Chapter 6

Self-Reduction and
Probability

6.1 Introduction

In this chapter, we analyse the probability of a reduction existing in a random
graph for a widely-used definition of such a graph. It is shown that, as the order
of the graph tends to infinity, the expected number of reductions described in
the preceding chapters tends to zero.

Let X(A,Z) be the set of all possible self-reductions from a set of self-
reduction operations A on a structure Z.

Let R(A,Z, X) be the function

1 if {(p,X) € X(A,T) for some ¢ € A
Rz <] 1 e exU 0
0 otherwise
That is, R(A,Z,X) = 1 if and only if X is reducible under A. Clearly, if our

structures are graphs,

X(AG) = ) RAGX) (6.1)
XCV(G)
Analogous expressions are possible for other structures.
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6.2 Vertex-Weighted Graphs

In this section, we use a widely-used definition of a random (unweighted) graph
described, for example, in [23]. Other models are possible, some equivalent to
the model used here; however, this model seems most natural for describing
an arbitrary graph with no specific properties. Let a random graph G, be a
graph of n vertices, and for each pair of vertices uv € V(G, ), an edge exists
with probability p. Initially, we shall consider only unweighted graphs, so in
this section, the graph G, , will be unweighted unless specified otherwise. We
will later extend our results to weighted graphs.

Ifp= %, then all possible graphs on n vertices occur with equal probability
in the sample space. Given a proposition Q(G), almost every graph is said to
have property Q(G) if and only if the probability of Q(Gy, 1) being true tends
to one as n tends to infinity.

Lemma 6.1 The expected number of non-trivial autonomous sets in G,

approaches zero as n approaches infinity.
Proof. See [49]. ]
Lemma 6.2 For any p > 0, the expected number of subset vertices in G,
approaches zero as n approaches infinity.
Proof. Let z and y be vertices of a random graph G € G, ,. Then
P(N(G,y) C N(G,z) —{y}) = PNzeV(G)—{z,y},
z€ N(G,z)Vz ¢ N(G,y))
= P(VzeV(G) - {a,4},
~(z ¢ N(G,z) Az € N(G,y)))

= (1-p(l—p)"?
Hence,

P((S,{z,y},2) € X({S},G)) = P(y ¢ N(G,z))A
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P(N(G,y) C N(G,z) — {y})
= (1-p)(1-pd-p)"?

and by the additivity of expectations,

E(X({S}9))

S BRUS}YG. {z.y))

z,yeV(Q)
= n(n—-1)(1-p(1-pl-p)"?>

If p#0,1-p(1—p) <1 and so the expected number of subset reductions

tends to zero as n tends to infinity for any p > 0. O

Lemma 6.3 The expected number of under-constrained vertices in G,

approaches zero as n approaches infinity for any p > 0.

Proof. Let x be a vertex of a graph G € Gy, p, and let k be an integer.

The degree of x has a binomial distribution with parameters n and p, so

k—1

P(deg(Gz) <k) = 3 C‘) Pl —

J=0

Let h be the lower bound used for determining the under-constrainedness of

a vertex.
P((UC,{z}) € X({UC},G)) = P(deg(G,z)+1<h)
h—2
= Z (?)p"(l —p)"
Hence,

E(|X{UC}LG)) = Y. E(RHUC}G,{z})

zeV(QG)
h—2

n\ o nej
njzzo(j)p](l p)

If p#0,1—p < 1 and so the expected number of under-constrained vertices

(for a fixed h) tends to zero as n tends to infinity for any p > 0. O
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Lemma 6.4 The expected number of quasi-autonomous cliques in G

tends to zero as n tends to infinity for any p < 1.

Proof. Let z, y and z be vertices of a graph G € G, ;. Using de Morgan’s
law, the probability that z is adjacent to both of x and y, or neither, is

P(~(=(z € N(G,z) Nz € N(G,y)) A
(¢ N(G,2)Az¢N(G,y)) = 1-(1-p)1~-(1-p))

I-plp—-1)(p-2)(p+1)

Let t = p(p— 1)(p — 2)(p + 1); that is, let ¢ be the probability that a vertex
z is irregular with respect to the quasi-autonomous clique {z,y}. For {z,y} to
be subject to quasi-autonomous clique reduction, there must exist either zero

or one such vertices. Since the regularity of each vertex is independent,

P((C, {z,y}, 2/y) € X({C},Q))

(1)

j=

p(L ="+ (n —2)t(1 — 8)"7?)
= p1-0)"(A~(n-3)1)
Then,

E(X{CLA)N) = Y ER{CLG.{zy})

z,yeV(Q)

_ @p(l — 8" 31— (n— 3)t)

Ifp#1,1—t<1, and so the expected number of quasi-autonomous clique

reductions tends to zero as n tends to infinity for any p < 1. O

Lemma 6.5 The expected number of even-pairs in G, , tends to zero as n

tends to infinity for any p > 0.

Proof. Let zi,..., 2,41 be distinct vertices of a graph G € Gy, . Then,



6.2. VERTEX-WEIGHTED GRAPHS 69

P(z1 -+ zky1is a chordless path) = P(z1 € N(G,22)A--- Az € N(G, 2g41)) -

Hence,

P(V|i—jl #1,2i € N(G, z))

k+1

= pra-pE)*

P((E,{z,y},z) € X({E},G)) = P(Vkodd,Vz--- 2,

and

E(X({E},G)I)

Zz9 -+ - 2y is not a chordless path)

= H (1—pF(1— p)(kgl)*k)(ﬁif)(k—l)!
k odd

Y ER{E} G, {z,y}))

z,y€V(G)

nln 1) I @ -p*a—p) ()4 EE) G-

2
k odd

Ifp#0,1-p(1 —p)(kgl)fk < 1, and so the expected number of even-pairs

on a graph tends to zero as n tends to infinity. O

Using the foregoing proofs and the Central Limit Theorem, it is now possible

to say something about graphs with vertex weights.

Theorem 6.1 The expected number of reductions from the set {A, S, UC, E, C}

on the graph G, , with arbitrary vertex weights tends to zero as n tends to in-

finity for any p,0 < p < 1.

Proof. In the case of autonomous reduction, subset reduction, under-

constrained deletion and even-pair reduction, any graph with weights on its

vertices clearly has at most as many reductions on it as the graph with the

same structure, but with no vertex weights. Hence, the expected number of

reductions on an unweighted graph is an upper bound on the expected number

of reductions on a weighted graph, regardless of the distribution of the weights.
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As the expected values tend to zero as n approaches infinity for the unweighted
cases, they must also for the weighted cases.

For quasi-autonomous clique reduction, the above probability analysis de-
pends on the distribution of vertex weights. For a vertex z, let w(G,z) be a
random variable with some probability density function f(w). Let z and y be
vertices. The probability that z is adjacent to y but not to z (that is, z is an

irregular neighbour of y) is p(1—p). Using this, define a new probability density

function
1-p(1—p) ifw=0
fl(w) = (6.2)
p(1 —p)f(w) otherwise
Hence,
Pl w(G,z) > Z w(G,z)| = P|w(G,z)> Z w'(G, 2)
z irregular 2eV(G)

where w(G, z) and w'(G, z) are random variables with probability density func-

tions f(w) and f'(w), respectively. Then,

P((C, {z,y},2/y) € X({C},Q))

P(z € N(G,y) A
Vz,z€ N(G,y)Vz & N(G,z) A
w(G,x) > Z w(G, 2))

z irregular
= p(l-p(l-p)"~
P | w(G, 1) > Z w'(G, 2)
zeV(Q)
Let py and o, be the mean and variance of w'(G,x), respectively, and
let Z, be a random variable with a normal distribution with mean nu,, and
variance no,. Using the Central Limit Theorem, as n approaches infinity, the

expression above approaches

p(1—p(1—p))" 2P (w(G,z) > Zu)
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and hence, for n approaching infinity,

E(X{CLA)) = > ER{CLG {zy})

z,yeV(Q)
= n(n—1)pl - p(l - p)" P (w(G,z) > Zy)

It is easy to see that P(w(G,x) > Z,) approaches zero as n approaches
infinity, as does n(n — 1)p(1 — p(1 — p))»~2, and hence the expected number of
quasi-autonomous clique reductions on a graph approaches zero as n approaches

infinity, for an arbitrary distribution of vertex weights. The theorem follows. O

Corollary 6.1.1 Almost every graph is irreducible.

Proof. Immediate from Theorem 6.1. O

6.3 Other Structures

To the best of the present author’s knowledge, very little work has been done on
random Steiner problems or set systems. In particular, it is unclear what a useful
definition for random edge, set and item weights should be, and determining
one is beyond the scope of this thesis. The analysis of the reductions listed in
this thesis on random Steiner problems seems extremely complex, as does the
analysis of the superset feasible reduction for bin packing, even if some useful
definition for random edge and item weights were found.

A straightforward definition of a random set system would be to define Uy, ,,
with n sets and m elements in the ground set, and element u; contained in set
U; € U with probability p.

The behaviour of set covering reductions on set systems as n and m ap-
proach infinity depends on the relative rates at which these two variables are
increasing. Intuitively, if n is increasing sufficiently quickly compared to m, the
probability of finding a dominated column increases, whereas if n is growing
slowly compared to m, the opposite occurs. It is straightforward to confirm

this, and similar facts about other reductions, by probabilistic analysis.
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While it would be possible to avoid this by constraining n and m to increase
at some analysable rates relative to each other (for example, to require the ratio
n/m to be fixed), this seems artificial and of limited value to the present author.
Hence the problem of describing and analysing a useful model of a random set

system is left to future researchers.



