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CHAPTER O

Introduction

The Birman-Murakami-Wenzl (BMW) algebras, conceived indejggnly by Birman and
Wenzl 4] and Murakami[B1], are defined by generators and relations originally irespioy
the Kauffman link invariant ofZ1]. The BMW algebras are closely connected with Artin braid
groups, Iwahori-Hecke algebras of the symmetric group,Brader algebras. In fact, they may
be construed as deformations of the Brauer algebras obtaynesgplacing the symmetric group

algebras with the corresponding Iwahori-Hecke algebras.

Definition 0.1. Fix a natural numben. Let R be a unital commutative ring containing units
Ag, ¢, A such thath — A~ = §(1 — Ap) holds, where) := ¢ — ¢~'. TheBMW algebra¥,, :=
%.(q, \, Ap) is defined to be the unital associatiiealgebra generated by, ..., X*! and
e1, ..., ¢e,_1 Subject to the following relations, which hold for all pdssi values ofi unless

otherwise stated.
Xi — X;l = (5(1 — ei)

X X; X;X; for|i — j| > 2
XiXip1 X Xit1XiXit1
Xie;j e; X; for|i —j| > 2
eie; e;e; for|i — j| > 2
Xie; eXi = Ae;
XiXje; eje; = €;X;X; for|i —j| =1
€i€it164 €

2
€

Aoei.
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The relations above are an algebraic version of geometators satisfied by certain tan-
gle diagrams in th&auffman tangle algebr&T,,, an algebra of (regular isotopy equivalence
classes of) tangles anstrands in the disc cross the interval (that is, a solid dgi modulo
the Kauffman skein relation; see Kauffm&t] and Morton and TraczyKX9]. In particular, the

relationsX; — X, ' = 6(1—e;) reflects the Kauffman skein relation which is typically preted

AKX = DX |

Naturally, one expects the BMW algebras to be isomorphic ¢okthuffman tangle algebras

as:

and, indeed, Morton and Wasserman establish this isomsrpliilustrated below) in3Q] and,
as a result, show the algebra is free of ré@k — 1)!! = (2n — 1) - (2n —3)---3 - 1.

1 1—1 7 +1:4+2 n
1 1—1 4 t+1442 n
A4
€; |
/N

The representation theory of the BMW algebras has been stbgi@arious authors. Bir-
man and Wenzl4] construct a nondegenerate Markov trace on the algebrg tisgnKauffman
link invariant. The existence of this nondegenerate tragether with tools from the Jones
Basic Construction theory (see Jon@§][and Wenzl| B2]) allow them to derive the structure
of the algebra in the generic semisimple setting. They ptbaethe algebr&s, is generically
semisimple with irreducible representations indexed byridpdiagrams of size — 2 f, where
0<f< [gj Wenzl 43] provides sufficient conditions for the BMW algebras to be sam-
ple. Moreover, Rui and SBg] recently produced a criterion for semisimplicity of the BMW
algebras over an arbitrary field.

The lwahori-Hecke algebra of the symmetric group is a qabtéthe BMW algebra. Using
this connection, several authors have determined anadagfuesults about the representations
and characters of the lwahori-Hecke algebras for the BMWhailge For example, Enyan§][
and Xi |[47] both exploit the fact the lwahori-Hecke algebra of the syatma group is cellular,
in the sense of Graham and Lehr@g], to investigate the cellularity of the BMW algebra.
Xi shows that certain analogues of the Kazhdan-LusztigsblasiBMW algebras, studied by

Fishel and Grojnowskill], Morton and Trazcyki29] and Morton and Wassermaf3(], are
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in fact cellular. Xi's basis is constructed using certaiagtams calledlanglesand a basis of
the Iwahori-Hecke algebra. On the other hand, Enyang pesiacbasis indexed by certain
bitableaux and gives an explicit combinatorial descriptod his cellular basis. Further results
can also be found in Halverson and Rat#8][and Leduc and Ran®[/].

It is not surprising that several authors have since geiseththe BMW algebras for arbi-
trary simply laced Artin groups (see Cohen et d]),[ and defined affine (see Goodman and
Hauschild [L3]) and cyclotomic (see Haring-Oldenburt)9]) versions. Also, degenerate ver-
sions of these algebras exist in the literature; recenttikiAMathas and Ruil3] defined and
studied the representation theory of “cyclotomic Nazandenz| algebras”, which are quotients
of Nazarov’'s degenerate affine BMW algebri@g][ Other quotients and specialisations of the
affine and cyclotomic BMW algebras have also appeared in teeature, such as the cyclo-
tomic Brauer (see Rui and Yi39]) and cyclotomic Temperley-Lieb algebras (see Rui and Xi
[37]). The BMW algebras and the algebras we have mentioned ablsvelkay a role in the
study of quantum groups, quantum field theory, subfactodssgatistical mechanics.

Motivated by typeB knot theory and the Ariki-Koike algebras, Haring-Olderdimtro-
duced the “cyclotomic BMW algebras” iflg]. They are so named because the Ariki-Koike
algebras(2, €], which are also known as cyclotomic Hecke algebras of type, 1, n), arise as
guotients of cyclotomic BMW algebras in the same way as thébsiaHecke algebras arise as
guotients of BMW algebras. They are obtained from the origd?ddW algebras by adding an
extra generatoy” satisfying a polynomial relation of finite ordérand imposing several further
relations modelled on typ®& knot theory. For exampley” satisfies the Artin braid relations
of type B with the generators(y, ..., X,,_; of the ordinary BMW algebra. The cyclotomic
BMW algebras and its representations in the generic case stedeed by Héaring-Oldenburg
[19], Orellana and Rani33], Goodman and Hauschild Mosle¥4,[15.

When thisk'" order relation on the generat®ris omitted, one obtains the infinite dimen-
sional affine BMW algebras, studied by Goodman and Hauschifd3]. This extra affine

generator may be visualised as the cylindrical braid of #pkustrated below.

a4

~

Given what has already been established for BMW algebrastliein conceivable that the

cyclotomic and affine BMW algebras be isomorphic to apprdprémalogues of the Kauffman
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tangle algebras. Indeed, by utilising the results and tectes of Morton and Wassermagd]
for the ordinary BMW algebras, this was shown to be the caséhfoaffine version, over an
arbitrary ring, by Goodman and Hauschild [b3]. The topological realisation of the affine
BMW algebra is as an algebra of (regular isotopy equivaletasses of) “affine” tangles on
n strands in the annulus cross the interval (that is, the sotigs) modulo the Kauffman skein
relations. A precise definition is given in Chapiér 4. In pnavthis isomorphism, they also
obtain a basis analogous to a well-known basis of the affirekélalgebras.

This thesis is concerned with the study of Haring-Oldenisurgclotomic BMW algebras.
In Chaptel L, we introduce these algebras and derive sonighgfeaward identities and for-
mulas pertinent to the next chapter. A natural problem toeskifirst is whether these algebras
are always free. We expect that the cyclotomic BMW algeb#isshould be free of rank
k™(2n — 1)!!. ChaptefR is concerned with obtaining a spanning se£’bf this cardinality.

Many difficulties, in particular regarding linear independy, arise in the case of the cyclo-
tomic BMW algebras. Due to the" order polynomial relation imposed on the extra generator
Y, one can easily obtain torsion on elements associated within tangles on two strands.
In order to fix this problem, this suggests additional “adsgity” assumptions should be
imposed on the parameters of our ground ring. In Chapter 3,ewetd our study to the repre-
sentation theory ofg* at then = 2 level to determine precisely the form of these assumptions.
We give these admissibility conditions explicitly and pide/a “generic” (or universal) ground
ring Ry, in the sense that for any ring with admissible parameters (see Definition 3.3) there
is a unique magk, — R which respects the parameters. Chalpter 3 contains resaltgisgo
then = 2 algebraz} proven in 45 by Wilcox and the author, under a slightly stronger notion
of admissibility. A particular result ird5] shows that admissibility ensures the freeness of the
algebraz} over R. These results are stated but incompletely proved iimgtdIdenburg[L9).

Goodman and Hauschild Mosle$4] attempt to follow the same type of arguments they
used in[L3] to establish freeness 0" and show that the cyclotomic BMW algebra is isomor-
phic to a cyclotomic version of the Kauffman tangle algeliwaing diagrammatical arguments,
they obtain a second basis of the affine BMW algebra which tlestricts naturally onto a
spanning set afg*, different to ours, also of cardinality*(2n — 1)!!. However, they withdrew
their preprint due to issues with their generic ground ringc@l to their linear independence
arguments. It turns out that the generic ground riygconstructed in Chaptéd 3 fulfills the
properties required for their arguments. We also discugthiaptef B the relationship between

our notion of admissibility and that used by Goodman and Elailcs Mosley [14].
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In Chaptef#, we then follow a similar path to that/#] to prove freeness of8* over our
alternative ground ring?, and a basis theorem foB” over a general ring? with admissible
parameters, hence showigff is R-free of rankk™(2n — 1)!!. In proving this, we also establish
an isomorphism between the cyclotomic BMW algebras and thltmmic Kauffman tangle
algebras defined in Chapfer 4.

In Chaptef, we investigate the cellularity&f. The Brauer, lwahori-Hecke, Ariki-Koike
and BMW algebras are all cellular algebras, in the sense ofigsnaand Lehrerlg]. The
theory of cellular algebras provides a unified axiomatieneavork for understanding several
important algebras, including the (non-semisimple spiseitons of) Iwahori-Hecke algebras.
In [16], Graham and Lehrer show that cellular algebras have nbtulefinedcell representa-
tions whose structure depends on certain symmetric bilineargor@iven a cellular algebra,
they obtain a general description of its irreducible repnéations and block theory as well as
a criterion for semisimplicity. Using a known cellular basif the Ariki-Koike algebrag),, x,
we first obtain an appropriate “lifting” of a slight modifiéa of this basis intaz* which is
compatible with a certain anti-involution ¢B*. Then using this new basis we prov#' is a
cellular algebra.



CHAPTER 1

The Cyclotomic BMW Algebras

In this chapter we introduce the cyclotomic Birman-Murakaignzl algebrasz”, as de-
fined by Haring-Oldenburg irlB]. As seen in Definitiom_1]1 below, the defining relations of
the algebraz” consist of the defining relations of the BMW algekfia(see Definitio 0J1) and
further relations involving an extra generaforwhich satisfies a polynomial relation of order
k. Through straightforward calculations and induction anguats, we establish several useful
formulas and identities between special elements of thebatg These results will then be
used extensively in the next chapter, which will involve mémngthy manipulations of certain

products in the algebra. Throughout let us fix natural nusbemdk.

Definition 1.1. Let R be a unital commutative ring containing unus, ¢, ¢, A and further ele-
mentsyy, ..., qx_1 andAy, ..., A,_; suchthath — A\~! = §(1 — Ap) holds, where := ¢ — ¢ .
Thecyclotomic BMW algebra” := %*(q, \, A;, ¢;) is the unital associativ&-algebra gen-
erated byY*!, X3t ... XF! andey, ..., e,_; subject to the following relations, which hold

for all possible values aof unless otherwise stated.

X;i— X' = 6(1—¢) (1)
XX, = X;X; for|i — j| > 2 (2
XiXinnXi = X XiXin (3)
Xie; = e X; for|i —j| > 2 4)

€ie; = €5€; for |’l — j‘ >2 (5)
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Xie;, = X = N (6)
XiXje; = eje; = e;X;X; for|i —jl =1 @)
eieir16; = € (8)

el = Ape; %)

k—1
vk — Z Y’ (10)
X, YXyYy = ;j;)(lYXl (11)
YX, = XY fori > 1 12)
Ye, = ¢eY fori > 1 (13)
YX:Yer = Mleg = VXY (14)
erY"e, = A,er for0<m<k-—1. (15)

Remark: Observe that, by relationsl(1) arid10), it is unnecessamydade the inverses
of Y and X as generators aB” in Definition[1.].

The definition of%" given here is a slight modification of the original definitigiven by
Haring-Oldenburg19], in which thek*® order polynomial relatioi{10) on the generaloiis
Hf;ol(Y — p;) = 0, where thep; are units in the ground ring. Under this stronger relation,
the ¢; in relation [10) would then be the signed elementary symimptslynomials in thep;,
wheregqy = (—1)*~![]. p: is invertible. However, we need not impose this strongeympaiial
relation onY (that is, it is not necessary for us to assume fj:ej“tzo ¢;y’ splits in R), until
Chaptefb.

Defineq, := —1. Thenzg‘?zO ¢;Y? = 0 and the inverse of” may then be expressed as a

linear combination of non-negative powersYofas follows:
k—1

Vo= —¢' Z ¢iY".
=0

Using the defining:** order relation o’ and [I5), there exists elements, of R, for all
m € Z, such that
€1Ym€1 = Amel. (16)

We will see later that, in order for our algebras to be “wedhbved”, the4,, cannot be chosen

independently of the other parameters of the algebra.
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Observe that there is an unique anti-involution* — %* such that
Y* =Y, Xz* =X, and 6: = €4, (*)

foreveryi = 1,...,n — 1. Here an anti-involution always means an involut&~algebra anti-
automorphism.

Also the following defines ai-algebra isomorphism
@:(qa )‘7 Aiv QZ) - %ﬁ(q—l’ )‘_17 A—’i) _Qk—zqal) :

Y — Yﬁl, XZ = Xi_l, €; — €;.
Foralli = 1,...,n, define the following elements cB":

Y/ = Xi—l . X2X1YX1X2 e Xi—l-

(2

Observe that these elements are fixed undehartti-involution.
We now establish several identities in the algebra which lvalused frequently in future
proofs. Let us fix: andk. The following calculations are valid over a general ridgvith any

choice of the above parametets, ..., Ar_1,q90, .., q_1,q, \.

Proposition 1.2. The following relations hold im8*:
(a) For all 7,
X2 =1+6X; — e (17)
and
e; X6 = \ e, (18)

(b) Forall jandi # jorj —1,

XY/ =Y/X; and eY/=Y]e,. (19)
(c) Forall s andy,
YV, = Y}Y,. (20)
(d) For all 4,
Y/ X;Y/e; = N le; = Y/ XY (21)

(e) For all i andp,

eiY;-/Jfl = €Z'Y;/ P and Y;-/flei = Y/ _pei. (22)

(2
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Proof. The quadratic relation in part (a) follows by multiplyindaton (1) by X; and applying
relation [6) to simplify. Equatiori(18) is proved below.

€iXi+16; @ M lei X Xie
@

-1
= A\ eieit16;

-1
= A €;.

The first equation in part (b) follows from the braid relasof®), [3) and[(12) and the second
follows from relations[(4),[(7) and (13).

Part (c) follows from part (b) and the braid relatiénl(11).

We prove (d) by induction on> 1. The case where= 1 is simply relation[(I4). Now assume
(d) holds for a fixed. Then

Vi XinYiein = XV XiXin XY/ Xiein
&) XY/ X1 Xi XY Xieiq
@ XiXin V] X3V Xi 1 Xiein
@ XiXinY{ X;Y/eiei
ind. hypo. A X X e
(0.18

-1
AT et

The second equality of part (d) now follows immediately bylgmg the anti-involutiong) to
the first. Moreover, part (e) follows from parts (c) and (@membering that/, , = X;Y/X;.
O

The most important and useful property of tHéis their pairwise commutativity. Here are
some useful identities involving the’, X, ande; which shall be used extensively throughout

later proofs.

Proposition 1.3. The following equations hold for all

€i€it1€it2Yi = ito€i€it1€ir2, Wherey, = X e; or Yi/; (23)

XiXiy1vi = % XiXip1, wherey; = X;ore;. (24)
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Proof. We prove[[2B) in the three stated cases.

€i€it1€i+2X;

= €i€it+1XiCit2

(0,18

0.8

€i€i+1€i+26€;

/
€i€it1€i42Y;

= € Xz+1el+2

Xz+2 €i+1€i42

@

Xit2€i€it1€i42.

Gl

€i€i+1€;€i42

llee]

€iCit2

s

€i€i+2€i+1€i42

I3}

€i4+2€i€i1+1€542.

!/
€Y e 1612

/1—1
1'Yi+1 €i+1€i+2

o

!
€Y 9€it1€i42

H O B O

!
YZ-+261'62‘+161‘+2-

Equation [[Z4) follows clearly from relationis| (3) and (7).

Lemma 1.4. The following hold for any and non-negative integer.

Xz‘Y;/p z/+p1X 525/;/4;91 VP 4 5ZY,5162 Y/

XY P =Y/ X +6ZY;& Py =

/sp !/ —s
E: YiieY;

X7 =YEXT - 623//& W'SMZY;&S el

Xfly/ -r _

Y/ PX; +6Z

X;Y/'P

s=1

VY Y Ve

p
=YX+ Z DA SRR Z Y/ e

P
XYy = i/_pXi_‘SZYi/ sy;,jlp‘{'ézyl Y "

(25)

(26)

(27)

(28)

(29)

(30)
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p
XP = YIIXT 3 YV = ZY’Se v (31)
X 1Y;/+lp_ / pX 1 6ZY pSY/_HS—i_(;ZY Psely;/_i_ls (32)
s=1

XY/PXi = xc’fl—éZm YiroX, +5ZY'zez Y/roX (33)
p—1

XY/"X, = sc’fl—éZXY’sxfﬁéZXY’s Y (34)
= s=1

XY PX; = z;luaz:}g’jl PY! 5 X, —525@;1? Y/ X, (35)
p p

XY 7PX =Y/ P46 XYY =6y XY e Y (36)
s=0 =

Proof. We obtain the first equation through the following straighafard calculation. For all
p =0,

1
XY[? = Y, XY

(D_]) Y/ Xy/pfl 5y/ Y/p*l 5 / Ip—1
= LAl —0r; Y + oY ey
= YAXYT = oYY 4 Y ey

- 5Yi/+1Yz‘/p71 + 5Y¢/+161'Yi/pil

R R WNEE Wi
= VI X - 6212’& Y 5+5ZY’Slez

proving equation (25). Multiplying equatioh (25) on thetley YZ.’J;” and the right by} ~* and
rearranging gives equation (26). Applyirg) (o equations[(25) and (26) and rearranging then
produces equationk _(29) and{30), respectively. By usihguiil)a simple change of the sum-
mation indexs — p — s, one easily obtains equations{27),1(28).1 (31) (32) fegumations

(29), (26), [29) and(30), respectively.
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Using equationd (25) and ({[17), we obtain

XY/pX Yz/leQ 523/;/_(_91 y/P- SXi+5ZY/81€Y/p sX

=Y/l - 52;/;;1 Y/, +6ZY'16Y’“ i

proving equation[(33). Applyingg) to (33) and a straightforward change of summation now
gives equation[(34). Similarly, using equatién](26) amyl bne obtains equations (35) and
(38). O

Lemma 1.5. For all integersp, the following hold:

(1) &Y/Pe; € (Y1Y3™ . Y ey

() XY Pe; € (YYy™ Y7 Y e | [si] < [p] )
() eY/PX; € (e Y Yy* .. Y/ *'Y/™

|si| < |p| ), where(.J) denotes theéz-span ofJ.

Proof. The relation[(I5) and the'® order relation ort” tells us that, for any integer, e;Y?e,
Is always a scalar multiple @f;, hence showing part (I) of the lemma for the case 1.

Now, for all p > 0, equation[(25) implies that

p p
X,YPe = Y, P X1e; — 5ZY2’SYP_361 +5ZY2'861Y”_861
s=1 s=1
@ I'p : s\ p—s : /s P—S
= AYSPe =6 ) YIYP e 46 ) Yt Y7 ey
s=1 s=1
22,15

p p
=AY e =) YT Re 40 A, Y e
Similarly, by equationd (26)[{6) and (16),

P p
X1Y ey = AYPe; +6Y Y ¥e; =5 A YP e, forallp > 0.

s=1 s=1

Observe that—p| = |p| and whenl < s < p, we havels|,[p — s|, |[p — 2s| < |p|. Hence
X1YPe; € (Y™ey | |m| < |p|), for all p € Z, proving part (I1) of the lemma for the case- 1.

We are now able to prove (I) and (ll), for all integers> 0, together by induction oni,
which will in turn involve inducting orp > 0. Both hold trivially forp = 0, sincee? = Aye;
andX,e; = \e;, for all 7.
Now let us assume thatX,; 1Y% e; .1 € (VY™ Y %Y/ " et | |siea| < |r| ) and
ei1Y{ e € (YY) Y %e; ), forallr > 0, ande;Y/"e; € (YY) .. Y, 'e;)
andX;Y;"e; € (Y1Y)*2 Y'Y/ %e | |s;] < |r| ), forallr < p.
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Forallp > 0,

'p _ / 1p—1
eY; e = X 1Y, 1 Xi 1Y €;

p—1 p—1
@eXZ YR X 1ez—l—5ZeXl Y P SY'Se,—(FZeX, Y P e Y e
s=1 s=1
(m) p—1 p—1
= e, XYM X e+ 6 Z e Xi1 Y, Y/ %e; — 6 Z e Xi1 Y, e 1Y e
s=0 s=0
p—1 p—1
@ eiei 1 X; YR X e + 52 e Xi 1Y, PrY Se; — 52 e Xi 1Y P e 1Y/ %e;
5=0 s=0
dE) p—1 p—1
= eiei YN XT X e+ 0 elXi Y e —6) e Xi Y e Y e
s=0 s=0
p—1 p—1
= eiei 1Y, P e 1&4—(5261 1Y/ fe Y Pe 626)(@ Y/ P%e Y %e;, (37)
s=0 s=0

by relation [T) and Propositidn1.2.

Let us consider the first term in the latter equation above.n8yction oni,

I'p s 159 18;_92
61‘,1}/;_162‘,1 € <Y 1Y'2 . Y_é 6i71> .

7

Therefore, by relatiori (8),

Ip s 189 !1S;_2
61'61',1)/;_161',161' € <Y 1}/2 c. Y_é €i> .

)

Now let us consider the second term in the RHS of (37).0Fxs < p — 1.

Y/p s(m)

!
e Xi 1Y %e; eiei 1 X; Y e, Y P

=

eiei1 XY/ e Y/ " — beiei 1Y P, Y T + deseire Y e YT
By induction onp and equationi (19),
eiei1 XY/ e Y *

ey m1y//me Imi_1y,1m;  \/!P—$ .
€ <ezez_1Y Yo Y Y e Y }|m2|§|s|>

. i—

_ miy\//me Im;_g Imi—1~y,1m; Ip—s
= (eY™Yy™ Y e YT MY P | Imi] < [s])

i—
@ <6iYm1}/2,m2 .. Y,_Tgiizeifl}/;,_nziilimieiylp s ‘ ‘m2| < ‘S| >

(2 1
mil < Is| )

_ mi1v/ ma Imi—2 Ip—s+mi—_1—m;
_<Y Y™ Y e e YT

71—
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Therefore
eiei_lXi}/;/sei}/i/fl—s e <Ym1}/2’m2 o }/;’77’51'72}/;/7171—S+mi71_mi6i> .
Also, by (22), [(19) and{8),

/ Ip—2
eiei 1Y ;Y P[P = e, Y P

Moreover, by induction om,

eiez‘—1€iYi/5€iYﬁfs @ eiy;,seiyﬁfs
mi1y\// m2 I'm;—1+p—s
€<Y Yyme Ly e>
Thus, forall0 < s <p—1,
GiXi_li/ilsei}/il_pl_s c <YSI}/;SQ ce Y/_Si_lei> .

)

Hence the second term in the RHS of equation (37) i&iftY; > ... Y, " "e;).
Finally, by induction on and using[(22)[{19) and](8),
eiXi_l}/ilfl—Sei_ly;/sei S <€iym1}/2/m2 . Y;Tf"_lei_lYilsei ‘ |mi_1| S |p — S| >

€ <Ym1Y2’m2 LY e | Imas | < Jp — ] > :

Thus the third term in the RHS of equatién(37) is(ii*1Y;* ... Y"1 e;).

1

Also, for all p > 0, equation[(2b) implies that

XY/Pe; = Y/hXiei— 525@';3 Y/P" Sel+5ZY;’Jflz Y/ s,
6,122 AY/ Pe 523/”’ 286Z+5ZY/ e, Y/ e

The first term above is clearly i *1Y;*2 ... Y/ "' Y! %e; | [s;] <

pl=lpl.
Regarding the second term above, sificg s < p, |p — 2s| < |p|, so it is also an element
of (Y*1Y)** ... Y/"[7'Y/%¢;||s;| < |p| ). Moreover, we hav® < p—s < p—1 < p, so by
induction onp,
Y/ e Y/ P 0e € (Y] Y™y ™ LY ey)
CYyy™ Yy e | [si] < Ipl)

Therefore, for alp > 0,

Xi}/ilpei c <Y31Y2/52 B 'Y;/jqui/Siei ‘ |31’ < |p| >



15

and
;Y Pe; € (Y'Y, .Y " Ye;) .

Let us denote : B (¢ L, A\ A —qriqy ') — $E(q, N, Ai, ¢;) to be the isomorphism
of R-algebras defined by

Y=Y Xi— X' eie

Note that} mapsY; to its inverse.
We have shown above that, for all> 0, ¢;Y;?e; € (YY) ...Y/"/"'¢;), as an element of
B (g N AL —qeiq b). Therefore, using,

eﬂ/i/ —pei c <Y51Y2/32 B '}/i,—si_lei> ’ (38)
as an element af8*(q, \, A;, ¢;), for all p > 0.

Furthermore, our previous work also shows that, as an eteofe#f (¢, A1, A, —qe_iqp '),
XY e € (Y32 YT e s < Il
Thus, applyingt,

XY e e (YUY LYY e | [si] < pl )
as an element of8*(q, \, A;, ¢;).
However, by relation[{1),X; 'Y Pe; = X;Y/ Pe; — §Y; Pe; + de;Y; Pe;. By (38), the
last two terms are clearly iy *'Y;*2 ... Y, " "'Y/%¢e; | |s;| < |p| ). Hence, as an element of
@Tli(qv A Ais Gi),

XY, Pep € (YY) ™ YT e | [si] < pl )
This concludes the proof of (I) and (II) for all integarsApplying ) to part (1) immediately

gives part (I11) of the Lemma. O

Notational conventions

We now take the opportunity to fix some “standard” notatiobéaised throughout.

If Ris aring as in Definition 111, we may usg*(R) or #* for short to denote the algebra
B (q, )\, A, q;). If Jis asubset of ark-module,(J) is used to denote the-span of.J. Finally,
for a subsetS C R, we denotg(S) , to be theideal generated bys in R and only omit the

subscriptR if it does not create any ambiguity in the current context.



CHAPTER 2

Spanning sets of8"

In this chapter, we produce a spanning se#f R) for any ring R, as in DefinitiorLIL, of
cardinalityk™(2n — 1)!! = k"(2n — 1) - (2n — 3) --- 3 - 1. Hence this shows the rank &#* is
at mostk™(2n — 1)!1. The spanning set we obtain involves picking a basis of thki&iike
algebras, which we define below. We note here that our spgseits differs from that obtained

by Goodman and Hauschild Mosley [14].

Definition 2.1. For any unital commutative rin§ and¢’, qo, . . ., ¢x—1 € R, leth,, ,(R) denote

the unital associativ&®-algebra with generatof§™", 77!, ..., 7!, and relations

TO Tl T()Tl == Tl TOTl TO
LT Ty = TinTiTin fori=1,...,n—2
T = TT for [i — j| > 2

k—1
o= > 4T
=0

T2 = (¢ —1)Ti+¢ fori=1,...,n—2.

(2

Hereb,, , denotes the Ariki-Koike algebras, as introduced indepettgby Ariki and Koike
in [2] and Broué and Malle ing]. They are sometimes referred to as the ‘cyclotomic Hecke
algebras of typé:(k, 1, n)’ and may be thought of as the lwahori-Hecke algebras cooredipg
to the complex reflection groufZ/kZ) 1 &,,, the wreath product of the cyclic grodfy kZ of
orderk with the symmetric grouf®,, of degreen. Indeed, by considering the case whég- 1,

¢ = 1 andg; = 0, one recovers the group algebra(@f/kZ) ! S,. Also, it is isomorphic
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to the lwahori-Hecke algebra of typé,_, or B,, whenk = 1 or 2, respectively. These
algebras feature extensively in the literature. For exampliki and Koike P] prove that it
is R-free of rankk"n!, the cardinality of Z/kZ) ! G,,. In addition, they classify its irreducible
representations, and give explicit matrix representatinthe generic semisimple setting. Also,
Graham and LehreflB] and Dipper, James and Math&} prove that the algebra is cellular.
Now suppose€R is a ring as in the definition o8 and let¢’ := ¢2. Then, from the given
presentations of the algebras, it is straightforward tasthath,, . (R) is a quotient of2" (R)

under the following projection
Tt B — bug
Y — T,
X, — ¢, forl1<i<n-—1
e; +— 0.

Indeed, 8% /I = ¥, as R-algebras, wherd is the two-sided ideal generated by thés in
%*(R). (Remark: due to relatiori](8), it is straightforward to seat tine ideall is actually
equal to the two-sided ideal generated by just a single fxgedOur main aim in this chapter
is to obtain a spanning set ¢8”, for any choice of basigy,, . for b, ;. For any basigy,, ;. of
bk, 16120, be any subset of8* mapping ontdy, , of the same cardinality. Also, for any
| < n, there is a natural mag® — %*. Let 2" denote the image o8* under this map; it
is the subalgebra of8* generated by, X;,..., X; 1,e1,...,¢,_1. Observe thaa priori it is
not clear that this map is injective; i.e., th@if is isomorphic toZ}. In fact, over a specific
class of ground rings, this will follow as a consequence eéfiess of2* which is established
in Chaptef 4. Finally, Ie%lyk be the image ofJ, ;. in %~.

Theorem 2.2. The set of elements of the following form spa#fs

181\ 52 /sy ) ] )
}/'il Y;Q Ce }/if (X” Ce Xh_leﬁ e Gn_gen_l)

X’Lf ]f lejf 6n—2f€n—2f+1) X(n_Qf)

-
(Gn 2f+1€n—2f - thf—l"'ng)"‘
(

/tf It It
€n—1€En—2 . 6h1Xh1—1"'Xgl> }/gf )/;]22 LY

g1
wheref =1,2,...,[5], 41 >4 > ... > 15, g1 > g2 > ... > grand, foreachn =1,2,... f,
we requirel < iy, < j, <n—2m+1,s1,...,85,81,....tp € {|5] = (k—1),...,|%]} and

X(n—Qf) is an element diﬁn72f,k-
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In a later chapter, we will show that, under additional agstimns on the ground ring, picking
an appropriate ‘lifting’ of a certain basis of, ;. leads to a cellular basis cB~.

Supposé > 1. Leti andj be such that < ;5 <[ andp be any integer. Define
ol =Y/PX;. . X qe.. e

Then Theorerh 212 says that the algeBfais spanned by the set of elements

S1 St (n Qf)(

att
Xijin—1- Xpjpn—2f+1X

fhfn 2f+1)*( gihi,n— 1)*’

with conditions specified as above. Diagrammatically (ie Kauffman tangle algebra an
strands), the product?ﬂ may be visualised as a ‘tangle diagram’ withpoints on the top and
bottom row such that th&é® and(j + 1) are joined by a horizontal strand in the top row. The
rest of the diagram consists of vertical strands, whichsmer this horizontal strand but not
each other, and a horizontal strand joining tfeand (! + 1) points in the bottom row. We

illustrate this roughly in Figurel 1 below.

j +1
l +1
FIGURE 1. A diagrammatic intepretation of, = X;... X, _je;...¢ as atan-

igl —
gle onn strands.

Using this picture visualisation, one may then use a sttiighard calculation to show that the
spanning set of Theorem 2.2 has cardinatity2n — 1)!!.

The following lemma essentially states that left multiption of ana? mj chain by a genera-
tor of% ', Yields anothery chain multiplied by ‘residue’ terms in the small@ffl subalgebra.
Specifically, it helps us to prove that ti&submodule spanned l{wgl%’{il} is a left ideal of

@fﬂ, in particular wherp is restricted to be within a certain rangefofonsecutive integers.

Lemma 2.3. Fory € {X,e},m <landp € Z,

Ym0y € <O‘§Ij/z@£1 i' > min(i,m), [p’| < |p| andp’p > 0 unless’ = m> :

In fact, the only case in whichip < 0 occurs is the cas&;o?;,, wherei < j < landp € Z.

igl?
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Proof. Letp be any integer and fix:, i, 7 and!.

Henceforth, lef” := <a§;,l@f_1 | #' > min(i,m), |p'| < |p| andp’p > 0 unless’ = m>. In all

the following calculations, it is straightforward in eadse to check that the resulting elements
satisfy the minimality condition required to be a membe¥ of

The action ofe,,.

The action ofe,,, on o, falls into the following four cases:

(1) e - Y PX,, ... €j...¢e, Wherem < j <,
(2) em - Y, Pe,, ... e, wherem = j </,
() em -y, Wherem + 1 < j <1,
(4a) ey, - oy, wherem < i —1andi < j <1,

(4b) e, - af;, wherem > i andi < j <.

(1). By Lemma&L5b (lll),
en Yl X .6 e € (euY* Y)Y X ey e | sm] < [pl)

c <eme+1 I (Ysl . Y;{i’"l’lYT;Sm) ‘ lsm| < |p| >

@ (em e (X XL XY emy s YY) | sl < Jpl ) -

Herem < j—1 < I—1, sothe termin the brackets aba¥e !, . .. X}, X, 1Y smy Pt Y=
is in ZF . Hencee,, Y/ PX,,...e;...e € <a9nml<@l’“_1> CT.
(2). By Lemmd1.5 (1),

emY Pem . ..ej...ep € (YY) Y e, e)

S <Oé9nml'@7lkfl> g T7

sinceY*'Yy*2 ... Y!*"~' ¢ 2 , asm < linthis case.
(3). By equations[(22)[(19) anfl(7),

emafnﬂw =en Y, PXmi1 ... €. .6

[_
=enXmi1---€...eY, "7

=em.a (X7h XL XY ) ET
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4). We want to prove that,,o”, € T, wheni # m, m + 1 and: < j < [. This is separated
ijl

into the following two cases.
@lfm<i—2<I1-2,thene, € %7{“_1 commutes past;;. Hencee,,o7; =
(b) On the other hand, th > i + 1 then:
Whenm < j,

p
Qyjiem € T.

P _ /P
em&ijl - Y; Xz s Xm72€me71Xm (Xm+1 R 6[)

@ Y;/pXi Ce Xm_gemem_l (Xm+1 cee €5l 61)

'p
== €me+1 c..C5. € (Y; Xz Ce Xm_gem_l)

em e (X X0 X0 (YPX . Xeamt)

m+1<*m

which is an element df’, sincem <[l —1andj —2 <[ — 2.

Whenm = j,

b _ I'p
6ma‘/ijl - Y; XZ cee Xm—QGme_lem ... €

@ A_l}/i,pXi o X2 - . €

= €m ... el(A_lyi,pXi e Xm_Q),

which is an element df’, sincem —2 =35 —2 <[ — 2.

Whenm > 7,

P =Y/" X Ym—2€mem_1€memy1 ... €, Wherey could beX ore,

(<)

Q) +-1p
=Y, "X Ym—2EmCmil - - €

emQ

= €m...€ (Y;/pXi .. ."}/m,Q) eT.

We have now proved thatnozfﬂ eT,forallm<I[,:<j <l andp € Z.

The action of X,,,.

The action ofX,,, onaj, falls into the following four cases:

(A) X -y, Wherem +1 <5 <1,

(B) X, - Y/ Pe,, ...e;, wherem = j </,
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C) Xy, Y)PX,,...e;...e, Wherem < j <[ —1,

(D1) X,, -a?,, wherem <i—1andi < j </,

ijl?

(D2) X,, - oz”l, wherem > iandi < j <.

(A). Whenp is a non-negative integer, using equatidns (29), (22) @8ydives

X,,ob

m+1,5,

p
! Ip—sv /s
:Ymem’ymH...ej...el—i—dE Y Y Y€€

s=1

P
I'p—s /s
—0 E Y e Y i Ymg1 €65

s=1

=Y P X .. e+ 52 1 YmAL - € € (Yé{ﬂﬂ)

—525/7;3’—8%...@[ (XY XL XY,

where~,,. 1 could be eitherX,,.; ore,, ;1. Observe thatif < s <pthen0<p—s<p-1,
hence|s|, [p — s| < |p|. Also, in this casem < [ —1andj —2 < [ — 2 so the expressions
in the brackets above are indeed elementééb_fl. Hence, for alln + 1 < j < [, we have
X - O‘fn+1,j,l eT.

Also, by equationd (30)[(22) and (19),

X,af

m+1,5,l
R Ve ! — -5y /s—p
=Y, P X Ymg - - - e —0 E Yo, m+1 TYm41---€5...€
! —s
+5 E Y Em m+1 7m+1 RN I =)
/= /—s
=Y, "X, . ..e;...e— 55 m+1’ym+1...ej...el(Ym )

+5ZY,;;Sem...e, (X XL X ey

J=

Observe that wheih < s < p, we have that — p < s — p < 0 so certainly|—s| = |s| and

|s — p| < |p|. Again, sincen <[ —1andj — 2 <[ — 2, the expressions in the brackets above

are indeed elements 8 ,. Hence, foralin + 1 < j <1, X,, - b €T
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(B). By Lemma1.5(Il) and equation (1L9),

XmYnllpem ...e € <Y51 N Y/smfl}/;;Smem ... € | |$Z’ < \p| >

T m—1

mml

e {agm (Y ...V, |Ism| < |p|) €T, sincem < 1.
(C). Whenp is a non-negative integer, using equatidns (34), (22) (1

XY P X €. €

p—1
_v'p 2 1sy\/!p—s
= Ym+1Xm+l-"€j'--€l -0 XmYmYm+1 Xerl"-ej---el
s=1
p—1
s Ip—s
+6 E XY, emYif Xmg1 .. €5... €
s=1

p—1
_ v'p § : Ip—s s
= Ym+1Xm+1---ej---6l -0 XmYm+1 Xm+1-~~€j~~-€l (Ym)
s=1

p—1

S XXty (V)

s=1
@ =
— I'p I'p—s /s
=YXt =6 X Yol X ey e (V)

s=1
p—1
+ (SZ men’lsem ... € (X']__l2 . 'X;L}rer_nIYT/nS_p) '

s=1
The first term in the above equationd§, ,, ;, € T'. In the second summation term, we have
elements of the formX,, Y, *  X,..1...¢;. ..el@f_l, wherel < u < p — 1. By case (A)
above and sincp:| < |p|, we know therefore the second term isZin Moreover, by case (B),
XY fen...egeTforalll <s<p-—1,sothe third termis also if.
Hence, for alln <1 — 1, we haveX,,Y, P X,,...e;...e, € T.

Similarly, using equation$ (36),(22) and(19),

X Yo P X6y e

p
=Y, A X166+ 5ZXmY7;f_pXm+1 ceje (Y
s=0

p
+0> XYy e e (X XL XY
s=0
The first term in the above equationdsg’,, ;, € T. The second summation term involves
elements of the forerqufnﬁleH...ej...eléf_l, where—p < u < 0. By case (A)

above and sincéu| < |p|, we know therefore the 2nd term is . Moreover, by case (B),
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XY, %em ... € Tforall0 < s < p, so the third term is also if.
Hence, foralin <1-1, X,,)Y,7X,,...e;...¢ € T. We have now proved that, whetheis
positive or negativeX,,a; ; € T.
(D). We want to prove thaKmafﬂ € T,wheni 4 m, m+ 1,7 < j <[ andp is any integer.
This is separated into the following two cases.

(D1). fm <i—2 < 1[-2,thenX,, € 9?{11 commutes pasty;,. HenceX,aj; =
g Xm €T.

(D2). On the other hand, ifn > i + 1 then again we have the following three cases to
consider:

Whenm < j </,

Xmafjl — }/;/pXi .. Xm72Xmelem (Xm+1 I el)
By
- }/z Xl SR Xm—QXm—leXm—l (Xm+1 R Gl)

2 VX X o X 1 X o€ ei(Xon1).

This is an element df asm < j < [ in this case soX,,,_; € %7{“_1.
Whenm = j </,

Xmagjl = Yi/pXi cee Xm—QXme_lem ... €
()

p— 'p — AP
= }/; Xl .. .Xm,gem,lem N ai,j—l,l eT.

Whenm > j,

Xy = Y/PX; . Ym—oXm€m - 1€mems1 - -- €, Wherey could beX ore,

(@

W) 1 1p -1
=Y, "Xi. . Ym—2X,, 1emCmt1 .- €

@

e I'p /'p
=Y. 'X, . oymeaXmiememar .0 — 0Y, P X Ym—glmemyt - - . €

Ip
+0Y, ' X, . Ym—2€m—1€mEmy1 - - - €

@ Y/ PXi o Ymo X 1€mmit - - € — 0€memyt - - . €1 (Yi’le- .. .fym,z)

Ip
+0Y, "X, Ym—2€m—_1€mem1 - - - €.

Observe that/? X, ... v,, o € %7,’11, asm < [ in this case.
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Furthermore, itn — 2 > j, then~,, > = ¢,,_» and

X, Z]l =Y/"X;.. . em obm 16m . ..€ (X_1 )

m—2

— 0Cmemit - € (Yi/pXZ- . €m_2) +8Y "X, .. e 2bm 1€m ... €1.
Otherwise, ifm — 1 = j, then~,, » = X,,,_» and

_ P
X0 le Y 'Xi o . X—olm—1m ... €

— 0€mCmat - - - € (Yi/pX,- .. .Xm_g) +8Y "X, X 0€m_1€m - . . €1

We have now proved that for alt <l andi < j <landp € Z, X;oy, € T O

The following lemma says, for a fixed the R-span of allafﬂ,%’k , Is aleft ideal of @m,

whenp lies in a range of consecutive integers.
Lemma 2.4. Fix somel. Suppos® < K < k and let
P={-K -K+1,....,k— K —1}.

The R-submodule
L= <azﬂ%’l 1 }p € P>
is a left ideal of ), ,.

Proof. We want to prove thak is invariant under left multiplication by the generators#, |,

namelyY, Xi,..., X, eq,..., €.

p+1
Z]l zyl !

If i > 1, Y commutes Withxp Otherwise, when = 1, Yo? so clearly, by th&"
order relation oY, L is invariant under left multiplication by *!. We will show by induction
onm < [ thatL is invariant underX,, ande,,.

SupposeL is invariant underX,,, ande,, for m’ < m. Note that whenn = 1, this
assumption is vacuous. Then in particultuis invariant undetX ) = X,,, — d + de,, for all
m' < m. Moreover, this implied. is invariant undet’/** = (X,, ;... X;Y X, ... X,,,_1)*.

Thus for allp’ € Z,

l

O{ = Y’p gl € L. (39)
Forv,, € {X., e} andp € P, Lemmd2.B implies that
Vm Oy € <ozf,lj,l%7f_1 |i' > min(m, i), |p'| < |p|andp’p > 0 unlessi’ = m>

C (B | W) < Ipl andp'p > 0) + (ot B, )



25

The first set lies in_, as if |p'| < [p| andp’p > 0, thenp € P impliesp’ € P. By (39) above,

< ah B 1> C L. Thusy,a?, € L, whencey,,L C L andL is a left ideal of%}, . O

Now we fix K := L’“—;lj Whenk is odd, K = £ and whenk is even, K = . The

rangeP in LemmaZ.4 becomes

A R R R
For k odd,

P={-K,. . . K}
and fork even,

P={-K, . K+1}.

We are now almost ready to prove Theoflen] 2.2. A standard walidw that a set which
contains the identity element spans the entire algebrasisdw it spans a leftideal of the algebra
or, equivalently, show that its span is invariant undernedttiplication by the generators of the
algebra. With the previous lemma in mind, we observe thadhjng’ a generator through each
a chain may distort the ‘ordering’ of the chains (the; > i, > ... > i, requirement in the

statement of Theorem 2.2). Motivated by this, we first prdweefollowing Lemma.

Lemma2.5.Ifi < gandp,r € P,
/ / >k . .
oy 10 e € <af’7]",la;’,h’,172‘@173 |7 >iandp,r € P> .

Proof. Observe that, by Lemma2.4,= <a§ih,l_2@f,3|r’ € P> is a left ideal of %} | there-

fore it suffices to prove that, for all< g andp,r € P,

afjlo‘;h,l—2 = (Y;'pXi € el) (Yg”"Xg ceh. .. el)

/ ~ / =~ . .
€ <ocf,J,yl%ﬁlag,’h/’ld%’f,g, |7/ >iandp’,r' € P> .

Letusdenote{ i B 104/h/l B 3}2 > ¢ andp’, r’ eP>byS
If g > j, then
ej...el(Yg””Xg...eh...el,Q) @ Y oXgro. . ehia. . eej. . e 1€
)

Ir
}/g+2Xg+2 < Chya .. €€ Cl2.
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Thus, using the commuting relations (2), (4) and equafi®, (1
Poa’ =Y'" X YPX. X e
az]lag,h,l—Q g+2<Vg+2 - - Cht2 ... €Y, ieeeNj1€5 ... €19
p
a;+2,h+2,lai,j,172'

Note thatg + 2 > j > i in this case. Hence, when> j, we have()z%loz;m_z es.

Now suppose on the contragy< j. Whenr is non-negative, we have the following:

PN _ 'p Ir
O[ijlag,h,lfQ - (Y X X X 16] l) (}/g Xg...eh...el)
a2 ., o0 0
= YiTX XY g 0o
25 .p o0 0
= Y X Xy 1( g+1X) Cgi1,5,1% . h1—2
'p Ir—s 0
- 521/1' Xi"'X9—1< g+1Y ) g+1,j,lag,h,l—2
s=1
T
'p /s Ir—s 0 0
+ 521/2' Xioo Xg (Yg+1€9Yg )ag+1,j,lag,h,l—2
s=1

v p 0
Y’g+1az‘jlag,h,172

T
s I'p r—s
— (5 E Oég—Q—l,j,l}/i XZ RN nglag’h’l_Z

s=1
+ 0 VIPXG L XY egad 00y
Observe that ifr € P is non-negative, then because< s < r, itis clear thats € P and

r—s<r—1<K,hencer—s e Pand|r —s| < K.
On the other hand,

p T @ DY r—r 0
OpOgnie = Y{"Xi X1 (Y0 Xg) oy jucg s
T
I'p Is—r\//—s 0 0
+ 5§ :Yz XZX ( g+l “g )049_5_1,]',1@9,}1,1_2
'
I'p Is—r I —s 0
=0 VX X (Y5 Yy ) g g i

!I—r D 0
= Yg+1%glaghl 2

Ip —8
+5Z%+1yl Xioo o Xg1agh, 9

'p /s— —S
—55 VP X Xg Y0 ey +1,j,lag,h,l—2‘
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If —r € P, thismeans-r € {—K,...,—1}. Sol < s < r implies—s € P. Moreover,

|—s| < K ands — r € P. To summarise, whetheris positiveor negative,

0 ! _
agla;h,lﬂ S Yg/l:lafjlag,h,l—Q + <af]+1,j7lY; PXi.. ~Xg—1&;h‘372 | s€Pr—s| < K>
/
+ (VPX . Xy Y 2egal a0 s € Plr—s| < K).
(40)
We now deal with each term df (40) separately.

i 0 l 0 0
The first term isY’ Tlamaghl g = Yg};lY Q51O -

If h<j—2(soi<g<h<j—2),then
0 0 _
aijlag,h,l—Z = (Xl C Xg e XhXh—H Ce Xj_lej c. 61) (Xg .. Xh_leh c. 61_2)
24
= (Xg+1 Ce Xheh+1 . 6]',2) (Xz . Xj72Xj71€j . 6[) (6];2 e 6172)

(Xg+1 Ce Xh€h+1 Ce 6]‘_2) (Xz . Xj_gej_lej_gej Ce Gl) (ej—l . 61_2)

(Xg+1 Ce Xheh—l—l < €52€51... 61) (Xz c. Xj—3€j—2 c. 6[)
0 0
Qg1 h+1,1%,5-2,1—2-

Asi < g+ 1, Y/? commutes witha?,, , ., by equation[(19). Thus we have shown that
Y oo i 0 = Qp 1,00 o, o IS an element of, whenh < j — 2.

Now supposé > j — 1. Then, using equatiof (R4) fér> j, we have the following:

Oé?jlag,h’lfQ = (Xg+1...Xj_1) (X,-...Xg...Xj_lej...eh...el) (Xj_l...eh...el_g)

=]

(Xg+1...Xj_1) (XZXg X] 116] eh...el) (Xj_l...eh...el_g)

—|—5( g+1 - Xj_l)(Xi...Xg...Xj_er...eh...€l)(Xj_l...eh...el_g)

—5(Xg+1 ---Xj—l) (XZ‘...Xg...Xj_er_lej...Gh...61) (Xj—l ...6h...€l_2)

dzb@ (Xgi1.-- X)) (Xi. .. Xy . Xjoejqej. . .ep...e) (Xjo1...en...e2)
+0(Xg1--- Xjrej.oe) (X0 Xjo X1 .. ep...€2)
—0(Xgr1-- Xjo1) (X1 - ceppo.ce) (Xio . Xjaej_1...ep...€)
@d& (Xgs1 - XjXj..e) (Xio . Xjo€j1...eh...€)
+0(Xgs1 .- Xje.ooe) (X0 XG0 X 1. .6 e2)
— 00X enroce (Xgp - Xjm) (XG0 X oej1 . cep ... €19)
)

0 0 0 0 0 0
Qg1 h 2,0 j—11—2 T 5ag+1,j,lai,h,l72 - 60{j+1,h+2,lai,g,172‘
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Therefore, whe > j — 1,
v p 0
Yg+1aijlag,h,lf2
T D T D P
Qg1 20 112 T 6ag+1,j,lai,h,l 2 5Y+1O‘J+1 h+2,1% g 1—2

However, sincgy < j, Y, 1, commutes witm,, ,.,,. Moreover, ag) <1 —2,Y,], € @7{“_1.
ThusY,[,a},ap,, , € S. So far we have proved that the first term[of](40) is a membe, of
for all possibilitiesi, j, g, h wherei < g < j.

We now need to showes,, ,,Y;/?X;... X, 10/7° _,|s€ P|r—s| < K) C S. Butthis
follows immediately from the definition of, asr — s € P andY;?X;... X, € %‘7{11, since
i<g—1<1-3.

Finally, we now proveY; " X; ... X, 1Y]5 00, a5 o s € Plr—s| < K) CS.
Leto :=Y/"X; ... Xy 1Y) 5 eqa0, 5 00" 5, wheres € Pand|r —s| < K.

By equation[(V)¢gal,, ;= e,...e0 (X1 ... X, [, X, 1). Then
0 =YPXiXip1. . XgaVyPogy (X X XY ol s,
Lemmd2.8 implies that

-1 7 / ok
X, agp o€ <a§,h,l_2%l_3 g > g,1p'| <|r'|andp’r’ > 0 unlessy’ = g> ,

wherer’ = r — s. Observe thap’ and+’ could be of different signs, but as — s| < K, we

know that|p’| < K. This allows us to apply Lemnia 2.3 repeatedly to get

Xj_jz Xg—HX ta ghl 2 € < ’h'l—2‘@lk—3 | 9290 < K> '

Therefore
42_3) Y/PX, X Xg- Y's B > < K
= i NN +104g +2, h'+2l%gl s |d > g, |P|
@ Y/PX, X Xg- Y'$ %’ > <K
= i il +1%+2h'+2l%gl 2B 3|9 g, 17|
€ < §+2h’+2lY XiXip1 .. X Y/+lo‘gg,l 2'%)1 3|g >g,|p|<K>

Nowi < g <1—2,80Y"X;X;1... X, V5 € %’f .- Note thatg’ +2 > g +2 > i and
p' € P. Thuso € S.
Therefore we have now proven that each term arisinf_ih (4i0) & for alls, 7, g, h where

i < g < j. This concludes the proof of LemrhaP.5. O
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Henceforth, we implicitly require € P whenever we writeyfﬂ. Forallm > 0andl > 2m,

let us define the following subsets @f*. Note that these amot 2-submodules.

g O S1 52 Sm
Vi = ol 0 s 0 e} @nd
— S1 52 Sm . . .
Vim = {00008 jors - O omn [ 11> 02 > > i

If m >1/2, we letVy}, =V,,, be the empty set.
If U, andU, are subsets o8*, letU,U, := (ujus|u; € Uy, us € Us); i.€., theR-span of the set
{u1u2|u1 S Ul,UQ S UQ}

Lemma 2.6. For all l andm, V;!, B} ,,, is a left ideal of%}.

[—2m

Proof. We prove the statement by induction en Whenm = 0, we haveV}}, = {1} so
V}f’m@f_m — %" and the statement then follows trivially.
Suppose that: > 1 and assume the statement is truesfor 1. Note thatl > 2m > 2. By
the definition ofl}’ , we have
%lkv},gm%lk—%n = <‘%lkafj,l—1‘/?12,m—l‘%lk—2m>
- <a£j,l—l‘@lk—2%g—Z,m—l‘@lk—2m>’ by Lemmd 2.4,
C (a2 ) VY ymr P ), by induction,

as required. O

Lemma 2.7. For all [ andm, we haveVlf’m%’?k = Vi, .

1—2m

Proof. By definition, Vi, C V;, henceV’, B} 5., 2 Vin®Bl - It nOW remains to prove
the reverse inclusion. We again proceed by inductiomorin the casen = 0, the statement
merely says%l’c = @{“. And whenm = 1, the statement is clearly satisfiedig$ =V, ;.

Supposen > 2 and that the statement is true faf < m. By definition ofX/l?m, we have
Vﬁmélk—Qm = <C“fj,l—1vlg—2,m—1=%7lk—2m>-
It therefore suffices to show
aij,z—ﬂ/zg—zm—lélk—m C Vl,m@lk—%n? (41)

for 1 < i < [. We will prove [41) by descending induction enSupposel(41) holds for afl

such that < i’ < [. Observe that wheh = [ — 1, the inductive hypothesis is vacuous. By
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induction onm, Vfilmil,@fﬂm — Vi_om_18",, , thus the LHS of[{41) is spanned by the set
of elements of the form

D s2 Sm 7k
O 51-1%i5501—3 + - 'O‘imjml—zmﬂggz_zm;

whereiy > i3 > ... > i,,. If i > iy, then we already havie> i, > ... > i,,, So this is a subset
of Vl,m%’?{im by definition. On the other hand,if< i, then

p 52 Sm ~k3
@ 51-1%5 5013 - - - aimjml—2m+1‘@l—2m

P 52 g Zk
- az’7j7l—1ai2j2l—3‘/2—4,m—2°@l72m

/

D r! 7k g ~k . .
<ai’j’lflag’h’l73‘@lf4‘/l—4,m—2‘%l72m |i" >4), byLemmd2b

N

N

P’ r! g Sk .1 .
(a1 Ogn—sVilam o B om | © > 1), by lLemmd 25

/

<af’j’lflvig—2,m—1’@lkf2m K

N

C Vi By 5, by induction on.
Thus (1) holds. Hencégfm@f_2m = Vi B, . O
Recall
By | B er 1By = b

andm @ #BF — b, is the corresponding projection. Recall;;, was an arbitrary subset
of %F mapping onto a basi&y, ;. of b, and 120, .| = |20, ;|. We can define ak-module
homomorphismy; : b, — % by sending each element 9, ;. to the corresponding element
of Q_U”g. Thusm ¢, = idy, , . Note that wherh = 0 or 1, we have an isomorphism : BY — b,
with inverse¢;. And, forl > 2,

B = du(big) + Bre 1B
Thus
B =Yoo+ Ble B, forl>2, (42)
whereﬂlvk is the image ofy; (b, 1) in Z%. Also,
bop =B and by, = B (43)

Lemma 2.8. Let/,,,, = Vméﬁzmvlfm.

(@) I, is a two-sided ideal ofBk.
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(b) Forl > 2m + 2, we have

ok ok *
‘/l,m%l_Qmel—Qm—lgl_Qm C [l,m+1-

l,m
(c) Forany fixedM, I = 3,50 W,mEl_2m7k\/,fm and is spanned by elements of the form

S1 Sm tm * t1 *
Q-1 'aimjm172m+1X(agmhmlf2m+l) e (Ofglhllq) ;

form > M, i1 > i3 > ... > 4y G < gm—1 < ... < g1, andy is an element of

20, om -

Proof. (a) By Lemmd 2J7, we havg,, = Vﬁm@f_m I'm- Thereforel, ,, is a left ideal of
) by Lemmd Zb. Becausepreserves the subalgeb#f ,,, thusI},, = I, SOI;,,
is also a right ideal.

(b) Supposé > 2m + 2. We have

_ 0 0 0
€1-1€1-3 - €12m—1 = Q)1 1710931 313+ Q_9p 1| 9m—1]-2m—1 € Vimt1-

Thus

—m—1 *
€1-1€1-3..-€—2m-1 = Ao (61716173 e 6572m71)(61716173 e €l72m71>
*
€ W,m+1‘/l7m+1 g [l,erl-

Sinceay;, = Aglafﬂel, by relation [15), and; commutes with@f_l, by equations(4),
@) and (D) Vi B 2, = Vim Bl omei-1€1-5 . . . €1-am 1. This implies

*

2k 2k * 2k 2k
Vi B omei—2m-1B)_omVim = Vim B om€i-1€1-3 - - - €iamr1€1-2m 1B} 0, Vi

2k ok *
- ‘/va‘%lme[l,erl‘@len I,m

g [l,erl 9

using that/; ,,, 1 is a two sided ideal i@l’“ as shown in part (a) above.
(c) If m > M, thenl — 2m <[ — 2M so the given elements are clearly contained if.
For a fixedm, they span the set

w *
‘/l,mhl—2m,kvl7m-

It therefore suffices to prove that

I € Z Vl,mqum,kam- (44)

m>M
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We prove this statement by induction ba 2M. If [ — 2M < 2 then

Iy = Vl,M«@f_gMWTM = VE,MHZ—zM,lefM, by (43).

Now supposé — 2M > 2 and assumé; ;1 C ZszH Vl’mHl,Qm,kX/lfm. Then using
(42) and part (b) of this Lemma we have that

ok *
[l,M = W,M%Z—QMVE,M

42

w * ik ik *
VisOi—on i Vi + Vi Bl oper—om 1B o Viu

C  VimbiomiViy + L

ind. hypo. ~ . ~ .
C VimOi—on Vi + E VimYi—2mk Vi,

m>M+1

§ : T *
= ‘/l,mblfwn,k‘/},nw

m>M
proving part (c).
O

In particular,l,,, = B" by definition, so whert = n andm = 0, statement (c) of the pre-
vious Lemma implies tha#* is spanned by{ux™2mv*|u,v € Vi, X" 2™ € W, _omi},

hence proving Theorem2.2.



CHAPTER 3

The Admissibility Conditions

In the previous chapter, we obtained a spanning seBbfover an arbitrary ring? and
hence we can conclude that the rank4sf is at mostk™(2n — 1)!!. Before we can prove
the linear independence of our spanning set, we must firasfoar attention on the represen-
tation theory of the algebrag}(R). It is here that the notion of admissibility, as first intro-
duced by Haring-Oldenburd )], arises. Essentially, it is a set of conditions on the paians
Ao, .. Ax_1,q0, - -, qk—1, g, X in our ground ringk which ensure the algebe&} (R) is R-free
of the expected rank, nameBk?. It turns out that, if? is a ring with admissible parame-
tersAg, ..., Ax_1,q, ..., qx—1,q, A (see Definitio_3.3) then our spanning set ganeraln is
actually a basis.

In Section 3.11, we establish these “admissibility” coraig (see Definitioh 31 3) and con-
struct azs-moduleV of rankk (see Lemm&3]7). These results are containeddh n which
Wilcox and the author are able to useto then construct the regular representationZif
and provide an explicit basis of the algebra under a sligitignger notion of admissibility.
These results are stated but incompletely proved in HaDlgnburg[L9]; specifically, addi-
tional arguments are needed to prove Lemma 23 €jf [We take a slightly different approach
and the arguments we offer idg] correct this problem. Goodman and Hauschild Mosley also
study the representations of the= 2 algebra in detail in[15]. However, they construct the
moduleV assumingR is a field in whiché # 0 and the roots of thé'® order relation and
their inverses are all distinct. It is worth noting here asaile that, strongly influenced by the

methods and proofs for the cyclotomic Nazarov-Wenzl algétAriki et al.[3], they find that
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the existence of this (irreduciblé}dimensional}-module leads them to formulate a second
(different) type of admissibility condition. For more diésawe refer the reader to Goodman
and Hauschild Mosleyll5] and Ariki et al.[3].

It is non-trivial to show that there are any non-trivial adsible rings; in other words, that
the conditions we impose are consistent with each other.etiti@[3.1, we also construct a
generic (“universal”) ground ring, with admissible parameters which we will show satisfies
the requirements of an admissible ring as defined in GoodmdrHauschild Mosley14,/19
and allows us to follow a path similar to their trace argurseatestablish linear independence
of our spanning set in Chapter 4. It is important to clarify diféerent notions of admissibility
used in the literature. We discuss in Sectiod 3.2 the relakipp between our admissibility
conditions and those used by Haring-Oldenburg and Goodméiauschild Mosley.

For this chapter, we simplify our notation by omitting the@x1 of X; ande;. Specifically,

%5 (R) is the unital associativB-algebra generated By*!, X*! ande subject to the following

relations:
k—1
YE o= Y gy (45)
=0
X—X1' = §(1—e) (46)
XYXY = YXYX (47)
Xe = de = eX (48)
YXYe = Mle = eYXY (49)
eY™e = Ape, foro<m<k-—1. (50)

Recall, in Lemm&_1]5, we showed

XYPe= )XY "Pe—¢ i YP %e 4§ i A, Y %e, forallp>0.
s=1 s=1
Using this and the'" order relation o, it is straightforward to show the left ideal o&}
generated by is the span of Ye | 0 < i < k — 1}. As a consequence of the results in
Goodman and Hauschild ], the set{Ye | i € Z} is linearly independent in the affine BMW
algebra and so it seems natural to expect that thdsét | 0 < i < k — 1} be linearly
independent in the cyclotomic BMW algebra. For this purpeseneed to impose additional

restrictions on our parametess, ..., Ax_1,90, .-, qx-1, 9, \.
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3.1. Construction of a Generic Ground Ring with Admissible Rirameters
Our aim now is to construct.@f5-moduleV’ of rankk which is isomorphic, asg5-modules,

to precisely thek-span of{Y'e | 0 < i < k — 1}, hence proving th¢Yic | 0 <i < k —1} are

indeed linearly independent.

Let V' be the freez-module of rankt with basisvg, vy, ..., vx_1.

Define a linear mapy” : V. — V by

YUZ‘ = Vjt1, for 0 <1 <k-— 2, (51)
k—1
Y1 = Z 4iV;. (52)
=0
Sinceq is invertible, this guarantees thatis invertible, with inverse
Vi = vy, forl<i<k-—1, (53)
. k—1
YV vy = —q Z%Hw- (54)
=0

Also ?ivo —u;fori=0,...,k—1. Definev, = Y v, for all integerss. Note that in particular,

this means
(55)

—=—1
Y vy, =wv,_,, forallseZ.

The definition ofY v;,_; gives

i !
Z qY vy = 0.
1=0

For any integet, applying?i to this gives

k
S ¥ v =0. (56)
=0

Also V' is invertible for any integef and, as{vy, vy, ..., v;_1} is a basis fol/, the set

{}717)07 Ylvla cee aYl’Uk:—l} - {Ula Vi41y - - - aUH-k—l} (57)

is also a basis foV'.
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Now let us define linear maps, £ : V — V by

Xv, = Avg, (58)
Xv, = )\_117_11)0, (59)
Xv, = ¥V ' Xviy —0vig+ 64,1V vy, fOr2<i<rk-—1, (60)
Ev, = A, for0<i<k-—1. (61)

SinceA ! = A\ — § + 0 A in R, substituting = 1 into (60) reproduce$ (59). Also, note that the
image of the mag is Im(E) = (v,), where remember hexé/) denotes théz-submodule (of
V) spanned by the sét/. Furthermore, let us denote by the mapX — 6 + 6E. Thus [59)
and [60) become

)_(UZ' = 771WU2‘_1, for 1 <1 <k-1. (62)

Our aim is to show that’ is actually aZ5-module, where the action of the generatbts
X ande are given by the maps, X and E, respectively. In order to prove this, we require
Y 'WY ' = X. By equations{83) an@{62), this relation automaticallydsanu, . . ., vy_;,

so we need only ensure that
YWY = X)vp = 0.

For convenience, we write the left hand side relative to t&@d{vo, v_1,...,v;_x}. Let
) ) k—1
Y WY - X)vy = —q; B — Zqo’lhw,l,
=1

where( andh, are elements oR. We now calculates andh,, for 1 <[ < k — 1, explicitly.
By definition, since\™! = \ — § + 6 A,, we havell v, = A\~ 'y, and
WUZ' = ()? -0 —+ (SE)’UZ @ }7_1WUZ‘,1 — (5’Ui + (SAZ'UO,

for1 <¢ <k — 1. Itis then easy to verify the following by induction én
Claim: For0<I<Ek-—-1,

!
Wo = XA"lo + 5Z(Al+1—ﬂ)1—i — Uj—2i42)- (63)
=1
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Indeed, wheri = 0, the RHS of equatiod (63) is simply v,. Moreover, forl <[ < k — 1, if

the formula holds fof — 1 then

WU[ = 771W’Ul,1 - 5’01 + (SAlUO
) -1
md.:hypo. Yil (/\_IU_H_l + ) Z(Al—ivl—i - Ul—2i+1>> - 51)[ + (514[’00
i=1
B N

= A 11}_1 + 6Z(Al—iv—i - Ul—2i) — 51}1 + 514[1]0

l
AN +4 Z(Al+17ivlfi — Up_gir2) + 0( Ao — vy)
i=2
!
= ANl +4 Z(Awkivki — U_2i42),

i=1

as required. Thus

¥ Y o BT g

63 k -1
=Y Z a [>\101+1 + 52(14141114 — Ul2i+1)]

i=1

By, [, 555
= q v+ Z( I—iVU—; — Uj_2;)

i=1

(@) k—
= A\ Zﬂ)l—)\ Uk‘f’(SZZQIAZ iV—; — V- 21)
=1

=1 =1

= A\~ quvl—i—)\ do quvlk+5ZZQlAl iV—; — V- 2@)

=1 l=i+1

= A" ZQZUZ+)\ % Z% wz+5z<z QAi- z)v—z
i=1 \l=i+1
—522%1}1721

i=1 [=i+1

k=1 [ k-
= A" ZQZUZJF)\ 'y ZQk lvl+6z<ZQT+lA>Ul
—522%01—2@‘-

i=1 [=i+1

For now we focus on the last term. Let= 22 — ¢, wheree = 0 if k is even and if k£ is odd.
Thatis, letz := [£].
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Then

k-1 k k-1 k 1k
_52 Z = —52 Z QUI—2; — 52 Z QUI—2;

i=1 |=i+1 i=z [=i+1 i=1 [=i+1

56 k-1 k z—1 1
= ) Z Z QUi—2; + 0 Z Z QUI—2;

1=z l=i+1 =1 [=0
i— z—1 23
:—52 E QZzlvl+5E E q2i—1V—1
1=z 1=2i— =1 l=1
lekJ k+e—2 min(l,z—1)

:_52 Z Qoi zvz+5z Z q2i—1V—-

l=¢ i=max(l+1,z) =1 i= [“

Substituting this into the above expression fap Y WY ' v,, we obtain the following:
S—l———1
—qO(Y Wy - X)U()

(@) k—1 k—1 k—1
B v+ A S+ 5 ) = A g 0+ 83 (z qr+,Ar)
=1 =1

= = r=1

l k

k—2 = k+e—2 (min(l,z—1)
—52 Z Goi—t | V-1 + 0 Z Z(ZQH vy
I=e \i=max(l+1,z) = @:(%]

k—1
= (uy + Z hiv_y.

=1
Observe that the second last inner sum above is zero whek — 1, as is the last, provided
e = 0. We can therefore change the upper index of the outer s fioin both. Now, equating

coefficients in the above equation implies that

B=aqr—qg A+ (1—€)d (64)
andforl=1,...,k—1,
k—1 |5 ] min(l,z—1)
hl = )\71(% + qoilq1gfl) + ) Z QTJrlAr - Z q2i—1 + th L] - (65)
r=1 i=max(l+1,2) i= [ 1

We now continue to study these equations in further detailr &m here is to provide a
“generic” ground ringR, for which V' is a%%(R,)-module. As discussed above, we require all
h; = 0in R in order to showV is a #%(R)-module. However, in the following calculations,

we demonstrate that a particular linear combination ofélig's is 6 multiplied by an element
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h; of R. Therefore, it would make sense to impose stronger comditim the parameters &f

by replacing some of the equatiohs= 0 with »; = 0. For convenience, we define
ho == A— A1 +6(Ag—1). (66)

Now supposd <[ < z—e. Thenk—[=2z—¢—1> 2z,S0

Lk—*J min(k—I,z—1)
Pt = AN N@rr + g0 @) + 0 Z Grik—14r Z q2i—k+1 +Z q2i— k41
i=max(k—[+1,2) |’k y

k=[5
= A" gr—1+ g @) +9 qu+k 1Ay Z%z k+l+z q2i—k-+i

i=k—I1+1 i=k— LH’CJ
|4 ]

= A" Hga + g0 @) + 6 Zq'r‘-i-k 1Ay qu 2ist + > Grsitt|

1(1 i=k—2+1

using the change of summatior- k — i. Sincek = 2z — ¢,k — 2+ 1 =z + (1 — €), which

allows us to rewrite the last sum above as

L] |55 |5

Z Qh—2i41 = ZQk—2i+l (1 = €)qr-2:11 = Z% 9sivt — (L —€)q
=z

i=k—z+1

Hence

b = A" gk + 5 @)

l -1 |5

+ 9 Z%—i—k 1Ay ZQk 2+l + Z Qe—2ir1 — (L —€)aqr | - (67)

r=1 Z|"| 1=z

In addition, [64) -[(66) implies that

— Bg5 ' + hoq

k—I Ll;kJ min(l,z—1)

=N a AN G 0 D A — D i+ qu !

r=1 i=max(l+1,z)

— A+ ¢ N g — (1= €)dqy g+ A — X g+ 6(Ag — 1)611

k—1 ngkJ min(l,z—1)
=0 Z Gr1dr + @ Ao — Z q2i-1 + Z% !
r=1 t=max(l+1,z) i= "2]

—q-1-g 'a|l +a" N g+ a5 @)
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Now! < z —e < z. If | = z, thenk is even and

LH»kJ mll’l(l o 1 |_l+kJ Ll+kJ

_ZQQZl+zq21l—_zq21l+zq21l— Zq2zl+zq22l

i=max(l+1,z) i= |’ 1 1=z+1 i= |' ] -|

On the other hand, f < z, we have

min(l,z—1) |_l+kJ
_ZQQ1l+Zq21l— ZC]QZH-ZC]%Z
i=max({+1,z) i= [ 1 2]

Thus, in either case, the above becomes

— 5%_1611 + hog

l+kJ

=0 qu+zA + @ Ao — Zchz 1+ Z Gict—q— (1= €)go ' a
i=[3]

+ 0" N e + 40 ' a)
k—1 | E) -1
=9 qu+zz4r — Z G2i—1 + Z @i — (1—€)q ' a
r=0 1=z z:]'%]

+ ¢ N ger + a5 @)

Therefore, using equatioh (67), we obtain

Qo P — i+ Bag tq — hoa

Ll+k

=gy N @k +ap @) + gy qu+k 1Ar qu 2i41 + qu 2i+t — (1 — €)q
i=[5]

|15 ]

—0 ZQTHA - Zqu 1t ZQQz = (=g a| =g A a1+ 4 @)
=[]

Hence we have shown that, for< | < z — ¢,
G " hi—1 — i + Bay 'qt — hoqr = 6}, (68)

where

l k—I
Z qa1Qr+k4Ar - Z QT+ZAT
r=1 r=0

N
|
—

L]

(QO Qk—2i+1 T q2i— l) + Z (CJO_IQk—%Jrl +Q2i—l)~ (69)

41 i

i



3.1 Construction of a Generic Ground Ring with Admissible Paameters 41

Before proceeding we first prove a simple lemma which will beduis a later proof to show

0 is not a zero divisor in certain rings.

Proposition 3.1. Suppose a commutative ritgcontains elementsandb, such that is not a
zero divisor inS andb + a5 is not a zero divisor irt/aS. Thena + bS is not a zero divisor in
S/bS.

Proof. Suppos€a + bS)(z + bS) = 0 for somez + bS € S/bS. Thenax € bS, soax = by
for somey € S. Thus, as an element 6§aS, (b+ aS)(y + aS) = 0. Thisimpliesy +aS =0
sinceb + aS is not a zero divisor ir6/aS, by assumption. Hence, = az for somez € S.
Furthermoregx = by = azb, Sox = zb Sincea is not a zero divisor iry. Thereforer +bS5 = 0

anda + bS is not a zero divisor irb/bS. O

It is easy to see that always factorises a%, 5_, where ifk is odd,
By=qgA—1 and f[_=g¢g'A1+1
and wher¥ is even,
Br=qr—q ' and [_=q¢' A"+ 1.

For convenience, we denofg := (. At this point, we wish to remind the reader that for a
subset/ C R, we write(.J) , to mean thedeal generated by in R. Sometimes the subscript

may be omitted only if it is clear in the current context.

Lemma 3.2. LetQ := Z[¢*, A\ g3t qu, .. g1, ATH AL A
Foro € {0,+,—}, let

]O’ = <ﬁoah07h17‘ . '7hz—e7h,17h,27' t h, >Q g Q

and
R, :=Q/I,.
Then
(a) the image ob is not a zero divisor ik, foro € {0, +, —};
(b) for o = +,
R[5 = 2™ W, g6 (6T A = 6 A+ 1),

(c) for o = +, the ring R,, is an integral domain;
d Lhy=I,.Nn1I_.



42 Chapter 3. The Admissibility Conditions

Proof. (a)Sinced =q—q¢ ' = ¢ (q—1)(¢+ 1), to prove (a) it suffices to show thatt- 7 is
not a zero divisor, for = 1. For1 <[ <k —1, let

Ll+kJ min(l,z—1)

k-1
B := Z%-HA Z Goi—1 + ZQm 1 €€ (70)
r=1

i=max(l+1,z) p |’ 1

Then [65) says that
h=XYa+q ' q) + 0B, forl<I<k-1. (71)

OoverZ[gt', \*', ¢=', q1, . .., qr_1], the B; are related to thel; by an affine linear transforma-
tion; specifically, the column vectdB,), wherel = 1,...  k — 1, isequal to a matr|>(slr)l i
multiplied by the column vectofA,) plus a column vector of;’s. Moreover,s;, = 0, unless
l+r < kands, = ¢ = —1, whenl + r = k. Thus(s;,) is triangular, with diagonal entries

g = —1, soitis invertible. Therefore we may identify with the polynomial ring
Q= Z[qﬂ:l’ )‘i17 Q(:)tla q1y- -5 qk-1, A(:;:la Blv B27 ey Bk—l]' (72)

Now, whenl <[ < z — 1, (69) and[(7D) implies that

LZkilJ min(k—1,2—1)
hi=d Beor+ 45" D Guiikni— o> Gkl
t=max(k—[+1,2) (k l‘|

-1 |5 ]

k-1
- Z Gr1Ar — Z (90 " qr—2i1 + qai1) + Z (9o " qh—2i+1 + G2i-1)
r=0 i=TL] i=z

([E) | 255~ ZJ min(k—I,z—1)
= ¢y ' Bei+ g Z Qi1 — G | Z q2i—k+1
i=max(k—I[+1,2) i= [k l]
LHkJ min(l,z—1)
— By — qAp — Z Qi1 + ZQQz !
it=max(l+1,z) i= |‘ 1
-1 |5 ]

(00 " @r—2ivt + qui1) + Z (40 " qr—2ir1 + q2i1)

i=[L] i=2

Hence

h; € Q()_lBk—l + Z[qﬂ:l’ )\ilngﬂaQM s 7q1€—17A(:;:1a Blv BQ7 ey BZ—l]a

forl1 <! <z-—1.Thus

Q= QW By, B ) 22N g a1, AT By, By, ..., Ba .
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Indeed, ifl <[ < z-—1,thenifkiseven(hence = 0andz +1 < k-1 < k —1),
quotienting by theh; expresses the elementg_,, ..., B.;1, respectively, as elements of the
ring Z[g*, M g a1, - qre1, ATY, By, Bo, ..., B,_1]; similarly, if k is odd (hence = 1
andz < k—1<k—1),thenB,,..., B,_1 may be expressed in the quotient as elements of
Zlg N g, e, AT, By, Ba, .. Ba ]

In particular,q + 7 is not a zero divisor if,. By using Proposition 311 recursively, we aim
to show thaty + = does not become a zero divisor, as we quotient by furtherrgtors of/,.
If we setq + 7 = 0thend = 0, hence byl(65)h; = A\~'(¢; + q; 'qx_s), for anyi. So for any

1 <1< z—1, we have that

Q/<h/1, .. .7h;_17h1’ .. '7hl—17q+7—>§2

>~

/(@ + 65 ae-1) (0 + 65 ae—2) -+ (@1 + Gy Ghi41), 4+ T,

= Z[)‘ilvq(:)tlaq17 s 7q1€—l7AE)tl7B17 B27 ey Bz—e]'

Certainlyh; = A\(q + ¢y *qr—1) is not a zero divisor in this ring, so repeated application of

Propositio 3.1L proves that+ 7 is not a zero divisor in
Qo =/ (hy,. .., hz,1>ﬂ1 =Q/ (R Ry, W hayhay o B 1),
Moreover, the above argument (with= z) says that
D/{qg+ 7)o, TZN g5 a1, e, AG' B1, Ba, .. Bl
Observe thathy, 3,), = (h{, B5), Where
ho:=ho—¢5'B=A"(g" = 1) + (A — 1= (1 —e)g ).

Suppose first that is odd, thenR, = Qy/ (ho, B,) = 2/ (h{, B,). Certainly, we know that

hy = A"'(qy* — 1) is not a zero divisor in the polynomial rir@, /(g + T)q,- Moreover,
Q2/<hf/07 q + T>Q2 = Z[)‘:tla Q(:)ﬂ? iy -, Qz—e Aa:l> Blv BQa s 7Bz—e]/<qa2 - 1)
= (Z[Q(:)tla qis -5 9z—c Aa:la Bla BZ? R BZ—G]/<QO_2 - 1>)[)\:|:1]
is a Laurent polynomial ring i\. Now, in this ring, 3, is one ofgoA — ¢ 'A™t, oA — 1 or
¢ '\~ — 1. In every case, it has an invertible leading coefficient aslgrmial in ), so it is

not a zero divisor i)y /(hg, g + 7),,, . Now, because + 7 is not a zero divisor iff2, andhy, is

not a zero divisor in the polynomial rin@, /(¢ + 7),,, , Propositiori. 3.1 implies that+ 7 is not



44 Chapter 3. The Admissibility Conditions

a zero divisor iry / <hg>02. Then applying Propositidn 3.1 again shows thatr is not a zero
divisor in Qs / (hy, @,)%
Now supposé is even, therR, = Qy/ (,, ho, h., h;>92' Equation[(6B) then gives

= R,, SO we have proven (a) whéns odd.

On, = (go" = Dh= + 845" ¢. — hog.
el (" — 1)B. — (A — 1 — gz ")g.] inQ.
Sinced is not a zero divisor if2, this implies
W= (g" = 1)B. = (Ao — 1 — g5 ). (73)
We first aim to show that + 7 is not a zero divisor if2y/(h., h’, hg),, . Suppose

(¢ + 7)x = ah, + bh, + chy,

for somea,b,c € Q,. Ford € (,, let d denote the image of in Q,/{q + T>92. Then
he =A"Yq. +q0'q.), bl = (65" — 1)B. — (Ao — 1 — g5 ")g., andhfy = A" (gg> — 1). So we
have

aX g+ D)g +0 (¢ — 1B, — (Ag—1— g5 ")g:] +eA Hgg? — 1) = 0.

In particular,q, ' + 1 dividesb [(gy' —1)B. — (Ao — 1 — ¢ ')g:|. Becausel, /(g + 7),,, is
just the polynomial ringZA\*', =, q1, ..., ., AT', B1, Bs, ..., B.] (shown above)g; ' + 1
dividesb. Thusb = b A~ (g; ' + 1), for someb; € €2,, and so

ag. + b [(qp" — 1)B. — (Ao — 1 — g5 )g:] + gy — 1) =0.
Rearranging then gives
(0" —1) [Ble +5} =q. [61(140 —1-¢")— ‘_1] .

Now ¢,' — 1 andgq. are coprime as elements Qf/ (q + T)q,» SO there exists & € (2, such
that

bB,+¢é=¢cq. and
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We may now write

a="b(Ag—1—q")—ci(g' —1)+ (qg+ 7)as,
b=AYg '+ )b+ (¢g+ 1)y and

c=c1q, — b B, + (g + 7)ea,
for someas, by, ¢y € €2y, Thus

(¢ + 7)x = ah, + bh!, + chy
=01 [(Ao = 1= qg")hs + XY gy ' + D, — Bahy
+ [qzh{) —(g* — 1)hz] + (g + 7)(azh, + boh!, + cohy).

Using the definition ofh{ and equations_ (T1) and (73), it is straightforward to vettigt

Ay —1—qgHh. + X gt + DA, — B.h,] = 0. Also, by definition ofh”, andh},, we know

0 0 z 0 z 0
thatdh! = (q,* — 1)h, — ¢.h{,. Hence the above reduces to
(q + T)ZL' = —501}1; + (q + T)(Gghz + bghlz + Cghg)

- (q + 7') [—qil(q — T)Clhlz + Gzhz + bgh/z + Cgh{)} .
asd = ¢ (¢ + 7)(q — 7). Earlier we showed that+ 7 is not a zero divisor if2,, so
© = agh, + byh!, + cohy — (g — T)erh, € (hay L hg)g,

Thatis,q + 7 is not a zero divisor iff2y/(h., I, hy),, . Finally, by a similar reasoning as in the
odd caseg, is not a zero divisor i)y /(h., b, hy, ¢ + 7),, . Afinal application of Proposition
[3.1 therefore shows that+ 7 is not a zero divisor ifi2s/ (5, ho, h., h;)QQ, thereby completing
the proof of (a).

(b) For the momenty € {0, +, —}. We now give a concrete realisation of the riRg[d!].

Let I,[6~'] denote the ideal dR[6~!] generated by, . A standard argument shows that
R,[67"] = (Q/L,)[07"] = Q[67"]/L,[57"].

By equation[(6B)hx_; = dqoh] + qohy — Bqi — qohoqr € 1,[67Y, for1 <1 < z —e. Thus
the ideal inQ2[6~!] generated by, and allhg, hy, . .., h,_; must also be contained ify [§~1].

Conversely, sincé is invertible inQ[6~!], equation[(68) also shows that

hi € (Bohoyhus o hia) oy fOrI<I<z—e
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Thus
IL[07" = By, hoy Rty - - hiet)

Q11"

In Q[6~1], the equationd, = 0 are equivalent to

Ag = N5,

and B, = —5_1)\_1((]1 + Q()_IQk—l)’ forl <I<k-1.

LetQsz := Q[6Y/(ho, hy, . .., hk_1>m571]. Then we have expresseld and By, ..., B,_1in Q3
as polynomials in™, \* ¢&' q1, ..., g1 andd—'. Therefore, byl(72),

Q?) = Z[qila Ail? q(:)tlv qi,--- 7Qk—1][5_1][(6_1)\_1 - 5_1)\ + 1)_1]‘

Moreover,
Rof0™) 2 QU67)/1,167") = Q67 (B hos by B, = O/ (o)
Now suppose = +. Theng, can be “solved” foi; !, so
R (62 Z[¢ N qr, . ][0 [(TAT =TI+ 1),

completing the proof of (b).

(c) Observe that the rin@. ¢, A*! g1, ..., qe 1] [0 [(67IA"L — 671X + 1)71] above is
obtained from an integral domain via localisation, hefitgy~'] is also an integral domain.
Now, we have already proven in part (a) thiat not a zero divisor inRk,, therefore the map
R, — R,[6"']is injective. SinceR, embeds intak,[6 '], statement (c) now follows immedi-
ately.

(d) Becaused, = 3.5, itis clear that3, € I, N I_, thus all generators of the ideh| are
in/, NI_.Hencelp, CI,NI_.

Finally, note that)s = Z[¢*', A*, &', a1, ..., 1 ][0 [(07 A — 671X + 1)7!] is ob-
tained from a UFD (unique factorisation domain) by local@a and is therefore also a UFD.
Suppose that € I, NI C Q. Thenz vanishes ink. and hence ik, [6 '] = Q3/ <Bi>ﬂs.

So the image of = in (23 satisfies

T € <ﬁ+>93 N <B—>93 = <ﬁ+6—>93 = <5>93’

since 3, and3_ are coprime inf2;. Thusz maps to0 in Re[d!] = Q3/ (5)93. Since Ry
embeds inta?,[6 ], the image ofr in Ry, must also bé. Thatis,z € I, hencel, N I_ C I,
completing the proof of (d). 0
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Definition 3.3. Let R be as in the definition of8" (see Definitio L]1). The family of parame-

ters(Ao, ..., Ak-1,q90,-- -, 91,4, A) is calledadmissibleif
B=hy=h1=...=h,_.=hi=hy=...=h,__=0.

Foralle € {0,+, —}, R, is aring with admissible parameters, by definitiorpin Lemma
[3.2. FurthermoreR, is a “universal” ring with admissible parameters as denratest in the
following proposition. This result allows us to deduce fetwesults by initially proving them

for Ry and then specialising to another ground ring with admisgualrameters.

Proposition 3.4. Let R be as in Definitiof 1)1 with admissible parametéss ..., Ax_1, qo, - - -,

qr—1, ¢ and \. Then there exists a unique m&p — R which respects the parameters.

Proof. There is a unique ring map: €2 — R which respects the parameters. Furthermore, the

admissibility of the parameters iR is equivalent to

10(</87 hO? h17 AR hZ*€7 hll? ctt hlZ*€>Q) = O
That is, the map kills I, C 2 and hence factors throughy. O

We now proceed to prove that the fr&-moduleV is in fact a%% (R,)-module. For now
let us assume that we are working ov&yand denotez’ (R,) simply by 5.

Recall the maps”, X andE : V — V defined at the beginning of this section. Now, by
equation|[(6B), we havk,_; = 0in Ryfor1 <! < z—e¢ Thush; =0forall0 <! <k — 1.
Then, by our argument earliéf, WY = X holds on all oft” and hence rearranging gives

YXY =W =X -§+6E.
ThusY XY X - XY XY = [YXY, X] = [0E, X], where[ , | denotes the standard commutator
of two maps.

Sincelm(E) = (vy) and X vy = Avy by definition,

Im([0E, X)) C (vo) . (74)
LetN :=YXYX — 1. Then
[N,Y]=NY —YN
=Y(XYXY -YXYVX)

_ _VI5E, X
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and
-1 ——1 151 = =51

[N.Y |=-Y [N,Y]Y =[E X]Y .

Therefore, by[(74),
Im([N,Y]) C (v;) and Im([N, }7_1]) C (vy) . (75)
Observe that
VXYV Xvg = AV XY 05 = \Y Xv; = AV (ALY o) = vp

and

YXYXv, = Y}?}?(A*Y’IUO) =AY Xvy =AY (D) = o1,
henceNvy = Nv; = 0.
Lemma 3.5.
Nuv € (v1,v9,...,u1), foralll>1, (76)

and

Nv_,, € <vo, V_1,... ,v,(m,1)> , forallm > 0. 77)

Proof. We have already establishédv, = Nv; = 0 above. To prove the first assertion, we

argue by induction oh Assume that > 2 andNv,_; € (v, va,...,u_2). Then
Nvl = [N7 Y]vlfl + ?NU[,l c <’Ul> + <’U2, . 7Ul71> s

by (78) and the inductive hypothesis. Thiis; € (v,...,v,_1) foralll > 1.
The second assertion is similar. Assume> 1 and Nv_(,—1) € (Vo,V_1,. .., V_(m—2))-
Then

Nv_,, =[N, 7_1]1},(”1,1) + ?_1Nv,(m,1)
€ <Uo> + <1},1, V_9,.. .U,(m,1)> ,

by (78) and the inductive hypothesis. 8a_,, € <v0, Vg, .. ,v_(m_1)> forallm > 0.

Lemma 3.6. Y XY X is the identity map of.

Proof. We are required to show thatv; = 0fori =0,1,...,k — 1. We proceed by induction

oni. The cases$ = 0 andi = 1 have been established above. Supposetkai < & — 1 and

NU():NU1:...:NUZ'_1:0. (78)
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Since{v;_1,v;_2,...,v;_} is a basis fol, by (&§7), we have that
Vi € (Vim1, V9, oy Ugy U1y e e vy Vi) -
Together with our inductive hypothesis {78), this implies
Nv; € N (vo,v_1,...,0i_k)
C (v, V_1,. .., Vi—gs1), by (D).

However KE) states thﬁfuz € <1)1, Vo, . .. ,Ui,1>. Again USing tha(vi,l, Vi—2y o v+ 5 Vikt1, Uz’—k}
forms a basis fol/,

(v1,v2,...,vi-1) N {vo,v_1, ..., Vi_gs1) = 0.
ThereforeNv; = 0. So by induction ori, we have proved thaVv, = 0 forall0 <i < k — 1,

as required. O

Lemma 3.7. (cf. Lemma 25 of Haring-Oldenbufd9))

The following relations hold ofi:

k
SV = 0 (79)
=0
XW = WX =1 (80)
XE = ME = EX (81)
YXYX = XYXY (82)
EY"E = A,E, forall0<m<k—1, (83)
EYXY = YXYE = \'E (84)

Furthermore,V is a 5 (Ry)-module with the actions df, X, X! ande onV given by the
mapsY, X, W and E, respectively.

Proof. The k'™ order relation[(79) is immediate from (56). As a consequarfteemma 3.6,

Clearly, this implies
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Sinced is not a zero divisor iRy, by part (a) of Lemmé_312, and siné&dg, (V) is a free
Ry-module, it follows thatX commutes withZ. Thus, using{61) and (58),

proving [81). Equatior(83) follows easily frof (51) afd)6Furthermore, sinc XY = W,
(80) and [811) imply[(84). The last assertion of Lenima 3.7 nolloifvs immediately. O

Theorem 3.8. The mapy : V' — spanp {Y’e | 0 < i < k — 1} which maps; to Y"e defines

a %% (Ry)-module isomorphism.

Proof. Let U := spang {Y'e | 0 < i < k — 1}. Itis clear thatp : V — U is a surjective
Ro-module homomorphism. Recall thétis a left ideal in%%. We can therefore define a

%%5-module homomorphismy : U — V by
Y(a) = a(Ay'vy), foralla € U.

Then
(p(vy)) = Yie(Aalvo) =Yy = v,

for0 <i < k — 1, so thatyy is the identity. Sincep is surjective, it follows that) andy are

inverses. Therefore they are ba#f-module isomorphisms. O

Hence, as a direct consequence of Thedrefn 3.8, th¥8et| 0 < i < k — 1} is linearly
independent. A more direct proof of this is given as foIIo@spposer;& B;Y'e = 0, where

0; € Ry. Considering the action of both sides angives

k—1
AO Z ﬁi’lji = 0.
=0

But A is invertible and, . . ., v,_; are linearly independent ovéd,, so eachs; must be0.

We have established thet= R! is a free%%(R,)-module. Now, for a general ring with
admissible parameterk,, ..., Ax_1, o, - - ., qr—1, ¢, A, the map given in Proposition 3.4 allows
us to specialise fronR, to R. ThusV ®@g, R = R* is a#5(R,) ®r, R-module. It therefore
becomes d:-free 5 (R)-module via the mapss(R) — %5(Ry) ®r, R. In other words, we

have now established the following result.

Corollary 3.9. TheR-moduleV ® 5, R, which shall also be denoted b, is a R-free %% (R)-

module.
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Henceforth we assuni@to be as in Definitiof 1]1 with admissible parametéss. . ., A;_1,

qu e 7Qk71, q and)\

3.2. Comparison of Admissibility Conditions

It is important to remark here that our definition of admiggipdiffers from the various
notions of admissibility arising in Haring-Oldenbulf8] and Goodman and Hauschild Mosley
[14,18. However, ifd is not a zero divisor, the above equations are equivalehbgetobtained
by Haring-Oldenburg. In contrast, Goodman and HauschilgIBjoimpose infinitely many
relations which are polynomials in thé;’s. We now shed some light on their relations and
demonstrate how our admissibility conditions relate tartheSpecifically, we prove that all
of their relations hold inRy. This then allows us to replace their invalid generic ground
with our R, and proceed with a similar argument frafi] to prove linear independence of our
spanning set for general

The algebrasz”® are defined slightly differently by Goodman and Hauschildshg in [14].
Specifically, suppos&’ is a commutative unital ring containing unég, po, . . ., px_1, ¢, A and
further element®;, for j > 1, such thath — A= = §(1 — 6,) holds, wherey = ¢ — ¢ .
They initially consider the affine BMW algebra ov&f, in whiche,Y7¢e; = feq1, forall j > 1,
and define the cyclotomic BMW algebra to be the quotient of lyighe ideal generated by
the k" order relation[[*-) (Y — p;) = 0. (In this situation, as noted in Chapfer 1, the
in relation [10) would become the signed elementary symmptlynomials in thep;, where
g = (—1)*' [, p: is invertible). They then proceed to defifie; € R’ for j > 1 so that

Y e = 0_jer.
More precisely, from our proof of Lemnia 1.5, we know that

p p
leipel = )\Ypel + ) Z Yp72861 ) Z YpfselY*Sel,

s=1 s=1

for all p > 1. Then multiplying on the left hand side lay gives

p p
/\61Y_p€1 = /\61Yp61 + ) Z €1Yp_2s€1 ) Z Qp_selY_sel.

s=1 s=1
Now, applying a change of summatien— p — s, we obtain

p—1 p—1
Ae1Y Pep = Noper + 0 Z e Y Pe —§ Z Ose1Y " Pe;.

s=0 s=0
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Moreover, since\™! = \ — § + 66, in R, this implies

p—1 p—1
61Y_p61 = )\20p61 + oA Z €1Y2s_p61 — 0 Z HselYS_pel. (85)
s=1 s=1

Thus defining_, for p > 1 inductively by

p—1 p—1

O_p = N0, + XY by — A 0.0,

s=1 s=1
we see that,Y e, = 6_jeq, forall j > 1.

On the other hand, recall that satisfies the following equation

k
> YT =0. (86)
r=0
Therefore forall integerss,
k
Z gre1Y e = 0. (87)
r=0

If we assume; # 0in %5(R’') and that#4(R') is torsion free then the above results would
imply certain relations hold amongst the infinite number afgmeterd;, wherej € Z. This
motivates the following definition, which is precisely thefidition of admissibility given by
Goodman and Hauschild-Mosley i@4]. In order to distinguish the two different notions of

admissibility, we shall rename theirs to “weak admisstiili

Definition 3.10. Let R’ be a commutative unital ring containing unéts ¢o, ¢, A and further
elementsy,, ..., g, andé,, for j > 1. The parameters af’ are weak admissibléf the

following relations hold:

(i) A=At =5(1—6p), wheres = g — ¢ };

(i) Zfzo ¢0.4+5 = 0, for all s € Z, where forp > 1, the element_,, is defined by

p—1 p—1
O_p = N0+ 0N brey— XY 0.0, (88)
s=1 s=1

Now we are able to show that by extending the parametgete all integersj appropriately,
the A; satisfy the equations afy given by [88).
Recall the relatior(15) of the algebra which states that

erY"ey = Ae, forallm=0,...,k—1.
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and thatl” satisfies the relation

k
Z ¢.Y" =0.
r=0
Therefore forall integerss,
k
Z gre1Y e = 0.
r=0
This motivate us to make the following definition:

Definition 3.11. Define 4; inductively forj < 0 andj > £ so that
k
> qjAj =0, forallseZ. (89)
j=0

Proposition 3.12. Let R be as in Definitio 1l1 with a set of admissible parametéss. ..,
Ak_1,Gos -+ qe—1, g @and \ (see Definitio 3]3). Furthermore, fgr< 0 andj > k, letA; € R

be given by Definitioh 3.11. Then the parametersiadre weak admissible, in the sense of
Definition[3.10, (by identifying, with A;, for all j € Z).

Proof. We are now required to prove the following recursive reladibold for allp > 1:

A, = NA, + 6) pi Agy_p — OA pi AA,, (90)
s=1 s=1

Recall ourk-dimensional%k ( R)-module V, with basiq v, . . ., v._1 }, where the action of
the generator¥’, X; ande;, were described by the maps X andE, respectively.
Claim: Foralls € Z, Ev, = EY vy = Agvp.
By equation[IEB)Z’::0 q, Y vy = 0, forall s € Z. Sincev; = Y'v, by definition, this implies
that>"_ g.v,s = 0, henceX*_, ¢.Ev, ., = 0, for all s € Z. Together with equation (89),
this shows that

k
qu (BEvrgs — Arysvo) =0, forall s € Z.

r=0
But we know, by definition of2, Ev, — A,uo = 0, foralls =0, ...,k — 1. Thus, by induction
on s, it must be zero for all integers verifying our claim. Note that, in particular, this impdie

Ev_p = A_pv, forallp > 1.
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Now, since we have proved is a %% (R)-module, in particulatX Ev, = EXwv,, for all

p > 1. Using equation(25) and LemrhaB.6, a straightforward ¢afimn shows

p—1 p—1
va = )\_lv_p + 6 Z Ap_ﬂ)_i -0 Z Up—2i
=1 =1

p—1 p—1
=A1v,+9 Z Agvs_p — 0 Z Vos—p-
s=1 s=1

Therefore, by our claim above,

p—1 p—1

EXUP = A_lA_pUQ + ) Z AsAs—pUO -0 Z AQS_pUO.
s=1 s=1

On the other hand,
)_(Evp = Ap)_(vo @ AA,vp.

Thus, a is a basis elemeni Ev, = EXv, implies that

p—1 p—1
My =ATA+0> AA,—6Y Ay,
s=1 s=1
p—1 p—1
S A, =NA 0N Ay, — 0N AA,

s=1 s=1

which is precisely equatiori (90). Hence, by settihg= A; for j > 0, we have proven
the parameters, A, qo, ..., ¢—1 andd, are weak admissible, completing the proof of the

Proposition. O



CHAPTER 4

The Freeness o8

Recall in the introduction we mentioned that the BMW algel#asre isomorphic to the
Kauffman tangle algebrasT, and are of rank2n — 1)!! = (2n — 1) - (2n —3) - ... - 1, the
same as that of the Brauer algebras. The Brauer algebras vierduiced by Brauei§] as a
device for studying the representation theory of the syotjg@nd orthogonal groups, and are
typically defined to have a basis consisting of Brauer diagravhich basically look like tangles
except over and under-crossings are not distinguished.BM\ algebras are a deformation
of the Brauer algebras comparable to the way the Iwahori-eleddebras of typel,,_; are a
deformation of the group algebras of the symmetric gréyp Alternatively, the Brauer algebra
Is the “classical limit" of the BMW algebra or Kauffman tanglgebra in the sense one just
“forgets” the notion of over and under crossings in tangiegm@ms and so tangle diagrams
consisting only of vertical strands degenerate into peatits. In fact, by starting with the
set of Brauem-diagrams (see Sectign 4.2), together with a fixed orderfrthevertices and
a rule for which strands cross over which, one may easilyawtdwn a diagrammatic basis of
the BMW algebrags,,; for more details on this construction, we refer the readévorton and
Wassermand(] and Halverson and Rard §].

The affine and cyclotomic Brauer algebras were first introddmeHaring-Oldenburgl9)],
as classical limits of their BMW analogues in the above selike.cyclotomic case is studied
by Rui and Yu in[B9] and Rui and Xu in[88]. (There is also the notion of @-Brauer algebra
for an arbitrary abelian grouf, introduced by Parvathi and Savithri i84]). The cyclotomic

Brauer algebra is, by definition, free of rark(2n — 1)!!. Therefore we would expect the



56 Chapter 4. The Freeness ofg*

cyclotomic BMW algebras to be of this rank too. The main ainhig thapter is to establish the
linear independence of our spanning set, obtained in CH2pirgtially over Ry, the “universal”
ground ring with admissible parameters constructed in LaBf. To achieve this goal, we use
a modification of the arguments made in Section 6 of GoodmanHauschild Mosley14],
which were adapted from Morton and Traczy29] and Morton and Wassermai3(Q]. We
require the existence of a trace &ff (R,) which, using its specialisation into the cyclotomic
Brauer algebra, is shown to be non-degenerate. This willgotiog linear independency of our
spanning set.

This chapter is set out as follows. We begin with a brief idtrction on tangles and affine
tangles and define the cyclotomic Kauffman tangle algelwasigh the affine Kauffman tangle
algebras. From here, we introduce the cyclotomic Brauebadgeand associate with it a trace
map. Using the nondegeneracy of this trace, given by a resBlarvathi and Savithri34], we
are then able to establish the nondegeneracy of a trace amydlegomic BMW algebras over
a specific quotient ring ofz,, for o € {0,+,—}. From this, we then deduce that the same
result holds for these three rings. In particular, this ieplthat we have a basis &8*(R,),
thereby provingZ*(R) is R-free forall rings R with admissible parameters. Moreover, as a
consequence of these results, we also prove the cyclotomM/Bi\debras are isomorphic to
the cyclotomic Kauffman tangle algebras. These resultdytite claims made in Goodman

and Hauschild MosleylHd] for rings withweak admissiblparameters.

Definition 4.1. An n-tangleis a piece of a link diagram, consisting of a union of arcs and a
finite number of closed cycles, in a rectangle in the pland $hat the end points of the arcs

consist ofn points located at the top andpoints at the bottom in some fixed position.

An n-tangle may be diagrammatically presented as two rowsveftices and: strands con-
necting the vertices so that every vertex is incident toipedg one strand, and over and under-
crossings and self-intersections are indicated. In amditihis diagram may contain finitely

many closed cycles.

Definition 4.2. Two tangles are said to kmmbient isotopidf they are related by a sequence
of Reidemeister movesf types |, Il and Ill (see Figurgl1), together with an isotapythe
rectangle which fixes the boundary. They aggularly isotopicif the Reidemeister move of

type | is omitted from the previous definition.

One obtains a monoid structure on the regular isotopy elgunca classes of-tangles

where composition is defined by concatenation of diagranssmantioned in the introduction
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FIGURE 1. Reidemeister moves of types I, Il and Ill.

chapter, the algebra of these tangles together with a sk&kitian coming from the Kauffman
link invariant is a diagrammatic formulation of the origiig&MW algebra.

The tangles which appear in the topological intepretatidgh@affine and cyclotomic BMW
algebras feature in typ® braid/knot theory. Affine braids or braids of tyge (see Lam-
bropoulou R5], tom Dieck 4Q] and Allcock [1]) are commonly depicted as braids in a (slightly
thickened) cylinder, or a (slightly thickened) annulusasrbraids with a flagpole. Essentially,
braids onn strands of typeB are just ordinary braids (of typd) on n + 1 strands in which
the first strand is pointwise fixed; this single fixed line isialyy presented as a “flagpole”, a

thickened vertical segment, on the left and the other sgramaly loop around this flagpole.

Definition 4.3. An affine n-tangleis ann + 1-tangle with a monotonic path joining the first top

and bottom vertex, which is diagramatically presented Iyfidgpole mentioned above.

The diagram shown in Figuke 2 is an example of an affit@ngle.

FIGURE 2. Affine 2-tangle diagram.

Two affinen-tangles are ambient (regularly, respectively) isotopibeéy are ambient (reg-

ularly, respectively) isotopic as+ 1-tangles. Note that, as the flagpole is required to be a fixed
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monotonic path, the Reidemiester move of type | is never agpb the flagpole in an ambi-
ent isotopy. As with ordinary tangles, the equivalencesgasf affinen-tangles under regular
isotopy carry a monoid structure under concatenation afléadiagrams. LeT,, denote the
monoid of the regular isotopy equivalence classes of affttengles.

Forj > 0, let us denote by9; (the regular isotopy equivalence class of) the non-self-
intersecting closed curve which winds around the flagpotkeripositive sensej times. These
are special affing-tangles which will feature in definitions later. Observattf, is represented

by a closed curve that does not interact with the flagpole.félh@wving figure illustrate;:

FIGURE 3. Os.

Using this monoid algebra of affinetangles, we may now define the affine and cyclotomic
BMW algebras. We remark here that the definitions differ sgligto those given in Goodman
and Hauschild[14]; the difference is that their initial ground ring involves infinite family
of A;’s, for every; > 0. Instead, here we define the algebras over a Rngnder the same
assumptions as in the definition &f" and takeA;, where;j > k, to be elements of defined
by equation[(809).

The figures in relations given in the following two definiteimdicate affine tangle diagrams

which differ locally only in the region shown and are ideatiotherwise.

Definition 4.4. Let R be as in Definition 1]1; that is, a commutative unital ringtedming units
Ao, qos - - -, qe—1, ¢, A and further elementd, ..., A;_; such that — \™! = §(1 — A) holds,
whered = ¢ — ¢'. Moreover, letd; € R, for all j > k, be defined by equation(89).

The affine Kauffman tangle algebra[[/iﬁn(R) is the monoidR-aIgebraRﬁI\‘n modulo the

following relations:

(1) (Kauffman skein relation)

AKX = DX |
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(2) (Untwisting relation)

\32/\‘ and

[

w/
I
>
L

(3) (Free loop relations)
Forj; >0,
T1I @j - AjT,
whereT' 11 ©; is the diagram consisting of the affinetangle7” and a copy of the loop

©; defined above, such that there are no crossings betWesdo ;.

Remark: An important case to consider is the affirgangle algebrﬁo(R). If rela-
tion (3) is removed from the above definition, a result of Bw§1] shows that the affine
O-tangle algebra is freely generated by thg where; > 0, and embeds in the center of the
affine n-tangle algebra. This motivates relation (3) in the abov@nd®n. This then shows
KTo(R) = R.

Recall the affine BMW aIgebr@n(R) over R is simply the cyclotomic BMW algebra
%*(R) with the cyclotomick'™ order relation on the generatdf omitted. Goodman and
Hauschild [L3] prove the maps given in Figufe 4 determine laralgebra isomorphisrﬁ be-

tween the affine BMW and affine Kauffman tangle algebras.

1 2 n

y |
|~

1 i—1 A 41 42 n

\

X,L'}—>

\

1 7 i+1 42 n

‘ N\
/N

FIGURE 4. The isomomorphism between the affine BMW and affine Kauffman

tangle algebras.
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We write ), X; and&; for the images of the generatdrs X; ande; under@, respectively.

In particular, the image df; is exemplified in Figurél5.

\

FIGURE 5. The affinel-tangle associated with the eleméfjt

Definition 4.5. Let R be as in Definitio_4l4. Theyclotomic Kauffman tangle algebra

KT*(R) is the affine Kauffman tangle algem@n(}%) modulo the cyclotomic skein relation:
> g Y=o
r=0 e

The interior of the disc shown in the above relation represpart of an affine tangle dia-
gram isotopic tQ)" (see Figurél4 fop)). The sum in this relation is over affine tangle diagrams

which differ only in the interior of the disc shown and areethise identical.

By definition, there is a natural projectiamn : @n(R) — KT*(R) and a natural projection
Tp @n(R) — %B*(R). Moreover,i) : @n(R) — @n(R) induces ank-algebra homomo-
prhismy : #%(R) — KT¥(R) such that the following diagram d@t-algebra homomorphisms

commutes.

Z.(R) —— KT,(R)

”bl lm

5 (R) —2— KT*(R)

Moreover, because is an isomorphism, this implies : B*(R) — KT*(R) is surjective.
Furthermore, the homomorphisgn commutes with specialisation of rings. More precisely,
given a parameter preserving ring homomorphi8m— R,, we can consideg8*(R,) as an
R;-algebra and construct th& -algebra homomorphism, : #%(R,) — %%(R,), which sends

generator to generator. The ring homomorphism also extends?;-algebra homomorphism
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n, - KT (R,) — KT%(R,). Thenitis easy to verify that o7, = 7, o+ holds on the generators

of #*(R,), hence we have the following commutative diagranefalgebra homomorphisms:

B (R1) —— BE(Ry)
wl lw (91)
KT*(Ry) —*— KTF(R,)

Remark: The tangle analogue of the)(anti-involution described at the beginning of
Chaptei1L is then just the anti-automorphismikdf” (R) which flips diagrams top to bottom.
In particular, it fixes), X; and&;. Furthermore, the map of affine tangles that reverses all
crossings, including crossings of strands with the flagpdéermines an isomorphism from
KT (q, A, As, ¢i) — KT (g7 A Al —qeigg ).

4.1. Construction of a Trace on#*

We now work our way towards a Markov trace on the cyclotomic BMMEbras, via maps
on the affine BMW algebras, as described in Goodman and Hadddlg]. Observe that,
there is a natural inclusion mapfrom the set of affinex — 1-tangles to the set of affine-
tangles defined by simply adding an additional strand onigfie without imposing any further

crossings, as illustrated below.

Furthermore, the map respects regular isotopy, composition of affine tangle rdiag and
the relations ofKT,, so induces arRk-algebra homomorphism : @n_l(fi) — @H(R).
Moreover, it respects the cyclotomic skein relation, hendaces ariz-algebra homomorphism
L KTF (R) — KT®(R).

There is also a “closure” mag,, for the affine Kauffman tangle algebras, from the set of
affine n-tangles to the set of affine — 1-tangles, given by closure of the rightmost strand, as
illustrated below.

We definez,, : @n(R) — @n_l(f{) to be theR-linear map given by

en(T) = Aytel, (T).
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Moreover, taking these closure maps recursively produdeaca map on@n. We define
e, : KT,(R) — KTo(R) = R by

1 2 .n—1 n
N FU IO DURURRRRY B l..
cl, :
I|| ........ II
L ... 1.
ET :
T R

In particular, these closure and trace maps respect thetoyeic skein relation, therefore in-
duce analogous maps : KT"(R) — KT* |(R) ande, : KT*(R) — KTE(R). Now, using
Turaev’s result and the conditions for weak admissibilggg Definition _3.1/0), one can show

thatKTZ(S) = S, for any ringS with weak admissiblparameters. Hence we have a trace map
e, : KTF(S) — S.

In particular, by Proposition 3.12, this also holds for aimgmwith admissibleparameters.
Remark: Observe that,, o . is the identity oniKT* _,, hence the map: KT* | — KT" is
injective and we may naturally regakil’* | as a subalgebra &T*. However, it isnot clear,
a priori, that the analogous map #* | — %" defined byY — Y, X; — X, ande; — ¢; is
injective.
Remark: The mape,, is sometimes called aconditional expectatich see Goodman and
Hauschild [L3] for more detail. Also, for a ringS' with admissible or weak admissible pa-

rameters, the trace map : KT%(S) — S satisfies certain properties and is usually called a
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Markov trace This terminology originated in Jone2(]. For more details, we refer the reader
to Goodman and Hauschild3,/14.

Taking the closure of the usual braids of tyggor tangles) produces links if®. In the
type B case, closure of affine braids and affine tangles yields limkessolid torus. This leads
to the study of Markov traces on the Artin braid group of typ@nd, moreover, invariants of
links in the solid torus. Various invariants of links in thelid torus, analogous to the Jones
and HOMFLY-PT invariants (for links ir5%), have been discovered using Markov traces on
the cyclotomic Hecke algebras; see, for example, Lambropd26] and references therein.
Kauffman-type invariants for links in the solid torus canrbeovered from the Markov trace on
the affine BMW algebra. This is discussed by Goodman and HddscH13)].

The trace map oKT" commutes with specialisation of ground rings, in the follmysense.
Suppose we have two ring§ andsS; with weak admissible parameters and there is a parameter
preserving ring homomorphism: S; — S,. Then the following diagram aof;-linear maps

commutes.
KT?L(Sl) —T> Sl

ntl l (92)
KT (S2) —— S
Indeed, becausET*(S,) is spanned ove$; by affinen-tangle diagrams, it suffices to check
vo e, =&, on, on affinen-tangle diagrams, by th&,-linearity of <. and definition ofy,. This
then follows becausd,, and the isomorphisi T} (S) = S commutes with specialisation. The
former is easy to verify, as it suffices to check on diagramsl, the latter is clear since the
isomorphismiKTE(S) — S is inverse to the natural inclusion map— KTE.
Using this trace on the cyclotomic Kauffman tangle algepwasare now able to define a
trace on the cyclotomic BMW algebras, over any rifigvith weak admissible parameters, by

taking its composition with the diagram homomorphigm %*(S) — KT*(S) described on
page 60.

Definition 4.6. For any ringS with weak admissible parameters, define $hitnear map
€y =Er 0V %ﬁ(‘s) — 5.
Note that, in particular, we now have a trace map%f over any ring withadmissible
parameters, by Propositién 3112.

Now, by the commutative diagranis {91) and](92), it is easyetothat:, commutes with

specialisation of rings as well. In other wordsySif and.S, are two rings with weak admissible
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parameters and : S; — S, is a parameter preserving ring homomorphism, then theviotig

diagram ofS;-linear maps commutes.

BE(Sy) —2 S,

nbl l (93)

BE(Sy) —2— 5,
In the next section, we will show that for a particular ringttwadmissible (and hence weak
admissible) parameters, this trace nagpis in fact non-degenerate. For this, we consider its

relationship with a known non-degenerate trace on the tyeliw Brauer algebras.

4.2. Cyclotomic Brauer Algebras

For a fixedn, consider the set of all partitions of the gt 2,...,n,1,2',... n'} into
subsets of size two. Any such partition can be representeBrpauer n-diagram that is, a
graph on2n vertices with then top vertices marked by1,2,...,n} and the bottom vertices
{1,2',...,n'} and a strand connecting verticeandj if they are in the same subset. Given
an arbitrary unital commutative rinf and an element, € U, the Brauer algebraB,, is
defined to be thé/-algebra withU-basis the set of Brauer-diagrams. The multiplication of
two Brauern-diagrams in the algebra is defined as follows. Given two BravdiagramsD,
and D, let D5 denote the Brauet-diagram obtained by removing all closed loops formed in
the concatenation dP; and D,. Then the product oD, and D, is defined to bed D3, where
r denotes the number of loops removed.

The Brauer algebras have been studied extensively in tihatlire. For example, the generic
structure of the algebra and a criterion for semisimpliatyB,, have been determined; see
Wenzl 42], Rui [35] and Enyang10] and references therein.

The Brauer algebra is the “classical limit” of the BMW algebmathie sense thaB,, is a
specialisation of the BMW algebré, obtained by sending the parameteto 0. Under this
specialisation, the elemen; is then identified with its inverse; this is equivalent to mmimg
the notion of over and under-crossings:tangles. In a similar fashion, the cyclotomic Brauer
algebras (also termed th&;-Brauer algebras” in Goodman and Hauschild MosIEd])[ may
be thought of as the “classical limit” of the cyclotomic Kémfn tangle algebra&T%. The

following definition is taken from14].

Definition 4.7. A k-cyclotomic Brauern-diagram (or Z,-Brauern-diagram) is a Brauen-

diagram, in which each strand is endowed with an orientadiosh labelled by an an element
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of the cyclic groupZ, = Z/kZ. Two diagrams are considered the same if the orientation of a

strand is reversed and tig-label on the strand is replaced with its inverse (in the grép).

An example of &¢-Brauer5-diagram is given in Figurie 6.

1/

FIGURE 6. Example of &g4-Brauers-diagram.

Now let R, denote the polynomial rin@[AZ!, A, ... , Alr/2)]. The following rules de-
fine a multiplication for these diagrams. Firstly, given t#ip-Brauern-diagramsD; and D,
concatenate them as one would for ordinary Braudiagrams. In the resulting diagram, hor-
izontal strands, vertical strands and closed loops areddrrror each composite strandwe
arbitrarily assign an orientation toand make the orientations of the components fwbm the
two diagrams agree with the orientationsoby changing theZ,-labels for each component of
s accordingly. The label of is then the sum of its consisting component labels. Finédky,
d=0,1,...,|%], letry be the number of closed loops with label, modk. Let D; o D,

denote theZ,-Brauern-diagram obtained by removing all closed loops and define

Dl . Dg = (H A2d> D1 e} DQ.
d

Definition 4.8. The cyclotomic Brauer algebrgor Z,-Brauer algebraRB" (R.) is the unital
associativeR -algebra withR,.-basis the set df,-Brauer diagrams, with multiplication defined

by - above.

We now proceed to show thay : #%(R.) — R.is a nondegenerate trace, using an analo-
gously defined trace o@Bﬁ(RC). Rather then considering this trace directly14]; Goodman
and Hauschild Mosley instead consider the tracesing a so-called ‘connector’ map from the
cyclotomic Kauffman tangle algebras to the cyclotomic Braalgebras.

Just as in the context of tangle algebras, one has a closyrecln&rom Z,-Brauern-
diagrams tdZ,-Brauer(n — 1)-diagrams given by joining up the verticesand»’'. In addition,

any concatenated strands formed in the resulting diagrantalelled according to the same
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rule as for multiplication in the algebra. Also,qifandn’ are joined in the original diagram,
then closure will result in a closed loop with some ladbel Z;, whered =0, 1,..., | %] which
is then removed and replaced by the coefficiént We defines,, : €BF(R,) — CB*_|(R.) by

en(D) := Ay'tcl, (D), for aZ,-Brauern-diagramD. Thene, := £, 0 --- 0 &, iS a trace map
. : CBF(R,) — CB(R,) = R..

The following lemma is due to the work of Parvathi and SaviiBd] on GG-Brauer algebra
traces, for finite abelian grougs. A sketch of its proof is given in Goodman and Hauschild
Mosley [14].

Lemma 4.9. The traces, : GBQ(RC) — R, is nondegenerate. In other words, for every
d, € CBE(R,), there exists al, € CBF(R,) such thatz.(d,dy) # 0. Equivalently, it says
that the determinant of the matrix.(D-D")),, ,,, where D, D' vary over allZ,-Brauer n-

diagrams, is nonzero if,.

4.3. Nondegeneracy of the Trace os8* over R,

Let us fixo to be+ or —. In the ringR., putq := 1, A := +1, depending on the sign of,
g = landg := 0, foralli = 1,....,k — 1. Also, letA4;, wherej ¢ {0,...,|%]}, be such
thatA,, = A, andA_,, = A,, hold for allm € Z. Then it is straightforward to verify that,
by identifying6; with A;, the conditions of weak admissibility in Definitign 3]10 aatisfied.
HenceR, is a ring with weak admissible parameters;, ¢; andA;, as defined above.
Furthermore, recalling the definition &, from Lemmd 3.2, we have natural surjective ring
homomorphismsz, — R,, for o = 4, given by:
s: R, — R,
A= *1
g — 1 (=d—0)
G — 1
¢ — 0

Certainly,s defines a map) — R.. It is easy to verify that the image ¢f, andh; under
¢ are zero, forall = 0,1,...,z — e. Also, by (69), theh; are mapped tol,_;, — A; in R,

but these are simply all zero, as = A ; = A ;. in R.. Thus the generators df indeed
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vanish under the magy hence the above defines a ring homomorphijsmk, — R.. As an
immediate consequence of this, we also have a surjectivelipap R., which factors through
R,. Observe that, by Definitidn_3.3, the existence of this magmisivalent to the admissibility
of the parameters iR, chosen at the beginning of this section. Hence, by Propo§g&il2, this
gives an alternative proof that. is a ring with weak admissible parameters.

We have anR_-algebra homomorphisra : %*(R.) — CBF(R,), given by Figurd™, in
which only non-zero labels on strands have been indicated.

1 2
Y +— 1|

n

1 i—1 7 +1 142 n
Xi )
1 1—1 7 i+1 i+2
NS
6’L
VRN

FIGURE 7. The isomorphisng : #*(R.) — CBF(R,).

It is known that the cyclotomic Brauer algetﬁ’%ﬁ = GBZ(RC) is generated by the diagrams
given in Figuré . (We refer the reader to Rui and &d][for a full presentation). Hencgis
surjective. Moreover, we already have a spanning set ofigige — 1)!! of %*(R,), given by
TheoreniZ.R. Since is surjective, this maps onto a spanning se€Bf. But CB" is of rank
k™ (2n — 1)!!, by definition, hence the image of our spanning se#gf R, ) is in fact aR.-basis
of @BF. Thus, ask -algebras®*(R.) = CBF, undert.

We now compile the above information into the following diag.

BE(R.) —— CBE(R,)

wl lac (94)
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Let us now prove that the diagram above commutes. Take aatiiaBre CB%. Then the map
e, 0¥ o £71(D) is essentially the trace of the diagram obtained by ‘sejreyaall the non-
zero labels from the rest of the diagram and replacing theitm appropriate analogoys-type
diagrams. INKT¢(R.), over and under-crossings do not matter;so 1 o £~ '(D) is reduced
to disjoint closed loops (around the flagpole), which aratakéidentified (ask T (R,.) = R,)
with a product ofA;’s, wherei depends on the original labels in This produces precisely the
same result as taking the traceof D, as required.

Our aim now is to utilise the above information to show thatspanning set of8*(R.) is
linearly independent, by proving, : #%(R.) — R.is nondegenerate. From this, we are then
finally able to prove tha#”(R,) is R,-free of rankk™(2n — 1)!.

Lemma 4.10. Suppos€Tp} is a spanning set of8*(R..) consisting ofc™(2n — 1)!! elements
Tp such that(7p) = D, whereD is aZ;-Brauer diagram. Theret (¢, (1p,Tp,))p, p, # 0,

hence the trace,, : #%(R.) — R.is nondegenerate.

Proof. Consider the matriXc,, (1p,7p,))p, p,» WhereD;, D, vary over allZ;-Brauer dia-
grams. Recalf,, = ¢, o ¢, by definition. Since, o) = ¢, o £ (see[(94)), therefore

det (8@ (TDlTD2))D1,D2 = det(gqr o ¢<TD1TD2)) = det(gc o g(TDlTD2)) = det<€C<D1D2)) # 0,

by Lemmd 4.D. O

SinceR, is an integral domain, the matrix,, (7, In,)) 5, p, is invertible over the field of
fractions of R.. Thus the sef7, | D is aZ,-Brauer diagrarhis linearly independent ovek...

In particular, this implies the spanning set#f (R.) given in Theoremi 212 is a basis ov&f.

Theorem 4.11. (1) The spanning séip, of Z*(R,) given in Theorerh 212 is a basis over
Ro. Thus%"(R,) is Ry-free of rankk™(2n — 1)!.
(2) ¥ : B*(Ry) — KTF(R,) is an R,-algebra isomorphism.

Proof. As discussed above, we have specialisation nfgps» R, — R.. Also, we have a
surjection%*(R,) — %*(R,) = €BF. Thus, for everyZ,-Brauern-diagramD, let us choose
elementsl, € %*(Ry) which are mapped t® under this surjection. Then, b (93) above
and Lemma 4.10, the determinant of the trace matrix- det (¢, (T, Tn,))p, p, € Fo has a
nonzero image iR, and hence irR,.

Now supposevx = 0, for somer € Ry. BecauseR, is an integral domain, by part (c) of

Lemmal3.2, the image of in R, must be zero, for both = + and—. Hencer € I, N 1_.
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However, part (d) of Lemmia 3.2 states tligt= I, N I_, so it follows thatr € I, hencer =0
in Ry. That is,w is not a zero divisor imR.

In addition, by definition o,

det(e, (¥(Tp,)¥(ITp,))) = det (e, (TDlTD2))D1,D2

is not a zero divisor irky. This implies that the set of all(7p) is linearly independent ovek,.
HenceKT* (R,) containsk™(2n — 1)!! linearly independent elements. However, by surjectivity
of 4, the image o, in KT* (R,), under the mag, is also a spanning set BIT* (R,). Hence

it must also be linearly independent and of siz¢2n — 1)!!. ThusBg, is a basis of#"(R,),
proving (1) and (2). O

Recall Propositioh 314 which states that any ritgith admissible parameters,, ..., A, _1,
qos ---»qu—1, ¢ @and X, admits a unique mag, — R. Therefore it makes sense to consider
the specialisation algebrag”(R,) @, R andKT”(R,) ®z, R. The following result shows
that these are in fact isomorphic to the algeb#fg R) and KT (R), respectively, and hence
B*(R) = KT*(R).

Corollary 4.12. Let R be a ring with admissible parameter, ..., Ax_1,q0,--.,qx_1, g and

. LetBy denote the set of all

bl —(n—2m)( Tm )*

Sm T1 *
i1j1,m—1 Oéimjm,n—2m+lx Smtm,n—2m~+1 o (as1t1,nfl) )

wherem > 0,4 > iy > ... > i, Sm < Sm_1 < ... < s1, andy"~2™ is an element of
2, _omi. ThenBy, is an R-basis 0f%"(R) and its image undey : #%(R) — KT (R) is an
R-basis ofKT* (R).

Furthermore, %" (R) = %*(R,) ®r, R andKT*(R) = KT*(R,) ®r, R, as R-algebras,
andv : Z*(R) — KT*(R) is an R-algebra isomorphism.

Proof. Consider the canonic&-algebra homomorphist#* (R) — %% (R,) @, R. Certainly,
it is clear that this is a surjective homomorphism. Thus thade of the spanning s&t
of #*(R) spans%*(R,) ®r, R. However, by Theorei 411 above, we have already that
B*(Ry) @r, R is R-free of rankk™(2n — 1)!!. ThereforeBy, is a basis of4*(R) and %" (R) =
% (Ro) @r, R.
Itis clear thatkT* (R) andKT" (R,) ®z, R are isomorphic, ag-algebras. Similar reason-

ing also shows the image Bf; undery is a basis oK T (R).
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Finally, we have also proven that
%fL(R) = ¢@S(FEO) ®R0 R = KT’:L(‘RO) ®R0 R = KT’:L(‘R)
O

Recall we noted earlier that it is not clempriori that %" _,(R) is a subalgebra of8*(R).
This now follows as a direct consequence of the isomorpl#ifiz) = KT (R). Furthermore,
we may henceforth identifyg* with 2.

Finally, to help the reader visualise our basis of the cyectot BMW algebras, the iso-

morphismy mapsay ¢ ol 5 4, considered as an element &% to the tangle shown in Figure

17
7N /N

FIGURE 8. The affiner-tangle associated with the elemexft; saf ; , € #%.



CHAPTER 5

The Cellularity of%"

The theory of cellular algebras was developed in a well-kmpaper of Graham and Lehrer
[16]. Cellular algebras are a special class of associative edgatefined by aell datumwhich
includes a distinguished basis with certain multiplicatproperties that reflect the ideal struc-
ture of the algebra and an anti-involution of the algebrae piincipal motivation for their work
comes from Kazhdan and Lusztig’s study of lwahori-Heckeshitgs in typesi and B [22].

In particular, the multiplicative and combinatorial propes seen in the Kazhdan-Lusztig basis
for Iwahori-Hecke algebras and the “Robinson-Schenstegkspondence” in the typé case
Is encapsulated in an axiom for a cell datum.

A cellular basis of an algebra/ gives rise to a filtration ok, with composition factors
isomorphic to the ‘cell modules’ (or ‘standard modules’)«f Moreover, all of the irreducible
A-modules arise as quotients of these cell modules by theakali a symmetric bilinear form
defined by the structure constants of the cellular basiss Dine obtains a complete parametri-
sation of (the isomorphism classes of) the irreducilslenodules. In addition, important ques-
tions, for example, regarding the semisimplicity and cneesedity of the algebra, are reduced
to linear algebra problems involving this bilinear form.

The general theory of cellular algebras allows one to deduoemation about their rep-
resentation theory, even in the non-semisimple case in cas&ts. One of the key features of
cellular algebras is that the cellular structure is presgémnder specialisation. Thus, in this
way, the representation theory of an algebra under its gesemisimple setting may be used

in many cases to understand non-semisimple specialisaticihe algebra.
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In [16], Graham and Lehrer prove the cellularity of the Brauer algepthe Ariki-Koike
algebras, the (generalised) Temperley-Lieb algebras@mesd“annular” algebras. Since then,
cellular structures have been discovered for many otheoiitapt algebras. Examples include
the BMW algebras, cyclotomig-Schur algebras, cyclotomic Nazarov-Wenzl| algebras and di
agram algebras such as the cyclotomic Brauer and Tempeméydlgebras and the partition
algebras. (For example, s&:8,9,28, 317, 39, 46, 4) Also, there is an alternative (equivalent)
ring-theoretic and basis-free definition of cellularitg,gven by Konig and Xi in23].

This chapter is concerned with the cellularity of the cyaioic BMW algebras. As previ-
ously mentioned, Enyan@] and Xi [47] utilise the already well-known cellular structure of
the Iwahori-Hecke algebras of typeto prove the BMW algebras are cellular. Given that the
BMW algebras and Ariki-Koike algebras are cellular, one iturglly lead to ask whether the
cyclotomic BMW algebras are also cellular.

Two different cellular bases of the Ariki-Koike algebra wgroduced in Graham and Lehrer
[16] and Dipper et al8]. By using a particular “lifting” of a slightly modified versn of these
bases for thexV'} of Theoren{ 2.2, we show that our basis®f is a cellular basis. A nice
feature of our proof is that we need not be explicitly conedrwith a particular cellular basis
of b, x; we need only use the fact that it is cellular with the natanati-involution and the
existence of this lifting map.

In order to use the cellularity of the Ariki-Koike algebrage must work over a rin@R in
which thek" order relation_"_ ¢;5” splits; that is, we require the relatig; ) (Y — p;) = 0
to hold, for invertible parameteys € R. (Thus they; appearing in relatiori (10) now become
the signed elementary symmetric polynomials in ghiein particular,go = (—1)* ' [, p; is
invertible). For the purposes of cellularity, we will th&see restrict our class of ground rings

further to “split admissible” rings (see Definition 5.5).

Definition 5.1. Let R be a unital commutative ring. An associatiRealgebracs’ is cellular

with cell datum(A, M, C,x) if it satisfies the following conditions:

(C1) A is afinite partially ordered set (poset), and associateld @ach)\ € A is a finite set
M () such that the set

C={C)|AeAands, t e M(\)}

is anR-basis ofe’ .
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(C2) The map' is an anti-involution, i.e. afR-linear involutory anti-automorphism, a#

such that

(C;t)* - CtA,s-
(C3) If A € Aands, t € M(\) then, for alla € 7,
aCyy = > ra(s,8)Ch,  moda/(< \)
sEM(N)
where the coefficients,(s’,s) € R do not depend or and wheres/ (< ) is the
R-submodule of generated bYCY, | 1 < A andu,v € M (u)}.

Remark: As an aside note, we remark here that it is possible to work afit extended
definition of cellular algebras; Wilco)dd] removes the assumption thatcontains an identity
element and that the indexing sét§ \) are finite. Wilcox also introduces the notion of “conju-
gate cellular algebras” (s€44]). Observe also that, by definition, cellular algebras atpiired
to be finite dimensional. In GreefT], the concept of cellular algebras is generalised to irdinit
dimensional cellular algebras. Also, recently Kénig and24] have introduced the notion of

affinecellular algebras.

Let us now recall the definition of the Ariki-Koike algebras, from Chaptef R, with the
additional assumption that thé"-order relation on the generaty splits over the ground ring.
SupposeR is a unital commutative ring with invertible parametet®g, p; ..., pr_1. Then
bk := bni(R) is the unital associativR-algebra generated W, 75, ..., T, subject to

the following relations:

ToTyToTy = TVTyIVT,
Tl Ty = T Tl fori=1,...,n—2
T, = T, for [i — j| > 2
[ (To—p) = 0
T = (¢*-1)T;+¢* fori=1,...,n—2.
The following result is proved in Graham and Lehig6][and Dipper et al8]. In both papers
however, the invertibility of the parameteps, p1, ..., px_1 IS not required. We require this

condition as we assume the generatoof % is invertible, which is given by the invertibility
of go = (1) [, p:.

Theorem 5.2. The Ariki-Koike algebrd),, ».(R) is cellular for any unital commutative rin@

with invertible parameters, po, p1 . . ., Pr_1.
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Now supposeR is as in Definitior 1.1, such that thé" order relationz";:0 q;y’ splits in

R. Then recalh,, x(R) is a quotient of8% (R ) under the following projection
T @S — Bng
Y — Ty,
X, — ¢, for1<i<n-—1
e; +— 0.

Following Ariki and Koike ], define elements,, s,, ..., s,, € b, ; inductively bys, :=T;
ands; := ¢ *T;_1s;,_1T;_; if i > 1. Hences; = 7, (Y}), for all i. Consequently, this shows that

thes; are pairwise commutative. Foe= 1,2, ... k, let

t—1

fi(z) = [ [ (@ = p))-

j=1

If 7:{1,...,n} — {1,..., k} is any function, define
pr = Hf‘r(i)(si) € bk
i=1

The symmetric groug,, acts on the set of functions: {1,... n} — {1,...,k} by composi-
tion;

TW = TOoOW.
Consider the sdvl of non-increasing maps : {1,...,n} — {1,...,k}. ThenM is a set of

orbit representatives for this action. For eac M, the stabiliser
S(r) ={we,|Tw=r"1}

is a standard parabolic subgroup®f. Observe thab (1) = &, -11) X S|r-1(9)|X. . . X S| -1p),
and is generated by the simple transpositioms= (i i + 1) | 7(i) = 7(i + 1)}. Consider the
setD(r) of distinguished (shortest) left coset representativesto) in S,,. Then

D(r)={w e &, | w(i) <w(j) forall i, j such that < j andr(:) = 7(j)}.

Lastly, given a reduced expression . ..o;, forw € 6, letT,, :=T,, ... T;; itis well-known
from standard Coxeter group theory that the relations of kpebsa ensurd’, is independent
of the choice of reduced expression for Furthermore, as for the cyclotomic BMW algebras,
there is a natural anti-involutionhof h,, ,, (the same that appears in a cell datunpf) deter-
mined byT* := T;, foralli = 0,1,...,n — 1. ThenT} = T,-1» ands; = s;. And, since

the s, are pairwise commutative, th€ are also fixed by. (By abuse of notation, we do not
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distinguish between theanti-involution onh,, ;, with the* anti-involution of %" defined by)
in Chaptef1.).
By the arguments given in Graham and Lehid] and Ariki and Koike P],

B={T;p T.1a, | 7€M, d,dy € D(7) andw € S(7)}.

is anR-basis off,, ;. By Lemma (3.3) of[2], the elemenp”™ commutes withr, if w € S(7).
Thus

(5, p 1,1, =T5Ty1p Ty, =Ty p Ty Ty, (95)

SoB is setwise invariant undér

Recall, on page-30, we chose an arbitr&ymodule homomorphism,, : b, , — %" such
thatr, ¢, = idy, ,. However, in general, the invariancelbfinder* may not be preserved under
such a map,,. Indeed, one may be tempted to consider the map which esefreplaces’
all s, and7; with Y/ and X;, respectively, an@™ andT,, with their appropriate analogués
and.X,,, respectively, inZ*. Unfortunatelyy ™ and X,, do not necessarily commute, hence the
invariance of3 under* would be lost when mapped 18*.

Our aim now is to “lift” B from b,,; to a set in#* which is still compatible with the
anti-involution on#* defined by ) on pagéB. In other words, we desire Aamodule map
¢ : bnx — HB% such thair,¢ = idy, , and

o(b%) = o(b)" (96)

for all b € b, ;. Due to theR-linearity of ¢, it suffices to define onB such that[(96) holds for
allb € B.

Now, in B, equation[(9b) implies that the eleméft p™ T, T, is invariant under if and
only if d; = dy andw is an involution inS(7). Thus we may expred8 as a disjoint union
B, I1 B, 11 B3, whereB} = B3 and

By = {T;p"T,Ta| 7 €M, d € D(r) andw = w™" € S(7)}.

Forb € B, let ¢(b) be an arbitrary element of *(b). If ¢ € B3, thenc* € B,, SO we may
define¢(c) = ¢(c*)*. Then, for allb € B, we have

o(0) = o((b)7)" = o(b)",

as(b*)* = b. On the other hand, if € B; then, by definition,
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Thus [96) holds o, I1 B5. It now remains to definé onB,. For this, we draw on the follow-
ing standard result from Coxeter group theory, proved ) Proposition 3.2.10]:

if w is an involution in a Coxeter groud’ then there exists an elementc 1 such that
(uwu™t) = f(w) — 20(u) anduwu~! is central in some standard parabolic subgroup. Specifi-

cally, in the case of the symmetric group this can be restadddllows.

Proposition 5.3. Leto; denote the simple transpositiéhi + 1) € &,,. Supposey € &, is an

involution. Thenw has an expression of the form

w = u_lailaiz Ce O
wherei,, .1 > i, +2, forallm = 1,2,...,] — 1, andu is an element of5,, such that
l(uwu™t) = l(w) — 2¢(u), wherel(v) = |{ (i,7) | i < jandvi > vj }|.

Let us fixT € M and consideb := T;;p"T.,T, € By, wherew € S(7) is an involution. By

Proposition 5.8y has a reduced expression of the form
w = 1fl<7i1<7i2 co O,
wherei,,, 1 > i, +2forallm=1,2,...,1 — 1. Thus
b=T;p T, T,,T,, ... T, T.Tu.

By definition of*, T,,-1 = T*. Sinceu! € S(7), we know thap™T,-: = T,-1p” and so, as

d € D(r) is a coset representative, the above expressiolhfecomes

i1 Oig

b= T T, To,, ... T, Tua (97)

Moreover, since5(7) is a parabolic subgroup @,,, any reduced expression fare S(r)
involves only generators &f (7). Hence we must have;, € S(7) and7(i,,) = 7(i, + 1),
forallm = 1,2,...,1. Thusf.;,.)(5i,.) [r(im+1)(Sin+1) IS @ Symmetric polynomial i, , and

si, +1. We can therefore rewritg’ as

!
pr = [ H fT(i)(Si)] [H I (i, + Sim+173im5im+1)]

iFim,im+1 m=1
for allm

for some polynomialg,,(x, y). Thus, substituting intd (97) above gives

l
H f‘r(i)(si)] [H Gm(Siy, + Sivn+1s Sipy Sim+1) i

17’5'Lm sim+1 m:l
forall m
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As X, does not necessarily commute withi in %%, we now instead use the following
result to help us defing(b) in order to satisfy((96).

Lemma 5.4. For all 4, we have X;,Y/Y/ || = 0 and [X;, Y] + Y/ || = 6[Y/.,e;], where[, |

denotes the standard commutator of two elementgfin

Proof. We have

XYY, = V0K Y = YiaYIX = Y)Y, X,
by equation[(20) of Propositidn 1.2. Also,
XY/ +Y/,) = Y X7+ XY X,
(m)@ Y;/—i-l (SY;I_H + 5Y+1€7, + Y;/XZ + (5X1Y;/X7, — 5)\613/;/)(2
©

(K/Jrl—’—Y)X +5[ z+17 ]

Therefore, applying Lemmia 5.4 recursively, we obtain

X, (V) + Y0 (YY) = Y00 + Y)Y, e () + Y ) (YY)

c=1

Y

Yiio Z(Yzl +Y ) T e (Y + Y )

c=1

by equations(20) an@ (22) of Proposition]1.2. Rearranghig gives

T

S (VY)Y Y )

c=1

Y/

Xi(Yi+ Y1) (YY)  +6 i+1

= (YY) (Y + Y/ )X +6Y],

Z(Y;/ + Y)Y + Y )T ] :

c=1

Thus the right hand side of the above equation is an element'afs; + s;.1)"(s:8i11)°T})
which is invariant undef. In addition, it is in the subalgebra generatedye;, Y, andY/ ;.
Therefore, for eac, there exist$,, € (X, _,e;. .Y ,Y; +1) which is invariant undet, such
that

Tn(Om) = Gm(Sipy + Simt1s Sign Simt1)Tipy -

Now let us define

(D) X:;d[ I rot)

1F#im,im+1
for all m
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whereX, := X, X, ... X, € 2} for areduced expressien, o,, ...0,, 0f v € &,.

AS i, 1 > i, + 2, all theb,, commute with one another ar]qi;,,éim’im+1 fr@(Y;) commutes
with Hlm:1 b.,, by equations (19) and (R0). Thusb) is invariant undex and maps té under
7. Hencep(b)* = ¢(b) = ¢(b*), as required. Now that we have defing@), for all b € B, we
extendy to all of b, by R-linearity. To summarise, we now have a maph,,, — %~ such

that the following diagram commutes.

bnk(R) - Z5(R)
Sincen was arbitrary, we have mags : h,, — %F satisfyingm ¢, = idy, , which commute

with *. Now that we have the existence of such mapwhich are compatible with theanti-

involutions, we are able to proceed with proving the cetityaof %".

Definition 5.5. Let R be as in the definition of8" (see Definitioi 111). Then the family of
parametersA, ..., Ax_1,q,---,q—1,q, A) is said to besplit admissibléf they are admissible
(see Definitio 313pndthere exists unitg; € R such that* — >0 q;97 = T[22 (y — pi)-

Henceforth, we restrict our attention to rin@swith split admissible parametery), ..., A,_1,

qo0;---,qk—1,9 and.
Let (Al7 Mlyc,*) be a Ce” datum fohhk and

{Cé:t | AEAN, s5,te MZ(A)}

be a cellular basis df, ;. Let C, denote the image af;(C;,) in 2);. Observe that, by our

construction ofy; above,

(C2)" = (0 (C2) = & ((CL)") = aul(CR) = O (98)
Define
[n/2]
A= T] Anzm
m>0

We extend the partial orders di to a partial order ok by declaring that\,, _,,, < A,,_s,, for
m > m'. Foreach\ € A,_,,, C A, defineM (\) :=V,,,, x M,_s,,(X) and, for each pair of
(a,s),(b,t) € M(N), let

C();L,s)(bJ) = ac;:tb*.
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Theorem 5.6. Let R be as in Definitio 5J5. The algebr#*(R) is cellular with cell datum

(A, M,C, %) defined as above and cellular basis

{Clowy | A €A, (a,9),(bt) € M(N)}
Proof. By Theoremi 2.2,

{Clowy | AEA, (a,5),(bt) € M(N)}.

is a basis of#". Hence (C1) is satisfied. We already know thats defined by=), is an

anti-involution of *. Moreover, by[(98), we see that
A * AN 1k A%
(Clumypy) = (aCad”)” = bCa" = O y(a),

so that (C2) holds. It now remains to prove the multiplicateoiom (C3) holds. Suppose
v € B* Letl =n—2m,andfixa\ € A, C Aand(a,s) € M(\) = Vo x Mi(N). By
Lemmd2.6V,, .. 2r is a left ideal of 8%, therefore

ra = E a;T;,
i

for someq; € V,,, andz; € %". Becausdy,, is cellular, there exists,, ;) (u,5) € R such

that

m(z)Co € Y Trmen(w,8)Co + (Clhy | € Ayandp < A),

uEMl(A)

for anyt € M;()\). Recall that#re, %} is the kernel ofr; : ZF — b, ;. Therefore

xzqﬁl(CQt) S Z Tm(:ci)(uvﬁ)qsl(cit)

uEMl()\)

+(a1(Cly) | € Nyandu < X) + Bie 1By
Hence

CE DY ey 8)Ch+ (Cly | p € Ayandp < \) + BBy

ueM;(N)
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Thus, for all(b, t) € M(\), we have

$C(>\a’5)(b7t) = xaéétb*

= Za-xiC’A b*
€ Z Z Ty (2 usalC’\,tb*

i ueM; )\)
+{a;Ch b | p € Ayandpu < ) + a; By e, 1 Brb*.

Do D W)y

i UEML )

+ <C(a o) | 1 ENandpy < X) + vn,mt@felfh@fv;m. (99)

N

By parts (b) and (c) of Lemmia 2.8,

k kyr*
Vn,mf@l 6l—l’%l Vn,m C ]n,m—l—l

- <Céfz/,ﬁ’)(b/,t’) ’

g <O&/,ﬁ’)(b/,t’) | 1% < A>;

pw € N, oy wherem' > m + 1)

by definition of the partial ordering oft. Combining this with[(9B) above, we therefore have
tClsny €D D Tmled (W 8)Ch g + (Cluoriey | 1<),
i ueM(N)

proving (C3) and completing the proof of the Theorem. O

At this point, it would be natural to use the general theorgaifular algebras given in Gra-
ham and Lehrer1§] to further study the representation theory and structfirgg, including
completely describing its irreducible representationsr @/field and determining a criterion for

semisimplicity. This detailed study will hopefully featuin future work.
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