
CHAPTER 1

Coxeter Groups and Iwahori-Hecke algebras

In this chapter we begin with some background on Coxeter groups and
Iwahori-Hecke algebras. All of these results are well knownand can be
found in Kazhdan & Lusztig [11] and Humphreys [9], among others. We
will also give a short survey of Clifford theory following Curtis & Reiner [3].

1.1. Coxeter Groups

We will describe a Coxeter group in a purely abstract form by generators
and relations. By(ab . . .)m, for m a positive integer, we mean that the
pattern within the brackets is repeated until there arem symbols present.
For example,(ab . . .)5 = ababa. In chapter 3 we will also need the case
whenm is a negative integer. In this case the pattern starts with ’b’. So
(ab . . .)−5 = babab.

Definition 1.1. A Coxeter system, (W,S), consists of a group,W , and a
subsetS ⊂ W . The groupW is generated by the elements ofS subject to
the relations:

(rs)mrs = 1 for all r, s ∈ S

wheremss = 1 andmrs = msr ∈ {2, 3, . . . ,∞} if r 6= s. If there is no
relation betweenr ands then, by convention, we writemrs =∞.

Note thatmss = 1 implies thats = s−1 for all s ∈ S. Consequently, we
may rewrite the relations as(rs . . .)mrs

= (sr . . .)mrs
and then we call the

relations thebraid relations. When it is not important to distinguish the
generating setS, we will just talk about the Coxeter groupW .

We can writew ∈ W as a product of generators,w = s1 . . . sn for si in
S. This product may not be unique. We define thelength of w, ℓ(w), to be
the smallestn such thatw = s1 . . . sn. Soℓ(si) = 1 for all si ∈ S and we
defineℓ(1) = 0. Whenw is written as a product ofℓ(w) generators we say
that this expression forw is reduced.

Example 1.2. The symmetric group,Sn, is a Coxeter group that has gen-
eratorssi = (i i+ 1) for i ∈ [1, . . . , n− 1] and relations:
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2 1. COXETERGROUPS ANDIWAHORI-HECKE ALGEBRAS

s2
i =1 for i ∈ [1, . . . , n− 1],

sisj=sjsi whenever|i− j| > 1,
sisi+1si=si+1sisi+1 for i ∈ [1, . . . , n− 2].

Let w = s1s2 . . . sn be a reduced expression forw in a Coxeter group
W . A subexpressionof w is any expression obtained from it by removing
some generators. To be precise, a subexpression ofw is an expression of
the formsi1si2 . . . sik where1 ≤ i1 ≤ i2 ≤ . . . ≤ ik ≤ n.

There is a partial order on a Coxeter group that is very useful. See, for
example, Humphreys [9, §5.10]. This order is theBruhat order and we
denote it by≤. Letw,w′ ∈ W . Thenw′ ≤ w if a reduced expression for
w′ is a subexpression of a reduced expression forw. If w′ ≤ w andw′ 6= w
then we writew′ < w.

Proposition 1.3. Suppose(W,S) is a Coxeter system. Fors ∈ S and
w ∈W we have

ℓ(sw) =

{
ℓ(w) + 1, if sw > w,
ℓ(w)− 1, if sw < w.

For a proof see Humphreys [9] (Proposition 5.2 and Theorem 5.10).
Suppose(W,S) is a Coxeter system. We define theCoxeter diagram

of (W,S) to be the labelled graphΓ(W,S) with a node for everys in the
generating setS, and an edge between nodesr ands if mrs ≥ 3. We label
this edge withmrs. So, forr, s ∈ S andr 6= s, if noder and nodes are not
joined by an edge thenr ands commute. By convention, we omit the label
if mrs = 3.

Definition 1.4. A Coxeter system(W,S) is reducible if S = S1

∐
S2 and

mrs = 2 wheneverr ∈ S1 ands ∈ S2. We say(W,S) is irreducible if it is
not reducible.

Note that, from this definition, a Coxeter system is irreducible if and
only if its Coxeter diagram is connected.

If W1 is the subgroup ofW generated byS1 and similarlyW2 is the
subgroup ofW generated byS2, then(W1, S1) and(W2, S2) are Coxeter
systems andW = W1 × W2. See Humphreys [9, Proposition 2.2]. So
to classify the finite Coxeter groups we need only consider the irreducible
finite Coxeter groups.
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Theorem 1.5.The finite irreducible Coxeter groups are precisely the groups
with the following Coxeter diagrams.

Type Diagram Rank Order

An n (n+ 1)!

Bn = Cn
4 n 2nn!

Dn n 2n−1n!

I2(m) m 2 2p

H3
5 3 23 · 3 · 5

H4
5 4 26 · 32 · 52

F4
4 4 27 · 32

E6 6 27 · 34 · 5
E7 7 210 · 34 · 5 · 7
E8 8 214 · 35 · 52 · 7

For a proof see Humphreys [9, §2.3-2.7].
The sign representationof a Coxeter group,W , is the group homo-

morphism
ǫ : W → C2

w 7→ (−1)ℓ(w)

whereC2 = {±1} is the cyclic group of order2. The alternating sub-
group, A (W ), of W is the kernel of this map. Therefore it consists of all
elements of even length. So

A (W ) := {w ∈W | ℓ(w) ≡ 0 (mod2)}.
In this thesis we will construct and describe aq-analogue ofA (W ).

1.2. Iwahori-Hecke algebras

Definition 1.6. Suppose that(W,S) is a Coxeter system and letR be a
ring which contains an invertible elementq. TheIwahori-Hecke algebra
H = HR,q(W,S) is the associativeR-algebra generated by the elements
{Ts | s ∈ S}, with identityT1 = 1 and relations:

(Ts − q)(Ts + 1) = 0 for all s ∈ S,
(TrTs . . . )mrs

= (TsTr . . . )mrs
for all r 6= s ∈ S,

where, forr ands in S,mrs is the order ofrs in W .
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We will useH forHR,q(W,S) when there is no ambiguity.
The first relation says thatT 2

s = (q− 1)Ts + q and, sinceq is invertible,
we haveT−1

s = q−1Ts − q−1(q − 1).
We defineTw := Ts1Ts2 . . . Tsn

wherew = s1s2 . . . sn is a reduced
expression forw ∈ W . This product is well defined by Lemma 1.7 a) (see
Geck & Pfeiffer [6] Lemma 4.4.3 and Theorem 4.4.6).

Lemma 1.7. Supposew ∈W .

a) If w = r1r2 . . . rn is another reduced expression forw, whereri ∈
S, thenTw = Tr1Tr2 . . . Trn

.

b) Multiplication inH is determined as follows:

TsTw =

{
Tsw, if sw > w,
qTsw + (q − 1)Tw, if sw < w.

c) H is free as anR-module with basis{Tw | w ∈W}.
The Iwahori-Hecke algebra has two1-dimensional representations which

we will need. The first is called thesign representationand is analogous
to the sign representation of a Coxeter group. Letε(Tw) = (−1)ℓ(w). The
other representation is the analogue of thetrivial representation in a Cox-
eter group. Letι(Tw) = qℓ(w). To simplify notation, we will often writeεw

for ε(Tw) andqw for ι(Tw).

1.3. Clifford Theory

SupposeA is an algebra with subalgebraB. Clifford theory describes
how irreducibleA-modules restrict toB-modules, given certain restrictions
onB. We define a Clifford system and give a survey of the relevant results
following Curtis and Reiner [3, §11C].

Definition 1.8. Let C be a finite group,R a commutative ring, andA an
R-algebra that is finitely generated as anR-module. AC-graded Clifford
systemin A is a family ofR-submodules{Ac}c∈C of A, such that the fol-
lowing conditions are satisfied:

a) A =
⊕

c∈C

Ac.

b) AcAd = Acd.

c) For eachc ∈ C there exists a unitac ∈ A such thatAc = A1ac =
acA1.
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d) 1 ∈ A1.

The algebraA is called aC-gradedR-algebra.

SinceA1A1 = A1 (by definition) we see thatA1 is a subalgebra ofA
and that we can takea1 = 1 if we wish. If V is a rightA-module, letVA1

be its restriction to anA1-module. IfU is a rightA1-module, we defineUA

to be the inducedA-moduleU ⊗A1 A. Then we have

UA = U ⊗A1 A =
⊕

c∈C

U ⊗A1 A1ac =
⊕

c∈C

U ⊗A1 ac

sinceA is free as a leftA1-module with basis{ac}c∈C . NowU ⊗A1 ac is a
rightA1-module and we call any module of this form aconjugateof U in
UA.

Theorem 1.9. Suppose thatA is aC-graded CliffordK-algebra whereK
is a field. LetV be an irreducibleA-module and letU be an irreducible
A1-submodule ofVA1. ThenVA1 is a semisimpleA1-module, whose simple
summands are isomorphic to conjugates{U ⊗A1 ac | c ∈ C} ofU .

In the proof of this theorem (see Curtis and Reiner [3, p. 273]), we see
that

∑
c∈C Uac is anA-submodule ofV . HenceV =

∑
c∈C Uac sinceV

is an irreducibleA-module. The result follows after noticing thatUac
∼=

U ⊗ ac asA1-modules.

Example 1.10.To illustrate the power of these results, let us now consider
the case of the symmetric groupSn and its alternating subgroupA (Sn).

LetA = KSn be the group algebra of the symmetric group over a field
K, and similarly letA1 = KA (Sn) be the group algebra ofA (Sn). Let
C = {1,−1} be the cyclic group of order 2. ThenKSn is aC-graded
Clifford K-algebra sinceSn = A (Sn)

∐
A (Sn)(12), where(12) is the

transposition swapping1 and2. We have seta1 = 1 anda−1 = (12).
Suppose thatV is an irreducibleKSn-module. Theorem 1.9 tells us

thatVA1 = U + U(12) for some irreducibleA1 = KA (Sn)-submodule
U of VA1. Therefore, eitherV is irreducible as anA1-module orVA1 =
U ⊕ U(12) for some irreducibleA1-submoduleU of VA1 .



CHAPTER 2

Presentations of Algebras and Subalgebras

The Reidemeister-Schreier rewriting process is used to finda presenta-
tion for a particular subgroup, given a presentation for theparent group. In
this chapter we generalise part of this process to algebras.Suppose we have
an algebraA. We would like to find a presentation for any subalgebra of
A that is generated by a set of words in the generators ofA. First let us
consider the group case.

2.1. The Reidemeister-Schreier Rewriting Process for Groups

We follow the treatment of Johnson [10]. Suppose we have a subgroup
H of finite index in a groupG. LetU = {u1, . . . , un} be a set of left coset
representatives forH in G. SoG =

∐n
i=1 uiH. Without loss of generality

we assumeu1 = 1, the identity element ofG. If g ∈ G, let g = ui if g lies
in the left cosetuiH. HencegH = gH. Note that for allg ∈ G we have
gH ∩ {u1, . . . , un} = {g}. Moreover,g = gh for anyh ∈ H.

Now letX be some set. Aword in X is a product of elements from
X. That is,x1 . . . xn is a word forxi ∈ X andn ∈ N. DefineX to be the
monoid generated byX. SoX contains all words inX with multiplication
by concatenation and the empty word, denoted1, as its multiplicative iden-
tity. Now let X̃ := {x̃ | x ∈ X} be a set in bijection withX. Define a
relation,≡, where for allx ∈ X, xx̃ ≡ 1 and x̃x ≡ 1. This relation is a
congruence relation. Hence we may define thefree group generated byX
to be the group

F (X) := X ∪ X̃/ ≡ .

That is, the quotient ofX ∪ X̃ by the congruence relation≡. So effectively
X̃ = X−1 = {x−1 | x ∈ X}, the set of formal inverses of elements inX.
Then we can write any element inF (X) uniquely as a word inX ∪X−1.

The following lemma gives us generators for a subgroup ofF (X). See
Johnson [10, Chapter 2, Lemma 4].

Lemma 2.1. SupposeF (X) is the free group generated by the setX. If K
is a subgroup ofF (X) then, the set

Z := {xui
−1xui | x ∈ X, ui ∈ U, xui 6∈ U}

6



2.1. THE REIDEMEISTER-SCHREIERREWRITING PROCESS FORGROUPS 7

generatesK, whereU is a set of left coset representatives forK in F (X).

Now supposeR is a subset of a groupG. Let 〈R〉G be the normal
closure ofR in G. We say thatG is generated byX with relations R if
G ∼= F (X)/〈R〉F (X).

We now describe how to find the relations for a subgroupK of a general
groupF . The following two results are Lemma 1 and Proposition 1 of
Johnson [10, §9.1].

Lemma 2.2. SupposeK is a subgroup of a groupF . LetR be a subset of
F such that〈R〉F is insideK. Let R̂ := {u−1ru | u ∈ U, r ∈ R}. Then

〈R〉F = 〈R̂〉K
whereU is a set of left coset representatives forK in F .

Now let Ŝ be the same set aŝR except that its elements are written as
words inZ ∪ Z−1, using Lemma 2.1.

Proposition 2.3.LetH be a subgroup of a groupGwhereG is generated by
a subsetX with relationsR. Then, using the notation above,H is generated
byZ with relationsŜ.

The proof of this proposition uses the natural quotient mapν :F (X)−→
G. We first apply Lemma 2.1 to find generators forK = ν−1(H) = {x ∈
F (X) | ν(x) ∈ H}. To this end we need left coset representatives for
ν−1(H) in F (X). SupposeU is a set of left coset representatives forH in
G. To get a set of coset representatives ofν−1(H) in F (X) we can choose
a set of preimages ofU underν. We will abuse notation by usingU for the
coset representatives ofν−1(H) in F (X). Then it follows from Lemma 2.1
thatZ generatesν−1(H).

Now,H ∼= ν−1(H)/〈R〉G by the first isomorphism theorem, and if we
apply Lemma 2.2 withK = ν−1(H) andF = F (X) we see thatH ∼=
ν−1(H)/〈R̂〉ν−1(H). That is, the set̂S gives us the relations forH.

Example 2.4. Consider the Symmetric groupSn. We know that it is gen-
erated by elementssi = (i i+ 1) for i ∈ [1, . . . , n− 1] with relations:

s2
i =1 for i ∈ [1, . . . , n− 1]

(sisj)
2=1 whenever|i− j| > 1

(sisi+1)
3=1 for i ∈ [1, . . . , n− 2].

Let H = A (Sn). SoH is the subgroup ofSn consisting of words of
even length. ThenU = {1, s1} is a set of left coset representatives forH in
Sn and1H contains all the elements of even length whiles1H contains all
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the elements of odd length. Then the generators forH are:

Z = {xui
−1xui | x ∈ X, ui ∈ U, xui 6∈ U}

= {si
−1si | 1 ≤ i ≤ n− 1, si 6∈ U}

∪ {sis1
−1sis1 | 1 ≤ i ≤ n− 1, sis1 6∈ U}

= {s−1
1 si | 1 ≤ i ≤ n− 1, si 6∈ U}

= ∪{sis1 | 1 ≤ i ≤ n− 1, sis1 6∈ U}
= {s1si, sis1 | 2 ≤ i ≤ n− 1}

We may narrow this down further sincesis1 is the inverse ofs1si. SoH is
generated by the set

{xi | 1 ≤ i ≤ n− 2}
wherexi = s1si+1 for 1 ≤ i ≤ n− 2.

The relations inH are given by

R̂ = {u−1
i rui | u ∈ U, r ∈ R}

= {r, s1rs1 | r ∈ R}
= {s2

i , s1s
2
i s1 | 1 ≤ i ≤ n− 1} ∪ {(sisj)

2, s1(sisj)
2s1 | |i− j| > 1}

∪{(sisi+1)
3, s1(sisi+1)

3s1 | 1 ≤ i ≤ n− 2}.
After removing the equivalent relations and the trivial relations and rewrit-
ing in terms of the generators inZ we have

Ŝ = {(xix
−1
j )2 | |i− j| > 1} ∪ {((s1si)(si+1s1))

3 | 1 ≤ i ≤ n− 1}.
ThenA (Sn) is generated byxi for 2 ≤ i ≤ n− 1 and has relations:

x3
1=1,
x2

i =1 for i ∈ [2, . . . , n− 2],
(xix

−1
j )2=1 whenever|i− j| > 1,

(xix
−1
i+1)

3=1 for i ∈ [1, . . . , n− 3].

2.2. Free Algebras and Presentations of Algebras

The results in this section are well known and are included here for
completeness and because we could not find a suitable reference.

Definition 2.5. SupposeR is a ring andF is anR-algebra. ThenF is
freely generated byX ⊆ F if every mapf :X −→A, whereA is anR-
algebra, extends uniquely to an algebra homomorphismφf :F −→A such
thatφf(x) = f(x) for all x in X. We say thatF is free and hasrank |X|.

Note that this definition does not guarantee the existence ofa free alge-
bra. So we will construct one explicitly. SupposeR is a ring (with identity)
andX is a set. Recall thatX is the free monoid generated byX. LetRX
be the monoid algebra overR.
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Proposition 2.6. The monoid algebraRX is freely generated byX.

Proof. Suppose that we have some mapf :X −→ A whereA is anR-
algebra. Letf ′ :RX −→A be theR-linear map such thatf ′(x1 . . . xn) =
f(x1) . . . f(xn) for xi ∈ X. Thenf ′ is an algebra homomorphism which
extendsf .

We claim that this is the unique algebra homomorphism extending f .
To see this, consider an elementm ∈ RX and an algebra homomorphism
φ :RX−→A that extendsf . We can writem =

∑
w∈X λww wherew is a

word inX andλw is in R. Soφ(m) = φ(
∑

w∈X λww) =
∑

w∈X λwφ(w).
Now if w = x1 . . . xm for somexi ∈ X thenφ(w) = φ(x1) . . . φ(xm) =
f(x1) . . . f(xm). Soφ(m) is completely determined by thef(x) for x ∈ X.
Henceφ = f ′ is unique. �

The following proposition tells us that free algebras with the same rank
are isomorphic.

Proposition 2.7.SupposeF andG are algebras freely generated by subsets
X andY respectively. If|X| = |Y | thenF ∼= G.

Proof. Since |X| = |Y | we can define a bijectionf :X −→ Y and its
inversef−1 :Y −→ X. Considerf as a mapping intoG and f−1 map-
ping intoF . Thenf andf−1 extend uniquely to algebra homomorphisms
φf :F −→G andφf−1 :G−→F respectively. Thenφf−1φf :F −→F is an
algebra homomorphism which is the identity onX andφfφf−1 :G−→G is
an algebra homomorphism which is the identity onY .

Also, the identity maps1F :F −→F and1G :G−→G extend the iden-
tity maps onX andY . Therefore, by uniqueness, we have1F = φf−1φf

and1G = φfφf−1. Henceφf (or indeedφf−1) gives us an isomorphism.
�

Since any free algebras that have the same rank are isomorphic, any free
algebra is isomorphic toRX for some setX. So we can think of the free
algebras as these monoid algebras.

Proposition 2.8. Suppose thatF is an R-algebra freely generated by a
subsetX. ThenX generatesF .

Proof. Let 〈X〉 be the algebra generated byX in F . That is,

〈X〉 :=
⋂

A≤F
X⊆A

A

whereA runs over the subalgebras ofF which containX. Let f :X −→
〈X〉 be the inclusion map. Then we have another mapφf :F −→〈X〉which
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extendsf . Now let ι : 〈X〉 −→ F be the inclusion map. Thenιφf (x) =
ιf(x) for all x ∈ X. Soιφf :F −→F is a map extendingιf .

Let 1F be the identity map onF . Then1F (x) = x = ιf(x) for all
x ∈ X. So1F is also a map extendingιf . Hence1F = ιφf . This implies
thatF = Im(1F ) = Im(ιφf ) = Im(φf ) ⊆ 〈X〉. HenceF = 〈X〉. �

Now supposeA is anR-algebra andX is a subset ofA. A relation
in A is a linear combination

∑
w∈X λww, for someλw ∈ R, such that∑

w∈X λww = 0 in A.

Definition 2.9. SupposeR is a ring andX a set. LetRX be the monoid
algebra ofX and letR be a subset ofRX. Write 〈R〉RX for the ideal
generated byR in RX. Then〈X | R〉 := RX/〈R〉RX is theR-algebra
generated byX with relations R.

Note that whenR is empty,〈X |R〉 ∼= RX is free.
Let B be anR-algebra and suppose we have a mapf :X −→ B. If

w ∈ X we may writew = xw,1 . . . xw,n for somexw,i ∈ X. The mapf
respects the relationsin A if

∑
w∈X λwf(xw,1) . . . f(xw,n) = 0 for each

relation
∑

w∈X λww.

Proposition 2.10. LetA = 〈X | R〉 be anR-algebra generated byX ⊆
A with relationsR. Then every mapf :X −→ B (whereB is anyR-
algebra), which respects the relations inR, extends uniquely to an algebra
homomorphismφf :A−→B such thatφf(x) = f(x) for all x in X.

Proof. Let f :X−→B be a map into anR-algebraB that respects the rela-
tions inR. Then sinceRX is free,f extends to an algebra homomorphism
f ′ :RX −→ B. Sincef respects the relations,f ′(r) = 0 for all r ∈ R.
Therefore〈R〉RX lies in the kernel off ′.

Defineφf :A−→B to be the map sendinga + 〈R〉RX 7→ f ′(a) for all
a ∈ A. We claim that this map is well-defined. To see this, suppose that, for
a, b ∈ A, a+ 〈R〉RX = b+ 〈R〉RX . Henceb = a+ r for somer ∈ 〈R〉RX .
So

φf(b+ 〈R〉RX) = φf(a+ r + 〈R〉RX)

= f ′(a+ r)

= f ′(a)

= φf(a+ 〈R〉RX).

Now φf is an algebra homomorphism sincef ′ is. Also, φf is the unique
algebra homorphism extendingf because it is completely determined by
the fact thatφf must respect the relations and be an algebra homomorphism.

�
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2.3. Applying the Reidemeister-Schreier Rewriting Algorithm to
Algebras

Let R be a ring and letG be the free group generated by a setX. Let
RG be the group algebra ofG and letR be a subset ofRG. Consider
an algebra,A = RG/〈R〉RG, where〈R〉RG is the (2-sided) ideal ofRG
generated byR. Let Y be a subset ofG and letH be the subgroup ofG
generated byY . We are interested in the subalgebraB ofA that is generated
by Y . NowB = (RH + 〈R〉)/〈R〉RG = RH/(RH ∩ 〈R〉RG). So we may
use Lemma 2.1 to obtain generators forH and hence forB.



CHAPTER 3

The Alternating Hecke Algebra

This chapter introduces the main subject of this thesis: thealternating
Hecke algebra. In Section 3.2 we define the alternating Heckealgebra as
the fixed point algebra under a certain involution. We give various bases for
the algebra in Sections 3.2 & 3.3. In Section 3.5 we give the generators for
the algebra and some relations.

3.1. An Automorphism of the Hecke Algebra

Here, we introduce a map# which we use in the next section to define
the alternating Hecke algebra.

Definition 3.1. LetR be a ring containing an invertible elementq, and let
(W,S) be a Coxeter system. Define a linear map# as follows:

# : HR,q(W ) → HR,q(W )
Tw 7→ εwqwT

−1
w−1,

for w ∈W .

Note that, fors ∈ S, T#
s = −qT−1

s = −Ts + q − 1.

Lemma 3.2.The map# extends to an algebra homomorphism ofHR,q(W ).

Proof. We need only prove that# respects the relations of the Iwahori-
Hecke algebra.

Fors ∈ S we have

(T#
s )2 = (−Ts + q − 1)2

= T 2
s − 2Ts(q − 1) + (q − 1)2

= (q − 1)Ts + q − 2Ts(q − 1) + (q − 1)2

= −(q − 1)Ts + (q − 1)2 + q

= (q − 1)(−Ts + q − 1) + q

= (q − 1)T#
s + q.

12
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We also have, forr, s ∈ S,

(T#
r T

#
s . . . )mrs

= (−q)mrs(T−1
r T−1

s . . . )mrs

= (−q)mrs(. . . TsTr︸ ︷︷ ︸
mrs

)−1

= (−q)mrs(. . . TrTs︸ ︷︷ ︸
mrs

)−1

= (T#
s T

#
r . . . )mrs

.

�

Lemma 3.3. The function# is an involution and hence an automorphism.

Proof. Since# is a homomorphism and

(T#
s )# = (−Ts + q − 1)#

= −(−Ts + q − 1) + q − 1

= Ts,

# is an involution.
If h is in HR,q(W ), h# is the pre-image ofh. So # is surjective. If

h# = h′#, for h, h′ ∈ HR,q(W ), then(h#)# = (h′#)#. Henceh = h′ and
so# is injective and an automorphism. �

Kazhdan and Lusztig [11, §2] described the inverse ofTw as follows:

(3.4) T−1
w−1 = εwq

−1
w

∑

x≤w

εxRx,w(q)Tx

whereRx,w(q) is a polynomial inZ[q] of degreeℓ(w)−ℓ(x) andRw,w(q) =
1 for all w ∈ W . The polynomialRx,w(q) is defined to be zero whenever
x 6≤ w.

We can now write an expression forT#
w as a linear combination of the

basis elements.

Lemma 3.5. For w ∈W , T#
w =

∑
x≤w εxRx,wTx.

Proof. We have

T#
w = εwqwT

−1
w−1

= εwqw(εwq
−1
w

∑

x≤w

εxRx,wTx)

=
∑

x≤w

εxRx,wTx.

�
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3.2. The Alternating Hecke Algebra

In this section we define the alternating Hecke algebra over aring, R,
containing1/2. We require that2 is invertible to construct our bases and
presentation forAR,q(W ). Note that since1/2 ∈ R, the characteristic ofR
is odd. This is essential because in Chapter 5 we use Cliffordtheory to anal-
yse the characters ofAR,q(W ); to apply Clifford theory, the characteristic
of R must not divide the index ofAR,q(W ) inHR,q(W ).

Definition 3.6. Suppose thatR is a ring containing1/2 and an invertible
elementq. Let W be a Coxeter group. Thealternating Hecke algebra
AR,q(W ) is the subalgebra ofHR,q(W ) which is fixed by#. That is,

AR,q(W ) := {h ∈ HR,q(W ) | h# = h}.
We will sometimes useA for AR,q(W ) when there is no ambiguity.

Definition 3.7. For w ∈ A (W ) let

Bw :=
1

2
(Tw + T#

w ) = Tw +
1

2

∑

x<w

εxRx,wTx.

Example 3.8. Recall thatRw,w = 1 for all w ∈ W . For s ∈ S we have
T−1

s = q−1Ts − q−1(q − 1). Now, for r, s ∈ S, r 6= s we have

T−1
(rs)−1 = T−1

sr

= T−1
r T−1

s

= q−2Trs − q−2(q − 1)(Tr + Ts) + q−2(q − 1)2.

Comparing this with Equation 3.4 givesR1,rs = (q − 1)2 andRr,rs =
Rs,rs = q − 1.

Then we haveB1 = 1 and

Brs = Trs +
1

2

∑

x<rs

εxRx,rsTx

= Trs −
1

2
Rr,rsTr −

1

2
Rs,rsTs +

1

2
R1,rs

= Trs −
1

2
(q − 1)(Tr + Ts) +

1

2
(q − 1)2.

By definition,Bw ∈ AR,q(W ) for eachw ∈ A (W ). We will show that
the set{Bw | w ∈ A (W )} is a basis for the alternating Hecke algebra. In
preparation for this we will need the following lemma.

Lemma 3.9. Supposeh ∈ AR,q(W ). We can writeh =
∑

w∈W awTw for
someaw in R. If y ∈ W such thatay is non-zero andaw = 0 whenever
l(w) > l(y), theny ∈ A (W ).
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Proof. Write h = ayTy +
∑

w∈W
w 6=y

awTw. Then

h# = ayT
#
y +

∑

w∈W
w 6=y

awT
#
w

= ay(εyTy +
∑

x<y

εxRx,yTx) +
∑

w∈W
w 6=y

aw(εwTw +
∑

x<w

εxRx,wTx)

= ayεyTy + ay

∑

x<y

εxRx,yTx +
∑

w∈W
w 6=y

awεwTw

+
∑

w∈W
w 6=y

aw

∑

x<w

εxRx,wTx.

Consider the coefficient ofTy. We haveayεy from the first term. The rest
of the sum contains noTy. This is obvious in the second and third terms.
If Ty was in the last term theny < w implying thataw is zero. Now the
coefficient ofTy in h is ay and sinceh# = h we must haveayεy = ay.
Sinceay 6= 0 we haveεy = 1; ie.,y ∈ A (W ). �

Theorem 3.10.The alternating Hecke algebra,AR,q(W ), is free as anR-
module with basis{Bw | w ∈ A (W )}.

Proof. First we show thatAR,q(W ) is spanned by{Bw | w ∈ A (W )}.
Suppose thath is a non zero element inAR,q(W ) andh =

∑
w∈W awTw

for someaw in R. Then there exists somey ∈ W of maximal length such
thatay 6= 0. We will use induction on the length of this elementy to show
thath is in Span {Bw | w ∈ A (W )}.

If l(y) = 0 thenh = a1T1 = a1B1. For the inductive step, notice that
y ∈ A (W ) by Lemma 3.9. Let

h′ = h−
∑

w∈A (W )
l(w)=l(y)

awBw.

Thenh′ ∈ AR,q(W ) and the only non-zero terms that appear inh′ are scalar
multiples ofTw wherel(w) < l(y). Therefore by the inductive hypothesis,
h′ ∈ Span {Bw | w ∈ A (W )}, and henceh ∈ Span {Bw | w ∈ A (W )}.

We will now show that theBw are linearly independent. Suppose that∑
w∈A (W ) bwBw = 0 for somebw in R. Let y be an element of maximal

length inA (W ). We argue by induction onl(y).
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Supposel(y) = 0. So0 = b1B1 = b1T1. Thereforeb1 = 0 sinceT1 is
as basis element inHR,q(W ). Now supposel(y) > 0. Then

0 =
∑

w∈A (W )

bwBw

=
∑

w∈A (W )
l(w)=l(y)

bwBw +
∑

w∈A (W )
l(w)<l(y)

bwBw

=
∑

w∈A (W )
l(w)=l(y)

bwTw +
∑

w∈A (W )
l(w)=l(y)

bw
2

∑

x<w

εxRx,wTx +
∑

w∈A (W )
l(w)<l(y)

bwBw.

The coefficientsbw in the first sum are zero because{Tw}w∈W is a basis
for the Hecke algebra and this sum is the only one withTw’s in it which
havel(w) = l(y). This forces the second part of the sum to be zero. The
coefficients in the last term are zero from the inductive hypothesis.

�

We now introduce a nice and very ’natural’ basis forAR,q(W ).

Proposition 3.11.AR,q(W ) has a unique basis{B′
w | w ∈ A (W )} such

that

B′
w = Tw +

∑

x<w
x/∈A (W )

bxTx

for somebx ∈ R.

Proof.
Existence. By Theorem 3.10,{Bw | w ∈ A (W )} is a basis with

Bw = Tw +
∑

y<w

ayTy

for certainay ∈ R. SetB′
1 = T1, and define

B′
w := Bw −

∑

y<w
y∈A (W )

ayB
′
y

for w ∈ A (W ). We will show by induction onℓ(w) that

B′
w = Tw +

∑

x<w
x/∈A (W )

bxTx

for somebx ∈ R.



3.3. KAZHDAN -LUSZTIG BASES FORAR,q(W ) 17

We have

B′
w = Bw −

∑

y<w
y∈A (W )

ayB
′
y

= Tw +
∑

y<w

ayTy −
∑

y<w
y∈A (W )

ayB
′
y

= Tw +
∑

y<w

ayTy −
∑

y<w
y∈A (W )

ay(Ty +
∑

x<y
x/∈A (W )

bxTx)

(by the inductive assumption)

= Tw +
∑

y<w
y/∈A (W )

ayTy −
∑

x<y<w
y∈A (W )
x/∈A (W )

aybxTx.

Uniqueness. SupposeDw is another element such that

Dw = Tw +
∑

x<w
x/∈A (W )

βxTx

for someβx ∈ R. Then

B′
w −Dw =

∑

x<w
x/∈A (W )

(bx − βx)Tx

andB′
w − Dw ∈ AR,q(W ). If B′

w − Dw 6= 0 thenbx − βx 6= 0 for some
x 6∈ A (W ) which contradicts Lemma 3.9. HenceDw = B′

w.
�

3.3. Kazhdan-Lusztig Bases forAR,q(W )

There are some other bases for the alternating Hecke algebrathat both
require us to haveq1/2 andq−1/2 in our ringR. For the rest of this section,
suppose that we are working over the ringR = Z[1

2
, q±1/2].

Kazhdan and Lusztig introduce an involution in [11, p 166] which is
known as thebar involution . It is defined as follows. Let : R → R be
the map sendingq1/2 7→ q−1/2. This map extends to a ring automorphism
(and involution) onHR,q(W ) such that

∑
w∈W λwTw =

∑
w∈W λwT

−1
w−1 for

someλw in R (see Humphreys [9, §7.7] for a proof). Kazhdan and Lusztig
then go on to give two bases whose elements are invariant under the bar
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involution (these are stated below). In this section, we give some Kazhdan-
Lusztig Bases forAR,q(W ). That is, we give some bases whose elements
are fixed under the bar involution.

Theorem 3.12.For eachw ∈W there is a unique element,Cw ∈ HR,q(W )
such that

• Cw = Cw

• Cw = εwq
1/2
w

∑
y≤w εyq

−1
y Py,wTy

wherePy,w is a polynomial inq of degree less than or equal to1
2
(l(w) −

l(y)− 1) for y < w, andPw,w = 1.

This theorem tells us that the elements{Cw | w ∈ W} form a basis for
H. Suppose thatj :H−→H is the ring involution defined byj(

∑
awTw) =∑

awεwq
−1
w Tw. Thenj and commute, (see, for example, Humphreys [9,

Exercise 7.7]) which proves the following theorem.

Theorem 3.13.For anyw ∈ W there is a unique element,C ′
w ∈ HR,q(W )

such that

• C ′
w = C ′

w

• C ′
w = q

−1/2
w

∑
y≤w Py,wTy

wherePy,w is a polynomial inq of degree less than or equal to1
2
(l(w) −

l(y)− 1) for y < w, andPw,w = 1.

So, the elements{C ′
w | w ∈ W} also form a basis forH and we have

the following relation between the two bases:C ′
w = εwj(Cw).

The polynomialsPy,w are called theKazhdan-Lusztig polynomials
and are defined to be zero whenevery 6≤ w.

We can slightly modify the basis elementsBw, so that they are invariant
under the map. Towards this goal, consider the following lemma.

Lemma 3.14.The bar involution commutes with#.

Proof. Let s ∈ S. Then

T#
s = −qT−1

s

= −q−1Ts

=
(
T−1

s

)#

=
(
Ts

)#
,

and the result follows.
�
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Corollary 3.15. The set{q−1/2
w Bw | w ∈ A (W )} is a basis forAR,q(W )

that is invariant under the bar involution.

Proof. By Theorem 3.10, the set{q−1/2
w Bw | w ∈ A (W )} is a basis for

AR,q(W ). It remains to show that it is bar invariant. Supposew ∈ A (W ).
Then

q
−1/2
w Bw = q1/2

w

1

2

(
Tw + T#

w

)

=
1

2
q1/2
w

(
Tw + qwT

−1
w−1

)

=
1

2
q1/2
w

(
T−1

w−1 + q−1
w Tw

)

=
1

2
q−1/2
w

(
qwT

−1
w−1 + Tw

)

=
1

2
q−1/2
w

(
T#

w + Tw

)

= q−1/2
w Bw.

�

There is also another basis forAR,q(W ) (which is again invariant under
the bar involution) involving theC andC ′ bases. First note that, forx, w ∈
W andx ≤ w, we have

(3.16) Px,w = qwεx

∑

y∈W
x≤y≤w

εyq
−1
y Rx,yPy,w.

This is just a modified version of equation 2.2.a in [11, §2.2].
We will use this result to show that, for allw in A (W ), C#

w = C ′
w and

C ′#
w = Cw.

Lemma 3.17.For w in W , C#
w = εwC

′
w andC ′#

w = εwCw.
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Proof. Suppose thatw ∈W . Then

C#
w = εwq

1/2
w

∑

y≤w

εyq
−1
y Py,wT

#
y

= εwq
1/2
w

∑

y≤w

εyq
−1
y Py,w

∑

x≤y

εxRx,yTx

= εwq
1/2
w

∑

x,y∈W
x≤y≤w

εxεyq
−1
y Rx,yPy,wTx

= εwq
−1/2
w

∑

x∈W
x≤w

Px,wTx

= εwC
′
w.

The other part now follows by taking# of this equation. �

Theorem 3.18.The set{1
2
(Cw +C ′

w) | w ∈ A (W )} is a basis forAR,q(W )
that is invariant under the bar involution.

Proof. Since both theC andC ′ bases are defined to be invariant under,
and because is a ring homomorphism, we see that each element in the set
is also invariant.

If w ∈ A (W ) then, by the previous lemma,

[
1

2
(Cw + C ′

w)

]#

=
1

2
(C#

w + C ′#
w )

=
1

2
(C ′

w + Cw).
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Therefore we have the right number of hash invariant elements. Now, for
w ∈W , Cw =

∑
x≤w αx,wTx for someαx,w ∈ R, so

1

2
(Cw + C ′

w) =
1

2
(Cw + C#

w )

=
1

2

(
∑

x≤w

αx,wTx +
∑

x≤w

αx,wT
#
x

)

=
1

2

∑

x≤w

αx,w(Tx + T#
x )

=
∑

x≤w
x∈A (W )

αx,wBx +
1

2

∑

x<w
x 6∈A (W )

αx,w(Tx + T#
x )

=
∑

x≤w
x∈A (W )

αx,wBx +
1

2

∑

x<w
x 6∈A (W )

αx,w(Tx +
∑

y≤x

εyRy,xTy)

=
∑

x≤w
x∈A (W )

αx,wBx +
1

2

∑

x<w
x 6∈A (W )

αx,w

∑

y<x

εyRy,xTy.

Now the second summand above is inAR,q(W ) so it must be a linear
combination of basis elementsBz for somez ∈ A (W ), whereℓ(z) < ℓ(w).
Hence the transition matrix between the set{1

2
(Cw+C ′

w) |w ∈ A (W )} and
the basis elementsBw is triangular, implying that the set{1

2
(Cw+C ′

w) | w ∈
A (W )} is a basis forAR,q(W ). �

3.4. A Presentation for the Hecke Algebra

In order to give generators and relations forAR,q(W ) we will need a
different presentation forHR,q(W ) than that given in Section 1.2. In this
section we give a presentation forHR,q(W ) that generalises the work of
Mitsuhashi for Coxeter groups of typeAn andBn, see [16] & [ 17]. Let R
be a ring containing1/2 and invertible elementsq 6= −1 andq + 1.

For eachs ∈ S set

fs =
2Ts − (q − 1)

q + 1
.

Proposition 3.19. Let (W,S) be a Coxeter system. For eachs ∈ S, fs is
self inverse.
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Proof. Let s ∈ S. Then

f 2
s =

[
2Ts − (q − 1)

q + 1

]2

=
4T 2

s − 4(q − 1)Ts + (q − 1)2

(q + 1)2

=
4((q − 1)Ts + q)− 4(q − 1)Ts + (q − 1)2

(q + 1)2

=
4q + (q − 1)2

(q + 1)2
.

= 1

�

We will find that the elementsfs, for s ∈ S, generate the Hecke algebra.
Our aim is to rewrite the relations of the Hecke algebra in terms of these new
generators. The next three results will help us investigatethis.

Recall that ifa andb are elements inHR,q(W ), then(ab . . .)m = abab . . .︸ ︷︷ ︸
m

for m a positive integer and(ab . . .)m = baba . . .︸ ︷︷ ︸
−m

if m is a negative integer.

Also, set(ab . . .)0 = 1. Note that(ab . . .)−m = (ba . . .)m.

Lemma 3.20. Supposer, s ∈ S, r 6= s and letα ∈ R. There exist non-
negative integersam

k,l such that

(3.21) ((fr − α)(fs − α) . . .)m =
m∑

l=0

(−α)m−l
∑

−l≤k≤l

k≡l (mod 2)

am
k,l(frfs . . .)k,

wheneverm ≥ 1.
Moreover, the elementsam

k,l are uniquely determined by the recurrence
relations:

a) am
k,l = 0 unless0 ≤ |k| ≤ l ≤ m, k ≡ l (mod2),

b) a1
0,0 = 1, a1

1,1 = 1 anda1
−1,1 = 0,

c) am
k,l = am−1

−k,l + am−1
k−1,l−1 for m > 1.



3.4. A PRESENTATION FOR THEHECKE ALGEBRA 23

Proof. The proof of the recurrence relation will be by induction onm. First
note that

fr(fsfr . . .)k =





fr(fsfr . . .︸ ︷︷ ︸
k

) if k > 0,

fr if k = 0,
fr(frfs . . .︸ ︷︷ ︸

−k

) if k < 0.

=






(frfs . . .︸ ︷︷ ︸
k+1

) if k > 0,

fr if k = 0,
(fsfr . . .︸ ︷︷ ︸

−k−1

) if k < 0.

= (frfs . . .)k+1.

Whenm = 1, Equation 3.21 is satisfied if we seta1
0,0 = 1, a1

−1,1 = 0,
a1

1,1 = 1, anda1
k,l = 0 for any other values ofk andl.

For the inductive step we are assuming that

((fs − α)(fr − α) . . .)m =

m∑

l=0

(−α)m−l
∑

−l≤k≤l
k≡l (mod 2)

am
k,l(fsfr . . .)k.

So

((fr − α)(fs − α) . . .)m+1

= (fr − α)

m∑

l=0

(−α)m−l
∑

−l≤k≤l

k≡l (mod 2)

am
k,l(fsfr . . .)k

=

m∑

l=0

(−α)m−l
∑

−l≤k≤l

k≡l (mod 2)

am
k,l(frfs . . .)k+1

+
m∑

l=0

(−α)m+1−l
∑

−l≤k≤l

k≡l (mod 2)

am
k,l(fsfr . . .)k
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After replacingk with k − 1 in the first summand andk with −k in the
second, we have

((fr − α)(fs − α) . . .)m+1 =
m∑

l=0

(−α)m−l
∑

−l+1≤k≤l+1
k 6≡l (mod 2)

am
k−1,l(frfs . . .)k

+

m∑

l=0

(−α)m+1−l
∑

−l≤k≤l

k≡l (mod 2)

am
−k,l(frfs . . .)k

=
m+1∑

l=1

(−α)m+1−l
∑

−l+2≤k≤l
k≡l (mod 2)

am
k−1,l−1(frfs . . .)k(3.22)

+
m∑

l=0

(−α)m+1−l
∑

−l≤k≤l
k≡l (mod 2)

am
−k,l(frfs . . .)k(3.23)

after replacingl with l − 1 in the first summand.
Form > 1 set

am
k,l =

{
am−1
−k,l + am−1

k−1,l−1, if 0 ≤ |k| ≤ l ≤ m, k ≡ l(mod2),
0, otherwise.

Then in the first summand above, (3.22), we might as well include the case
wherel = 0 sinceam

k−1,−1 = 0. Note also, that we can include the case
wherek = −l sinceam

−l−1,l−1 = 0 (the case whenk = −l + 1 never occurs
since, in the sum,k ≡ l). Similarly, in the second summand, (3.23), we can
include thel = m+ 1 case. Therefore

((fr − α)(fs − α) . . .)m+1

=

m+1∑

l=0

(−α)m+1−l
∑

−l≤k≤l

k≡l (mod 2)

am
k−1,l−1(frfs . . .)k

+
m+1∑

l=0

(−α)m+1−l
∑

−l≤k≤l
k≡l (mod 2)

am
−k,l(frfs . . .)k

=

m+1∑

l=0

(−α)m+1−l
∑

−l≤k≤l
k≡l (mod 2)

(am
k−1,l−1 + am

−k,l)(frfs . . .)k

=

m+1∑

l=0

(−α)m+1−l
∑

−l≤k≤l

k≡l (mod 2)

am+1
k,l (frfs . . .)k.
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�

Here are some useful results that follow directly from the definition of
the elementsam

k,l.

Corollary 3.24.

a) am
0,0 = 1 for m ≥ 1,

b) am
k,m = δk,m for |k| ≤ m,

c) am
l,l =

(
l + ⌊m−l

2
⌋

l

)
, for all 0 ≤ l ≤ m.

Proof. The first property is clear from Equation 3.21 - the coefficient of
(−α)m on the left-hand side of Equation 3.21 is1.

For property b) consideram
k,m in Equation 3.21. This is the coefficient

of (−α)0(frfs . . .)k on the right-hand side. The only way to get a non-
zero term(−α)0(frfs . . .)k on the left-hand side of Equation 3.21 is when
k = m.

Property c) will be proved by induction onm. From Lemma 3.20 b), we

havea1
0,0 = 1, but

(
0 + ⌊1−0

2
⌋

0

)
=

(
0

0

)
= 1. Also from Lemma 3.20 b),

we havea1
1,1 = 1, and

(
1 + ⌊1−1

2
⌋

1

)
=

(
1

1

)
= 1.

Now supposem > 1. First consider the case whenm− l ≥ 2. Then

am
l,l = am−1

−l,l + am−1
l−1,l−1

= am−2
l,l + am−2

−l−1,l−1 + am−1
l−1,l−1

= am−2
l,l + am−1

l−1,l−1

=

(
l + ⌊m−l

2
⌋ − 1

l

)
+

(
l − 1 + ⌊m−l

2
⌋

l − 1

)

=

(
l + ⌊m−l

2
⌋

l

)
.

Now if m− l = 1, then

am
l,l = am

m−1,m−1

= am−1
−m+1,m−1 + am−1

m−2,m−2

= am−1
m−2,m−2

=

(
m− 2 + ⌊m−1−(m−2)

2
⌋

m− 2

)
(by the inductive assumption)

= 1
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and

(
m− 1 + ⌊m−(m−1)

2
⌋

m− 1

)
= 1.

Lastly, ifm−l = 0 then by part b) of this lemma we haveam
l,l = am

m,m =

1. However,

(
m+ ⌊m−m

2
⌋

m

)
= 1. �

The following lemma gives a closed form for the elements,am
k,l, in the

recurrence relation of Lemma 3.20.

Lemma 3.25.For 0 ≤ |k| ≤ l < m andk ≡ l (mod 2),

am
k,l =





(m−2−k
2

l−k
2

)(m+k
2

l+k
2

)
, if l ≡ m,

(m−1−k
2

l−k
2

)(m−1+k
2

l+k
2

)
, if l 6≡ m.

Proof. The proof will be by induction onm.
First we considerm = 1. Since we must have0 ≤ |k| ≤ l <

1 we only need to considera1
0,0. In this casel 6≡ m and the formula

gives

(1−1−0
2

0−0
2

)( 1−1+0
2

0+0
2

)
= 1, which agrees with the value ofa1

0,0 given

in Lemma 3.20 b).

Case 1.m ≡ l
Now for the inductive step. By Lemma 3.20 c) we have

am
k,l = am−1

−k,l + am−1
k−1,l−1.

Since|k| ≤ l we have−l−1 ≤ k−1 ≤ l−1. So we have two possibilities:
|k − 1| ≤ l − 1 or k − 1 = −l − 1, ie., k = −l (note that we can’t have
k − 1 = −l sincek ≡ l).

Supposek = −l. In this caseam−1
k−1,l−1 = 0. Soam

k,l = am−1
−k,l and we can

use the inductive hypothesis:

am
k,l = am−1

l,l

=

(
l + ⌊m−1−l

2
⌋

l

)
by Corollary 3.24 c)

=

(
l + m−l

2
− 1

l

)
sincem− l ≡ 0

=

(
l + m−l−2

2

l

)
.



3.4. A PRESENTATION FOR THEHECKE ALGEBRA 27

However,
(m−2−k

2
l−k
2

)(m+k
2

l+k
2

)
=

(
m−2+l

2

l

)(
m−l

2

0

)

=

(m−2+l
2

l

)
.

which is the equation foram
k,l whenk = −l.

Now suppose that|k − 1| ≤ l− 1. We can use the inductive hypothesis
on both summands:

am
k,l = am−1

−k,l + am−1
k−1,l−1

=

(m−1−1+k
2

l+k
2

)(m−1−1−k
2

l−k
2

)
+

(m−1−2−k+1
2

l−1−k+1
2

)(m−1+k−1
2

l−1+k−1
2

)

=

(m−2+k
2

l+k
2

)(m−2−k
2

l−k
2

)
+

(m−2−k
2

l−k
2

)(m−2+k
2

l−2+k
2

)

=

(m−2−k
2

l−k
2

)[(m−2+k
2

l+k
2

)
+

(m−2+k
2

l−2+k
2

)]

=

(m−2−k
2

l−k
2

)(m+k
2

l+k
2

)
.

Case 2.m 6≡ l
Again we must consider the cases whenk = −l and|k − 1| ≤ l − 1. First
consider the case whenk = −l. Then

am
k,l = am

−l,l

= am−1
l,l

=

(
l + ⌊m−1−l

2
⌋

l

)
by Corollary 3.24 c)

=

(
l + m−1−l

2

l

)
sincem− l ≡ 1

=

(
m−1+l

2

l

)
.

Now,
(m−1−k

2
l−k
2

)(m−1+k
2

l+k
2

)
=

(
m−1+l

2

l

)(
m−1−l

2

0

)

=

(
m−1+l

2

l

)
,
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which is the equation foram
k,l whenk = −l.

Now consider the case when|k− 1| ≤ l− 1. This will be similar to the
previous case as we are again using the inductive assumption.

am
k,l = am−1

−k,l + am−1
k−1,l−1

=

(m−1−2+k
2

l+k
2

)(m−1−k
2

l−k
2

)
+

(m−1−1−k+1
2

l−1−k+1
2

)(m−1−1+k−1
2

l−1+k−1
2

)

=

(m−3+k
2

l+k
2

)(m−1−k
2

l−k
2

)
+

(m−1−k
2

l−k
2

)(m−3+k
2

l+k−2
2

)

=

(m−1−k
2

l−k
2

)[(m−3+k
2

l+k
2

)
+

(m−3+k
2

l+k−2
2

)]

=

(m−1−k
2

l−k
2

)(m−1+k
2

l+k
2

)
.

�

Corollary 3.26. If 0 ≤ |k| ≤ l < m,

am
−k,l =

{
am

k,l, whenm 6≡ l (mod 2),
m−k
m+k

am
k,l, whenm ≡ l (mod 2).

Proof. This comes directly from Lemma 3.25. �

Recall that fors ∈ S, fs =
2Ts − (q − 1)

q + 1
.

Theorem 3.27.The set{fs | s ∈ S} generatesHR,q(W ) with the relations:

• f 2
s = 1 for s ∈ S.

•
mrs∑
l=0

l≡mrs

(
q−1
q+1

)mrs−l ∑
0<k≤l

k≡mrs

2k
mrs+k

amrs

k,l

(
(frfs . . .)k−(fsfr . . .)k

)
= 0 for

r, s ∈ S, r 6= s.

Proof. For s ∈ S, Ts = q+1
2

(fs + q−1
q+1

). SoHR,q(W ) is generated by the
elements{fs | s ∈ S}.

Since(Ts − q)(Ts + 1) = 0 for eachs ∈ S, we have
(
q + 1

2
fs +

q − 1

2
− q
)(

q + 1

2
fs +

q − 1

2
+ 1

)
= 0,

that is,
((q + 1)fs − (q + 1)) ((q + 1)fs + (q + 1)) = 0,

which simplifies tof 2
s = 1 (confirming our result from Proposition 3.19).
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To simplify calculations setα = q−1
q+1

. We know that(TrTs . . .)mrs
=

(TsTr . . .)mrs
for all r, s ∈ S, r 6= s. This implies that

((
fr + α

)(
fs + α

)
. . .
)

mrs

=
((
fs + α

)(
fr + α

)
. . .
)

mrs

.

We can now use Lemma 3.20 to give

mrs∑

l=0

αmrs−l
∑

−l≤k≤l
k≡l

amrs

k,l (frfs . . .)k =
mrs∑

l=0

αmrs−l
∑

−l≤k≤l
k≡l

amrs

k,l (fsfr . . .)k.

or

mrs∑

l=0

αmrs−l
∑

−l≤k≤l

k≡l

amrs

k,l

(
(frfs . . .)k − (fsfr . . .)k

)
= 0.

Then

0 =
mrs∑

l=0

αmrs−l



∑

0<k≤l
k≡l

amrs

k,l

(
(frfs . . .)k − (fsfr . . .)k

)

+
∑

−l≤k<0
k≡l

amrs

k,l

(
(frfs . . .)k − (fsfr . . .)k

)




=
mrs∑

l=0

αmrs−l



∑

0<k≤l
k≡l

amrs

k,l

(
(frfs . . .)k − (fsfr . . .)k

)

+
∑

0<p≤l

p≡l

amrs

−p,l

(
(fsfr . . .)p − (frfs . . .)p

)



=
mrs∑

l=0

αmrs−l
∑

0<k≤l
k≡l

(amrs

k,l − amrs

−k,l)
(
(frfs . . .)k − (fsfr . . .)k

)

=

mrs∑

l=0
l≡mrs

αmrs−l
∑

0<k≤l

k≡l

(amrs

k,l − mrs−k
mrs+k

amrs

k,l )
(
(frfs . . .)k − (fsfr . . .)k

)
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(by Corollary 3.26)

=

mrs∑

l=0
l≡mrs

αmrs−l
∑

0<k≤l

k≡mrs

2k
mrs+k

amrs

k,l

(
(frfs . . .)k − (fsfr . . .)k

)
.

�

Combining Theorem 3.27 with the following examples, we havethe
presentations for the Hecke algebras of the Weyl groups.

Examples 3.28.

• frfs − fsfr = 0 whenevermrs = 2.

• frfsfr − fsfrfs +
(

q−1
q+1

)2

(fr − fs) = 0 whenevermrs = 3.

• frfsfrfs−fsfrfsfr+2
(

q−1
q+1

)2

(frfs−fsfr) = 0 whenevermrs = 4.

• frfsfrfsfr − fsfrfsfrfs + 3
(

q−1
q+1

)2

(frfsfr − fsfrfs)

+

((
q−1
q+1

)2

+
(

q−1
q+1

)4
)

(fr − fs) = 0 whenevermrs = 5.

• frfsfrfsfrfs − fsfrfsfrfsfr + 4
(

q−1
q+1

)2

(frfsfrfs − fsfrfsfr)

+

(
2
(

q−1
q+1

)2

+ 3
(

q−1
q+1

)4
)

(frfs−fsfr) = 0 whenevermrs = 6.

3.5. Generators and Relations for the Alternating Hecke Algebra

We would like to give a presentation for the alternating Hecke algebra
AR,q(W ). To this end we give the generators and some relations. The next
few results prepare us for this. Recall thatR is a ring containing1/2 and
invertible elementsq 6= −1 andq + 1.

Lemma 3.29. Suppose that(W,S) is a Coxeter system. LetG be the free
group generated by elementsḟs for s ∈ S and letH be the subgroup ofG
which is generated by pairṡfrḟs for r, s ∈ S, r 6= s. Then

G = H
∐
ḟtH

for anyt in S.

Proof. Let X = {ḟs | s ∈ S} and letX−1 be the set of formal inverses
of the elements inX. Then elements inG are words in the setX ∪ X−1.
Similarly let Y = {ḟrḟs | r, s ∈ S, r 6= s}, andY −1 be the set of inverses
of elements inY . ThenH consists of all words inY ∪ Y −1.
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Choose an arbitraryt ∈ S. Elements inG are words with either an even
or odd number of elements fromX ∪ X−1. If an element inG is a word
of even length then it lies inH. Supposeg ∈ G has odd length. Then
g = ḟt(ḟ

−1
t g) whereḟ−1

t g ∈ H. Sog ∈ ḟtH. �

The following nice result will be useful in later calculations and gives
us an idea of howAR,q(W ) relates toHR,q(W ). In fact, we use this result
in Section 5.1 to prove that, whenR is a commutative ring,HR,q(W ) is a
Z/2Z-gradedR-algebra.

Lemma 3.30. Let t ∈ S. ThenHR,q(W ) = AR,q(W ) ⊕ ftAR,q(W ) as
R-modules.

Proof. Supposeh ∈ A∩ ftA. Thenh = fth
′ for someh′ ∈ A. Nowh# =

h sinceh ∈ A. We also havef#
t = −ft soh# = f#

t h
′# = −fth

′ = −h.
Thereforeh = 0.

Now leth be inHR,q(W ) and leth1 = 1
2
(h+ h#) andh2 = 1

2
(h− h#).

Thenh = h1 + h2. Now h#
1 = h1 soh1 ∈ A. Also, (fth2)

# = fth2 so
fth2 ∈ A and thereforeh2 = f 2

t h2 ∈ ftA.
�

Lemma 3.31.For s ∈ S, f#
s = −fs.

Proof. Let s ∈ S. Then

f#
s =

(
2Ts − (q − 1)

q + 1

)#

=
2(−Ts + q − 1)− (q − 1)

q + 1

=
−(2Ts − (q − 1))

q + 1
= −fs.

�

Lemma 3.32. The alternating Hecke algebra is generated by elements of
the formfrfs for r, s in S, r 6= s.

Proof. By Lemma 3.31, an even product of generators is fixed under#.
Therefore any even product belongs toAR,q(W ).

Let a ∈ AR,q(W ). Then by Theorem 3.27,a can be written as a linear
combination of words in thefs for s ∈ S. Write a = a0 + a1 wherea0 is
a linear combination of words of even length anda1 is a linear combination
of words of odd length. Thena = a# = a0−a1, by Lemma 3.31. Therefore
a1 = 0. That is,a is linear combination of even products only. �
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LetX = {fs | s ∈ S} andY = {frfs | r, s ∈ S, r 6= s}. The following
theorem gives the generators and some relations for the alternating Hecke
algebra.

Theorem 3.33.Fix t ∈ S and letys = fsft for all s ∈ S, s 6= t. Then
the alternating Hecke algebra has generatorsys for s ∈ S\{t} and the
following relations hold.

•
mrs∑
l=0

l≡mrs

(
q−1
q+1

)mrs−l ∑
0<k≤l
k≡mrs

2k
mrs+k

amrs

k,l

(
(yry

−1
s . . .)k−(ysy

−1
r . . .)k

)
= 0

for r, s ∈ S, r 6= s.

•
mrt∑
l=0

l≡mrt

(
q−1
q+1

)mrt−l ∑
0<k≤l

k≡mrt

2k
mrt+k

amrt

k,l

(
y

k/2
r − y−k/2

r

)
= 0

for r ∈ S, r 6= t andmrt even.

•
mrt∑
l=0

l≡mrt

(
q−1
q+1

)mrt−l ∑
0<k≤l
k≡mrt

2k
mrt+k

amrt

k,l

(
y

(k+1)/2
r − y−(k−1)/2

r

)
= 0

for r ∈ S, r 6= t andmrt odd.

Proof. Let G andH be the free groups generated by the setsX andY
(as above) respectively. ThenHR,q(W ) = RG/〈R〉RG whereR is the set
containing the relationsf 2

s = 1 for s ∈ S, and

mrs∑

l=0
l≡mrs

(
q−1
q+1

)mrs−l
∑

0<k≤l

k≡mrs

2k
mrs+k

amrs

k,l

(
(frfs . . .)k − (fsfr . . .)k

)
= 0

for r, s ∈ S, r 6= s. By Lemma 3.29 we have coset representatives1 andft

for H in G.
Lemma 2.1 tells us that the set

Z = {fs
−1
fs, fsft

−1
fsft, f−1

s

−1
f−1

s , f−1
s ft

−1
f−1

s ft | s ∈ S}
= {f−1

t fs, fsft, f
−1
t f−1

s , f−1
s ft | s ∈ S}

= {ftfs, fsft | s ∈ S}
generatesAR,q(W ). Let ys = fsft andy′s = ftfs for all s ∈ S. Then
Z = {ys, y

′
s | s ∈ S}. We will write y′s = y−1

s sinceysy
′
s = y′sys = 1.

From the presentation of the Hecke algebra we have the relations
mrs∑

l=0
l≡mrs

αmrs−l
∑

0<k≤l

k≡mrs

2k
mrs+k

amrs

k,l

(
(frfs . . .)k − (fsfr . . .)k

)
= 0(3.34)

for r, s ∈ S, r 6= s. We need to rewrite these relations in terms of the
generators for the alternating Hecke algebra.
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Case 1.mrs is even

First consider the case whens 6= t, r 6= t. We have, fork > 0,

(frfs . . .)k = frfs . . . frfs︸ ︷︷ ︸
k

= (frft)(ftfs) . . . (frft)(ftfs)︸ ︷︷ ︸
2k

= (yry
−1
s . . .)k.

So we have the relations
mrs∑

l=0
l≡mrs

αmrs−l
∑

0<k≤l
k≡mrs

2k
mrs+k

amrs

k,l

(
(yry

−1
s . . .)k − (ysy

−1
r . . .)k

)
= 0,

whenmrt is even.
Now consider the case whens = t, r 6= t. Then

(frft . . .)k = frft . . . frft︸ ︷︷ ︸
k

= yk/2
r and

(ftfr . . .)k = y−k/2
r

whenk > 0. So, whenmrt is even, we have
mrt∑

l=0
l≡mrt

αmrt−l
∑

0<k≤l
k≡mrt

2k
mrt+k

amrt

k,l

(
yk/2

r − y−k/2
r

)
= 0.

Note that we needn’t consider the case whenr = t, s 6= t, since it is equiv-
alent to this case.

Case 2.mrs is odd
Whenmrs is odd the relation (3.34) doesn’t lie in the alternating Hecke
algebra. So we will multiply both sides of this equation on the right byft.
Hence

mrs∑

l=0
l≡mrs

αmrs−l
∑

0<k≤l

k≡mrs

2k
mrs+k

amrs

k,l

(
(frfs . . .)kft − (fsfr . . .)kft

)
= 0

for r, s ∈ S, r 6= s.
Suppose thats 6= t, r 6= t. We have, fork > 0,

(frfs . . .)kft = frfs . . . fr︸ ︷︷ ︸
k

ft

= (frft)(ftfs) . . . (frft)︸ ︷︷ ︸
2k

= (yry
−1
s . . .)k
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which is the same result that we arrived at in the case wheremrs was even.
Therefore we have the same relations whenmrs is odd.

Now supposes = t, r 6= t. Then, fork > 0 we have following:

(frft . . .)kft = y(k+1)/2
r ,

(ftfr . . .)kft = y−(k−1)/2
r .

whenmrt is odd. Therefore we have the relations

mrt∑

l=0
l≡mrt

αmrt−l
∑

0<k≤l
k≡mrt

2k
mrt+k

amrt

k,l

(
y(k+1)/2

r − y−(k−1)/2
r

)
= 0.

�

The following are examples for the alternating Hecke algebras of the
Weyl groups.

Examples 3.35.

• y−1
r = yr if mrt = 2

• y−1
r = y2

r +
(

q−1
q+1

)2

(yr − 1) if mrt = 3

• y−1
r = y3

r + 2
(

q−1
q+1

)2

(y2
r − 1) if mrt = 4

• y−1
r = y4

r + 3
(

q−1
q+1

)2

(y3
r − 1) +

[(
q−1
q+1

)2

+
(

q−1
q+1

)4
]

(y2
r − yr)

if mrt = 5

• y−1
r = y5

r + 4
(

q−1
q+1

)2

(y4
r − 1) +

[
2
(

q−1
q+1

)2

+ 3
(

q−1
q+1

)4
]

(y3
r − yr)

if mrt = 6
• yry

−1
s = ysy

−1
r if mrs = 2

• yry
−1
s yr = ysy

−1
r ys +

(
q−1
q+1

)2

(ys − yr) if mrs = 3.

• yry
−1
s yry

−1
s = ysy

−1
r ysy

−1
r + 2

(
q−1
q+1

)2

(ysy
−1
r − yry

−1
s ) if mrs = 4.

• yry
−1
s yry

−1
s yr = ysy

−1
r ysy

−1
r ys + 3

(
q−1
q+1

)2

(ysy
−1
r ys − yry

−1
s yr) +

[(
q−1
q+1

)2

+
(

q−1
q+1

)4
]

(ys − yr) if mrs = 5.

• yry
−1
s yry

−1
s yry

−1
s = ysy

−1
r ysy

−1
r ysy

−1
r + 4

(
q−1
q+1

)2

(ysy
−1
r ysy

−1
r −

yry
−1
s yry

−1
s )+

[
2
(

q−1
q+1

)2

+ 3
(

q−1
q+1

)4
]

(ysy
−1
r −yry

−1
s ) if mrs = 6.



CHAPTER 4

An Isomorphism Theorem

Tits’ deformation theorem gives a general method to show that two de-
formations of a semisimple algebra are isomorphic. The method involves
showing that the two algebras have the same Wedderburn decomposition.
We will follow the treatment of Geck and Pfeiffer [6].

4.1. Valuation Rings and Grothendieck Groups

In this section we outline some basic definitions. Recall that avaluation
ring O is an integral domain such that, for eachx in the field of fractions
ofO, we have

x 6∈ O ⇒ x−1 ∈ O.
ThereforeO ∪ O−1 is the field of fractions ofO, whereO−1 is the set of
inverses of the non-zero elements inO. In fact, a valuation ring is a local
ring with maximal ideal

J (O) := {x ∈ O | x−1 6∈ O} ∪ {0}.
See Lang [12, p 481].

We will require various results on valuation rings which we will only
state here. LetR be an integral domain contained in a fieldK.

a) If I ⊂ R is a prime ideal then there exists a valuation ringO ⊆ K
such thatR ⊆ O andJ (O) ∩R = I.

b) Every finitely generated torsion-free module over a valuation ring in
K is free.

c) The intersection of all valuation ringsO ⊆ K with R ⊆ O is the
integral closure ofR in K. Each valuation ring itself is integrally
closed inK.

For proofs of a) and b) see Goldschmidt [7, §5] and for c) see Mat-
sumura [15, Theorem 10.4].

We will also need to know something about Grothendieck groups. The
following definitions and results can be found in Curtis & Reiner [3, §16B].

LetH be an algebra over some field and letC be the category of finitely
generated rightH-modules. ForM ∈ C we write (M) for the class of

35
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modules isomorphic toM . LetF be the (additive) free abelian group with
generators(M), for (M) an isomorphism class of modules inC. LetF0 be
the subgroup ofF generated by all expressions(M) − (M1) − (M2), for
each short exact sequence

0 −→M1
f−→ M

g−→M2 −→ 0

of R-modules. Then theGrothendieck group, G0(H), of C is defined to
be the quotient group

G0(H) := F/F0.

Let [M ] be the image of(M) under this quotient, so[M ] := (M) + F0.
Then we have relations[M ] = [M1] + [M2] for each short exact sequence
as above.

We note that the isomorphism classes of simple modules form abasis
for G0(H). To see this, considerM ∈ C whereM is not irreducible. We
can find a maximal submoduleN ofM and construct a short exact sequence

0 −→ N
f→֒ M

g−→ M/N −→ 0

wheref is the inclusion map andg the natural quotient map. Thus we have
the relation[M ] = [N ] + [M/N ], whereM/N is irreducible. Iterating this
procedure onN gives us the required result.

Lastly, letG+
0 (H) be the subset ofG0(H) consisting of elements[M ]

whereM ∈ C. SoG+
0 (H) consists of positive linear combinations of

classes of simple modules. Note thatG+
0 (H) is a monoid with identity

[{0}].

4.2. Tits’ Deformation Theorem

In this section we set up the framework required for Tits’ deformation
theorem, following Geck and Pfeiffer [6, §7.3,7.4].

SupposeR is an integral domain which is integrally closed in a field
K. Let H be anR-algebra which is finitely generated and free overR.
Then we can construct theK-algebraHK := H ⊗R K. Let θ : R → L
be a ring homomorphism such thatL is a field and the field of fractions of
Im(θ) is contained inL. We will call such a map aspecialisationof R.
We may regardL as a leftR-module viaθ. Therefore we can construct
HL := H ⊗R L, the algebraH over the fieldL.

Let X be an indeterminate overK and let Maps(H,K[X]) be theK-
algebra of maps fromH to K[X], with multiplication of maps given by
pointwise multiplication. Fix a basis ofH. Now supposeV is aHK-module
of finite dimensionn, and letψV ∈ Maps(H,K[X]) be the map which
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sendsh ∈ H to the characteristic polynomial ofρV (h⊗ 1), whereρV is the
representation afforded byV . So

ψV : H → K[X]

h 7→ Det(ρV (h⊗ 1)−XI)
whereI is the identity matrix. Then define a map

pK : G+
0 (HK) → Maps(H,K[X])

[V ] 7→ ψV .

The mappK is well defined and when we consider Maps(H,K[X]) as a
semigroup under multiplication,pK is a semigroup homomorphism. Define
pL in a similar manner. So

pL : G+
0 (HL) → Maps(H,L[X])

[V ] 7→ ψV

where nowψV ∈ Maps(H,L[X]).
Note thatIm(θ) is an integral domain since it is a subring of the field

L. Therefore Ker(θ) is a prime ideal sinceR/Ker(θ) ∼= Im(θ). Hence, by
property a) in Section 4.1, there exists some valuation ringO ⊆ K such
thatR ⊆ O andJ (O) ∩R = Ker(θ).

Let k be the fieldO/J (O) and letπ : O → k be the canonical epimor-
phism. Note that we can considerIm(θ) as a subset ofk via the following:

Im(θ) ∼= R/Ker(θ) = R/(J (O) ∩R) ∼= (J (O) +R)/J (O) ⊆ k,

by the first and second isomorphism theorems. So forr ∈ R, we consider
θ(r) as the the elementr + J (O) in k. Now, since localisation respects
inclusion, the field of fractions ofIm(θ) is a subfield of the field of fractions
of k. But this means thatL ⊆ k.

Hence we have the following commutative diagram.

R ⊆ O ⊆ K
θ ↓ ↓ π

L ⊆ k

The importance of working with valuation rings can be seen inthe fact
that it allows us to find a basis forV such thatρV (h ⊗ 1) ∈ Matn(O) for
all h ∈ H, wheren = dimKV (for a proof of this see [6], Section 7.3.7).
When this happens there exists a finitely generatedHO-moduleṼ such that
V ∼= Ṽ K . SinceṼ sits inside theK-vector spaceV it must be torsion-free.
HenceṼ is free, by b) in section 4.1. Also,̃V k is a rightHk-module with
action(v ⊗ 1)(h⊗ 1) = vh⊗ 1 for v ∈ V andh ∈ H. We call this module
themodular reduction of Ṽ .
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Theorem 7.4.3 of Geck & Pfeiffer asserts the existence of decomposi-
tion maps:

Theorem 4.1([6], Theorem 7.4.3). SupposeR is an integral domain and
that θ : R → L is a ring homomorphism into the field of fractions,L, of
Im(θ). Assume that we have chosen a valuation ringO as above and that
HL is split. Then the following hold.

a) The modular reduction of̃V induces an additive map

dθ : G+
0 (HK)→ G+

0 (HL)

such thatdθ([Ṽ
K ]) = [Ṽ k], whereṼ is a HO-lattice and[Ṽ k] is

regarded as an element ofG+
0 (HL) via the identification above. The

mapdθ is thedecomposition mapassociated to the specialisation
θ.

b) The mappK has image contained in Maps(H,R[X]) and we have
the following commuatative diagram

G+
0 (HK)

pK−−−→ Maps(H,R[X])

dθ

y
ytθ

G+
0 (HL) −−−→

pL

Maps(H,L[X])

wheretθ is the map induced byθ.
c) The mapdθ is uniquely determined by the commutativity of the dia-

gram in b). In particular,dθ depends only onθ and not on the choice
ofO.

Suppose we have anR-linear mapλ : H → R. Then we will define a
newL-linear map

λL : HL → L
h⊗ 1 7→ θ(λ(h))

for eachh ∈ H. Let χ : HK → K be the character of theHK-moduleV .
Note thatpK has image contained in Maps(H,R[X]) and, since a character
value appears as the coefficient ofXn−1 in the corresponding characteristic
polynomial, we haveχ(h) ∈ R for all h ∈ HK . Therefore we can restrict
χ to anR-linear mapχ̇ : H → R. Recall that a linear mapτ : H → R
is a trace function if τ(hh′) = τ(h′h) for all h, h′ ∈ H. Now χ̇ is a
trace function and hence, by an easy calculation,χ̇L is also a trace function.
Moreover, by Theorem 4.1, part b), and using the fact that thecharacter is a
coefficient in the characteristic polynomial,χ̇L is the character ofdθ([V ]).

We now have enough information to state Tits’ deformation theorem.
For an algebra,A, we let Irr(A) be the set of irreducible rightA-characters.
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Theorem 4.2(Tits’ Deformation Theorem). Assume thatHK andHL are
split and thatHL is semisimple. Then the algebraHK is semisimple and
the decomposition mapdθ is an isomorphism which preserves isomorphism
classes of simple modules. In particular, the map

Irr(HK) → Irr(HL)

χ 7→ χ̇L

is a bijection.

4.3. An Isomorphism Theorem

Throughout this section letW be a finite Coxeter group and letA =
AR,q(W ) be the alternating Hecke algebra over the ringR = Z[q±1, 1/2].
Let E = Q(q). ConsiderE as a leftR-module and defineAE = A ⊗R

E. ThenAE is isomorphic to the alternating Hecke algebra overE, by
Theorem 3.10.

If R is a ring we writeA R for the group algebra of the alternating group
A (W ). We will follow Geck & Pfeiffer by using Tit’s deformation theorem
to show that, for some sufficiently large fieldK, the group algebraA K is
isomorphic toAK . We will need to show thatAE is a separable algebra.
However, first we must prove the following preliminary results.

Lemma 4.3. Letφ : A Q → Q be the character of the regular representa-
tion of the group algebraA Q. Then the bilinear formΦ : A Q×A Q → Q,
defined byΦ(h, h′) = φ(hh′) for all h, h′ in A Q, is non-degenerate.

Proof. We have, forx in A (W ),

φ(x) =

{
|A (W )| if x = 1

0 otherwise

Let h ∈ A Q. Soh =
∑

w∈A (W ) λww for someλw in Q. Supposeφ(hh′) =

0 for all h′ in A
Q. That is,φ(

∑
w∈A (W ) λwwh

′) = 0 for all h′ in A
Q. Then

certainlyφ(
∑

w∈A (W ) λwwx) = 0 for all x in A (W ). Sinceφ is linear
we have

∑
w∈A (W ) λwφ(wx) = 0. Howeverφ(wx) is 0 if w 6= x−1 so

|A (W )|λx−1 = 0 for all x ∈ A (W ). Thereforeλx = 0 for all x ∈ A (W )
and soh = 0. HenceΦ is non-degenerate. �

Let θ : R → Q be the ring homomorphism sendingq 7→ 1. Then the
group algebraWQ is anR-module viaθ. Since the structure constants in
WQ are obtained by applyingθ to the structure constants inH, θ induces
an algebra homomorphism fromH → WQ sendingq 7→ 1 andTw 7→ w.
Now if w ∈ A (W ) thenBw = 1

2
(Tw + T#

w ) = 1
2
(Tw + εwqwT

−1
w−1) goes

to 1
2
(w + (w−1)−1) = w under this map and, since the map is an algebra
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homomorphism, the structure constants inA Q are obtained by settingq = 1
in the structure constants ofA; that is, by applyingθ.

Lemma 4.4. ConsiderAE as a right module over itself and letψ : AE →
E be the character of the regular representation. Then the bilinear form
Ψ : AE × AE → E, given byΨ(h, h′) = ψ(hh′) for h, h′ in AE, is non-
degenerate.

Proof. Fix a basis{Bw | w ∈ A (W )} ofA. Then{Bw ⊗ 1 | w ∈ A (W )}
is a basis forAE overE. Let ρ be the regular representation ofAE with
respect to this basis. We haveψ(h) = Tr(ρ(h)) for all h inAE. Letφ andΦ
be defined as in Lemma 4.3. We will use the fact thatΦ is non-degenerate
to deduce thatΨ is non-degenerate.

First we prove a relationship betweenφ andψ. Suppose that inA we
haveBxBy =

∑
z∈A (W ) azBz for someaz in R where theaz depend onx

andy. Then the structure constants inAE are also inR, since(Bx⊗1)(By⊗
1) = BxBy ⊗ 1. Thereforeρ(Bw ⊗ 1) is inR for eachw in A (W ) and so
ψ(Bw ⊗ 1) ∈ R for each basis elementBw ⊗ 1 ofAE. Thus we can restrict
ψ to a trace function onA. That is, letψR : A → R be theR-linear map
sendingBw 7→ ψ(Bw ⊗ 1). This map is a trace function becauseψ is.

Now we formAQ via the specialisationθ : R→ Q which sendsq 7→ 1.
This is isomorphic to the alternating Hecke algebra overQ. We use the map
ψR to form a trace function onAQ as follows. DefineψQ : AQ → Q to be
theQ-linear map which sendsBw ⊗ 1 7→ θ(ψR(Bw)) for all w ∈ A (W ).
A simple calculation shows thatψQ is also a trace function.

We claim thatψQ andφ agree on the corresponding basis elements.
Supposew ∈ A (W ) and letρ(Bw ⊗ 1) = (mx,y)x,y∈A (W ) for somemx,y

in R. Thenφ(w) = Tr(θ(mx,y))x,y∈A (W ) since the structure constants inA
are the same as the structure constants inAE. Then

ψQ(Bw ⊗ 1) = θ(ψR(Bw))

= θ(ψ(Bw ⊗ 1))

= θ(Tr(ρ(Bw ⊗ 1)))

= θ(Tr(mx,y))

= Tr(θ(mx,y))

= φ(w)

for eachw in A (W ).
Now we show thatΨ is non-degenerate. LetBxBy =

∑
z∈A (W ) azBz

for someaz ∈ R (where theaz depend onx andy). Then we must have
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xy =
∑

z∈A (W ) θ(az)z. Now consider the matrix(Φ(x, y))x,y∈A (W ).

(Φ(x, y))x,y∈A (W ) = (φ(xy))x,y∈A (W ) (the definition ofΦ)

=


φ



∑

z∈A (W )

θ (az) z






x,y∈A (W )

=




∑

z∈A (W )

θ(az)φ(z)




x,y∈A (W )

=




∑

z∈A (W )

θ(az)ψ
Q(Bz ⊗ 1)




x,y∈A (W )

=



∑

z∈A (W )

θ(az)θ
(
ψR(Bz)

)



x,y∈A (W )

=



∑

z∈A (W )

θ(az)θ (ψ(Bz ⊗ 1))




x,y∈A (W )

=


θ



∑

z∈A (W )

azψ(Bz ⊗ 1)






x,y∈A (W )

=



θ



ψ




∑

z∈A (W )

azBz ⊗ 1












x,y∈A (W )

=

(
θ
(
ψ((Bx ⊗ 1)(By ⊗ 1))

))

x,y∈A (W )

=

(
θ
(
Ψ(Bx ⊗ 1, By ⊗ 1)

))

x,y∈A (W )

Now taking determinants we have

Det(Φ(x, y))x,y∈A (W ) = Det

(
θ
(
Ψ(Bx ⊗ 1, By ⊗ 1)

))

x,y∈A (W )

= θ

(
Det

(
Ψ(Bx ⊗ 1, By ⊗ 1)

)

x,y∈A (W )

)
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The determinant of the matrix(Φ(x, y))x,y∈A (W ) must be a unit inQ
sinceΦ is non-degenerate. Hence

(4.5) θ

(
Det

(
Ψ(Bx ⊗ 1, By ⊗ 1)

)

x,y∈A (W )

)
6= 0.

Now Det

(
Ψ(Bx ⊗ 1, By ⊗ 1)

)

x,y∈A (W )

6= 0, since otherwise

θ

(
Det

(
Ψ(Bx ⊗ 1, By ⊗ 1)

)

x,y∈A (W )

)
= θ(0) = 0

contradicting equation (4.5). ThereforeDet

(
Ψ(Bx⊗1, By⊗1)

)

x,y∈A (W )

6=

0. That is,Det

(
Ψ(Bx ⊗ 1, By ⊗ 1)

)

x,y∈A (W )

is a unit inQ ⊂ E. Hence

Ψ is non-degenerate.
�

Lemma 4.6.AR,q(W )E is a separable algebra.

Proof. Suppose thatK is some field containingE. We need to show that
AK := AR,q(W )K is semisimple. LetJ = J (AK) be the Jacobson radical
ofAK . We will use the bilinear form of Lemma 4.4 to show thatJ = {0}.

As in Lemma 4.4, letψ be the character of the regular representation
ofAE and similarly letψK be the character of the regular representation of
AK . Note thatψK is theK-linear map sendingBw ⊗ 1 7→ ψ(Bw ⊗ 1). Let
ΨK : AK × AK → K be the associated bilinear form. SoΨK(h, h′) =
ψK(hh′) for all h, h′ ∈ AK .

SinceΨ is non-degenerate thenDet(Ψ(Bx ⊗ 1, By ⊗ 1))x,y∈A (W ) is a
unit inE. Now the matrices(Ψ(Bx ⊗ 1, By ⊗ 1))x,y∈A (W ) and(ΨK(Bx ⊗
1, By ⊗ 1))x,y∈A (W ) are the same, soDet(ΨK(Bx ⊗ 1, By ⊗ 1))x,y∈A (W ) is
also a unit inE ⊆ K. ThereforeΨK is non-degenerate.

Suppose thatρ′ is the regular representation ofAK . Supposeh ∈
J and h′ ∈ AK . Thenhh′ ∈ J . Now J is a nilpotent ideal, so we
have(hh′)n = 0 for some positive integern. Therefore0 = ρ′(0) =
ρ′((hh′)n) = (ρ′(hh′))n. Recall that if a matrix is nilpotent, then it’s trace
is zero. HenceΨK(h, h′) = ψK(hh′) = Tr(ρ′(hh′)) = 0. Since this is true
for anyh′ ∈ AK and sinceΨK is non-degenerate we haveh = 0. Therefore
J = {0} and henceAK is semisimple. �

Define θ : R → C to be a ring homomorphism sendingq 7→ c for
some non-zeroc in C. We think ofC as a leftR-module viaθ and define
AC to be the specialised algebraA ⊗R C. Let RC := C[q±1] and define
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θC : RC → C to be the ring homomorphism which extends the mapθ. Note
thatIm(θC) = C. Suppose thatK is an extension field ofC(q) and letR∗

C be
the integral closure ofRC in K. ThenθC extends to a ring homomorphism
θ∗C : R∗

C → C. See Section 8.1.6 of Geck and Pfieffer [6].

Theorem 4.7. Let K be an extension field ofC(q) and letW be a finite
Coxeter group. IfAR∗

C
,q(W )K is split andAR∗

C
,q(W )C is semisimple then

dθ∗
C

is an isomorphism preserving isomorphism classes of simplemodules.
In particular, the mapIrr(AK)→ Irr(AC) sendingχ 7→ χ̇C is a bijection.

Proof. The result follows immediately after applying Tit’s deformation the-
orem (Theorem 4.2) withH = AR∗

C
,q(W ), L = C andθ = θ∗C. Note that

AC is split sinceC is algebraically closed. �

We are now equipped to prove the isomorphism theorem.

Theorem 4.8. There exists a fieldK ⊇ C(q) such thatAK ∼= A K as
K-algebras. Moreover, there is a bijection

Irr(AK)→ Irr(A C).

Proof. We know thatAE is separable (Lemma 4.6). Then, sinceE ⊂ C(q),
AC(q) is also separable. Hence there exists a fieldK ⊇ C(q) such thatK
is a splitting field forAC(q) over C(q) (see Curtis & Reiner [3], Proposi-
tion 7.25). That is,AK is split.

Let θ : R → C be the map sendingq 7→ 1. ThenAC ∼= A C which is
semisimple. By Theorem 4.7 the mapdθ∗

C
: G+

0 (AK)→ G+
0 (AC) is an iso-

morphism preserving isomorphism classes of simple modules. Moreover,
the mapIrr(AK)→ Irr(AC) sendingχ 7→ χ̇C is a bijection.

SinceC is algebraically closed,A C is split and so by Theorem 4.1 b)
we have

tθ∗
C
◦ pK([V ]) = pC ◦ dθ∗

C
([V ])

for all AK-modulesV . In particular,

tθ∗
C
◦ pK([V ])(1) = pC ◦ dθ∗

C
([V ])(1).

That is
(1−X)dimKV = (1−X)

dimC(dθ∗
C
([V ]))

for some indeterminateX. Therefore we have dimKV = dimC(dθ∗
C
([V ]))

for all AK-modulesV .
NowAK is semisimple by Lemma 4.6. So using Wedderburn’s theorem

we have
AK ∼=

⊕

D

MatnD
(K)
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whereD runs over the simpleAK-modules (up to isomorphism) andnD is
the dimension ofD, and similarly

A
C ∼=

⊕

D′

MatnD′ (C)

whereD′ runs over the simpleA C-modules andnD′ is the dimension of
D′. Now each summand inAK corresponds to one inA C by the bijection
and they have the same dimensions.

Note that the group algebraA K is semisimple so

A
K ∼=

⊕

D′′

MatnD′′ (K)

whereD′′ runs over the simpleA K-modules (up to isomorphism) andnD′′

is the dimension ofD′′. Now sinceA C is split, for each simpleA C-module
D′ we have a simpleA K-moduleD′ ⊗C K. So there are at least as many
simpleA K-modules as there are simpleA C-modules. Also,

A
K ∼= A

C ⊗C K

∼=
(
⊕

D′

MatnD′ (C)

)
⊗C K

∼=
⊕

D′

(
MatnD′(C)⊗C K

)

∼=
⊕

D′

MatnD′ (K).

So there are exactly the same number of simpleA K-modules as simple
A C-modules and hence simpleAK-modules. Also, the modules corre-
spond in that they have the same dimensions. ThereforeAK ∼= A K . �



CHAPTER 5

Some Character Theory

In this chapter we use Clifford theory to discover under whatcondi-
tions irreducibleHK,q(W )-modules stay irreducible when we restrict them
toAK,q(W )-modules. Then we list these conditions for the Hecke algebras
associated to the classical Coxter groupsAn, Bn andDn.

5.1. Applying Clifford Theory to the Alternating Hecke Algebra

We begin by showing that the Hecke algebra has a Clifford system.

Proposition 5.1. Let R be a commutative ring containing invertible ele-
ments2, q 6= −1 and q + 1. Also, let(W,S) be a Coxeter system and let
C = {1,−1} be the cyclic group of order 2. Fixt ∈ S. ThenHR,q(W )
is aC-gradedR-algebra, withA1 = AR,q(W ) andA−1 = AR,q(W )ft =
ftAR,q(W ).

Proof. ForHR,q(W ) to be aC-gradedR-algebra we need the conditions
of Definition 1.8 to be satisfied. LetA = AR,q(W ). We will first show
thatftA = Aft. By Lemma 3.32,A is generated by elements of the form
fr1fr2 . . . fr2n

for ri ∈ S. Then, if ftfr1fr2 . . . fr2n
∈ ftA, we can write

ftfr1fr2 . . . fr2n
= (ftfr1fr2 . . . fr2n

ft)ft ∈ Aft, showing thatftA ⊆ Aft.
Containment in the other direction is similar.

We have shown in Lemma 3.30 thatHR,q(W ) = AR,q(W )⊕ftAR,q(W ),
for any ringR containing1/2 and invertible elementsq 6= −1 andq + 1.
Also 1# = 1, so1 ∈ A. Lastly, we have(Aft)(Aft) = Af 2

t A = AA = A,
A(Aft) = Aft and(Aft)A = AAft = Aft. �

Let K be an extension field ofC(q1/2). Thereforeq 6= −1, and hence
Theorem 4.8 can be applied. Now suppose thatV is aHK,q(W )-module.
Theorem 1.9 tells us thatV = U + Uft for some fixedt ∈ S and some
irreducibleA-submoduleU of VA. Therefore eitherV is irreducible as an
A = AK,q(W )-module orV is a direct sum of two irreducibleA-modules.
That is,VA = U ⊕ Uft. We now begin to describe a criteria that enables us
to distinguish between these two cases.

Definition 5.2. Suppose thatV is anHK,q(W )-module. Define aHK,q(W )-
moduleV # = {v∗ | v ∈ V } that has the sameK-module structure asV but

45
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with a new action,◦, given by

v∗ ◦ h := (vh#)∗

for v∗ ∈ V # andh ∈ H.

Lemma 5.3. An HK,q(W )-moduleV is irreducible if and only ifV # is
irreducible.

Proof. Note that, since# is an involution,(V #)# ∼= V for anyHK,q(W )-
moduleV . So once we have proved one direction of the lemma, the other
direction follows.

Let V be an irreducibleHK,q(W )-module and suppose that there exists
a non-trivial proper submoduleU of V #. ThenU# is a non-trivial proper
submodule ofV , contradicting the assumption thatV is irreducible. There-
foreV # is irreducible. �

Lemma 5.4. Let V be an irreducibleHK,q(W )-module and letV ∼= V #

asH-modules. ThenVA = V + ⊕ V − for some irreducibleA-modulesV ±.
Moreover,V + = V −ft for somet ∈ S.

Proof. SupposeV ∼= V # and letθ be an isomorphism fromV # to V .
Define a map

#′ : V → V
v 7→ θ(v∗).

We claim that#′
A is anA-module automorphism ofV . Sinceθ is K-

linear,#′ isK-linear. Also,#′ is a bijection becauseθ is a bijection. Now
we need to show that#′ respects theA action. Leth ∈ H andv ∈ V . Then

#′(vh) = θ((vh)∗)

= θ(v∗ ◦ h#)

= θ(v∗)h#

= #′(v)h#.

So if h ∈ A then#′ respects theA-action. That is,#′ is anA-module
automorphsim. Moreover#′2 is anH-module automorphism.

Now H splits overK so, without loss of generality, we may assume
that#′2 is the identity map onV , by Schur’s Lemma. Therefore the only
possible eigenvalues for the matrix of#′ are1 and−1.

Let V ± be the±1-eigenspaces of#′, respectively. We will show that
V ± are non-empty irreducibleA-submodules ofVA. A simple calculation
shows thatV ± areA-submodules ofVA. They are irreducible by the dis-
cussion following Proposition 5.1. Now the Jordan canonical form of the
matrix of #′ must have only1’s or −1’s on the diagonal and zeros every-
where else (if there were any non-zero entries off the diagonal then#′2
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would not be the identity map). Hence#′ is diagonalisable and so the set
of eigenvectors is a basis ofV .

Suppose thatH is associated to a Coxeter system(W,S) and choose a
particulart ∈ S. We claim thatV −ft = V +. Let v ∈ V −. Then#′(vft) =

#′(v)f#
t = −#′(v)ft = vft. So V −ft ⊆ V +. Now if v ∈ V +, then

v = (vft)ft and#′(vft) = #′(v)f#
t = −#′(v)ft = −vft. SoV + ⊆ V −ft

and henceV + = V −ft.
HenceV ± are non-emptyA-submodules ofVA. So we haveVA =

V + ⊕ V − where the set of1–eigenvectors is a basis forV + and the set of
−1–eigenvectors is a basis forV −.

�

Lemma 5.5. Let V be an irreducibleHK,q(W )-module and suppose that,
for t ∈ S, VA = U⊕Uft for some irreducibleA-submoduleU ofVA. Then
V ∼= V # asH-modules.

Proof. Suppose thatVA = U ⊕ Uft, for some irreducibleA-submoduleU
of VA. ThenV = U ⊕ Uft asK-modules. We define the following map:

Φ : V # → V
(u+ u′ft)

∗ 7→ u− u′ft

for u, u′ ∈ U . We claim that this map is aH-isomorphism.
Let u, u′ ∈ U and leth ∈ H, soh = a + fta

′ for somea, a′ ∈ A, by
Proposition 5.1. NowΦ is clearlyK-linear and

Φ((u+ u′ft)
∗ ◦ h) = Φ((u+ u′ft)

∗ ◦ (a+ fta
′))

= Φ((u+ u′ft)(a− fta
′))

= Φ(ua− ufta
′ + u′fta− u′a′).

Now, ua andu′a′ are inU and, sinceAft = ftA, we conclude thatufta
′

andu′fta are both inUft. Therefore

Φ((u+ u′ft)
∗ ◦ h) = ua+ ufta

′ − u′fta− u′a′
= (u− u′ft)(a+ fta

′)

= Φ((u+ u′ft)
∗)h.

ThereforeΦ is aH-homomorphism.
To show thatΦ is injective, consider the kernel.

Ker(Φ) = {(u+ u′ft)
∗ | u− u′ft = 0, u, u′ ∈ U}

= {(u+ u′ft)
∗ | u = 0, u′ft = 0, u, u′ ∈ U}

= {0∗}.
For surjectivity, notice thatΦ((u− u′ft)

∗) = u+ u′ft.
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So we have thatΦ is aH-isomorphism. ThereforeV ∼= V # asH-
modules. �

Theorem 5.6. Let V be an irreducibleHK,q(W )-module. ThenV ∼= V #

asH-modules if and only ifVA = V + ⊕ V − for some irreducibleA-
submodulesV ± of VA, whereV + = V −ft for somet ∈ S.

Proof. This result is a direct corollary of Lemmas 5.4 and 5.5. �

5.2. The Irreducibles in TypesAn, Bn andDn

In this section we review the irreducibleHK,q(W )-modules for the Cox-
eter groups of typesAn, Bn andDn. Then we give the criteria that governs
whether they are irreducible asAK,q(W )-modules or if they break up as a
direct sum of two irreducibleAK,q(W )-modules.

Let χq be the character of an irreducibleHK,q(W )-moduleV , and let
χ#

q be the character ofV #. Then letχ1 be the specialisation achieved by
settingq = 1 in χ. So the irreducible characters of a Coxeter groupW are
related to the irreducibles of the Iwahori-Hecke algebra bythe following
proposition, Geck and Pfeiffer [6], Proposition 9.4.1 (b).

Proposition 5.7. Letχq be an irreducibleHK,q(W )-character. Then there
is a bijection

Irr (H) ←→ Irr (W )

χq ↔ χ1.

Moreover,(χ#
q )1 = χ1 ⊗ ε, whereε is the sign character ofW .

This allows us to relate the hash map# to the sign representation in the
following Lemma. First though, some notation. Suppose thatn is a positive
integer. Thenλ is apartition of n if λ is a sequence of non-negative integers
λ = (λ1, λ2, . . . , λk) whereλ1 + λ2 + . . . + λk = n andλi+1 ≥ λi for all
1 ≤ i ≤ k − 1. We writeλ ⊢ n whenλ is a partition ofn. Thediagram
of λ is the set{(r, c) | 1 ≤ r ≤ k, 1 ≤ c ≤ λr}. Alternatively, we may
consider the diagram ofλ as an array of boxes where the(r, c)-th box is in
ther-th row andc-th column. For example, ifλ = (3, 2), then the diagram
of λ is .

Let λ′ be the partition which is the transpose ofλ. In other words, if the
diagram ofλ contains the box(i, j) then the diagram ofλ′ contains the box
(j, i). For example, ifλ = (3, 2) thenλ′ = (2, 2, 1).

λ = , λ′ =
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Lemma 5.8. LetV be an irreducibleHK,q(W )-module with corresponding
characterχq. Then

V # ∼= V ⇐⇒ χ1 ⊗ ε = χ1.

Proof. Let V be an irreducibleHK,q(W )-module with corresponding char-
acterχq. Then

V # ∼= V ⇐⇒ χ#
q = χq

⇐⇒ (χ#
q )1 = χ1

⇐⇒ χ1 ⊗ ε = χ1.

�

CaseAn

In the case of the symmetric group,An−1 = Sn, the irreducibleSn-
modules are parametrised by the partitions ofn. Therefore, so are the irre-
ducibleHK,q(Sn)-modules, see for example Geck and Pfeiffer [6, Theorem
8.1.7]. LetS(λ) denote aHK,q(Sn)-module corresponding to the partition
λ, and letχλ be the corresponding character. Now Corollary 5.4.9 of Geck
and Pfeiffer [6] tells us thatχλ

1 ⊗ ε = χλ′

1 . Hence

λ = λ′ ⇐⇒ χλ
1 = χλ′

1

⇐⇒ χλ
1 = χλ

1 ⊗ ε
⇐⇒ S(λ) ∼= S(λ)#.

Let S(λ)A be the restriction ofS(λ) to anA-module. Then we have
two cases:

• If λ = λ′ thenS(λ)A is a direct sum of two irreducibleA-modules.
• If λ 6= λ′ thenS(λ) is irreducible as anA-module.

CaseBn

The irreducibles in this case are indexed by pairs of partitionsλ, µ such
that |λ| + |µ| = n. Let S(λ, µ) be such an irreducible with corresponding
characterχλ,µ. We haveχλ,µ

1 ⊗ ε = χµ′,λ′

1 , from Geck and Pfeiffer [6,
Theorem 5.5.6 (c)]. Therefore

λ = µ′ ⇐⇒ χλ,µ
1 = χµ′,λ′

1

⇐⇒ χλ,µ
1 = χλ,µ

1 ⊗ ε
⇐⇒ S(λ, µ) ∼= S(λ, µ)#.

Therefore we again have two cases:

• If λ = µ′ then S(λ, µ)A is a direct sum of two irreducibleA-
modules.
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• If λ 6= µ′ thenS(λ, µ) is irreducible as anA-module.
CaseDn

This case is a little more complicated. Recall that the characters ofDn

are indexed in two ways (see, for example, Geck and Pfeiffer [6, 5.6.1]),
and hence so are the characters ofHK,q(Dn). First letλ andµ be partitions
with |λ| + |µ| = n. If λ 6= µ we have an irreducibleHK,q(Dn)-module,
S(λ, µ), for each unordered pair of partitions(λ, µ). Note that since the
pair is unordered,S(λ, µ)=S(µ, λ). Otherwise, in the case whereλ = µ
(son is even), we have two non-isomorphic irreducibles for eachλ ⊢ n/2,
S(λ,+) andS(λ,−).

First let us consider the irreduciblesS(λ, µ) whenλ 6= µ. Let χλ,µ

the corresponding character. Then from Remark 5.6.5 in [6] we have that
χλ,µ

1 ⊗ ε = χλ′,µ′

1 whereε is the sign character ofDn. Therefore

λ = µ′ ⇐⇒ χλ,µ
1 = χµ′,λ′

1

⇐⇒ χλ,µ
1 = χµ,λ

1 ⊗ ε = χλ,µ
1 ⊗ ε

⇐⇒ S(λ, µ) ∼= S(λ, µ)#.

Now let us consider the case whenλ = µ. So we have irreducibles
S(λ,±) for each partitionλ ⊢ n/2. Let χλ,± be the corresponding char-
acters. In this case we haveχλ,±

1 ⊗ ε = χλ′,±
1 , by Remark 5.6.5 in [6].

Hence

λ = λ′ ⇐⇒ χλ,±
1 = χλ′,±

1

⇐⇒ χλ,±
1 = χλ,±

1 ⊗ ε
⇐⇒ S(λ,±) ∼= S(λ,±)#.

In summary,
• If λ 6= µ, λ = µ′ thenS(λ, µ)A is a direct sum of two irreducible
A-modules.
• If λ 6= µ, λ 6= µ′ thenS(λ, µ) is irreducible as anA-module.
• If λ = λ′ (andλ = µ) thenS(λ,±)A both break up as a direct sum

of two irreducibleA-modules.
• If λ 6= λ′ (andλ = µ) thenS(λ,±) are both irreducible asA-

modules.



CHAPTER 6

The Characters ofAK,q(Sn)

In this chapter we start by revising the ordinary irreducible representa-
tions of the finite Coxeter groups and the Iwahori-Hecke algebras associated
to them. Then we give the characters for the irreducibles of the alternating
Hecke algebra of the symmetric group.

6.1. The Characters ofAK,q(Sn)

In this section we begin to describe the irreducible representations of
AK,q(Sn), whereK is an extension field ofC(q1/2). We will first need
some notation.

Forλ ⊢ n, aλ-tableau is a bijection from the diagram ofλ into the set
of integers{1, 2, . . . , n}. We can consider aλ-tableau as a way of placing
the numbers1 up ton in the boxes of the diagram ofλ. For example, for
λ = (3, 2), the following diagrams are allλ-tableau.

1 2 3
4 5

, 5 4 3
1 2

, 3 2 4
5 1

If t is aλ-tableau, we writet(r, c) = i if i appears in rowr and columnc
of t. A standard tableau is one in which the entries in each box increase
along each row and column. That is,t(r, c + 1) > t(r, c) andt(r + 1, c) >
t(r, c) for all applicabler andc. We writeStd(λ) for the set of standard
λ-tableaux. The following are examples of standard(3, 2)-tableaux.

1 2 3
4 5

, 1 3 5
2 4

, 1 2 4
3 5

If t(r, c) = i then thecontent of i in t is ct(i) = c − r. The following
diagram is a handy reference as each box contains its content.

0 1 2 3 ·
-1 0 1 2 ·
-2 -1 0 1 ·
-3 -2 -1 0 ·
· · · · ·

Given two integersi < j in t then theaxial distancefrom i to j is

dt(i, j) := ct(j)− ct(i).

Suppose thatλ ⊢ n and thats andt are standardλ–tableaux. We will
need a partial order on the set of standardλ–tableau. First definetλ to be

51
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the standardλ–tableau in which the integers1 to n are placed in increasing
order from left to right along the rows. For example,

1 2 3
4 5 6
7

.

Also, definetλ to be theλ–tableau in which the integers1 to n are entered
in increasing order from top to bottom along the columns. Forexample,

1 4 6
2 5 7
3

.

Define d(t) to be the unique permutation such thatt = tλd(t). The
partial order, denoted�, is defined as follows. We writes� t and say thats
dominatest if d(t) = d(s)w for somew such thatℓ(d(t)) = ℓ(d(s))+ℓ(w).
We also writes � t if s � t ands 6= t.

Let si = (i, i+ 1) be the permutaion swappingi andi+ 1 and suppose
thattsi ∈ Std(λ). Thent � tsi if and only if i is in a higher row thani+ 1
in t. For example,

t =
i

i+1
tsi =

i+1

i
.

In fact,tλ is the unique maximal standardλ–tableau under this partial order,
andtλ is the unique minimal standardλ–tableau. See Mathas [14].

We define the quantum integers[d], for d ∈ Z,

[d] =

{
1 + q + q2 + . . .+ qd−1, if d ≥ 0,

−qd[−d], if d < 0.

Notice that this definition works for any value ofq, but it simplifies to
[d] = qd−1

q−1
whenq 6= 1. From the definition we see that, for any integerd,

[−d] = −q−d[d].

In our discussion of the characters of the alternating Heckealgebra, we
will first look at the irreducible representations ofHK,q(Sn), the Specht
modules. The action in these modules will require that we fix arbitrary
square roots

√
−1,
√
q and

√
[d] ∈ K for d ∈ N.

Definition 6.1. We define, ford > 0,
√

[−d] :=
√
−1(
√
q)−d

√
[d].

For convenience, ifk ∈ Z we set

α(k) =





√
−1

√
q
√

[k+1]
√

[k−1]

[k]
if k > 1

−α(−k) if k < 1
1 if k = 0
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The casek = 0 is included for computation purposes only. We omit the
cases wherek = ±1 because they never occur in the Specht module.

Recall that the irreducible representations ofHK,q(Sn), the Specht mod-
ules, are indexed by partitions ofn. The following Lemma describes the
Specht moduleS(λ) of the partitionλ ⊢ n. It is the corrected version of
Theorem 3.36 of Mathas [14]. Note that Mathas usesρ for the axial dis-
tance fromi to i + 1 in t , whereas the axial distance here is defined to be
di = −ρ.
Lemma 6.2. Let λ be a partition ofn. TheHK,q(Sn)-moduleS(λ) has
basis{ ft | t ∈ Std(λ) } and , forsi ∈ S, Ti := Tsi

acts as follows:

ftTi =






qft, if i andi+ 1 are in the same row oft,

−ft, if i andi+ 1 are in the same column oft,
−1

[−di]
ft + ftsi

, if tsi ∈ Std(λ) andt � tsi,
−1

[−di]
ft + q[di+1][di−1]

[di]2
ftsi

, if tsi ∈ Std(λ) andtsi � t,

wheredi = dt(i, i+ 1) is the axial distance fromi to i+ 1 in t.

Note thati andi + 1 are in the same row oft if and only if di = 1 (in
which case −1

[−di]
= q). Similarly i andi + 1 are in the same column oft if

and only ifdi = −1 (in which case −1
[−di]

= −1). It follows that the trivial
representation ofH corresponds to the case whenλ = (n) and the sign
representation ofH corresponds to the Specht module ofλ = (1n).

Also note thatq[di+1][di−1]
[di]2

= −α(di)
2.

We will use the following modified seminormal form which is obtained
by rescaling the basis given in Lemma 6.2.

Proposition 6.3. Letλ be a partition ofn. ThenS(λ) has a basis

{ vt | t ∈ Std(λ) }
such that

vtTi =

{
−1

[−di]
vt, if |di| = 1,

−1
[−di]

vt + α(di)vtsi
, if |di| > 1,

wheredi = dt(i, i+ 1) is the axial distance fromi to i+ 1 in t.

Proof. Fix t ∈ Std(λ) and letw = si1si2 . . . sik be the permutation such
that t = tλw, wheresi1si2 . . . sik is a reduced expression forw. We define
the standardλ–tableauxtj := tλsi1si2 . . . sij for 0 ≤ j ≤ k. Therefore
tλ = t0 � t1 � . . .� tk = t.

Define

α(t) :=

k∏

j=1

α(dtj(ij , ij + 1)).
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We claim thatα(t) is well-defined. That is,α(t) is independant of the choice
of reduced expression forw. To see this note that

ftλTw =
k∏

j=1

−α(dtj−1
(ij , ij + 1))2ft +

∑

s�t

rsfs

for somers ∈ K. Now

k∏

j=1

−α(dtj−1
(ij , ij + 1))2 = (−1)k

k∏

j=1

α(dtj−1
(ij, ij + 1))2

= (−1)k
k∏

j=1

(
−α(dtj (ij , ij + 1))

)2

= (−1)k
k∏

j=1

α(dtj(ij , ij + 1))2.

So(−1)k
∏k

j=1 α(dtj (ij, ij +1))2 and hence
∏k

j=1 α(dtj (ij, ij +1))2 are in-
dependant of the choice of reduced expression forw. However,dtj (ij , ij+1)

is positive for1 ≤ j ≤ k. Therefore
∏k

j=1 α(dtj (ij , ij + 1)) is independant
of the choice of reduced expression forw. That is,α(t) is well-defined.

Define a new basis via

vt :=
k∏

j=1

α(t)ft,

for t ∈ Std(λ). Note that

α(t) =






α(tsi)α(di), if t � tsi

−α(tsi)

α(di)
, if tsi � t

wheredi = dt(i, i+ 1) = −dtsi
(i, i+ 1).
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Then

vtTi = α(t)ftTi

=





qα(t)ft if i andi+ 1 are the same row oft

−α(t)ft if i andi+ 1 are the same column oft
−1

[−di]
α(t)ft + α(t)ftsi

if t � tsi

−1
[−di]

α(t)ft− α(di)
2α(t)ftsi

if tsi � t

=






qvt if i andi+ 1 are the same row oft

−vt if i andi+ 1 are the same column oft
−1

[−di]
vt +

α(t)

α(tsi)
vtsi

if t � tsi

−1

[−di]
vt−

α(di)
2α(t)

α(tsi)
vtsi

if tsi � t

=





qvt if i andi+ 1 are the same row oft

−vt if i andi+ 1 are the same column oft
−1

[−di]
vt + α(di)vtsi

if t � tsi

−1
[−di]

vt + α(di)vtsi
if tsi � t.

�

We would like to see what happens toS(λ) when we restrict it to an
AK,q(Sn)-module. To this end we need to understandS(λ)#, which the
following Proposition will enable us to do.

First, if t is aλ-tableau, thent′ is theλ′-tableau witht′(i, j) = t(j, i).

For example, ifλ = (3, 2) andt = 1 2 4
3 5

, thent′ =
1 3
2 5
4

.

Now define a mapτ :S(λ)−→S(λ′) to be theK–linear map given by
vt 7→ vt′ , for all t ∈ Std(λ). Note thatτ depends on the partitionλ; its
meaning, however, should always be clear from the context.

Proposition 6.4. Suppose thatw ∈ Sn. ThenvtT
#
w = τ(vt′Tw), for all

t ∈ Std(λ).
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Proof. We first show thatvtT
#
i = τ(vt′Ti) for 1 ≤ i ≤ n− 1. Consider the

case when|di| = |dt(i, i+ 1)| = 1. We have

vtT
#
i = vt(−Ti + q − 1)

=
( 1

[−di]
+ q − 1

)
vt

=
q−di

[−di]
vt

=
q−dt(i,i+1)

[−dt(i, i+ 1)]
vt.

Now−dt(i, i+ 1) = dt′(i, i+ 1), so

vtT
#
i =

qdt′ (i,i+1)

[dt′(i, i+ 1)]
vt

= − 1

[−dt′(i, i+ 1)]
vt

as required.
The case when|di| = |dt(i, i+ 1)| > 1 is similar:

vtT
#
i = vt(−Ti+q−1) =

( 1

[−di]
+q−1

)
vt−α(di)vtsi

= − 1

[di]
vt+α(−di)vtsi

where we have used the fact thatα(−k) = −α(k).
Now, letw = r1r2 . . . rk be a reduced expression forw ∈ Sn. We will

use induction on the length ofw.

vtT
#
w = vtT

#
r1...rk−1

T#
rk

= τ
(
vt′Tr1...rk−1

)
T#

rk

= τ
( ∑

s∈Std(λ′)

γsvs

)
T#

rk

=
∑

s∈Std(λ′)

γsvs′T
#
rk

=
∑

s∈Std(λ′)

γsτ(vsTrk
)

= τ
( ∑

s∈Std(λ′)

γsvsTrk

)

= τ(vt′Tr1r2...rk−1
Trk

)

= τ(vt′Tw)

where theγs depend ont′ andr1r2 . . . rk−1. �
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Consequently, the mapτ is aAK,q(Sn)-module isomorphism.

Corollary 6.5. Let λ be a partition. Thenτ :S(λ)−→S(λ′) is an isomor-
phism ofA–modules.

Proof. Since we definedτ to beK-linear, we only need to show thatτ
respects theA–action. Suppose thata ∈ A and lett ∈ Std(λ). Then, by
Proposition 6.4 we haveτ(vta) = vt′a

# = vt′a = τ(vt)a. �

We will see thatS(λ)# ∼= S(λ′) asHK,q(W )-modules. So to investigate
the characters of the alternating Hecke algebra we will investigate how the
characters ofS(λ′) behave.

Proposition 6.6. TheHK,q(Sn)-modulesS(λ)# and S(λ′) are naturally
isomorphic via the map

θ : S(λ)# → S(λ′)

v∗t 7→ vt′ .

Proof. Define aK-linear mapθ :S(λ)#−→S(λ′) sendingv∗t 7→ vt′. Then
for h ∈ H we have

θ(v∗t ◦ h) = θ((vth
#)∗)

= θ(τ(vt′h)
∗)

= θ
(
τ
( ∑

s′∈Std(λ′)

γs′vs′

)∗)

= θ
(( ∑

s′∈Std(λ′)

γs′vs

)∗)

=
∑

s′∈Std(λ′)

γs′vs′

= vt′h

= θ(v∗t )h

for someγs′ ∈ K depending ont′ andh. �

Let χλ be the character of theH-moduleS(λ). Then the next result
follows immediately from Proposition 6.6.

Corollary 6.7. Suppose thatw ∈ Sn. Thenχλ(T#
w ) = χλ′

(Tw).

6.2. The case in whichS(λ) and S(λ)# are inequivalentH-modules

Let us consider the case whenλ 6= λ′. Since the irreducibleHK,q(Sn)-
modules are indexed by the partitions ofn and they are pairwise non-
isomophic thenS(λ) andS(λ)# are not isomorphic asH-modules. Let
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S(λ)A be the restriction of the Specht moduleS(λ) to anAK,q(Sn)-module,
and letχλ

A be the corresponding restricted character.
In Section 5.2, we saw thatS(λ) is irreducible as anA-module. There-

foreχλ
A(a) = χλ(a) for all a ∈ AK,q(Sn).

Proposition 6.8. Supposeλ 6= λ′ andw ∈ A (W ). Then

χλ
A(Bw) =

1

2
(χλ(Tw) + χλ′

(Tw)).

Proof. Letw ∈ A (W ). Then

χλ
A(Bw) =

1

2

(
χλ
A(Tw) + χλ

A(T#
w )
)

=
1

2

(
χλ(Tw) + χλ(T#

w )
)

=
1

2

(
χλ(Tw) + χλ′

(Tw)
)

by Corollary 6.7.

�

6.3. The case in whichS(λ) and S(λ)# are equivalentH-modules

For the rest of this chapter we will consider the case whenλ = λ′.
Proposition 6.6 tells us thatS(λ) andS(λ)# are isomorphicH-modules.
From Section 5.1, we see thatS(λ) breaks up into a direct sum of two irre-
ducibleA-modulesS(λ)±, whereS(λ)± are the±1-eigenspaces under the
map#′ (see the proof of Lemma 5.4). Usingθ from the proof of Proposi-
tion 6.6 we find that#′ = τ (whereτ is defined in Section 6.1). Hence we
need to describe the±1-eigenspaces ofτ .

DefineStd+(λ) to be the set of standardλ-tableaux which have2 in
their first row. Also, letB± := {vt ± vt′ | t ∈ Std+(λ)}. Then for each
t ∈ Std+(λ), we havevt = 1

2
(vt + vt′) + 1

2
(vt− vt′) andvt′ = 1

2
(vt + vt′)−

1
2
(vt− vt′). Using this fact it follows thatB+ ∪ B− is a basis forS(λ), and

we have the following result.

Proposition 6.9. The Specht module,S(λ), has the followingAK,q(W )-
module decomposition.

S(λ)A = S(λ)+ ⊕ S(λ)−

Moreover, the setsB± are bases forS(λ)±, respectively.

Proof. TheA-module decomposition comes from the preceding discussion
and Lemma 5.4. Lett ∈ Std+(λ). Thenτ(vt + vt′) = vt′ + vt andτ(vt −
vt′) = −vt′ + vt = −(vt − vt′). That is, eachvt ± vt′ sits inside the±1-
eigenspace ofτ , respectively. Therefore the setsB± defined above are bases
for S(λ)± respectively. �
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Let χλ±
A be the characters of theA-modulesS(λ)±, respectively. We

want to computeχλ±
A (a), for a ∈ A. The next result shows that we can re-

duce the calculation of these characters to what is essentially a computation
insideH. Before we can state this result we need some more notation.

If h ∈ H then right multiplication byh gives aK–endomorphismρh of
S(λ); let h ◦ τ = ρh ◦ τ be theK–endomorphism obtained by composing
this map withτ . Thenχλ(h ◦ τ) is the trace ofρh ◦ τ acting onS(λ).

Proposition 6.10.Suppose thata ∈ A. Then

χλ±
A (a) =

1

2

(
χλ(a)± χλ(a ◦ τ)

)
.

Proof. First note that sinceS(λ) = S(λ)+ ⊕ S(λ)−, we must have

(6.11) χλ(a) = χλ+(a) + χλ−(a).

By ordering the basisB+ ∪ B− of S(λ) such that the basis elementsB+

are first, followed by the basis elementsB−, thenτ acts via the following
matrix. 



1
1

. . .
1
−1

. . .
−1




Therefore, sinceχλ±(a ◦ τ) is the trace of the matrix ofa ◦ τ , we have that
χλ±(a ◦ τ) = ±χλ+(a). Hence

χλ(a ◦ τ) = χλ+(a ◦ τ) + χλ−(a ◦ τ)
= χλ+(a)− χλ−(a).(6.12)

Then combining equations 6.11 and 6.12, we haveχλ±
A (a) = 1

2

(
χλ(a) ±

χλ(a ◦ τ)
)

as required. �

Recall that forw ∈ A (W ) we haveBw = 1
2
(Tw + T#

w ), and that
{Bw | w ∈ A (Sn) } is a basis ofAK,q(Sn). So we need to calculate the
valuesχ±λ

A (Bw) for eachλ ⊢ n such thatλ = λ′ and eachw ∈ A (Sn).

Corollary 6.13. Suppose thatw ∈ A (Sn). Then

χλ±
A (Bw) =

1

2

(
χλ(Tw)± χλ(Tw ◦ τ)

)
.
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Proof. By Proposition 6.10 and Corollary 6.7,

χλ±
A (Bw) =

1

2
χλ±
A (Tw + T#

w )

=
1

4

(
χλ(Tw + T#

w )± χλ((Tw + T#
w ) ◦ τ)

)

=
1

2
χλ(Tw)± 1

4

(
χλ(Tw ◦ τ) + χλ(T#

w ◦ τ)
)
.

We will now show thatχλ(Tw ◦ τ) = χλ(T#
w ◦ τ). Then the result

follows.
Write vtTw =

∑
s∈Std(λ) atsvs, for someats (which depend onw). Then

vt(Tw ◦ τ) =
∑

s
atsvs′. Consequently,χλ(Tw ◦ τ) =

∑
t∈Std(λ) att′.

From Proposition 6.4 we see thatvt(T
#
w ◦τ) = vt′Tw =

∑
s∈Std(λ′) at′svs.

Soχλ(T#
w ◦ τ) =

∑
t∈Std(λ) att′ = χλ(Tw ◦ τ). �

By Geck and Pfeiffer [6, Theorem 10.2.5] the character valuesχλ(Tw)
are known forw ∈ Sn, so we are reduced to computingχλ(Tw ◦τ), forw ∈
A (Sn). To this end, for each standardλ–tableaut defineγt(w) to be the
coefficient ofvt′ in vtTw. Thenχλ(Tw ◦ τ) =

∑
t
γt(w). Thus, to determine

the characters ofS(λ)± it is sufficient to determine the polynomialsγt(w),
for t ∈ Std(λ) andw ∈ A (Sn).

Write vtTw =
∑

s
atsvs, for someats (which depend onw). Sovt′Tw =∑

s
at′svs. Thereforeχλ′

(Tw) =
∑

t∈Std(λ) at′t′. Also, by Proposition 6.4,
vtT

#
w = τ(vt′Tw) =

∑
s
at′svs′ . Thereforeχλ(T#

w ) =
∑

t∈Std(λ) at′t′. Hence

χλ(T#
w ) = χλ′

(Tw)
Suppose thatt is aλ–tableau. Then we write[λ] for the diagram ofλ.

Also, letdiag(t) be the set of integers{i | i = t(r, r) for some(r, r) ∈ [λ]}.

Definition 6.14 (Headley [8]). Suppose thatw ∈ Sn and thatt is a stan-
dard λ–tableau. Thent is w–transposableif whenever(r, c) ∈ [λ] with
r 6= c then

• t(r, c) = t(c, r)± 1 and

• t(r, c) andt(c, r) are in the samew–orbit.

We will say that the integersi, j in t arediagonally oppositeif t(r, c) =
i andt(c, r) = j, for some(r, c) ∈ [λ].

Suppose thatt is aw–transposable tableau and thati /∈ diag(t), for
somei with 1 ≤ i ≤ n. Thenct(i) = −ct(i ± 1); that is,i is diagonally
opposite to eitheri + 1 or i − 1 in t. Consequently, the cases in the next
definition are mutually exclusive (and exhaustive).
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Definition 6.15. Suppose thatt is a w–transposable standardλ–tableau
wherew has a reduced expression of the formw = si1 . . . sik , with 1 ≤
i1 < · · · < ik < n. For j = 1, . . . , k define

γt(ij) =






−1
[−dj ]

, if ij ∈ diag(t),
−1

[−d′j ]
, if ct(ij) = −ct(ij − 1),

α(dj), if ct(ij) = −ct(ij + 1),

wheredj = ct(ij + 1)− ct(ij) andd′j = ct(ij + 1)− ct(ij − 1).

The following example illustrates where this definition comes from and
will be helpful in understanding the proof of the following proposition.

Example 6.16.Considerw = (1, 2, 3, 4, 5, 6) = s1s2s3s4s5 ∈ S6 acting
onS(λ) whereλ = (3, 2, 1).

Let t =
1 3 4
2 6
5

. Thent isw–transposable. If we wish to findγt(w), we

need to find the coefficient ofvt′ in vtTw. In the following calculations we
need only follow the path that leads us tovt′. That is, we must use the fact
thatt′ = t(23)(45) = ts2s4.

Let t1 = t, t2 =
1 2 4
3 6
5

, t3 = t2, t4 = t′ =
1 2 5
3 6
4

, andt5 = t4. Then, by

using the action from Proposition 6.3, we have

vtTw = vtTs1Ts2Ts3Ts4Ts5

= −vt1Ts2Ts3Ts4Ts5

= . . .+ (−1)α(2)vt2Ts3Ts4Ts5 + . . .

= . . .+ (−1)α(2)
( −1

[−3]

)
vt3Ts4Ts5 + . . .

= . . .+ (−1)α(2)
( −1

[−3]

)
α(−4)vt4Ts5 + . . .

= . . .+ (−1)α(2)
( −1

[−3]

)
α(−4)α(−2)vt5 + . . .

which coincides with our definition, whereγt(ij) is the coefficient that is
contributed by the termTsij

.

Using the notation in Definition 6.15 we can give an explicit formula
for γt(w), for certainw.
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Proposition 6.17. Suppose thatw = si1 . . . sik is reduced, where1 ≤ i1 <
· · · < ik < n. Let t be a standardλ–tableau. Then

γt(w) =

{
γt(i1) . . . γt(ik), if t isw–transposable,

0, otherwise.

Proof. Observe that ifγt(w) 6= 0 then there is a sequencet0, t1, . . . , tk of
(not necessarily distinct) standardλ–tableaux such thatt0 = t, tk = t′

andvtj appears with non–zero coefficient invtj−1
Tij , for j = 1, . . . , k. By

assumption,1 ≤ i1 < · · · < ik < n soγt(w) 6= 0 only if we can change
t into t′ by swapping entries of the formij andij + 1, where1 ≤ j ≤ k.
Hence, ifγt(w) 6= 0, then t is w–transposable. That is, ift is not w–
transposable thenγt(w) = 0.

Suppose now thatγt(w) 6= 0. Then the tableauxt0, t1, . . . , tk above are
uniquely determined because we must follow the unique path from t to t′.
Indeed,tj is the unique standardλ–tableau which has all of the numbers
greater thanij + 1 in the same positions as they occur int and all numbers
less than or equal toij +1 in the same positions as int′. It follows that if vtj

appears with coefficientγj in vtj−1
Tij thenγt(w) = γ1 . . . γk. To complete

the proof it remains to show thatγt(ij) = γj is the coefficient ofvtj in
vtj−1

Tij . There are three possibilities: eitherij is on the diagonal oft, or ij
is diagonally opposite eitherij − 1 or ij + 1.

If ij ∈ diag(t) thenij andij+1 have not been moved anywhere. That is,
they are still in theirt position. Also,tj = tj−1 since we don’t want to move
ij off the diagonal. Therefore, from the definitions,γj = −1

[−dij
]

= γt(ij),

wheredij = ct(ij + 1)− ct(ij).
Next, ij is diagonally oppositeij − 1 if and only if ct(ij) = −ct(ij −

1). In this case, since we are acting byTij , ij − 1 must already be in its
t′ position and hence so mustij . That is, they must have already been
swapped. Thereforetj−1 = tj−2sij−1 andsij−1 appears inw, ie. ij−1 = ij−
1. Now sinceij andij−1 have already been swapped we havedtj−1

(ij , ij +

1) = dt(ij − 1, ij + 1). There fore,γj = −1
[−d′ij

]
= γt(ij).

Finally, ij andij + 1 are diagonally opposite int if and only if ct(ij) =
−ct(ij + 1). In this case we havetj = tj−1sij , so γj = α(dj), where
dj = ct(ij + 1)− ct(ij). Hence,γ(j) = γt(ij) as required. �

Recall that the conjugacy classes ofSn are indexed by partitions of
n, and that for eachκ ⊢ n we can choose a representative of the form in
the previous proposition. So for each partitionκ we fix a conjugacy class
representativewκ ∈ Sn which is of minimal length in its conjugacy class
together with a reduced expression of the formwκ = si1 . . . sik such that
1 ≤ i1 < i2 < · · · < ik < n.
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For example, ifκ = (4, 2, 1) ⊢ 7 we can choose

wκ = (1, 2, 3, 4)(5, 6)(7)

= s1s2s3s5.

Proposition 6.17 tells us that we need only considerw-transposable
tableaux in what follows. LetStdκ(λ) be the set ofwκ–transposable stan-
dardλ–tableaux.

Supposeλ = (λ1, λ2, . . . , λk) is a partition ofn. We define theith

hook of λ to be the subset of the diagram ofλ that contains the elements
(i, i), (i, i+ 1), . . . , (i, λi) and the elements(i+ 1, i), (i+ 2, i), . . . , (λi, i).
We can now computeχλ(Tw(n)

◦ τ) in the special case whereλ is a hook.

Lemma 6.18.Suppose thatn = 2k + 1, λ = (k + 1, 1k). Then

χλ(Tw(n)
◦ τ) =

(
−
√
−1
√
q
)n−1

2
√

[n].

Proof. We argue by induction onk. Whenk = 0 thenn = 1, w(n) = 1 and
χλ(Tw(n)

◦ τ) = 1, so the result holds.
For the inductive step, letµ = (k, 1k−1) ⊢ n−2. Hence,χµ(Tw(n−2)

◦τ)
is known by induction.

Notice that there are exactly2k w(n)–transposableλ–tableaux. These
are theλ–tableaux which have the numbers2i and 2i + 1 in positions
(1, i+ 1) and(i+ 1, 1), for i = 1, . . . , k. Consequently, from eachw(n−2)–
transposableµ–tableaut we can construct twow(n)–transposableλ–tableaux
t′ andt′′. We constructt′ by puttingn−1 andn into the(1, k) and(k, 1) po-
sitions, respectively, andt′′ = t′sn−1. Further, sincew(n) = w(n−2)sn−2sn−1,
we have thatγt′(i) = γt(i) = γt′′(i), for 1 ≤ i ≤ n− 3. Now, if n− 2 is in
the first row oft then, by Lemma 6.17,

γt′(w(n)) + γt′′(w(n))

= γt(1) . . . γt(n− 3)
(

−1
[−(n−2)]

α(−(n− 1)) + α(−(n− 1))
)

= γt(1) . . . γt(n− 3)
(

1
[−(n−2)]

α(n− 1)− α(n− 1)
)

= γt(1) . . . γt(n− 3)α(n− 1)
(

1
[−(n−2)]

− 1
)

= −γt(1) . . . γt(n− 3)α(n− 1) [n−1]
[n−2]

= −γt(1) . . . γt(n− 3)
√
−1

√
q
√

[n]√
[n−2]

= −γt(w(n−2)) ·
√
−1

√
q
√

[n]√
[n−2]

.
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A similar calculation shows that we also have

γt′(w(n)) + γt′′(w(n)) = −γt(w(n−2)) ·
√
−1

√
q
√

[n]√
[n−2]

whenn− 2 is in the first column oft. Hence,

χλ(Tw(n)
◦ τ) =

∑

s∈Std(n)(λ)

γs(w(n)) =
∑

t∈Std(n−2)(µ)

(
γt′(w(n)) + γt′′(w(n))

)

= −
√
−1

√
q
√

[n]√
[n−2]

∑

t∈Std(n−2)(µ)

γt(w(n−2))

= −
√
−1

√
q
√

[n]√
[n−2]

· χµ(Tw(n−2)
◦ τ)

= −
√
−1

√
q
√

[n]√
[n−2]

(
−
√
−1
√
q
)n−3

2
√

[n− 2]

=
(
−
√
−1
√
q
)n−1

2
√

[n].

�

This enables us to compute our first general character value.Let hi be
the length of theith hook ofλ. Therefore,hi = 2λi − 2i + 1. Also, let
d(λ) be the length of the diagonal ofλ (sod(λ) = max { i | λi ≥ i }), and
let h(λ) = (h1, h2, . . . , hd(λ)). Thus,h(λ) is a partition ofn. For example,
if λ = (k + 1, 1k) - as in Lemma 6.18 - thenh(λ) = (n) = (2k + 1) and
d(λ) = 1.

For the proof of the next result we need some more notation. Suppose
thatt is aλ–tableau and fori = 1, . . . , d let ti be the subtableau oft which
contains the numbers in theith hook of t. We will think of ti as being a
tableau of shape(hi+1

2
, 1

hi−1

2 ) in the natural way. Finally, ifk ∈ Z let t− k
be the tableau obtained by subtractingk from each of the entries oft.

Proposition 6.19. Suppose thatκ andλ are partitions ofn such thatλ is
self–conjugate and letd = d(λ). Then

χλ(Twh(λ)
◦ τ) =

(
−
√
−1
√
q
)n−d

2
∏d

i=1

√
[hi],

Proof. Writeh(λ) = (h1, . . . , hd) and suppose thatt is awh(λ)–transposable
λ–tableau. Set̄h0 = 0 and leth̄i =

∑i
j=1 hj , for 1 ≤ i ≤ d. Then

wh(λ) = (h̄0 + 1, . . . , h̄1)(h̄1 + 1, . . . , h̄2) . . . (h̄d−1 + 1, . . . , h̄d)

is the cycle decomposition ofwh(λ). Notice that there ared cycles inwh(λ),
all of odd length. Now, an odd length cycle must contain at least one ele-
ment from the diagonal oft, sincet is wh(λ)–transposable. It follows that
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the numbers on the diagonal oft come from distinct cycles ofwh(λ). More-
over, sincet is standard, the numbert(i, i) must belong to cyclei of wh(λ);
that is, fori = 1, . . . , d we havet(i, i) ∈ {h̄i−1 + 1, . . . , h̄i}. Using once
more the fact thatt is standard, fori = 1, . . . , d we see that we must have
t(i, i) = h̄i−1 + 1 and that the numbers contained in the subtableauti are
precisely the numbers{h̄i−1 + 1, . . . , h̄i}.

For 1 ≤ i ≤ d let λi = (hi+1
2
, 1

hi−1

2 ). Thenλi is a self–conjugate parti-
tion andh(λi) = (hi). Further, by the last paragraph, there is a bijection

Stdh(λ)(λ) →
d∏

i=1

Std(hi)(λ
i)

t 7→ (t1 − h̄0, t2 − h̄1, . . . , td − h̄d−1).

Using this and Proposition 6.17 and Definition 6.15, ift iswh(λ)-transposable
then

γt(wh(λ)) =
d∏

i=1

h̄i−1∏

j=h̄i−1+1

γt(j) =
d∏

i=1

hi−1∏

j=1

γti−h̄i−1
(j) =

d∏

i=1

γti−h̄i−1
(w(hi)).

Combining the last two statements we find that

χλ(Twh(λ)
◦ τ) =

∑

t∈Stdh(λ)(λ)

d∏

i=1

γti−h̄i−1
(w(hi))

=
d∏

i=1

∑

ti∈Std(hi)
(λi)

γti(w(hi))

=

d∏

i=1

χ(λi)(Tw(hi)
◦ τ)

=
d∏

i=1

(
−
√
−1
√
q
)hi−1

2
√

[hi]

by Lemma 6.18. The result follows. �

Next we want to show thatχλ(Twκ
◦ τ) = 0 whenκ 6= h(λ). This is

much harder and we will need several lemmas.
First note that the set of partitions of the formh(λ) is equal to the set

of partitions whose components are odd and pairwise distinct. Thus, we
must now consider all cases whereκ has components that are not odd and
distinct. We first consider the following case.

Lemma 6.20(cf. [8, Lemma 3.3]). Suppose thatwκ has more thand(λ)
cycles of odd length. Thenχλ(Twκ

◦ τ) = 0.
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Proof. We know that ift is a w–transposable tableau then each odd cy-
cle ofw meets the diagonal oft at least once. Consequently, there are no
transposablewκ–tableaux sincewκ has more thand(λ) odd cycles. Hence,
χλ(Twκ

◦ τ) = 0. �

Before tackling other cycle types we prove a technical lemma.

Lemma 6.21.Let t be awκ–transposable tableaux and suppose thata, b ∈
diag(t) with b minimal such thata and b are in the same cycle ofwκ. Let
t′′ = tsa+1sa+3 . . . sb−2. Thent′′ iswκ–transposable andγt(wκ)+γt′′(wκ) =
0.

Proof. Sincet iswκ–transposable, the numbers{a+2i+1, a+2i+2}, for
i = 0, . . . , b−a−3

2
, occur in diagonally opposite positions int. Consequently,

b− a is odd andt′′ is the tableau obtained fromt by swapping these entries.
Hence,t′′ iswκ–transposable, proving our first claim.

To show thatγt(wκ) + γt′′(wκ) = 0, first observe thatγt(i) = γt′′(i) if
i < a or if i ≥ b. Letγt[a, b) =

∏b−1
i=a γt(i) and defineγt′′ [a, b) similarly. To

complete the proof we will show thatγt[a, b) = −γt′′ [a, b).
As in Definition 6.15, setdi = ct(i+1)− ct(i) = ct′′(i)− ct′′(i+1) and

d′i = ct(i + 1)− ct(i − 1) = ct′′(i − 1) − ct′′(i + 1), for a ≤ i < b. Then,
for i = 0, . . . , b− 1− a we have

γt(a+ i) =





−1
[−da]

, if i = 0,
−1

[−d′a+i]
, if i > 0 is even,

α(da+i), if i is odd,

and

γt′′(a+ i) =






−1
[da]
, if i = 0,

−1
[d′a+i]

, if i > 0 is even,

−α(da+i), if i is odd.

Therefore

γt[a, b) =
b−1∏

i=a

γt(i)

=
−1

[−da]

[(
α(da+1)

)( −1

[−d′a+2]

)(
α(da+3)

)( −1

[−d′a+4]

)

. . .
(
α(db−2)

)( −1

[−d′b−1]

)]
.
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Also,

γt′′[a, b) =

b−1∏

i=a

γt′′(i)

=
−1

[da]

[(
− α(da+1)

)( −1

[d′a+2]

)(
− α(da+3)

)( −1

[d′a+4]

)

. . .
(
− α(db−2)

)( −1

[d′b−1]

)]
.

After rearranging we have

γt′′[a, b) =
q−da

[−da]

[(
− α(da+1)

)( q−d′a+2

[−d′a+2]

)(
− α(da+3)

)( q−d′a+4

[−d′a+4]

)

. . .
(
− α(db−2)

)( q−d′
b−1

[−d′b−1]

)]

= −q−(da+d′a+2+d′a+4+...d′
b−1)γt[a, b).

But

da + d′a+2 + d′a+4 + . . . d′b−1

= (ct(a+ 1)− ct(a))
+ (ct(a+ 3)− ct(a+ 1))

+ (ct(a+ 5)− ct(a+ 3))

+
...

+ (ct(b)− ct(b− 2))

= ct(b))− ct(a)
= 0

sincea andb are on the diagonal oft; and the result follows. �

Lemma 6.22(cf. [8, Lemma 3.4]). Suppose that the number of cycles in
wκ is less thand(λ). Thenχλ(Twκ

◦ τ) = 0.

Proof. Let t be awκ–transposable tableau. Then, becausewκ has less than
d(λ) cycles, at least one cycle inwκ meets the diagonal oft more than once.
Therefore, we can find integersa < b on the diagonal oft, with b minimal
such thata andb are both in the same cycle ofwκ. Then Lemma 6.21 tells us
that fort′′ = tsa+1sa+3 . . . sb−2 we haveγt(wκ) + γt′′(wκ) = 0. Then, since
the map sendingt to t′′ is bijective and an involution, the result follows.�
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Lemma 6.23(cf. [8, Lemma 3.5]). Suppose thatκ contains an even part.
Thenχλ(Twκ

◦ τ) = 0.

Proof. Let t be awκ–transposable tableau and consider the first even cycle
in κ. As t is transposable, this cycle meets the diagonal oft in an even num-
ber of places. If this cycle meets the diagonal ata < b, whereb is minimal,
thenγt(wκ) + γt′′(wκ) = 0 by Lemma 6.21, wheret′′ = tsa+1 . . . sb−2. If
the first even cycle(a + 1, a + 2, . . . , b − 1) does not meet the diagonal of
t at all then we again definet′′ = tsa+1 . . . sb−2. By essentially repeating
the argument of Lemma 6.21 we find thatγt(wκ) + γt′′(wκ) = 0. Hence, it
follows thatχλ(Twκ

◦ τ) = 0 as required. �

We are now left with those elementswκ which haved(λ) cycles of odd
length, and no even cycles. This case is the most complicatedand requires
some more notation and the technical Lemma 6.24 below.

Let (X,<) be a poset. ThenX is connectedif its Hasse diagram is
connected; otherwiseX isdisconnected. If X containsm+1 elements then
a linearisation of X is a bijectionf :X−→{1, . . . , m+ 1} which respects
the ordering inX; thus,f(x) < f(y) wheneverx < y for x, y ∈ X. Let
L (X) be the set of linearisations ofX. If f ∈ L (X) let f ∗ : {1, . . . , m +
1}−→X be its inverse.

Lemma 6.24. Suppose that(X,<) is a disconnected poset withm + 1
elements. Letz ∈ X and suppose that{ cx | x ∈ X } is a set of pairwise
distinct integers such thatcz = 0. Then

0 =
∑

f∈L (X)

f(z)−1∏

i=1

−1

[cf∗(i+1) − cf∗(i)]

m∏

i=f(z)

1

[cf∗(i) − cf∗(i+1)]
.

Proof. Let {Qx | x ∈ X } be a set of indeterminates. We know that

0 =
∑

f∈L (X)

m∏

i=1

1

Qf∗(i+1) −Qf∗(i)

(see Headley [8, Lemma 3.6]). SettingQx = qcx, for x ∈ X, and multiply-
ing through by(q − 1)m this implies that

0 =
∑

f∈L (X)

m∏

i=1

q − 1

qcf∗(i+1) − qcf∗(i)
=

∑

f∈L (X)

m∏

i=1

(q − 1)q−cf∗(i)

qcf∗(i+1)−cf∗(i) − 1

= q−
P

x∈X cx

∑

f∈L (X)

qcf∗(m+1)

m∏

i=1

1

[cf∗(i+1) − cf∗(i)]
.



6.3. THE CASE IN WHICHS(λ) AND S(λ)# ARE EQUIVALENT H-MODULES 69

Hence,
∑

f∈L (X)

qcf∗(m+1)

m∏

i=1

1

[cf∗(i+1) − cf∗(i)]
= 0.

To complete the proof observe that, for eachf ∈ L (X),

qcf∗(m+1)

m∏

i=f(z)

1

[cf∗(i+1) − cf∗(i)]
=

m∏

i=f(z)

qcf∗(i+1)−cf∗(i)

[cf∗(i+1) − cf∗(i)]

=

m∏

i=f(z)

−1

[cf∗(i) − cf∗(i+1)]

where the first equality follows becausecz = 0. Combining the last two
equations shows that

0 =
∑

f∈L (X)

f(z)−1∏

i=1

1

[cf∗(i+1) − cf∗(i)]

m∏

i=f(z)

−1

[cf∗(i) − cf∗(i+1)]
.

Multiplying both sides of this equation by(−1)m completes the proof. �

We can now complete our calculation of the characters ofAK,q(Sn) for
the particular conjugacy class representativeswκ of minimal length.

Proposition 6.25. Suppose thatwκ is of minimal length in its conjugacy
class and thatκ 6= h(λ). Thenχλ(Twκ

◦ τ) = 0.

Proof. By Lemmas 6.20–6.23 it remains to consider the case whenwκ has
exactlyd(λ) cycles; each of which is of odd length. Our proof follows
Headley [8, Theorem 3.7], except that we have some additional complica-
tions. The reader may find Example 6.28 useful while reading this proof.

Fix for the time being, awκ–transposableλ–tableauxt. We need to
attach a lot of combinatorial data tot. In a similar manner to the proof of
Proposition 6.19 we see that the diagonal elements oft lie in different cycles
of wκ. It follows that t(i, i) belongs to cyclei of wκ. Moreover, because
κ 6= h(λ) at least one of the cycles ofwκ must meet more than one of the
diagonal hook subtableauxti of t, for 1 ≤ i ≤ d(λ).

Let zt > 1 be minimal such that cyclezt of wκ is not contained intzt

and letλt be the shape of the skew subtableaux which contains the numbers
in cyclezt of wκ. LetXt = { (r, c) ∈ [λt] | c ≥ r }, which we consider as a
poset with ordering(r, c) ≤ (r′, c′) if r = r′ andc ≤ c′. Note that(zt, zt) ∈
Xt. MoreoverXt must be disconnected; since, if it were connected and
κ = (κ1, κ2, . . . , κzκ

, . . .) then we would haveκzκ
> κzκ−1, contradicting

thatκ is a partition.
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If x = (r, c) ∈ Xt let x′ = (c, r). (So thatx′ ∈ Xt if and only if
x = (zt, zt).) Next, define two “sign functions”ǫt, ǫ′t :Xt−→{±1} by

ǫt(x) =

{
1, if t(x′) ≥ t(x),

−1, if t(x′) < t(x),
and ǫ′t(x) =

{
1, if t(x) ≥ t(z),

−1, if t(x) < t(z),

wherez = (zt, zt) andx ∈ Xt. Finally, define a linearisationft ∈ L (Xt)
of Xt by ft(p) = # { x ∈ Xt | t(p) ≥ t(x) }, for x ∈ Xt. (Notice that
ǫ′t(x) = 1 if and only if ft(x) ≥ ft(z).)

Let f ∗
t be the inverse of the linearisationft and definex1, . . . , xm+1 ∈

Xt by xi = f ∗
t (i), for 1 ≤ i ≤ m + 1, where|Xt| = m + 1. Let k =

κ1 + · · · + κzt−1 + 1. Then thezth
t cycle ofwκ is (k, k + 1, . . . , k + 2m)

and the contribution of thezth
t cycle ofwκ to γt(wκ) is

∏2m−1
j=0 γt(k+j). We

claim that

(6.26)
2m−1∏

j=0

γt(k + j) =

m+1∏

i=1

α(2ǫt(xi)c(xi))

m∏

i=1

[ǫt(xi)c(xi)− ǫt(xi+1)c(xi+1)]

,

where the content of a nodex = (r, c) is c(x) = c−r. To prove the claim we
will use Proposition 6.17. According to Definition 6.15 there are three cases
to consider. While we are proving the claim, suppose that0 ≤ j < 2m and
let x andy be the unique nodes inXt such thatk + j ∈ {t(x), t(x′)} and
k + j + 1 ∈ {t(y), t(y′)}

Case 1. k + j ∈ diag(t). This happens if and only ifx = (zt, zt),
thereforeǫt(x) = 1. Our aim is to findct(k + j) andct(k + j + 1). The
former is easy sincek + j ∈ diag(t). We havect(k + j) = 0 = ±c(x).

If x = xi theny = xi+1 ∈ Xt because of the wayft is defined. Now,
if k + j + 1 = t(y) then ct(k + j + 1) = c(xi+1). Notice that in this
situation we havet(y′) > t(y) and henceǫt(y) = 1. On the other hand, if
k + j + 1 = t(y′) thenct(k + j + 1) = −c(xi+1) andǫt(y) = −1. Hence,
in both cases,ct(k + j + 1) = ǫt(xi+1)c(xi+1). Therefore,

γt(k + j) =
−1

[ct(k + j)− ct(k + j + 1)]

=
−1

[ǫt(xi)c(xi)− ǫt(xi+1)c(xi+1)]

wherek + j ∈ {t(xi), t(x
′
i)}.

Case 2.ct(k+ j) = −ct(k+ j− 1). In this casek+ j andk+ j− 1 are
diagonally opposite so ifx = xi theny = xi+1. Our aim in this case is to
find ct(k + j + 1) andct(k + j − 1). We havet(x) = k + j − 1 if and only
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if ǫt(x) = 1, andt(y) = k + j + 1 if and only if ǫt(y) = 1. Hence, using a
similar argument to that in Case 1,

γt(k + j) =
−1

[ct(k + j − 1)− ct(k + j + 1)]

=
−1

[ǫt(xi)c(xi)− ǫt(xi+1)c(xi+1)]
.

Case 3.ct(k + j) = −ct(k + j + 1). In this casek + j andk + j + 1
are diagonally opposite sox = y and, in particular,x 6= z = (zt, zt). If
k + j = t(x) thendt(k + j, k + j + 1) = ct(k + j + 1) − ct(k + j) =
−2ct(k + j) = −2c(x) andǫt(x) = 1. Alternatively, if k + j + 1 = t(x)
thendt(k + j, k + j + 1) = 2ct(k + j + 1) = 2c(x) andǫt(x) = −1. Write
x = xi. Then

γt(k + j) = α(ct(k + j + 1)− ct(k + j)) = −α(2ǫt(xi)c(xi)).

We can now combine Cases 1–3 to prove (6.26). Note that the2m
minus signs in Cases 1–3 cancel out. Also, note that the numerator of (6.26)
includes the case whenxi = z. Technically it should not be there, however,
we may leave it in sinceα(2ǫt(z)c(z)) = α(0) = 1.

We can now begin to prove the proposition. Define an equivalence re-
lation on the set ofwκ–transposableλ–tableaux by declaring that ifs, t ∈
Stdwκ

(λ) thens ∼ t if

a) λs = λt (so thatzs = zt andXs = Xt),
b) s andt agree onλ \ λs, and
c) ǫs(x)ǫ′s(x) = ǫt(x)ǫ

′
t(x), for all x ∈ Xs.

Let X be an equivalence class of transposable tableaux. Lett ∈ X

and setz0 = zt, X0 = Xt, λ0 = λt andf0 = ft. Then for any tableaux
s in X , zs = z0, Xs = X0, λs = λ0 and fs = f0. It is not hard to
see thatX contains a tableaut0 such thatt0(z0, z0) = k where, as above,
k = κ1 + · · · + κz0−1 + 1. Fix any such tableaut0 ∈ X and letǫ0 = ǫt0
andǫ′0 = ǫ′t0 . Then, looking at the definitions,ǫ′0(x) = 1, for all x ∈ X0.
Therefore, by the definition of∼, we haveǫt(x)ǫ′t(x) = ǫ0(x)ǫ

′
0(x) = ǫ0(x),

for all t ∈ X0 and all x ∈ X0. We setz = (z0, z0) and definecx =
ǫ0(x)c(x), for x ∈ X0. Thenǫt(x)c(x) = ǫ′t(x)ǫ0(x)c(x) = ǫ′t(x)cx, for all
x ∈ X0.

Recall that thezth
0 cycle ofwκ is (k, . . . , k + 2m), where|X0| = m +

1. Also recall that, by Proposition 6.17, ifs, t ∈ X thenγt(i) = γs(i)
wheneveri < k or i > k + 2m. Consequently, using (6.26), the sum of the
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contributions of thezth
0 cycle for the tableaux inX is

∑

t∈X

2m−1∏

j=0

γt(k + j) =
∑

t∈X

∏m+1
i=1 α(2ǫt(xi)c(xi))∏m

i=1[ǫt(xi)c(xi)− ǫt(xi+1)c(xi+1)]

=
∑

t∈X

∏m+1
i=1 α(2ǫ′t(xi)cxi

)∏m
i=1[ǫ

′
t(xi)cxi

− ǫ′t(xi+1)cxi+1
]

=
∑

t∈X

∏m+1
i=1 ǫ′t(xi)α(2cxi

)∏m
i=1[ǫ

′
t(xi)cxi

− ǫ′t(xi+1)cxi+1
]

(6.27)

=
( ∏

x∈X0

α(2cx)
)∑

t∈X

m∏

i=1

ǫ′t(xi)

[ǫ′t(xi)cxi
− ǫ′t(xi+1)cxi+1

]
,

sinceǫ′t(xm+1) = 1 for all t ∈X . Note that throughout equation (6.27) the
nodesxi = f ∗

t (i) depend on the tableaut in the summation, for1 ≤ i <
m+ 1.

To complete the proof we want to apply Lemma 6.24. To do this we
first show thatX ∼= L (X0) and then we reinterpret (6.27) in light of this
bijection. Recall that we have a mapX −→ L (X0) given byt 7→ ft, for
t ∈ X . Note thatt(z) must be one ofk, k + 2, . . . , k + 2m. Moreover, if
t(z) = k + i thenft(z) = i/2 + 1. Henceft(z) = (t(z)− k)/2 + 1.

Conversely, givenf ∈ L (X0) there is a unique tableaut = tf ∈ X

such thatt agrees witht0 onλ \ λ0, t(z) = k + 2(f(z)− 1) and

{t(x), t(x′)} =

{
{k + 2f(x)− 2, k + 2f(x)− 1}, if f(x) < f(z),

{k + 2f(x)− 3, k + 2f(x)− 2}, if f(x) > f(z).

To see that the tableaut is unique, we must be able to completely determine
its values. First note that, sincef is a linearisation , iff(x) < f(z) then
t(x) < t(z). Similarly if f(x) ≥ f(z) then t(x) ≥ t(z). Therefore if
f(x) < f(z) thenǫ′t(x) = −1. Now ǫt(x) can be found since we must have
ǫt(x)ǫ

′
t(x) = ǫ0(x). Hence the positions ofk+2f(x)−2 andk+2f(x)−1

are completely determined. The second case is similar.
It is easy to see that the mapst 7→ ft andf 7→ tf are mutual inverses,

soX ∼= L (X0) as claimed.
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Recalling thatxj = f ∗
t (j), we can now rewrite (6.27) to see that

∑

t∈X

2m−1∏

j=0

γt(k + j)

=
( ∏

x∈X0

α(2cx)
) ∑

f∈L (X0)

m∏

i=1

ǫ′t(f
∗(i))

[ǫ′t(f
∗(i))cf∗(i) − ǫ′t(f ∗(i+ 1))cf∗(i+1)]

=
( ∏

x∈X0

α(2cx)
) ∑

f∈L (X0)

f(z)−1∏

i=1

−1

[cf∗(i+1) − cf∗(i)]

m∏

i=f(z)

1

[cf∗(i) − cf∗(i+1)]

= 0,

where the last equality follows from Lemma 6.24. Therefore,
∑

t
γt(wκ) =

0 and the proposition is proved. �

Combining Proposition 6.19 and Proposition 6.25 we have nowcom-
puted the character valuesχλ±

A (Tw + T#
w ), wherew runs over a set of mini-

mal length representatives for the conjugacy classes of thesymmetric group
which can be written in the formw = si1 . . . sik , with 1 ≤ i1 < · · · < ik <
n.

Example 6.28.Suppose thatλ = (6, 3, 2, 13), so thath(λ) = (11, 3) and
take κ = (72). Thenwκ = (1 2 3 4 5 6 7)(8 9 10 11 12 13 14) =
s1 . . . s6s8 . . . s13. The reader may check that there are384 wκ–transposable
λ–tableaux. We havezt = 2 andXt = {(2, 2), (2, 3), (1, 5), (1, 6)}. Let
a = (2, 2), b = (2, 3), c = (1, 5) andd = (1, 6) be these nodes in[λ] and
consider an equivalence classX ofwκ–transposable tableaux for which the
sign sequenceǫtǫ′t is−−+. That is,ǫt(b)ǫ′t(b) = −1, ǫt(c)ǫ′t(c) = −1 and
ǫt(d)ǫ

′
t(d) = 1 (we use this shorthand for the sign sequences in the table

below). Note that for any tableaut we haveǫt(a) = 1 = ǫ′t(a), so there is
no need to specify the value of the sign functions ona = (zt, zt). For these
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tableaux we haveλt = λ \ µ, whereµ = (4, 13).

t ǫt ǫ′t f ∗
t γt(8) γt(9) γt(10) γt(11) γt(12) γt(13)

· · · · 1213
· 8 10
· 9
·

11
14

−−+ +++ abcd −1
[0−−1]

α(2) −1
[−1−−4]

α(8) −1
[−4−5]

−α(10)

· · · · 1013
· 8 12
· 11
·
9
14

−−+ +++ acbd −1
[0−−4]

α(8) −1
[−4−−1]

α(2) −1
[−1−5]

−α(10)

· · · · 1011
· 8 14
· 13
·
9
12

−−+ +++ acdb −1
[0−−4]

α(8) −1
[−4−5]

−α(10) −1
[5−−1]

α(2)

· · · · 8 13
· 1012
· 11
·
9
14

−++ +−+ cabd −α(8) −1
[4−0]

−1
[0−−1]

α(2) −1
[−1−5]

−α(10)

· · · · 8 11
· 1014
· 13
·
9
12

−++ +−+ cadb −α(8) −1
[4−0]

−1
[0−5]

−α(10) −1
[5−−1]

α(2)

· · · · 8 11
· 1214
· 13
·
9
10

−+− +−− cdab −α(8) −1
[4−−5]

α(10) −1
[−5−0]

−1
[0−−1]

α(2)

In the table we have only given the positions occupied by8, . . . , 14 in the
tableaux inX because these are the only entries which matter in the proof
of Proposition 6.25. The positions occupied by the dots can be replaced
with anyw(7)—transposable(4, 13)–tableaux. The only constraint is that
the same(4, 13)–tableau must be used for all of the tableaux inX . For

example, we could use the tableau
1 2 4 6
3
5
7

above.
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