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ABSTRACT

In this thesis, the main concern is to analyse change-points in a non-parametric regres-
sion model. More specifically, the analysis is focussed on the estimation of the location
of jumps in the first derivative of the regression function. These change-points will be
referred to as kinks.

The estimation method is closely based on the zero-crossing technique (ZCT) intro-
duced by Goldenshluger, Tsybakov and Zeevi (2006). The work of Goldenshluger et al.
(2006) was aimed at estimating jumps in the regression function in the indirect non-
parametric regression model and shown to be optimal in the minimax sense. Their
analysis was applied in practice by Cheng and Raimondo (2008) whereby a class of
kernel functions is constructed to use ZCT with a kernel smoothing implementation.
Moreover, Cheng and Raimondo (2008) adapted the technique to estimating kinks from
a fixed design model with i.i.d. errors.

The thesis extends the aforementioned kink estimation technique in two ways. The
first extension is to include a long-range dependent (LRD) error structure in the fixed
design scenario. The rate of convergence of the resultant LRD method is shown to be
reliant on the level of dependence and the smoothness of the underlying regression
function. This rate of convergence is shown to be optimal in the sense of the minimax
rate.

The second extension is to include a regression model with random design and LRD
structures. The random design regression models considered include an i.i.d. random
design with LRD errors and a separate model with a LRD design with i.i.d. errors.

For the case of LRD design variables, the rate of convergence for the estimator is
again reliant on the level of dependence and the smoothness of the regression function.
However, interestingly for the case of i.i.d. design and LRD errors, the rate of conver-
gence is shown to not rely on the level of dependence but only rely on the smoothness
of the regression function and in fact agrees with the minimax rate for fixed design
with i.i.d. errors.

To conclude, it is summarised where original work occurs in this thesis. Firstly, the
extension of the ZCT to the fixed design framework with LRD noise arose with dis-
cussions with my initial Ph.D. supervisor Dr Marc Raimondo before his passing. The
method is based on the technique proposed by Cheng and Raimondo (2008) but the
mathematical analysis and development of the extension to the LRD framework and
its minimax optimality is my own work. For the second extension which covers the
random design regression framework, the main idea and premise arose through dis-
cussions with Assistant Professor Rafal Kulik. I wish it to be known that although the
published versions of the work are in joint names with Assistant Professor Kulik, the
great bulk of the mathematical analysis and development presented in this thesis is my
own. Finally my current supervisor’s contribution, Professor N. C. Weber, has been to
provide direction in terms of checking the accuracy, clarity and style of the work.
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It is very certain that,
when it is not in our power to determine what is true,
we ought to act according to what is most probable.

—René Descartes.
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INTRODUCTION



NONPARAMETRIC REGRESSION

A classical topic in statistics is regression analysis. It examines the relationship between
two variables of interest where the influence of an independent variable X is measured
against a dependent variable Y. Some simple examples that could fall under this frame-
work include the relation of the level of rainfall (X) on tree growth (Y); the relation of
a child’s age (X) on their height (Y).

Clearly there is rarely a perfect causal relationship, (children of the same age can
have different heights). Therefore the conditional mean of the variable Y on X is usually
pursued in estimation and the deviations from this conditional mean are modelled by

an error term. The regression model for this general framework would be written,
Y=E[Y|X]+¢,

where £ is the error term that models the deviations of Y from its conditional mean
on X and it is assumed that EE = 0. A very basic approach would be to assume that
the conditional mean has a linear structure with E [Y| X]| = a 4 bX for some constants
a,b € R which will be unknown in practice. A model can be constructed by estimating
a and b with @ and b by various methods, the most straightforward approach being
least squares estimation methods.

The benefits of using an underlying estimated regression model are two-fold. Firstly,
some insight into the underlying behaviour and relationship between X and Y can be
gained by using the estimated model as a model based data analysis tool. This would
be revealed in this case by interpreting the structure of the straight line generated
by a + bX. Secondly, the estimated regression model could potentially be used for
prediction purposes as to the behaviour of Y for unobserved values of X. The emphasis
for this thesis will be on the former, using a regression model as data analysis tool.

A linear structure is very limited in its scope, a natural extension would be to assume
that the conditional mean has the structure of a polynomial. That is, consider the class

of all polynomials of degree d in R and denote them by
Ty = {p:]R—>IR cp(x) = ag+ax—+...+ax? a0 e Ri = O,1,...,d}.

Then assume that E [Y| X] = ¢(X) € 7, for some d € IN. This would be a much richer
framework and the estimated coefficients inherent in 77; could be estimated in various
ways.

Other structures could be possible such as assuming E [Y| X] has a logarithmic or ex-

ponential behaviour. All the regression models introduced so far are specific instances
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of a broader class of models called parametric models. These parametric models have
a well established theory and estimators with ‘good” performance have been construc-
ted that exploit the parametric nature of the underlying model. The exact meaning of
‘good’ performance will be clarified later in Section 1.4 but the ‘good” performance is
gained by tailoring the estimator to utilise the restrictions imposed by the parametric
framework. However, there is an inherent weakness to this approach and that is the
parametric class of models impose a very rigid structure on the data and there is a
danger of mis-specifying the model. This can have severe implications in both the in-
terpretation of the regression model as a data analysis tool and in prediction of other
values.

An alternative to this parametric approach is the nonparametric approach. The non-
parametric approach is to relax the rigid assumptions imposed by the parametric
framework and only impose mild assumptions. A basic general nonparametric ap-
proach is to assume that the mean of the dependant variable of interest Y depends on
X € X C R through a so called regression function p : X — IR. Moreover, the regres-
sion function y is assumed to be derived from a broad (usually very large) functional
class .# that has mild restrictions. A simple class is when .# = Lip(X,L), the class
of Lipschitz continuous functions, that is, ¢ € Lip(X,L) when p: X — R such that
|pu(t) — u(s)| < L|t —s| for all t,s € X and some constant L > 0. In the nonparametric

framework the regression model would be of the form,
Y =u(X)+E. (1.1)

The nonparametric approach has the benefit of not forcing a strict structure on the
data and in a sense allowing the data to ‘speak for itself” which reduces or avoids
the problem of mis-specification. However, the nonparametric approach does have one
disadvantage, namely when a parametric model has been correctly specified the non-
parametric estimators in general have poor efficiency in estimation in comparison to
their parametric equivalents. Therefore, one can see that the two approaches are op-
posing trade-offs between performance and mis-specification. Throughout this thesis
the focus will be solely on the nonparametric approach.

In the context of the nonparametric approach some notation and nomenclature is
required. The independent variables (X) are called the design. The design can be a set
of random variables X, X5, ..., X, or an equally spaced grid of points and X; = x; = %,
fori =1,2,...,n. The former is referred to as random design and the latter fixed design.
In keeping with the usual notation in the literature, upper case will denote random
variables and lower case deterministic variables.

The analysis of nonparametric regression function estimators has been a popular
field of study and some important contributions to the literature in the fixed design
scenario include Speckman (1985); Khas'minskii (1992); Wand and Jones (1995); Hérdle,
Kerkyacharian, Picard and Tsybakov (1998); Efromovich (1999); Fan and Yao (2003);
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Wasserman (2006); Tsybakov (2009). For the random design case, some of the most
recent work includes Baraud (2002); Zhang, Wong and Zheng (2002); Bertin (2004);
Birgé (2004); Kerkyacharian and Picard (2004); Chesneau (2007); Kohler (2008); Kulik

and Raimondo (2009).

1.1 CHANGE-POINT ANALYSIS

A sub-area of regression analysis that is very active in research is change-point analysis.
Change-point analysis is concerned with identifying sharp transitions or structural
changes in the underlying regression function. These are characterised by a jump in
the regression function at a particular point. More specifically, there is a point 6 € R
such that,

[1] (0) := p(07) —p(67) = a.

where p(67) = limyyg p(x) and p(6%) = limy g p(x) and a € R is non-zero.

Knowledge of these locations could explain the change in qualitative or quantitative
behaviour of an underlying process. For example, in a situation of quality control, u
might represent a measure of quality in a manufacturing process and a change-point
would represent a sudden increase or decrease in quality. It would be of considerable
value to the manufacturer to not only know that manufacturing quality has changed
but also when the change occurred. Another example arises in image analysis where
it might be desirable to separate two objects on a single image. The detection and loc-
ation for sharp changes in colour would be of interest for that application. Some not-
able references on the material are Korostelév (1987); Korostelév and Tsybakov (1993);
Raimondo (1998); Gijbels, Hall and Kneip (1999); Goldenshluger, Tsybakov and Zeevi
(2006); Goldenshluger, Juditsky, Tsybakov and Zeevi (2008b,a).

Another area that has received less attention is the detection and estimation of
change-points in the slope (and higher order derivatives) of the regression function
u. We describe this jump in the first derivative of u as a kink and will denote the
change point by 0. Knowledge of this change point will allow us to identify change
in trends in the underlying regression function of a nonparametric model. This can
be related back to the previous two examples of quality control and image analysis.
Starting with quality control, recall that y represents the quality of a manufacturing
process, if u changes from a constant to a monotone decreasing function, a kink would
represent when the manufacturing quality started to decline (possibly wear and tear
on a part of the process becoming more apparent). In the context of image analysis,
consider the scenario where the image is the electrocardiogram (ECG) for a person, a
kink would represent the rapid acceleration and deceleration that is intrinsic in a heart-
beat. Some notable references on the material are Miiller (1992); Wang (1995); Gijbels
and Goderniaux (2004); Cheng and Raimondo (2008).
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A function p: X — R is said to have a kink if there is a jump in the first derivative
#1). More formally a function p has a kink at § with intensity |a| > 0 if

HO](0) == u (") — pV(07) = a.

For the purposes of regression analysis, the knowledge of kink locations can reveal
a change in the trend of the model or reveal periods where the function experiences
sharp changes in curvature. This was demonstrated in Cheng and Raimondo (2008)
when they analysed the motorcycle dataset which is a common dataset that is used in
the nonparametric literature (see (Hérdle, 1990, Table 1, Appendix 2) for the dataset).
The dataset itself records the experienced accelerations of the head on a test dummy
during a simulated motorcycle crash. The initial analysis for this context has been per-
formed by Cheng and Raimondo (2008) where they identified three kinks at 6; = 0.21,
8> = 0.33 and 03 = 0.54 which corresponds to the moments that the motorcycle crashed
and the head experienced whiplash due to the rapid deceleration. An underlying func-
tion of the accelerations has been estimated using a segmented regression with the
kink locations represented by the solid line in Figure 1. In other cases, kink analysis

u(t)
50

-50

—100

Figure 1: Scatterplot of the motorcycle dataset with an estimate of the true underlying function
with three kinks.

can also locate qualitative changes in behaviour. Another common dataset used in the
literature is the nursing time of a beluga whale calf dataset in Cheng and Raimondo
(2008). After analysis a kink was located corresponding to the time of a bacterial in-
fection. The reader is referred to Cheng and Raimondo (2008) for further analysis and
discussion of both the motorcycle and whale datasets.

For the change-point estimation problem, parametric or nonparametric methods can
be pursued. Similar to the regression estimation problem discussed earlier, the same
dichotomous trade-off in the approaches arise with respect to misspecification and
estimation efficiency. Consider firstly the parametric approach and then the nonpara-
metric approach.
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In the parametric approach, a crucial problem is to determine the number of kinks
present in the dataset. Once this is known, the location of each kink can be estimated to
best fit the data using the parametric family of distributions that the data are assumed
to follow.

A naive approach is to estimate and locate a kink by inspection of a scatterplot as
was used in Kunst, Looman and Mackenbach (1993) but this method fails when the
kink locations are not easily discernible by the naked eye. Another body of literature
uses search algorithms such as a grid search algorithms (see Lerman (1980)). There
is also a body of literature on Bayesian methods for parametric change point analysis
and the interested reader is referred to Chen, Chan, Gerlach and Hsieh (2010) who com-
pare some Bayesian methods against the grid search algorithms. Another parametric
method uses a maximum likelihood approach. One such method has been suggested
by Hawkins (2001) that assumes each data segment comes from a possibly different
exponential family of distributions. Another similar recent treatment of the topic has
been covered in the context of a simple linear regression model with a change point by
Liu and Qian (2010) who use a empirical likelihood ratio statistic.

In the nonparametric approach of estimating kink locations there is no such restric-
tion on the data segments. The method does not require the number of kinks to be
estimated or to be specified beforehand. Work has been done for nonparametrically es-
timating kink locations in certain situations by Miiller (1992); Korostelév and Tsybakov
(1993); Raimondo (1998); Gijbels, Hall and Kneip (1999); Luan and Xie (2001); Golden-
shluger et al. (2006); Cheng and Raimondo (2008); Menéndez, Ghosh and Beran (2010).
Some contributions to the area based on the work in this thesis have appeared in Wis-
hart (2009); Wishart and Kulik (2010). The nonparametric approach is the method we
will pursue for analysis since it is more lenient to the data and does not enforce any
restrictive assumptions.

Nonparametric estimation of sharp cusps has been investigated by Wang (1995);
Raimondo (1998); Wang (1999). A sharp cusp can have the interpretation of a kink
with unbounded intensity. More rigorously, for ¢ € (0,1), a function y has an c-level

cusp at 6 if for h > 0 tending to zero there exists a constant C > 0 such that,
[#(0 +h) = (0 = h)| = 2C|A|".

It is worth noting that a c-level cusp can be thought of as an intermediate case between
the previous two change-points cases. Indeed, notice that when when ¢ = 0, a cusp is
the same as a jump in u and when ¢ = 1, a cusp is the same as a kink in p.

1.2 NONPARAMETRIC ESTIMATION METHODS

In what follows various techniques will be explored that have been used previously in

the literature to solve nonparametric regression and change-point problems.
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1.2.1  Kernel smoothing

There exist various different types of kernel estimators of the regression function .
The most applauded is the Nadaraya-Watson estimator constructed independently by
Nadaraya (1964) and Watson (1964). Given a kernel function K : IR — R and a bivariate
set of observations (X, Y) the random design version of their estimator is of the form,

- _2?:1YiK<Xi{x>
px) = Z?le(X"h‘") ,

(1.2)

where h is the bandwidth of the estimator. The kernel smoothing approach is essen-
tially a weighted averaging approach across the values of Y. It is usually assumed
that the weights are all positive and normalised to have a total value of 1, that is
K:R—R*" with [, K(x)dx = 1 although this is not always necessary. For each fixed
x, the weights for each Y; in the estimate (1.2) are controlled by the kernel function K
and the bandwidth / and the distance the corresponding X; value is from x. A fixed
design variant is the estimator given by,

~on o LS (i
i) = 5 Lk ().

In terms of performance, the choice of K has little impact on the final estimate pro-
duced. The main contributor to the weighting scheme is the bandwidth h. A large
bandwidth will produce a smoother estimate with low variability at the cost of high
bias. In contrast, an estimate produced using a smaller bandwidth will have a lower
bias at the cost of higher variance. The kernel smoothing approach methods usually
revolve around selecting the bandwidth in an ‘optimal” way to balance the bias and
variance effects to produce a reliable estimate.

There are some other variants of the kernel smoothing approach in the form of the
Gasser-Miiller estimator introduced by Gasser and Miiller (1979) and the Priestley-Chao
estimator introduced by Priestley and Chao (1972). These are very similar estimators
but have a slightly different weighting scheme to the observations in the averaging
approach. More specifically, the weights are a convolution of the kernel function and
the step function with design point boundaries. There are some slight advantages and
disadvantages between using the convolution weighted estimators (Gasser-Miiller and
Priestley-Chao) or the evaluation weighted estimator of Nadaraya-Watson, however,
they are not directly relevant to this thesis and the interested reader is referred to Chu
and Marron (1991) for a detailed discussion on the topic.

Some classical references in this field are Wand and Jones (1995) and Fan and Gijbels
(1996) which cover both density estimation and nonparametric regression. Some not-
able papers for our purposes are Wu and Mielniczuk (2002); Zhao and Wu (2008); Liu

and Wu (2010). The thesis uses a kernel smoothing approach and estimators are con-
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structed in Part II for the fixed design case and in Part IV and Part V for the random
design case.

1.2.2  Orthogonal projection estimators

A different approach is to express the regression function y in terms of an orthonormal
basis on the space .#. Moreover, this can be defined in the framework of Hilbert spaces
using the inner product

(,pp) = /R u(x)@, (x) dx,

where @ denotes the complex conjugate of ¢. Indeed, if a function y € .#, then a set of
orthonormal basis functions {¢,},., of .7 is determined. Then the function y can be
expressed in terms of this basis:

w() =Y (o) pa(x). (1.3)
AEA
A simple orthonormal basis is the Fourier basis where A = IN and ¢, (x) = ez (x) :=
e?™AX Then (1.3) reduces down to the celebrated Fourier series decomposition of .

A main pitfall of the orthogonal projection method occurs when an infinite number
of projections are required to reconstruct y (that is, {#A : (4, ¢,) # 0} = o0 ). This can
cause an issue since, in practice, the summation set in (1.3) needs to be truncated at
some finite level.

A projection method that is common in change point analysis that is not pursued in
the thesis is the wavelet expansion. Assuming y € .# then the homogeneous wavelet

expansion is given by,

p(x) =Y ) Bixix(x)

jEZ keZ

where

Pii(x) = 28 (2x — k)

is the ‘mother” wavelet function at scale j and location k and B;x = (i, ) are the
wavelet (or ‘detail’) coefficients. This can be further expressed in terms of the scale or

‘father” wavelet function in the inhomogeneous expansion at scale level jy,

1) = Y aedin() + Y Y Bistin()

kez j=jo keZ

where ¢ is the scale or ‘father” wavelet function with ¢;x(x) = 2%4)(2jx — k) and

ajx = (},¢;jx) are the scale coefficients. The inhomogeneous expansion condenses the
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homogeneous expansion into a simpler format. It does this by starting with the ortho-
gonal projection of y from the father wavelet ¢; , which captures the general shape
of u at scale level jo. The remainder of the details for the function u are explained by
the mother wavelet projections. The interested reader for wavelet methodology is re-
ferred to Mallat (1999) for a thorough theoretical treatment and Hérdle et al. (1998) for
treatment in the context of statistical analysis.

The wavelet expansion is a popular method in change-point analysis since a jump is a
localised phenomena. As such, the jump can be captured by examining the higher level
‘detail” coefficients. Some notable contributions of the wavelet expansion for change
point analysis are Wang (1995); Raimondo (1998); Wang (1999); Antoniadis and Gijbels

(2002); Cavalier (2004); Wang (2008).

1.2.3 Other methods

There are alternative methods that have been used in the nonparametric framework
that include (but are not limited to) splines, neural networks and maximum likelihood
estimators. The reader is referred to Efromovich (1999); Eubank (1999); Wasserman

(2006) and references therein for treatment on other methods.

1.3 MODEL ASSUMPTIONS

Up until this point, the assumptions on the underlying nonparametric model given in
(1.1) have received very little attention. The only one being that in the nonparametric
framework E [Y| X] = u(X) for some regression function y € .. However, this is not
always the case. In some applications it is assumed that E [Y| X] = Ko u(X) where K
is a functional operator on the function u. A relevant example of this being appropri-
ate would be in image analysis where an image is recorded using a blurry lens. The
functional operator K could be a convolution operator where its corresponding kernel
function K represents the effect of the blurring process on the lens and the underlying

image would be the regression function u. This generalised regression model is given

by,
Y = Ksu(X) + 0(X)€E, (1.4)

where Kxu denotes the convolution of K: X — R and u and ¢: X — R™ is a scale
function that allows possible heteroskedastic variance in the errors. The model (1.4) is
not pursued here in its full generality. Special cases of model (1.4) are pursued and
will be introduced as the need arises.

The structure of both the design and error variables has not yet been definitively
stated. There is already a wide body of literature in the context of nonparametric

regression for independent and identically distributed (i.i.d.) random variables. This

9
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thesis will attempt to extend the analysis to the more general assumption of depend-
ence in either the design or error variables. In particular, the assumption will be on
second-order stationary Long-Range Dependent (LRD) processes, starting with a fixed
design model with LRD errors in Part II. Then the analysis is continued to the random
design case with i.i.d. design variables and LRD errors variables in Part IV. The analysis
concludes in Part V where a random design model is considered with LRD design vari-
ables and ii.d. error variables. This leads to the specific definitions of what is meant
by a second-order stationary LRD process. Starting with the concept of second-order
stationary.

Definition 1.1. A random process {X;}, g is said to be second-order stationary if, for all
te Randk € R,
EX;=p and  Cov (Xy, Xirk) = v(|k|)

where v : R — R is the autocovariance function.

This is known as second-order stationarity, weakly stationary or covariance station-
ary. In the literature, there are other definitions of stationarity that have stronger as-
sumptions (referred to as strong stationarity or strictly stationary). For purposes here,
a process will be called stationary if it is covariance stationary, that is, it satisfies Defin-
ition 1.1. This leads to the definitions of stationary Short-Range Dependent (SRD) and
LRD processes.

Definition 1.2. A stationary random process { X;},. is said to be SRD if,

where vy is the autocovariance function.
Definition 1.3. A stationary random process {X;},. is said to be LRD if, there exists a real
number o € (0,1) such that,

v (k) ~ L2(k)k™.

where L: Rt — R is a slowly varying function. That is for all k > 0,

L
ﬂ —1 ast — oo.
L(t)
Long-range dependence is also known as strong dependence or long memory in other parts of
the literature.

There is a very large body of literature on LRD random variables and some con-
sider the topic controversial due to possible ambiguity as to whether a process is non-
stationary or has long range dependence. This is beyond the scope of this thesis but

10
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it is worth stating the merits of the analysis based on long range dependent variables.
Two important seminal works in the area include Hurst (1951) and Mandelbrot and
Van Ness (1968). It was Hurst (1951) who noticed that the annual minimum water
levels of the Nile river throughout recorded history exhibited similar behaviour or per-
sistence over time. Then the work of Mandelbrot and Van Ness (1968) took this idea
and formalised it mathematically. Since then, LRD has been applied in many areas to
describe phenomena. Some notable applications of LRD analysis include economics
with possible LRD in financial returns, volatility and stock trading volumes; hydrology
in rainfall and temperature data; and computer science with data network traffic data.
There are many more applications of LRD analysis and the interested reader is referred
to Beran (1992, 1994); Doukhan, Oppenheim and Taqqu (2003) for more details.

There are a number of popular processes that have been introduced that exhibit this
property. Four common processes that satisfy Definition 1.3 that are used in practice
are the parametric fractional Autoregressive Integrated Moving Average (fARIMA) mod-
els, fractionally Integrated Generalised Autoregressive Conditionally Heteroskedastic
(fIGARCH) models, the fractional Brownian motion (fBm) model and causal linear pro-
cesses. The two processes that will be used throughout the thesis to model LRD will
be fBm and causal linear processes. Their specific definitions will be delayed until later
with fBm in Part II and causal linear processes in Part IV.

The fARIMA models were proposed by Granger and Joyeux (1980); Hosking (1981)
to generalise the already well established theory of Autoregressive Integrated Moving
Average (ARIMA) models by Box and Jenkins (1970) to satisfy LRD. The fractionally
Integrated Generalised Autoregressive Conditionally Heteroskedastic (fIGARCH) model
was proposed by Baillie, Bollerslev and Mikkelsen (1996); Andersen and Bollerslev
(1997) to generalise the well established theory of GARCH models by Engle (1982) to
satisfy LRD. The fIGARCH model has more applications to financial data due to its
ability to satisfy heteroskedastic conditional variance and LRD. Both models are flexible,
however, these two processes require many parameters for all of the components to be
fully specified.

The fBm was first formally introduced explicitly by Mandelbrot and Van Ness (1968)
as an extension of a standard Brownian motion. The increments of fBm are called frac-
tional Gaussian noise and they are used in practice to model errors that exhibit LRD
behaviour. The other process of interest for this thesis is the causal linear process.
Roughly speaking, the causal linear process is an infinite linear combination of latent
random variables. A detailed account of applications and references of all the afore-

mentioned LRD processes can be found in Beran (1994).

11
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1.4 MINIMAX RISK

To measure the performance of an estimator the notion of risk is introduced. In partic-
ular, the minimax risk measure is used throughout the thesis to compare the perform-
ance of constructed estimators.

In this chapter some of the fundamental ideas behind the minimax theory are ex-
plored for two reasons. Firstly, a short review of methods and their optimal perform-
ance rates are given for comparison with our later analysis. Secondly, the theory and
methods will be used to check that the technique introduced in Part II is optimal in
the minimax sense.

Loosely speaking, the key idea behind minimax estimation is to construct an estim-
ator that minimises the risk of the estimator across the worst possible scenario in the
functional class .#. Let f € .# where f is a desired quantity of interest such as a re-
gression function or a change point and .7 is its corresponding functional class. Let ﬁl
be an estimator of f given a sample of n observations.

Risk is to be defined in terms of a pseudo-metric and loss function that measures the
distance of the estimator to the true value. The framework and notation is borrowed

from Tsybakov (2009). Let us start by defining a pseudo-metric.

Definition 1.4. Let f, fo, fi € F, then d: F x F — R" is a pseudo-metric if it satisfies,
1. d(fo, f1) >0
2. d(fo, fo) =0
3. d(fo, f1) < d(fo f)+d(f fr).

A loss function w:RT — R™ is a monotone increasing function with w (0) = 0
and is used in combination with a pseudo-metric to give a standard measure of the

distance between f and f. Some common loss functions include,

w (u) = Ly >ay for some constant A >0, (Indicator Loss)
w(u) = |ul, (Absolute Loss)
w (u) = u?. (Square Loss)

Let ﬁl = f((Xl, Y1),...,(Xn, Yu)) be an estimator of f given a sample of n observed
bivariate observations. Given the definitions of loss and a pseudo-metric the risk of the

estimator j?n of f is defined,

R (Gt )= R Gt ) = o 4 (7))

12
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where p, is a positive sequence that is referred to as the rate of convergence. Define

the maximal risk by maximising the risk over the functional class .7,

85 () = (1 o) = sy o (0 7o)

fez

The minimax risk is the smallest possible value of the maximal risk and defined to be,
R (on) 1= ijr;f R (furpn)

= infsup [Ef {w <p,;1d <fn,f>)}

fu feF

When the indicator loss function is used, the risk function becomes,
R (fn,flpn) = Py (d (ﬁwf) > Apn) , (Probabilistic loss)

where A is some fixed level. Then the maximal risk R; (ﬁl, pn) becomes,

R% (men) = sup Py (Prjld (fnrf> 2 A) .
feF
This reduces the maximal risk to a probability statement concerning the pseudo-metric
distance of the estimator and the rate of convergence p, and has important consequences
that will be discussed in Section 3.2.1. The most common risk function used in practice

is the squared-error loss which uses,

~ 2
fo—f ‘ . (Squared-error loss)

R (Furfoon) = oy

In practice it is usually very difficult to determine the precise minimax risk of an
estimator over a functional class. It is easier to determine the asymptotic behaviour of
the minimax risk in terms of the sample size, n. In particular, the weaker statement will
be pursued that an estimator j‘; will be said to be optimal in the sense of the minimax
rate if R%; (fn,pn) = R (pn) where a, < b, if there exist constants 0 < ¢ < C < o0
such that ¢ < a,,/b, < C. The rate of convergence p,, that satisfies this property is said
to be the minimax rate of convergence and the corresponding estimator j?n is said to be
rate optimal.

The minimax rate can be determined in terms of the upper rate of convergence and
lower rate of convergence of the minimax risk.

Definition 1.5. We say that a sequence p,, is a lower rate of convergence for the functional
class .7 in the pseudo-metric d if,

limglfi?fR} (fn,pn> > cy

13
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for some positive constant c, < oco.

Definition 1.6. We say that a sequence p, is an upper rate of convergence for the functional
class .F in the pseudo-metric d if,

limsup inf R (fn,pn> < C*

n—00 fn

for some positive constant C* < oo.

Clearly, if R, (fn,pn) satisfies both Definition 1.5 and Definition 1.6 then p, is the
minimax rate for estimators ﬁq of f over the functional class .%.

Until now it has been assumed that the minimax framework has an underlying
functional class .# that contains f and there is good reason for this. In the early
stages of investigation in the literature it became evident that if f was assumed to
be an arbitrary function and not restricted to a functional space .#, then for any
estimator fn, there is a function f such that the non-rate normalised maximal risk
R*( ]?n, 1) = sup fE Aw(d( ]?n, f))} does not converge to zero. Devroye and Gyorfi (1990)
is a relatively recent treatment of this fact in the context of density estimation.

1.4.1  Common functional classes
For comparison purposes for the estimators constructed in Part II, Part IV and Part V,
the already established minimax rates will be reviewed for a number of different mod-

els along with their respective assumptions on the functional class .7 . Before proceed-
ing some of the common functional classes will be defined.

Definition 1.7 (Z)-space). Let p > 0, then the £,-space is defined,

2y (X,R) = {‘u:X—HR‘ ul, = (/x | (x)|P dx>1/P < 00}.
Furthermore in the case of p = oo,
Zeo (X, R) = {P“X—”R‘ (Moo := sup | (x)] < 00} :
Definition 1.8 (Holder-space). Let « > 0, s > 0 and L > 0 constant, then J¢; is defined,
A = {y:x—ﬂR' ‘V(S) (x) — ul® (y)‘ < L|x—y|* forall x,y € X and some L > 0} ,
where 1) (x) = d°u(x)/dx’ is the order s derivative of .

The Sobolev and Besov spaces require some auxiliary definitions. Start with the
definition of a weak derivative of a function f.

14
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Definition 1.9. A function f is said to have a weak derivative § = f}, if for all s < t,

Jig(x)dx=f(t)=f(s).
The weak derivative of order s will be denoted szf).

Definition 1.10 (Sobolev-space). Let s > 0 and p > 0 then a function y € #; (X,R) if
ptz(j) € % (X,R)and y € £, (X,R), that is,

7/;:{;4:)(—>1R‘]y]p<oo and ‘yz(us)‘ <oo}.
P

The Besov space is sometimes used as a functional class which contains the Sobolev
and Holder spaces as special cases. The Besov space relies on a quantity called the
Moduli of continuity. First define the translation operator T_; f (x) := f (x — h).

Definition 1.11 (Moduli of continuity). Let f € £, (R) with 1 < p < oo, Apf =
T ,f — fand form € IN, A"f = Ay ... Ay, f. Then for t > 0, the moduli of continuity are
nf — f and fc nf=0p Dy f f of Yy

m times

defined,

W (f,1) = sup [AFf].

|n|<t

Definition 1.12 (Besov-space). Let 1 < p,q < oo and s = n+ 6 where n € {0,1,...} and
0 < 6 < 1. Then the Besov space is defined

* <ol

P

’%)]E,S/q) — {y:X—>IR|pt e, (Xx,R) and )t’éwi <y(”),t>
where the modified £, norm |\; is defined,

© p 1/p
(/O |g(:)|dt> , if1<p<oo

esssup [g (1) |, ifp = co.

t€(0,00)

*

gl, =

1.4.2 Minimax rates for regression function estimation

In this section, minimax rates for estimators of p covered in the literature will be
considered along with their respective functional classes. Start with the simplest model
in the fixed design context given by,

Yi=u (xi) + &;. (1.5)
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It was shown by Nussbaum (1985) that when ¢; are uncorrelated random variables and
Z = W, then the minimax rate using the squared-error loss is,

pp = n~S/ B+, (1.6)
Similar results were shown by Speckman (1985).

Now consider the case where (1.5) holds but the error variables are a dependent
sequence, measured either by a LRD sequence with « € (0,1) or a SRD sequence. Then
it has been shown in numerous scenarios (two of which are discussed below) that the
minimax rate is,

on = n—zxs/(Zs—i—oé)_ (1.7)
The two cases where the rate (1.7) was shown to hold are by Hall and Hart (1990); Wang
(1996). The former covered the case of kernel estimation when .#% = %’62 and the risk
function is the probabilistic loss with the pseudo-metric that measures the pointwise
distance about some xy € X. The latter using a wavelet estimator where .% = 93;(75"7)
(and's > a (2 — p) / (2p)) and the risk function is the squared-error loss. An interesting
result is that when the SRD case is considered it is possible to attain the same minimax
rate for the uncorrelated noise scenario in (1.6). This is discussed further in Hall and
Hart (1990).

Shift the focus now to estimators of y in the random design model given by,

Y, = U (Xl) + €5, (1.8)

where X;, ¢; are both random variables. The next result requires the definition of the
p™ moment of a random variable. Let ¢ be a random variable, then the p moment of

g is,
Il =E|[gl",

with the special case ||-|| := ||-||,. Then, in the simplest random design case when X;
and ¢; are both i.i.d. it has been shown by Stone (1982) that the minimax rate is,

on = nfs/(Zerl)
where .7 = J; for some 0 < « < 1 and the risk measure uses the probabilistic loss
with the pseudo-metric d = ||- ||;’Z for some p > 0. This is the same as the minimax rate
in the fixed design scenario with i.i.d. errors. However, if X; are i.i.d. and ¢; are LRD then
Yang (2001) has shown that the minimax rate using the squared-error loss is

on = nfmin(s/(Zerl),a/Z)
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when .7 = 27" and s > 1/ g — 1/2. This result has recently been extended by Kulik
and Raimondo (2009) to include the scenario of heteroskedastic noise. That is for the
model,

Y, = U (Xl) +0 (Xl) ;. (19)

Their result only requires the added assumption that infycx o (x) > 0.

As of yet, the minimax rate has not been established for (1.9) with LRD design vari-
ables. However, work on asymptotic theory for it has been developed by Zhao and
Wu (2008) and Liu and Wu (2010) for the case of LRD design variables and i.i.d. error
variables. There is also some literature for both LRD design and error variables by Guo
and Koul (2008) and Kulik and Lorek (2011).

Consider now the indirect model or inverse problem when the observations are
assumed to be derived from the fixed design model,

Y; = K (x;) + €. (1.10)

Unsurprisingly, the minimax rates of convergence for estimation under model (1.10)
depend on the behaviour of the convolution kernel K. The level of severity of the
blurring effect of K is measured by the so called degree of ill-posedness which is defined
in the Fourier domain. Define the Fourier transform operator F.

Definition 1.13. The Fourier transform of a function f is,

Ff@w)=Fw) = [ fle?m dx.
R
This leads to the definition of the degree of ill-posedness.

Definition 1.14. Assume that K € 21 (R, R) and there exist constants p > 0and 0 < ¢ <
C < oo such that,

c(1+ |w\2)_’3/2 < |FK @) <C(1+ ywyz)_m

forall w € R. Then the function K is said to have degree of ill-posedness of level p.

It was shown by Donoho (1995) that when using the squared-error loss the minimax
rate for functional estimation is

on = n—s/(Zs—i—Z,B—i-l) )

1.4.3 Minimax rates for change point estimation

In this section, the focus is on estimation of change-points. As such, the functional

classes for the regression function p: X — IR need to not only satisfy similar smooth-
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ness properties to the ones considered in Section 1.4.2 but also need to have a change-
point at some point 6§ € X. The change-points considered are either a jump in the
function or a jump in one of its derivatives. Similar to the Section 1.4.2, the minimax
rates of estimators of the change-points 6 will be considered and their respective func-
tional classes with additional change-point properties will be introduced as the need

arises.

Definition 1.15. Let 0 € X, 0 < ¢ < 6 < 1land L > 0 be constants. Then the Lipschitz
class of functions that have a c-level cusp at 0 is denoted ¢2(X,0) and y € 72 (x,0) if
u:X—Rand,

i) as h tends to zero, there exists a constant C > 0 such that,
[ (0+h) — (6 —h)| = 2C|h|;

ii) ifc =0, forall x,y € X such that x < y and 0 & (x,y)
()~ <Llx—yl’; and

iii) if 0 < ¢ < 1, then u is differentiable everywhere on X except at the point 6.

Assuming the direct model (1.5) with iid. error variables, it was claimed by Rai-

mondo (1998) that the minimax rate is,

— pn~ 1/ (2c+1) (1.11)

On

when # = #2(X,0) and the indicator loss is used. However, this is not entirely
correct, in fact it has been shown by Neumann (1997); Goldenshluger et al. (2006),

7

0y = min {n—l/(2c+1),n—2/(20+3)}
which has an elbow in the rate when ¢ = 3, is the true minimax rate for this problem.
Discussion of the specific assumptions and proofs are given in Goldenshluger et al.
(2006).

For comparison recall that when ¢ = 0, a c-cusp is the same as a jump and the
minimax rate is p, = n~! which is consistent with the theory already established by
Korostelév (1987).

Also, an estimator has been constructed by Cheng and Raimondo (2008) to estimate a
jump in u(1), the first derivative of 4 among a smoother functional class .7 = € (x,6)
defined below.

Definition 1.16. Let s > 2 be an integer and a € R with a # 0. Then, we say that y €
¢ (x,0) if,
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1. u: X — R has a kink, that is there exists 0 € X such that,
V] (0) = u® (07) =V (97) =a.

2. Forallx e R,x >0,

3. Forallx e R,x > 0,

1y
(6 +x) = x.—y(”l) (67) + 0 (x%).
< j!

~.
Il
~

This is the functional class that will be used in Part II and a more generalised ver-
sion is defined therein. The functional classes considered thus far for minimax rates
only satisfy a Lipschitz condition away from the change-point, the class ¢} (X, ) con-
siders the possibility of smoother functions indexed by the parameter s. The estimator
constructed by Cheng and Raimondo (2008) was shown to achieve the rate,

0w = n—s/(2s+1)
However, their proof requires a slight modification of their functional class. This is
discussed further in Part II and Part III.

For the random design model in (1.8) an estimator for a sharp change point has been
constructed by Park and Kim (2006) when both the design and errors are i.i.d. random
variables. Their estimator achieves nearly the same rate as (1.11) (up to a logarithmic
term) which suggest near minimax optimality. However, the minimax rates for the
random design framework have not been established.

Similarly, for the heteroskedastic random design model given in (1.9), Huh and Park
(2004) have constructed an estimator for sharp change points when the design and
error variables are ii.d. which achieves the same rate as (1.11).

Finally, for the indirect model in (1.10), minimax rates were established by Golden-
shluger et al. (2006) who proved that the minimax rate is,

0w = n—(5+1)/(25+2p+1)
where the degree of ill-posedness f € (1/2,1) and they assume that .# = ¥, (6) which
is defined below.

Definition 1.17. Let s > 1 be an integer. Then a function y € 4 (0) if u € % (R, R) and p
has a change-point at 6 € [0, 1] such that,
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1. The left and right first derivatives are equal, that is, y™" (0_) = uW (6,) and the
function u) is continuous.

2. The function u") € % (R, R) and

/ Fu (@) o de < co.
R

For the remainder of the thesis, the symbol 6 will refer to a kink in a given regression
function .

1.5 THESIS OUTLINE

To begin the body of the thesis, the minimax framework is introduced as it will be the
main tool of measurement to compare the performance of estimators. This is covered in
Section 1.4 along with a literature review of regression (and change point) estimators
with their respective performance and functional classes.

The main kink estimation technique is covered Part II and is a kernel smoothing
approach to estimate kink locations. The technique assumes a fixed design framework
where the £ variables are LRD. It is the crucial method that underpins all the subsequent
analysis through the thesis. The performance and minimax optimality of this method
is then clarified in Part III. An extension to the random design framework is given in
Part IV and Part V. In this context the driving LRD process is assumed to be a causal
linear process. The assumption in Part IV is that X are iid. and £ are LRD. In Part V we
assume that X are LRD and & are i.i.d.. The assumption of both LRD errors and design

variables is a topic for future investigation.
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KINK ESTIMATION UNDER LONG RANGE DEPENDENCE

In this chapter the primary problem is to find a kink location from the fixed design
framework in the presence of LRD noise. Aspects of this work has already been pub-
lished in Wishart (2009), although full treatment is given here with tightened results
and increased generality. Furthermore, in Part III the result is shown to be rate optimal
in the minimax sense for a particular class of functions to be introduced later.

The method discussed here is called the Zero-Crossing Technique (ZCT) which is a
technique that was pioneered by Goldenshluger et al. (2006). The ZCT is crucial to the
entire thesis since it is used both here in the fixed design framework and is extended
for use later in the random design cases given in Part IV and Part V. The zCT was
pursued for our purposes since it has already been established by Goldenshluger et al.
(2006) as a optimal method in the minimax sense for the indirect model in the fixed
design setting with i.i.d. errors. As will be shown, the ‘optimal” ZCT approach has been
modified to allow for a LRD error structure in the direct fixed design model.

The chapter is broken into three Sections. The assumptions on the regression model
are outlined in Section 2.1. There are two regression models that are under consider-
ation, the sampling model used in practice and the theoretical asymptotic model that
is used in the analysis. The ZCT estimation method is constructed and analysed in Sec-
tion 2.2. As alluded to earlier, a kernel smoothing implementation of the ZCT is used
and the class of kernel functions is constructed along with the methodology of the ZCT.
A numerical study of the efficiency of the modified ZCT is given in Section 2.3 to give
weight to the results on the minimax optimality of the method presented in Part IIL
Finally a discussion of the results is presented in Section 2.4. The discussion includes
the extension of the technique to other situations of multiple kink locations and change
points in higher order derivatives. Lastly, the reason behind the ZCT methodology is
explored with respect to its minimax optimality.

2.1 MODEL ASSUMPTIONS

There will be two main models considered in this chapter. The sampling model that will
be used in practice and is introduced in Section 2.1.1 and the asymptotic model that is
used for the theoretical analysis and is introduced in Section 2.1.2. The sampling model
is the discrete model that will be observable in practice for an appropriate dataset. The
asymptotic model is essentially the passage of the sampling model to the limit as the
sample size n approaches infinity. The last sentence should be interpreted with caution
however, since the dynamics between each model is much more subtle as will become
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evident in Section 2.1.3. Lastly, the relevant functional class .# = %" (x,0) for the

regression function in our model will be described in Section 2.1.4.

2.1.1  Sampling model

In practice, it is assumed that the function y is not directly observable. It is only ob-
served at a discrete set of points in the presence of noise. That is, the pairs {(x;,y;) }i_;
are observed such that,

yi = pu(x;) +0¢g; (2.1)

where {x;}_; are a uniform grid of points contained in a compact interval I C R.
For our case, the error variables {¢;};_; are assumed to be a Gaussian LRD sequence
with mean zero and unit variance and ¢ > 0 is constant. Without loss of generality set
I = [0, 1] since any compact interval can be rescaled to [0, 1] by an affine transformation.
By doing this, the design variables can be defined as x; = i/n for i = 1,2,...,n.
This simplification eases the notation and it allows the analysis to be conducted and

compared with other methods without worrying about the scaling of the design points.

2.1.2  Asymptotic model

As will become evident later, for theoretical purposes and mathematical convenience
it is easier to consider the regression model and the kink estimator for the model that
is in some sense least the asymptotic proxy of (2.1). This asymptotic model based on
the fractional Brownian motion (fBm). This is referred to as the fractional white noise
model and has nice mathematical properties in comparison to the sampling model
(2.1). Before the fractional white noise model is formally introduced some preliminary

definitions and concepts are covered.

Definition 2.1. A process {Y (t)},.g+ is said to be self-similar of order H € (0,1) if for all
t € R" and any constant a > 0,

Y(t) Z aHy(at)

where the equality means equality in distribution.

The H parameter is referred to in the literature as the Hurst parameter in honour of
Harold Hurst and his seminal work on the presence of long-range dependent noise in
hydrology given in Hurst (1951). The fBm concept is an extension of Brownian motion
that can exhibit dependence among its increments which is typically controlled by
the Hurst parameter, H. In contrast, the increments of a standard Brownian motion
are independent. The most common definition of fBm in the modern literature from a

probabilistic point of view is given by
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2.1 MODEL ASSUMPTIONS 24

Definition 2.2. The fBm process { By (t)},cr+ is a Gaussian process which has mean zero and

covariance structure,
EBy (£)Bu(s) = 3 (27 +s2H — |t — s?).

The standard Brownian motion is recovered in Definition 2.2 with the choice H =
1/2. The first formal definition of fBm was given by Mandelbrot and Van Ness (1968)
as a particular moving average representation of a regular Brownian motion B(t).

Definition 2.3. The fBm By defined over the whole real line has representation,

Bu(t) = 1"(121{4:;) /]R(t — )12 (—s)H=1/24B(s).

where x V y := max {x,y} and x; =0V x,

Ciy;1 := \/2Hssin (nH)T (2H).

The constant Cyy 1 is a normalisation constant to ensure that Definition 2.2 is satisfied.

There is another definition in the literature that defines the fBm over a compact in-
terval. This is the definition we will use since we are only interested in the specific
compact interval [0, 1] for most of our purposes.

Definition 2.4. The fBm By defined over the interval [0,1] can be represented by,

fort € [0,1] and H € (1/2,1] where

mH
Cr = \/cos(nH)F(l —2H)

The above definitions ensure that the fBm By(#) has been normalised such that
VarBy (t) = t?H. As previously mentioned the level of dependence in the fBm is con-
trolled by H. The regular Brownian motion is recovered with the choice H = 1/2
giving independence among increments. If 0 < H < 1/2, the increments are negat-
ively correlated and are SRD. If H > 1/2, then the increments are positively correlated
and are LRD. Now the preliminaries for the asymptotic model have been covered, it can
now be defined. A continuous proxy model of the sampling model in (2.1), or fractional

white noise model, assumes the structure,

dY(t) = u(t)dt + e*dBy(t), (2.2)
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where By (t) is a normalised fractional Brownian motion (fBm) on I with Hurst para-
meter H € [1/2,1) and the noise level is controlled by € and « := 2 — 2H. More specific-
ally, there is a particular choice for ¢ that connects the two models in practice. Then the

choice ¢ < n~1/2

ensures that there is a close relationship between the two models (2.1)
and (2.2). The asymptotic model (2.2) was first considered by Wang (1996) to study
the effect of LRD on contemporary nonparametric methods. Under this notation we see
that 0 < a < 1 so that the level of dependence is scaled between o and 1. The white
noise model is included at « = 1 and there is an increased level of dependence in the

increments as « tends to zero.

2.1.3 Connection between the models

Ideally, a proof of asymptotic equivalence between models (2.1) and (2.2) would show
that all results obtained under (2.2) will have the same asymptotic behaviour under
(2.1). Asymptotic equivalence has been shown to hold between (2.1) and (2.2) when the
error variables are i.i.d. and & = 1 by Brown and Low (1996). Unfortunately, asymptotic
equivalence has not yet been proven between (2.1) and (2.2) in general. It has been
shown by Carter (2010) that for asymptotic equivalence to hold it is sufficient to impose
a stringent covariance structure for the errors under (2.1). It is unknown whether it is
necessary at this stage.

As will become evident in Section 2.3, the estimator that is developed assuming
model (2.2) performs well in (2.1), the discretised model that will hold in practice. So
for our purposes the relationship between the two models will be pursued to justify
the use of (2.2). Wang (1996) was interested in the estimation of y itself and proposed
(although never fully proved) that the sampling model (2.1) has the same asymptotic
risk as the fractional white noise model, (2.2). Their approach makes use of a result
by (Taqqu, 1975, Corollary 5.1) that shows that a discrete LRD sequence, {;};_,, under
appropriate normalisation, converges to a fBm. The corollary by Taqqu is stated below

for easy reference.

Corollary 5.1 (Taqqu, 1975). Let {&;}_, be a sequence of mean zero, unit variance, sta-
tionary random variables with autocorrelation EGoCy ~ k=*. Then for a fixed t € (0,1) the
following convergence result holds,

Ca l 9
WZér]—)BH(t) asn — oo,
j=1

where Cy = /(2 — a)(1 — &) /2 and the ceiling function is defined

|x] == max{i € Z|i < x}.
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To compare models (2.1) and (2.2), first look at the finite discrete analogue of Y given
a set of observations {(x;, y;) };_ that follow (2.1). Define the discrete version of y with,

M

Il
—_

pn(x) = ) Ly () p(xi),

where xg = 0. Use a similar technique to the one suggested by Wang (1996, 1997) by
defining the cumulative process {Y,(x;)|x; =i/n,i € {1,2,...,n}} with,

Y, (0) := 0, nm%=fgw
=

Then for any fixed t € (0,1), there existsai € {1,2,...,n} such thati = |nt|. Moreover,
to exploit Corollary 5.1 (Taqqu, 1975), for this fixed value of ¢, further define the cumu-
lative process Y,

Y, (t) := Y (i/n)

()

|nt| o |nt]
=n 1) p(x)+— )G
j=1 j=1
1 L) nga{ C, K }
=—) mx)+——9 572G (2.3)
n ]:Zl J C,x nl 2 ]; J

By the result of Corollary 5.1 (Taqqu, 1975) (see page 25) there exists a sequence J;
such that,

C [nt]
111*72‘6/2 Z §j = Bu(t) + 01, where 6, = 0p(1). (2.4)
j=1

Let &% := n~*/2¢/C,. Combining, (2.4) and (2.3) and noting that the y function is only
evaluated on its discrete points we get,

Y, (t) = /Ot pn(s)ds + €}, By(t) + o, (n_"‘/2> . (2.5)

Therefore, using the calibration ¢, < n~1/2 in (2.2) with (2.5) we have that for any
te(0,1),

%) =Y ()| = | [ (enls) = 1(9)) ds

+0p (n’“ﬂ) .
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2.1 MODEL ASSUMPTIONS 27

That is, Y and its discrete equivalent Y, differ by at most the %] distance between s,
and y and a term that is oy, (n*"‘/ 2). Moreover, if y is at least Lipschitz continuous with
Lipschitz constant L, and then for any s € [0,1], [un(s) — u(s)| = O (n™!). Indeed,

8) = (511 = | £ T4 ) 05) = )

< L, max |x; — xj_1| = Lyn~ :(9(11_1).
2<i<n

Therefore, we can see that the sampling model (2.1) is in some sense close to the

asymptotic fractional white noise (2.2) since,

[Yu(x) = Y(x)| = 0p (n’“m) .

It is worth noting that the fractional white noise model seems like a reasonable choice
for analysis of any estimator that will in practice use the sampling model (2.1), as long
as the rate of convergence for the estimator dominates the stochastic difference between
the two models. This stochastic difference is given by a term that is of order o, (n=*/2).
As will be shown in Part III, the minimax rate for estimation of a kink location 0 in a
particular functional class that we consider is o(n~%/2). This implies that the fractional
white noise model might be a viable theoretical alternative to the sampling model used

in practice.

2.1.4 Functional class

We assume that we are in a regression model framework where the objective function
u is a smooth function with finitely many kinks. More specifically we assume that u
comes from a particular smoothness class €." (X, ). This class is defined below.

Definition 2.5. Let m > 1and s > 2 be integers and a = (ay,a, . ..,a,) € R™ be fixed such
that, a; € R\ {0}. Then, we say that u € €"(x,0) if,

1. The function y:X — R has m kinks, that is, there exists a @ = (01,02,...,60y,) such
that 6; # ijori #jand 0; € X fori =1,2,...,m; and

W 0] () = uV(07) —p M (67) =i £ 0.

2. The higher order derivatives uU) exist for j = 2,3,. — 1; are finite everywhere and
satisfy,
p o)y =uie7)  fori=1,2,...,m (2.6)

3. Forall x > 0 such that (6; — x) € X and 6; & (6; — x,0;) for j # i,

0 (6; —x) Z uEDe) o). (27)
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4. Forall x > 0 such that (0; + x) € X and 0; & (6;,0; + x) for j # i,

s—2 xk B
W6+3) = X e + 00 (28
—0 ™

This definition is used to ensure that the regression function y is sufficiently smooth
to be used for analysis. The second condition of Definition 2.5 might seem overly re-
strictive but it is a technical condition that is used to exploit the smoothness of the
function with the yet to be introduced class of kernel functions used in the estimator
én. The third and fourth conditions of Definition 2.5 ensure that u has, at least, order
s derivatives at all points away from the change-points 6 and that y/(x) can be ap-
proximated from the left hand or right hand side of each kink, 6;, by using Taylor’s
formula. An example of a function u € %3 ([0,1], %) is given in Figure 2. In particular
the function is defined by,

85 97 .2 3 : 2.
4—Fx+ Hx"—x7, if0<x<3;
p(x) = 89—2 — %x + U952 18133 jf % <x<1; (2.9)
0 otherwise.
u(t)
4 4
i | t
0 2 1
3

Figure 2: The example function p with a single kink at @ = 2 and s = 3.

For completeness and comparison purposes introduce another smoothness class .7

to denote the class of smooth functions that do not have a kink (or any change-points).

Definition 2.6. Let s > 2 be an integer. Then, i € .75(X) if p: X — R and

s—1

p(t+x) =Y J]-C,ju(””(t) +0(x%)
=0 J!
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forall t,x € X.

2.2 KINK ESTIMATION METHOD

The kink estimation procedure that will be pursued employs the Zero-Crossing Tech-
nique (ZCT). The zZCT was pioneered by Goldenshluger et al. (2006) and implemented
for the ii.d. noise scenario by Cheng and Raimondo (2008). The method considered by
Goldenshluger et al. (2006) considers change point estimation from the perspective of
indirect independent noisy observations. That is, they assume that observations x € I
are derived from the model,

dY(x) = (Kxpu)(x)dx + ¢dB(x)

where Kxyu is the convolution of y and K, B(-) is a standard Brownian motion and
¢ € (0,1) is the noise level. In this scenario the regression function y is not observed
directly but (Kxu) is instead. Intuitively this can be interpreted as observing a blurred
signal of u where the level of blurring is controlled by the function K. Furthermore, the
degree of difficulty of estimation or severity of the blurring effect in K is measured by
a quantity called the degree of ill-posedness that will be described later in Section 3.2.
The zCT described by Goldenshluger et al. (2006) is a general theoretical construction
of an estimator for a change point in y. They also proved that the method is optimal
in the minimax sense.

The ZCT was adapted by Cheng and Raimondo (2008) to the fixed design model in
the direct setting. The ZCT will be extended in this chapter to the fixed design model
in the direct setting with LRD errors. The key results have been published in Wishart
(2009). It is extended further later in the thesis to the random design setting in Parts
IV and V. The key results for the random design treatment have been published in
Wishart and Kulik (2010).

The work of Cheng and Raimondo (2008) and Goldenshluger et al. (2006) will be
reviewed to give the reader a detailed context of the method. In Cheng and Raimondo
(2008) it was assumed that the observations are derived from the asymptotic white

noise model, where for each x € I,
dY(x) = u(x)dx + edB(x). (2.10)

The estimation technique considered in Cheng and Raimondo (2008) is concerned with
kink estimation and they followed a kernel smoothing approach that closely follows
the ZCT. The kernel function they employed for their construction of an optimal es-
timator is a high order kernel function built from a Legendre basis. In contrast to
Goldenshluger et al. (2006), it was built specifically to deal with observations in the
direct setting. It is defined in the next section.
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Kernel construction

The kernel function that is needed for the ZCT requires a few technical conditions

that are given below. These conditions are required to create an estimator that can

locate 6 and additionally exploit the smoothness of the functional class €. (x,0). As

will become evident in the description of estimation method in Section 2.2, high order

derivatives of the kernel function K are used. To ease the notation, define K;(x) :=

d'K (x)/ dx'. The technical conditions for the kernel function, K, are:

: 1) Support(K) = [-1,1] and K3 is at least Lipschitz continuous.
12) Kl(x) = —Kl(—x).
:3) K1(0) = Ki(—1) =K;1(1) =0, Kp(—1) = Kz(1) = 0.

:4) If s > 2 then,

1
mj:/ ¥ Ky(x)dx =0, forj=0,1,...,s — 2.
-1

:5) |Kqi(x)| > Clx|, for all x € [—q, q], for some constants g € (0,1), C > 0.

:6) Ki(x) > 0 for x € [-b,0] for some 0 < b < 1 and there exists a unique global

maximum at —g* € (—b,0). Since Kj is odd it follows that K;(x) < 0 for x € [0, b]
and there exists a unique global minimum at g* € (0, D).

These conditions ensure that the kernel K has bounded support and that the smoothed

derivatives are able to exploit the smoothness conditions (2.7) and (2.8) by the vanish-

ing moments property in (K:3). Condition (K:6) ensures that the smoothed first deriv-

ative has a unique global maximum and minimum near the zero-crossing times. This

is a critical property that the kernel function needs to possess for the ZCT to work. This

will become evident in the description of the method in Section 2.2.1.1. The crucial

points of this class of kernel functions are shown in Figure 3. The first positive root

of Kj, denoted by gy, is shown as well. This point is used in a key Lemma in Part III

which concerns the minimax optimality of this method.

The specific construction of the general class of high order kernels is now pursued. In

particular, the Legendre polynomial basis is used and the coefficients for each Legendre

component are set to ensure that conditions (K:1) - (K:6) hold.

Start by introducing the Legendre polynomials that will be used as the basis for

construction. The Legendre polynomials can be defined succinctly on [—1,1] by the

Roderiguéz formula,

Pu(x) : 1 d

_ 2
T 2npl dyn (" —1)"
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Ki(x)

13

12

40 11

;\\ d
H | : +— x

1 4
2 4
3 4

Figure 3: Plot of the Kj function showing the crucial points used in the analysis.

To save on notation define the differential operator D" := d" /dx". Using the definition

with the binomial expansion and Leibniz rule of differentiation it can be shown that,

5] ‘ 27m — 2i)! ‘
Py(x)=27" i:Z(:)(—l)li!(n (_1:),(”1)_ 2Z.)!x”’ZZ. (2.11)

The kernel function K is constructed by considering K3, the second order derivative, to
be an even function and an order s 4 3 polynomial where s > 3 is an odd integer. To
guarantee that s is an odd number let s = 2k + 1 where k € IN. It will be shown that
the required polynomial that satisfies (K:1)-(K:6) has,

s5+1 .
K@) =7 Y aad (2.12)
j=ls/2]
_ (2549 _(=nkAE))
where 75 = 22553(s — 1)i(s +1)17 T =7+ D2 —s+ 1)t
s+1 .
Ka(x)=7vs Y. Bjsx7,
j:Ls/Zj-&-l
_ Ls/2j+]'+1 1!
where ;s = (=1) )

s —j+1)12j =)
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A simple consequence of (2.11) is that P,(—x) = (—1)"P,(x), implying that P, will be
even (or odd) if the index 7 is even (or odd). It is required by (K:4) that the moment
condition is satisfied,

1 . .
m; = Ll VKo (x)dx = (¥, K2) =0 forj=0,1,...,2k— 1. (2.13)

Notice that by forcing K, to be an even function it follows that m; = 0 for all odd j.

Using (2.11) and (2.13),

2 (40 —2j)! 202
(Par, K2) =2 Z il piei—gnt K
¢
Z 1)a(2¢,j)my,_ 2j (2.14)

2720 (40 — 2j)!
120 — )26 —2j)1°

Combining (2.13) and (2.14) it is easy to see that,

where a(2/,j) =

a(2k,0)moy, if i =2k
a(2k +2,0)myrp — a(2k +2,1)my, ifi=2k+2
<Pi/ K2> -
a(2k +4,0)myrq4 — a(2k + 4, 1)moyp o + a(2k + 4,2)myy, ifi =2k+4
0, otherwise.
(2.15)

Let s be given. Since Kj is a polynomial of degree s + 3 = 2k + 4, the function K, can
be constructed via three even Legendre polynomials,

2 (Py, Ka)
i=k <P2i/ P2i>

Kr(x) = Py(x), (2.16)

where the coefficients are given by (2.14). Using (2.15) and (2.16) and the fact that
(P, Poy) =2/ (4k + 1) yields,
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42 (Py, Ka)

Ky(x) = mpzl'(x)
k+
224l+1 {Z )]El(21 ])m21 2]} PZZ( )
j=0

= ‘U(T—H{JI(ZIC, 0)m2kP2k(X) + ‘U‘TJ“SPZkH(x) (ﬂ(Zk + 2, O)m2k+2 — a(2k +2, 1)m2k)
+ 9Py 4 (x) (a(2k +4,0)mgp g — a(2k + 4, V)myeyp + a(2k + 4,2)my)

— iy (4k+1 (2k,0) Py (x) — E2a(2k + 2,1) Poeya (x) + 4"2—+9a(2k+4,2)P2k+4(x)>
+ Moxi2 <4k+5 (2k +2,0) Poyp(x) — #2a(2k + 4, 1)P2k+4(x)>

+ s 2520 (2k + 4,0) Py 4 (x). (2.17)

We also require that the boundary points are zero, thatis, K»(1) = Kx(—1) = K3(1) =
K3(—1) = 0. We only consider the condition that K»(1) = K3(1) = 0. The other two
conditions follow by symmetry since Ky(—x) = K(x). We first consider the value of
the m; coefficients at x = 1. It will be shown that P,(1) = 1 for all n € N via the

Roderiguéz representation and Liebniz rule of differentiation,

D{(x=1)"(x +1)"},y

n .
= 5 Z( )D’ (x+1)"D" (x—1)"
n!2" .
2np!
=1.

Pa(1) =

x=1

The coefficients of each of the m components are now evaluated when x = 1, starting

with myy,
4"2“ (2%, 0)—4’%5 a(2k+2, 1)+4"T+9 (2k +4,2)
Me+1 (4k) k45 (4 +2)!  4k+9  (4k+4)!

T 2T (7 255 (2k+ 1)I(2k)! | 2256 (2K +2)1(2K)!
(k1) (4k +5)  (4k+9)(4k + 3)

T 2ZHL((2K)1)2 {1_ 2 23 }

(4K 4 1)!(4k + 3)(4k + 5)

- 22k+4((2k)!)2 )

(2.18)
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Evaluating the coefficient for myy, 5,

4k +5
2

a(2k +2,0) — ‘”‘T*Sa(zk 44,1

(4 +5)! (4k +9)(4k 4 6)!

T 2%H3((2k4-2)1)2  22K+5(2k + 3)1(2k 4 2)!

_ (4k+5)!(4k +7)

= Tk 2 (2.19)

The coefficient of the last term my; 4 is (4k +9)!/(22°+5((2k +4)!)2). Using (2.19), (2.18)
and the requirement that K»(1) = 0 implies, after simplification, that

_ 4(4k+7) 2(4k +9)
M= ok 2)(2k+ 1) {mz"“ T 2k +4)(2k + 3) m2k+4} '

(2.20)

It is also needed that K3(1) = 0 which by (2.17) requires the knowledge of PZ(;)(l)
which is evaluated below by again using the Liebniz rule of differentiation with the
Roderiguéz formula.

DPy (1) = sz(lzk)!’DZkH {(x + 1)2k (x — 1)2k} .
2k+1 ‘ ‘
i & ()P
1 2 k1Y (2K)! _(2k)! i
o 5 () e 0 o e
_ 2k(2k+1)
===

Using the above with (2.17) and K3(1) = 0 yields another linear combination of the
three myy, Mok and myy4 coefficients. Evaluating the my; coefficient,

(4k +1)!

(4k +2)!(4k+5 D (4k +4)!(4k+9) pV)
22k+1((2k)!)2

223 (2%)1(2k + 1))! 2i1(1) 22k+6(2k)!(2k + 2)! 2ira(1)

Py (1)

_ (4k +1)!(4k + 3) (4k + 5) (2k* 4 9k + 14)
= 22+4((2k)1)?2 : (2.21)
Evaluating the coefficient for myy, 5,
(4k 4+ 5)! (1) (4k +9)(4k +6)! PO
22+3((2k 4 2)1)? 2e2(1) - 2245 (2k + 3)!(2k + 2)! 2ia(1)
| 2
_ (4k +5)!(4k + 7)(2k* 4+ 9k + 12) _ (2.22)

22k+4<(2k + 2>!)2
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The coefficient of the last term moy 4 is (4k + 9)!(2k + 4)(2k + 5) / (22+6((2k + 4)1)?).
Using (2.22), (2.21) and the requirement that K3(1) = 0 implies, after simplification,
that

. 4(4k+7) {2k2 + 9k + 12 (2k + 5)(4k +9)
2k =

(2k+1)(2k+2) \ 2K+ 9k + 14”2 (zk+3><2k2+9k+14>’”2k*4}' (223

Assume without loss of generality that 1y, is assumed to be known. Then (2.20) and

2.23) can be used to determine ;o and My, 4 in terms of my. Indeed,
3 + +

1 ___2(4kt9)
(2k-+4) (2k+3) My | _ |1
2k24-9k+12 (2k+4-5) (4k+9) 1

Mok14

(2K + 1) (2K + 2)
4(ak+7) K

2k2+9k+14 (2k+3) (2k?+9k+14)

which after inversion yields,

M2 (2k + 1) (2k + 2)
! ] T k)

1
(2k+1)(2k+2) ] ) (2.24)
Mok+4 TA(Ek9)
Substituting (2.24) into the expansion given in (2.17) and simplifying,

- m2k(4k — 1)!
o 22kH1(4k +7)((2k)!)

K> (x)
(2.25)

Recall that P,(x) is a sum of even (or odd) powers of x if n is an even (or odd) number.
Therefore, PZ(i)(x) will be a sum of odd powers and therefore an odd function. Also,
Péi) (x) will be an even functions by the same reasoning. Using the above and (2.25), it
follows that K3(x) is an odd function and consequently K3(0) = 0. Note, as stated in the
construction given in Cheng and Raimondo (2008), K; has a unique global minimum
at zero if my, = (—1)k+1. This in turn ensures that (K:5) and (K:6) hold. The kernel
function K, was constructed using three even degree polynomials which guarantee
that K»:[—1,1] — R is a polynomial of order 2k + 4 = s + 3. This ensures that (K:1)
and (K:2) are satisfied. Also, the boundary conditions (K:3) and vanishing moments
(K:4) were explicitly built into the construction ensuring they are satisfied.

By substituting in the definition of P, in terms of the polynomial power basis (see
(2.11)) into (2.25), one can obtain the result (2.12) after simplification. This leads to the
definition of the class of high order kernels that will be used throughout the thesis.

Definition 2.7. Let s,k € Z* with k = |s/2]. Then the polynomial function K:[—1,1] —
R will be said to belong to the functional class s if,

2%k+2 '
K(x) = K(k,x) = ay E bjlkxzf_Zk“IL[_m](x) , (2.26)
j=k—1

5 {(4k +7) Py (x) — 2(4k + 5) Pojeya(x) + (4k + 3) Pora(x) } -
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where the polynomial coefficients are defined by

. (4k+5)! b (1) (2))!
KT 52012k +2)1 7 AT 2k — j+2)1(2f — 2k + 2)1

The class .%#; satisfies all the required properties (K:1) — (K:6) allowing the ZCT to be
described. The reader should note that the kernel construction assumed that s = 2k + 1
for some k € Z*, namely s is a positive odd number. The kernel functions defined by
(2.26) still satisfy (K:1) — (K:6) regardless if s = 2k or s = 2k + 1 for some fixed k € Z*.

2.2.1.1  Use of the kernels for the Zero-crossing technique

As proposed earlier, the estimation method for kink locations will be described in
the fractional white noise model. In particular, it will focus on the probe functional
described by,

x—t

) =) =t [k (S ) iy,

where u € €1(]0,1],0), the kernel function K € .#; and where h = h(n) is the band-
width that depends on n. This is the technique developed by Cheng and Raimondo
(2008) which is based on the pioneering work of Goldenshluger et al. (2006). It is as-
sumed at the very least that bandwidth satisfies, I + ﬁ — 0, as n — oo. These are
standard regularity conditions for kernel smoothing techniques and additional condi-
tions on the bandwidth will be stated as needed.

To the reader familiar with kernel smoothing, the probe functional «j(t) bears a
strong resemblance to a kernel smoothing estimate of the third derivative of y (see for
example Mack and Miiller, 1989). The essential idea with using this probe functional
is when t is ‘close’ to the change point at 6, the probe functional «;(t) will have large
extreme values of opposite sign when ¢ is larger or smaller than 6 respectively. Further-
more, due to the extrema of opposing signs and the fact that the smoothing approach
will, by construction, yield a smooth continuous curve in «,(t), there will be a zero
crossing time between the two extrema near the kink location at 6. This idea is ex-
plored in more detail with the following argument. Start by integration by substitution
and exploit the bounded domain of K3 in (K:1),

kp(t) = h* /01 K3 <x;t> u(x)dx

(1-8)/h
— h—3/ Ks (1) pu(t + hut) du.
—t/h

Notice that a two-sided kernel function is being used, that is, the domain of K includes
both positive and negative values. This implies that values above and below the point
of interest ¢ are being used in the weighting scheme of K to produce an estimate. This
is fine until t reaches the boundaries near t = 41 at which point difficulties will arise
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since no observations will exist for y(f) when t > 1 or t < 0. Therefore, the points near
the boundaries need to be discarded to avoid edge bias. In particular, consider only
€ (h,1 —h) and use repeated integration by parts with the vanishing boundaries of

(K:3),

)= —h~ / Ko (u) 5V (¢ + hu) du

/ 3(t + hu) du
u () + 0,

as long as [ K(x)dx = 1. However, this condition is not assumed to hold here. In
fact, the properties of the class of kernel functions K € .#; are exploited to obtain an
estimate of 6 in a different manner. Recall the re-expressed «;(t),

— —h / Ko (x) # O (t + hx) dox. (2.27)
Define the interval
Lo := {t||0 —t| <h}, (2.28)
and define 7 := (6 — t)/h. Then |7| < 1 for all t € Ly. Split (2.27) into two integrals,
— / Ko (x) V(¢ + hx) dx — h™ / K (x) pV (¢t + hx) dx.

To exploit the Taylor expansion inherent in ¢ ([0, 1],6) define,

()= =72 ([ Ka () (Mt i)~V (67)) dx
+ / K (x J(t+ hx) — y(l)(9+)> dx) :
Then, using (K:4) with (2.7), (2.8) in combination with (2.6), gives the order bound,
Jn(t) =0 (k°73).
Therefore, this allows us to express «,(t) in the following way,

)= —h~ /Kz 0~ )dx — h™ /Kz %) u D6+ dx + Ju(t)

= h2Ke () [ V1(0) + Ju(t) = Lu(t) + Ji(t)- (2:29)
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The so called localisation term Lj(t) captures the magnitude of the kink around the
value K; (7). It is also of order h~2 which is large for small h. Then the expansion in the
above equation ensures that x;(-) = O(h~2). More specifically we have the following,

(6) O(h™?), ifue<€!(0,1],0)and t € Ly
h =

O(h=3), ifu € S witht €[0,1] or u € €}([0,1],6) with t & Lg.
The above is more of a heuristic description of why «;,(#) can be used as an effective tool
to locate the position of a kink. As seen in Goldenshluger et al. (2006) and Cheng and
Raimondo (2008), a more technical result in the § —separation rate Lemma shown below

gives a more rigorous, albeit subtle, explanation as to why the above representation is
effective.

Lemma 2.1 (6-separation rate). Let K € J# and y € 6.([0,1],0). In what follows the
constant 0 < q < 1 is given in (K:5). Let h > 0 and § > 0 satisfy § < qh. Let As), =
{t:06 < |t — 06| < qh}. Then for «y,(t) = x5, (t, u):

(@) |x(0)] < Ch*3,
(b) forallt € Asy and 6 > Ch°, |y (t)| > Coh~3,

(c) forall t € (0,1) such that |0 —t| > h, |k, (t)| < Chs~3.

Kn(t) e (t)]
115 115
t t
705 105
S e M L % t L O gy O+gh t
VQ_BI; 0 0+h 0—h 0 0+ h
f-1
(a) Plot of the probe functional j(t). (b) Plot of the probe functional |« (t)).

Figure 4: Demonstration of the J—separation methodology.

The specific behaviour of «j(t) can be seen in Figure 4 where in this instance a
function u was chosen such that {y(l)} (0) > 0. In Figure 4 (a), it can be seen that there
is a maximum and minimum located a distance g*h above and below 6 respectively.
In Figure 4 (b), the zero crossing time or time when |k, (t)| is near zero can be seen
to occur very close to t = 0. The discrepancy between the zero crossing time and 6 is
encapsulated by ¢ € (h°, h).
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The proof of this Lemma is given in Cheng and Raimondo (2008). However, their
proof requires a minor correction as the extra regularity condition 2. is needed in

Definition 2.5 for the smoothness class %, ([0, 1],6). The corrected proof is given below.

Proof of Lemma 2.1 . First re-express «;(t) by exploiting the conditions of K. Recall from
(2.27) that x;,(#) can be re-written as,

)= —h" / Ko (x) ™ (£ 4 hx) dx.

Proof of (a): Let T = (0 —t) /h. Then |t| < 1 for all t € Ly (see (2.28)). We now split x;, ()
into two integrals,

)= —h~ /Kz D¢+ hx)dx — h™ /K2 %) D (¢ + hx) dx.

Define the deterministic bias term,

Ju(t) == —h2 (/_Tl Ky (x) <y(1)(t + hx) — ‘u(l)(G’)> dx

+/ Ky (x) (Ot + hx) — y<1>(9+)) dx>.
Then 1 () can be expressed in the following way,
— / Ko () uM (67 ) dx — h™ / Ko (x) ¢V (07 ) dx + Ji(1)
=~ 2 (67)K5 (x) 2K ()] 4 )
= h2Ka (7) (] (0) + u(t). (2.30)

Noting that 7 = 0 when t = 6 so K;(7) = K;(0) = 0 by (K:3). Thus, (2.30) implies that
xn(0) = J4(0) and we focus on J,(t) for our upper bound. Using T = h1(6 —t) we
write,

Ju(t) = =2 {/T K (x) (V(l)(G —h(t—x))— }4(1)(9_)> dx

1

+ [ K () (W00 + b~ )~ (0%)) dx} - e
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First, we use (2.6) and (2.7) to obtain,

Jult) =~ {Z‘fh"(“)(“ [ = oa

= i! -1
s=2 iy, (i+1) (g 1 .
y ”Z'(” / (x — T) Ka(x) dx + O(hs—l)}

) By Tt (6)

i

fEE

1
] / xKa(x)dx+ O(hs—l)}
i=1j=0 -

= O(h3). (2.32)

This finishes the proof of (a).

Proof of (b): If t € Asy = {t:6 < |0 —t| < qh} then |t| € (6/h,q). Then recall from
(2.30) that,

kn(t) = Lu(t) + Ju(t).
The first term of (2.30) satisfies,
[h2Ky () [1V](0)] = h2|7||a] > 61 3|a). (2.33)

From (a) it is known that for all t € Ly, |]},(t)| < Ch*~3 then we can apply the reverse
triangle inequality to obtain the desired result. Indeed,

(O] = |12k (D ED10) = | by (230)
> ]5h’3|a] - C3hs’3‘ by (2.33) and (2.32)
> Coh~3,

as long as 6 > Ch®.

Proof of (c): Using (K:4) and the re-expressed «;,(t) (see Proof of (1)), we have the equi-

valent expression,

k() = —h ™2 /11 Ky (x) (y(l)(t + hx) — y(l)(t)) dx.

Since we are considering {t: |6 —t| > g*h}, t and t + hx are well separated from the
change point 6 such thatif t < @ thent+h <60 and if t > 6 then t = h > 6. This allows
us to be able to apply (2.7) directly,
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Ky (t) = —h 2 /_ 11 Ka (x) (y(l)(t +hx) — y(l)(t)> dx

— _p2 {S_ihl]’lm_l)(ei)/_ll ¥ (%) dx—l—@(hSl)}

!
i=1 L

= 0@

which completes the proof. O

2.2.2  Estimation procedure

The preliminaries have been covered and in this section the estimation procedure is
covered that includes both a kink detection procedure and an estimation of the change
point. Without loss of generality, to ease the presentation, when u € %.([0,1],0)
also assume that [u(1](8) > 0, similar arguments will apply for the scenario when
u € €1([0,1],6) and [uMV](8) < 0. As indicated, the estimation procedure will be con-
sidered under the fractional white noise. The functional that will be used for estimation

Rult) = /01 Ks <x;t> dy (x).

Using stochastic integration we see that,

0 :h‘4/011<3 <x;t> y(x)dx+e”,;h_4/011<3 (x;t> dBy(x)

= Ly(t) + Ju(t) + Zp(t),

is,

where Ly (t), J,(t) are the aforementioned localisation and deterministic bias terms defined

by (2.29) in Section 2.2.1.1. The stochastic error term is

Zu(t) = et /01 Ks (x;t> dBy(x).

The estimation technique is divided into three main steps:

1) The localisation step, where the interval (h,1 — h) is truncated into a shorter interval

that is suspected to contain 6;

11) The kink detection step, whereby it is determined if suspicions of a present kink are
genuine;
111) The zero-crossing step which uses the ZCT to hone in a finer estimate of 6.

To illustrate the technique, each of the procedural steps are demonstrated a set of obser-
vations {(x;,y;)}i_; that satisfy the sampling model (2.1). It has the specific regression
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function y € €1 5 ([0,1],0 = 2/3) introduced in (2.9) (and shown in Figure 2) with LRD
noise generated in the software R (see R Development Core Team, 2010) with the R-
package fracdiff (see Fraley, Leisch, Maechler, Reisen and Lemonte, 2009). Start with
the localisation step below.

Localisation step

Recall that it was also shown by (2.29) that the probe functional «; () has the localisa-

tion term,
L(8) h=2Ky (5) [uM](0), if u e €L([0,1],0) and t € Ly = {t] |0 —t| < h}
h pu—
0, if e Sor {uee!(01],0)andt ¢ Ly}.
(2.34)

By (K:6), it is known that the kernel function K; has two unique extrema in the form
of a unique global minimum at 4* € (0,1) and unique global maximum at —g*. In
light of (2.34), L,(t) has the same unique extrema with a unique global minimum at
the point

t,:=argminL(t) =0 —q"h
te(h,1—h)

and a unique global maximum at the point

t* :=argmax Ly (t) = 6 + g*h.
te(h,1—h)

It is required that the localisation term, L, (t) dominates the deterministic bias term
Ju(t) = O (h*73). Clearly, when |0 — t| < h, L,(t) > Ch™2 > Ch* 3 and J,(t) = O(h*3),
so L (t) dominates the deterministic signal of «,(¢). We now need to investigate the dis-
tribution of the noise process, Z(t). This is needed to ensure that Z;(t) isn’t too large
and does not interfere with the signal generated by Lj(t). Consider the probabilistic
bound given in the Lemma below.

Lemma 2.2. Let t € (h,1—h), K3 € 4 ([-1,1],R)U %4 ([-1,1],R), then Z;(t) is a
Gaussian process with zero mean and variance,

0% := Var Z,(t) = h~(*+0) 22,

where the constant T2 is given by,

2= (2 a)(1-a)/2 /11 /11 Ks(x)Ks (y)|x — y|~*dxdy.
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Proof of Lemma 2.2 . Firstly define, V, := (2 —a)(1 — «)/2 then a result of Gripenberg
and Norros (1996) gives a measure of the variability of a stochastic integral with respect
to fBm.

Proposition 2.2 (Gripenberg and Norros, 1996). If f,¢ € 4 (X,R) N % (X, R), H €
(3,1) and By is a fBim then,

b= { [ £ () [ 80)aBut) } = Ve [ [ Fx)g00)x— ] “dvay

From the previous section it is known that K3 is a finite degree polynomial construc-
ted via three Legendre polynomials. Therefore, K3 € #%([-1,1],R) N.Z1([-1,1],R)
so apply Proposition 2.2 (Gripenberg and Norros, 1996),

EZ(t) = h %™ E {/01 Ks (x - t) dBH(X>}2

Lot x—t —t
:h*SSZ“Va/O /0 K3< p >K3 (yh> |x —y| % dxdy.

By changing variable and recalling that ¢ € (h,1 — I) we obtain the result:

1,1
0—% — IEZ%(I?) - h*(a+6)£2aVa/ / Ka(x)Ks(y)|x — y| " dxdy = hf(a+6)€2aT12' O
-1J-1
Using the probabilistic bound given by Lemma 2.2 it follows that,
Ru() = Lu(t) + Jult) + O, (n=/2074/23).

To ensure that L, (t) dominates Z,(t) as well J,(t) it is required that k=2 > Cn—*/2=%/2-3
or equivalently 1 > Cn~%/(®+2) This is guaranteed to hold if / is chosen such that,

h = n=%/ @2+ for some 7 > 0. (2.35)

If the bandwidth is chosen such that (2.35) holds, then the points t, and t* can be
estimated with,

t, = argmin &y (t) and " = argmaxy(t).
te(h,1—h) te(h,1—h)

By this construction, the interval Ay = (t.,t*) has a length which is order / and con-
tains 6 with high probability. The estimator &, (¢) for this choice of y with a simulated
realisation of LRD errors is shown in Figure 5. Notice the extrema points used for the
truncation to the interval Ah

Kink detection step
To ensure that the signal generated by «;,(¢) was actually influenced by L, (t) and a
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ki (t)
24
1+
f f f t
t. 0 t
14+
21
(/t\*f%h (?* )) -
(a) Initial probe functional with extrema near 6. (b) Truncation of the interval after identifying ex-

trema.

Figure 5: Plot of a the noisy probe functional «j,(t) where u has a kink at § = 2/3.

genuine kink is present, the procedure needs to be able to distinguish between L ()
and any large deviations generated by the noise process Z(t). Begin by standardising
the statistic & (f) with the standard deviation of the noise Z,(t). Define this standard-
ised statistic as,

8706 —K

Ta(t) := —n*2h205R, (1) = %na/zhwm (L () + Tn(t) + Zn(1)) - (2.36)

1 1
The extrema of Lj(t) and J,(t) have already been considered in previous sections. A
large deviations result needed for the process Z;(t) and is given in the Lemma below.

Lemma 2.3. Let [ C (h,1— h), then for all A > 207 = VarZ,(t) we have,

21,a+6
p (sup |Zn(t)] > /\) < Ch%s_"‘m)\exp (—/\h>

tel 27220
where C > 0 is a constant and | - | denotes the Lebesgue measure.

Proof of Lemma 2.3 . Modifying the equivalent result from Goldenshluger et al. (2006),
the proof requires a result from van der Vaart and Wellner (1996). Some auxiliary
definitions are required. Let r € R*, B C [0,1] and p:R" x R" — R* be a semi-
metric. Then define N(r, B, p) to be the covering number of B with respect to the semi-
metric p. That is, N(r, B, p) is the number of balls of radius  in the semi-norm p that
cover B. Also define ¢?(X) := sup,_; VarX;. The needed result is (van der Vaart and
Wellner, 1996, Proposition A.2.7) and is stated below.
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Proposition A.2.7 (Van der Vaart and Wellner, 1996). Let X be a separable, mean-zero
Gaussian process such that for some K > ¢(X), some V > 0, and some 0 < ¢y < ¢(X),

NG Bp) < (5

|4
> s 0<€S801

then there exists a universal constant D such that, for all A > ¢?(X)(1 + VV )/ €0,

14
DKA \ ' —/ A
P(i‘;{?x* ZA) = (x/ng(X)> ® <<;(X)>

where ®(x) = P(Z > x) and Z ~ N(0,1).

Consider the semi-metric ¢ which gives a distance measure between two stochastic
processes,

o?(t,s) == E|Zy(t) — Zu(s)|?

y—rty y—s —a
{K3 ( p ) K; < p >} |x —y| *dxdy
o t—s
= 8211]/1_(06-5-6)‘/“/ . / . {K3 (I/l) — K3 <M + h> }
% Y

t—s

{K3 (v) — K3 <v + h> } |u — v|~*dudv. (2.37)

Without loss of generality let 0 < h < s < t < 1 — h. First consider the case when
t —s < 2h. The domain of integration D = (—t/h, (1 —t)/h) needs to be considered
with respect to the support of the integrand Kj(x) — K3 (x + (f — s) /h) which will be
defined by the set S = [-1 — (t —s)/h,1]. Due to the restriction that 0 < h < s < ¢,
S C D, the set S can be split into three disjoint intervals, S = [-1 — (t —s)/h,—1) U
[—1,1—(t—s)/h]U(1—(t—s)/h,1] =: S US, U S3. Then apply the Lipschitz condi-
tion (K:1) over each of the domains S;. Start with S; which is outside the domain of
K3(x). Thus,

Ka(o) Ko (x4 50 ) |11 ) =
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Similarly, the set S3 is outside the domain of the shifted version of K3 so,

t—s _
K3(X) — K3 <x+ h) ’ 1[1*%,1)()() < Lk, |X— 1| 1[1*%5/1)&) < LKsh 1 |t—S| .

(2.39)

The set S, covers both the domains of K3(x) and the shifted version so by a direct
application of the Lipschitz inequality,

t—s

Kg(x) — K3 <x + I ) ‘ ﬂ[_lll_st)(x) < LK3h_1 |t — S| . (2.40)

Thus, all three equations, (2.38), (2.40) and (2.39) imply that for t —s < 2h,

h

K3(x) — K3 <x + t—s) ‘ Is(x) < Ligh™ ' |t —s]. (2.41)

Consequently, using (2.41) inside (2.37), it follows that for t —s < 2h,

o(t,s) < 2=y, 12 L |t —s)? / / lu—o|™" dudv = ( 2up=(at8) |4 —s]2> :

(2.42)

On the other hand, consider the case when t —s > 2h. The support of the integrand
K3 (x) — Kz (x + (t —s)/h) is over two disjoint intervals S = [-1 — (t —s)/h, 1 — (t —
s)/hlU[—1,1] :== S1 US; where 51 NS, = @. To ease the presentation define Ig,(x) :=
K3 (x) — Kz (x + (t —s)/h). Then, over the set Sy, only the shifted version is non-zero,

namely,

I, () s, (x) = =K5 (x + (£ =) /1) Ls, (x).

Conversely, Ik, (x) 1s,(x) = Ks(x)1g,(x). Using a slight abuse of notation, the double
integral needs to be considered over all possible combinations of the values u,v € S;

/

or Ss,

1t

—_

—t

Tk, (u) Ik, (0) [u — o] dudo

://52 /51/51 /52/52 /52 51[K3 ) I, (0) [u —v| % dudo. (2.43)

:\» 3_‘

:M :‘
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Starting with the first term of (2.43),

1_f75
/ / IK3 IK3 )’M—U’ “dudl)_/ t / K3 (u+h>K3( )’u—y’ *dudo
s, 1-tos
—/ / Ks (x) K tos|
N -1J-1 3

h
Now it was assumed that t —s > 2k, meaning that over the set U = {(x,v) : x,v € [-1,1]},
there is no discontinuity in |[x —v — (t —s)/h| “so|x —v— (t —s)/h| * = ((t —s)/h+v—x)""
Consider a Taylor expansion of the function x~* where x +y > 0 with x,y # 0 and
€ (0,1],

dx do.

v) [x —v—

(2.44)

a(l+a) ,

(x +y)—a — Y “yx—(l-&-a) + (x_|_ Cy) 2+oc)

where ¢ = ¢(x,y) € (0,1). Apply this Taylor expansion in a piecewise manner to the
function ((t —s)/h+0v—x)"". So for (x,v) € U with x # v, there exists a & € (0,1)
such that,

_ —a o |—(2+a)
(t hs —l—v—x> = |x —o| * —ah It —s) ]x—v](1+D‘)+a(1;—a>h_2(t—s)2 X—v+¢ hs
Using this expansion in (2.44),
V/ / K3 (x)Ks (v) [x —v — hs dx dv
:Vﬂ/ / Ks (x) K3 (0) { =0 —ah (¢ —s) [x — |0
-1J-1
—(2+ua)
—I-[X(l;a)hZ(t—s)2 x—v+§t—s }dxdv
1 1 .
= le—(xh_l(t—s)Va/ / K3 (x) K3 (0) |x — 0|~ dx do
o |—(2+a)
(1;‘“ Va/ / Ks (x)Ks (v x—v+§(x,v)th ' dx dv.

=0 (h2(t— s)z)
By symmetry it can also be shown that,

Vi /S /S Ik, (1) I, (0) |1t — 0| “dudo = O (h=2(t — 5)?) .
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The other two cases in (2.43) are over the same sets and are in fact equal. Indeed,
V“/ / Ik, (1) Ix, (v) |u — v| *dudv
S1
-5 1= t—s ,w
=V, /1—f—5/ tTK3 <u—|— p )K3< —i—h> |u —v|“dudv
/ / Ks (x y) |x —y| “dudv

—va/ I, (%) Ik, (y) [x — y|~“dudo
S, JSy

= 7. (2.45)

So by equations (2.43) — (2.45), it follows for t —s > 2h, 0%(t,s) = O ( 20— (at8) |4 s|2).

Then with (2.42), for general t —s > 0,
o*(t,s) =0 (sZo‘h_(“S) |t — s|2> :

Thus, the the number of balls of radius r using the semi-norm o (t,s) that cover the
interval I does not exceed Cr—1h—(«+8)/ 2|1|. That is,

N(r,1,0) < r'supo(t,s) < Crte®h @872, (2.46)
t,s

In the notation of Proposition A.2.7 (Van der Vaart and Wellner, 1996) (see page 44), set
K = Ce"h (82|, r = &, e9g = 07, ¢(X) = 07,V =1 and X = |Z;]|. Apply (2.46) and
Proposition A.2.7 (Van der Vaart and Wellner, 1996) implies that for all A > 207, there
exists constant C > 0 such that,

Plsupl|Z,(t)|>A) < Cs“h_(“+8)/2|1|%5 <A> . (2.47)
tel oy 0z

Using Lemma 2.2 with (2.47) there exists a constant C > 0 such that,

p (sup |Zn(t)| > /\) < Che+4)/ 2= [| A D < A >

tel (%4
(a+4)/2 —a )‘
< Ch |Iloz¢

271,046
< Chl*+9/2e=% 1| A exp (—/\h“> :
2T7e

The second last line follows due to the inequality ®(z) < z~!¢(z) (see Feller, 1968,

p175). The last line follows since A > 207. O
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2.2 KINK ESTIMATION METHOD

Consider the threshold at A = Ac = 07+/(2+¢€) |logh| for some € > 0. The band-
width h — 0 as n — oo, so for a sufficiently large n, we have A > 207. Apply
Lemma 2.3 with this choice of A,

P sup |Z,(t)| > 0z1/(2+¢€)[logh|| < Ch '\/[logh|exp {— (1+¢€) |logh|}
’ /

(h1—h)
= Ch®y/|logh| = o(1). (2.48)

Checking the large deviations of the estimator j,(¢), consider first the scenario when
i € %, then there is no kink in y and Lj(t) = 0. Recall the standardised estimator of
k(1) given in (2.36) and by (2.48) it follows that for an arbitrary choice of € > 0,

lim P < sup |Tx:(H)| >/ (2+¢€) |logh\> =0.
te

n—00 (h1—h)

On the other hand, if # € € ([0,1],0), then for t € (t.,t*), L,(t) > Ch~2 and

lim P sup |7Tx(t)] > y/2|logh| | =1.
e (te(h,lh)

That is, whenever i € .7, sup;c ;1 _p | Tz(t)] will diverge to infinity at a rate no faster
than /2 [log h|. With this in mind, a kink is detected when the condition,

sup |Tx(t)| = \/2[loghl, (2.49)

te(h,1—h)

is observed in practice. For our example function the boundary is exceeded and a kink
is flagged and shown in Figure 6. If a kink is detected through this procedure, the

method can proceed to the final zero-crossing step.

Zero-crossing step

The idea behind the zero-crossing step is to use the aforementioned ZCT to refine the
interval A, = (f,,*) down to a singular point 6,, the estimate of 6. Indeed, by using
Lemma 2.1, the zero-crossing time of «x;(f) within the interval A, = (t.,t*) can be

located with an accuracy of order 6 where 6 < h. The estimate of 6 is constructed with,

6, = argmin [%,(t)| = argmin |T;(t)] . (2.50)
te Ay, teAy,

This is demonstrated for noisy regression model in Figure 7. Recall again that kj,(t) =
Ly (t) + Ju(t) + Zj,(t) and by comparing the bounds given in (2.32), (2.34) and Lemma 2.2
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Figure 6: [llustration of the kink detection step.

with the bounds given in Lemma 2.1 implies that the minimum given in (2.50) is well
defined if,

Sh3>Ch*=3 and O6h 3> Cn%/2p~%/273, (2.51)

The best possible accuracy of the estimator given in (2.50) will be obtained if § >
0 is chosen as small as possible while still satisfying the inequalities in (2.51). The
first inequality of (2.51) implies that 6 < h® which when substituted into the second
inequality of (2.51) implies that the best possible bandwidth is given by,

hy =< /Gt (2.52)
Now apply Lemma 2.1 with this optimal choice of bandwidth and é = 6, =< h; allows

the method to obtain an accuracy of order n~%/(2+%) More specifically, this proves
that the estimator satisfies the probabilistic bound,

én B 9’ _ Op (nfucs/(Zsﬂx)) ‘

} 1 }
R N N
ty 9,9 t

Figure 7: lllustration of the zero-crossing step when yu has a kink.
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2.3 NUMERICAL PERFORMANCE

A numerical study is investigated here to confirm that the observed behaviour in prac-
tice agrees with the asymptotic theory that the level of dependence is detrimental to
the rate of convergence. More specifically, it was shown in Section 2.2.2 that the rate of
convergence for the estimator §n follows the rate,
on = nfas/(Zeroc)‘

The numerical analysis that follows in this subsection will reflect this behaviour via
Monte-Carlo simulations. A discretely sampled regression model will be repeatedly
simulated with a known regression function, y, known level of noise, ¢ and known
level of dependence in the error variables, a. The performance measure that will be
used as a proxy for p, will be ascertained by finding the bandwidth / that minimises
the Root Mean-Square Error (RMSE) of the estimator 0,..

To start with, the specific structural assumptions for the simulated regression model
is covered in Section 2.3.1, the performance measure of the RMSE along with the jus-
tification for the bandwidth as a proxy for the rate of convergence is covered in Sec-
tion 2.3.2. Finally in Section 2.3.3 the numerical results are shown along with a brief
discussion.

2.3.1  Framework for the numerical study

The numerical study that is performed in this Section is implemented in R (see R
Development Core Team, 2010)). The sampling model is used where a discrete set of
observations {(x;, y;)}\_, are generated using the grid x; = i/n where y; = u(x;) + oe¢;.
The same regression function that was considered in Section 2.2 is used here and is
defined,

4—Bx 4+ Fx?— a5, if0<x<3;
p(x) = 8y W92 B3 §f 2 < x <1 (2.53)
0 otherwise.

The regression function has a clear kink at § = 2/3 (refer to Figure 2). Furthermore, it
satisfies the additional smoothness and matching derivative assumptions required by
the functional class %3 ([0,1],2/3).

The error variables are generated using the R-package fracdiff by Fraley, Leisch,
Maechler, Reisen and Lemonte (2009). The fracdiff package generates observations
from the fARIMA model where the innovations are assumed to be Gaussian. The level
of dependence is controlled by d = (1 — «) /2 which is done for aesthetic reasons since
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2.3 NUMERICAL PERFORMANCE

it is more intuitive in the plots to have a dependence measure that is at zero for the
case of independence and increases as the level of dependence increases.

2.3.2 Performance measure

It was shown in the theoretical exposition in Section 2.2 that there is a balance between
choosing the bandwidth & such that the signal generated by L,(t) = O (h~2) domin-
ates the stochastic error and deterministic bias terms, Z;,(t) and by (t), inside the func-
tional x;,(#). More importantly, the stochastic term, Z;(t) = O, (n=%/2h=%/273) needs
to be controlled. It was shown that the optimal choice of bandwidth to control the
error and bias terms was given by h, =< n—/ (25440 (see (2.52) see page 50). With this
equation in mind, it is easy to see that as a decreases, the bandwidth & increases as is

demonstrated in the graphic below.

h, = nfac/(Zertx)

| ®
0 1

Figure 8: Theoretical optimal bandwidth /., for a given level of #.

In our simulations we seek to find the best possible / for different levels of depend-
ence and compare it with the expected theoretical result in Figure 8. This is done by
using the kink estimation technique on repeated simulations of the same regression
function given by (2.53) over different levels of dependent noisy errors. Then the best 1
is found using the “oracle strategy’. This is done by using minimising the RMSE measure

over the argument / with the following,

~ 2
9,1—9] .

h* = argmin {/E
h

The value h* is the oracle bandwidth for the problem. The value h* will be evaluated
numerically using repeated Monte-Carlo iterations of the sample regression model and
calculating the sample proxy of the RMSE which is the square root of the sample mean

of the squared deviations from the known true kink location at 6 = 2/3.
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2.3 NUMERICAL PERFORMANCE

To do this, first define the set of candidate bandwidths from the set #,, = {0.15,...,0.4}.

These possible bandwidths are relatively large in comparison to the bandwidths used
in usual kernel smoothing of regression functions. In the case of kernel smoothing es-
timation of regression functions, assuming LRD noise is present, then a typical kernel

smoothing estimator of y would be of the form,

~ 1 & xl-—t

This estimator would have variance Var (i, (t)) =< n~*h~*. However, we are interested
in the estimation of the smoothed third derivative of u in &) (t) and as such have an
estimator of the form,

A~ 1 & x;—t
Kh(t):nhA}ZYiK3< 7 )
i=1

Consequently, this estimator satisfies, Var (x;,(t)) =< n~*h~%® and one can see that
the variability has increased by a factor of 6. Thus, a larger bandwidth needs to be
chosen to reduce this inflation factor to a reasonable level and obtain a reliable estimate
of xy(t).

The procedure for calculating the oracle bandwidth is as follows. First, fix a level of
Monte-Carlo iterations M and define a sequence of k dependence levels, a; € A where
1 <i <k and a sequence of ¢ candidate bandwidths, hj € H,wherel < j < /. Then, at
each level (a;, h;), generate M regression models each of which have n observations and
obtain M corresponding kink location estimates {@1,@, .. .,@M} =: Op1. The sample
proxy for RMSE is then calculated for this choice of a; and h; via,

RMSE, ;, = Al%z@ (6:—0)"
i€OMm

where 6 is known to be 2/3. Then the sample oracle h} at dependence level g; is the
value that minimises the sample RMSE across all the candidate bandwidths h; € H,,

hi, = argmin RMSE,, ;.
/’leH(

The above procedure is repeated for all dependence levels «; € A to gain a numerical
equivalent of Figure 8, this is discussed further in Section 2.3.3 below.
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2.3.3 Numerical results

The numerical results are displayed in Figure 9 and show the numerically evaluated or-
acle bandwidths, 5}, evaluated above across different sample sizes, 1, and the number
of Monte-Carlo iterations to numerically calculate the RMSE is chosen to be M = 2048.

Overall, it is evident that the sample oracle bandwidths are in agreement with the
theoretical levels given by Figure 8 since in both Figure 9 (a) and (b) there is a clear
increasing trend in the sample oracle bandwidth as the level of dependence increases
(As the dependence increases, « decreases meaning d increases).

Moreover, as expected, with a larger ¢ coefficient amplifying the effects of the noise,
a larger bandwidth is needed to reduce the effect of the noise. This is shown in both
Figure 9 (a) and (b) since the higher noise level requires a larger oracle bandwidth at
a given dependence level than a lower noise level. Also, one can see that estimation
efficiency increases with 7 since larger noise levels are given in Figure 9 (b) (where
n = 1024) yet the oracle bandwidths are very similar to those in Figure 9 (a) (where
n = 512).

2.4 DISCUSSION
2.4.1  Comparison for kink detection

To demonstrate the estimation technique further, the analysis is conducted on two
similar smooth functions, one with a kink and the other without a kink. In the same
vein as the previous sections in this chapter, the example regression function with
a kink, u € %3([0,1],%) is used and a similar equivalent function without a kink is
considered that belongs to the null functional class, y € % (see Definition 2.6 see
page 28 for details). In the smooth version of p, the kink point has been removed
and the function is completely smooth. This is demonstrated in Figure 10 where the
analysis is conducted side-by-side for easy comparison.

In both instances, the regression models used the same sequence of error variables.
The analysis that involves the function with a kink is given in Figure 10 (a) and (b). The
analysis involving the completely smooth regression function without a kink is given in
Figure 10 (c) and (d). Notice that, when there is no kink present, the detection bounds
are satisfied and the method correctly doesn’t identify a kink. Conversely, when a kink
is present the detection bounds are violated and the technique proceeds to the zero
crossing step discussed in the last part of Section 2.2.2 located see page 49.
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0

% % % % % % d
0.05 0.1 0.15 0.2 0.25 0.3

(a) Sample size n = 512 with M = 2048 Monte-Carlo iterations of RMSE.

0

% % % % % % d
0.05 0.1 0.15 0.2 0.25 0.3

(b) Sample size n = 1024 with M = 2048 Monte-Carlo iterations of RMSE.

1—a

Figure 9: Plots of the numerical oracle bandwidths against the dependence measure d = 5.
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A v/ 2|log |

t ! —+/2[log h|

(a) Noisy function with kink at 8 =2/3. (b) Probe functional with detection bounds exceeded.
Ti(t)
\/2|logh|
1 t

t 7\/2\10gh\

(c) Noisy function with no kink. (d) Probe functional with detection bounds satisfied.

Figure 10: Comparison of the method when p has a kink or is entirely smooth.

2.4.2  Multiple change points

The procedure can be extended to include the class of functions p € ¢."([0,1],0) by
observing multiple instances where (2.49) is observed. For each instance of (2.49) there
is a corresponding pair t.(i) and #*(i) that correspond to the localisation term Ly (t)
for the ith kink with i = 1,2, ..., m. With each pair, the interval An is considered and
the localisation and zero-crossing-time steps are executed on each of those intervals to
produce an estimate for each kink location.

However, it is worth pointing out that there are some limitations to the accuracy of
this method in this situation. Problems will arise if the multiple change-points are not
well spaced apart in the sense that they are within order / of each other. To see this,
consider the toy example where 6; and 6, be two such change-points where [0 — 6,| =
h/2. When t is within order & of both the change points, the localisation term, Ly () will
not produce two unique disjoint signals for the kinks. Instead, the signals generated by
Ki ((Aj—t)/h) for i = 1,2 will interact and be confounded in one overlapping signal.
Therefore, the method will work in the multiple kink scenario in practice only if the
kink locations are spaced apart such that |6; — 6;| > h for i # j.
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2.4 DISCUSSION

The multiple kink scenario with analysis is demonstrated in Figure 11. It is demon-
strated for both the case where the error variables are i.i.d. in with the observed regres-
sion model in Figure 11 (a) and the normalised probe functional 7;(t) in Figure 11 (b).
In each instance of the two kinks, 01, and 6, there are a pair of local extrema with
a local minimum and local maximum within order / of the true kink locations. The
complete analysis would then involve the truncation of the interval into two subinter-

vals and conducting the zero crossing step on each subinterval to gain the estimator
en = (91,11/ 92,11)-

m v/ 2|log |

t U U —/2llogh|

(a) Noisy function in i.i.d. noise. (b) Bounds exceeded with h = 0.175.

\/2|log h|

A f\n
A\, v

él éz i —+/2|logh|

(c) Noisy function in LRD noise (x = 0.6). (d) Bounds exceeded with h = 0.27.

Figure 11: [llustration of the method when yu has two kinks, one at ; =1/3 and 6, =2/3.

2.4.3 Higher-order change-points

There was a claim earlier in Cheng and Raimondo (2008) that their method could be
easily generalised to higher order derivatives. The claim in particular presented the
idea that to identify a change point in the v*' derivative of u for some v > 2 then the
term K;[:'](t) = p~(+3) f01 Ky42 (572) pu(x) dx can be used instead of x;(t) and all the
analogous steps in the argument in the previous section apply. However, this is not
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actually the case. The reason being is that for v > 2 the deterministic bias term, | ILV] (1)

will dominate the signal generated by the localisation term L,[ZV](t). Indeed, assume

[#)](8) # 0 and the analogous conditions of Definition 2.5 apply for this case. Then
vl

consider the expansion on x; ' (t),

1 —
k! (1) = o049 /0 Kit2 (x . t) p(x)dx = =2 / Ko (x) p(t + hx) dx.

Assume that the boundary points of K; are all zero fori = v+2,v+1,...,2. Then a

similar iterative procedure of integration by parts yields,

[V] —(v+2) / Ky (x t+hx) dx.
— p—(+2) {Kv+1( )y(t+hx —h/ Ky41(x t+hx)dx}
= —p~(+D) / Ky ()M (¢ 4 hx)dx

= (=1)"h2 /_11 Ko (x)pu ) (t + hx)dx.

Similar to the argument in Section 2.2, define T = (6 —t)/h and consider all {¢ : |6 — t| < h},
then |7| < 1 and it can be shown that,

5 (0 =L + 1)

where L (£) = (=1)""1h=2K (7) [1")](8) and,

o= o { [ ) (Me Fhix =) — ) (6)) dx
+/ Ko(x) (™0 + h(x — 1)) — y(V)(9+)>dx}.

Also, if it is assumed that u(*) is the highest order derivative that exists and is finite
where s > v + 2, then the vanishing moment property of K, implies that the determ-
inistic bias term, | M( t) = O (h*2). Now focus on part (b) of Lemma 2.1. As seen
in Goldenshluger et al. (2006), the equivalent minimax optimal rate for change point

25+2v-1) For the Lemma to obtain

estimation of order v in the indirect model is 1~/
this best possible accuracy it is needed that ¢ is chosen as small as possible, namely
0 =< h°. If this level of J is again chosen here, then it is required that the lower bound
of the L,EV} (t) remains larger than the deterministic bias | M( t), that is, Sh=2 > Ch*~V~2

with § > Ch®. This requires hs—3 > Ch~V=2 which is impossible for v > 2.
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For the sake of argument, allow 6 to be chosen differently such that 6h=2 > Chs~V~2
holds, namely 6 > Chs~V*1 (see the proof of (b) in Lemma 2.1). After considering the
variance of the error process Var Z,[;/](t) = O(n~'h™v=%/2) it can be shown that the
method will attain the rate, n~=v+1/(25+1) which is slower than the minimax rate of
n—s/(25+2v=1) stated by Goldenshluger et al. (2006).

2.4.4 Why focus on the third derivative?

As discussed in Goldenshluger et al. (2006), it is a natural question to ask why the
method need focus on the third derivative? Perhaps the method could be just as reli-
able if only the second derivative was used? The answer to this question is that the
achieved rates are not optimal. The rate relies on focusing on the three main compon-
ents, the d—separation, the stochastic variance and the deterministic bias. To ease the
presentation here, consider the scenario with ii.d. errors instead of LRD errors which
have been discussed so far in Part II. As seen in Section 2.2 when the third derivative
is used, the —separation and the bias are of order 612 and h*~3 respectively. For the
i.id. scenario, the stochastic variance is of order n~1h~7. By considering the optimal
balance of these three terms, it was shown that the optimal rate can be achieved with
on = n—s/(25+1)
If the alternative method was considered where the probe functional is

Kno(t) =h° /01 K> <x;t> pu(x)dx,

that is, the second derivative is considered. The method would be required to locate the
maximum of «xj,, () in the presence of noise. It can be shown via very similar methods
to the ones already seen that, «j,5(t) = Ly2(f) + Ju2(t) where the localisation term
Ly (t) = —h'K(7)[#V](0) and the deterministic bias J;»(t) = O (h*~2).

The function K is chosen such that the maximum located around K(6) is bounded
by a parabolic function. In particular choose K such that for some constants J,4 € (0,1)
such that 6 < g then for all x € (6,9) , K(x) > K(0) — Cx? =: Q(x) (see for example,
Figure 12). Indeed, recall (K:5) stated that |K; (x)| > C |x| for all x € (—g,¢) using this
with the boundary conditions and symmetry relations in (K:2), (K:3) and (K:6) implies
that, —Kj(x) > Cx for x € (0,4*). Then we have,

K(x) — K(0) = /OxKl(t) dt
- [ (~Kaley) a

> —Cx>.

The fact that Kj is odd implies that K is even and the result follows for x € (—g,¢). Then

it can be shown that the §—separation is of order 6*h~3. Consider the §—separation in
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—_

' - —025"

Figure 12: Plot showing the K function and its dominance over a quadratic function Q for the
choice k = 1. The solid line represents y = K(x) while the dashed line represents the
quadratic function y = Q(x).

more depth. This is given by, inf,_ A {xn2(t) — x(0)} where Ah,z is modified to be
the interval with endpoints as the pair of values that exceed the known large deviation
boundaries. Beforehand, x;(6) = J;,(0) since the localisation term L;(6) = 0. However,
here Lj,(6) # 0 since K is maximised at zero. Considering the whole infimum further

recall the value T = (6 — t) /h and consider |0 — t| € (4, gh),

inf {xpy(t) —xp2(0)} = inf {Lpo(t) — Ly2(0) + Ju2(t) — Ju2(6)}

fEAh/z teAh,Z
> inf {Lpa(t) = Lp2(0)} =2 sup Jyao(t)
teAy, te(h1-h)
= inf {7 [xV)(0) (K(7) —K(0))} + O (h2)
tEAh/z

> Ch '+ 0 (K°?)
> C&h>+ 0 (h°7?)
> Co%h 3.

Furthermore, in the i.i.d. framework, the stochastic variance in this scenario is of order

n~'h~5. Considering the balance between the three terms achieves the rate 1~ (5+1)/(45+2)

which is slower than the optimal rate p,, = n—s/(2s+1)
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MINIMAX OPTIMALITY

This chapter is concerned with showing the minimax optimality of the estimation
method constructed in Section 2.2 for the fractional white noise model. The minimax
optimality is not shown over the entire class € ([0,1],6) but a subset of the class. As
per the definitions given in Section 1.4, the minimax optimality requires checking both
the upper and lower rate of convergence for the estimator.

The upper bound will be pursued first and is proved in Section 3.1 over the func-
tional class % ([0,1],0). The lower bound is proved over a slightly different functional
class denoted by .7 (0). This class is characterised in the Fourier domain and is not
directly equivalent to the class %, ([0,1],60). The definition of 7 (0) along with the
lower bound result and proof is given in Section 3.2.

The upper and lower bound results given in Sections 3.1 — 3.2 will then prove the
minimax optimality of the method by Theorem 3.1 below.

Theorem 3.1. Suppose that u € €.([0,1],0) N Z () is observed in the fractional white noise

model (2.2) with the calibration ¢ < n~2. Then the minimax rate of estimating 0 is,

on = n—D{S/(ZS+D¢).

Therefore, the minimax optimality of the result is proven over the intersection of the
two classes €. ([0,1],0) N Z (0). The intersection of these two classes is non-empty
and infact only a slightly smaller subset than %! ([0,1],6). This is discussed in more
depth when the classes are compared at the start of Section 3.2.

Corollary 3.1. Suppose that u € €."([0,1],0) N 7" (0) where F" (0) is given by Defini-
tion 3.9 and w is observed in the fractional white noise model (2.2) with the calibration & < no.
Then the minimax rate of estimating 0 = (61,0, . ..,0y) is also p, =< pas/ (2s+a),

Proof of Corollary 3.1 . As was discussed in Section 2.4, the estimation argument for
multiple kinks can be generalised to m > 2 change-points easily. The corollary will
follow immediately from the proof of Theorem 3.1. O

3.1 UPPER BOUND

Before we state the theorem for the upper rate of convergence for the estimator used
in the kink estimation technique, we state a key Lemma that is used in the proof. The
Lemma is concerned with the estimated localisation values ?*,?* and gives them a
probabilistic bound which is crucial for the localisation step shown in Section 2.2.
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Lemma 3.1. Let h(*+2)/2¢=% > C. Then, for u € €1([0,1],6) and for h sufficiently small,

hd hd . pla+2/2
_ ¥ )< 27 _
P( >2>\/P<t t >2>_Ch2£ exp{ C o }

where d = |q* — qo| > 0 and qo is the first zero of Ky to the right of q*, the abscissa of the
global minimum.

~

te — £y

~

Proof of Lemma 3.1 . We first consider the inequality for P ( t

*_t*

> %) Let

A= {te [0,1] : |t — t] >hzd},

and recall that t, = argmin L;,(t) = 0 — g*h then,

te(h,1—h)
p ( hd

> 2) SP(EH’GAZ;(},(t*) >k\h(t))

~

t*_t*

=P (3t e D xy(t) — 1m0 (£) +r(t) —Kn(t) > 105 (t) — 105 (£4))

< P2 sup |k(t) —xp(t)] > infry(t) —xy ()
te(0,1) tea

=P |2 sup |Z,(t)| > infx,(t) —xp (t) | - (3.1)
te(0,1) teh

Consider the infimum by expanding «;(t) in terms of the localisation term L;(¢) and

the deterministic bias Jj(t),

inf {x(0) = (1) b = 120 int i (U1 ) — o (5 ) -2 sup ),

teA teA te(O,l)

Change variable x = h~! (0 —t) so t € A is equivalent to x € {u: |u —g*| > d/2},

inf{Kh(f) — K (f*)} > h?[uV)(0)  inf {K; (x) = Ki (7%)} —2 sup [J(t)]

teA {x:\x—q*|>%} te(0,1)

> Ch~2. (3-2)
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The last inequality follows since 12 dominates h*~> as h tends to zero. Notice that
the restriction on # such that h(®t2)/2¢=% > C with the choice A = 1/2Ch 2 satisfies
A > 20y < h™ 273", Using (3.1) and (3.2), apply Lemma 2.3,

dl

~

t*_t*

hd .
> 2) <P (2 sup |Z(t)] > gggkh(t) —Kh(t*)>

te(0,1)

-2
<P ( sup 12,()] > < )

te(0,1)
—41,04+6
< chlatd)/2g—ap-2 exp {—Ch il }
e e
htx+2
— Ch*/2e % exp {—C 2 } . (3.3)
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The proof for the t* case follows by a similar argument. Define, A = {t € (0,1):|t—t"> %}

and recall that t* = argmax, Ly (t) = 6 + ¢*h then,

dt

Using both (3.3) and (3.4),

dt

hd

/t\* _ t* > i < Cha/zgflx ex _Ch“+2 ( )
2 )= p 2 (- 3-4

~

te — £y

~,

hd S
>2> P<t —t

hd 3 ha+2
> 2> < Ch*/%¢ ”‘exp{—CSZN}

= Ch"/%e % ex {—Chﬁz } O
- p 2w :

Theorem 3.2. Suppose u € €, ([0,1],6) and K € #; and A, = (ﬂ,?*) Then let

6, = argmin |, ()|
te Ay,

be an estimator for the change-point 0 with the bandwidth h = h, which is of the order,

h* ~ n*lx/(ZSJrDC)‘ (3‘5)

Then, there exists a constant C* < oo that does not depend on n such that under the square
loss,

lim sup inf R, (én, n*"‘s/(zsﬂ‘)) < C*.
n—oo 0, s
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Proof of Theoren 3.2 . Notice that using our choice of i = h, =< n~%/(2%) then,

8*Dth>(k“+2)/2 = pt/2—(a(a+2))/(2(25+a)

= nDL(S*l)/(ZS#’LK)
=nbP for some B > 0, (3.6)
>C,

for some C > 0 independent of n. This will allow us to apply Lemma 3.1 with the
bandwidth choice 1 = h.. Now let E, = {|?* ) < hd/z} N {|?* | < hd/z}.

~ 2 ~ 2
E 9,1—9‘ —E 9,1—9‘ g, +E

e

Apply Lemma 3.1 to bound the probability P (E),

P(E;):P<{ >hzd}u{ >hzd}>
a+2
< Ch*/2g exp{—Ch }
_)

ssz
< Cps/ (ste) exp {—Cn2“(s_1)/(25+"‘)} "X*0 by (3.6). (3-8)

~ 2
6. — 0| 15,

~ 2
en—9] 11En}+P(E;). (3.7)

~

b —t, Pt

Recall that, |t, — 6| = |t* — 8| = q*h. Thus, on the set E,

?*—9‘: ?*—t*—i—t*—e‘
hd .
< ?—}—q h =:rh. (3.9)

By a similar argument, the other estimator t* can be bounded,

P 0‘ < rh. (3.10)

Recall 8, € (t,,t*) and combining this with (3.9) and (3.10) implies,

(3,1 — 9’ < rh. (3.11)

Now let 0 < & < rhand Aj = [6271,62/] and | = min {j : 62/ > rh} then by (3.11),

“

0, — 9‘2 Ilgn} < 82 +jé(5222fp ({ 6, — 9‘ c Aj} N En> . (3.12)
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Define, T; = {t : |t — 6] € A;} then |T;| = 62/~! and

P({

B, — 0| € A} NE.) < P (3t Ty: [Ru(0)] = [Ru(1)))

=P (3t € Tj: [K(0)] — [k (0)] + [k (£)| — [Kn(£)| = [reu(t)] — [ (6)])
< P 25up [#u(t) — u(5)] = inf Jxu (1) — (6] )
teT; teT;
(3.13)
Now apply Lemma 2.1 on inften, [,(t)| — [, (0)]. This can be done by noting that

we can substitute the set T; with A1, provided that 52/=1 > Ch*. Then part (b) of
Lemma 2.1 implies that,

inf |x, ()] > inf |x;, (¢t
inf b ()] > inf s (0)

> Co2 3, (3.14)

Apply part (a) of Lemma 2.1 along with (3.14),

inf |k, (£)] — |x,(0)]| > inf K, (1) — |x5, (0
ot )] = @) > int ()]~ e (6)
> Co2th3 —Che3
> Co21h3, (3.15)

Now if we choose § < h* with i = h, then § < n~ %+ and for a sufficiently large
C, C622h=3 > 20, = 21e*h~(®+0)/2_ Then using (3.13) and (3.15) with the choice
A = C6271h73 apply Lemma 2.3,

P({

b, —0| €A} NE) <P (2sup|ﬁh<t> (0] > jnf ()] — |xh<9>|)

teT;

<P (sup |Z(8)] > C52j2h3>

teT;

. 2792j1,&
< C52]+1huc/2—18—a|Tj’eXp (_C5 2R )

820‘

< Co2¥p(a=2)/2ga exp (—C22j> . (3.16)
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The last line uses the fact that under the choice of optimal bandwidth (3.5) and § < h*
then 62h%e~2* = O(1). Furthermore, notice that,

5222jh(1x—2)/2£—1x - h(4s+tx—2)/28—a
_ 8204(5—1)/(254-/1)
— n—uc(s—l)/(25+a)

"°0 sinces >3anda € (0,1]. (3.17)

Thus, by (3.12), (3.16) and (3.17) we have,
|

Finally, using (3.7), (3.8) and (3.18) we have,

@—vfn&}gaﬁfikﬁ%p({@—ﬁ‘e@}mEa

<6 (1+0(1)). (3.18)

E

~ 2
@—e‘gm{

@“*ﬁlh}+P@®=5%1+MD)xn””m”W1+dD%
(3-19)

Therefore, by (3.19) there exists a positive constant C* < co that doesn’t depend on n
such that under the square loss function w(u) = u? we have,

lim sup inf R, (én, n*“s/(zs“‘)) = limsupinfE
n—oo 0, s n—oo 6,

s/ (25+a) <§n _ 9) ‘2

~ 2
< limsup inf p2es/ (2s+a) g ‘9,1 — 9‘
n—oo 0,

< C". O
3.2 LOWER BOUND

The lower bound result is spread over three subsections. In Section 3.2.1, the general-
ised framework for constructing a minimax lower bound is outlined. Due to the nature
of the problem, there is a close link between fBm and fractional calculus. Some key
aspects of fractional calculus and fractional stochastic calculus that are crucial to ob-
taining the lower bound result are given in Sections 3.2.2 — 3.2.3. The main lower bound
result along with the definitions and discussion of the functional class .7; () are given
in Section 3.2.4.
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3.2 LOWER BOUND

3.2.1 General reduction scheme

A general outline of obtaining a reduction of the general minimax risk was obtained by
Tsybakov (2009) and is explained here for completeness and easy reference. It is based
on the following three points.

(i) Consider a first simplification by an application of the Markov Inequality. Recall
from Section 1.4 that the loss function w is positive and monotone, then let A > 0 and,

B {a(570 () 2 0P (74 (7 f) 2 4) =0 P (1 (7o) 25).
(3-20)

So, by (3.20) we can reduce the general minimax risk, R% (0,), to the minimax prob-
ability as follows,

R (pn) = 1Jr?zf;1€1§IE {w (p;ld (fnrf))}

> igfﬁggw(A) p (d (ﬁ,f) > Apn> .

Hence, to obtain a lower bound on the minimax risk, it is sufficient to consider a lower

bound on the minimax probability given by,

ijgf;lel;P (d (ﬁ,f) > Apn> .

(ii) Reduce the problem further by considering two elements fy, fi € .#. Obviously
if fo, f1 € %, then,

1?f?£ P(d(fuf) = Apa) > igfferR[?}l}P (@ (Fuf) = 4pn) (3.21)

whenever we have a finite subset {fo, fi} C .#. In practice, {fo, f1} will be suitably
chosen for the problem.

(iii) Choose functions fq, f1 separated by a distance of at least 2Ap,. So by the triangle
inequality,

d(fufo) +d (fufi) 2 d(fo, 1) = 24ps. (622)

Then, for any estimator ﬁl,

P(d(fufi) = Apa) = P(E" #j), j=01; (3:23)
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where (* is the test of the minimum distance defined by,

{* = argmind (fn,f]) .

je{o1}

Indeed, consider the following argument. From (3.22) it implies that d( ﬁq, fo) and
d (fn, f1) cannot both be simultaneously be less than Ap,. Say for example that d( fn, fi) <
Apy, then d( ﬁl, fj) > Apn. This implies that,

P (1 () = 40) 2 (7)< A0
P (4(7f) <a(7ur))
P(C"#j)-

If we now combine (3.23) and (3.21), we can construct two functions fy, f; that satisfy
(3.22) such that,

inf sup P (d (ﬁ,f) > Apn> >inf max P (d (fn,f) > APn)

fu fez fu felfo.fr}
> inf max P ({* # i
_ﬁmmu(g#”
— . f P . d A’ .
oty (i (7) #1)
> inf max P ]
_ammu(g#ﬁ

where inf; should be interpreted as the infimum over all test functions, .
Therefore, to establish the minimax lower bound, we just need to check that

. N~
lgggP@#ﬂ_C,

where 0 < C < oo is a positive constant that does not depend on n and that fy and
f1 satisfy (3.22). The value inf; maxj—o1 P ({ # j) is called the minimax probability of
error for the problem of testing the two hypotheses fo, fi.

3.2.2  Fractional calculus

In this section, the machinery and analysis of some relevant fractional calculus are
outlined with the use of some fractional functional operators. These are defined on
both the real domain and the Fourier domain. There is good reason for this, as will
be seen in Section 3.2.4, the functional class 7 (), is defined in the Fourier domain
and consequently requires this machinery to be defined in the Fourier domain as well.
To be sure that the results of Parseval and Plancherel can be used, assume at the very
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least that 1 € % ([0,1],R). Start with the definition of the fractional integral operator
and its adjoint.

Definition 3.1. Let v > 0 and p € £ ([0,1],R) then for x € [0,1] the fractional integral
operator D~V (x) exists almost everywhere and is given by,

r(lv) /Ol(x C O lu(d x> 1
D~Vp(x) = r(lv) /Ox(x — O (b, if0<x<1
0, ifx < 0.
D ap(x)

where D™V (x) := vafl]l(o,oo)(x)-

Proposition 3.1. Let v > 0and p € £ ([0,1],R), then the fractional integral operator D~"
given in Definition 3.1 has an adjoint DV that satisfies,

0, ifx>1
D Vu(x) = r(lv) /xl(t ) lundt,  fo<x<1
r(lv) Ol(t _ o d, fx <0,
=D "xp(x),
1

where D,V (x) :=D7V(—x) = m(—x)”_l]l(oloo)(—x).

Proof of Proposition 3.1. If u,g € £ ([0,1],R), then use Definition 3.1 and apply Fu-
bini’s Theorem,

1
(D~'ng) = [ (D (g(x)dx
= F(lv) /01 /Ox(x — 1)V tu(t)dt g(x)dx
_ F(lv) /01 /tl(x ) g (x)dx u(t)dt

1
— | utDrgtar
0
= (nDi'g)- O
As stated earlier, the operators have a representation in the Fourier domain and

these will be useful for our purposes in the lower bound result in Section 3.2.4. The

next proposition determines this Fourier representation.
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Proposition 3.2. Let v > 0 with D~V and DV be the fractional integral operator and its
adjoint given by Definition 3.1 and Proposition 3.1 respectively. Then these operators have the

Fourier domain representation satisfying,
FD V'u(w) = (2miw) " j(w) and  FD.Vu(w) = (—2miw) "j(w).
Proof of Proposition 3.2 .
= / DV (x)e 2w dx
- [ 111{x>0} S,

xV— 1 o i
— —2TTlwXx
= /0 ) e dx

oy ) ul/—l .
= (2miw) /0 F(v)e du

= (2miw)™".
Thus, by the Convolution theorem,
FD Vu(w) = F (D™"spu) (w)
= FD " (w)Fu(w)
= (27iw) "V j(w). O
The fractional integral operators have an inverse operator or fractional derivatives
operator given by,

Definition 3.2. Let 0 < v < 1 then the fractional derivative operator DV is given by,
D'u(x) := DD~ u(x),
where D = % is the regular differential operator and D~1=Y) is the fractional integral operator
given by Definition 3.1.
Similarly there is a corresponding adjoint operator defined below.

Definition 3.3. Let 0 < v < 1 then the adjoint fractional derivative operator DV is given by,

DYu(x) := DD, p(x),

—(1-v)

where D = % is the regular differential operator and D, is the adjoint fractional integral

operator given by Proposition 3.1.

The fractional derivative operators given by Definition 3.2 and Definition 3.3 are
inverses for D" and D, since the fractional integral operators are linear and D is the

inverse of D!, the regular integral operator.



3.2 LOWER BOUND

3.2.3 Fractional stochastic calculus

To be able to bound the error process Z,(t), some extra results from fractional stochastic
calculus are needed. This is done by re-expressing the fBm in a particular way in terms
of a fractional derivative. Recall from Definition 2.4 that fBm has the representation,

C t 1
B (t) = r(Hi;)/o (t— )1 dB(s).

This quantity can be linked to fractional calculus with the next proposition.

Proposition 3.3. Assume t € [0,1], x € [0,1] and v > 0, then the following holds,

1
D V1 = —(t—2x)"%
* (O,t)(x) F(V+1)( x)+l
where
X ifx>0
X4 = (3.24)
0, ifx<0.

Proof of Proposition 3.3 . Note that,

(t—x), if0<x<t,
(t=x)y =
0, if0<t<x.

The proof is split into these two cases.
e For0<x<t<l1,

r(lv) / (= ) g (w)du

_ r(lv) /xt(u — x)"ldu

(t—x)"

CT(w+1)

D, " (x) =

e For0<t<x<l1,
v 1 1 y—1
D, Il(0,1&)(35) = F(V)/x (u—x) ]l(olt)(u)du =0. ]

We are now in a position to be able to show that By(t) can be considered as the

fractional integral of standard Brownian in the following sense.
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Proposition 3.4. Let H € (%, 1) and B be a standard Brownian motion. Then the fBm By can
be expressed by,

Bu(t) = CyD~H-2)B(t),

where Cy is given in Definition 2.4.

Proof. First, an auxiliary result will be shown that,

d [t(t—s)f3 Lt (t—s)Ha
i NCET I NCED 5:25)

This result uses Leibniz Integral rule and Lebesgue-Stieltjes integration by parts. Apply
the Leibniz integral rule first, note that the derivative of the lower integral limit is
trivially zero and the integrand evaluated at the upper limit at ¢ is zero. Therefore, by
the Leibniz integral rule, the differential operator passes into the integrand,

d [t(t—s)f2 Cqtd [(t—s)H
%/0 7F(H+%) B(s)als—/0 dt(r(H+1)>B(S)ds

2

/ ( (t—s)Hl—)> B(s)ds,

2
(t—s)H3

= / s)dF(s where F(s) = — rHL D)
2

= - [ R
G
_/Ode(s),

which proves (3.25). Apply the fractional integral operator to B(t) and use (3.25),

dB(s) + B(t")F(t) — B(0")F(0")
ool

t (t _ S)H—%
T(H~-3)

B td [ (t—s)H2
= CH/O pr (I’(H—i—%) ) B(s)ds

_ t (t—s)H_%
B CH/o T(H+1) 4B(s)

= By (). O

cyDH-3)B(t) = CH/ B(s)ds
0

The next idea is to consider the set of functions y such that the stochastic integral
with respect to fBm is well defined. That is, the process,

[ ) dBu),
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is a well defined random variable with finite variance. The class of functions y that
satisfy this property will be denoted by # and is defined below.

Definition 3.4. Let H € ( %, 1) be constant, then the class # is defined,

1 1
o = {u: 0,1] —>1R‘ Ml = (uihoe = Vi [ [ o)) |t =5 dst < oo} .

A useful embedding of the square integrable functions exists with .% ([0,1], R) C #
and is verified with an easy argument in (Biagini, Hu, Oksendal and Zhang, 2008, p33).

The next proposition involves stochastic integrals with respect to fBm and shows that
they are equivalent to a stochastic integral with respect to a standard Brownian motion.
As is standard with stochastic integrals, they are equal in the mean-square limit sense.
This is explained further after the following Proposition.

(H-3)

Proposition 3.5. Assume H € (3,1) and D, e % ([0,1],R) then the integral of

1 with respect to fBm can be re-expressed as the following integral with respect to a standard
Brownian motion,

/o1 p(x)dBy(x) = Cu /01 D, " (x) dB(x). (3.26)

Proof of Proposition 3.5 . Firstly, there is an isometry between the inner products, (-, -)
and (-, -). This is given by,

Lemma 3.1.2 (Biagini, Hu, @ksendal and Zhang, 2008). If (f,g)x < oo then the
following isometry holds,

(f,8)o = C2(H)(D. g, D, 2y,

where the constant C(H) is given by,

H(2H -1)r (3 — H)
I'(H-3)T(2-2H)

C*(H) =

This is important as it justifies that both sides of the equality in (3.26) are well defined
random variables. Start the proof by considering simple functions i, of the form

n
]’l”(x> = Z Ci]l[x,-_l,x,-) (X>
i=1
where {0 =xp < x; <...<x, =1} is a finite partition of [0,1] and {¢;: 1 <i < n}
are constants. We also consider simple functions such that,

()] < ()] and i gy (x) = ()
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for all x € [0,1]. The left hand side of (3.26) becomes,

LHS:/lyn(x)dBH(x)
:/ ch [xi 1,%) dBH( )

= ECZ-(BH(xi) — BH(XI',1)). (327)
i=0

_(H-1
Using Proposition 3.3 and the linearity of D, H72) the right hand side of (3.26) be-
comes,

' - (H-1)
RHS:CH/O Dy "2 (x) dB(x)
1 J—
:CH/O D* ch [xi—1,%;) dB()
—Cu) ¢ /O Do, L (x) dB(x)
i=0
[T
=Cu Y | P W) (5) = 10 (5)) dB()
- v —H-1) H-3)
=cnya [ 2 V1006 0 [ D V1, (a8
1=

CHiér(;;;){/ol(xi—x)f 2dB(x) — /O(xl 1—x)f %dB(x)}

I
ME

¢i(Br(xi) — Br(xi—1)). (3-28)
0

The last line follows using Definition 2.4. Now decompose the function y into its
positive and negative parts: u(x) = u*(x) — u~(x) where u™(x) = u(x) V0 and
u (x) = —(u(x) AO) and x Ay := min{x,y}. Do a similar procedure for p,(x) =
iy (x) — py; (x), then apply the Monotone Convergence theorem with (3.27) and (3.28),

1

1 1
lim [ u,(x)dBy(x) = Cy lim D;(H_f)yn(x) dB(x)

n—oo Jo n—oo 0
= CuJim [0 Vi) a@) - cufim [0V (1) a()
:CH/ D, (H-3) ut(x dB(x)—CH/ D, (H-3) ;u’(x)dB(x)
0
1
—CH/ D, "2 () dB(x). (329)

With (3.29) in mind, the proof will be complete if it can be shown that,

1 1
lim ; tin(x) dBp(x) :/0 #(x)dBy(x). (3-30)

n—00
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To show (3.30) holds, apply Proposition 2.2 (Gripenberg and Norros, 1996) (see page 43)
and consider the mean-square convergence directly,

2
= lim E

n—00

Iim E

n—00

[ ) = ) B ()

= lim (pp — p, o — ) o

n—oo

1 1
|| ) aBix) = [ p(x) aBax)

2

76

= lim {<,un/,un>5{ = 2(ptn ) + <14/V>9{}

n—oo

=0.

The final piece of machinery that is useful for proving the lower bound result is
a Girsanov type theorem for fBm. The theorem of Girsanov is concerned with the be-
haviour of probability measures for Brownian motions with separate drift functions.
As was shown in Section 3.2.1, the lower bound can be constructed by comparing the
behaviour of two suitably chosen functions fy and f; from a functional class .7. As
such, a Girsanov type theorem for fBm is a valuable tool for this and has been found
by Biagini, Hu, Oksendal and Zhang (2008, Theorem 3.2.4). This theorem needs some

auxiliary definitions which are given first.

Definition 3.5. Let (R, Z) be a measurable space and Py and P be two probability measures
on (R,#). Then we say that Py is absolutely continuous with respect to Py if whenever
P (A) = 0 then Py (A) = 0. We write Py < P;.

Definition 3.6. If P < Py, then there is non-negative function, f, such that,
Py(A) = / fdPy where A € %.
A

The function f is called the Radon-Nikodymn derivative of Py with respect to IPy and is some-
times denoted,

dPy

Theorem 3.2.4 (Biagini, Hu, Oksendal and Zhang, 2008). Let P be the probability
measure associated with By and define the functions A:[0,1] — R and A:[0,1] — R such
that,

O
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Then define

Br(t) = Bu(t) + /OtA(s)ds

which has an associated probability measure IP1, then the Radon-Nikodym derivative is,

1
0

— exp {_ /OlA(x) dBy(x) — ;<A,A>ﬂ} :

o —ew{- [[awdsut -~ [ [ aea0)p(, st

3.2.4 Lower bound result

As alluded to earlier, a slightly different class of functions is used in the lower bound
in comparison to the upper bound. This new class of functions is close to the class
%1 ([0,1],0) and is characterised in the Fourier domain and denoted .7 (6). To prove
the lower bound result the technique used in Goldenshluger et al. (2006) is modified
to the case of direct observations with LRD noise by considering the risk in the Fourier
domain. Define this new functional class, .7; (6).

Definition 3.7. A function y € 7;(0) if u:[0,1] — R and
1. ‘ [y(l)} (9)‘ =a>0.

2. The left and right second derivatives are equal at the change point, that is,
u(07) = u® (7).
3. The function u € % ([0,1],R) and satisfies the following condition,

/ | Fu(w)||w|®dw < oo.
R

The functional classes .7 () and %} ([0,1],0) need to be compared to gain insight to
the minimax rate result in Theorem 3.1 (see page 18 for the definition of € ([0,1],0)).
In the forthcoming argument, refer to the defining properties of both classes in Defini-
tion 1.16 and Definition 3.7. Clearly, for general s > 2, property 1. is the same for both
functional classes. However, property 3. of .7 (0) is slightly stronger than property 3.
and 4. of €} ([0,1],0). Indeed, properties 3. and 4. of % ([0,1],6) are the Taylor ex-
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pansions of the function around its kink location 6. These require uniformly bounded
derivatives up to order s. To this end, note that,

sup [4()] = sup |71 FHO )]
x€[0,1] x€[0,1]

= sup /]—"y(s)(w)ez”im dw’
xe[0,1] IV R

= sup /(2niw)5ﬁ(w)e2”i’“" dw’
xel0,1] /R

< @) [ el [iw)] deo. (31

This proves the claim that property 3. of .7; () is slightly stronger than the uniformly
bounded derivative condition in the Taylor expansions in % ([0,1],6).

On the other hand, property 2. of ¢, ([0,1],6) requires that all the intermediate
derivatives, y(j ), have equal left and right limits for j = 2,3,...,s — 1 while property 2.
of .7 (0) only requires that the second derivative satisfies that condition.

Therefore, one functional class is not contained in the other functional class and
the minimax result will apply to functions that are in both classes. These functions,
u € s (0):=%r(0,1],0) N7 (0) and are defined as follows.

Definition 3.8. A function y € #; (0) if,
1. ‘ [;1(1)} (0)’ =a> 0.
2. The left and right higher order derivatives are equal at the change point, that is,
) (67) = ull) (07) forj=23,...,s—1
3. The function y € % (]0,1],R) and satisfies the following condition,

/ | Fiu(w)]|wl]® dew < co.
R

For Corollary 3.1, the class of functions that have m kinks need to be given with a
Fourier representation. These will be given by

Definition 3.9. Let m > 1 and s > 2 be integers and a = (ay,az,...,an) € R™ be fixed
such that, a; € R\ {0} and 6 = (61,62,...,0,) with 0; # 0; for i # jand 6; € (0,1) for all
i=1,2,...,m. Then, we say that y € ;" (0) if u:[0,1] — R and

1. y has m kinks, that is, for all i =1,2,...,m we have,

H0] () = uV(07) —pM(67) =i £ 0.
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2. The left and right second derivatives are equal at all change points, that is,

u? (67) = u? (6:") fori=1,2,...,mand j=2,3,...,5— 1.

1
3. The function y € % (]0,1],R) and satisfies the following condition,
[ 1Fu@)llwf do < oo,
R

The lower bound result is now stated and proved for the functional class .7; (0).
Which combined with the above argument will prove the minimax result for the class

A5 ().

Theorem 3.3. Suppose u € 7, (0) is observed from the model (2.2) and also assume that & > 0
is bounded away from zero such that there exists a k with 0 < k < « < 1, then, there exists a
positive constant ¢, < oo that does not depend on n such that the lower rate of convergence for
an estimator for the kink location 0 with the square loss is of the form,

—as/(2s+a) > oF
hﬂglflfl)’lnng <9 n > > c*.

Proof of Theorem 3.3 . The proof uses the methodology outlined in Section 3.2.1 by con-
sidering the Kullback-Leibler divergence between two particular choices of functions
to, 1 € 5 (0) . The Kullback-Leibler divergence is defined in terms of absolutely con-
tinuous probability measures below.

Definition 3.10. If two probability measures are absolutely continuous with respect to each
other, that is, Py < Py and P1 < Py (see Definition 3.5), the Kullback-Leibler divergence of
two probability measures is defined to be,

P
K (Po, IP;) / In Z]P;’dlpo

B dPy
= Ep {ln P, }
AP,

where 7p? is the Radon-Nikodym derivative of measure Py with respect to measure Py.

This is then linked to the lower rate of convergence by

Theorem 2.2 (iii). (Tsybakov, 2009). If Py, 1Py are two probability measures on (R, A)
and the Kullback-Leibler divergence IC(IP1,1Pg) < C < oo for some C > 0 then,

infmax P ({ # j) > max <}1exp(—C), Pﬁ) .

¢ j=01

Consider a function p9 € Z;(6p) where 6y € (0, %) Then define, 8; = 6y + J where § €

(60,1 — 6p). There is no loss of generality imposed by this, a symmetric argument can
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be setup to accommodate the case when 6 € [1,1). Define the functions v:[0,1] — R
and vy : [0,1] — R such that

N

Z)(x) = a((91 A x) - 90)1[(90,1]()(), Z)N(x) = /_N 5(w)62m'xw dw,

where a is the size of the jump given in Definition 3.7. Note that, vn(x) is close to
v(x) in the sense that it is the inverse Fourier transform of 7(w)1 ,|<y- Also, note with
these defintions that the derivative,

oD (x) = alig, e, (X)-

The function (po — v) has a single kink at 6; since [‘uél) —vM](8;) = —a. Then define
11 = pp — (v — vn). The function vy is infinitely differentiable across the whole real
line and smooth for finite N, which implies that y1 = po — (v — vn) has a single change-
point in the derivative at 6; and [ygl)]((?l) = —a. Consider the behaviour of v in the

Fourier domain,

7 (w) = FD Do (w)
= FD 1M (w)
= (2miw) ' Foll) (w)
— (Znia))*la/]R Li6y,01] (x) e 2THwX gy
1 61 ,
= (2miw) "~ a/ e 2Twx gy
6o

—a (27U'w)*2 (E—meeo . e—2mw01)

— 4 (Zniw)fz o~ 27ticobo (1 _ e—27‘[iw5> '

So the modulus of 7' is,

~ _ a —27tiws
B = ot 1™
a
arpief 7
ad

- (332)

8o
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We now investigate the required conditions on N and consequently vy to ensure that
u1 € J5(01). Using (3.32) we see that,

N
[ 1Fon(@)lof do = [ o) o de

5 (N _

< 2 / lw|" dw

2w J-N

N

= @ w' ldw

T Jo
oy

s

which is bounded if N is chosen to be N = (%)1/S where C is a finite positive

constant. Then by (3.31), the same choice of N will ensure that vy has order s bounded
(2

derivatives. By definition v(?)(x) = 0 almost everywhere which implies that uy” =
y( ) 4+ v( ) almost everywhere as well. Consequently it follows that, 1 € Z;!(6) since,

[ 1Fm @) wf do < [ 1Fpo (@)l do+ [ |Fon (@) lwf de

< C <o,

for some positive constant C. To be able to exploit the fractional Girsanov Theorem,
define A = yp — 3 = v — vy and it can be seen that A:[0,1] — R. The fractional
Girsanov Theorem also needs a paired function A: [0, 1] — R. Define such a function,

A(t) = “C2(H)DI/2DH-12A(1),

where C(H) is given in Lemma 3.1.2 (Biagini, Hu, Oksendal and Zhang, 2008) (see
page 74). This definition will ensure that the following equality holds, at least in the

distributional sense,

1
A(t) = ¢ /O A(s)¢(s, t)ds, (3-33)

where ¢(t,s) =1/2(2 —a)(1 — a)|t —s|~*. The justification for this claim follows. Ap-
ply the fractional integral operators to the definition of A,

A(t) _ szcz(H>D7(H71/2)D;(H71/2)A(t)‘

Then consider the inner product (A, A) and apply Lemma 3.1.2 (Biagini, Hu, Oksendal
and Zhang, 2008) (see page 74),

<A A> (H) —(H- 1/2)'D*_(H_1/2)é>

(H-1/2)

A p-(H-1/2)

(8,D
(D! A)
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So in the distributional sense, (3.33) is valid.

To evaluate the behaviour of A in the Fourier domain use Definition 3.1 and Pro-
position 3.1, so A can be written in terms of the fractional integral operator and its
adjoint,

eA(H) = /0 " A(s) (s, £)ds

- 2=t _Za)r(l_“)l"(ll_a) /OlA(S)|t—s|_ads
- m {/OtA(S)(t _S)D‘dS—F-/tlA(.g)(s _ t)ads}

_ r(32_“) {D‘(l_”‘)é(t) - D;“’“)A(t)} :

Change into the Fourier domain and apply Proposition 3.2,

e FA(w) = m’z_“) {ID*“*“)A(w) + ]—“D*_(l_“)é(w)}
= F(32— ®) {(Zm'w)_(l_"‘);(w) + (—2niw)_(1_“)§(w)}
= DO 05 w) { (@mieo)~179) 4 (~2mico) 10}

Recall, by assumption in Theorem 3.3, there exists a positive value k such that 0 <
k < a. Therefore, there is a bounded positive constant Cy that depends on k such that
‘ A (w)‘ is bounded,

~ Ce *Aw)
Alw) =
Alw) (2miw) == + (=27iw)~1-0)
TNl Ce*|A(w)]

T o T+ (-) 0]

~ Cre *|A(w)]

A(w)] < PG

|B(w)* < Cie™|Aw) lw]? 2, (3.34)

Also, there is a simple bound for A given by,

A(w)

I
N

(v—on)(w)
w) — (W) Lyjw|<ny

w)ﬂ{‘wEN}. (335)

I
S|

=70

(
o
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So, by (3.34) and (3.35) the bound can be further simplified,

A(w)? < Cre™5(w) P ooy [0

< Cra*6Pe > [w| T =y (3.36)

The last inequality follows by (3.32). Now let Iy and IP; be the probability measures as-
sociated with model under ¢ and y; respectively. That is, IPj is the measure associated
with,

dYy(x) = po(x)dx + €* dBy(x)
and IP; is the measure associated with,
dYi(x) = p1(x)dx + €* dBy(x).
Define, B (x) := e *D~'A(x) + By(x) and then under the IPy measure,

dYo(x) = po(x)dx + €* dBy(x),

Yo(x) = D pp(x) + €*By(x)
=D )+ (T2 s myo)

= D_lyl(X) + SDCBSH(X)

dYO =M (x)dx + " dEH(X)

Thus the model Yy can be modified to be the same as the model Y; if the measure
is used under the By(x) process. Apply Theorem 3.2.4 (Biagini, Hu, Oksendal and
Zhang, 2008). (see page 76) with Proposition 2.2 (Gripenberg and Norros, 1996) (see
page 43). It follows that the Radon-Nikodym derivative is as follows,

by _ exp {— /OlA(x) dBp(x) — %IEIPO </01A(x) dBH(x)>2} - (3-37)

Recall H =1 —«a/2 and apply Proposition 3.5 to (3.37),

m P _ e, /O 1 (D" A) (x)dB(x) + Cirg,, ( /01 (2 72a) () dB(x))z

2
=y [ (D28 () aBe) + S [ (00728) () e
(3:38)
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The above integral is well defined. Indeed, by virtue of Lemma 3.1.2 (Biagini, Hu,

Wksendal and Zhang, 2008) (see page 74),

So the Kullback-Leibler divergence can be evaluated using (3.38) with the Plancherel
identity, Proposition 3.2 and (3.36),

dPPy
dP,

%L ol e
% [ b () o

— 7H /]R ’(—Zniw)’(lf“)/z‘z ‘;(w)‘z dw

K(]PQ, lPl) ]E]po 11’1

< Ck/}R |w|* ! ‘;(w)‘z dw

< Ckazézsfz"‘/ |w’—lx—1 dew
|w|>N

= CpbPe™ / w ¥ N dw
w>N

— Ck528720¢N71X

— /S
o o [sTC\ "
= Ck(S € <ﬂ5 >

— Ck5(25+06) /587206‘

Now choose § =< e2/(2+%) which guarantees that /C(IPg,IP;) < C; < oo for some
finite positive constant Cy. Then by Theorem 2.2 (iii). (Tsybakov, 2009) (see page 79)
combined with the fact that ¢ < n=1/2 it follows that the lower rate of convergence for

the minimax risk is e24s/(2s+a) — p—as/(2s+a) O
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RANDOM DESIGN WITH LRD ERROR VARIABLES



RANDOM DESIGN WITH LRD ERRORS

In this chapter the primary problem is to extend the kink estimation method that
was constructed for the fixed design model in Part II to the random design model. In
particular, for the random design framework with i.i.d. design variables and LRD error
variables. Similar to Part II, work on this topic has already been published in Wishart
and Kulik (2010), although full treatment is given here with tightened results and more
generality.

Similar to Part II, the ZCT is described and adapted further to deal with the random
design framework. The random design kink estimation method in this chapter is de-
scribed over three sections. A review of literature on nonparametric regression in the
random design context is given in Section 4.1. The particular assumptions on the model
are in Section 4.2. The adaptation of the ZCT to estimate kink locations for the random
design model is given in Section 4.3. To help with the presentation, a demonstration of

the random design extension is given in Section 4.3.3.

4.1 RANDOM DESIGN REVIEW

Let {X;}!; be iid. random variables independent of {e;}! ;. As in Part II, {¢;}/_,
are assumed to be a sequence of LRD error variables. Assume that a bivariate dataset

{(X;,Y:)}i_, is observed that follows the regression model,
Yi = u(Xi) +o(Xi)ei, (4.1)

where the design variables X; are supported on X C R with regression function,
#: X — R and scale function ¢: x — R™.

It is worth noting that this might not be the most relevant model in practice. Instead,
it might be more feasible to consider a model with dependence in the design variables.
However, model (4.1) with i.i.d. design variables and LRD errors is a good exercise and
first step before analysing the opposite scenario with LRD design variables and i.i.d.
errors which is a more difficult framework and is considered separately in the final
part of the thesis in Part V.

For the kink estimation procedure, the ZCT described in Part II will again be pur-
sued here for the random design model (4.1). However, before proceeding further, the
differences between model (4.1) and other nonparametric and parametric models and
their link to the theory given in Part I are examined.
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4.2 MODEL ASSUMPTIONS

Firstly, (4.1) can be thought of as an extension to the fixed design models given in
Part Il in the sense that the design points are no longer restricted to a grid of points and
the scale function o(-) allows heteroskedasticity for the error terms in the regression
model.

The analysis of this random design model needs to be considered quite carefully,
since the asymptotic behaviour of the estimators is balanced on the behaviour of the
scale function and on the level of dependence in the errors. This delicate asymptotic
behaviour will become evident and discussed in the analysis section in Section 4.3.4.
Before we reach that stage, a review of the existing literature for this topic is covered.

There is an extensive treatment in the literature on both parametric and nonpara-
metric methods for regression models with a random design framework that assume
ii.d. design variables and error variables. The methodologies used include but are not
limited to kernel smoothing, wavelet decompositions and orthogonal series. Some of
these articles have established optimal methods in the minimax sense (see Fan (1992);
Antoniadis, Grégoire and Vial (1997); Miiller (1997); Baraud (2002); Zhang, Wong and
Zheng (2002); Bertin (2004); Birgé (2004); Kerkyacharian and Picard (2004); Chesneau
(2007); Kohler (2008)). The methods of change point estimation have also been con-
sidered in the iid. random design framework by Korostelév (1987); Korostelév and
Tsybakov (1993); Gijbels, Hall and Kneip (1999); Huh and Park (2004); Park and Kim
(20006).

4.2 MODEL ASSUMPTIONS

The specific assumptions on the structure of the random design model defined (4.1)
will be outlined in this section. There will be some common definitions and notation
that overlap for both this part and Part V.

4.2.1  Common random design definitions and notation

Denote F = Fx to be the cumulative distribution function of X and denote the empirical
distribution function of X by F,(x) := n~ 1Y, lix,<x)- Also let Q = Fland Q, =
F, ! be the quantile and empirical quantile functions respectively. Finally, we need to
impose some mild restrictions on ¢. For technical reasons that will be revealed in the
proofs of the forthcoming convergence results in Section 4.3.4, assume ¢ is bounded

away from zero and infinity in the sense that,

0 <info(t) <supo(t) < oo (4-2)
tex tex
and that ¢ € ., where r > 3. In both Parts a specific type of LRD random variable will
be assumed to hold. This type of random variable is called a causal LRD linear process
and is defined below.
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4.2 MODEL ASSUMPTIONS

Definition 4.1. Let c; be a set of square summable constant coefficients that are defined,

1, ifi=0
i~H2L(0), ifi>1

where L:RT — R is a slowly varying function (see Appendix A) and « € (0,1]. Then, a
random variable ¢;, is said to be a causal LRD linear process if,

Gi = pe+ ) Cjllij
=0

where |pg| < oo and n; are i.i.d. random variables with density f, and moments En; = 0 and
-1
Eq? = (Z]?"’:O c]2) =:0y.

It is worth mentioning, that due to the structure of c; coefficients in Definition 4.1, a
causal LRD process does not have bounded support, it is supported across the whole
real line. As a side issue, it is often claimed in the literature that the asymptotic covari-
ance structure of a causal LRD linear process satisfying Definition 4.1 can be evaluated
by ‘simple routine’ calculations based on the theorem of Karamata (see Theorem A.1
of Appendix A). Namely, it is written that given a causal LRD linear process, {&;}/;,

the asymptotic covariance structure is
Cov (&i, Cin) ~ Can""Lz(n).

This result is true but does not follow from routine applications of the theorem of
Karamata. In fact the asymptotic structure is much more delicate and a proof is given
in Appendix B along with other similar results.

4.2.2  LRD error model assumptions

The specific details of the iid. design and LRD error variables that are used in this
chapter are now stated and encapsulated by,

* Assumption (E)

The error variables {¢;};_; are assumed to be derived from a causal LRD linear
process satisfying Definition 4.1 with parameter a, € (0,1], unit variance and
mean Zzero.

The design variables, {X;}"_; are iid. random variables with support X C R and
common density fx such that fx(x) > 0 for all x € X and sup, ., |f)((s/\r)(x)| < oo.

Furthermore, the random variables {¢;}! ; are assumed to be independent of
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4.3 RANDOM DESIGN KINK ESTIMATION METHOD

{X;}_,. Also assume that fx(x) > 0 for all x € R with the added condition that
there exists an a,b € (0,1) such that0 <2 <1—b < 1 and

inf > 0.
Q(u)<;lcr<1Q(1—b) fx(x)

For Assumption (E), define the associated set of o-fields,
51' = 0’(. .. ,171'_1,1’]1’;X1,X2, e ,Xi).

The strictly positive constraint on fx given in Assumption (E) implies that F is strictly

increasing as well.

4.3 RANDOM DESIGN KINK ESTIMATION METHOD

The main result of this section is concerned with the construction and analysis of an
estimator, @n, of the kink location 6. The theoretical result with a brief discussion is
given in Section 4.3.1. The extension of the ZCT used in Part II to the random design
framework is given in Section 4.3.2. To ease the representation of the method, a visual
demonstration of the random design extension is given in Section 4.3.3. The asymptotic
convergence results and large deviation results are given in Section 4.3.4. The final
method and proof of the result is given in Section 4.3.5.

In Part II the stochastic analysis of the method was substantially easier since an
asymptotic model was considered. There have been papers that show that there is an
asymptotic equivalence between random design models and the white noise model.
For example, it has been shown by Brown, Cai, Low and Zhang (2002) and Reifs (2008)
that there exists an asymptotic equivalence between model (4.1) and (2.10) (the white
noise model) when o(-) = C, the design variables are i.i.d. uniform random variables
and the error variables are ii.d. and and independent of the design variables. However,
this is not the case for general i.i.d. design points and ¢ : X — R.

Therefore, since there is no argument that can justify the use of an asymptotic model
in the general random design framework considered here, the finite random design
model (4.1) is used for all the analysis in this part (and in Part V). This makes the
analysis more difficult.

4.3.1  Convergence result for LRD errors

The main result of this chapter is concerned with the construction and analysis of
an estimator, (3”, of the kink location 6. The estimator (/9\,1 is constructed such that it
convergences to the true kink location 6 in the sense that it satisfies the probabilistic
bound in the theorem below.
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Theorem 4.1. Suppose a bivariate sequence of observations {X;, Y; }:_, that follow model (4.1)
and satisfy Assumption (E) are observed such that y € €} (X,0) and o € %, where s A1 > 3.
Then an estimator, 5,1 of the change point, 0, can be constructed such that,

B, — 0] = O, (/D).

The minimax optimality of this result is not pursued in this thesis. However, parallels
can be drawn between this result and the minimax results in the literature for the fixed
design case. Recall from Part III that the minimax rate for kink estimation from the
fractional white noise model (2.2) is p, = n~*/(>+%) 1In particular, the case of fixed
design with ii.d. errors occurs when & = 1 and results in the rate p,, = n~s/(25+1) This
rate coincides with the rate in Theorem 4.1 which suggests that it could be reasonable
to conjecture that the rate is in fact optimal in the minimax sense.

4.3.2 Random design extension of ZCT

To be able to use the ZCT, a proxy is needed for the probe functional given in the fixed
design setting by

kp(t) = h* /01 K <x;t> u(x)dx.

In the fixed design framework it was assumed without loss of generality that the sup-

port of the design variables is [0,1]. This assumption has been relaxed here and it is
assumed that u € €.!(x,0) with x C R. Then «;,(t) is estimated in the random design
setting by considering,

1 ¢, (F(X)—t

This quantity is an unbiased estimator of X (t) := (¢, pur) where pup is the regression

K(t) =

function of u with a rescaled domain.
—~ F(Xq)—t
EX5,(t) = h™*Epu(X1)Ks <(;z))
F(u)—t
=it [ ks (F1) dr
a4 [T x—t
=h /0 ur(x)Ks T dx = K,(t) (4-3)

where ur(-) = p(F~1(-)). Therefore, if u € €} (x,0), then ur € €1([0,1],A) where
6 = F~1()A). In (4.3), the observed quantity is the smoothed third derivative of ur and
the method applied in Section 2.2 to the regression function y can be applied here to
the modified regression function yr.
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With the above argument in mind an estimator of 5,1 is constructed for the kink loca-
tion of y in the random design setting that is approximately the same as the estimator
for kink location A of yr in the regular design setting. This is done by estimating the
value of A by An using the established ZCT in the regular design setting. Then Ay is
rescaled by the quantile function to obtain an estimate of 6. This extra step will be
referred to as the quantile rescaling step.

Thus to assess the performance of our estimator we need to check that the conver-
gence of K,(t) to & (t) is sufficiently fast. Consider the two following processes,

7i(t) = u(Xi)Ks <F(X;1)_t> ,

N (4-4)
) = o(ka (“5).

With these definitions, the overall accuracy of the estimator can be decomposed into,

Kn(£) = Kn(t) + 2(1) + b (8), (4-5)

where z,(t) and #,(t) represent the respective stochastic error and stochastic bias con-

tributions to the estimator and are given by,

Z0(t) = n Y LD

o (4.6)
() = n Y (1i() — E (1))

i=1

The analysis of the above terms are given in the Section 4.3.4. However before pro-
ceeding with the in-depth analysis, the random design extension is demonstrated in
Section 4.3.3 on a simulated dataset to illustrate the procedure with the quantile scaling

extension.

4.3.3 Demonstration of the random design method with LRD errors

Before proceeding into the asymptotic analysis of all the stochastic terms inherent in
this random design framework, an illustration of the method in this setting is shown
in Figure 13 (see page 94) and discussed to give the reader a heuristic outline of the
approach. Similar to the numerical study in Section 2.3, the R software (see R Develop-
ment Core Team, 2010), was used to conduct the simulation with the added R-package
fracdiff to simulate the LRD variables. The actual variables that are simulated using
the fracdiff package are a fARIMA process which is slightly different to our assump-

tion of a causal LRD linear process given in Assumption (E). In particular, the variables
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simulated in our use of fracdiff are a fARIMA(0,d,0) process where d = 1%"‘ To

describe this process and justify its use, first define the Gamma function denoted by,

Then by (Hosking, 1981, Theorem 1 (a)) a fARIMA(0,d,0) process, {e;};_; has a linear
process representation,

(o]
ei =) Clijs
j=0

where

o F(] - d) -~ Cd]'d—l _ Cﬂj—(l-‘rlx)/Z

T TG+ DT(@)
and {7;};-, are a sequence of iid. latent random variables. Notice that the definition
of e; is very close to the definition of a causal LRD linear process given in Definition 4.1.
The only minor discrepancy arises in the linear coefficients which are ¢; = j —(1+)/21 (1)
in Definition 4.1 while ¢; ~ j~(17%)/2 in the fARIMA(0,d,0) representation given above.
Therefore, the fARIMA process generated by fracdiff seems a very worthy proxy for
purposes of this demonstration.

A random design regression model was simulated with n = 1024 observations. The
regression function used is similar to (2.9), however the kink location has been moved
to occur at = 1/2 instead of § = 2/3.

The LRD error variables were simulated using the R-package fracdiff (see Fraley
et al,, 2009) with the choice of dependence parameter « = 1/2. The realisation of
the error variables is shown in Figure 13 (a). The design variables are iid. and are
simulated from a beta distribution. This type of random variable is defined in terms of
its the probability density function below,

Titha) 2 pi-1(1 — x)B2=1, if x € (0,1)
fx(x; By, B2) = T(B1)T(B2) (4.7)

0, otherwise,

where 81 and B, are parameters that affect the shape and scale of the distribution. The
beta distribution was chosen as the design distribution with parameters, §; = 1.75 and
B2 = 1.25. This choice of parameters gives slightly more weight to the right side of the
(0,1) interval and is seen in Figure 13 (b). A scatterplot of the simulated random design
regression model for Assumption (E) is shown in Figure 13 (c) and it can be seen that
due to the density of the design, there are fewer observations where X; € (0,1/2) and
more observations for X; € (1/2,1).

The initial kink estimator of A is calculated using the ZCT on the estimator % (t)
after it has been normalised to the quantity T;C(t) (defined later in Section 4.3.5). This
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is demonstrated in Figure 13 (d). The analysis determined a value of A, = 0.401 for
the zero-crossing time. After rescaling by the order statistics of the design variables an
estimate of §n = 0.497 is obtained which is close to the true location at § = 0.5. Thus,
one can see that the ZCT can be successfully adapted to the random design framework

in practice with the added quantile rescaling step.

4.3.4 Asymptotic results for LRD errors

In this section the analysis of the stochastic bias and stochastic error contributions
given by (4.6) for the random design extension are analysed. These stochastic terms
need to be considered before proceeding to the next stage of the ZCT to ensure that the
stochastic contributions do not overwhelm the signal generated by the X,(¢) term.

The 7CT is a technique that was constructed for use in the fixed design framework.
It was shown in Part II that the only stochastic term that needed to be considered was
the stochastic integral process, Z,(t) = ejrh~* fol K3 (%1) dBy(x). Here, the method is
being extended to the random design framework and the equivalent process of Z, () in
the random design framework is given by z,(t), the discrete analogue of the stochastic
integral which also includes the scale function ¢ € . (X). Furthermore, there is an
extra stochastic bias term #,(f) which measures the discrepancy between the kernel
smoothing approach in both the fixed design and random design frameworks.

We now state some central limit theorems for the estimator, &, (t). The convergence
of the estimator &, (t) is reliant on a balance between the size of the bandwidth relative
to the level of dependence a.. The specific details of this relationship between / and
n“ will be shown in detail inside the Theorems. Roughly speaking, if the bandwidth is
too ‘large” compared to a,, more observations are included for the weighted averages
around each point of interest t. This has a knock-on effect that the dependence structure
of the errors dominate for each point and the estimator converges to a process that
needs to be normed by a sequence that relies on a.. Conversely, if the bandwidth is
‘small” compared to a, then the dependence of the random variables is negligible and

the asymptotic behaviour of %,(t) behaves similar to the independent scenario and a

regular central limit theorem holds with a norming sequence that is not reliant on «..

This is shown below in the following Theorem.

Theorem 4.2. Let K € Hp,, u € 61(X,0), 0 € S withs Ar >3and t € (h,1—h). Also
if the design variables and error random variables follow Assumption (E) and the bandwidth
h = h(n) also satisfies,

PR =0 [ 2(0) 5 0 as n — oo, (4-8)
then the following convergence result holds,

Vl? (K (1) = %i(1)) =5 N (0,0%(1)), (+:9)

93



4.3 RANDOM DESIGN KINK ESTIMATION METHOD 94

H \i | Iii J\J' ll H i l\ nlh \il H\ “ ‘ﬂl ii“ hl l‘H Ml ' :
Uit 0 1
H‘ (VTN A T e ‘ I

—3+

(a) Plot of LRD errors with Gaussian innovations and &« = 1/2.
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(b) Density of the iid. design X;; a beta distribution with
shape parameters 1.75,1.25.

(c) Scatterplot of simulated random design regression model.
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(d) Bandwidth choice h = 0.25, A,, = 0.401, with 6, = 0.497

_

Figure 13: Demonstration of the kink estimation technique under Assumption (E).

where

V(1) == (0 (t) + pE(t)) /11 K3(x) dx.
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Conversely, if the bandwidth h = h(n) satisfies,

P2 1012 (1) 5 00 as n — oo, (4.10)
then,

n‘%th(s/\r) P 9 2 2

W <i7(h(t) — Kh(t)) — N (0/ Clv*(t)) , (4.11)
where

(sAr) 2

. UF (t) /1 SAY 2 . ZUW /Oo 2 Hias

UL (t) = A7) L F Ksz(x)dx and Ci:= Ara)@ra) o (x*+x) 2 dx

Recall from Part II that a large deviations result is needed to be able to distinguish
between the stochastic contributions and the signal generated by %,(t). Beforehand,
the assumed structure was the fractional white noise model that included a Gaussian
process as the stochastic error term. This was dealt with using the well established
classical extreme value theory for Gaussian distributions. However, this is not the case

here since neither the design variables nor error variables are assumed to be Gaussian.

Theorem 4.3. Consider the functions y € % (X),0 € 7 (X) and assume K € A, for
some s A r > 3. If the design and error variables follow Assumption (E) and the bandwidth is
chosen such that (4.8) holds. Then the following large deviations result holds,

Vnh? sup ‘7(;1 Q(h(t)‘ =0y (\/ ]10gh|) .

te(h,1—h)

Proof of Theorem 4.2 . To prove the Theorem we appeal to similar results that were
shown by Wu and Mielniczuk (2002); Kulik (2008) by decomposing the stochastic terms

into two parts, a martingale part and a LRD part. This is done by defining,

(Ci(t) —BZ1(t)) & + 7i(t) — By (t)
Vn (Varly(t) + Vary (1)

Xi(t) =

(see (4.4) for definitions of ;(t) and {;(t)). Then decompose the standardised probe
functional &y, () into two terms,

Val? (K1) = Ka(t)) = Va7 (2(t) + 6i(1))
(Z sz+2 7i(t) = Em( )))

i=1

—_

B

1 (Vargy () + Vary () lil:;(i(t) + ]E\%:) Iif"'

95



4.3 RANDOM DESIGN KINK ESTIMATION METHOD

The Theorem will follow by showing that either the first or last term on the RHS of
(4.12) dominates under the bandwidth conditions (4.8) or (4.10) respectively. More spe-
cifically, it will be shown that the dominating term will follow a central limit theorem
and the other term converges to zero in probability; then Slutsky’s Theorem completes
the proof.

Firstly consider the case where (4.8) holds and use a martingale central limit theorem.
In particular, (Brown, 1971, Theorem 2) will be used and is stated for completeness
below.

Theorem 2 (Brown, 1971). Let {M,, F,,} be a martingale with d, = M,, — M,,_1. Sup-
pose further that:

1. The conditional variances of the martingale converge in probability to the unconditional
variance, that is,

n
EAT Z;IE (2| Fia] 2 15

2. The Lindeberg condition holds. That is, for any € > 0,

1 n—co

n
2
EM2 ;Edil{me\/mﬁ} — 0

Then the central limit theorem follows,

f 0,1),

]

as n — oo,

The above Theorem will be applied to the martingale difference sequence {x;(t), i}
So it remains to check that the sum of the conditional variances converge in probability
to the unconditional sum and the Lindeberg condition holds. Before we prove the
Lindeberg condition note that for t € (h,1 — h),

EC3(t) = /IR(TZ(x)Kg <F(x})l— t) dF(x) = h/l1 0% (t 4+ hu)K3 (u) du. (4.13)

To appropriately bound the above term, a Taylor expansion of or is obtained to exploit
the vanishing moment property of (K:4). This requires a generalised chain rule to find
the derivatives of the composite function, o¢(-) = c(F~(-)). A generalised chain rule
for composite functions exists (see the Faa di Bruno formula from Hernandez Encinas
et al. (2005) and references therein). Define the composite function f o g(x) := f(g(x)),
then the derivatives are of the form,

n n @) (x ki
80D = i (Fo8)(0) = T gt 00 1<g ! )> 4:14)
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where S, = {kj € {Z* U0} : ky + 2k, + ... + nk, = n} and k = Y} ; k;. Also, through
tedious but elementary calculus it can be shown that, the n'' derivative of Q = F~!
will exist if (") exists. Using the assumption that ¢ € .#, and the bounded derivatives
of the density fx in Assumption (E), the Taylor expansion can be obtained and most
terms vanish due to the vanishing moment property of (K:4),

1
EZi(t) = h/_l 0¥ (t + hu)Ks (1) du

B(snn)+1

1
_ (S/V) SAY (sAr)+1
= GAr /71 (t+ thu)u* Kz (u) du =h U (t), (4.15)

where T € (0,1). Therefore, using (4.13) and (4.15),
K2(sAr)+2
((s AT)!)?

Due to the fact that the bandwidth is assumed to follow h € (0,1), there exists a hy
such that for all 0 < h < hy,

Var{i(t) = h/ll o (t +hu)K3 (u) du —

; 2
Var((t) > hinfrer |*(+)| /1 K2 (u) du. (4.16)
2 -1

From (4.15), it follows, h_%lEgl(t) 0(1) and from (4.13), h YE3(t) — 02(t) f KZ (u
Therefore, h~1Var{;(t) = h™! (]Egl( ) — (EZ1(t)) 2) — o3t f K3 (u) du. Also, the
same argument applies for the v;(t) term to yield,

h! (Varg (t) + Vary (1)) 9 v (t).

Now the Lindeberg condition is shown to hold. Let € > 0 be arbitrary,

DEXz VL (x()l>e) = MEXT (D)L, (1)[>¢)

E [(e1 (1(H) = EQu (D) + 71(0) = Eya() La,0)|
— (4.17)
Vargy (t) + Vary () -

where A, (€) = {le1 (21(1) ~ EG1 (1) + () ~ Ema ()] > ey/n (Varta () + Varyi () }.

The size of this set can be maximised using (4.16),

Aule) C {2|I<3|w 1] (10l + [1]0) > e\/nVaraa)}
: 2 1
c {zxawel (10 + 1) > \/h“f“}“"”‘ [ 8w du}.

(4.18)
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Using the fact that nh — co and h — 0 as n — oo we see that A,(€) — @, the empty
set. Consequently with (4.17), (4.18) and nEx3(t) < co imply that,

DE?& )L )e} — 0,

and the Lindeberg condition holds. By a consequence of Lemma B.2 and Lemma B.4

(on pages 151 and 151 respectively), let € > 0 be arbitrary,

1 ! C2n=%L2(n)
il > €> S @Var (Zel) S 1672 — 0(1),
1 ! Cin='v Cin=2%12(n)
6) S 2 var <Z€%> = = 22 ) =o(D)-

Then by the above, the sum of the conditional variances converge in probability to one:

1& ,
EZei—l >

i=1

i]E [Xiz(t)}gifl} _ ! €2 Var(y(t) + n Vary (t) + 2Cov (@)1(1‘),71(1?))2?_1 & oy

n (Var{i(t) + Vary(t))

i=1

Therefore all the conditions of Theorem 2 (Brown, 1971) hold giving,

sz £) % N(0,1). (4-19)

Now we show that the last term on the RHS of (4.12) converges in probability to

zero. Consider an arbitrary € > 0, then using (4.15) and Lemma B.2 (see page 151),

< Ch2(5/\7’)+1n1—0<s LZ(n)
=o0(1),

and the last line follows by the bandwidth restriction given in (4.8). Thus, the proof of
(4.9) holds with (4.8) and Slutsky’s Theorem.
Consider now the claim of (4.11). Using (4.12), (4.19) and (4.15),

= _1,_7 Uy (t !
‘](h(t) — Kh(t) = OP (1’1 ;h Z) + Tlh?’((s)/\r) EF,I'. (4.20)
i=1

Also, from (Ho and Hsing, 1997, Corollary 3.3), it is known that

= 9
anL(n) l; ei — N(0,CY). (4.21)
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Therefore, normalising the expression in (4.20),

n%h37(5/\7‘) — 1 1—ae v (t) n
-/ £) — N =0, (h26")y=—= -1 ) 5
L(n) <Kh( ) = K )) P ( i me (n)) * nl=% L(n) z';gz
and the result follows from (4.10) and (4.21) with Slutsky’s Theorem. O

Proof of Theorem 4.3 . Start the proof by concentrating on the first term in the summa-
tion involving the stochastic bias 7;(t). The ;(t) terms are independent random vari-
ables, each of which have variance that is of order h. Indeed for t € (h,1—h),

Vary (t) < Evj(t)

:/X],zz(x)Ké (F(x})l_t> dE(x)

1
:h/_1 p2(t+ hx)K3 (x) dx = O (h).

Therefore by the Law of the Iterated Logarithm for the iid. random variables (see

Bingham (1986)) we have the following result,

1 n
I S S () —FEyd) =C s,
IT—?oljp\/nhloglogn-Z(’Y( ) il )> ! a-s
n
lim inf \/WZZ (’yl — E( )> =—-C, as.

where Cy, C; are positive constants or equivalently,

Ouc. (ViogTogn) = ous \/logh]).

Shift attention now to the LRD stochastic error contribution (;(t)e;. Begin with a mean

1
up
% hte(hl )

Y (3i(t) — B (1)) =

i=1

corrected version,

n

1
su él(t)
Vit et L

n

Z Ci(t) —Eg1(t)) e

i=

1
<

+ sup [Eg1(t)]
te(h,1—h)

sup
te(h,1—h)

§
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Use a similar Taylor expansion argument that was used to show (4.15) to obtain the
following bound,

sup |EZi(t)] = sup /]R(T(x)K?, (F(x})l—t> dF(x)‘

te(h,1—h) te(h,1—h)

= sup h/:1 r(t+hx)Ks (x) dx

te(h,1—h) $
J(sAr)+1 / o)
= su SN (¢ + ghx)x K3 (x) dx|  for some g € (0,1),
te(h,llih) (sAr)tJ (t+ qhx)x 3(x) g€ (0,1)
2h(s/\r)+1 1
it P CY%) (sAr)
— (sAr)! ‘U 00/0 M Ks(x)] dx.

By the above, Lemma B.2 (see page 151) and (4.8) imply,

1 n 1 n
su Ci(t)ei| < Zi(t) —Egi(t) e + O h(sAr)+1/2n(1,a£)/2L(n)
mte(k,l}ih) 1221 ﬁte(hlph ZZ: 1(t)) p( )
1 n
- Sup (Ci(t) —EZ1(t)) &i| +0p (1 (4.22)
ﬁ te(h1—h) ; 1 ) P ( )

To deal with the other LRD term in (4.22), define d;(t) := ({;(t) —E{1(¢)) &5, My(t) =
Y ,di(t) and the sigma field A; = o (..., 5;,7i+1; X1, X2, ..., Xi). Then {M,(t), A, } is
a martingale. To deal with the supremum across ¢ for this martingale, approximate
the martingale difference sequence d;(t) with a discretised version d;(t;) for some par-
tition t; of the interval (k1,1 — ). Then the discretised martingale is bounded using
an exponential martingale inequality. For the discretisation, define the uniform grid
ti = j/N where N = n? and j € Gy = {[hN],[hN|+1,...,[(1—h)N]} (where
[x] := min{i € Z|i > x}) so for any t € (h,1—h) there exists a j € Gy such that
t € [tj,tj+1). Then the LRD term of (4.22) can be bounded with,

Bo-sn)

Zd'(tj)

i=1

1 n
sup —Ei(t))&i| < —max sup
Vnh te(h1—h) 1:21 Vnh JEGN ey,

t]+1)

(4.23)

\/ h j€Gn

Starting with the first term on the RHS of (4.23). For any ¢ € [t;, ;1) it can be shown
that |Z;(t) — Zi(t;)| < |0|e Lk,h'n 2. To show this, a careful consideration of the loca-
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tion of ¢ and ¢; are considered with respect to the support of K3. Define the indicator

sets,
F(X;) —t; F(X;) —t;
I = 1{'(}2]—1‘ gCn‘Zh‘l}U{ (l)hj“ﬂ‘ < Cn‘zh‘l}
. F(X;) —t; F(X;) —t;
Iij:l{'(}z] Sl}ﬂ{‘(l)h”l §1}~

The set Ioij represents the situations when both h™(F(X;) — t;) and h™'(F(X;) — tj31)
lie in the domain of K3. The set I;; represents the edge situation when one of the values
{tj, tj+1} is near the boundaries inside the interval [—1,1] while the other value is
outside the interval [—1,1]. Then consider the {;(¢) terms under each of the new sets
I;j and Ioz-]-,

O'(Xl')Kg <F(X;/l)_t> — U'(Xl')K3

!
<oy ’ <1<3 (F(Xh)_t> —Ks (F(Xh)_t]» (L + L)

K, (F(X;z) — t) K <F(X2 — tj>‘
K3 <F(th)_t> - K3 (F(th)_t]> ' - (4.24)

Start with the second term on the RHS of (4.24) which concerns the situation when Ioij

(F(Xilz s

< |ole Lij

+ |0 fij

is non-zero. For any t € [t]-, t]-+1) there exists a 0 < 5]- < n 2 such that t = t + 5]- and
by the Lipschitz property of K3 in (K:1),

K, <F(X;l) - t> & (F(Xi - tj>

Shift attention now to the first term on the RHS of (4.24) and consider initially the
F(X,)—t;
h

i< L -yl <Gl as)

situation when 0 < (1 - < Cn2h~1. A similar argument can be reached
for values of {t;,t;11} near the opposite boundary and consequently over the whole
range for [;;. They are omitted for ease of readability. Consider the situation when
h=1(F(X;) —t) < 1, then the same argument holds from (4.25). So it remains to
consider when h~! (F(X;) —t) > 1 which is outside the support of Kj. Substituting
Ks (%) = 0 = K3(1) and using a similar argument to before, apply the Lipschitz
property of K3,

K, <F(X;l) - t) K (F(Xi})l - tj> F(X;) — ¢t

K3 (1) — K3 <h>‘ < Ch 'n™2

Iz'j =

101
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Therefore it has been shown that |o|, I;;

)— F(X;)—t; 1 .
K3 (F(X;l) t> —K3( ( h) t’)‘ < Ch~'n=? which
combined with (4.25) implies,

\di(t) = di(ty)| = lei| |Ci(t) — Ci(t;) + B [Ta(t) — Ta(t)]]
< Ch'n? g (4.26)

To deal with the LRD term |¢;|, define the two truncated random variables,

£ = Siﬂ|s,v|z\/ﬁ — IEsl]lwzm and & :=¢ — ¢,

Now Ee; = 0 and nh — oo which implies that Eeily, > vun = 0(1) and |&;] < Cv/nh.
Define as well o?l(t) = & (¢;(t) =By (t)) and d;(t) := & (gi(t) — EZ1(t)). Then use
(4.26) and consider the following moment bounds,

L E sup
Vinh tE[tj ti1)

LA ~ C o 1
- (it - di<tj>)‘ < El=0( ). )

Similarly, using the additional fact that |€;| < Cv/nh it can be shown that,

1
——=E sup

Vnh tE[titiv1)

LI ~ 1
s (dz(t) - dl(t]))‘ =0 (Tlh> . (428)

1

By (4.27), (4.28) and the Markov inequality it is easy to see that,

a2 B (0] =or)
e (4.29)
1 35 (@) - :a»)‘ — o)

——— sup
nh |logh\ tE[tjrtj+l) i

The result (4.29) ensures that,

1
sup

nh llogh\ tE[tj/tj+1) i

The last term that needs to be dealt with is the second term on the RHS of (4.23).
Recall that {Mn(tj), An} form a martingale. The exponential martingale inequality of

Freedman (1975) is appealed to.

Theorem (Freedman, 1975). Let M,, = Y| ; d; be a martingale with respect to the sigma
field Fy, with Y, = Yi B [d?| Fi_1] then for all x,y > 0,

2
P (M, > x,Yy, <y for some n) < exp{—z(;:_y)}.
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The Theorem of Freedman requires knowledge of the sum of conditional variances.

Using Lemma B.4 (see page 151),

e LE[R0)] 4] = swp Var(@() Lé
<chy @
i=1
O, (hn1/?), if § <ae <1
=10, (hnl/2 L*(n)) , ifae=13 (4.30)
O, (hn'=%L2(n)),  if0<a. < i

This will lead to three separate applications of Freedman’s martingale inequality. Start-
ing with the case % < ae < 1. Indeed, let V,,(t;) = ;1 E [d%(tj)‘ Ai_l}, consider some
Cr > 0, Cy > 0 and apply Section 4.3.4,

P (528;,( Mn(t]-) > Cry/nh ylogh\,Vn(t]-) < Cvnh>
<P ( U {Mn(tj) > Cry/nh|logh|, Vy(t;) < Cvnh})

jEGN
< Z P (Mn(tj) > Cra/nh |logh|,Vn(t]-) < Cvnh>
jGGN
Znh |logh
2 (CT,/nh Tog i + Cvnh)
Znh|logh
— Nexp CTn |Og ‘

2C,nh (14—25\/1$§1)
Ct
= Nexp {_ZQ, lloghl} (1+0(1))
< Cn2KCH/ (2G) (4.31)

which can be made arbitrarily small for an appropriately large Cr. Also by (4.30),
Va(t;)/ (nh) = Op (n71/%) = 0,(1) which in combination with (4.31) implies,

21,C%/(2Cy)
p (gg;(Mn(t) > Cry/nh ]10gh|> < Cnh-T +0(1),
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which again can be made arbitrarily small with an appropriately large Cr > 0. For the
other two cases, notice that nh > hn'/2\/L*(n) and nh > hn'~%L(n). Therefore the
argument will apply to both the other cases giving,

=0y (\/@) , (4-32)

for ae € (0,1]. The combination of (4.22), (4.23), (4.31) and (4.32) complete the proof. []

n

Y di(t})

1
max ;
i=1

vnh jeGn

4.3.5 Estimation method for LRD errors

In this section the specific analysis of the kink estimation method is pursued. A similar
three step procedure that was used in the fixed design framework in Section 2.2 is
adapted to the random design framework along with the additional quantile rescaling
step. As before, the probabilistic bounds and asymptotic behaviour are considered
carefully to ensure that the method will obtain a reliable estimate of 6. As was shown

in (4.5), the random design estimator has decomposition,
Kn(t) = Kn(t) + 2, (1) + b (t).

Using (4.3) along with the familiar expansion of the localisation term and deterministic
bias term from Section 2.2.1.1, the probe functional, X, (t) = x,(, ur) has expansion,

() =07 || (DKq <Ah_t) +0(8) + 20 () + B (1)

=: L(t) + I (t) + Zu(t) + b(1),

where 3,(t) = O (h*73) takes a similar definition to the fixed design version given in
(2.31), namely, yu is substituted for ur.

Furthermore, again to avoid trivial complications of the location of the global min-
imum and maximum generated by £;,(t), assume that [y(Fl)]()\) > 0. Similar results
will hold in the opposite scenario when [yg)] (A) < 0 but are omitted for brevity. The
same three step procedure used in Section 2.2 is again applied to first estimate the
kink-point A with estimator A, and then an additional fourth quantile scaling step is
used at the end to map /A\n back to §n, the estimate of the true change point at 6. Start
the procedure with the localisation step.

Localisation step

By using a similar argument to (2.34) for the set Ly = {t: |A —{| < h},
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(8 h=2Ky (224) [1P](A), if € €1([0,1],A) and t € L,
h pu—
0, if ye Sor {uee(0,1,A)andt ¢ Ly}.

Also, £;,(t) has the same unique extrema with a unique global minimum at the point

t, :=argmin £;,(t) = A —q"h
te(h,1—h)

and a unique global maximum at the point

t* := argmax L, (t) = A +qh.
te(h,1—h)

When |A —t| < h, £;,(t) > Ch=2 > Ch*=3 > ,(t), and £;(t) dominates the determin-
istic signal of % (t).

To construct estimates of the unique global extrema, t, and t*, the localisation term
£(t) also needs to dominate the stochastic terms, #,(t) and z,(t). By virtue of The-
orem 4.2, there are two respective bandwidth restrictions to consider, ((4.8) and (4.10))
for the asymptotic behaviour of the estimator under Assumption (E) that correspond
to the ‘small” and ‘large’ bandwidth scenarios respectively. The stochastic terms 2, (t) +
b,(t) = K5 (t) — K5, (t), so under the assumption of (4.8), apply Theorem 4.2 and

Z(t) + bu(t) = Op (n7/2h77/2). (4-33)

Therefore, to have a well defined signal that is dominated by £, (), it is required that
£;,(t) dominates (4.33), k=2 > Cn~/2h=7/2 or equivalently,

h>Cn /5,

Furthermore, since it is assumed that s A r > 3, to ensure that (4.9) in Theorem 4.2
always holds it is sufficient to ensure that the bandwidth (4.8) always holds. This can
be guaranteed if & is chosen such that /1 < Cn~V7+a:/7=% for some § > 0 or,

Cn V30 << Cn= 170 (4.34)

for some § > 0. With this optimal bandwidth choice in (4.34), the upper bound ensures
that the bandwidth is small enough such that the restriction given by (4.8) holds which

in turn ensures that (4.33) holds and the stochastic contribution doesn’t depend on «,.

The lower bound in (4.34) ensures that the bandwidth is not too small and the £;(f)

signal still dominates the stochastic contribution.
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The points t, and t* can be estimated with,

t, = argmin &, (t) and = argmax X (t).
te(h,1—h) te(h,1—h)

By this construction, the interval Ah = (?*,?*) has a length which is order i and
contains A with high probability.

It is worth noting that under this choice, the order of the stochastic terms does not
involve «,, the level of dependence. Note that / is chosen in a very similar manner if
g; and X;, i > 1, are iid. Consequently, there will be no influence of the LRD on the

change point estimation (at least asymptotically).
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Kink detection step

As before, to ensure the signal generated by X (t) is genuine and not an artefact of
the noise, some large deviation results concerning the stochastic terms z;,(t) + 6,(t) are
needed. First standardise the statistic ,(t) to have unit variance with,

V7 K (1)

0=

where v(t) is given in Theorem 4.2. Now consider the large deviations when no kink
is present in y, that is, assume y € .%. Since (4.8) is guaranteed to hold from (4.34),
apply the large deviations result Theorem 4.3 and for any € > 0 there exists a Ct > 0
large enough such that,

p <tesup }7}((1‘)‘ > CT\/2|logh|>

(h,1—h)

=P (\/nh7 sup )‘@(t) - Kh(t)‘ > inf v(t)CT\/2|logh|> <e (435

te(h1—h te(h,1—h)

The above statement holds since inf; v(#) > 0 due to added restriction that infycx o(x) >
0 (see (4.2)). On the other hand, if ur € €} ([0,1],A), then for t € (t,,t*), £,(t) > Ch=2
and for the same large Cr > 0 used to ensure (4.35),

ﬁvwz@¢imwozl

That is, whenever y € ., sup;c ;1) ‘T;C(t)‘ will diverge to infinity at a rate no faster
than /2 |logh| and a kink is detected when

T;((t)) > /2 |logh|

is observed in practice. If a kink is detected through this procedure, the method pro-

lim P < sup

nee \te(h1—h)

sup
te(h,1—h)

ceeds to the zero-crossing step.

Zero-crossing step

The same ZCT is used to refine the interval An = (?*,?*) down to a singular point Xn,
the estimate of A. To avoid repetition the reader is referred to the latter part of Sec-
tion 2.2 for the complete treatment of the ZCT and just the main results are stated here.
The estimate of A is constructed with,

Ay = arg min "](h(t)‘ = arg min
tEA\n tEA\n

(1),
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4.3 RANDOM DESIGN KINK ESTIMATION METHOD

Recall again that &, (t) = £,(t) + 5,(t) + Zy(t) + 6,(t) and the best possible accuracy
occurs if § > 0 can be chosen as small as possible such that the following inequalities
hold,

Sh=3>Ch3 and 6h3>Cn V20772 (4.36)

The best possible bandwidth that ensures (4.36) holds along with the required band-
width condition (4.34) is given by,

h, = n~1/@s+D),
Now apply Lemma 2.1 with this optimal choice of bandwidth and é = 6, =< h; allows
the method to obtain an accuracy of order n—*/(2*1), More specifically, this proves that
the estimator satisfies the probabilistic bound,

A= A| = 0, (/). @37

One final step remains to rescale A to an estimate of the true kink location at 6 with

the quantile rescaling step.
Quantile rescaling step

Recall that 0 = F~1(A). In practice the true distribution function F is unknown, so
it is estimated in the usual manner by the empirical distribution function F,(x) =
niyr 1 (x,<x} and similarly, one can obtain an estimator of Q using the sample
quantile function with order statistics. Namely, given the design, X, Xy, ..., X,; con-
sider the order statistics, X(;) < X(5) < ... < X, then the sample quantile function is
defined,

Qu(x) :=inf{t[F,(t) <x} =X, if5<x<i, i=12,...,n
Estimate 0 by, 6, = Qu (3\) The rate of convergence of this estimator is evaluated below,

165 — 0] = |Qn(An)

An) — Q(A)]
< |Qu(An)

Q)| +[Q(An) — Q(A)] (4.38)

Under Assumption (E), it follows that the derivative of the Quantile function, Q(t), is
uniformly bounded on t € (4,1 — b) for some constants 4, b. Indeed, by assumption,
there exists an a,b suchthat0 <a <1—b <1 and

inf > 0.
o< By X)
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Consequently, the derivative of Q given by Q) () = 1/(£(Q(-))) is uniformly bounded.

Therefore, there exists a ¢ € (0,1) such that,
Q) = QM) = (A = MQW (A +(A — 1)) < C(Ay — )

The rate of convergence in (4.38) is therefore contingent on the maximum of the rate
from the generalised quantile process for the design variables or the rate from the
initial unscaled kink estimator. Under Assumption (E), the quantile process involves

independent and identically distributed design variables and for all ¢t € (0,1),
|Qu(t) = Q)] = Op(n™1/2) (439)

(see Csorgd (1983) and references therein for a detailed treatment). Therefore, the proof
of Theorem 4.1 follows using (4.39) and (4.37) in (4.38) to yield,

‘é\n _ 9‘ _ Op(nfs/(ZSJrl))‘
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RANDOM DESIGN WITH LRD DESIGN VARIABLES

In a complimentary situation to Chapter 4, the focus in this chapter is to estimate a
kink location from a regression function in the random design framework with LRD
design variables and i.i.d. noise. In a similar vein to the previous chapter, the method
is an extension of the ZCT described in Part II. Work on this topic has already been
published in Wishart and Kulik (2010) and forms the basis for analysis discussed here
but a more in depth comprehensive treatment is given with increased generality.

A review of some literature that is concerned with LRD random design regression
models specifically with LRD design variables is given in Section 5.1. The specific as-
sumptions on the model are outlined in Section 5.2 with the estimation method finally

considered in Section 5.3.

5.1 REVIEW OF STOCHASTIC REGRESSION WITH LRD DESIGN

In this random design case it is assumed that {X;}_; are a sequence of LRD random
variables and {¢;}!_; are a sequence of i.i.d. random variables. Furthermore, it is as-
sumed that the sequences {X;}'_; and {e;}_, are independent of each other and a

bivariate dataset {(X;, Y;)}'_ is observed that follows the regression model,
Y, = y(XZ) + (T(Xi)si, (5.1)

with regression function, y: R — R and scale function ¢ : R — R™". Unless otherwise
stated, in this chapter, the observations {(X;, Y;)}._; are assumed to follow (5.1).

A model with this structure is more applicable in reality in comparison to having the
iid. design and LRD error structure considered in Chapter 4. Consider for example, a
financial state space model where the design variables, X, represent interest rates and
Y represents a financial index such as the ASX 200. Clearly, any current level of interest
rates is dependent on previous levels of interest rates implying dependence in the X
variables. Also, the unexplained variation in Y from the regression function y can be
modelled by the heteroskedastic scale function ¢ with i.i.d. errors.

Again, for the kink estimation procedure, the ZCT will be used. However, before
proceeding further a review of the literature is conducted on random design regression
models with LRD design variables.

As discussed in Section 4.1 there is an extensive treatment in the literature on both
parametric and nonparametric methods for regression models with a random design
framework that assume i.i.d. design variables and error variables. The reader is referred
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5.2 LRD DESIGN MODEL ASSUMPTIONS

to that chapter and references within for a general treatment of nonparametric regres-
sion estimation in random design models. Here, a review of regression models with
LRD design variables is given.

A contemporary analysis on least-squares estimation for a linear regression model
with LRD design variables has been conducted by Guo and Koul (2008). A treatment of
estimators in a nonparametric regression model with LRD design variables have been
considered by Zhao and Wu (2008); Liu and Wu (2010); Kulik and Lorek (2011). The
methods of change point estimation have also been considered in the LRD random
design framework by Wang (2008) and Wang and Cai (2010).

5.2 LRD DESIGN MODEL ASSUMPTIONS

The model is assumed to still satisfy the common assumptions described in Section 4.2.1.

The specific details of the LRD design and iid. error variables that are used in this
chapter are stated below.
o Assumption (X)

The error variables {¢;};_; are assumed to be iid. random variables with mean
zero, unit variance and ]Ee‘i < 0.

The design variables {X;}_; are assumed to be derived from a causal LRD linear
process satisfying Definition 4.1 with parameter a, € (0,1] and independent of
{si}le . Furthermore, assume that f,gj ) is Lipschitz continuous for j = 0,1,...,s
where f; is the density of the 7; variables, Eyf < co. Also assume that fx(x) > 0
for all x € R with the added condition that there exists an a,b € (0,1) such that
0<a<l-b<land

inf x) >0, 2
o 0 () (52)

where Q = Fy!, the quantile function of the design variables.

For Assumption (X), define the associated set of o-fields,
Xi=0(..., i1, Mis €1,€2,- - -, &)

The strictly positive constraint on fx given in Assumption (X) implies that F is strictly
increasing as well.

5.3 ESTIMATION METHOD UNDER LRD DESIGN

The general estimation method for random design with LRD design variables closely

parallels the procedure covered in Section 4.3. As such, to avoid needless repetition,
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the reader is referred to the relevant sections when prompted for a comprehensive
treatment. The main discrepancies and extensions between Assumption (E) and As-
sumption (X) and the effects on the convergence rates in kink estimation will be the
focus.

The convergence result is stated first in Section 5.3.1. Similar to Part IV, the method
is demonstrated on a simulated random design regression model example that satisfies
Assumption (X) in Section 5.3.2. The asymptotic results and large deviations results are
given in Section 5.3.3. The estimation method and analysis is given in Section 5.3.4.

5.3.1  Convergence result for LRD design

The main result of this section is concerned with the construction and analysis of
an estimator, (3,1, of the kink location 6. The estimator (3,1 is constructed such that it
convergences to the true kink location 6 in the sense that it satisfies the probabilistic
bound in the theorem below.

Theorem 5.1. Suppose a sequence of bivariate observations {X;, Y;};_, that follow model (5.1)
and satisfy Assumption (X) are observed such that u € €}(R,0) and o € .7, (R) where
s Ar > 3. Then an estimator, §n of the change point, 6, can be constructed such that,

0, — 9‘ =0, (n’s/&s“) % (n’“’fﬂL(n))) :

Recall that the convergence result under Assumption (E) given in Theorem 4.1 had a

rate on = n—s/(Zs—i—l)

. In contrast, the convergence result in Theorem 5.1 relies on «, the
level of LRD in the design. Therefore, one can see that, at least in the results displayed
here, the effect of LRD is more detrimental to the rate of convergence when present in
the design variables as opposed to the error variables.

The estimation method used to obtain the rate in Theorem 5.1 follows the same idea

proposed in Section 4.3.2. Namely, consider the estimator,

U F(X;) —t
Ku(t) = W;YJQ (h> .
As was shown in (4.5), this random design estimator has decomposition,
Kn(t) = Kn(t) + 2,(t) + b (1)
_ A—t
=072 (i) ok (A0) + a0+ 30+ 60
= Ly(t) + In(t) + 21 (t) + B(t).

The above quantity includes the localisation term, £;(t), the deterministic bias term
gn(t) = O (k%) and z,(t) and £ (t) which are the respective stochastic error and
stochastic bias contributions given by (4.6). So to ensure that the estimator %,(t) con-
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

verges sufficiently fast to £;,(t), the asymptotic behaviours of the stochastic terms, z,(t)
and £, (t) need to be considered for the case of Assumption (X). Before considering the
analysis of these terms, the demonstration of the method in this context is given in the
next section.

5.3.2  Demonstration of the random design method with LRD design

An illustration of the method in the LRD design context is shown in Figure 14 (see
page 115). A similar implementation was used with the R software (see R Development
Core Team, 2010), with the added R-package fracdiff (see Fraley, Leisch, Maechler,
Reisen and Lemonte, 2009) to simulate the LRD variables. The package fracdiff ac-
tually simulates fARIMA random variables instead of the assumed causal LRD linear
process. However, as justified in Section 4.3.3 they are sufficiently close for purposes of
demonstration.

A random design regression model was simulated with n = 1024 observations. The
regression function y is given by (2.9) (see Figure 2) which has a kink at § = 2/3.

The LRD design variables were simulated using the R-package fracdiff with the
choice of dependence parameter &« = 2/3 with the underlying latent variables gener-
ated with a beta distribution (see (4.7)) with parameters f; = 2 and B, = 1 and shifted
to have a mean at zero. More specifically, the density of the latent variables is given by
fy(x) = g(x —2/3; 1 = 2, B2 = 1) where g is the probability density function defined
in (4.7). The realisation of the error variables is shown in Figure 14 (a).

The error variables are i.i.d. and are simulated from a reflected gamma distribution
with shape and scale parameters both being 2. Namely, they were generated from the

density,
fe(x) = Lx|e 172, for x € R.

The reflected gamma distribution was chosen since it is non-standard and has more
kurtosis than the normal and less clustering around zero.

A scatterplot of the simulated random design regression model for Assumption (X)
is shown in Figure 14 (c). For comparison with previous analyses, let {)o(i};l:l be the
sequence of rescaled design points such that they all lie in the [0, 1] interval. It can be
seen that due to the density of the design, there are fewer observations where X; is
near zero and the majority of the design variables lie in the upper half of the interval
where X; € (1/2,1).

The initial kink estimator of A is calculated using the ZCT on the estimator % (t)
after it has been normalised to the quantity 7z (¢) (defined later in Section 4.3.5). This
is demonstrated in Figure 14 (d). The analysis determined a value of A, = 0.501 for
the zero-crossing time. After rescaling by the order statistics of the design variables

an estimate for 6 = 2/3 was obtained with §n = 0.653. Thus, again one can see that
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

the ZCT can be successfully adapted to the random design framework with the added
quantile rescaling step.

X;
0.5

Al jli \,,, H‘M w H I M MH Imh “.u JH ;
<P e

-0.5

(a) Plot of the simulated LRD design variables, X;, with « =2/3.

fe(t)

0.1

‘ t
0
(b) A plot of the density of the error variables, ;.
Y;
1 .
0 = | X;
0=2/3 1
(c) Scatterplot of random design regression model with rescaled design
points.

(1)
f e

0 V/VOs Voo

\J —/Tiogh]

(d) Bandwidth choice h = 0.28, A,, = 0.501, with 6§, = 0.653

Figure 14: Demonstration of the kink estimation technique under Assumption (X).
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5.3.3 Asymptotic results for LRD design

In this section the analysis of the stochastic bias and stochastic error contributions
given by (4.6) for the random design extension are analysed. These stochastic terms
need to be considered before proceeding to the next stage of the ZCT to ensure that the
stochastic contributions do not overwhelm the signal generated by the %X, (t) term.

We now state some central and non-central limit theorems for the estimator, &, (t).
Similar to Part IV, the convergence of the estimator 17/(\;1(1‘) is reliant on a balance
between the size of the bandwidth relative to the level of dependence a, where a
‘large’ bandwidth will cause the asymptotic distribution to rely on ay. Conversely, if
the bandwidth is “small” compared to a, then the dependence of the random variables
is negligible and the asymptotic behaviour of %5, (t) behaves similar to the independent
scenario and a regular central limit theorem holds with a norming sequence that is not
reliant on ay. This is shown below in the following Theorems.

Theorem 5.2 and Theorem 5.3 give the central limit theorems when there is a ‘small’
or ‘large’ bandwidth respectively. In the ‘large” bandwidth scenario a stronger assump-

tion is used whereby the design variables are a causal LRD Gaussian process.

Theorem 5.2. Let K € #pr, 4 € 61(R,0), 0 € 7 (R) with s Ar > 3. If the design points
and error random variables follow Assumption (X) and the bandwidth h = h(n) satisfies,

Wnl=%L[2(n) =0 asn — oo, (5.3)
then for t € (h,1 — h) the estimator obeys the following law,
vVl (K (1) = x(t) ) =5 N (0,0%(1)) (5.4)

See Theorem 4.2 for the definition of v(t).

In the case of ‘large’ bandwidth behaviour, (when (5.3) does not hold), the asymp-
totic behaviour is dominated by the LRD variables. Under Assumption (X), the LRD
behaviour is mainly prevalent in the stochastic bias term, b, (), since the stochastic
error term, z;(t) involves the ii.d. error variables e. The behaviour under this scenario
is much more subtle and complex. In the next theorem, the framework is ‘simplified’
somewhat by assuming the design variables are a causal LRD Gaussian process. Then
the theory of a Hermite expansion is used to determine the asymptotic behaviour of
K (8).

The Hermite expansion is defined in terms of the Hermite polynomials which have
a close relationship with the Gaussian density and therefore are a ripe candidate to
determine the asymptotic behaviour of a Gaussian random variable.
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5.3 ESTIMATION METHOD UNDER LRD DESIGN 117

Definition 5.1. The common definition of the Hermite polynomials uses the differential oper-
ator and for an n € {0,1,2,...} the n''-order Hermite polynomial, H,(x), is defined by,

¢(x)Ha(x) = (=D)" ¢(x),
where ¢ is the standard normal density.

Even under the added simplification that the design variables are a Gaussian causal
LRD linear process, the asymptotic distribution depends on the so called Hermite rank
(see Tagqu, 1975) which is defined below.

Definition 5.2. Let Z ~ N (0,1) and define the set of functions
M= {f:]R—>IR‘IEf (2) = 0,Ef*(Z) < oo}
Then a function f € H is said to have Hermite rank g > 1 if,

q= re%i\“m} {r:-Ef(Z)H,(Z) # 0} .

Theorem 5.3. Let K € Hp,, 4t € 61(R,0), 0 € .7 (R) with s Ar > 3. Assume the design
points and error random variables follow Assumption (X) and that the design variables are a
causal LRD Gaussian process. If t € (h,1 — h) and the bandwidth h = h(n) satisfies,

Wnl=*[2(n) — 00 asn — oo, (5.5)
and the estimator ,(t) has a Hermite rank of 1 then the estimator obeys the following law,

s (B0 - %) 5 NG 0)

where

o) = Gt A¢<W> (o (t)_u>¢<”> i,

B T AC ) Sx oy

s =1-— (7% and ¢ and O are the standard normal density and cumulative distribution func-

tions respectively.

Remark 5.1. If the estimator %X,(t) has Hermite rank g for some g € {2,3,...} then the
asymptotic distribution depends on the size of the bandwidth relative to ga. Firstly, if
n'=9%p7[24(n) — oo then it can be shown using a similar argument used in the Proof
of Theorem 5.3 with the result of (Avram and Taqqu, 1987, Theorem 2) that the normed

process

9% /21 =4 () (@(t) — ych(t)) Z, Cy(H)Ry
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where the constant C(t) is given by,

)= o i) o () (e (o)

and R, is the Hermite-Rosenblatt process. That is,

1 49 a1
Ry = Cp {/ [T(y—x),) " dy}dB(xl)...dB(xq)
—00<x <X <...<x<1 0 1

i=

where B denotes a standard Brownian motion and the constant C, , is given by,

Con = w!ﬂ —qu)(2—qa)

2C2

In Avram and Taqqu (1987), they considered Appell polynomials of generalised station-
ary LRD random variables. In our case the LRD variables are Gaussian and the Appell
polynomials reduce to the Hermite polynomials. Otherwise, if n!~9*h”[29(n) — 0 then
(5.4) holds.

Thus, one can see that depending on the choice of bandwidth, there are different
asymptotic behaviours of the estimator X, (t). For our purposes, it is desirable that the
asymptotic behaviour does not rely on the level of dependence. Recall from Section 4.3
that the random design estimator has decomposition,

Kn(t) = h? [V(pl)] (MK </\h_t) + In(t) + 2n(t) + 6, ()

= Ly (t) + I (t) + 2, (t) + B, (2),

where the deterministic bias, %, (f) = O (h5*3). Ideally, it would be beneficial if The-
orem 5.2 were to apply to ensure that &, (t) — & (t) = 2,(t) + 6,(t) = O (\/ nh7). This
will occur if the bandwidth is chosen such that,

Cn 13+ < h < Cn= 179, for some § > 0. (5.6)

Indeed, this guarantees that (5.3) holds and consequently, Theorem 5.2 is to hold as
well.

The final asymptotic result that is required is a large deviations result to be able
to distinguish between the stochastic contributions and the signal generated by %, (t).

The large deviations results are given in the same fashion as in Section 4.3.4.
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Theorem 5.4. Assume that sANr > 3, u € % (R), 0 € % (R) with K € JHp,. Let
Assumption (X) hold along with bandwidth condition, (5.6). Then the large deviations result
holds,

Vil sup [0 - %(6)] = 0, (\flog )

(h+1hb

where the constants a and b depend on the distribution of the design variables and satisfies
(5.2).

The dependence structure is more complicated for the case of the design variables.
The first complication arises due to the support of the causal LRD random variables
being across the whole real line. This will become evident in the proof of the result.
To ensure the bound holds it is required that the density of the design variables, is
bounded away from zero on some interval compact interval and is shown by condition
(5.2). The proof of the result is spread over several Lemmas for ease of presentation.
Some of the Lemmas consider a ‘mean corrected” version of the stochastic processes.
These processes are defined by,

70 = (%) e K (FEE),
) (5.7)

ﬁaﬁ:w&wmm»m(<ﬁl)

—~

Proof of Theorem 5.4 . The proof follows by carefully expressing Kn(t) — Ku(t) ina par-

ticular decomposition,

Vil (K1) = % (1))
_ \/%hl_fl(%( ) — Ey1(t) + Ci(t)e;)
1

|
ME

(71 (£) = Evyi(t) + Ci(t)e; + pr(t)Ks (H}(}i)_t»

(%( ) =B [vi ()| Fial + B [vi(t)| Fia] = Evi(t)

+ pe(t) (Ks <F<Xh>_t> —E [K3 <F(Xh)_t> ‘ E_1D
4O+ ok (T

)

Each of these five terms in the decomposition are dealt with separately in Lemmas 5.1

N
Il
—_

I
-5
™=

I
—_

- 5.5. The proof follows by appealing to each of those Lemmas which are stated below
and each of their respective proofs given thereafter. O
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Lemma 5.1. Assume that o € ., (R), K3 is a Lipschitz continuous function and Assumption
(X) holds along with (5.6). Then,

=0, (y/nhf” \logh[) .

Lemma 5.2. Assume that K3 is a Lipschitz continuous function and Assumption (X) holds

n

Y i (b

i=1

sup
te(h+a1l—h—b)

along with (5.6). Then,

iKS <F<Xi> — t) €

sup
i=1 h

te(h+al—h—b)

Lemma 5.3. Assume that p:R — R with ‘ y(l)‘ < oo, K3 is a Lipschitz continuous
function, Assumption (X) holds along with the bandwidth condition (5.6). Then,

"1 (7 () ~ E [} (1)) XH])‘ ~ 0, (m} |

Lemma 5.4. Assume that y € .%; (R), K € Jsp, where s Ar > 3 and Assumption (X) holds.
Then,

sup
te(h+al1—h—D)

1

sup
te(h,1—h)

Y- (B [(8) ]~ lwt))‘ = 0, (W nt= 21 (n))
i=1

Lemma 5.5. Assume that y € ., (R), K3 is a Lipschitz continuous function and Assumption
(X) holds along with (5.6). Then,

sup
te(h+a,1—h—b)

i=1

The proofs of all the large deviation type results in this section (Lemmas 5.1 — 5.5) are
based heavily on the methods employed by Liu and Wu (2010) and modified for our
purposes. They involve considering the large deviations of discretised versions of the
processes and comparing the distance between the continuous and discrete versions of
the processes (using truncated random variables where needed).

Due to their frequent use in the forthcoming proofs of Lemmas 5.1 — 5.5, define the
truncated random variables,

€= il flg v} ~ Bel (1> var)-

76\1' =& — E—Z/Z'.

(5-8)

£ (o (5471) - o (5= ] |- (-
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Proof of Lemma 5.1 . Using the truncated error variables defined in (5.8) split the sum-
mation in the Lemma into two parts, Y ;' ; {f(f)e; = Yi_ 1 7 (t) (§; + €;) , with the large
deviations of both being considered separately. Starting with the latter,

=0p (\/nh3 \loghy> .

Indeed, first consider a Taylor expansion of ¢ € .#; (R) about o¢(t),

n

Y GH(b)E

i=1

sup
te(h,1—h)

G0 =k (FE0) o)~ o)

s (F)0) (s (X) — /0= 0) = (1)

Ko (P00 (o 0+ (PO — 1)

where g;; € (0,1) and {;; = (F(X;) —t)/h with |&;;| < 1 since Support Kz = [—1,1].
Therefore,
F(X;) —t
sup 11001 = sup[néisks (FEI=0) ofY 14 g (Pix) - 1)
te(h1—h) te(h,1—h)
smmmpm\ZCh

[ee]

Using the above with [Ee] < co an upper bound can be obtained for the expectation

since,

n

Y CH(b)E

i=1

E sup
te(h,1—h)

< CnhlE |\€/1|

= CnhE ’811‘81‘2@—11581]1‘6”2@
< CnhlE ’81‘ ﬂ‘gﬂzﬁ

< Cnh\/P (\81] > \/71]1), as ]Es‘{ < 00,

<C.

where the last three lines follow from the Holder and Chebyshev inequalities. A simple
application of the Markov inequality yields,

EMMW%M>:O<WM%%M>:MW

n

Pl sup Z
te(h1-h) |i=1

g (H&
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where the last statement follows due to (5.6). Now the other half of the decomposition
needs to be dealt with. Consider a partition of t € (h,1 — h) into a grid by defining
t;:=j/N where N = n? and j € Gy/(a,b) where,

Gn(a,b) = {[(h+a)N], [(h+a)N]+1,...,[(1—h—b)N]}. (5.9)

Then for any t € (h,1 — h), there exists a t;,t;;1 such that, t € [tj, tj+1) and the decom-
position is used,

sup |Y /()& < max  sup (@ () =g (t)) &
te(l’l,l—h) i=1 ]GGN(I/I,b) tj£t<tj+1 =
+ . _max i (£)Ei] . .10
j€Gn(ab) ;g (]) (5 )

To deal with the latter term of (5.10), the exponential martingale inequality of Freed-
man (1975) is used with the martingale difference sequence constructed below.
Notice that {7 (t;)&;, X;} form a martingale difference sequence. Define,

Xii1=Xi— 1 = px + Y cjlli—j
=1

Then, X;;_1 is Xj_j-measurable and the conditional density fx(x|Xj_1) can take the
following form,

fx(x|Xio1) = fy (x — Xii-1).-

(see Lemma C.1 for details). Also, since Support K3 = [—1,1], at the very least x €
(Q(t —h),Q(t + h)) for K3 (%) to be non-zero. Then the using the appropriate
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a,b from the definition of Assumption (X), the sum of the conditional variances are
bounded using (5.2),
sup ) E [(Cf(f)gi)z‘ Xi—l]
te(h+al—h—b)i=1
2 . 2 (F(u) —t 2
—E&  sup Y [ K (TN (o) = on(H) felul Xia) du
te(h+al—h—b)i=1’/R
. ! F(u)—t
8 sp 3 [ 8 (FEE) nlF ) ) = opl0) fy - X,
te(h+a,1—h—b) i—1 /R
1, - £y (QUE -+ hx) = Xi-1)
:h]EA su K2 (x) (0p(t + hx) — op(t))* 2 ‘ dx
(h+a1ph b)zzl t/n 3( )( F( ) F( )) fX(Q(t+hx))
- 2 fy(Q(t 4 hx) — Xii1)
< h3]E su 2K o t+ ghx 1 ’ dx
(h+a1ph b) ZZ% ~t/h (%) ( Pt )> Fx(Q(t + hx))
B& o] [yl [, K3 () dx
< nh® < =: Cynh®. (5.11)
inf fx(x)
Q(a)<x<Q(1-b)

Thus apply Theorem (Freedman, 1975) (see page 102) with the choice y = Cynh® and

x = Cry/nh3|logh| for some Cr > 0,

> Cry/nh3 |logh| )

> CT\/nh3logh}>
> Cry/nh3 llogh|}>

8z

P max
]EGN(LZ b

(,GGN e
E (g

C2nh? |log h|
exp
(\/nh3 lTog 1| + Cvnh3
2
—Nexp{ ‘1 logh\}(l—ko
2Cy

< Cr?hCH/ ),

31

8z

The above bound can be made arbitrarily small for a sufficiently large enough choice
for Cr so therefore,

max
j€GN (11 b)

Za()

=0, <w/nh3 |logh|> . (5.12)
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To deal with the first term on the RHS of (5.10), the location of t and ¢; are considered
with respect to the support of K3. Define the indicator sets,

F(X;) —t F(X;) —t; -
11-]-::11{’(2]—1‘§Cn—2h—1}u{()hf“+1’gcﬂ *h 1}
N ' (5.13)
fl.].;:ﬂ{’F(thM Sl}m{'F(XJht]H §1}.

The set Tij represents the situation when both h='(F(X;) — t;) and h™(F(X;) — tj41)
lie in Support K3 = [—~1,1]. The set I;; represents the other possible non-zero situation
when one of the values {#,#;.1} is near the boundaries at 1 or —1 but the other value
is outside the domain of K3. Notice that,

€| = |ei — &

< lei] IL{|g,v|§\/ﬁ} + ‘Egiﬂ{\ei\zm}‘
< Cvnh. (5.14)

Then consider the term under each of the sets [;; and Ej,

sup | (& (0~ ()& = sup |} (@0~ (1) (5 + 1) &
tj§t<tj+1 i=1 tj§t<tj+1 i=1
n
< sup (Y (gr(H) - gi(t) Ligs
t]‘St<f]'+1 i=1
+ sup (2 () = ¢ (1) I&i| - (5.15)
tj§f<tj+1 i=1
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

Start with the latter term of (5.15) which concerns the situation when TZ-]- is nonzero. For
any t € [t;, tj;1) there exists a 6; > 0 such that t = t; + J; and

[ORIPESE

+ |0 (4)Ks <F(XZZ — ]> — orp(tj +0;)Ks (F(X;l) — t)
< Ly, ol b7t [t —t]

< L, lol 7072+ o]

+ 19j]

< Ch 'n2 (5.16)
Using the above with (5.14) in the latter term of (5.15),

C

sup (2 () =7 (1)) &3 (5.17)
=1

fj§t<tj+1 i

2

where C is independent of j. Shift attention now to the first term on the RHS of (5.15)
’% — 1‘ < Cn—2h~1. A similar argument

and consider initially the situation where
can be reached for values of ¢;,t;,1 near the opposite boundary and consequently over
the whole range for Ij;. Consider the situation where 1! (F(X;) —t) < 1, then the
same argument holds from (5.16). So it remains to consider h ! (F(X;) —t) > 1 which
is outside the support of K3. Substituting K3 (%) = 0 = K3(1) and using a similar
argument to before,

) — ()| T = I K (F(XH) (0(X)) — op(t))

h
— i (Y (o) — anty) ‘
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

So we also have,

Y (@ () — (1) &

i=1

sup
fj§t<tj+1

(5.18)

So by using (5.17),

n

ZZ; G —Gi() &) < N

C

max  sup
JECN(ab) pi<t<tisy

Then an application of the Markov inequality with bandwidth condition (5.6) implies
that,

n

Z(Cl — T () &

i=

max  sup
JEGN(ab) ti<t<tiyy

=0p <\/nh3 |logh|> .

This combined with (5.12) in (5.10) completes the proof. O

Proof of Lemma 5.2 . The proof of this Lemma is based on the argument in Proof of
Lemma 5.1. Split the summation into two parts,

ZK3< Xi) >,—ZK< )t>(€i+7),

where the variables €; and §; are defined by (5.8). Then the large deviations of the two
summations are considered separately. First it is shown that

sup iKg <P(th)_t> & =0, (W) .

te(h,1-h) |i=1
Evaluating the expectation, recall that E¢] < co and apply the inequalities of Holder

and Chebysheyv,

n ) —

E sup |) Kj <F<Xl)t> &
te(h1-h) |i=1 h

< |Ks] o, nEE €]

= CHE|e11,, . 5 — Ber1

ler| >V nh

< CnlE |€1‘ 1|51‘2M

< Cn\/P (le1| > V)
<Cch L
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

A simple application of the Markov inequality and (5.6) yields,

n K, <P(th)_t> g| > \/nh ]logh[) =0 (W) =o0(1).

Pl sup Z
te(h1-h) |i=1

Now the other half of the decomposition needs to be dealt with. Consider a partition
of t € (h,1—h) into a grid by defining t; := j/N where N = n? and j € Gy(a,b) (see
(5.9)). Then for any t € (h+a,1 —h —b), there exists a t;,t;,1 such that, t € [t;, ;1)
and the decomposition is used,

£ (291
) ()
ZK3< t>sz )

Dealing with the latter term of (5.19), apply the exponential martingale inequality in
Theorem (Freedman, 1975) (see page 102). Notice that {K3 (%) ?i,X,} form a

sup
te(h,1—h)

<  max
jEGN(ab) ¢; <t<t]+1

+ max

hax, (5.19)

martingale difference sequence. Again, by a similar argument to (5.11) the sum of the
conditional variances are bounded by virtue of (5.2),

(o ()oY

g s 3 [ (T felalo) du

te(h+a,1—h—0) i=1

n
sup Z E
te(h+al—h-b)i=1

. ! fo(x = Xiio1)
= E&; su h/ K2 (x) 2202l gy
1te(h+a,1lih—b) ; e ) fx (Q(t+hx))
E&2 1K

inf fX( )

Q(a)<x<Q(1-b)
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

Thus apply Theorem (Freedman, 1975) (see page 102) with y = Cynh and consider
x = Cr for some Cr > 0,

K >C h|logh
(m E (FE) 8 = cryf o
n —t;
{ ) Ks ( X) >sl > CT\/nh|logh|}
j€Gn(ab) \]i=1
n F(X.) — t:
S E P ({ K3 ((1})1]) gz‘ Z CT\/TZh ‘10gh‘}>
jEGN(ll,b) i=1

< Nexp C2nh |logh|
(,/nh lTog h[ + Cvnh>
2

= Nexp {_2CCTV ]10gh|} (I1+0(1))

e )

The above statement can be made arbitrarily small for a sufficiently large enough
choice for Cr so therefore,

max iK?’ (F(Xl)_t> &

jeG(ab) |5 h

=0, (\/Tll’l ]10gh|> . (5.20)

To deal with the first term on the RHS of (5.19), again t and {; are considered with

respect to the support of K3 by using the indicator sets I;; and fi]- (see (5.13)).

n ) — F(X;) —t;
s |12 (ke (P -k (50 )
E<t<tjiq |i=1

n — F(X;)—t

< sup Z<K3 <F(Xz) t> —1<3( (Xi) ]> I

E<t<tjy1 |i=1
n N F(X.) — t: -
+ sup <K3 (F(Xl)t> —K; <(1)]>> Iijgi )

tht<tj+1 i=1 h h

(5.21)

Start with the situation when Ti]- is nonzero. For any t € [t]-, t]-+1) there exists a 6; > 0
such that t = ti+ 5j and

K <F(X;3 . t> % (F(Xi’z - tj>

I < Lgh ' t—t] < Ch a2
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

Using the above with (5.14) in the latter term of (5.21),

ii; <K3 <F(X;l)_t> - K5 <F(th)_t]>> &l < \/(;71 (5.22)

Sup
tj§t<tj+1

where C is independent of j. Shift attention now to the first term of (5.21) and con-
% — 1‘ < Cn2h~!. A similar argument can be

sider initially the situation when ‘
reached for values of t,¢;,1 near the opposite boundary and consequently over the
whole range for I;j. Consider the situation when h~! (F(X;) —t) < 1, then the same
argument holds from (4.25). So it remains to consider when h~! (F(X;) — t) > 1 which
is outside the support of K3. Substituting K3 (%) = 0 = K3(1) and using a similar
argument to before,

F(X;)—t F(X;) —t; F(X;) —t; L
K3 <(h)> - K3 <(i)z]) L = |K3(1) = Ks <(2]>‘ <Ch 'n2
So the similar result can be shown that,
1 F(Xi)—t) <F(Xi)—tj>>ﬁ C
su K|—— | - K| ———— ) )& < . (5.23)
tj§t<It)j+1 1221 ( ’ ( h ’ h J vnh >23
So by using (5.22) and (5.23) gives,
L F(Xi)—t> (F(Xi)_tj>>A C
max su K3 ( —K3| ——— &i| < ,
j€GN(ab) tj§t<It)j+1 ; < h h Vnh

Using the Markov inequality with the restricted bandwidth in (5.6) implies that,

§ (10 (=) - (PO ) o o ().

This combined with (5.20) in (5.19) completes the proof. O

) max Sup
JGGN(u/b) tj§f<tj+1

Proof of Lemma 5.3 . Again, the proof is based on the Proof of Lemma 5.1. However,
this time there is no nuisance variable ¢; to deal with. Define the terms, d;(t) = 77 (t) —
E [v/(t)| Xi—1] ensuring that {}_}; d;(t), X } is a martingale. Then consider a partition
of t € (h+a,1—h—b) into a grid by defining t; := j/N where N = n? and j € Gn(a,b)
where Gy(a,b) is defined by (5.9). Then for any t € (h+a,1 —h — b), there exists a
tj, tjy1 such that, t € [t]-, t]-+1) and the decomposition is used,

(5.24)

idi(t

i=1

n

Y _di(t))

i=1

+ max

su
p jEGN(a,b)

te(h,1—h)

() )

1

) g{ max  sup

JEGN(ab) 1i<t<tiy
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

As seen in a similar light earlier, to deal with the second term of (5.24), apply the expo-
nential martingale inequality Theorem (Freedman, 1975) (see page 102). First, exploit
the Taylor expansion of i and use the fact that Support (K3) = [—1,1], meaning there
exists a 7; dependent on X; with |7;| < 1 such that F(X;) =t + ;i and,

vi () = Ks (EEDTEY (et ) — ir (D) 1) (F(X0)
h

= ks (EEIZE) W0 € )1 (R, 5.25)

where |¢| < 1. Then consider the sum of the conditional variances and use (5.25) and
(5.2),

sup Y E [d7(t)| Xi_q]
te(h+a,1—h—b) i=1

= oo V{070 2] ~E i 0] 4

< sup  YUE (070 A
te(h+al—h—b)i=1

n 2 (F(X;)—t
=7 swp  VE [ (e elnin) 1 (FE) a]
te(h+a,1—h—0) i=1

2 n F X,‘ —t
< |t sup ) E {K§ <(h)>‘-)(i—1}
® te(h4a,1-h—b) i=1

2 L F(u) —t
= H(Fl) sup Z/ K%( ( l)z >f11(”—Xi,z‘—1)d”
@ te(htal—h—b)i=1

z e f(Q(t +hx) — X;1)
=1 | su K3 (x) ’ dx
Sl te(h—&-a,lrih—b) 1:21 /*1 3 () F(Q(t+ hx))
oIk
HE ‘ [ fileo 1
3 ‘ ) 2 . 3
<nh - [0 /71 K35 (x) dx =: Cynh”. (5.26)

Q(a)<t<Q(1-b)
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

Thus apply Theorem (Freedman, 1975) (see page 102) with y = Cynh® and x = Cr for
some Ct > 0,

> CT\/nhE”]logh])
> CT\/nh3logh})
> CT\/nh?’\logh]})

n
(;eg,lva)a(b 21
( >{
B ab) <{
exp C2nh? |log h|
(\/ 13 [log h| +cVnh3)

2
—Nexp{ ZTV logh\}(l—ko(l))

< anhCT ZC\/

)i

i=1

di(t;

M:

Il
—_

i

The above statement can be made arbitrarily small for a sufficiently large enough

choice for Cr so therefore,

= 0Oy <\/nh3 |logh|> . (5.27)

To deal with the first term of (5.10), a careful consideration of the location of ¢ and ¢;

max idi(tj)

jGGN (Ll,b) i—1

with respect to the support of K3 and the indicator sets I;; and Ti]- (see (5.13)) is required.

f ) I

i=1

p [ (a

i=1

t; <t<t/+1 t; <t<t/+1

(5.28)

i( (t))) Ty

i=1

sup
t i <t<tin

Start with the latter term of (5.28) which concerns the situation when fi]- is nonzero.

\di(t) — di(;)| L < |y (t) — 97 (4)| I + |E [v7 (1) Xia] — E [v ()| Xia] | T
(5-29)

By the same argument for (5.16),
|7 (6) =i (1) | T < Cn 2R 1, (5.30)
So (5.29) and (5.30) imply that,

|di(t) — di(t;)| Iy < Cn 2K~ (5:31)
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5.3 ESTIMATION METHOD UNDER LRD DESIGN
By an equivalent argument to the one that showed (5.18) it can be shown that,
‘di(t) — di(tj)‘ Iij < Cn2h~ 1. (5.32)
So (5.31) and (5.32) imply that,

b |Y (0~ ()

i=1

max <

JEGN(ab) ¢; <t<t “

<
nh’

Since the above bound holds, using Markov’s inequality and the restricted bandwidth
(5.6) we have,

max  sup
JEGN(ab) pi<t<tisy

i (di(t) —di(tj))' =0p (w/nh3 \logh\) .

i=1
This combined with (5.27) in (5.24) completes the proof. O

Proof of Lemma 5.4 . Consider the value of Y!' ; (E [vi(¢)| Xi—1] —E~y1(t)) when t €
(h,1—h),

i ‘)C‘l 1] ]E’)/l(t)) = /]RK3 <F(u})l_ t) y(u)l["](u) du

i=

= h/l1 K3 (x) yp(t%—hx)lﬁnl(t—l—hx) dx (5.33)

where 1" (x) = Y, (fx(x|X;_1) — fx(x)). To bound the above process consider a
Taylor expansion of both yr and I I[Tn] and exploit the vanishing moments of ., in

(K:4). Consider first the expansion of IILn]

which requires the higher order derivatives
of 11", If Assumption (X) holds, then f,gs) exists and [ L"] has a Taylor expansion and for

some p € [0,1],

sAr—1 jminl (sAr) y(sAr) (7]
I;”}(t—i—hx) -y (hx) DI (t) N (hx) DAL (t + phx)

= j! (sAT)!

Indeed, calculating the intermediate derivatives using the Faa di Bruno formula (see

(4.14) on page 96),

. IVECLIONS
DI (t) = DI o (1) Ekllkz T(DHM o Q)( H( (t)>'

keS;
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

By a similar argument a Taylor expansion of ur exists. Then exploit the vanishing
moment property of K € J,, in (K:4) by using the above expansion and the extra
smoothness of yr in (5.33). Thus, there exists a p,q € [0,1] such that,

1
/ Ko () et + h) 18 (¢ + hx) e

sAr—1 s/\ril hi+j,lll(:i) (t)'DjIl[D”} (t)

=%

1 ..
/x1+]K3(x) dx
~1

i=0  j=0 i!ﬂ
¥ hZ+SAr (snr) pln] +5A
_ sAT) i i+sAr
* ;0 z'(s/\r / DML (E+ phx)x™VKs (x) dx
st il (1) /1 () |
_— S t4 hx x]+S/\7‘K x) dx
= JMsan)! L (t+ ghx) 3 (x)
hz (sAr) (o) “ »
(s Ar)!)2 / DEMII (4 phae) i) (£ 4 ghoe) ¥V Ks (x) dx
sAr—1 sAr—1 hz+] (sAr) ()( ),D]I[n]( ) o
= (S/\]’) ]/l / 1+]
' < i;)j;) i'j! . K3 (x) dx
i+j>sAr
sAr—1 hz (1) 1 ‘
pe (1) / (sAr) 7l1] i (shr)
- Z-;O il(s Ar)! _1D Ig" (t+ phx)x K3 (x) dx
sAr—1 h]D]I[n]
YUY jHsAr
i A Ar)! / HE) (8+ qha)x K (x) dx

hs/\r

1
e S PO ph (¢ g2 K () dx) .

(5-34)
Therefore it follows by (5.34) and Remark C.1 (see page 170) that,
n
sup |3 (E [7i(5)] Xia] = B (1)) = Op (10t =2L(n) ). 0
te(h1-h) |i=1

Proof of Lemma 5.5 . Define, d;(t) = Ks (%) —-E |:K3 (%) ’ X,-,l}. The proof
follows from a similar argument to Proof of Lemma 5.1. Define the grid N = n? and
ti=j /N for j € Gy(a,b). Then, similar to the Proof of Lemma 5.1, the two terms that
need to be dealt with are,

n

1
Vnh {JGGNE}Z(b) Zdl(tj)

+ max
jEGN(ab) ¢, <t<t]+1

p|X (d £)) ' } : (5:35)

i=1
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

The former is dealt with the inequality in Theorem (Freedman, 1975) (see page 102).

Clearly {d;(t), X;} form a martingale difference sequence. Similar to (5.11) the sum of
the conditional variances are bounded,

sup VB[4 < sup  )E {Kg(“&“)\»@_l}
te(h+a1—h—b) i=1 te(h+a1—h—b) i=1 h
il [ K3

f
Q(a )<alcr<1Q1 b) fX( )

< 2nh

=: Cvl’lh.

Apply Theorem (Freedman, 1975) (see page 102),

> Cry/nh |logh|>
i >CT\/nhlogh})
> Cry/nh |logh|>

n

P max d;(t;
(jEGN(a,b) l; i(t)

< U {
j€GN(ab)
B JGGN ﬂb) (
exp C2nh |log h|
CT\/nh llog h| + Cvnh>
2
<n exp{ zTylogh|}(1+o(1))
Cv

< anhc /(2Cy) anhc%/(zcv),

i=1

n

) di(

i=1

which can be made arbitrarily small by an appropriately large Cr. Therefore,

= 0Oy <\/nh \logh]> . (5.36)

(F(X},;)ﬂ.‘) _ K3 (F(X;l)_tj)‘ S Canhfl.
i(t) —d;(tj)| < Cn2h~!. Therefore,

n

max | Y di(t;)

jEGN(ab) |57

To deal with the other term, by construction,

Zn: (dl(t) -

i=1

max  sup
JEGN(ab) ti<t<tisy

So by the above and the Markov inequality and (5.6),

) (@

i=1

)| =

P ( max  sup

JEGN(ab) ti<t<t;y

/ C

(5-37)
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

The result follows from (5.37), (5.36) and (5.35). O

Proof of Theorem 5.2 . First break down the estimator into its separate martingale and
LRD part in a similar fashion to the method employed in the Proof of Theorem 4.2.
Recall the modified processes in (5.7) and by the same argument used to show (5.26),

it can be shown that,

Y (i (8) —E [y} ()] Xiea])

i=1

- o (Vi)

Apply the above bound and Lemma 5.4 to yield,

Kn(t) — Kn(t)
= i(’)’z ]E')’l( )+§1( ) )

=—7) (%( ) =B [vi()[ Xia] + E [7i(£)| Xia] = Bi(t) +Ci(t)€i>

= 2 L (70~ B (9] &)

nh* =
o (o (50 o ()] )
+0 (B0 L) + 0, <n}l5> : (5-39)

Recall we are considering the term, v nh’ (7/(\;,(1‘) - Kh(t)) so define the standardised

stochastic terms,

VF(t) <K3 (F(X;-l)ft> _E [K:% (F(X)ft

] e

Al(t) =

Then in a similar fashion to the Proof of Theorem 4.2 it will be shown by the martingale

central limit theorem of Theorem 2 (Brown, 1971) (see page 96) that,

ZAl £ 25 N(0,1). (5.39)

i=

Indeed, {A;(t), X;};_, is a martingale difference sequence. Thus we need to check that

the Lindeberg condition holds and that the sum of the conditional variances converge
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

in probability to 1. First, focus on the convergence of the conditional variances. The
conditional variances can be broken into two parts,

= nZ%)(zt()t) Z;E 5 (F(th) t) -F [K3 <P(X;1)_t>'% 1]>2 X”]

Dealing with the second term on the RHS of (5.40), use Proposition C.1 from Ap-
pendix C,

1 n

i LB (0|6
=7}hi1ﬁ§%< o 1o (B [820)] %] - E2F(0)
_/ 2(t + hx) K3 (x) dx + — / 0% (t + hx)K3 (x )I[n](t—i—hx)d

- [ (OB ) (x) dx -+ Oy (n 2L (n))

= t(0) [ 1) dx+ O0) + Op(n L (). (541)

To bound the first term of (5.40), a bound is required for E |:K3 (F(XT’H) ’ Xi,l] 2. This
is achieved using a Taylor expansion of composite functions to exploit the vanishing
moment condition of Kj3. Recall from (4.14) in the Proof of Lemma 5.4 the Faa di
Bruno formula for composite functions. Define X;; 1 := X; —1; = ux + Z;-’il ¢jifi—j and
Z;i = sy (Xii—1 — px) and define f,(x) == fx (x|Xi_1) = f(x — X;;_1) and g(x) =
1/x. Then X;;_1 and Z; are X;_1-measurable and for all ¢+ € (h,1 — &) the conditional
expectation can be evaluated as follows.

B

Q(t + hx)|X;1)
_h/ Q(H—hx))l ax
_h/ Ks (1) (fy0Q) (t+ 1) (g0 fico Q) (£ +hx) .

(5.42)
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5.3 ESTIMATION METHOD UNDER LRD DESIGN 137

Use the Faa di Bruno chain rule on the composite functions, p(t) := ( fyo Q) (t) and
q(t) == (go fx 0 Q) (t) to obtain the Taylor expansions. Start with g(t) below,

sAr—1 1.7..7 o o (]) SAT ASAT ° o (s/\r)
(gofxoQ) (t+hx)= Y hixl (g f>j<' QUI(t) | B (g f(xSA%)' (t+ Ths)
j=0 ~ !

(543)

where |t| < 1. The intermediate derivatives for j = 0,1,...,s A r are given by

. ' oo ke
(gofxo QY (1) = Y (~1)kk! ((onQ)(t))’(k“)ﬁ (M)(f)> —0(1)

kESj (=1 ]'
due to restrictions imposed in Assumption (X). Similarly for p(t),

i ( f ) NI - (snr)
(fio0Q) o= (froQ)" (1) wr (froQ) " (t+6nx)

pr j! (sAT)!

(5.44)

where |6| < 1. Therefore, using (5.44) and (5.43) in (5.42) with the vanishing moment
condition (K:4) implies that,

o (F=1) .|

— i+l e S/\ril hf-i—]'—s/\r p(j)(t)q(é)(t) /1 x€+fK3(x) dx
= %:0 j1e! -1
jH=sAr

sAr—1 p(j)(t)hj -1
= (s AT)! /71

E

XN K (1)) (4 Tha) dx

N OB :
+ Z W/lxm +€K3(X)P(SA)(t+(5hx) dx
(=0 W)

hs/\r

1
W /_1 xz(sAr)Kg,(x)q(SAr)(t + Thx)p(”\’)(t + 6hx) dx}.

However, by Assumption (X), f,g] ) are Lipschitz continuous for j = 0,...,s; and there-
fore bounded. Consequently p'/) and q/) are also bounded which means that uniformly
in ¢,

E [Kg <F(th)_t) ‘ Xi_l} < CHNV L ass. (5-45)
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Define,

Ks(Xii1,t) :==E {Ka <F(th)_t> ‘ 9(1—1} and

0 2 o 2
g(Xii—1,t) = K3 (Xji—1,t) — EK3 (Xj;_1,1),

then E¢(X;;_1,t) = 0 and by Jensen’s Inequality Eg(X;;_1,t)* < oo. It will be shown by

an application of (Wu, 2007, Theorem 1) that Y 1 §(X;i—1,t) = Op (K" 2n1=%/2L(n)).

Using a similar technique to the one used in the Proof of Proposition C.1 (see

page 170), define the physical dependence measure,

vi:= sup |[[E[g(Xii-1,t)] Xo] —E [§(Xii1,t)[ XAl
te(h,1—h)

To bound v;, let 7 be an i.i.d. copy of 7y and define Xl = Xii-1—cifo+ cinf with the
associated sigma field X" = o (n;, i—1,..., 71, ;M- - - ; €1, - - ., &). In the same fashion
define K3(X},_,,t) :=E |:K3 (m) ‘ X } . By Theorem 1 of Wu (2005) it was shown

i,i—1/

that v; < sup;c(,1_y) Hg(Xi,i,l, ) —g(Xi 1,t) ‘ Using this, (5.45) and the Lipschitz

property of f, it will be shown that v; = O (h""*2i~FL(i)),

v; < sup  ||g(Xiio1,t) — g(Xi 1 t)||

te(h,1—h)
= sup [[(Ks(Xiim1,t) + K5 (Xfii1,t)) (Ks (Xiim1,t) — Ks (X1 1)) ||
te(h,1—h)
S ChS/\hLl Sup HKOC), (Xi,ifl/ t) — K°3 (Xiyiifll t) H
te(h,1—h)

= Ch*M 1 sup
te(h,1—h)

/]RK3 <F(u})l_t) (fy (u = Xii1) = fy (u—Xj;_1)) du
S Chs/\1’+1 sup

Flu) — ¢
o (P70 a3 -
te(h,1—h) /R

< CheM+2 HWO _ 776” ¢ = ChV2PL (i),

where the last line follows due to the Lipschitz property of Q and the bounded domain
of K3. Then by Theorem 1 of Wu (2007) and Karamata’s Theorem, ||Y/"; g(Xii—1,t) 12 =
O (hz(sm)ﬂnz_“x Lz(n)). Using this and (5.45),

1 ¢ F(X;) —t SR QL n
% 1:21]}3 |:K3 <;l) ‘ ‘X'l1:| = % ;g(xi,iflz 7h ; 11 1t
— O (hs/\r—H —IXX/ZL ) (hZ (sAr) +2)

= 0p(1). (5.46)
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Then the first term on the RHS of (5.40) can be bounded by (5.46) and a similar applic-
ation of Lemma 1 of Zhao and Wu (2008),

N
iﬁf 3 {JEK2 <(Xh) = t) +E [K3 (F(X;B - t) ‘ Xilr

(ea (" o] - ()

= u(t) /11 K3(x)dx + (’)p(n_"‘x/zL(n)) + O (h?). (5.47)

AT

pe(t)
nh ;]E

Substituting (5.47) and (5.41) into (5.40) implies that,

Zn:ﬂz [A2(5)| Xia] 5 1.
i=1

For the Lindeberg condition, let € > 0 and define A, (¢) = {|A1(t)| > €}, then similar
to the procedure used in the Proof of Theorem 4.2, it can be shown that A, (¢) — @
for any € > 0 so the Lindeberg condition holds. Thus apply the martingale central
limit theorem of Theorem 2 (Brown, 1971) (see page 96) ensuring that (5.39) holds.
Then, using (5.3) in the decomposition given in (5.38), the result follows by Slutsky’s
Theorem. O

Proof of Theorem 5.3 . Again, use the decomposition (5.38) from the Proof of Theorem
5.2,

Kalt) — %u(h)
oy ( 5(8)] Xia] + E ()| Y] — Eps(t) + g:-(t)ei)
i=1
=0p (”71/2]777/2) h4 Z ( ()] Xia] — ]E%(t))- (5.48)

Standardising the process,

ax/Z

L(n) (Kh() ?(h(t)) WZ( (D) Xiq] — ]E'yl(t)>

+ Oy (n7 0= 2L () 72).
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By the assumed bandwidth condition (5.5), n~(1=%)/2L=1(n)h=7/2 = 0(1), so it follows
that the last term is negligible and the asymptotic behaviour is dominated by the LRD
conditional expectation terms. As such, define the standardised process,

_ E[ni(t)[ Xia] — Evi(t)
Yi(t) := h4n17ax/2L1(1’l)Cl(t) .

It will be shown via use of a Hermite expansion of the LRD variables that,

n

Z;Yl 25 N(0,1). (5.49)

im
To do this, split the LRD variable X; into two parts, X; = #; + X;;_1. Define the stand-
ardised version of X;; 1, Z; := sy' (X;;_1 — px), Zi ~ N(0,1). Notice that Y;(t) and Z;
are both X;_;-measurable and define G(Z;, t) := E [v;(t)| Xi—1] — Ev;(t). Then clearly,
EG(Z;,t) = 0 and by Jensen’s inequality, EG(Z;, t)?> < . So by Taqqu (1975), G(Z;, t)
can be re-expressed by its Hermite expansion,

G(Zit) = il wl) g (2),

where a,,(t) = E[Hyu(Z1)G(Z1,t)] is the m'" Hermite coefficient. For our case it is
assumed that a; # 0. To evaluate a1, re-express the conditional expectation using the
standardised version of X;,

E [5(0)] &) = E [pxk (2= [

h
N i+ Zi — 1t
=E [P‘(’?i + ux +sxZi)Ks ( (1 2)( ) ‘ Xi_l}
D (n; +sxZ;) —t
:]Eq [V(ﬂi—'_:uX"f—szi)KE; < (771 hX 1) >}
- N (P utsxZi) )
= Rﬂ(u+yx+sle)1<3 ( 2 > o (@]) »

Then substitute the above into a4,

lll(t) =E [ZlG(Zl, t)] =E [leE [’yl(t)‘ Xo]] — IEleE’)/l(t)

=E [le/nay(u+VX+SXZ1)K3 (CID(u—i—s;Zl) — t> ¢ <;) du}
U

= //zy U+ pux +sxz)K ( u+SXZ _t> $(z)¢ <;{> dz du
U

- SXU,] / / t‘:}i"; );VF(t‘i”hw)KS( w) ¢ <<I>_1(tq;§zw) — u) ¢ <;;> dwdu.
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Recall from (5.43) (with g(x) = 1/x) in combination with Assumption (X) that the
density in the denominator has a Taylor expansion up to order s. By exploiting the Faa
di Bruno formula again, it can be shown very easily that for w € (—1,1),

’ <<I>_1(t+hw) —u> _y <<I>_1(t) — u) Lom.

5X 5x

Lastly, by definition, the smoothed third derivative, h3 %, (t) = f L HE(t+hw) Kz (w) dw.

This all leads to the conclusion that,

4 “1(p)—yu B u 4
it~ g P [ (PO (0 () an= TGO

From Corollary 5.1 (Taqqu, 1975) (see page 25),

n

n
. 2
izzle( 1’11 ax/ZL ;ZZ 0 Cl)'

Therefore (5.49) holds by Slutsky’s Theorem in the decomposition given in (5.48) in
conjunction with (5.39), (5.49) and (5.5). O

5.3.4 Estimation method under LRD design

Recall from the general random design estimation method in Section 4.3.5 that &, (t),
has decomposition,

5@@:h4@9] < >+% )+ Zu(t) + 6,(t)

= L (t) + (1) + Zn(t) + by(

where £;(t) is the localisation term, 5(t) = O (h*73), is the deterministic bias and
Zy(t) + b,(t) are the stochastic bias and stochastic error processes analysed in Sec-
tion 5.3.3.

As before, to avoid trivial complications of the location of the global minimum and
maximum generated by £;,(t), assume that {yg)} (A) > 0. Apply the same random
design procedure outlined in Section 4.3.5. This involves firstly using the ZCT to estim-
ate the shifted change point A with A,.. Then rescale the A, back to an estimate of 6

using the empirical quantile function. Begin with the Localisation step of the ZCT.

Localisation step

By using a similar argument to (2.34) for the set L, = {t: |A —t| < h},
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

H 2Ky (A7) [;AU} (A), ifpue € (0,1],A) andt € L,
Ly(t) =
0, ifye Sor {pee(01,A)andt ¢ Ly}.

Also, £;(t) has the same unique extrema with a unique global minimum at the point

te r=argmin £;(t) = A —q*h
te(h,1—h)

and a unique global maximum at the point

t* 1= argmax L, (t) = A +q"h.
te(h1—h)
Also, when |A —t| < h, £;,(t) > Ch=2 > Ch*3 and ,(t) = O(h*3), so £;,(t) domin-
ates the deterministic signal of X, (f).
To construct estimates of the unique global extrema, t, and t*, the localisation term
£y, (t) also needs to dominate the stochastic terms, 6,(t) and z;,(t). If the bandwidth is

chosen such that,
Cn V3 < p<Cn V79, for some 6 > 0,
then it guarantees that (5.3) holds. Then apply Theorem 5.2 to yield,
zZy(t) + b,(t) = Op (n_l/Zh_Wz) . (5.50)

So to have a well defined signal where £;,(#) dominates the stochastic contributions as

well, it is required that £,(#) dominates (5.50), h=2 > Cn=Y21p=7/2 or equivalently,
h > CnV 3,

which holds by construction.
So again, with the optimal choice of bandwidth, the stochastic contributions asymp-

totically don’t depend on a,. The points t. and t* can be estimated with,

t, = argmin &, (t) P = argmax X, (t).
te(h,1—h) te(h,1—h)

By this construction, the interval /Tn = (?*,f*) has a length which is order & and
contains A with high probability.

Kink detection step

As before, to ensure the signal generated by X (t) is genuine and not an artefact
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5.3 ESTIMATION METHOD UNDER LRD DESIGN

of the noise, some large deviations results concerning z;(t) + #,(t) are needed. First
standardise the statistic %,(t) to have unit variance with,

Talt) = % (@(t) = ?Ch(f)) :

where v(t) is defined in Theorem 4.2 on page 93. Consider the large deviations when
u is smooth without a kink, that is, y € .#;. Since (5.3) is guaranteed to hold from (5.6),
apply the large deviations result Theorem 5.4 and for any € > 0 there exists a Ct > 0
large enough such that,

P| sup |Tx(t)| > Cry/2]lo h|>
(te(h,lh) * ‘ &

=P <Vnh7 sup )’@(t) - ?(h(t)’ > inf )v(t)CT\/Z\loghO <e. (5.51)

te(h1—h - te(h1=h

Again, on the other hand, if ur € €} ([0,1],A), then for t € (t,t*), £,(t) > Ch~2 and
for the same large Cr > 0 used to ensure (5.51),

Talt)| > CTM) 1

That is, whenever y € .7, sup, 1y, | Tx(t)| will diverge to infinity at a rate no faster
than /2 |logh| and a kink is detected when the condition,

T;((t)) > /2 |logh|,

is observed in practice. If a kink is detected through this procedure, the method pro-

n=ee \te(h1-h)

lim P < sup

sup
te(h,1—h)

ceeds to the zero-crossing step.

Zero-crossing step

The same ZCT is used to refine the interval An = (?*,?*) down to a singular point Xn,
the estimate of A. To avoid repetition the reader is referred to the latter part of Sec-
tion 2.2 for the complete treatment of the ZCT and just the main results are stated here.
The estimate of A is constructed with,

Ap = arg min ‘Q/(\h(t)‘ = argmin |7, (t)] .
i’EA\h fEA\h
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Recall again that &, (t) = £,(t) + 5,(t) + Zu(t) + 6,(t) and the best possible accuracy
occurs if § > 0 can be chosen as small as possible such that the following inequalities
hold,

Sh=3>Ch3 and 6h3>Cn V20772 (5.52)

The best possible bandwidth that ensures (5.52) holds along with the required band-
width condition (5.6) is given by,

h, = n~1/@stD),
Now apply Lemma 2.1 with this optimal choice of bandwidth and é = 6, =< h; allows
the method to obtain an accuracy of order n—*/(2*1). More specifically, this proves that
the estimator satisfies the probabilistic bound,

Ay — )L‘ =0, (n’s/(zs“)) )

One final step remains to rescale A, to an estimate of the true kink location at 6.

Quantile rescaling step

Recall that & = F~!(A). In practice the true distribution function F is unknown, so
it is estimated in the usual manner by the empirical distribution function F,(x) =
n iy’ o1 {x;<x} and consequently we can obtain an estimator of Q via the empirical
quantile function Q, = F, 1. Estimate 6 by, §n = Qu (7\,1) The rate of convergence of

this estimator is evaluated below,

0, — 6] = |Qu() — Q)
< ‘Qn(;\\n) -Q (7\71)

+ Q) —Q ). (5:53)

Under Assumption (X), it follows that the derivative of the Quantile function, Q(t), is
uniformly bounded on t € (4,1 — b) for some constants 4, b. Indeed, by assumption,
there exists an 4,b € (0,1) such that 0 <a <1—b < 1and

inf 0.
o< By X >

Consequently, the derivative of Q given by, Q) = 1/(f o Q) is uniformly bounded.
Therefore, there exists a ¢ € (0,1) such that,

QA = QM) = (A =2) QW (A+¢(2-2)) <C (2 -2) (5.54)

The rate of convergence in (5.53) is therefore contingent on the maximum of the

rate from the generalised quantile process for the design variables or the rate from the
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initial unscaled kink estimator. Under Assumption (X), the quantile process involves
LRD variables. The rate of convergence of the empirical quantile function has been
considered by (Ho and Hsing, 1996, Theorem 5.1) which states,

Theorem 5.1 (Ho and Hsing, 1996). Let X; = px + ¥.i_ ¢;1i—; be a linear process with
coefficients ¢; = i PL(i) with B € (3,1) such that, iy = 0 and By} < co. Also assume that
E, is four times differentiable and there exists an a,b € (0,1) such that 0 <a <1—-b <1
and

inf t) > 0.
oo <zhg <

Then forall t € (a,1—1D),

n(XX/Z

Lo (@0 = Q) 25 N(0,1).

The conditions of the Theorem are satisfied by Assumption (X) so apply Theorem 5.1
(Ho and Hsing, 1996). Then for all t € (h+a,1—b—h),

(Qu(t) = Q(1)] = Oy (n=/2L(n)). (5.55)

Therefore, using (5.55) and (5.54) in (5.53),

0, — 9’ =0, (n_s/(QSH) v (n_“xﬂL(n))) ,

which proves Theorem 5.1.
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APPENDIX



REGULARLY VARYING FUNCTIONS

The reader is directed to Bingham, Goldie and Teugels (1989); Seneta (1976) for a
detailed treatment of regularly varying functions. Some literature exists on regularly
varying sequences, although the treatment is less extensive and the interested reader
is referred to Bojanic and Seneta (1973); Galambos and Seneta (1973).

Definition A.1. A function L is said to be slowly varying at infinity if L:R" \ {0} — R*
such that for all t > 0,

. L(tx)
J}gr.}o L(x)

=1. (A1)

The above definition leads to the concept of a regularly varying function.

Definition A.2. A function f is said to be regularly varying at infinity with index p if f(x) =
xPL(x) and L is a slowly varying function.

Firstly, the famous Theorem of Karamata is given below. First define the two integral

expressions,

Lp(x) = /Oxy’“L(y) dy

o (A.2)
Ly(x) = /x y’L(y) dy

The two Lemmas and Theorem are taken from Feller (1971) and we refer the reader
to the text for their proof,

Lemma A.1. If L > 0 varies slowly. The integrals defined in (A.2) will converge at x = oo for
p < —1 and diverge for p > —1.

If p > 1 then Ly, varies regularly with exponent p + 1. If p < 1 then L, varies regularly with
exponent p 4 1, and this remains true for p +1 = 0 if L* | exists.

Lemma A.2. Let L be a slowly varying function. Then, for any € > 0 and all sufficiently large
x>0,

x ¢ < L(x) < x€.

Theorem A.1. Let L be a slowly varying function,

(a) If p < —1 then,

L) e 1
nl*tPL(n) p+1
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(b) If p > —1 then,

Ly(n) ncg 1
nl*tPL(n) 1+p’

_|_

The key useful properties of Slowly varying functions for our purposes are listed
below, beginning with the so called Uniform Convergence Theorem.

Theorem A.2 (Uniform Convergence Theorem). If L is a slowly varying function, then for
every fixed a,b € R™ such that 0 < a < b < oo, then (A.1) holds uniformly for t € [a, b].

A result that will be used extensively is taken from (Seneta, 1976, p18).

Lemma A.3. For every p > 0 and function L that is slowly varying,

X—»00 X—00

xPL(x) —> o0  and  x PL(x) — 0

The proof of the above result is an easy consequence of Lemma A.2. The next The-
orem is useful for bounded the regularly varying sequences at the boundaries near
zero and infinity and appears in Bojanic and Seneta (1973) and (Seneta, 1976, p20.)
respectively,

Theorem A.3. For every p > 0 and L(-) slowly varying,

sup {i PL(i)} ~n"PL(n)  and sup {i"L(i)} ~n"L(n)

i>n 0<i<n

A last useful property is the convergence result for Slowly varying sequences and is
taken from Bojanic and Seneta (1973)

Theorem A.4. A positive sequence {L(n)}, _; is slowly varying if and only if,

lim —Zz”L

n—oo pl+

1+p’
for some p > —1.
Theorem A.5. Given a positive slowly varying sequence {L(n)}_;,

lim Z iPL(i) =C,

n—>00

when p < —1.

Proof. The result follows from Lemma A.2. Indeed, choose € > 0 such that p + € < —1
and then by Lemma A.2 there exists an 19 € IN such that for all i > np, L(i) < i€ which
implies,

[ee]

Y iPL(i) < Z ipre =

i=ng i=ng
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LONG RANGE DEPENDENT RANDOM VARIABLES

In this section, the technical details and analysis of the properties of causal LRD linear
processes is studied. In particular, the focus will be on the asymptotic behaviour of the
covariance structure of the process and other functionals.

Assume throughout this chapter that {X;}!; is a causal LRD linear process (see
Definition 4.1) with parameter « € (0,1]. As stated in Section 4.2.1, the asymptotic
covariance structure of X; satisfies,

Cov (Xj, Xizn) ~ Can “L2(n). (B.1)

More importantly, it is commonly claimed in the literature that (B.1) can be proven by
routine applications of Karamata’s Theorem (see Theorem A.1) which for our purposes
states,

xPHL(x)

X
/0 yPL(y)dy ~ p for p > —1. (B.2)

The structure is more delicate than an application of Karamata’s Theorem in (B.2). To
see this, consider the ratio below,

E (X — px) (Xn — px) _ ogn" &

nL2(n) ~2(n) Z.ZZO‘”C””
O.Znoc )
= — Cn + CiCitn
) ( L cicis
o (i 2 (1) /27 (T (i
= 20n) n L(n) + ) _(i* + ni) L(i)L(i 4 n)
i=1
(a—1)/2 )
— o N 2 1 ) N—(1+a)/27 (4 .
% L) + 0 I2(n) l;(z + ni) L(i)L(i +n).

(B.3)

The first term in (B.3) is asymptotically negligible (see proof of Lemma B.1). So the
asymptotic behaviour as n approaches infinity, is determined by the summation term.
The theorem of Karamata involves an integral of a slowly varying function and the
asymptotic relation involves the upper limit of that integral (see (B.2)). In a case of
direct application it would involve n being the upper limit in the integral.

On the other hand, the summation term in (B.3) involves an infinite summation of a
slowly varying sequence where the asymptotics of n are focused inside the summand
(i 4+ ni)“PL(i)L(i + n). Therefore, the theorem of Karamata cannot be applied in the
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direct sense and the proof requires looking at the asymptotic behaviour of a summa-
tion involving regularly varying sequences. Moreover, as shown in Bojanic and Seneta
(1973) the analysis of regularly varying sequences share analogous results to regularly
varying functions. However, the development and proofs of the results for regularly
varying sequences are in general not a simple extension of arguments from the regu-
larly varying functions. This is shown to be the case in the proofs of the forthcoming
Lemmas.

For purposes of convenience, in this chapter, the dependence parameter g will be
defined with B := (1 + «)/2. The first Lemma gives the asymptotic behaviour of the

covariance structure of a LRD causal linear process.

Lemma B.1. Let X; be a LRD causal linear process that satisfies Definition 4.1. Then the

covariance structure of X; satisfies,

Yn = Cov (Xo, X)) ~ (T,? </0 (x2 4 x)7F dx) n*L?(n).

The above Lemma is a powerful tool for considering the asymptotic covariance struc-
ture of some other functionals of LRD processes such as the ones given in Lemmas B.2
- B.4.

Lemma B.2. Let X; be a LRD causal linear process that satisfies Definition 4.1. Then the

variance of the sum of a LRD causal linear process satisfies,

202

Var (; Xi> ~ W&—“) </0 (x? —|—x)_/3 dx> n2=*L2(n).

Lemma B.3. Let X; be a LRD causal linear process that satisfies Definition 4.1. Then square of
the process, X? is second-order stationary and satisfies,

o © 2
Cov (X5, X¢) = 2Cov? (Xo, Xx) — 207, Y cic3,y ~ 20, ( / (x> +x)7F dx) k=214 (k).
j=0 0

Lemma B.4. Let X; be a LRD causal linear process that satisfies Definition 4.1. Then the

variance of the sum of squares of the process satisfies,

( 40;1
(1—2a)(2—2a

Var (i Xf) ~ 4:(7,‘7L (/Ooo(x2 +x)7F dx)an*(n), ifoa =1

i=1

i=0

) </000(x2 " X)_ﬁ dx>2n2_2“L4(n)' fo<a< %

n (Warxg+zzcov (X%,X?)), ifi<a<l
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where L* is defined,
= (-2
i=1

Proof of Lemma B.1 . The proof will follow by showing that the ratio of Cov (X, X,;)

and n~*L2(n) is asymptotically equal to the integral constant,

(7,?/0 (x® +x)Pdx.
Recall from (B.3) that

Cov(Xo, X») S L 1 = ,
nsz(n)n % L) * 7 Lz Z; +ni) " PL(I)L(i +n)
i=

By construction, 1 — B < 0 which in combination with Lemma A.3 and the inverse of a
slowly varying function is still a slowly varying function implies that the first term of
(B.3) converges to zero. The second term of (B.3) involves an infinite sum and for later
use define the summation set,

S(n,a,b) = S(a,b) := {a,a—ki,a—ki,...,b}, (B.4)

where a,b € RT with a < b. Then the quantity in (B.3) can be re-expressed by rescaling
the dummy variable of summation with the choice i = nj. Doing this will allow us to

appeal to some of the relevant theorems and properties of slowly varying functions,

Tty =00 G iy X (0 00 PLLr )
a—2p
=0(1) + 0} far 0L +1)
jeS(NTH,00
1’171
=o) iz T () PLmL0GHD) (B3)
jesS(nTH,0

To show that ratio converges to the integral, fooo(x2 + x)_[3 dx, it will be shown that
the asymptotic distance of the ratio to the integral is zero. However, the uniform
convergence property of slowly varying functions requires that the argument of the
slowly varying function is separated away from zero and infinity. Therefore, the dis-
tance needs to be carefully split up into two separate cases. Then the methodology
applied is similar but slightly more complex than the continuous integral case given in
(Seneta, 1976, Theorem 2.6 and Theorem 2.7). The analogous integral case was proved
by Seneta (2009) and the adaptation to the discrete summation case is explored here.
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To be able to adapt the proof, first choose an e > 0 such that1 —-2+e <0<1—-p—e.

With this choice of €, then for any § > 0 the following integrals are finite,
) )
/ x¢(x®>+x)Pdx <o  and / x€(x? + x)Pdx < 0. (B.6)
0 B

Indeed, for the LHS of (B.6), the only danger of the integral becoming infinite is at the
origin and the integral is bounded as follows,

5 5
/x’e(xz—i—x)’ﬁdx:/ xP(x+1)"Pdx
0

0
o
</ x "¢ Pdx
0
sl—e—B
- 0.
< jpp— <

The last line is finite due to the choice of €. Similarly, for the second term of (B.6),
the only danger of the integral becoming infinite is at right limit point at infinity. The
integral is similarly bounded as follows,

(o] o] _/5
/ (¥ +x)Pdx = / x€72b (1 + 1> dx
6 ) X
< / x€72P dx
5

slte—2p

Where again, the last line is finite due to the choice of €. Using (B.5), the ratio can then
be split into three parts,

i =o0(1) +o;

L2 () Y. P+ ) PL(nf)L(n(j+1))

Fo Gy Y (P PLLG + 1),

Separately it will be shown that,

o o ~_gL(nj)L(n(j+1)) /5 _
1 2 p _ 2 Bdx =
nlgr.}on ]-65(2,11,5)(] +7) 2(n) ; (x*+x)Pdx=0 and (B.y)

jES(6+n1,00)
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In both cases given in (B.7) and (B.8) a term involving a ratio of slowly varying func-

tions appears. The following bound will be useful,

L(nj )igig(f)ﬂ) _1
(56 1) (U™ 1) g g
R e

Consider 0 < j < oo with j € R, then take the lim sup of (B.9) with respect to n and by
Theorem A.2 (Uniform Convergence Theorem),

: L(nj)L(n(j+1)) ‘ . ‘L(nj) . ‘ (n(j+1)) ’
lim su —1| <limsup |—*% — 1| X limsu -1
e ‘ I2(n) = Y | () ol | L(n)
. (nf) ‘ . L(n(j+1)) ‘
| — 22 1| +1 S S A VA |
- “J‘f:iP’ Loy | P L)
=0. (B.10)

Furthermore, the convergence in (B.10) is uniform. Now the proof of (B.7) is given. To
be able to exploit (B.10), consider a value m € R such that 0 < m < § and then split
(B.7) further as follows,

)3 n*1(1'2+]')7’3L(nj)L(n(j+l)) —/05(x2+x)"3dx

j€S(n=1,6)
y n—l(j2+j)—ﬁ< (nj)L gf(l(])+1))_1>

j€S(m+n-1,6)

<

) n1(1‘2+f>ﬁ—/5<x2+x>ﬁdx :
0

jeS(m+n=1,6)

(B.11)
The last term on the RHS of (B.11), is the distance between the integral and its finite

analog, therefore it follows,

lim lim
ml0 n—oo0

Y et [ ) P
0

j€S(m+n-10)

5 5
/(x2+x)’/3dx—/ (x® 4+ x) P dx
m 0

=0. (B.12)

= lim
ml0
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Consider now the first term on the RHS of (B.11). The summand terms are positive and
the arguments in the summand of this term are well separated from zero and infinity,
meaning that (B.10) can be used. This means, that for any T > 0 there existsa N € IN
such that for all n > N,

Y ai(R) (L(nj)Lgno'H)) _1> ‘

j€S(m+n=1,6)

_ 12 4 i) B L(nj)L(n(j +1)) 1
jeS(m;nl,(S) G +9) L2(n) '

<t Y nl(PF+))h (B.13)
j€S(m+n=1,5)

However, the summation term in (B.13) converges to the integral,

s
/ (x* +x) P dx,
0

which is finite due to (B.6) and this implies that the summation in (B.13) is finite as
well. Thus, for an arbitrary T > 0 there exists a finite N € R such that for all n > N,

(e (LG ED) )

jeS(m+n=1,6) L n)

<Crt, (B.14)

where C is independent of n, m and §. Now to deal with the second term of (B.11) the
slowly varying functions need to be bounded. By Theorem A.3 there exists a constant
C > 0 that is independent of n such that,

sup {ie/zL(i)} < Cn¢?L(n). (B.15)

0<i<n
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Thus the second term of (B.11) can be bounded. Indeed, apply (B.15) and (B.6) as

follows,

a2 . —pgL(nj)L(n(j+1))

jeS(nZ:l,m) U +9) L2(n)

—€ . —e/2

=iy 5, U 0 L) 1+ D) L0+ 1) (M)
j€S(n=1,m

< LZ(,; )3 ”_1]'_":(]'2+]')_ﬁ{ sup (”f)€/2L(”j)}{ sup (n(]'+1))€/2L(”(]'+1))}
j€S(n=1,m) 0<j<m 0<j<m

1 7€/2
X § sup <1+ >
0<j<m )

<hos T n1f€<f2+j>ﬂ{ sup <nj>€/2L<nj>}{ sup y€/2L<y>}

(1’1) j€S(n=1,m)

0<nj<nm O<%—1§m
n- € —1.—€y; -\ — €
< Clyes (i) PLm) Y w7 R )P sup y L)
(Tl) jes(n=1,m) O<y<nm
n-¢ iera | e
< Cye () L um) Y w4
(1’1 j€S(n=1,m)
L? ey .
=C z(nm)me Yo (PP (B.16)
L (TZ) j€S(n—1,m)

Taking the lim sup over the index n in (B.16) and use (B.6) and Theorem A.2,

; 1y ~_gL(nj)L(n(j +1
tmsup Y n (P4 PE ])Lg(i’(l]) !
=00 jieS(n—1,m)
2
ghmsuchg”m)me YR 4 g) P
e L2(n) jes(n-1,m)
< Cm. (B.17)

However, by (B.6) the integral on the RHS of (B.17) is finite and then take the lim sup
of (B.17) over the index m,

lim sup Cm*® ! x¢(x® +x)Pdx=0. (B.18)

ml0 0
Therefore, (B.16), (B.17) and (B.18) ensure that the second term of (B.11) converges to
zero. This combined with (B.14) and (B.12) ensure that all terms in (B.11) converge to
zero and consequently complete the proof of (B.7). To prove the result, it remains to
prove (B.8) which is very similar but has a few subtle variations and the full proof
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is given below for completeness. Again, to be able to exploit (B.10), consider a value
m € R such that § < m < co and then split (B.8) as follows,

. w_2Lni)L(n(i+1 ) -
jes(églm)n—l(]z +4)7F ( ])Lg(é])‘i‘ ) _./5 (22 4+ x) P dx

<

j€S(6+n=1,m)

_|_

2
jES(m+n=1,00) L (n)

T iR s L )

+

L Pt [

jES(6+n—1,m)

(B.19)

The last term on the RHS of (B.19), is the distance between the integral and its finite
analog, therefore it follows,

lim lim
m—00 N—00

L Pt [

jES(04+n—1,m)

/n(x2 +x) P dx — /;o(x2 +x) P dx

)

= lim
m—r00

=0. (B.20)

Consider now the first term on the RHS of (B.19). Again, the summand terms are
positive and the arguments in the summand of this term are well separated from zero
and infinity, meaning that (B.10) can be used. So for any T > 0 there exists a N € R
such that for all n > N,

SR, <L<n]‘>L§n<]‘+1>> _1) ‘

jes(64n-1,m) L=(n

< Z n—l(]-Z +j)_ﬁ'L(nj)ign7§€+1)) _1'

j€S(64+n=1,m)
<t Y nl(P+))h (B.21)
je€S(6+n=1,m)

Again, the summation in (B.21) is bounded by a finite integral, so it follows, for any
T > 0 there exists a n € R™ such that for alln > N,

L ey (UG )

jes(m+n-1,6) n)

< Crt, (B.22)
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where C is independent of m, n and §. As before, to deal with the second term of (B.19)
the slowly varying functions need to be bounded and by Theorem A.3 there exists a
constant C > 0 that is independent of #n such that,

sup {i’e/zL(i)} < Cn¢2L(n). (B.23)

i>n

Thus the second term of (B.19) can be bounded by applying (B.23) and (B.6),

m<j<oo m<j<oo

1 6/2
X ¢ sup <1 + ) }
{m<j<oo ]

S D I T R B R TOS S T
L2(n) m ies(

< L2n(€n) ) nlje(jz—i—j)ﬂ{ sup (nj)e/zL(nj)}{ sup (n(j—i—l))e/zL(n(j—i—l))}

m+n=1,00) nm<nj<oo m<L—1<oco

m

n e 1\? v .
< Copaygy (1)~ L) (” m) Y, n(P ) 5{ sup y ”L(y)}
j€S(m+n=1,00) nm<y<oco
L?(nm) _ 1\ IR
<C n€(nm) €<1+> Y eGP+ F
L2(n) m jeS(nin-1,00)
L2(nm) _< 1)6/2 era
=C me(1+ = Yoo n R+ R (B.24)
L2(n) m ieS(mn-1e0)

Taking the lim sup over the index n in (B.24) and use (B.6) and Theorem A.2,

. o a_pL)L(n(j + 1))
12 B
limsup ), () 2(n)
jeS(m+n=1,00)

, L2(nm) _ ( 1)6/2 era ol
< limsup C m |1+ = n 1€ (7 + )P
naoop LZ(n) m jeS(m;ll,OO) J (] ])

<Cm™¢, (B.25)

for all m > my where my € R™ is sufficiently large. Therefore then take the lim sup of
(B.25) over the index m,

lim sup lim sup Z n_l(j2 —|—j)_/5L n < Climsupm ¢ = 0.

2
m—»00 n—o00 jeS(m—&—n*l,oo) L (n) M—s00

(B.26)
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Therefore, (B.24), (B.25) and (B.26) ensure that the second term of (B.19) converges to
zero. This combined with (B.22) and (B.20) ensure that (B.19) converges to zero and

consequently complete the proof of (B.8) and Lemma B.1 is proven. O

Proof of Lemma B.2 . From the proof of Lemma B.1 it was shown that, Cov (X, Xi) =
(7,% Y720 ¢jcj+k, which means that X; is second-order stationary. Since the variance oper-

ator is location invariant, without loss of generality assume px = 0 then,

n—1
=nEX§+2 ) (n—i)EXoX;
i=1

m—1 n—1
=n+2) (n—i)EXoX;+2 ) (n—i)EXoX, (B.27)
i=1 i=m

for some m € INT such that 0 < m < n. In particular, to be able to use Lemma B.1,
consider a value of m such that m — co and m = o(n'~*~¢) where € > 0 is chosen such
that « + € < 1. Then, it will be shown that asymptotically, the last term on the RHS of
(B.27) dominates and satisfies,

E(n — i)EXoX; ~ 0% (/01(1 —x)x " dx> </0°o(x2 +x)7F dx) n? = L*(n)
i (e e, e

Indeed, consider the ratio of the terms in (B.28), apply Lemma B.1 and rescale the
dummy variable of summation i = nj,

i=m

—_

a—2 n—

Y (n—i)i *L*(i)

i=m

n
Y

L2(n

nafZ

=Py L ) () G

jes(ia—n1)
- N~ )
= n 11— , (B.29)
jes(m 1—n-1) L2(n)

~—

where S was defined as the summation set given in (B.4). The result will follow by the

same method used in the proof of Lemma B.1, some regularity conditions just need to
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be checked. Therefore, consider a value of % < ¢ < 1 and choose an € > 0 such that
« + € < 1, then the following integral is finite,

o o [
xl a—€ x2 a—€

5
/ x (1—x)xdx =
0

1—&—6_2—w—60
51—&—6 52—&—6

= — ) B.
l—a—c¢ 2—oc—e<oo (B:30)
Therefore, by (B.29) and (B.30), the argument that was used in the proof of Lemma B.1
applies and ensure that (B.28) holds. The remainder of the proof shows that this term
dominates the two remaining terms of (B.27). Due to the fact that L is slowly varying

ensures that 1/L is also slowly varying since the asymptotic property is preserved.

Therefore, Starting with the first term of (B.27), Lemma A.3 implies,

n n*1
L2 () = CLz(n) =o(1). (B.31)

Using Lemma A.3 and the fact that m = o(n!=*7€),

m—1 a—1
Y (n—)EXpX; < ”B(n”; = o(1), (B.32)
i=1

1
anaLZ(n)

Therefore, (B.28), (B.31) and (B.32) ensure that,

2072

Var (; Xi) ~ W&_“) </0 (x> +x)7F dx) n2-¢12(n). -
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Proof of Lemma B.3 . To prove the first claim, start with the expectation of the product
of two squared processes at lag k,

2 2
EX{X; = E (Z Cﬂ?—j) (Zciﬁki>

j=0 i=0

=E ZC]ZHEJ + ) ey ZC i+ Z Z CiCirMk—ilk—ir
j=0 j=0;=0 i=0i'=
74 i
= ZZCJZIE” J’7k z+22 Y cicpTER -y
j=0i=0 i=0j=0;"=0
J'#i

+ Z Z Z C]Zcici’IEU%jnk—ink—i/ + Z Z Z Z C]‘C]'/Cl‘Ci/]Eﬂ,]'ﬂ,]'/T]k_i}’]k_i/
0

j=0i=0i=0 j=07=0i=0i'=
i'#i 7'#j i'£i
[ee]
2 2 2 2
= ZC] ¢ (Ent + Z Z c; N2 i +2 20 Z cjcjiCirkCji+kEn= 1y
j=0 i= j=0j'=
i ?7&]
oo (e 9]
— 2.2 2
=Big ) cici + Z i) log Y cf | —Enp Z cict iy + 20y Z Z CjCjiCirkCir+k
j=0 i=0 j=0j'=
j’#]’
[ee] [ee]
— 4 CorCi i 1.C
=1+20, Z Z CiCjrCitkCif +k-
j=0j'=0
#
oo (o)
Cov(X5, X7) =20y ) Y cjcjcjiic (B.33)
r k) = 7€' Ci+kCj +k- -33
j=0j'=0
J'#i

Compare this to the square of the covariance of the regular LRD causal process given

[ee] (o] (o]
Ay 22 4
= Z Cictik + 0y Y ) CiCirCiykCir-k- (B.34)

Substituting (B.34) into (B.33) yields the result for the equality of the first assertion,

Cov (X3, X?) = 2Cov? (Xo, X;) — 207 Zc]ch (B.35)
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By an application of Lemma B.1, it is clear that,

0 2
2Cov? (Xo, Xi) ~ 207 ( /0 (x*+x)7F dx> k2L (k).
Therefore, the result follows if it can be shown that the last term of (B.35) is asymptot-

ically negligible. Therefore, consider the ratio of the summation and k~2%L*(k),

kZa 2w
k— 2“L4 ZCZ Civk = (k) + L4(k)

2 Cz c1+k (B-36)
i=1 i=k+1

The first term on the RHS of (B.36) converges to zero. Indeed, by Lemma A3,

k21xC2 kZﬁ—Z
< k — = i
0= @ ~ o ~°W

Then deal with the second term on the RHS of (B.36), consider € > 0 such thata +¢€ < 1
then apply Lemma A.2, choosing k large enough such that for all y > k, L2(i + k) <
(i 4 k)€ which implies,

£ 50 [ N=2BT2(NT2(i
Zcici+k = 20 Y (% + ki) 2PL2(i)L2(i + k)

L4 (k) &~ =
P iz—ZﬁLZ( )L2(i + k)
R =
K1 k 2p )
< L‘%k);l (i +k)L*(i)
PP irzﬁLZ(z)
L4 (k) =
=o(1)

The last line follows due to Theorem A.5 and Lemma A.3. To deal with the last term of
(B.36), rescale the dummy variable of summation by using the substitution j = ik and
recall the summation set, S, defined in (B.4), then the last term becomes,

k2a

crrm LGy L (G0 kGR) PRI+ 1)
i=k+1 JE€S(1+k1,00)

5 | o LPGRLAGi(k+ 1
LR VI U (])L4((]k()+ ) e
jE€S(1+k1,00)

162



LONG RANGE DEPENDENT RANDOM VARIABLES 163

The summation term is very similar to the one that was dealt with in the proof of
Lemma B.1. By comparison to the sum in the proof of Lemma B.1, it will converge to
the integral,

/ (x* +x) %P dx < 0.
1

Indeed, the proof of this claim will follow by an adapted proof of Lemma B.1. The only
conditions that need to be checked are that there exists an € > 0 such that,

/ x€(x? + x) "% dx < 0.
1

Indeed, choose an € > 0 such that 1 — 48 + € < 0 then,

) o0 1\ 2P
/ x°(x* +x) 2P dx = / x€4P (1 + x> dax
1 1

< / x4 dx
1

1

The last line is finite due to the choice of €. Therefore by the same argument that was
used in the proof of Lemma B.1, we have,

2(z 2(= o0
lim k! ) (]'2_|_]')—25L (]k)LLZ(]k(k—'—l)) :/ (x® +x)"# dx < co.
k=00 a5 (1 k1,00 (k) 1

Therefore using the above equation, (B.37) becomes,

1 - 22 _ -1\ _
k=224 (k) i:;ﬂ Cicipk = O (k ) =o(1). O
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Proof of Lemma B.4 . To prove the claim, first check that EX# < co to ensure that VarX?
is finite.

4
EX; =E <Z ch])
j=0

()

2
=E <Zczﬂ2 + ) cicpn-ii ]>

0 J#

= Z C4IE1’] .+ Z Z cicC ]EWE]IETIZ_]/ +2 Z Z C?Cj/IEﬂijT],j/ +E Z Z C]'C]'/17_j7’]7]-/
j=0j'=0 j=0j'=0 j=0j'=0
J'#j ' #J J'#j

oo 00 00 o

= IE}]O ZC + Z Z cic IE?]Z_JUEJ/ + Z Z Z Z C]'Cj/CkallEﬂ_]'i’]_]'/U,krlfk/

=0 j=0j'=0 j=0j'=0k=0k'=0
i#i 14 KF
—]EWOZC +30’4ZZCC
j=0j'=0
j'#j
= Bif L 0L 30 L 37 PG
j=0 j=0j'=0
j'#j
=Eng Y j L)) +6U4Z iT2PL2()) 2 jPLA(f (B.38)
j=0 j= i'=j+1

To show that the above sums are finite appeal to Theorem A.5. The first summation is
finite since, —4 < 48 < —2, so by Theorem A5,

Y L) = C < oo, (B:39)

Also, —2 < 2B < —1, so for the second double summation bound from above by

removing the restriction on the inner summation and apply Theorem A.s5,

3

e £ ey < (Lreo) (£en)
i
= (C? < . (B.40)

Therefore, (B.40), (B.39) and (B.38) imply that,

VarX} < EXj < o (B.41)
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It is now possible to evaluate the variance of the sum of squares. Indeed, earlier in
Lemma B.3 it was proven that,

Cov (X3, X;) = 2Cov?* (Xo, X¢) — 203, X;)c}cf ke
]:

which in combination with EXyX; = (T% Z}?’;O cjcj+k proves that the square process, Xi2
is second-order stationary. Using this and (B.41) yields,

n n n n
Var (Z Xf) =Y Varx?+ )} Cov (X2, X3)
i=1 i=1 i=1j=1
#i
n—1
=nVarXj+2 ) (n—1i)Cov (X§, X7)
i=1
m—1 n—1
=nVarXg+2 ) (n—i)Cov (X5, X7) +2 Y (n—i)Cov (X5, X7),

i=1 i=m

(B.42)

where 0 < m < n. For any finite m, the first two terms of (B.42) are O(n). However,
by Lemma B.3, Cov (X(Z), XZZ) ~ Ci*Z”‘L‘l(i) which in combination with Theorem A.3
implies that,

n—1

Y (n—i)Cov (X§, X7) ~ Cn***L*(n),

1=m

which is larger or smaller order than 7 if « is smaller or larger than 1/2. More specific-

ally it will first be shown that in general when a # %,

ni:l(n —i)Cov (X3, X?) ~ 2(75 (/1(1 —x)x dx> </O°°(x2 +x) dx>2 n2=2214(n)

0

i=m
202 0 2
_ 1 2 -B 2-2u74
1 —22)(2 — 2a) (/0 (x*+x) dx) n="*L*(n).

(B.43)

By Lemma B.3 for any § > 0 there exists a finite m < n such that for all i > m,

Cov (X3, X?

ov (X5 ’)2 -1 <4 (B.44)

207 ( /0 oo(x2 +x)7F dx> 2204 (i)
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Using (B.44) an upper bound can be constructed such that,

00 2 n2(x—2 n—1
(/0 (x* +x)7P dx> 23T (n) Y (n—i)Cov (X3, X7)

200—2 n—1
< w i;m(n — )i LAz
4 ni
—(+0) L e (Ba4s)
Se(m1-n"1)

where S was defined as the summation set given in (B.4). This is again very similar to
the result proved earlier, some regularity conditions just need to be checked. Therefore,
consider a value of 77 < 6 < 1 and choose an € > 0 such that 2a + ¢ < 1, then the
following integral is finite,

5 J
1) xl—ZDc—e x2—21x—e
x76(1— x)x 2 dy = —
/0 ( ) 1-2a0—€¢ 2-2a—¢€|,
5170(76 (5271xfe
= < ©Q.

l-a—€¢ 2—a—¢€

Also, by (B.44), a similar procedure can be used to produce a lower bound such that
for any 6 > 0 there exists a finite m < n such that for all i > m,

®2 B 4 o2 NCov (X2.X2) > (1—6 -1 20 L*(1f)
/0 (x*+x) Pdx WZ(H_Z) ov (Xp, X;) > (1-9) ) n(1—j)j i)

i=m Se(21-n1)

(B.46)

Thus by (B.46), (B.45) and the fact § > 0 was arbitrary, the regularity conditions for the
similar result in Lemma B.1 hold and ensure that (B.43) is satisfied. Now consider the
three cases for a around the value %

Casel:0<(x<%.

In this case, n = o(n?>~2*L*(n)) since there exists an 0 < € < 2& and by Lemma A.2
there is a finite value m such that for all n > m, L4(n) > n~¢ and consequently,

n 1
225 4(y) S T %ate o(1)

Therefore, the last term of (B.42) dominates and ensure the first part of the proof holds.

Case 2: &« = %
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In this case, the third term of (B.42) dominates again. Indeed, by (B.44), for any J > 0,
there exists a finite m < n such that all i > m,

n—1

Y (n—i)Cov (X3, X7)

= —1| < 4.

20, (/Ooo(x2 +x)7F dx) i nL*(n)

The other two terms of (B.42) are neglible since they are O(n) it will be shown that
L*(n) diverges. It will be shown that L*(n) can be bounded below by an arbitrarily
large constant. First choose an € > 0, then by Lemma A.2 there exists an 19 € IN such
that for all i > ny and n > ny,

£ (-p)rmo B (-1)
Yy

i:no i:ng

n
=Ce— 7’1_677_1+6 Z i—e, (B47)

i:no

where Ce > 0 diverges as € — 0. The second term on the RHS of (B.47) converges to
zero, by changing variable of summation i = #nj it follows,

n 1 1
—1+€ —€ __ —1:—€ —€ _
n E i €= E n ~ x Cdx = )
— . ~ J /0 1—¢€
i=1 jeS(n=1,1)

Therefore, by the above and (B.47) it follows,

. . L l .71 4 .
hrrgglfigo <1 — n) i L*(i) > Ce

and consequently for any constant M € IN there exists an € > 0 such that M < C¢ <
L*(n). So L*(n) is unbounded and must diverge and completes the proof of the second

case.
Cuseg:%<zx<1.

Finally, in this scenario consider the ratio of (B.42) and n,

n n—1 :
%War (Z X?) =VarXj+2 )’ (1 - ;) Cov (X3, X?)
i=1 i=1
n—1 n—1
= VarXj+2 Y Cov (X}, X7) —2n" Y iCov (X3, X7).
i=1 i=1
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The result will follow if it can be shown that when % < & < 1 the two series in the

above equation satisfy,

n—1
Y Cov (X3, X?) =5 C, (B.48)
i=1
n—1
Y iCov (X5, X7) = o(n). (B.49)

i=1

Starting with (B.48), the tail sums will be shown to converge to zero as n — oo. Let
0 > 0 be arbitrary, then by Lemma B.3, there exists an m € IN such that for all i > m,

Cov (X2, X?)

2(7,‘7L (/Ooo(x2 +x)7F dx> LA (i)

—1] <6. (B.50)

Also, consider the following series and apply Theorem A.3 and Lemma A.3
n

Zi—ZaL4(i) ’H_°>° nl—thL4(n) — 0(1)’ (B51)
=1

when % < « < 1. Therefore, (B.50) and (B.51) ensure that the tail series of (B.48)

converge to zero which implies that (B.48) must hold. Applying a similar argument will
show (B.49). Consider the following series and apply Theorem A.3 and Lemma A 3,

n
T2 LA(D) ~ n? 2L (n) = o(n), (B.52)

i=1

since % < a < 1. Therefore, (B.52) in combination with (B.50) ensure that (B.49) holds

since 6 > 0 was arbitrary. So, consider the ratio of (B.42) and n and use (B.48) and
(B.49) implies,

n n—1 .
%War (Z X?) = VarX§+2 ) (1 - ;) Cov (X3, X?)
i=1 i=1
"% VarX3 +2 ) Cov (X3, X?) O
i=1
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In this section we consider the level of dependence for use in obtaining probabilistic
bounds on the LRD processes and use the techniques of Wu (2007). We use a particular
process obtain bounds for general LRD processes and the applications will be seen
in the succeeding sections. Firstly, some extra smoothness conditions on the density
of the 7; process are given to ensure some regularity conditions for the density and
conditional density of X;.

Lemma C.1. Suppose X; is a LRD causal process satisfying Definition 4.1 with parameter
a € (0,1) with the associated set of sigma fields F; = (1, i1, ...) and the density of the 1
variables, fy(t), is Lipschitz continuous. Then,

1. The conditional density function of X, fx (t| Fi_1), exists. Furthermore, it is Lipschitz
continuous and therefore bounded.

2. The density function of X;, fx, exists and is Lipschitz continuous. Furthermore it satis-

fies,
fx(t) =E fx(t| Fi-1) = Efy(t — Xii1).

where

Xii-1 = E [Xi| Fi1] ZC;% —j

3. If we additionally assume that for some positive integer k, and féi) is Lipschitz continuous
for 0 <i < k then f}(g) exists for 0 < i < k and is also Lipschitz continuous and satisfies,

FOE) =BFO(#Fiq) = BF (= Xis 1),
forall0 <i<k.

Lemma C.1 and its proof are based heavily on (Wu and Mielniczuk, 2002, Lemma
1). Now a generalised process can be pursued to obtain bounds for the dependence
structure of LRD processes and the applications will be seen in the succeeding sections.

This process is defined,

= L U Fi) = f ().
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and a bound for the above process is given in the next Proposition which crucially
relies on techniques used in Wu (2007).

Proposition C.1. Let X; be a LRD causal process that satisfies Definition 4.1 with parameter
a € (0,1) and sigma-field X; = o(n;, i1, .. .). Furthermore, assume that for i = 0,1,2; f,;l)
is Lipschitz continuous. The process,

) =Y { A Fn) - (@) ).

i=1

satisfies the following asymptotic bound,

ﬂ'ﬂ(x)Hz — O 12(n))

sup ’
x€R

Proposition C.2. Let T > 0 be fixed in R and f,gi) be Lipschitz continuous for i = 0,1,2,3.
Then,

sup
[x|<T

ﬂ"l(x))H =0 (n"5L(m).

Remark C.1. A more generalised result of Proposition C.2 can be reached that bounds
the j order derivative of the dependence process,

DIl (x) = Y {0 (xlFi) - ().

i=1

Indeed, if f,gi) is Lipschitz continuous fori = j,j+1,j4+2,j +3 and j > 1 then for some
fixed T > 0 with t € R,

sup )Djl[”](x)‘ =0 (nl’%L(n)) .
|x|<T

The proof of the above statement follows by Proposition C.1 and Proposition C.2 where
in the statements and proofs the levels f; are changed to f,gj ),

Proof of Lemma C.1 . We begin by proving 1. Use the decomposition,

Xi=) cmi-j =1+
=1

1

Y ocintioj =i+ Xijio1-
=1
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Expanding the conditional cumulative distribution function,

fz’—l)

Py (H Fia) = P(X; < | Fix)

=P (ZCi’?i—f <t
=0

=P(n <t—2Xii1)

Thus the conditional density exists and is given by,

fx ([ Fi1) = fy(t = Xiji-1). (C.1)

Furthermore, the conditional density is Lipschitz continuous and therefore bounded
due to the Lipschitz property of f,,

| fx (8] Fic1) = fx(s] Fica)| = | f(t = Xii1) — fy(s — Xiim1))|

This completes the proof of 1. Let G be the cumulative distribution function of X;; 1,
then we show that the density of X exists, firstly, by Fubini’s Theorem,

Fx(x) = P(X; <x)=P(y;i + Xii—1 < x)
= Eﬂ{ﬂi+xi,i—1§x}
= /]R ./IR Loy y<ndFy (2)dG(y)

= /R Ey(x —y)dG(y) (C2)
Let A > 0 and for any x,y € R using the Mean Value Theorem,

F,] (X—y+AA)—F;7(x_y) :f,](x—y+TA) (C.3)
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where |7| < 1. Using (C.2), (C.2) and (C.3) we obtain,

Fx(X+A)—Fx< )

IEfiy( 11 1)

_ /H{Fﬂ(x_y—i_A)_Fﬂ(x_y) IEf;i( ” 1>dG(y)‘

N A
—| f R - i)

</ F”(x_y+AA)_F"(X_y) —fn(x—y)‘dG(y)

< [ 1=y 78) ~ fi(x —y)|dG(y)

< L,,A/RdG(y)

= L,A. (C.g)

Thus, taking limits of (C.4) as A — 0 and using the squeeze law implies,

Fx (X + A) — Fx(x)

li
m A

A—0

IEfU( 11 1) =0. (C5)

Consequently, by the formal definition of a limit in conjunction with (C.5) yields,

ot = iy P 8) = )

]Efn( zz 1)

The last thing that remains to be checked is the Lipschitz continuity of fx,

[fx(t) = fx(s)| = [Bfy(t = Xii1) —Efy(s — Xii1)]
S E|fy(t—Xiio1) = fy(s — Xiio1)|
< Ly|t—s|
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Finally the proof of 3 follows in an identical manner from the one used in 2. First
consider the finite analog of the derivative. For some A > 0,

A Ui

_ an(x_FH'AA) fﬂ(x_y)—lEfq(l)(X—Xi,i1)dG(y)'
_ /JRPU(X_:V‘FAA) F’?(x_y) —fﬂ(x—y)dG(y)'

S/}R fn(x—y—I—AA)—fq(x— )—fq (x — )'dG(y)

< [ A =y +78) = £ (= )| dGw)

Then taking the limits as A — 0 and applying the squeeze law implies,

f)((l)(x) — lim fX(x+AA) — fx(x)

Wy
AD>0 _IEffl (x Xz,z—l)'

Again, for the Lipschitz continuity,

A ‘ = ’Efq Xii1) = 1Ef,§1>(s_xi,,-,1))
<E ’fq (= Xiio1) — fy (s — Xi,i—l)’
<Lt —s| O
Proof of Proposition C.1 . As stated earlier, the proof of this Proposition is heavily reliant

on the following theorem, taken from (Wu, 2007, Theorem 1) and slightly modified for
our purposes,

Theorem 1 (Wu, 2007). If Eg(x,&;) = 0and ||g(x, )| < oo then,

2

}ig(x, &)

where v; := sup g [[Pog (%, &i)|| = sup e [IE [g(x, &)| Fo] — E [g(x,&i)| Fa]l| and

Y, { Yiiivi forn>1,

0 otherwise.

To be able to use the above theorem on the I process, the conditional density
needs to be expressed in that framework whereby the contribution of an individual
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1o is measured. Without loss of generality, assume EX = 0 and define g(t, X;;—1) :=
fx,(t|Fiz1) — Efx,(t|Fi—1), then from Lemma C.1,

gt Xii1) = fx,(t{Fi-1) — Efx, (t[Fi-1)
= fy(t — Xii—1) — fx;(t).

where X;; 1 := X; — 10 = Lj_; ¢ji—j and fx is the density of the linear process X. By
construction, Eg(t, X;;—1) = 0 for any ¢ and i. From the Proof of Lemma C.1 it was
shown that, fx(t| Fi—1) = f;(t — Xji—1). By assumption the Taylor expansion exists,

Fr(E4+x) = £ (8) + xf50(6) + 2212 (+ ) (C.6)

where 0 < 7 < 1. Consider the projection Py of the random variable g(t, X;;_1),

Pog(t, Xii-1) = E [g(t, Xii—1)| Fo] —E [g(t, Xii—1)| F-1]

E [fx;(t] Fim1) — fx, ()| Fo] — E [ fx, (| Fie1) — fx; (£)| F-1]
E [fx,(t| Fi—1)| Fo] — E [fx, (¢ Fi-1)| F]

E [fy(t = Xiic1)| Fo] —E [fy(t — Xiio1)| F-a] by (C.1)
E [f,(5) = Xiiafy(8) = XKoo 7 ()| Fo

—E [fy(0) = X fy () = X2 fiD (2 wfﬂ by (C.6)

(Zcmz ;) A2 (1
{(Z% ]> £ (x)

= — £V (#)eino + Dy (). (C.7)

= —f," (eino + E

F

Applying the ||-|| norm to (C.7),

HPOg(t Xii1 H = H_fq C1170+D H

<ai|£7]_lmoll + IDi()]) (C3)

174



LEVEL OF DEPENDENCE 175

Focus attention on the D;(t) term,

Dl < |£7]_|E Fo

i—1 00 2
(Z cjtli-j + 201"71‘—]')
j=1 j=i

F_1

i—1 oo 2
—E {(Z ciffi—j + Z%‘f)
=1 =i

i1 2 oo 2

o E (Z C]'I’]i_]'> + (;ij_])
- L )
j=1 j=i+1

= |7

= A7 |} O — Bd) +26im0 Y- iy
j=i+1
< ‘féz)’w (sz |75 — Eng| + 2¢i |10 ‘Zlcjﬂi—j ) . (C.9)
j=i+

We just need to deal with the last term of (C.9) and we can bound the D;(t) process,

2 2
‘770 Y. cmisjl| = 701 Y. Cillij
j=i+1 j=i+1
= ol 3 < i
j=it+1
< |oll* ;)c? < oo, (C.10)
]:
Combined (C.9) and (C.10) yields,
D01 < |17 (¢ 1 -l 2stol 7). C)
j=0

So using (C.11) and (C.8),

v; = sup ||Pog(t, Xii—1)]|
te(0,1)

< sup ( A7) ol + |7 <C%H’73—E’75H+20i||’70’|4zcjz>>
te(0,1) e o j=0

= Ajc; + Aaxc? (C.12)
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where A; = ‘f,gl) LO l70]] + 2 W)\m o] 552 €2 and A, = ‘f,§2>(oo |12 — En2|. Define,
B := (1—a)/2, then recall that, c; = i PL(i) and define £(-) = L(-) V L?(-) and A, =
2(A1V Ap) then by (C.12),

where ¢} is a regularly varying sequence. Thus we can see that the contribution of
each 7 to the overall dependence structure of the LRD process can be bounded by a

regularly varying sequence with parameter . Therefore, apply Theorem 1 (Wu, 2007)

(see page 173),

1["](X)HZ < i (Yirn —Yi)?

i=—n

n n [ee)
=Y Y4+ Y (Yien =Y+ Y (Yign — Yi)?
i=1 i=1 i=n+1
n o0
<nYa+ Y Yi+ Y, (Yi—Yi)?
i=1 i=n+1
<Y +nY5, + Y (Yign —Yi)?
i=n-+1
<2nY3, + ), (Yipn — Yi)? (C.13)
i=n-+1

We now deal with each term of the RHS of (C.13) separately. We begin with the first
term and apply Theorem A.4,

2n 2
2nY3, = 2n Z v;
i=1
2n 2
<Cn (Y i PL(i)
i=1

~ Cn® P12 (n). (C.14)
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To bound the second term, apply Theorem A3,

Yipn —Yi= Z vj

<n sup v;
je{i+1,...i+n}

<n {supvj}
jzi
<Cn {sup]ﬁL(])}
j2i

~ Cni PL(i). (C.15)

The bound in (C.15) can then be used to bound the sum,

< Cn* %L%(n) by Lemma A.1. (C.16)

Substituting (C.16) and (C.14) into (C.13) yields,

(x H < Cn¥2L2(n) = Cr2~*L2(n). O
x€R

Proof of Proposition C.2 . Notice that,

e ~7)| = ’/ DIl ‘ /T DI )|
-T
Therefore, I[”}(x)’ < I[”](—T)’ + fTT ’DI[”](t)‘ dt which gives,
sup [171(x)| | < [[17(- H+H / il dt”
|x[<T
H + 2T sup HDI["] H
 xeR xeR

However, it is assumed that f,gi) are Lipschitz continuous for i = 0,1,2,3; so two ap-

plications of Proposition C.1 yield

H =0 (nl’%L(n)) and sup HDI H =0 (nl’%L(n)) . O

xeR xeR
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