of tasks. At the same time, teachers’ designs for
learning do not account for all of the ways that they provide and respond to learning in
classrooms. Tasks are influenced by a number of factors, including the teacher’s goals, their
knowledge of students and their knowledge of the subject matter. It is possible that the goals
of these teachers, or some particular knowledge of the students in their classes, influenced
the level of cognitive challenge in the tasks they designed.

iii.

Two teachers designed low level Memorisation tasks and yet noticed higher levels of
mathematical thinking were teachers with Moderate-High levels of proficiency on the
Problem Solving task. The results of these two participants paint a confusing picture. They are
unique in the data: the only teachers who demonstrated a combination of low, moderate and
high performance across the three variables of teacher knowledge studied. Examination of
the written feedback from these two teachers on Amelia’s task suggests that, while they did
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not design tasks that exhibited high expectations for students’ understanding and reasoning,
they did have the disposition to engage deeply with students responses. For example, one of
the teachers responded, “This looks like a good strategy and you have the correct answer. I
am not certain why it works. Make sure that it would work in other situations”. Importantly,
these were two of the only three teachers who designed Memorisation tasks who also
correctly solved the problem that the work samples were based upon. The written feedback
suggests that the teacher was certain about the correctness of Amelia’s answer, had a sense
that it was a clever idea, but was uncertain as to why it worked. By attending closely to
Amelia’s response with confidence about the correct answer, the teacher was able to
interpret and learn from Amelia’s approach even though it was novel and unexpected. This
example supports the proposition of Mason et al. (2013) that teachers might increase
Knowing-to by engaging with the mathematical thinking that their students engage in, both
collaboratively and individually. To “structure learning situations, interpret student actions
mindfully, and respond flexibly, in ways that enable learners to extend understandings”
(Mason et al., 2013, p.193), teachers must Know-to.
A strong positive correlation between the levels of cognitive demand in the tasks that teachers
designed and their noticing of higher levels of student thinking was identified when teachers’
responses were controlled for Problem Solving scores. The two aspects of pedagogical knowledge,
when considered as a whole, were closely associated with teachers’ proficiency with the content. The
results reinforce the complexity of teacher knowledge for teaching mathematics and the importance
of studying multiple aspects of teacher knowledge simultaneously (Goe et al., 2008; Kilpatrick et al.,
2001) using teachers’ solutions to specific problems and tasks rather than assessments of overall
knowledge of mathematics. Together, the findings support Ma’s (1999) proposition that differences
in teachers’ understandings of basic mathematical principles influence their development of networks
of conceptual and procedural ideas. That is, in this study teachers’ proficiency with basic principles of
area, perimeter and volume influenced the types of tasks that they designed for students and their
evaluations of students’ thinking in response to an area problem. Teachers who were unable to solve
unfamiliar, non-routine problems, did not realise that it was possible to rearrange and restructure the
area of two adjacent triangles to form a rectangle and mostly designed tasks that provided
opportunities for students to solve routine measurement problems.

5.3.4

Relationships among Three Aspects of Teacher Knowledge

To crystallise the strength and nature of relationships between aspects of teacher knowledge explored
in this research, the results for all three measures of teacher knowledge were studied simultaneously.
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A three-dimensional view of teacher knowledge, where each dimension represented one of the three
cogs in the conceptual framework was created to synthesise the findings and answer the question of
how teachers’ understandings of content influence their knowledge for teaching it. This section
discusses results regarding common patterns and relationships across all three variables of teacher
knowledge: designing tasks, solving mathematical problems and noticing student thinking.
The results supported, yet also qualified, the fundamental belief of PCK: neither knowledge of subject
matter nor knowledge of teaching alone are sufficient for effective teaching (Shulman, 1986). In this
study, pedagogical knowledge without subject matter knowledge was extremely limited. None of the
participants with responses in the Low category for Problem Solving scored above the median score
for either of the aspects of pedagogical knowledge studied. Subject matter knowledge matters. It
matters because it impacts upon teachers’ interpretation of the intended curriculum, the learning
opportunities that they design when implementing the curriculum and their judgements of how well
students have attained the curriculum (Mullis et al., 2011). Teachers who do not possess certain levels
of proficiency with content are unlikely to be able to provide opportunities for students to solve more
complex problems, experience a range of alternative solution approaches or be able to extent
students at the top end. Teachers with lower levels of subject matter knowledge were far less likely
to design cognitively challenging tasks and also less likely to notice higher levels of student thinking.
Higher levels of content knowledge did not guarantee higher levels of pedagogical knowledge, yet
they did predict it. All teachers with responses in the High category for Problem Solving performed
above the median score for both aspects of pedagogical knowledge. They were able to apply their
understandings of content flexibly to solve problems beyond those that were familiar, routine and low
in complexity, design cognitively challenging tasks and notice higher levels of student thinking.
Considered together, the three aspects of teacher knowledge suggest that proficiency with the
content, encompassing all five strands of mathematical proficiency, is the cornerstone of proficient
mathematics teaching (Kilpatrick et al., 2001).
Possessing the knowledge to solve one problem did not necessitate solving others related to the same
content. Noticing higher levels of student thinking was heavily reliant on being able to solve the
particular problem that students’ work was based. Teachers’ understandings of content appear to be
finely tuned. Not only might teachers’ content knowledge vary across topics, it might vary within
topics. Many teachers knew about the area of triangles to the extent that they could solve one of the
three problems related to this content. However, this was a problem rated as routine, familiar and
low in complexity by almost all participants. To apply their understandings of content to design
learning and respond to students’ approaches to solving a less familiar problem, teachers needed to
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know-to, as well as know-about and know-how (Mason et al., 2000). Knowing-to is the type of
knowledge needed to ensure the quality of mathematics teaching in Australia for all students. The
results of this study question the quality of mathematics teaching that is not supported by proficiency
with the mathematical content that is the focus of student learning. Careful attention should be given
to,
identifying the mathematics that teachers need in order to teach effectively, articulating the ways in
which they must use it in practice and what that implies for their opportunities to learn mathematics
(Kilpatrick et al., 2001, p.395).

Patterns emerged across the three aspects of teacher knowledge examined. When Problem Solving
responses were classified as demonstrating stronger or weaker subject matter knowledge, common
pathways between subject matter knowledge, higher or lower levels of cognitive demand in tasks and
noticing or misinterpreting higher levels of student thinking were evident. The analysis revealed that
the most frequent pathways across the three aspects of teacher knowledge were those that involved
patterns of strength or weakness across all three aspects. Almost one quarter of all participants in the
study demonstrated stronger subject matter knowledge associated with designing tasks with higher
levels of cognitive demand and noticing student thinking. By contrast, just over 40% of all participants
demonstrated weaker subject matter knowledge associated with designing tasks with lower levels of
cognitive demand and misinterpreting higher levels of student thinking. Combinations of strengths
and weaknesses were less frequent. Among the 24 teachers who demonstrated stronger subject
matter knowledge, most designed a task in one of the two higher levels of cognitive demand and
noticed higher levels of student thinking in a student work sample. These patterns may be reflective
of differences between teachers with and without PUFM described by Ma (1999). Teachers with
stronger subject matter knowledge may have been more able to apply their knowledge of content to
solve teaching problems because they possessed more connected, coherent, structured
understandings of important mathematical ideas.
The correlation between teachers’ understandings of content and their knowledge for teaching it may
be the consequence of the inextricable link between teaching and problem solving described by Chick
et al. (2013). Teachers of mathematics are effectively applied mathematicians. Both problem solving
and teaching require teachers to solve problems “for which the solutions may not be readily apparent”
(Chick et al., 2013, p.2). The results of the present study reflect principles derived by Chick et al. The
principles exemplifying seven teaching scenarios that provide insights into how and why improving
the quality of teaching may depend fundamentally on teachers’ subject matter knowledge. First,
teachers with higher levels of proficiency with content are more likely to design cognitively challenging

188

tasks: developing excellent tasks requires substantial expertise. Second, teachers with higher levels of
proficiency with content are more likely to notice students thinking: teachers should start with the
students’ own thinking (Chick et al., 2013). Teachers with lower levels of proficiency with content were
more likely to value procedural knowledge: “students are more likely to learn to be good problems
solvers if teachers show how students’ ideas can lead to a solution than if they are only shown the
teacher’s method” (Chick et al., 2013, p.15).
Teachers have a significant impact on student learning (Hattie et al., 2012). However, “if the teacher
is ineffective, students under that teacher’s tutelage will achieve inadequate progress academically”
(Sanders et al., 1997, p.7). The correlation between teachers with weaker subject matter knowledge,
and designing lower level tasks and misinterpreting higher levels of student thinking, and the
proportion of teachers who followed this pattern in the study reinforces the belief that subject matter
knowledge matters. As noted by Hill, Blunk, Charalambous, Lewis, Phelps, Sleep and Ball (2008), the
relationship between the nature of teacher knowledge and the nature of instruction has implications
for policy and the allocation of resources to support teacher education. Among the 40 teachers who
exhibited weaker subject matter knowledge, just over two-thirds also designed tasks with lower levels
of cognitive demand and misinterpreted higher levels of student thinking. Teachers’ understandings
of area, perimeter and volume content influenced their pedagogical knowledge for teaching it. These
findings have ramifications for student learning. Ball et al. (2005) identified content knowledge for
teaching mathematics as a significant positive predictor of student achievement in grades 1 and 3. The
researchers observed that the learning gains of students in the classes of teachers in the top quartile
on the LMT test were equal to the effects of an additional two to three weeks of instruction when
compared to the learning gains of students in the classroom of a teacher with an average score. They
proposed that deepening teacher knowledge for teaching mathematics may provide a means for
overcoming inequity. As equity and excellence are the goals of Australian schooling, teachers should
be provided with opportunities to increase their understandings of the content they teach. Primary
teachers do not necessarily need to learn more mathematics. They need experiences that increase
conceptual (Kilpatrick et al., 1999), profound (Baumert et al., 2010; Ma, 1999), relational (Skemp,
1976), deep (Hill et al., 2008) understandings of the content they teach to facilitate the development
of ‘knowledge packages’ (Ma, 1999) and Knowing-to (Mason et al., 1999). Subject matter knowledge
provides an essential foundation for teaching mathematics because it influences aspects of teachers’
pedagogical knowledge and therefore the quality of teaching and the learning opportunities
experienced by students.
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Studies of teacher knowledge from a generalised perspective have not been closely associated with
increases in teaching quality (Goldhaber et al., 2012). In this study all teachers who demonstrated high
levels of proficiency with the content also demonstrated overall higher levels of pedagogical
knowledge. Increasing teachers’ understandings of the content they teach, to the extent that they can
apply it to solve more complex, unfamiliar, non-routine problems, would provide an effective starting
point for increasing at least two key aspects of pedagogical knowledge: teachers’ designs for learning
and teachers’ interpretations and responses to student thinking. In mathematics education, the key
decision that the teacher makes is the task (Sullivan, 2011). To maximise the potential of tasks teachers
need to determine students’ existing mathematical understandings and use this information to make
instructional decisions (NCTM, 2014). Teachers’ subject matter knowledge influences the ways that
teachers understand “how particular topics, problems, or issues are organised, represented and
adapted to the diverse interests and abilities of learners, and presented for instruction” (Shulman,
1987, p.8). Mathematics teachers must “begin with some expertise in the content they teach”
(Shulman, 1986, p.8).

5.4 Limitations
A number of limitations in this research are worthy of consideration. This section identifies limitations
with the potential to impact on the quality and interpretation of the findings in relation to the research
questions. Through reflection on the research design and methods applied, limitations related to the
aim of the study, the content and stage level that were the focus of the study, the tasks selected as
measures of teacher knowledge and the selection of items in the Problem Solving Task are important
to take into account.
This research set out to investigate how teachers’ understandings of content influence their
knowledge for teaching it. The two measures of knowledge in the pedagogical domain focused on
teacher knowledge in the curriculum mapping arena, including how teachers plan for student learning
and how teachers respond to students’ written work samples. Each of these measures is an authentic
measure of pedagogical knowledge related to the work that teachers do in the classroom. However,
the study is limited to the impact of subject matter knowledge on two pedagogical aspects of
knowledge related to planning and evaluating student learning. It does not set out to evaluate the
translation of this pedagogical knowledge into the classroom or the impact of this pedagogical
knowledge on students’ learning gains. Evidence of the relationship between pedagogical knowledge
and students’ learning gains relies on the findings of previous studies in the literature review.
In this research, the measures of, and relationships between, teachers’ understandings of
mathematics and their pedagogical knowledge, pertain to Stage 3 primary school teachers in New
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South Wales. The results were identified specifically in relation to understanding content taught in the
final two years of primary school. Consequently, the results cannot be generalised to all teachers or
teaching all levels of schooling. All measures of teacher knowledge were related to content from the
same content strand. This decision was made to provide a deep investigation and thorough
investigation of mathematical topics that are recognised as problematic for students at this stage of
learning. Therefore the results reflect the relationship between three aspects of teacher knowledge
in relation to the teaching of measurement, rather than the teaching of all mathematics. It is possible
that different results might be attained by selecting a different strand of mathematics or different
outcomes. Future research should be undertaken to verify whether examination of the same aspects
of teacher knowledge, using similar measures in relation to different content, result in the
identification of similar relationships. As teacher knowledge can be finely grained, the strong
relationships identified between teachers’ understandings of content and their pedagogical
knowledge do not necessitate that these relationships would be similar for other content or outcomes.
For example, teachers’ understandings of Addition and Subtraction, the tasks they design and their
noticing of student thinking might exhibit either a stronger or weaker relationship than that identified
using area, perimeter and volume content. There is a need for future studies to verify whether
examination of the same aspects of teacher knowledge identified similar relationships using a range
of content.
The tasks that teachers engaged in as measures of their mathematical knowledge for teaching were
selected to authentically represent the work that teachers engage in when planning and evaluating
learning. In this research, measures of teachers’ pedagogical knowledge were limited to the design of
mathematical tasks and their noticing of student thinking in written work samples. The study did not
collect evidence of the levels at which tasks were implemented in the classroom or teachers’ abilities
to question students to gain further insights into their thinking using face-to-face interactions. As
teachers apply their knowledge for teaching in many ways, both in and out of the classroom, it is
possible that, should teacher knowledge be exemplified through other tasks, then different results
might be produced.
The major statistical strength of this study the focus on correlational analysis. The strength of
correlations between data gathered as measures of aspects of teacher knowledge provided evidence
of the extent to which one aspect of teacher knowledge was predictive of others. While the results
identified teachers’ subject matter knowledge as being significantly predictive of two aspects of
pedagogical knowledge, this does not prove that high levels of subject matter cause high levels of
cognitive demand in tasks and noticing higher levels of student thinking. The study did not examine
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how changes in knowledge over time for the same group of participants were related to changes in
other aspects of their knowledge for teaching mathematics. The findings suggested that teachers with
stronger subject matter knowledge generally designed more challenging tasks and also were more
likely to notice higher levels of student thinking. The regression equations suggested that increases in
understandings of mathematics when solving problems would be predictive of increases in
pedagogical knowledge. However, the study was not a longitudinal study and therefore did not
measure the effect of increasing the knowledge of teachers with lower levels of subject matter on
their pedagogical knowledge. Consequently, the study is limited to finding that these aspects of
knowledge are related and that increases in one aspect of teacher knowledge were predictive of
increases in others.
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Chapter 6 CONCLUSIONS AND RECOMMENDATIONS
6.1 Subject Matter Knowledge Matters
This study proposes that teachers’ understandings of mathematical content are an important
foundation for the development of aspects of their pedagogical knowledge for teaching mathematics.
Increasing teachers’ proficiency with the content they teach, inclusive of …
“conceptual understanding of the core knowledge of mathematics, students, and instructional practices
needed for teaching; procedural fluency in carrying out basic instructional routines; strategic
competence in planning effective instruction and solving problems that arise while teaching; adaptive
reasoning in justifying and explaining one’s practices and in reflecting on those practices; and a
productive disposition toward mathematics, teaching, learning, and the improvement of practice”
(Kilpatrick et al., 2001, p.32)

… offers an effective starting point for increasing the quality of designs for learning and the ways in
which teachers attend to, interpret and respond to student thinking. Without increasing the
knowledge of the key stakeholders responsible for student learning, changing the syllabus, raising
professional standards and testing students on standardised measures may not improve student
achievement.
The question of how teachers’ understandings of content influence their knowledge for teaching arose
because the research literature, political landscape and approach of a schooling system highlighted a
lack of agreement regarding the importance of teachers’ subject matter knowledge. Evidence linking
teachers’ subject matter knowledge to effective teaching in the research literature was inconclusive.
However, the absence of a clear, strong relationship between teachers’ subject matter knowledge and
their pedagogical knowledge may have been due to the selection of measures of teacher knowledge
(Goe et al., 2008; Hattie et al., 2012). In this study teachers’ understandings of mathematics were
evaluated through the lens of solving mathematical problems that were applications of the content
they teach, while pedagogical knowledge was measured using instructional artefacts that controlled
the variability of classroom contexts. Together, the adoption of measures that required teachers to
draw upon their knowledge of mathematics, the syllabus and pedagogy, suggested that teachers’
understandings of content influenced their plans for, and evaluations of, student learning. Significant
relationships between variables of teacher knowledge identified when using these measures
contrasted with the generalised picture of teacher knowledge discussed in the literature review. To
understand the impact of mathematics teaching, and ways of increasing it, there is a need to develop
consistent, objective, relevant measures of teacher knowledge (Hattie et al., 2012).
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Teachers’ subject matter knowledge was closely associated with two aspects of their knowledge in
the pedagogical domain. As teachers’ understandings of content accounted for approximately half of
the variance in two aspects of their pedagogical knowledge in the curriculum mapping arena, subject
matter knowledge may play a significant role in the quality of learning and teaching in classrooms.
Access to quality teaching is one of the biggest equity issues in Australian education. Hence, the
distribution of results across all categories for the Design Task, Problem Solving Task and Noticing Task
raises the issue of access to quality mathematics teaching for all students in Australia. Given the
interconnection between this study and a number of international studies included in the literature
review, it is likely that these issues may have implications and relevance beyond the Australian
context. Teachers’ understandings of mathematics were found to influence both the quality of the
tasks they designed and their ability to attend to, interpret and respond to the mathematical thinking
of students. Consequently, increasing teachers’ understandings of the mathematics they teach may
be more pragmatic for ensuring equity and excellence in education than changing the curriculum,
testing students or increasing demands on teachers. Three recommendations are made with regard
to increasing the quality of mathematics teaching.


Recommendation 1: Australia aspires to increase the proportion of students studying higher
levels of mathematics and mathematics-related subjects. A recommendation of this research
is that primary school teachers should be offered opportunities to increase their proficiency
with content in ways that enable them to plan and implement cognitively challenging tasks.
Understanding the importance and characteristics of cognitively challenging tasks should be
underpinned by proficiency with mathematics that goes beyond knowing-about the content,
to being able to use it flexibly to solve a range of problems. Substantial courses of professional
learning that allow teachers to develop conceptual understandings, procedural fluency,
strategic competence, adaptive reasoning and productive dispositions should be provided as
a foundation for proficient teaching.



Recommendation 2: Australia aspires to improve its ranking on international measures such
as TIMSS and PISA, particularly by increasing the number of students performing at the top
end. Based on teachers’ responses in the Problem Solving Task, together with their feedback
to students in the Noticing Task, teachers’ noticing of higher levels of mathematical thinking
was affected by whether they could solve the problem and whether they were reliant on using
a formula to achieve a solution. A further recommendation of this research is that primary
school teachers be provided with opportunities to collaboratively solve the mathematical
problems that they use for student learning and assessment in classrooms. This should be a
regular component of planning and programming in mathematics so that teachers can
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anticipate a range of student solutions, including those that are novel and non-routine.
Teachers should also have regular opportunities to moderate student work samples, articulate
and justify the evidence used to identify levels of student achievement in relation to syllabus
content, outcomes, background information and research.


Recommendation 3: To ensure the sustainability of high quality mathematics education for all,
the priority for mathematics within the nature and structure of initial teacher education
programs should be considered and reviewed. If increasing student numeracy is a national
priority, the amount of time dedicated to ensuring profound understandings of fundamental
mathematics in those who will teach it in the future should also be increased as a foundation
for developing stronger pedagogical knowledge. A theory of teaching practice, connecting
different aspects of teacher knowledge, should inform the experiences offered to pre-service
teachers, including the nature of their practicum experiences. At a minimum, these
experiences should include:
o

expertise in designing cognitively challenging tasks that focus students’ attention on
important mathematical ideas

o

confidence in solving mathematical problems and tasks in a variety of ways to
anticipate possible student responses and increase awareness of novel approaches

o

regular opportunities to attend to, interpret and respond to student thinking as the
results of engaging in cognitively challenging tasks

o

opportunities to compare and evaluate their perceptions of students’ mathematical
thinking to the evidence and judgments offered by others.

While practicing teachers may currently require opportunities to strengthen and deepen their
understandings of the content, it is recommended that developing stronger subject matter
knowledge prior to teachers entering the teaching profession be considered as vital to the
viability and sustainability of quality of mathematics education.
Teachers’ knowledge for teaching mathematics is vast, complex and closely intertwined. There is a
need for further research into how teacher knowledge is connected, structured and applied, rather
than measures of how much teachers know, or how effective they are. By understanding relationships
among aspects of teacher knowledge it may be possible to focus on increasing foundational aspects
of teacher knowledge in place of asking teachers to know more. The selection of appropriate, subjectspecific measures of teacher knowledge is central to gaining insights into the influence of teachers’
understandings of content on teaching quality. This research identified teachers’ understandings of
area, perimeter and volume as being significantly predictive of two aspects of pedagogical knowledge.
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Yet, teachers’ subject matter knowledge is finely tuned and may vary according to the strand, specific
topic or even the particular problems used as measures of teacher knowledge. This means that the
strength of the relationships identified in this study might vary should a different topic, for example
fractions, be used as the focus of the study. Two additional recommendations are made regarding
further research.


Recommendation 4: a series of comprehensive studies of teacher knowledge, based on similar
measures yet focused on a different topics or strands of mathematics, should be undertaken
to evaluate whether the findings of this study can be generalised to other topics. Measures of
teachers’ subject matter knowledge should be based on teachers’ applying their
understandings of the content to solve problems, including those that are unfamiliar, nonroutine and higher in complexity. Measures of subject matter and pedagogical knowledge
should be related to the same content and include the use of items that are common across
all measures.



Recommendation 5: a study involving a larger group of participants should be undertaken to
increase the reliability of the data. A research design where relationships between aspects of
teacher knowledge are studied, followed by the types of professional learning opportunities
described recommendations 1 and 2, and the re-examination of relationships, should be
considered. This design would be effective for confirming the significance of differences in the
Problem Solving means related to participants designing tasks with different levels of
cognitive demand and noticing different levels of student thinking.

In considering what knowledge matters more, and why (Bobis et al., 2012) teachers subject matter
knowledge, when characterised by understandings of the content that can support them in solving a
range of unfamiliar, non-routine, more complex problems, matters. Teachers are in effect applied
mathematicians who apply mathematical knowledge to solve teaching problems while teaching
problem solving (Chick et al., 2013). Teachers’ understandings of the mathematical content they teach
influence the levels of challenge in the tasks they design for students and the ways in which they
interpret and respond to students’ mathematical thinking. Mathematical proficiency, as
conceptualised by Kilpatrick et al. (2001) encapsulates the essential connection between aspects of
pedagogical knowledge. It explains significant variations in the levels of cognitive demand in the tasks
that teachers design and their noticing of student thinking. In considering the type of knowledge
required by teachers to provide the best possible mathematics education for every student, every day,
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in every classroom, subject matter knowledge provides powerful knowledge that teachers can draw
upon flexibly to maximise the impact of their pedagogical knowledge.

6.2 The Significance of the Research
This study contributes to research on teacher knowledge for teaching mathematics. It is significant at
the level of the individual student, for teachers as major stakeholders in education and in terms of its
methodological innovation and practical and applied significance. Overarching these contributions is
the importance of Mathematics education research and the need for Australia to invest in quality
Mathematics learning and teaching. At a time of increasing global competition, mathematics
education plays a critical role in Australia’s social compact. The extent to which improvement in
mathematics education underpins economic, technological and scientific progress is evident in its
prioritisation on the national agenda. A challenge that remains unaddressed is how teachers who did
not experience a mathematics education founded on deep conceptual understandings,
communication, problem solving and reasoning, might teach students to achieve these objectives.
This study is significant in its intent. It is focused on investigating aspects of teacher knowledge that
are fundamental to providing the quality of mathematics education that we aspire to as a nation.
The foundation for almost every mathematical concept and principle is laid in the primary years of
schooling. If we aspire to increase student achievement in mathematics, then this must start from the
outset of schooling. Understanding the nature of primary teachers’ mathematical knowledge for
teaching is therefore of the utmost importance. Improved educational outcomes can only result from
increases in teacher knowledge. Hence, providing the means for developing the type, depth,
understanding and organisation of primary teachers’ mathematical knowledge for teaching is
fundamental to increasing students’ attainment in mathematics. Until the role and nature of teachers’
understandings of mathematics in their development of knowledge for teaching it are understood,
the mathematical reasoning, problem solving and communication of students may continue to limit
their future opportunities as competitors in the global workforce. At a time when maintaining
proficiency in the professional standards is a requirement for all teachers, the need to understand and
support primary teachers’ mathematical knowledge for teaching has never been greater. The study is
significant because, while it seems reasonable that teachers’ understandings of mathematics
influence the effectiveness of their teaching, proof of this phenomenon has remained elusive
(Kilpatrick et al., 2001). This study contributes to the national interest, to the interests of primary
teachers as major stakeholders in education and to ensuring the provision of quality mathematics
education for students. The methodological innovation used in the development of this study also
makes a significant contribution to mathematics education research.
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6.2.1

Significance for Students

This study is significant because it seeks to understand the knowledge required by teachers to make
high quality mathematics education a reality for every student. Education is the vehicle for equipping
students with knowledge, understanding and skills by providing access to high quality schooling that
is free from discrimination (MCEETYA, 2008). This research is concerned not only with overall
performance in mathematics education, but with maximising the educational opportunities afforded
to each individual. If every student in Australia is entitled to a quality mathematics education, then
every teacher of mathematics must provide quality mathematics teaching. In primary schooling this
means that teachers require the type of knowledge demanded by proficient mathematics teaching.
Australia’s overall educational performance comprises disparate individual performances. In the
TIMSS (2011) thirty-seven per cent of Australian Year 8 students did not reach the intermediate
benchmark. A study of how teachers’ understandings of subject matter are associated with the level
of challenge available in their classrooms and their noticing of student thinking is therefore significant.
The study of teachers’ understandings of content, and their skill and confidence in acting upon this
knowledge to maximise the learning of all students, is paramount in providing equity and excellence
in mathematics education.

6.2.2

Significance for Teachers

This study focuses on practising primary classroom teachers as stakeholders who carry the
responsibility for translating the intentions of the syllabus into the outcomes attained by students in
the final two years of primary schooling. Teachers’ knowledge implementing the curriculum in ways
that improve students’ mathematical thinking each day are the conduit for this transformation. The
research is unique in its investigation of how teachers know and understand mathematics and the
alignment between their own knowledge and their endeavour of providing quality mathematics
teaching for students. Teachers are committed to teaching mathematics in ways that develop deep
conceptual understandings that lay a foundation for more advanced mathematical ideas. Despite this,
research has focused more on the effectiveness teaching than on investigating how teachers’
understand the mathematics and how their understandings support them in teaching students.
Primary teachers teach across all key learning areas. At a time of ongoing curriculum change the
amount of new knowledge and skills that primary teachers have been asked to learn and teach has
been constant and overwhelming. This study is significant because it focuses on relationships between
aspects of teacher knowledge that can reduce how much teachers need to know by investigating how
knowledge is connected and organised. By evaluating the strength of relationships between aspects
of teacher knowledge, the correlational research in this study provides a starting point for considering
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how increases in one aspect of teacher knowledge might be used to support efficient, effective
increases in others.

6.2.3

Methodological Innovation

The review of research into conceptualisations of teacher knowledge and its impact on student
learning illuminated the absence of measures of teacher knowledge that authentically reflect the work
of quality teaching. No existing measures of teacher knowledge were identified as sufficiently aligned
with the syllabus outcomes, professional standards and grade levels that were the focus of this study
in the Australian context. Overcoming this challenge demanded methodological innovation.
Comprehensive evaluations of teacher knowledge based on a number of different, yet appropriate
and authentic, measures were required to study relationships among aspects of teacher knowledge.
This study required the design, testing and development of multiple data gathering instruments that
could capture important information about teachers’ knowledge in relation to practical daily aspects
of their work, while also taking into account the costs of collecting accurate data. The research design
was mindful that validity lay not only in the data gathering instruments themselves, but in how well
they related to the work that teachers do.
The methods applied in this study make a significant contribution by responding to the need to
develop and validate measures of teacher knowledge that are replicas of the tasks that teachers
engage in. The study is innovative in using different measures for each aspect of teacher knowledge
being studied and connecting these measures by keeping the content, grade level and day of data
collection constant for the same group of participants. In particular, the study responds to a gap in the
research literature on teachers’ work in the curriculum mapping arena which has become increasingly
important. Data gathered in this research recognises that the work that teachers do outside the
classroom enables quality learning in the classroom. Two structured artefacts, including protocols for
analysing the quality of designs for learning and an instrument for evaluating teacher noticing when
analysing written student work samples, were developed, trialled and implemented. While it seems
logical that teachers’ knowledge of the content they teach must be related to the effectiveness of
their teaching, quantitative research evidence of this relationship has been elusive. The design of a
problem solving instrument closely aligned with assessments of student attainment to gain insight
into teachers’ understandings of content was a significant methodological innovation. It facilitated the
design of research uncovering relationships between aspects of teacher knowledge by starting with
teachers ‘doing’ the type of mathematics that is used to measure their impact on student learning.
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6.2.4

Applied and Practical Significance

Increases in teacher knowledge are vital to improving the quality of mathematics education in
Australia. A major challenge to the improvement agenda is the juxtaposition between the substantial
amount of knowledge needed and the limited time and resources available. Teachers, schools,
educational systems and governments need to be pragmatic in the focus and design of opportunities
for teachers to increase their professional knowledge in ways that impact directly on students’
learning outcomes. There is a need to better understand ways in which different aspects of teacher
knowledge are related so that the quality and impact of teacher professional learning in mathematics
education can be increased. If thresholds exist in the extent to which teachers need to understand
mathematics in order to teach it effectively, then it may be inefficient to focus on teaching
mathematics prior to increasing teachers’ understandings of mathematics. This study is significant in
identifying and testing the strength of relationships between three aspects of teacher knowledge each
of which has been associated with quality mathematics teaching. By identifying the strength of
correlations between aspects of teacher knowledge, this study has the potential to inform the design
of professional learning that builds foundational knowledge which can then efficiently support and
increase other aspects of knowledge for teaching mathematics.
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Appendix B: Participant Information Statement

Understanding Mathematics and Task Design
PARTICIPANT INFORMATION STATEMENT
(1) What is this study about?
You are invited to take part in a research study about the relationship between primary
teachers’ understandings of mathematical content, the tasks that they design for their
students and their noticing of student thinking. The purpose of the study is to understand
the relationship between these aspects of teacher knowledge to inform the sequence and
emphasis of professional learning in mathematics education. The study is significant
because, while educational improvement in mathematics is evident in its prioritisation on
the national agenda, the challenge of how teachers develop the conceptual understandings
that underpin the content they are to teach remains. Unless substantial improvements in
the mathematical knowledge of primary educators are achieved, students mathematical
reasoning, problem-solving and communication may limit their opportunities as
competitors in the global workforce. The study is also significant because, with the
exception of one study that directly measured the mathematical knowledge used in
teaching, no studies have examined how primary teachers’ mathematical knowledge affects
instructional quality and students’ opportunities to learn.
You have been invited to participate in this study because you currently teach Year 5 or Year
6 in a Catholic Education Office (CEO) Sydney Southern Region school. This Participant
Information Statement tells you about the research study. Knowing what is involved will
help you decide if you want to take part in the research. Please read this sheet carefully and
ask questions about anything that you don’t understand or want to know more about.
Participation in this research study is voluntary. So it’s up to you whether you wish to take
part or not.
By giving your consent to take part in this study you are telling us that you:
 Understand what you have read
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 Agree to take part in the research study as outlined below
 Agree to the use of your personal information as described.
You will be given a copy of this Participant Information Statement to keep.

(2) Who is running the study?
The study is being carried out by the following researchers:
 Christine Mae, Mathematics Adviser Southern Region CEO Sydney in
collaboration with Associate Professor Janette Bobis and Dr Jenni Way from
the University of Sydney.
Christine Mae is conducting this study as the basis for the degree of Doctor of Philosophy
at The University of Sydney. This will take place under the supervision of Associate
Professor Janette Bobis
While the researcher is employee of the Catholic Education Office (CEO) Sydney the
research is being carried out independently but with the approval of CEO Sydney. A report
of the overall findings of the research will be submitted to CEO Sydney. This report will
not contain the names, details or specific information about any participant.
(3) What will the study involve for me?







A one day workshop at CEO Office Revesby
Designing mathematical tasks for students.
Solving mathematical problems
Rating the level of difficulty of tasks
Evaluating student work samples
Completing a questionnaire on professional learning needs

 You will be offered the opportunity to meet with the researcher to discuss your
data individually, however this is not a requirement of the study.
(4) How much of my time will the study take?
The study will take a whole day of your time (6.5 hours).
(5) Who can take part in the study?
All Stage 3 teachers from CEO Sydney schools are invited to take part in the study.
(6) Do I have to be in the study? Can I withdraw from the study once I've started?
Being in this study is completely voluntary and you do not have to take part. Your decision
whether to participate will not affect your current or future relationship with the
researchers or anyone else at the University of Sydney or the Catholic Education Office
(CEO) Sydney. If you decide to take part in the study and then change your mind later,
you are free to withdraw at any time. You can do this by letter, telephone or email to the
researcher or in person.
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Submitting your completed tasks is an indication of your consent to participate in the
study. You can withdraw if you change your mind about having them included in the
study, up to the point that we have analysed and published the results. If you decide to
withdraw from the study, we will not collect any more information from you. Please let
us know at the time when you withdraw what you would like us to do with the
information we have collected about you up to that point. If you wish your information
will be removed from our study records and will not be included in the study results, up
to the point that we have analysed and published the results.
(7) Are there any risks or costs associated with being in the study?
Aside from giving up your time, we do not expect that there will be any risks or costs
associated with taking part in this study.
(8) Are there any benefits associated with being in the study?
We cannot guarantee or promise that you will receive any direct benefits from being in
the study.
(9) What will happen to information about me that is collected during the study?
The information collected about you during the study will include:





Samples of the types of mathematical tasks teachers design for Stage 3 students.
Solutions to mathematical problems.
Teachers’ understandings of Stage 3 mathematical content.
The type and nature of professional learning teachers have received in
mathematics education.
 Teachers’ ratings of the level of difficulty of tasks.
 Your evaluation of students’ work samples.
Your information will be stored securely and your identity/information will be kept
strictly confidential, except as required by law. Study findings may be published, but you
will not be individually identifiable in these publications.
(10) Can I tell other people about the study?
Yes, you are welcome to tell other people about the study.
(11) What if I would like further information about the study?
When you have read this information, Christine Mae, Janette Bobis or Jenni Way will be
available to discuss it with you further and answer any questions you may have. If you
would like to know more at any stage during the study, please feel free to contact:
 Christine Mae, CEO Southern Region christine.mae@syd.catholic.edu.au
 Janette Bobis, University of Sydney janette.bobis@sydney.edu.au
 Jenni Way, University of Sydney jenni.way@sydney.edu.au
(12) Will I be told the results of the study?
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You have a right to receive feedback about the overall results of this study. You can tell
us that you wish to receive feedback by checking the feedback box on the consent form.
This feedback will be in the form of a summary prepared for CEO Sydney. You will receive
this feedback after the study is completed.
You may also choose to receive personalised feedback about your performance on the
tasks used to collect data in the study. You can receive personalised feedback by making
an appointment to meet with the researcher after your data has been analysed.
(13) What if I have a complaint or any concerns about the study?
Research involving humans in Australia is reviewed by an independent group of people
called a Human Research Ethics Committee (HREC). The ethical aspects of this study have
been approved by the HREC of the University of Sydney [INSERT protocol number once
approval is obtained]. As part of this process, we have agreed to carry out the study
according to the National Statement on Ethical Conduct in Human Research (2007). This
statement has been developed to protect people who agree to take part in research
studies.

If you are concerned about the way this study is being conducted or you wish to make a
complaint to someone independent from the study, please contact the university using
the details outlined below. Please quote the study title and protocol number.
The Manager, Ethics Administration, University of Sydney:
 Telephone: +61 2 8627 8176
 Email: ro.humanethics@sydney.edu.au
 Fax: +61 2 8627 8177 (Facsimile)

This information sheet is for you to keep
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Appendix C: Participant Consent Form

Understanding Mathematics and Task Design
PARTICIPANT CONSENT FORM

I, ................................................................................... [PRINT NAME], agree to take part in this research study.
In giving my consent I state that:

 I understand the purpose of the study, what I will be asked to do, and any risks/benefits involved.
 I have read the Participant Information Statement and have been able to discuss my involvement in the
study with the researchers if I wished to do so.

 The researchers have answered any questions that I had about the study and I am happy with the
answers.

 I understand that being in this study is completely voluntary and I do not have to take part. My decision









whether to be in the study will not affect my relationship with the researchers or anyone else at the
University of Sydney or the Catholic Education Office (CEO) Sydney now or in the future.
I understand that I can withdraw from the study at any time.
I understand that I may leave the data collection group at any time if I do not wish to continue. I also
understand that if I do the tasks I have completed will be removed from the study and the data will be
removed from the study and shredded.
I understand that my questionnaire responses can be withdrawn once they are submitted.
I understand that personal information about me that is collected over the course of this project will
be stored securely and will only be used for purposes that I have agreed to. I understand that
information about me will only be told to others with my permission, except as required by law.
I understand that the results of this study may be published, and that publications will not contain my
name or any identifiable information about me.

I consent to:
Receiving feedback about my personal results

YES



NO



YES



NO



Would you like to receive feedback about the overall results of this study?

If you answered YES, please indicate your preferred form of feedback and email address
...................................................................
Signature
..................... .............................................
PRINT name

..............................................................
Date
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Appendix D: Problem Solving Task Item Trial Results
PROBLEM SOLVING TASK TRIAL ITEMS AND RATING RESULTS
ITEM DESCRIPTION
Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN
Ref.
Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN
Ref.
Familiarity
Approach

Complexity
Rating
Content
Focus
NAPLAN
Ref.
Familiarity
Approach

Complexity
Rating
Content
Focus
NAPLAN
Ref.
Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN
Ref.

Familiar
Unfamiliar
(27)
(4)
Routine
Non-routine
(25)
(6)
1
2
3
(24)
(6)
(1)
Area of triangles
2013
Familiar
Unfamiliar
(29)
(2)
Routine
Non-routine
(30)
(1)
1
2
3
(26)
(5)
(0)
Relationship between
area and perimeter
2013
Familiar
(21)
Routine

Unfamiliar
(10)
Non-routine
(13)

(18)
1
2
3
(22)
(9)
(0)
Relationship between
area or triangles and
rectangles
2013
Familiar
(10)
Routine

Unfamiliar
(21)
Non-routine
(14)

(17)
1
2
3
(2)
(19)
(10)
Relationship between
volume of a prism and its
dimensions
2013

Familiar
Unfamiliar
(6)
(25)
Routine
Non-routine
(4)
(27)
1
2
3
(3)
(9)
(19)
Structure of volume
units
2012
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Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN
Ref.

Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN
Ref.
Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN
Ref.
Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN
Ref.

Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN
Ref.

Familiar
Unfamiliar
(11)
(20)
Routine
Non-routine
(14)
(17)
1
2
3
(19)
(10)
(2)
Area of rectangles on 3D
object
2013

Familiar
Unfamiliar
(4)
(27)
Routine
Non-routine
(1)
(30)
1
2
3
(1)
(10)
(20)
Relationship between
area of triangles and the
area of a rectangle
2012
Familiar
Unfamiliar
(12)
(19)
Routine
Non-routine
(17)
(14)
1
2
3
(6)
(17)
(8)
Area of a rectangle
2012
Familiar
Unfamiliar
(0)
(31)
Routine
Non-routine
(3)
(28)
1
2
3
(0)
(9)
(22)
Area of a rectangle
2012

Familiar
Unfamiliar
(8)
(23)
Routine
Non-routine
(15)
(16)
1
2
3
(7)
(12)
(12)
Relationship between
perimeter and area of
rectangles
2011

217

Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN
Ref.
Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiar
Unfamiliar
(6)
(25)
Routine
Non-routine
(17)
(14)
1
2
3
(10)
(11)
(10)
Relationship between
volume and the
dimensions of a prism
2011
Familiar
Unfamiliar
(18)
(13)
Routine
Non-routine
(12)
(19)
1
2
3
(26)
(5)
(0)
Structure of volume
units
2010

.
Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiar
Unfamiliar
(11)
(20)
Routine
Non-routine
(9)
(22)
1
2
3
(10)
(11)
(10)
Structure of volume
units
2012

Familiar
Unfamiliar
(12)
(19)
Routine
Non-routine
(13)
(18)
1
2
3
(7)
(9)
(15)
Perimeter of composite
shape
2013

Familiar
Unfamiliar
(8)
(23)
Routine
Non-routine
(5)
(26)
1
2
3
(5)
(13)
(13)
Relationship between
volume of a prism and its
dimensions
2012
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Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiar
Unfamiliar
(6)
(25)
Routine
Non-routine
(2)
(29)
1
2
3
(7)
(11)
(13)
Relationship between
volume of a prism and its
dimensions
2013

Familiar
Unfamiliar
(28)
(3)
Routine
Non-routine
(30)
(1)
1
2
3
(28)
(3)
(0)
Relationship between
the area of a triangle and
a rectangle
2010

Familiar
Unfamiliar
(4)
(27)
Routine
Non-routine
(8)
(23)
1
2
3
(5)
(13)
(13)
Structure of area units
2010

Familiar
Unfamiliar
(6)
(25)
Routine
Non-routine
(10)
(21)
1
2
3
(4)
(23)
(4)
Composite area using
the area of triangles
2010
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Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiarity
Approach
Complexity
Rating
Content
Focus
NAPLAN Ref

Familiar
Unfamiliar
(12)
(19)
Routine
Non-routine
(13)
(18)
1
2
3
(11)
(12)
(8)
Area of a composite
shape involving
rectangles
2011

Familiar
Unfamiliar
(16)
(15)
Routine
Non-routine
(8)
(23)
1
2
3
(6)
(12)
(13)
Area of a trapezium
using relationship with
the area of a rectangle
2009

Familiar
Unfamiliar
(10)
(21)
Routine
Non-routine
(6)
(25)
1
2
3
(9)
(13)
(9)
Structure of volume
units
2013
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Appendix E: Design Task Data Collection Instrument
Design Task: 45 minutes
Select an outcome and matching content descriptor as the learning goal for a mathematics task.
Design a task that has the scope to assess students’ understanding and reasoning in relation to the selected
content. Include opportunities for students to embed Working Mathematically outcomes.
Use a copy of the syllabus to provide the context and background information for the outcomes and content.
Use a highlighter to indicate the outcome and content that you have selected for your task.
Outcomes
A student:
MA3-1WM describes and represents mathematical situations in a variety of ways using mathematical terminology and
some conventions
MA3-2WM selects and applies appropriate problem-solving strategies, including the use of digital technologies in
undertaking investigations
MA3 10MG selects and uses the appropriate unit to calculate areas, including areas of squares, rectangles and
triangles
Content
Students:
Solve problems involving the comparison of areas using appropriate units (ACMMG137)

Investigate the area of a triangle by comparing the area of a given triangle to the area of the rectangle of the
same length and perpendicular height
o explain the relationship between the area of a triangle and the area of the same length and
perpendicular height (Communication, Reasoning)

establish the relationship between the base length, perpendicular height and area of a triangle

investigate and compare the areas of rectangles that have the same perimeter
o determine the number of different rectangles that can be formed using whole-number dimensions
for a given perimeter (Problem Solving, Reasoning)

solve a variety of problems involving the areas of rectangles (including squares) and triangles
Outcomes
A student:
MA3-1WM describes and represents mathematical situations in a variety of ways using mathematical terminology and
some conventions
MA3-2WM selects and applies appropriate problem-solving strategies, including the use of digital technologies in
undertaking investigations
MA3-3WM gives a valid reason for supporting one possible solution over another
MA3-11MG selects and uses the appropriate unit to estimate, measure and calculate volumes and capacities and
converts between units of capacity
Content
Students
Calculate the volumes of rectangular prisms

construct rectangular prisms using cubic-centimetre blocks and count the blocks to determine the volumes of
prisms
o construct different rectangular prisms that have the same volume (Problem Solving)
o explain that objects with the same volume may be different shapes (Communicating, Reasoning)
o describe rectangular prisms in terms of layers (Communicating)

establish the relationship between the number of cubes in one layer, the number of layers and the volume of
a rectangular prism

calculate the volumes of rectangular prisms in cubic centimetres and cubic metres
o recognise that rectangular prisms with the same volume may have different dimensions (Reasoning)

record calculations used to find the volumes of rectangular prisms

record calculations used to find the volumes of rectangular prisms
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Appendix F: Guidelines for Rating Tasks
GUIDELINES FOR USING THE TASK ANALYSIS FRAMEWORK TO RATE TASKS
This set of guidelines is to be used by raters in analysing the Stage 3 Area and Volume Tasks
developed by teachers for Task Design. Raters will be provided with training and
benchmarking tasks prior to independent rating. Unmarked copies of each task and the
Analysis Framework will be provided for each rater.
1. Use a separate printed copy of the Task Analysis Framework for each Task.
2. Read the Task carefully highlighting opportunities for student communication,
problem-solving, reasoning, understanding and fluency.
3. Re-read the task highlighting the characteristics evident at each level on the printed
framework.
4. Identify the level where most evidence of most characteristics are highlighted.
5. Where there is evidence of characteristics across multiple levels, decide whether
these characteristics are sufficient to increase or decrease the level of opportunity
available to students to demonstrate their communication, problem-solving,
reasoning, understanding and fluency when completing the task.
6. Annotate the task to show where characteristics are evident.
7. Highlight the level that represents the level of cognitive demand in the task.
8. Record the level and a summary report of evidence for the task being described at
the level recorded.
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Appendix G: Level of Agreement between Inter-raters on the Design Task
Task
201501
201502
201503
201504
201505
201506
201507
201508
201509
201510
201511
201512
201513
201514
201515
201516
201517
201518
201519
201520
201521
201522
201523
201524
201525
201526
201527
201528
201529
201530
201531
201532
201533
201534
201535
201536
201537
201538
201539
201540
201541
201542
201543
201544
201545
201546
201547
201548
201549
201550
201551
201552
201553
201554
201555
201556
201557
201558
201559
201560
201561
201562
201563
201564

Rater A
4
3
3
1
0
3
0
4
2
2
1
3
1
3
4
1
0
1
0
4
2
2
1
2
2
3
3
4
2
1
3
4
3
2
3
2
1
1
2
3
0
2
2
4
4
3
2
1
3
1
1
0
2
1
4
3
2
2
1
0
2
1
0
2

Rater B
4
3
3
1
0
3
0
4
2
2
1
3
2
3
4
1
0
1
0
4
2
2
1
2
2
3
3
4
2
1
3
4
3
2
3
2
1
1
2
3
0
2
2
4
4
2
2
1
3
2
1
0
2
1
4
3
2
1
1
0
2
1
0
3

Researcher

Rating
4
3
3
1
0
3
0
4
2
2
1
3
2
3
4
1
0
1
0
4
2
2
1
2
2
3
3
4
2
1
3
4
3
2
3
2
1
1
2
3
0
2
2
4
4
3
2
1
3
1
1
0
2
1
4
3
2
2
1
0
2
1
0
2

Category
4
3
3
1
0
3
0
4
2
2
1
3
2
3
4
1
0
1
0
4
2
2
1
2
2
3
3
4
2
1
3
4
3
2
3
2
1
1
2
3
0
2
2
4
4
3
2
1
3
1
1
0
2
1
4
3
2
2
1
0
2
1
0
2

5
4
4
2
1
4
1
5
3
3
2
4
3
4
5
2
1
2
1
5
3
3
2
3
3
4
4
5
3
2
4
5
4
3
4
3
2
2
3
3
1
3
3
5
5
4
3
2
4
2
2
1
3
2
5
4
3
3
2
1
3
2
1
3
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Appendix H: Problem Solving Task Data Collection Instrument
Problem-Solving Task: 40 minutes
Solve the 9 problems using your understandings of Area, Perimeter and Volume. You can
record your thinking on the page and use a calculator for any of the questions.
After you have solved each problem, rate the problem by circling the description
according to:
 whether the problem was familiar or unfamiliar to you.
 whether you knew a routine to solve the problem or needed to develop a plan.
 whether you thought that the problem was low, moderate or high in complexity.
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Appendix I: Noticing Task Data Collection Instrument
Noticing Task: 40 minutes
The attached student work samples show the responses of five Year 6 students to a problem
based on a problem from the Problem Solving Task. These work samples were selected because
they show evidence of five different levels of understanding and reasoning about area concepts
taught in Stage 3.
Rank the work samples from highest to lowest in achievement by recording each student’s name
against the reporting descriptor that best describes the level of achievement demonstrated by
their work sample:
A.
B.
C.
D.
E.

Extensive
Thorough
Sound
Basic
Limited

Record at least one point of feedback that could enhance the student’s understanding and
reasoning.
Ranking
A

Descriptor
Extensive

B

Thorough

C

Sound

D

Basic

E

Limited

Student Name

Feedback
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