CHAPTER 1

Coxeter Groups and Iwahori-Hecke algebras

In this chapter we begin with some background on Coxeterggaund
lwahori-Hecke algebras. All of these results are well knama can be
found in Kazhdan & LusztigJ1] and Humphreys9], among others. We
will also give a short survey of Clifford theory following @is & Reiner [3].

1.1. Coxeter Groups

We will describe a Coxeter group in a purely abstract formdéyegators
and relations. By(ab...),,, for m a positive integer, we mean that the
pattern within the brackets is repeated until thererareymbols present.
For example(ab...); = ababa. In chapter 3 we will also need the case
whenm is a negative integer. In this case the pattern starts withSo
(ab...)_5 = babab.

Definition 1.1. A Coxeter system (¥, S), consists of a groupil/, and a
subsetS ¢ W. The grouplV is generated by the elements®tubject to
the relations:

(rs)ms =1 forallr,se S

wheremg, = 1 andm,s = my, € {2,3,...,00} if r # s. If there is no
relation between and s then, by convention, we write,., = oc.

Note thatm,, = 1 implies thats = s~! for all s € S. Consequently, we
may rewrite the relations d$s...),,.. = (sr...)n,.. and then we call the
relations thebraid relations. When it is not important to distinguish the
generating sef, we will just talk about the Coxeter group'.

We can writew € W as a product of generators,= s; ... s, for s; in
S. This product may not be unique. We define lvegth of w, /(w), to be
the smallest: such thatv = s, ...s,. S0f(s;) = 1forall s; € S and we
define/(1) = 0. Whenw is written as a product of(w) generators we say
that this expression far is reduced

Example 1.2. The symmetric groups,,, is a Coxeter group that has gen-
eratorss; = (i i+ 1) fori € [1,...,n — 1] and relations:
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s?=1 forie[1,...,n—1],
$iS;=5;S; wheneveli — j| > 1,
8;Si+15;=8i4+15;Si+1 fori e [1, RN 2]

Letw = s1s5...5s, be areduced expression forin a Coxeter group
W. A subexpressiornof w is any expression obtained from it by removing
some generators. To be precise, a subexpressianigfan expression of
the forms;, s;, ... s;, wherel <i; <iy <...<i <n.

There is a partial order on a Coxeter group that is very us&ee, for
example, Humphrey99[ 85.10]. This order is th&ruhat order and we
denote it by<. Letw,w’ € W. Thenw' < w if a reduced expression for
w’ is a subexpression of a reduced expressionsfaf v’ < w andw’ # w
then we writew’ < w.

Proposition 1.3. Supposg 1V, S) is a Coxeter system. For € S and
w € W we have

] l(w)+ 1, if sw > w,
flsw) = { lw)—1, if sw<w.

For a proof see Humphrey8][(Proposition 5.2 and Theorem 5.10).
Suppos€V, S) is a Coxeter system. We define tBexeter diagram
of (W, .S) to be the labelled graphi(WW, S) with a node for every in the
generating sef, and an edge between nodeands if m,, > 3. We label
this edge withm,.,. So, forr,; s € S andr # s, if noder and nodes are not
joined by an edge thenands commute. By convention, we omit the label
if m,s = 3.

Definition 1.4. A Coxeter systeriV, S) is reducible if S = S; [ S» and
m,s = 2 whenever € S; ands € S,. We say(W, S) isirreducible if it is
not reducible.

Note that, from this definition, a Coxeter system is irredieif and
only if its Coxeter diagram is connected.

If W7 is the subgroup ofV generated bys; and similarlyV; is the
subgroup ofil” generated bys,, then (W, S;) and (W, S;) are Coxeter
systems andV = W; x W,. See Humphreys9| Proposition 2.2]. So
to classify the finite Coxeter groups we need only consideiirtteducible
finite Coxeter groups.
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Theorem 1.5.The finite irreducible Coxeter groups are precisely the gu
with the following Coxeter diagrams.

Type Diagram Rank Order
Ay, —o o —o n (n+1)!
B, =0C, oo o o n 2"n)!
n :>o—0——o n 2n=1p!
Ir(m) oo 2 2p
H; oo 3 23.3.5
H, o>eo oo 4 26.32.52
Fy o' o o 4 27 . 32
Eg o—o—I—o—o 6 27.3%.5
Br — et o oo T 20357
Ly oo L o o o o 8 211.3%.5%.7

For a proof see Humphrey8,[8§2.3-2.7].
The sign representationof a Coxeter grouplV, is the group homo-
morphism
e: W — Oy
w o (=1)4)
whereCy, = {£1} is the cyclic group of orde2. The alternating sub-

group, <7 (W), of W is the kernel of this map. Therefore it consists of all
elements of even length. So

(W) :={weW|lw)=0(mod2)}.

In this thesis we will construct and describg-analogue ofe7 ().

1.2. Iwahori-Hecke algebras

Definition 1.6. Suppose thatlV, S) is a Coxeter system and |ét be a
ring which contains an invertible elemeqt Thelwahori-Hecke algebra

H = Hgr,(W,S) is the associativez-algebra generated by the elements
{Ts | s € S}, with identity7} = 1 and relations:

(Ts—q)(Ts+1)=0 forall s € S,
(T, Ts.. . = (TsT, ... )y, forallr#selS,

where, forr ands in S, m,, is the order ofrs in .
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We will use’H for Hg (W, S) when there is no ambiguity.

The first relation says th&t? = (¢ — 1)T; + ¢ and, sincey is invertible,
we havel ;! = ¢ 'T, — ¢ (g — 1).

We defineT,, = Ty, T, ...T;, wherew = s;sy...s, is a reduced
expression fow € W. This product is well defined by Lemma 1.7 a) (see
Geck & Pfeiffer p] Lemma 4.4.3 and Theorem 4.4.6).

Lemma 1.7. Supposev € .

a) If w = ryry...r, is another reduced expression for wherer;
S, then?, =1,T,,...T,,.

b) Multiplication in H is determined as follows:

Tsw, if sw > w,
LT = { qTew + (g — DT, if sw < w.

c) H is free as ankR-module with basi§7,, | w € W}.

The lwahori-Hecke algebra has twalimensional representations which
we will need. The first is called thgign representationand is analogous
to the sign representation of a Coxeter group. 4(@t,) = (—1)“®). The
other representation is the analogue ofttihgal representation in a Cox-
eter group. Let(T,,) = ¢“™). To simplify notation, we will often write,,
for ¢(7,,) andq, for «(T,).

1.3. Clifford Theory

Supposed is an algebra with subalgebra. Clifford theory describes
how irreducibleA-modules restrict td@3-modules, given certain restrictions
on B. We define a Clifford system and give a survey of the relevesilts
following Curtis and Reinerd, §11C].

Definition 1.8. Let C' be a finite group,k a commutative ring, andl an
R-algebra that is finitely generated as @&module. AC-graded Clifford
systemin A is a family of R-submoduleg A.}.cc of A, such that the fol-
lowing conditions are satisfied:

a) A =P A..

ceC

b) A Ay = A

c) For eachc € C there exists a unit. € A such thatd, = Aja. =
CLCAl.



1.3. QLIFFORD THEORY 5

d)1eA,.
The algebraA is called aC'-graded R-algebra

SinceA;A; = A; (by definition) we see that; is a subalgebra oft
and that we can take, = 1 if we wish. If V' is a right A-module, letV,,
be its restriction to anl;-module. IfU is a rightA;-module, we definé/4
to be the induced!-moduleU ® 4, A. Then we have

U =U s A=PU @4, Aia. =P U R4, a
ceC ceC
sinceA is free as a leftd;-module with basiga.}.cc. NowU ® 4, a. is a
right A;-module and we call any module of this forntanjugate of U in
UA.

Theorem 1.9. Suppose thatl is a C-graded Clifford K-algebra wherek

is a field. LetV be an irreducibleA-module and lef/ be an irreducible
Aj-submodule of/4,. ThenVy, is a semisimpled;-module, whose simple
summands are isomorphic to conjuga{és® 4, a. | c € C'} of U.

In the proof of this theorem (see Curtis and Reirg&m. 273]), we see
that) " .. Ua. is an A-submodule of’. HenceV' = 3" _.Ua. sinceV’
is an irreducibleA-module. The result follows after noticing th&tu,. =
U ® a. asA;-modules.

Example 1.10.To illustrate the power of these results, let us now consider
the case of the symmetric grodp, and its alternating subgroug (S,,).

Let A = K&, be the group algebra of the symmetric group over a field
K, and similarly letd; = K./ (&,,) be the group algebra ¥ (&,,). Let
C = {1,—1} be the cyclic group of order 2. ThelS,, is a C-graded
Clifford K-algebra sinces,, = 7 (S,,) [[ ¢/ (6,)(12), where(12) is the
transposition swappingand2. We have set; = 1 anda_; = (12).

Suppose that’ is an irreducibleK’ S,,-module. Theorem 1.9 tells us
thatVy, = U + U(12) for some irreducibled; = K.o/(S,,)-submodule
U of Vy,. Therefore, eithel/ is irreducible as am,;-module orV,, =
U @ U(12) for some irreducibled;-submoduld/ of V.



CHAPTER 2

Presentations of Algebras and Subalgebras

The Reidemeister-Schreier rewriting process is used toefipbsenta-
tion for a particular subgroup, given a presentation forgaeent group. In
this chapter we generalise part of this process to algeBiggpose we have
an algebrad. We would like to find a presentation for any subalgebra of
A that is generated by a set of words in the generatord.ofirst let us
consider the group case.

2.1. The Reidemeister-Schreier Rewriting Process for Grqus

We follow the treatment of Johnsoh(]. Suppose we have a subgroup
H of finite index in a grougs. LetU = {u4,...,u,} be a set of left coset
representatives fal in G. SoG = [[_, u;H. Without loss of generality
we assumey; = 1, the identity element ofr. If g € G, letg = u, if g lies
in the left coset;H. HencegH = gH. Note that for ally € G we have
gH N {uy,...,u,} = {g}. Moreoverg = gh foranyh € H.

Now let X be some set. Avord in X is a product of elements from
X. Thatis,z; ...z, is a word forz; € X andn € N. DefineX to be the
monoid generated b¥. SoX contains all words inX with multiplication
by concatenation and the empty word, dendteas its multiplicative iden-
tity. Now let X := {Z | x € X} be a set in bijection withX. Define a
relation,=, where for allx € X, z& = 1 andzz = 1. This relation is a
congruence relation. Hence we may definefthe group generated by X
to be the group

F(X)=XUX/=.

That s, the quotient oK U X by the congruence relatiaa. So effectively
X = X! = {z7' | € X}, the set of formal inverses of elementsih
Then we can write any element if( X') uniquely as a word ik U X 1.

The following lemma gives us generators for a subgroup'oX ). See
Johnson]0, Chapter 2, Lemma 4].

Lemma 2.1. Supposé’(X) is the free group generated by the sét If K
is a subgroup of'(X) then, the set

Z = {7u; tau; |x € X, u; € U, vu; U}
6
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generateds, whereU is a set of left coset representatives forin F'(X).

Now supposer is a subset of a groupr. Let (R); be the normal
closure of R in G. We say that7 is generated by X with relations R if
G = F(X)/(R)rx)-

We now describe how to find the relations for a subgréupf a general
group F'. The following two results are Lemma 1 and Proposition 1 of
Johnson]0, §9.1].

Lemma 2.2. Supposex is a subgAroup of a group’. Let R be a subset of
F such that{ R) r is insideK . LetR := {u™'ru |u € U,r € R}. Then

(R)r = (R)x
whereU is a set of left coset representatives forin F'.

Now let S be the same set a8 except that its elements are written as
words inZ U Z~!, using Lemma 2.1.

Proposition 2.3. Let H be a subgroup of a grouf whereG is generated by
a subsefX' with relationsR. Then, using the notation abow#,is generated
by Z with relationsS.

The proof of this proposition uses the natural quotient map (X ) —
G. We first apply Lemma 2.1 to find generators f6r= v~'(H) = {z €
F(X) | v(x) € H}. To this end we need left coset representatives for
v=1(H) in F(X). Supposé’ is a set of left coset representatives fdrin
G. To get a set of coset representativesof(H) in F'(X) we can choose
a set of preimages @f underv. We will abuse notation by using for the
coset representatives of ' (H) in F(X). Then it follows from Lemma 2.1
thatZ generates—!(H).

Now, H = v~'(H)/(R)¢ by the first isomorphism theorem, and if we
apply Lemma 2.2 withk = v~'(H) and F' = F(X) we see that/ =
v~ (H)/(R),-1m. Thatis, the sef gives us the relations faf.

Example 2.4. Consider the Symmetric grou,,. We know that it is gen-
erated by elements = (i i+ 1) fori € [1,...,n — 1] with relations:

s?=1 foriell,...,n—1]
(s;5;)>=1 wheneveti — j| > 1
(Si8i+1)3:1 fori e []_, Lo, = 2]
Let H = «7/(6,,). SoH is the subgroup o6,, consisting of words of

even length. Thety = {1, s,} is a set of left coset representatives fiin
&,, and1 H contains all the elements of even length whilél contains all
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the elements of odd length. Then the generatorgfiare:
7 = {zu; tvu; |r € X, u; €U, vu; U}
= {5 's|1<i<n—1,5¢U}
U {%_lsisl |1<i<n-—1,ss ¢U}
= {si's;|1<i<n—18¢U}
= U{8i81|1§i§n—1,82‘81€[]}
= {s185,85112<i<n-—1}
We may narrow this down further sinees; is the inverse of;s;. SOH is
generated by the set
{z;]1<i<n-2}
wherez; = s;15;,.1forl < <n—2.
The relations i are given by
R = {u'ru; |u € U,r € R}
= {r,sirs;|r € R}
= {s}, ;18781 |1 <i<n—1yU{(s:8))° s1(s:85)%s1 | i — j| > 1}
U{(SZ’SH_l)g, 81(82‘82‘4_1)381 ‘ 1 S 1 S n — 2}
After removing the equivalent relations and the triviabtedns and rewrit-
ing in terms of the generators M we have
S={(ma;")? [ i — j] > 1} U{((s15)(s04151))° | 1 < i <m— 1},
Then«/(&,,) is generated by; for 2 <i < n — 1 and has relations:
=1,
r?=1 forie(2,...,n—2],
(z;z;')*=1 wheneveti — j| > 1,
(zwi)?=1 foriell,...,n—3].

2.2. Free Algebras and Presentations of Algebras

The results in this section are well known and are includee ler
completeness and because we could not find a suitable reéeren

Definition 2.5. SupposeR is a ring and F' is an R-algebra. ThenF is
freely generated by X C F'if every mapf: X — A, whereA is an R-
algebra, extends uniquely to an algebra homomorphismF — A such
that¢,(z) = f(x) for all z in X. We say thaf' is free and hasrank | X|.

Note that this definition does not guarantee the existenedreie alge-
bra. So we will construct one explicitly. SuppaoBas a ring (with identity)
and X is a set. Recall thaX is the free monoid generated bB§. Let RX
be the monoid algebra ovét.
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Proposition 2.6. The monoid algebr& X is freely generated by .

Proof. Suppose that we have some mApX — A where A is an R-
algebra. Letf’: RX — A be theR-linear map such that'(z, ...z,) =
f(xq1)... f(z,) for x; € X. Thenf’ is an algebra homomorphism which
extendsf.

We claim that this is the unique algebra homomorphism exteng.
To see this, consider an elementc RX and an algebra homomorphism
¢: RX — Athat extends’. We can writen = Y, \,w Wherew is a
word in X and),, isin R. S0¢(m) = ¢(>_ ez Aw) = 2 pex Mwd(w).
Now if w = z;...x,, for somex; € X theng(w) = ¢(z1)...0(x) =
f(z1) ... f(zm). S0p(m) is completely determined by th&z) for z € X.
Hencegp = f’is unique. O

The following proposition tells us that free algebras with same rank
are isomorphic.

Proposition 2.7. Supposé’ and( are algebras freely generated by subsets
X andY respectively. IfX| = |Y|thenF = G.

Proof. Since|X| = |Y| we can define a bijectioff: X — Y and its
inversef~!:Y — X. Considerf as a mapping intd@: and f~! map-
ping into /. Thenf and f~! extend uniquely to algebra homomorphisms
¢r: F'— G and¢;-1 : G — F respectively. Thew,-1¢;: F'— Fis an
algebra homomorphism which is the identity &nand¢ ;¢ -1 : G — G is
an algebra homomorphism which is the identitylon
Also, the identity mapsr: F — F andlg : G — G extend the iden-

tity maps onX andY. Therefore, by uniqueness, we have = ¢;-1¢;
andlg = ¢y¢;-1. Henceg, (or indeedyp,-1) gives us an isomorphism.

0

Since any free algebras that have the same rank are isoropaplifree
algebra is isomorphic t& X for some setX. So we can think of the free
algebras as these monoid algebras.

Proposition 2.8. Suppose that is an R-algebra freely generated by a
subsetX. ThenX generated-.

Proof. Let (X') be the algebra generated RAyin F'. That s,
(X):=[)4

A<F
XCTA

where A runs over the subalgebras Bfwhich containX. Let f: X —
(X) be the inclusion map. Then we have another gapF — (X') which
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extendsf. Now let.: (X) — F be the inclusion map. Them,(z) =
of (x) forall z € X. Sowpy: F— F'is a map extendingf.

Let 1 be the identity map o’. Thenlg(x) = = = «f(z) for all
x € X. Soly is also a map extending. Hencelp = t¢;. This implies
that /" = Im(1r) = Im(cgf) = Im(¢f) C (X). HenceF = (X). O

Now supposed is an R-algebra andX is a subset ofA. A relation
in A is a linear combinatiory ~ A\,w, for some), € R, such that
Zwey )\ww =0 in A.

Definition 2.9. Supposer is a ring and X a set. LetRX be the monoid
algebra of X and letZ be a subset of:X. Write (%) .+ for the ideal

generated byZ in RX. Then(X | Z) := RX /(%) % is the R-algebra

generated by X with relations Z.

Note that whenz is empty,(X | #Z) = RX is free.

Let B be anR-algebra and suppose we have a nfap — B. If
w € X we may writew = Ty 1 - - - Ty fOr somez,,; € X. The mapf
respects the relationsin Aif >~ <Ay f(2w1) .. f(zwn) = 0 for each
relation) < A, w.
Proposition 2.10.Let A = (X | #) be anR-algebra generated by C
A with relations%. Then every mag: X — B (where B is any R-
algebra), which respects the relationsds, extends uniquely to an algebra
homomorphism,: A— B such thaty;(z) = f(x) for all z in X.

Proof. Let f: X — B be a map into atk-algebraB that respects the rela-
tions inZ. Then sinceR X is free, f extends to an algebra homomorphism
f':RX — B. Sincef respects the relationg/(r) = 0 for all r € Z.
Therefore(Z) ,x lies in the kernel off’.

Define¢;: A— B to be the map sending+ (%) ,x — f'(a) for all
a € A. We claim that this map is well-defined. To see this, suppuesi for
a,be A a4+ (%) gx = b+ (%) gx. Henceb = a +r for somer € (%) -
So

or(b+ (R px) = drla+1+(%)rx)
= flla+r)
= f'(a)
= ¢rla+(Z)rx)-
Now ¢ is an algebra homomorphism singeis. Also, ¢ is the unique
algebra homorphism extendingbecause it is completely determined by

the fact thaty; must respect the relations and be an algebra homomorphism.
0
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2.3. Applying the Reidemeister-Schreier Rewriting Algorthm to
Algebras

Let R be a ring and leG: be the free group generated by a 3et Let
RG be the group algebra ai and let# be a subset ofRGG. Consider
an algebrad = RG/(Z)ra, where(Z) rq is the (2-sided) ideal oRG
generated byZ. LetY be a subset ofr and letH be the subgroup aofr
generated by". We are interested in the subalgelsraf A that is generated
byY. Now B = (RH + (%)) /(%) rc = RH/(RH N (%) rc;). SO we may
use Lemma 2.1 to obtain generators fbiand hence foB.



CHAPTER 3

The Alternating Hecke Algebra

This chapter introduces the main subject of this thesis:attegnating
Hecke algebra. In Section 3.2 we define the alternating Heldebra as
the fixed point algebra under a certain involution. We giveotss bases for
the algebra in Sections 3.2 & 3.3. In Section 3.5 we give threeggors for
the algebra and some relations.

3.1. An Automorphism of the Hecke Algebra

Here, we introduce a ma which we use in the next section to define
the alternating Hecke algebra.

Definition 3.1. Let R be a ring containing an invertible elemeptand let
(W, S) be a Coxeter system. Define a linear n¥a@as follows:

#o HR,q(W) - HR,q(W>
To +— ewgnT,’

w*l)

forw e W.
Note that, fors € S, T# = —¢T ' = —T, +q— 1.
Lemma 3.2. The map# extends to an algebra homomorphisni&f ,(W).

Proof. We need only prove tha# respects the relations of the Iwahori-
Hecke algebra.
Fors € S we have

(TF)? = (~Ti+q—1)
T? —2T,(q— 1) + (¢ — 1)*
(q— DT+ q—2T(q—1)+ (¢ — 1)
—(¢—= DT+ (g —1)*+¢q
= (¢—D)(-Ti+q—1)+gq
= (¢— DT +q.
12
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We also have, for, s € S,
(TT#Tjé R )mrs = <_q>m7‘5 (T_IT_I R )m'rs

= (T*T# .. ).
0
Lemma 3.3. The function# is an involution and hence an automorphism.
Proof. Since+# is a homomorphism and
@ = (T+g-1*
= —(-Ts+q—-1)+qg—1
= T,
# is an involution.
If hisinHg,(W), h* is the pre-image ofi. So# is surjective. If

h#* = B'#, for h, W € Hg, (W), then(h#)# = (W#)#. Henceh = I’ and
S0 # is injective and an automorphism. O

Kazhdan and Lusztidlfl, 82] described the inverse @f, as follows:

(3.4) L=ty Y R
rz<w
whereR, ,,(q) is a polynomial irZ[q| of degre€/(w) — {(z) and R, ,,(¢) =
1 for all w € W. The polynomialR, ., (q) is defined to be zero whenever

x L w.
We can now write an expression fof* as a linear combination of the
basis elements.

Lemma3.5.Forw e W,T# =" _ e, RyuTs.

z<w

Proof. We have

Tf = <C3111(]11;1117711
= ngw(gwq;1 Z 5mRm,wa)

z<w

= Z xRy Ty

r<w
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3.2. The Alternating Hecke Algebra

In this section we define the alternating Hecke algebra ovarg R,
containingl/2. We require tha® is invertible to construct our bases and
presentation fordr ,(W). Note that sincé /2 € R, the characteristic oR
is odd. This is essential because in Chapter 5 we use Cliffi@aly to anal-
yse the characters ofz ,(WW); to apply Clifford theory, the characteristic
of R must not divide the index aflz ,(W) in Hp (V).

Definition 3.6. Suppose thakR is a ring containingl /2 and an invertible
elementy. Let W be a Coxeter group. Thalternating Hecke algebra
Aprq(W) is the subalgebra ot (W) which is fixed by#. That s,
Ap (W) :={h € Hp,(W) | h* = h}.
We will sometimes usel for Ag (W) when there is no ambiguity.

Definition 3.7. For w € & (W) let
1 1
By, : 2(Tw +T7) =T, + 5 E xRy Ty

r<<w
Example 3.8. Recall thatk,, , = 1 for all w € W. Fors € S we have
T =q T, — q (¢ —1). Now, forr,s € S, r # s we have
—1 _ -1
ir(rs)*1 - TST
Tt
-2 ) -2 2
¢ T —q (q— )T +To) +q (g — 1)~
Comparing this with Equation 3.4 gives, ., = (¢ — 1)*> and R, =

Rs,rs =q— 1.
Then we haveB; = 1 and

Brs = Trs + % Z ga:Rx,rsT:c

x<rs

1 1 1
= Trs - _Rr T’STT - _Rs rsTs R rs
27 gttt T A0,

1 1
Ty — §(q - (T, +Ty) + i(q — 1)

By definition, B,, € Ag (W) for eachw € o7 (W'). We will show that
the set{ B,, | w € &/(WW)} is a basis for the alternating Hecke algebra. In
preparation for this we will need the following lemma.

Lemma 3.9. Supposér € Ag,(W). We can writeh = > . a,,T,, for
somea,, in R. If y € W such thata, is non-zero and,, = 0 whenever
l(w) > I(y), theny € o7 (V).
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Proof. Write h = a, T, + > wew a,T,. Then
wy

W= a0+ a,Tf
weW

w#y
= ay(gyTy + ZgJ?RJ?7yTJJ) + Z aw(ngw + Z ngx,wa)
<y weW r<w
wF#Y
= aye,/ Ly +ay Z xRy Ty + Z AwEw L w
<y wE#W
w#Y

+Y aw Y eaReu T

weW r<w
wF#Y

Consider the coefficient ¢f,. We havea,c, from the first term. The rest
of the sum contains n®@,. This is obvious in the second and third terms.
If T, was in the last term thep < w implying thata,, is zero. Now the
coefficient of 7, in % is a, and sinceh* = h we must havei,c, = a,.
Sincea, # 0 we haves, = 1; ie.,y € & (W). O

Theorem 3.10.The alternating Hecke algebrady ,(1V), is free as ank-
module with basi§B,, | w € &7 (W)}.

Proof. First we show thatd (W) is spanned by B,, | w € <&/ (IW)}.
Suppose thai is a non zero element idy ,(W) andh = >, aw T,
for somea,, in R. Then there exists somee W of maximal length such
thata, # 0. We will use induction on the length of this elemento show
thath isin Span {B,, | w € o/ (W)}.
If {(y) = 0thenh = a;T7 = a1 B;. For the inductive step, notice that
y € o/ (W) by Lemma 3.9. Let

B =h-— Z By

wed/ (W)
Hw)=l(y)

Thenh' € Ag (W) and the only non-zero terms that appealt/iare scalar
multiples of T, wherel(w) < [(y). Therefore by the inductive hypothesis,
h' € Span{B,, | w € &/ (W)}, and hencé € Span{B,, | w € &/ (W)}.

We will now show that the3,, are linearly independent. Suppose that
Zw@{(w) b,B, = 0 for someb,, in R. Lety be an element of maximal

length ineZ (W). We argue by induction oity).
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Supposé(y) = 0. So0 = by B; = bT7. Thereforeh, = 0 sinceT; is
as basis element iH g ,(1V). Now supposé(y) > 0. Then

0 = ZbB

we (W)

= ) buBut Y buBu
wed (W) wed (W
(w)=(y) I(w ><l<>

= > bTut Y. stRwa+ > buBu.
we (W) we (W) z<w wed (W)
(w)=(y) (w)=(y) ey <o)

The coefficientd,, in the first sum are zero becau§é,},c is a basis
for the Hecke algebra and this sum is the only one Witfs in it which
havel(w) = Il(y). This forces the second part of the sum to be zero. The
coefficients in the last term are zero from the inductive higpsis.

O

We now introduce a nice and very 'natural’ basis fog ,(1V).

Proposition 3.11. Ag (V) has a unique basi$B,, | w € </ (W)} such
that

for someb, € R.

Proof.
Existence. By Theorem 3.10{B,, | w € </ (W)} is a basis with

By, =T, + Y a,T,
y<w
for certaina, € R. SetB] = T, and define
Z ayB,
y<w

yeA (W)

for w € o/ (W). We will show by induction orf(w) that

for someb, € R.
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We have
B,=DB,— » a,B,
y<w
yeo (W)
=T, + ZayTy — Z ay B,
y<w y<w
yed (W)
=T, + Y a,T,— > al,+ > bT)
y<w y<w <y
yed (W) xgof (W)

(by the inductive assumption)

=T+ > aT,— Y abT.

y<w r<y<w
y¢.o/ (W) ye (W)
x¢of (W)

Uniqueness. SupposeD,, is another element such that

Dw == Tw + Z 6:2T:v

r<<w

xdod (W)

for somegs, € R. Then

B,—Dy= Y (b= )T,
rw

xdod (W)

andB), — D,, € Ar,(W). If B, — D,, # 0 thenb, — 3, # 0 for some
x & o/ (W) which contradicts Lemma 3.9. Henég, = B,
U

3.3. Kazhdan-Lusztig Bases fotd ,(WW)

There are some other bases for the alternating Hecke algedirboth
require us to have'/? andg='/2 in our ring R. For the rest of this section,
suppose that we are working over the riRg= Z[%, ¢='/?].

Kazhdan and Lusztig introduce an involution thl] p 166] which is
known as theéar involution. It is defined as follows. Let : R — R be
the map sending'/? — ¢~'/2. This map extends to a ring automorphism
(and involution) orf z ,(W) such thad ", AT = X pew Mo, for
some),, in R (see Humphreys9| 87.7] for a proof). Kazhdan and Lusztig
then go on to give two bases whose elements are invariant timeldoar



18 3. THE ALTERNATING HECKE ALGEBRA

involution (these are stated below). In this section, we gome Kazhdan-
Lusztig Bases fordy (). That is, we give some bases whose elements
are fixed under the bar involution.

Theorem 3.12.For eachw € W there is a unique elemerdt,, € Hp (W)
such that

.C_w:Cw

o Oy =cutid’ Y ew sty Prul,
where P, ,, is a polynomial ing of degree less than or equal gil(w) —
l(y)—1)fory < w,andP, , = 1.

This theorem tells us that the elemefits, | w € W} form a basis for
H. Suppose that: H — H is the ring involution defined by(>_ a,, T.,) =
> @wewqy, ' Tw- Thenj and™ commute, (see, for example, Humphre9s [
Exercise 7.7]) which proves the following theorem.

Theorem 3.13.For anyw € W there is a unique elemerd;, € Hpg (W)
such that

T -C,

—1/2
® Cllu = Quw / Zygw PvaTy

where P, ,, is a polynomial ing of degree less than or equal gil(w) —
l(y)—1)fory < w,andP, , = 1.

So, the element§C!, | w € W} also form a basis foH and we have
the following relation between the two baség; = ¢,,j(C,).

The polynomialsP, ,, are called theKazhdan-Lusztig polynomials
and are defined to be zero wheneyet w.

We can slightly modify the basis elemeri®s, so that they are invariant
under the map. Towards this goal, consider the following lemma.

Lemma 3.14. The bar involution commutes wia.
Proof. Lets € S. Then

T = —qT;1
_ (T—l)#

and the result follows.
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Corollary 3.15. The set{q,'/°B,, | w € «/ (W)} is a basis forAp ,(W)
that is invariant under the bar involution.

Proof. By Theorem 3.10, the sdis,'/°B,, | w € «/(W)} is a basis for
Apr(W). It remains to show that it is bar invariant. Suppaese 7 (W).
Then

—-1/2
qw/Bw = qw

- L ()
— %q;/? (T4 +q,'Tw)
- %qwlﬂ (g1, +T)
= %q;” (T +Tw)

= ¢,'"°B

There is also another basis fdr; ,(1/) (which is again invariant under
the bar involution) involving th€' andC” bases. First note that, fat w €
W andz < w, we have

(316) Pm,w = Qutx Z ‘quy_lR%ym'

yew
z<y<w

This is just a modified version of equation 2.2.a11,[82.2].
We will use this result to show that, for all in (W), C# = C/, and
C'# =C,.

Lemma 3.17.Forw in W, C# = ¢,C! andC'# = ¢,,C,,.
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Proof. Suppose thaty € . Then

C* = euqY 225yq; 'P, T}

y<w

= Ein;/z Z ngy_lm Z ExRx,yTx

y<w z<y

- qu111;/2 Z gxngy_le,yPy,wT:c

z,yeWw
z<y<w

= qu;1/2 Z Px,wa

zeW
r<w

= ,C.,.

The other part now follows by taking of this equation. U

Theorem 3.18.The sef{1(C,,+C,,) | w € &/ (W)} is a basis ford g (W)
that is invariant under the bar involution.

Proof. Since both the” andC’ bases are defined to be invariant under
and becausg is a ring homomorphism, we see that each element in the set
is also invariant.

If w € &/(W) then, by the previous lemma,

1 # 1

Lo
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Therefore we have the right number of hash invariant elesnedow, for
weW,C,=> _ a1, forsomea,, € R, SO

rz<w
1 / 1 #
S(Cu+Cy) = S(Cy+CF)
2 2
1
2 z<w z<w
1
z<w
1
. + #
= Z Ozx,wa —+ 5 Z a:c,w(Tm + Tm )
z<w r<<w
zed (W) ag s/ (W)
1
= Z Oéx,wa + 5 Z ax,w(T:c + Z EyRy,xTy)
z<w T<w y<z
zed (W) agd (W)
1
SEDORTTERS 1) SR it
r<w r<w y<z
zed (W) agsd (W)

Now the second summand above isdn ,(WW) so it must be a linear
combination of basis elemenks for some:z € &7 (W), wherel(z) < {(w).
Hence the transition matrix between thefgtC,,+C;,) | w € </ (W)} and
the basis element8,, is triangular, implying that the s¢t (C,,+C.,) | w €
</ (W)} is a basis fotAg ,(W). O

3.4. A Presentation for the Hecke Algebra

In order to give generators and relations §ér, ,(17') we will need a
different presentation fok (W) than that given in Section 1.2. In this
section we give a presentation féfz ,(1V) that generalises the work of
Mitsuhashi for Coxeter groups of typg, andB,,, see L6] & [ 17]. Let R
be a ring containing /2 and invertible elementg# —1 andq + 1.

For eachs € S set

ZQTS—(q—l)

s qg+1

Proposition 3.19. Let (I, S) be a Coxeter system. For eaghe S, f is
self inverse.
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Proof. Lets € S. Then

2 {QTS_@_D]Q

® q+1
4T? —4(q — )Ty + (g — 1)?
(g+1)?

Mg DT+ q) —4qg - DT+ (g - 1)°
a (g+1)?

4+ (q— 1)

(¢+1)%

— 1

O

We will find that the elements,, for s € S, generate the Hecke algebra.
Our aim is to rewrite the relations of the Hecke algebra imteof these new
generators. The next three results will help us investitiase

Recall that ife andb are elements itz ,(W), then(ab . . .),, = abab . ..

m

for m a positive integer anthib . . .),,, = baba . ., if m is a negative integer.

—m

Also, set(ab...)y = 1. Note that(ab...)_,, = (ba...)n.

Lemma 3.20. Suppose, s € S, r # s and leta € R. There exist non-
negative integers;”, such that

321) ((fr—a)fs=a). Jm=> (=)™ > aly(ffe i

=0 —I<k<l
k=1 (mod 2)

whenevem > 1.
Moreover, the elementg?, are uniquely determined by the recurrence
relations:

a) a; = Ounless < [k| <1 < m, k =1 (mod2),
b) ajy=1,a}, =1anda',, =0,

m—1

c) ayy = a™ ) +apl,_, form > 1.
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Proof. The proof of the recurrence relation will be by inductiomanFirst
note that

( fo(fofr) if k>0,
k
fr(fsfr---)k: fr 'lf ]{3:0,
fr(frfs) ’Lf k <O0.
—k
( (frfs) 'lf k>0,
—
kE+1
=9q fr if k=0,
(fsfr..) if k<O.
k-1

= (frfs o ')k+1-

Whenm = 1, Equation 3.21 is satisfied if we sg§, = 1, a1, , = 0,
ar, = 1, anda;, = 0 for any other values of and!.
For the inductive step we are assuming that

(fo—a)(fr =) D= (=)™ > afy(fofr-- I

=0 —1<k<l
k=1 (mod 2)

So

((fr —a)(fs — ). Jms1
= (fr=a)) ()™ > api(fofr-

1=0 —1<k<l

k=1 (mod 2)
m
= > (=)™ D Aok Dk
=0 —l<k<l
k=1 (mod 2)
m
+ ()™ Y (O
=0 —l<k<l

k=1 (mod 2)
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After replacingk with & — 1 in the first summand antd with —% in the
second, we have

(fr=a)(fs =) Jmer =D (=)™ Y @iy (fofsee

=0 —I4+1<k<I+1

k#!1 (mod 2)
+ D (=)™ N Al (fofo
=0 —I<k<l
k=1 (mod 2)
m+1
(3.22) = (=)™ N A (fefe
1=1 —1+4+2<k<l
k=1 (mod 2)
(3.23) +) (=)™ N A (fofe
=0 s,

after replacing with [ — 1 in the first summand.
Form > 1 set

o a’l A+ a0 <[k <1< m, k=I(mod2),
k,l ;
0, otherwise.

Then in the first summand above, (3.22), we might as well oielilhe case
wherel = 0 sinceq;’ ; ; = 0. Note also, that we can include the case
wherek = —[ sincea™, ,, , = 0 (the case wheh = —[ + 1 never occurs
since, in the sumi = [). Similarly, in the second summand, (3.23), we can
include thel = m + 1 case. Therefore

((fr - a)(fs - O‘) . -)m+1

m+1
- Z(_O‘)mﬂ_l Z apy g1 (frfs Dk
=0 —1<k<l
k=1 (mod 2)
m—+1
™ Z(_a)m+1—l Z aTk,l(frfs e )k
=0 —1<k<l
k=1 (mod 2)
m—+1
= (=)™ N (@ @) (o
=0 —1<k<l
k=1 (mod 2)
m—+1
=D (=)™ ST A (o fe ke
=0 —1<k<l

k=l (mod 2)
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U

Here are some useful results that follow directly from thérdigon of
the elements;”;.

Corollary 3.24.

a) agy =1 form > 1,
b) apm = Okm for |[k| < m,

l m—l
C)am:<+52 J), forall0 <1 <m.

Proof. The first property is clear from Equation 3.21 - the coeffitieh
(—a)™ on the left-hand side of Equation 3.21lis

For property b) consider;’,, in Equation 3.21. This is the coefficient
of (—a)%(f,fs...)r on the right-hand side. The only way to get a non-
zero term(—a)°(f.f . ..)r on the left-hand side of Equation 3.21 is when
k=m.

Property c) will be proved by induction on. From Lemma 3.20 b), we

1-0
havea, = 1, but <0+g 2 J) = (0) = 1. Also from Lemma 3.20 b),

0

11
we haven] ; = 1, and(H& 2 J) = G) = 1.

Now supposen > 1. First consider the case when— [ > 2. Then

m m—1
ap = all+al1l1

m—2
ay 24 al L1t ay 1l 1

m—1
ay 2 +a 10-1

B (lﬂmzljl)+<llzﬂle)
_ (Z+LZTJ)'

Now if m — [ = 1, then

m
a’l,l_ m—1,m—1

m—1 m—1
_a'—m+1m 1+am 2m—2

m2m2

—24 (m‘z)J . . .
( 2 ) (by the inductive assumption)
1
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m— 14 |2l

and 1 =1.
m —_—
Lastly, if m —1 = 0 then by part b) of this lemma we haw§ = a7, ,, =
1. However,<m+ LTJ) = 1. O
m

The following lemma gives a closed form for the elemen{s, in the
recurrence relation of Lemma 3.20.

Lemma 3.25.For 0 < |k| <l <mandk = [ (mod 2),

m—2—k m+k
2 2 H _
(l—k )(Hk)’ if I =m
m 2

ak,l = m—21—k m—1+k
(R rie
2 2
Proof. The proof will be by induction om:.

First we considermn = 1. Since we must have < |k < | <
1 we only need to consider;,. In this casel # m and the formula

1-1-0 1-140
gives< 2 ) < 2 ) = 1, which agrees with the value af), given

0-0 040
in Lemma 3.20 b)

Caselm =1
Now for the inductive step. By Lemma 3.20 c) we have

apy = a"ol +aTl
Since|k| < lwehave-I—1 < k—1 < [—1. So we have two possibilities:
k-1 <l—-1lork—1= —l—1,ie., k= —[ (note that we can’t have
k— 1= —[sincek = ).
Supposé: = —I. In this caser' !, | = 0. Soay, = ™, and we can
use the inductive hypothesis:

I
Ar: R
+

by Corollary 3.24 c)

sincem —[1=0

)
)

+
3

—1-2
2 )
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m—2—k m—+k m—2+1 m—I
-k l+k -
=k = [ 0

which is the equation foej", whenk = —1.
Now suppose thgk — 1| <[ — 1. We can use the inductive hypothesis
on both summands:

m
m—1-1+k m—1—1—k m—1—2—k+1 m—14+k—1
_ 2 2 + 2 2
- I+k -k —1— k-i-l I—14+k—1
2 2 2
m—2+k m—2—k m—2—k m— 2+k
- 4k l -k - 2+lc
2 2
m—2—k m—2+k m—2+
_ 2 2 2
2 2 2

However,

Case2m #1
Again we must consider the cases whiea —/ and|k — 1| <[ — 1. First
consider the case whén= —[. Then

m __ .m
Q= G_p

+
2
K8

Now,
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which is the equation fot}’, whenk = —I.

Now consider the case whéh— 1| <[ — 1. This will be similar to the
previous case as we are again using the inductive assumption

m _ . m—1 m—1
Apg = A Q1)
m— 1 2+k m—1—k m—1— 1 k+1 m—1—1+k—1
_l_ 2
H—k l_ -1— k-i-l I—14+k—-1
2 2
m— 3+k m—1—k m—1—k m— 3+k
2 2 2
Ik 1=k =k l+k 2
2 2 2
m—1—Fk m— m—
2 2 2
2 2 2
m—1—k m—1+k
2 2
Ik k)
2 2

U
Corollary 3.26. If 0 < |[k| <1 < m,

o ayy,  whenm # [ (mod 2),
—kl 2_;12 apy,  whenm =1 (mod 2).

Proof. This comes directly from Lemma 3.25.
2T, — (¢ —1
Recall that fors € S, f, = ﬁ.
qg+1

Theorem 3.27.The sef{ f, | s € S} generates{y ,(1W') with the relations
e f2=1 forses.

Mrs i Nmes—l
. ; (&9) >

— oS mm-i-k ZLITS ((frfs .. .)k—(fsfr .. )k) = Ofor
EZTSG S,r # s. o
Proof. Fors € S, T, = 42 (f, + ZJF}) SoHr, (W) is generated by the
element f, | s € S}.

Since(Ts — ¢q)(Ts + 1) = 0 for eachs € S, we have

+1 —1 +1 —1

((¢+1)fi=(g+1) (g + 1)fs + (g +1)) =0,
which simplifies tof? = 1 (confirming our result from Proposition 3.19)

that is,
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To simplify calculations setr =
(TTr .. )

((f+a)(f+a)..)

Mrs

We can now use Lemma 3.20 to give

. We know that(7, 7T .
Lforallr,se S, r#s. ThIS |mpI|es that

= ((f+ ) (fr+0). )

D =

Mrs

Zam” - Z api* (frfs- . k—Zam’ - Z apt* (fsfr - n

—I<k<l
k=1

or

TS

§ amrs -1 § ak l s

—1<k<l
k=l

((fifs--

k_<fsfr--

—1<k<l
k=l

Jk) = 0.

Then
ogéwml{ggﬁ%%UH;nn(ﬂﬂnJQ
4-22J$r (fofs- k= (fofr D)
= eroamf ! L;l gy ((fofs o Dn = (Ffr o )n)
+0;l @ ((fofe o o= (fofo )
gfamwlggc%llmy J((fefs - Jn—= (Fofr - In)

k=1

Z B e LA (5

0<k<l
= mr k=1

)k - (fsfr .. )k)
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(by Corollary 3.26)

Mrs

=3 a3 SRl (efe e (Fufe )

0<k<l
= "Lr‘5 k=mprs

O

Combining Theorem 3.27 with the following examples, we htwe
presentations for the Hecke algebras of the Weyl groups.

Examples 3.28.

o frfs— fsfr =0 Whenevermm = 2.

o fifsfr — fofrfs+ <q+1> (fr — fs) = 0 whenevem,., = 3.
b fT’foTfS fsf?“fsf?”+2 <q+1> (f?“fs fo?“) - OWhenevemT’S - 4
o Fefifbids — Fof b ot 3 (58) (efif = i)

. ((%)2 N <q+1> ) (fr — fs) = 0 wheneverm,.; = 5.
o fofdiifol— fofbufofid 44 () Goffofa = ofed)
+ (2 <ZH> +3 <q+1> ) (frfs—fsfr) = 0whenevern,, = 6.

3.5. Generators and Relations for the Alternating Hecke Algbra

We would like to give a presentation for the alternating Healgebra
Apg,(W). To this end we give the generators and some relations. Ttie ne
few results prepare us for this. Recall thais a ring containingl /2 and
invertible elementg 4 —1 andq + 1.

Lemma 3.29. Suppose tha(tW, S) is a Coxeter system. Lét be the free
group generated by elemenfsfor s € S and letH be the subgroup of
which is generated by pairg.f, for r,s € S, r # s. Then

G=HI][ fH
foranytin S.

Proof. Let X = {f, | s € S} and letX ! be the set of formal inverses
of the elements inX. Then elements it are words in the sek U X'
Similarly letY = {f,f, | r,s € S,r # s}, andY ! be the set of inverses
of elements irt”. ThenH consists of all words i U Y .
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Choose an arbitraryye .S. Elements inZ are words with either an even
or odd number of elements frodd U X ~!. If an element inG is a word
of even length then it lies itH. Suppose; € G has odd length. Then
9= fi(f7'g) wheref;'g € H. Sog € f,H. O

The following nice result will be useful in later calculati® and gives
us an idea of howAg ,(WW) relates toH g ,(1V). In fact, we use this result
in Section 5.1 to prove that, wheR is a commutative ringH (1) is a
7./27-gradedR-algebra.

Lemma 3.30.Lett € S. ThenHpz (W) = Ar(W) @ fiArql(W) as
R-modules.

Proof. Supposé € AN f,.A. Thenh = f,1' for someh’ € A. Now h# =
h sinceh € A. We also havef = —f, soh* = fW# = —f,}/ = —h.
Thereforeh = 0.

Now leth be inHg (W) and leth; = L(h+ h#) andhy, = 1 (h — h#).
Thenh = hy + hy. Now h¥ = hy sohy € A. Also, (fiho)* = f,hy SO
f:ho € A and thereforéi, = f2h, € f,A.

U
Lemma3.31.Fors € S, f# = —f..
Proof. Lets € S. Then
e (m_—@_l))#
S q_'_l
_ 2A-Titg-1)-(¢-1)
qg+1
L @h -
q+1 >
O

Lemma 3.32. The alternating Hecke algebra is generated by elements of
the formf, f, forr,sin S, r # s.

Proof. By Lemma 3.31, an even product of generators is fixed ugéer
Therefore any even product belongs4g ,(W).

Leta € Ag,(IV). Then by Theorem 3.27, can be written as a linear
combination of words in thg, for s € S. Write a = a¢ + a; whereaqy is
a linear combination of words of even length ands a linear combination
of words of odd length. Them = a* = ay—a,, by Lemma 3.31. Therefore
a; = 0. Thatis,a is linear combination of even products only. U
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Let X ={f;|se StandY = {f,fs|r,s € S,r # s}. The following
theorem gives the generators and some relations for thmatileg Hecke
algebra.

Theorem 3.33.Fixt € S and lety, = f,f; forall s € S, s # t. Then
the alternating Hecke algebra has generatgisfor s € S\{t} and the
following relations hold.
sy — mps—l m'rs _
° ; (ZTD > mik+k w (st k= (wsyt - i) =0

0<k<l

l=myrs k=mrs

forr,s € S,r # s.

Mrt

—_1\mrt—1 k/2 —k/2
o 2 (5T Y Wma (v —u ) =0
=0 0<k<l
I=mgt k=mpq

forr € S, r # t andm,, even.

Mrt

o E (%)mm—l E mi]:_k Zbirt(y}'k—’_l)/ yr—(k—l)/2):0

1=0 0<k<l
I=mgt k=mp¢

forr € S,r # t andm,, odd.
Proof. Let G and H be the free groups generated by the sEtand Y
(as above) respectively. Thét (W) = RG/(Z)rc WhereZ is the set
containing the relationg? = 1 for s € S, and

Mrs

S ST Bt (o e = (fefee i) =0

=0 0<k<l
l=myps k=mrs

forr,s € S,r # s. By Lemma 3.29 we have coset representativasd f;

for H in G.
Lemma 2.1 tells us that the set

Z = o Tl f e T s € S)
= {ft_lfsafsftaft_lfs_lvfs_lft|3€S}
= {ftfsafot‘SES}

generatesdy ,(W). Lety, = f.f; andy, = f,f, forall s € S. Then
Z ={y,,y. | s € S}. We will write y, = y; ! sincey,y. = y.ys = 1.
From the presentation of the Hecke algebra we have theaetati

Mrs

(3. 34)2 am Tt N g (f e e — (fofeo k) = 0

0<k<l
L mr‘5 k=mrs

forr,s € S, r # s. We need to rewrite these relations in terms of the
generators for the alternating Hecke algebra.
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Case 1m,, IS even

First consider the case when# ¢, r # t. We have, fork > 0,

(frfs)k = frfs---frfs
k
= (frft)(ftfs)(frft)(ftfsz

ok
= (yry;1 c ke
So we have the relations

Mrs

Z am Tty S al (st e = (gt k) =0,

0<k<l
= rnr‘s k=mrs

whenm,, is even.
Now consider the case when=t,r # t. Then

(f?“ft ‘. )k = frft .. ~frft = y,l?/2 and
—_—

k

(ftfr . )k - yr_k/z
whenk > 0. So, whenn,, is even, we have

Mrt

Z o=l Z m7t+k e f/Q y—k/Z) —0.

0<k<l
= nwrt k=mp¢

Note that we needn’t consider the case whenat, s # t, since it is equiv-
alent to this case.

Case 2m,, Is odd
Whenm,, is odd the relation (3.34) doesn't lie in the alternating kiec
algebra. So we will multiply both sides of this equation oa thght by f;.
Hence

Mrs

Z Oémrs_l Z mr.s"‘k? st frfs--')kft_(fsfr"')kft) =0

0<k<l
= "L7‘5 k=mprs

forr,s € S,r # s.
Suppose that # t,r # t. We have, fork > 0,

(foS .- )kft = frfs .. -fr ft
—_—

k
= BIUts) - nfi)
2k
= (yys'
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which is the same result that we arrived at in the case wheravas even.
Therefore we have the same relations when is odd.
Now suppose = t,r # t. Then, fork > 0 we have following:

(Frfe- Iufe = ydHo2
(fefro fe = yr_(k_l)/z-

whenm,.; is odd. Therefore we have the relations

Mrt

0<k<l
= mrt k=mp¢

O

The following are examples for the alternating Hecke algslof the
Weyl groups.

Examples 3.35.
b yr_lzyrifmrt:2
2
. y?12y3+(31—}) (yr — 1) if myy =3
Yy, _yr+2(q+1> (yg_l)lfmrt:Zl

ey l=yl+3 (q+1)2 (y2—1)+ {(21—})2 + (%)4] (7 —yr)

|f mrt:5
2 4
oyt =y +a(5) wi-D+ [2 (g;}) +3 (251 } (47 =)
|f mrt:6
o oyt =yy tif my =2

2
© Uy Y = ysyy Ys + (Z%) (ys — yr) i My = 3.

o Yoy Yy = Yy, sy 2 <q+1> (ysy, ' — yeys ) i myy = 4.
© Yrys Wy Y = sy sy 'Y + 3 (q+1) (Ys¥y 'Ys — Yoy 'yr) +
q—1 2 g—1 4 i
() ()] st
T T T TR T TR e TR TRl <q+1> (ysyy sy, ! —

Uy Yy )+ {2 (Z%) +3 (q+1> ] (Ysy, ' —yeys t) if mys = 6.



CHAPTER 4

An Isomorphism Theorem

Tits’ deformation theorem gives a general method to showtiha de-
formations of a semisimple algebra are isomorphic. The atethvolves
showing that the two algebras have the same Wedderburn gesiton.
We will follow the treatment of Geck and Pfeiffe]|

4.1. Valuation Rings and Grothendieck Groups

In this section we outline some basic definitions. Recatldlvaluation
ring O is an integral domain such that, for eachn the field of fractions
of O, we have

rZ0=2'ecO.
Therefore® U O~ is the field of fractions of?, whereO~! is the set of
inverses of the non-zero elementstn In fact, a valuation ring is a local
ring with maximal ideal

J(O):={zrecO|zt ¢ O}U O}

See Lang]2, p 481].
We will require various results on valuation rings which wil wnly
state here. LeR be an integral domain contained in a figtd

a) If I C Ris a prime ideal then there exists a valuation fdgC K
suchthatR C O andJ(O) N R = 1.

b) Every finitely generated torsion-free module over a viadunering in
K is free.

c) The intersection of all valuation ring8 C K with R C O is the
integral closure ofR in K. Each valuation ring itself is integrally
closed inK.

For proofs of a) and b) see Goldschmidt B5] and for c) see Mat-
sumura 5, Theorem 10.4].

We will also need to know something about Grothendieck gsodjne
following definitions and results can be found in Curtis & R [3, 816B].

Let H be an algebra over some field andddie the category of finitely
generated right/-modules. ForM € C we write (M) for the class of

35
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modules isomorphic td/. Let F' be the (additive) free abelian group with
generatorg M), for (M) an isomorphism class of modules@n Let F;, be
the subgroup of”" generated by all expressiofd?) — (M;) — (Ms), for
each short exact sequence

0 — M, - M -2 My — 0

of R-modules. Then th&rothendieck group, Go(H ), of C is defined to
be the quotient group

Go(H) = F/FO

Let [M] be the image of M) under this quotient, s@V/| := (M) + Fy.
Then we have relations\/| = [M;] + [M,] for each short exact sequence
as above.

We note that the isomorphism classes of simple modules fobases
for Go(H). To see this, conside¥/ € C whereM is not irreducible. We
can find a maximal submodulé of M and construct a short exact sequence

0 — N <L M2 M/N—0

wheref is the inclusion map anglthe natural quotient map. Thus we have
the relationM/] = [N] + [M/N], whereM /N is irreducible. Iterating this
procedure onV gives us the required result.

Lastly, letG{ (H) be the subset aofi;(H) consisting of elements\/|
where M € C. SoG{(H) consists of positive linear combinations of
classes of simple modules. Note th@{ (H) is a monoid with identity

{03]:

4.2. Tits’ Deformation Theorem

In this section we set up the framework required for Tits’atefation
theorem, following Geck and Pfeiffe6[87.3,7.4].

SupposeR is an integral domain which is integrally closed in a field
K. Let H be anR-algebra which is finitely generated and free over
Then we can construct thE-algebrall X := H @p K. Letf : R — L
be a ring homomorphism such thats a field and the field of fractions of
Im(@) is contained inL. We will call such a map apecialisationof R.
We may regard. as a leftR-module viad. Therefore we can construct
H! .= H ®p L, the algebra{ over the fieldL.

Let X be an indeterminate ovét and let MapsH, K[X]) be theK-
algebra of maps fron#/ to K[X], with multiplication of maps given by
pointwise multiplication. Fix a basis df. Now supposé&’ is aH *-module
of finite dimensionn, and letyy, € MapqH, K[X]|) be the map which
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sendsh € H to the characteristic polynomial of, (h @ 1), wherepy is the
representation afforded By. So

Yy H — K[X]
h — Det(py(h®1)— XI)
wherel is the identity matrix. Then define a map
pr: Gy (H") — MapdH, K[X])
V] — v
The mapk is well defined and when we consider Maps K[ X|) as a

semigroup under multiplicatiopy is a semigroup homomorphism. Define
pz, in a similar manner. So

pr:Gg(H") — MapgH, L[X])
V] — v

where nowyy, € Maps H, L[ X]).

Note thatlm(#) is an integral domain since it is a subring of the field
L. Therefore Kefd) is a prime ideal sinc&/Ker(#) = Im(#). Hence, by
property a) in Section 4.1, there exists some valuation @ng K such
thatR C O andJ(O) N R = Ker(#).

Let k& be the fieldD /7 (O) and letr : O — k be the canonical epimor-
phism. Note that we can consideri(¢) as a subset df via the following:

Im(0) = R/Ker(0) = k/(T(O)N R) = (J(0) + R)/T(0) Ck,

by the first and second isomorphism theorems. So ferRR, we consider
d(r) as the the element+ 7 (O) in k. Now, since localisation respects
inclusion, the field of fractions din () is a subfield of the field of fractions
of k. But this means that C k.

Hence we have the following commutative diagram.

R C O C K
0 l l T
L C k

The importance of working with valuation rings can be seethenfact
that it allows us to find a basis faf such that, (h ® 1) € Mat,(O) for
all h € H, wheren = dimgV (for a proof of this seed], Section 7.3.7).
When this happens there exists a finitely generé{é?dmodulev such that
V =~ VK SinceV sits inside thek -vector spacé’ it must be torsion-free.
HenceV is free, by b) in section 4.1. Alsd/* is a right H*-module with
action(v®1)(h®1) =vh® 1forv e Vandh € H. We call this module
themodular reduction of V.
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Theorem 7.4.3 of Geck & Pfeiffer asserts the existence obuiposi-
tion maps:

Theorem 4.1([6], Theorem 7.4.3) Supposer is an integral domain and
thatd : R — L is a ring homomorphism into the field of fractions, of
Im(6). Assume that we have chosen a valuation dh@s above and that
H* is split. Then the following hold.

a) The modular reduction of’ induces an additive map
dg : G (HY) — G (H")

such thatd,([VX]) = [V*], whereV is a H-lattice and[V*] is
regarded as an element 6§ (1) via the identification above. The
mapdy is thedecomposition mapassociated to the specialisation
6.

b) The mapp, has image contained in Maps, R[X]) and we have
the following commuatative diagram

G (H*) —2< Mapg H, R[X])

| Js

Gi (") —— Maps(11, LIX))

wheret, is the map induced k.

c) The maply is uniquely determined by the commutativity of the dia-
gramin b). In particulard, depends only of and not on the choice
of O.

Suppose we have aR-linear map\ : H — R. Then we will define a
new L-linear map
e HE S L
h@l — 6(Ah))

for eachh ¢ H. Lety : HX — K be the character of thH*-moduleV .
Note thatp has image contained in Ma@$, R[X|) and, since a character
value appears as the coefficient'vf~! in the corresponding characteristic
polynomial, we have((h) € R for all h € HX. Therefore we can restrict
x to anR-linear mapy : H — R. Recall that a linearmap : H — R
is atrace function if 7(hh') = 7(R'h) for all h,h' € H. Now x is a
trace function and hence, by an easy calculatidnis also a trace function.
Moreover, by Theorem 4.1, part b), and using the fact thathiaeacter is a
coefficient in the characteristic polynomigf; is the character ofy([V]).
We now have enough information to state Tits’ deformaticeotem.
For an algebrad, we let IrmA) be the set of irreducible rigit-characters.
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Theorem 4.2(Tits’ Deformation Theorem)Assume that/ X and H* are
split and thatH* is semisimple. Then the algebfa® is semisimple and
the decomposition mafy is an isomorphism which preserves isomorphism
classes of simple modules. In particular, the map

Irr(HY) — TIrr(HY)
x — x°
is a bijection.

4.3. An Isomorphism Theorem

Throughout this section I8i” be a finite Coxeter group and lgt =
Ar,(W) be the alternating Hecke algebra over the ribg= Z[¢*!, 1/2].
Let £ = Q(q). ConsiderE as a leftR-module and defined? = A ®p
E. Then A¥ is isomorphic to the alternating Hecke algebra oferby
Theorem 3.10.

If Ris aring we writee7 F* for the group algebra of the alternating group
</ (W'). We will follow Geck & Pfeiffer by using Tit's deformation gorem
to show that, for some sufficiently large field, the group algebrasX is
isomorphic toAX. We will need to show thatl” is a separable algebra.
However, first we must prove the following preliminary resul

Lemma 4.3. Let¢ : &/? — Q be the character of the regular representa-
tion of the group algebraz®. Then the bilinear fornd : &7/ x &% — Q,
defined byd(h, h') = ¢(hh’) for all h, 1 in <7<, is non-degenerate.

Proof. We have, forz in o7 (W),

(W) if x =1
¢(r) = { 0 otherwise

Leth € &% Soh =37, c ) Aww fOr somel,, in Q. Supposes(hh') =
0 forall 7’ in &/ ®. Thatis,p(3",c .y Awwh’) = 0 for all 2’ in o7¢. Then
certainly (3, .,y Awwz) = 0 for all z in & (W). Sinceg is linear
we havey_ ., my Aw@(wz) = 0. Howeverg(wz) is 0 if w # z~! so
|7 (W)| A1 = 0forall z € o7 (W). Thereforeh, = 0 forall z € o/ (W)
and soh = 0. Hence® is non-degenerate. O

Letd : R — Q be the ring homomorphism sendipg— 1. Then the
group algebrd? @ is an R-module viad. Since the structure constants in
WQ are obtained by applying to the structure constants #, 6 induces
an algebra homomorphism froft — W@ sendingg — 1 and7,, — w.
Now if w € &/ (W) thenB,, = (T, + T) = X(T,, + €wq.T, ")) goes
to 2(w + (w™*)~') = w under this map and, since the map is an algebra
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homomorphism, the structure constantsdf® are obtained by setting= 1
in the structure constants gf; that is, by applyingd.

Lemma 4.4. ConsiderA” as a right module over itself and lgt: A" —
E be the character of the regular representation. Then thedér form
U AP x AF — E, given by (h, h') = o (hh') for h,h' in AE, is non-
degenerate.

Proof. Fix a basis{B,, | w € &/ (W)} of A. Then{B, ® 1 |w € &/ (W)}
is a basis ford” over E. Let p be the regular representation df’ with
respect to this basis. We hayéh) = Tr(p(h)) for all hin A”. Let$ and®
be defined as in Lemma 4.3. We will use the fact thas non-degenerate
to deduce that is non-degenerate.

First we prove a relationship betweerand«. Suppose that itd we
haveB,B, = }_ ., a.B. for somea, in R where thez. depend orx

andy. Then the structure constants¥ are also inR, since(B,®1)(B,®
1) = B, B, ® 1. Thereforep(B,, ® 1) is in R for eachw in «/(W) and so
(B, ® 1) € R for each basis elemetit,, @ 1 of AX. Thus we can restrict
1 to a trace function otd. That is, lety® : A — R be theR-linear map
sendingB,, — ¥ (B, ® 1). This map is a trace function becausés.

Now we form A® via the specialisatiofi : R — Q which sendg — 1.
This is isomorphic to the alternating Hecke algebra gyewe use the map
¥ to form a trace function o as follows. Defina/? : A2 — Q to be
the Q-linear map which sendB,, ® 1 — 0(¢*(B,,)) for all w € & (W).
A simple calculation shows that? is also a trace function.

We claim thaty? and ¢ agree on the corresponding basis elements.
Supposeav € &7 (W) and letp(B,, ® 1) = (Myay)eyew ) fOr somem,,,
in R. Theng(w) = Tr(6(ma.y))zyew vy SiNce the structure constantsn
are the same as the structure constant4/in Then

VB, ®1) = 0

for eachw in o/ ().
Now we show thatl is non-degenerate. Lé&t,B, = >_ ) a.B:
for somea, € R (where thea, depend onr andy). Then we must have
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2Y =Y. 0(az)z. Now consider the matrig®(x,y)), yew w)-

(P(2,Y))zyeaw)

(9<¢((Bx ©1)(B, ® 1))))
(Q(W(Bx ®1,B,® 1)))

(O(2Y))zyerwy (the definition ofd)

zed (W) z,yced (W)

5 e<az>¢<z>)
z,yed (W)

ze/ (W)

Z 0(a.)%(B, ® 1))
)

zed (W z,yed (W)
> 6(a.)f (%R(Bz)))
2€9 (W) x,ycd (W)

ze/ (W)

> 008 (0B, ® 1>>)
zyed (W)

ryed/ (W)

z,yed (W)

Now taking determinants we have

Det(® (2, ) year (w)

Det (9(@(390 ®1,B,® 1)))

z,yed (W)

z,yed (W)

41
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The determinant of the matri¢@(x, y)), yer(wy Must be a unit inQ
since® is non-degenerate. Hence

(4.5) 0 (Det <\II(BI ®1,B, ® 1)) > £ 0.
zyed (W)

Now Det (\I!(Bx ®1,B,® 1)) # 0, since otherwise
z,yed (W)

0 (Det (\II(B:C ®1,B,® 1)) ) =0(0)=0
z,yed (W)

contradicting equation (4.5). Therefdpet (\II(B:C®1, By®1)) +
z,yed (W)

0. That is,Det (\II(BZ, ®1,B,® 1)) isaunitinQ Cc E. Hence
. z,yed (W)
¥ is non-degenerate.

U
Lemma 4.6. Ax ,(W)¥ is a separable algebra.

Proof. Suppose thalk( is some field containing’. We need to show that
AK = AR ,(W)K is semisimple. Leff = J(A*) be the Jacobson radical
of AX. We will use the bilinear form of Lemma 4.4 to show tigat= {0}.

As in Lemma 4.4, let) be the character of the regular representation
of AF and similarly let)* be the character of the regular representation of
AE. Note that)® is the K-linear map sendin@,, ® 1 — (B, ® 1). Let
Uk AX x AK — K be the associated bilinear form. 8d(h, ') =
E(hh) forall b, ' € AK.

SinceV is non-degenerate thébet(V (B, ® 1, By ® 1)), yeww) iS @
unitin E. Now the matrice$¥ (B, ® 1, B, ® 1)), ye»(w) and (¥ (B, ®
1, B, ® 1)), 4eww) are the same, Det(V* (B, ® 1, By ® 1)), ye(w) IS
also a unitin C K. Thereforel’¥ is non-degenerate.

Suppose thap’ is the regular representation of. Supposer ¢
J andh' € AX. Thenhh' € J. Now J is a nilpotent ideal, so we
have (hh')™ = 0 for some positive integen. Therefore0 = p/(0) =
P ((RR)™) = (p'(hR'))". Recall that if a matrix is nilpotent, then it's trace
is zero. Hencel X (h, 1) = X (hh') = Tr(p/ (k') = 0. Since this is true
foranyh’ € AX and sincel'® is non-degenerate we hake= 0. Therefore
J = {0} and henced” is semisimple. O

Defined : R — C to be a ring homomorphism sendigg— ¢ for
some non-zere in C. We think of C as a leftR-module viad and define
A® to be the specialised algebh®, C. Let Re := Clg*!] and define
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Oc : Rc — Cto be the ring homomorphism which extends the rfhaldote
thatlm(6c) = C. Suppose thak’ is an extension field of(¢) and letR; be
the integral closure oR¢ in K. Thenf: extends to a ring homomorphism
0t : Rt — C. See Section 8.1.6 of Geck and Pfieffé}. [

Theorem 4.7.Let K be an extension field d(¢) and letWV be a finite
Coxeter group. Itdg. ,(W)* is split and Ag: ,(1W)° is semisimple then
dg;, is an isomorphism preserving isomorphism classes of simplgules.
In particular, the magdrr(A¥X) — Irr(A®) sendingy — x* is a bijection.

Proof. The result follows immediately after applying Tit's defoatron the-
orem (Theorem 4.2) wittl = Ag: ,(W), L = C andd = 0. Note that
AC is split sinceC is algebraically closed. O

We are now equipped to prove the isomorphism theorem.

Theorem 4.8. There exists a fieldC O C(q) such that4d® ~ X as
K-algebras. Moreover, there is a bijection

Irr(AX) — Irr(2/©).

Proof. We know that4” is separable (Lemma 4.6). Then, sir¢e- C(q),
AW is also separable. Hence there exists a figld> C(q) such thatk’
is a splitting field for.A®@ over C(q) (see Curtis & Reinerd], Proposi-
tion 7.25). That is, AX is split.

Letd : R — C be the map sending+— 1. ThenA® = &7C which is
semisimple. By Theorem 4.7 the mdp, : Gj (A") — G{(A®) is an iso-
morphism preserving isomorphism classes of simple modWN&seover,
the maplrr(AX) — Irr(A®) sendingy — X is a bijection.

SinceC is algebraically closed#® is split and so by Theorem 4.1 b)
we have

tox o P ([V]) = pc o do([V])
for all AX-modulesV/. In particular,

to; o prc([V])(1) = pe o dg ([V])(1).
That is
(1 o X)dimKV _ (1 . X)dimc(d%([\/}))
for some indeterminat&’. Therefore we have digll” = dimc(dy:([V]))

for all AX-modulesl/.
Now AX is semisimple by Lemma 4.6. So using Wedderburn’s theorem
we have

AX = (HMat,, (K)
D
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whereD runs over the simpled”-modules (up to isomorphism) amd is
the dimension of), and similarly

o° = PMat,,,(C)
D/

where D’ runs over the simple7“-modules and:; is the dimension of
D'. Now each summand id¥ corresponds to one i’ by the bijection
and they have the same dimensions.

Note that the group algebra X is semisimple so

% = (PMat, , (K)
D//

whereD” runs over the simple7’-modules (up to isomorphism) amg

is the dimension of”. Now since« is split, for each simple7“-module

D' we have a simple7®-moduleD’ @¢ K. So there are at least as many
simple.Z-modules as there are simpt©-modules. Also,

dE =2 ¢ K
o <@ MatnD,(C)> ®c K
D/
~ P (Mat,,,(C) &c K)

B
P mat,,, (K).
>

I

So there are exactly the same number of simplé-modules as simple
</C-modules and hence simplé”-modules. Also, the modules corre-
spond in that they have the same dimensions. Theref6rez o/ X O



CHAPTER 5

Some Character Theory

In this chapter we use Clifford theory to discover under we@di-
tions irreducibleH x ,(17')-modules stay irreducible when we restrict them
to Ag ,(W)-modules. Then we list these conditions for the Hecke atgebr
associated to the classical Coxter grodps B,, andD,,.

5.1. Applying Clifford Theory to the Alternating Hecke Algebra
We begin by showing that the Hecke algebra has a Clifforcesyst

Proposition 5.1. Let R be a commutative ring containing invertible ele-
ments2, ¢ # —1 andq + 1. Also, let(W, S) be a Coxeter system and let
C = {1,—1} be the cyclic group of order 2. Fik € S. ThenHpg (W)

is a C-graded R-algebra, withA, = Ag (W) andA_, = Ag,(W)f; =
ftAR#Z(W)'

Proof. For Hy,(W) to be aC-gradedR-algebra we need the conditions
of Definition 1.8 to be satisfied. Lett = A, (W). We will first show
that f;, A = Af,. By Lemma 3.32,4 is generated by elements of the form
foifra oo fro, fOrry € S. Then, if fif fry .- frn, € fiA, We can write
ftfnfrz te f7'2n = (ftfnfrz s fmnft)ft < -Aft, ShOWing thatftA - Aft-
Containment in the other direction is similar.

We have shown in Lemma 3.30 tHdk; , (W) = Ag (W)® frAr (W),
for any ring R containingl /2 and invertible elementg # —1 andq + 1.
Also1# =1, sol € A. Lastly, we havd Af,)(Af,) = Af2A = AA = A,
A(Af) = Afand(Af) A = AAf, = Af;. [l

Let K be an extension field o (¢*/?). Thereforeg # —1, and hence
Theorem 4.8 can be applied. Now suppose thas a H ,(W)-module.
Theorem 1.9 tells us that = U + U f, for some fixedt € S and some
irreducible A-submoduld) of V4. Therefore eithel is irreducible as an
A = Ak ,(W)-module orV is a direct sum of two irreduciblél-modules.
Thatis,V, = U & U f;. We now begin to describe a criteria that enables us
to distinguish between these two cases.

Definition 5.2. Suppose that’ is anH k ,(WW)-module. Define &k ,(W)-
moduleV# = {v* | v € V'} that has the sam& -module structure a¥ but

45
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with a new actionp, given by
v* o h = (vh¥)*
forv* € V# andh € H.

Lemma 5.3. An H ,(W)-moduleV is irreducible if and only ift/# is
irreducible.

Proof. Note that, since/ is an involution,(V#)# = V for any H ,(W)-
moduleV’. So once we have proved one direction of the lemma, the other
direction follows.

Let V' be an irreducibléx ,(1¥)-module and suppose that there exists
a non-trivial proper submodulé of V#. ThenU* is a non-trivial proper
submodule o/, contradicting the assumption thatis irreducible. There-
fore V# is irreducible. O

Lemma 5.4. Let V be an irreducibleH ,(W)-module and let/ = V#
as’H-modules. The, = V* @ V~ for some irreducible4-modules//*.
Moreover,V+ =V~ f, for somet € S.

Proof. Supposel/ = V# and letd be an isomorphism fronv# to V.
Define a map
#:V - V
v = (v*).
We claim that#/, is an.A-module automorphism df. Sinced is K-
linear,# is K-linear. Also,#’ is a bijection becausgis a bijection. Now
we need to show that’ respects thel action. Leth € H andv € V. Then

#(vh) = 0((vh)")
= O(v* o h¥)
= O(v*)h*
# (V)"
So if h € A then#' respects thed-action. That is#’ is an.4-module
automorphsim. Moreove#’? is an{-module automorphism.

Now H splits over K so, without loss of generality, we may assume
that# is the identity map o/, by Schur's Lemma. Therefore the only
possible eigenvalues for the matrixf arel and—1.

Let V* be thet1-eigenspaces oft’, respectively. We will show that
V* are non-empty irreduciblgl-submodules of/4. A simple calculation
shows that’* are A-submodules of/4. They are irreducible by the dis-
cussion following Proposition 5.1. Now the Jordan candrfican of the
matrix of # must have onlyl’'s or —1’s on the diagonal and zeros every-
where else (if there were any non-zero entries off the diabtren 42
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would not be the identity map). Heneg is diagonalisable and so the set
of eigenvectors is a basis bf.

Suppose that is associated to a Coxeter systéii, S) and choose a
particulart € S. We claim thatl’~ f, = V. Letv € V~. Then#/ (vf;) =
# ()7 = —# W) f, = vf,. SOVf, € V*t. Nowif v € V*, then
v=(vfo)frand# (vf;) = # (W) = —# () fi = —vfi. SOVE CV~f,
and hencéd’* =V~ f,.

HenceV* are non-emptyA-submodules of/,. So we havel, =
V+ @& V'~ where the set of—eigenvectors is a basis fof" and the set of
—1—eigenvectors is a basis for.

O

Lemma 5.5. Let V' be an irreducibleH x ,(1W)-module and suppose that,
fort € S,V =U®Uf, for some irreducibled-submodulé/ of V4. Then
V = V# as’H-modules.

Proof. Suppose that’y = U & U f;, for some irreducibled-submoduld/
of V4. ThenV = U & U f, asK-modules. We define the following map:

O VH# — Vv
(u+u'f)* — u—u'f

for u,u’ € U. We claim that this map is &-isomorphism.
Letu,u’ € U and leth € 'H, soh = a + f;a’ for somea,d’ € A, by
Proposition 5.1. Nowb is clearly K -linear and

O((u+u'fy) oh) = ®((u+u'fi) o(a+ fid))
= O((u+u'fi)(a— fia))
= O(ua — ufrd +u' fra—u'd").

Now, ua andu’a’ are inU and, sincedf; = f;A, we conclude that f;a’
andu’ f;a are both inU f;. Therefore

O((u+u'fi)*oh) = wa+ufid —u fra—u'd
= (u—u'fi)(a+ fid)
— B((ut )

Therefored is aH-homomorphism.
To show thatd is injective, consider the kernel.

Ker(®) = {(u+d'f))" |u—u'fy=0,u,u’ € U}
{lu+u'f) |u=0,uf =0,u,u € U}
= {0*}.

For surjectivity, notice thab((u — v’ f;)*) = u + ' f;.
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So we have tha® is a H-isomorphism. Therefor& =~ V# asH-
modules. O

Theorem 5.6.Let V' be an irreducibleHx ,(W)-module. Ther = V#
as H-modules if and only i’y = V* @ V~ for some irreducibleA-
submodule§’* of V4, whereV* = V~ f, for somet € S.

Proof. This result is a direct corollary of Lemmas 5.4 and 5.5. O

5.2. The Irreducibles in TypesA,,, B, and D,

In this section we review the irreducit#té ,(W')-modules for the Cox-
eter groups of typed,,, B,, andD,,. Then we give the criteria that governs
whether they are irreducible ax ,(1W)-modules or if they break up as a
direct sum of two irreducibledx ,(17)-modules.

Let x, be the character of an irreducit#téx ,(1V)-moduleV, and let
X?f be the character df #. Then lety, be the specialisation achieved by
settingg = 1 in x. So the irreducible characters of a Coxeter groliare
related to the irreducibles of the Iwahori-Hecke algebrah®sy following
proposition, Geck and PfeiffeB], Proposition 9.4.1 (b).

Proposition 5.7. Let y, be an irreducibleH x ,(W)-character. Then there
is a bijection
Irr (H) «— Irr (W)
X¢ < Xi1-
Moreover,(x7); = x1 ® ¢, wheres is the sign character ofi’.

This allows us to relate the hash mggo the sign representation in the
following Lemma. First though, some notation. Supposenthata positive
integer. Then\ is apartition of nif X is a sequence of non-negative integers
A= (A, Ao, .., Ag) Whered; + Ay + ...+ A\ = nand);; > \; forall
1 <i<k-—1. WewriteA - n whenJ\ is a partition ofn. Thediagram
of Nisthe set{(r,c) | 1 < r < k,1 < ¢ < A.}. Alternatively, we may
consider the diagram of as an array of boxes where thec)-th box is in
the r-th row andc-th column. For example, ik = (3, 2), then the diagram
of \is |

Let \' be the partition which is the transpose)ofin other words, if the
diagram of\A contains the box:, j) then the diagram ok’ contains the box
(7,7). For example, if\ = (3,2) then)\ = (2,2,1).

A=[TH,  x=
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Lemma5.8. LetV be an irreducibleH x ,(WW)-module with corresponding
charactery,. Then

VEF2V «—= Y, ®¢c=x1.

Proof. LetV be an irreduciblé ,(17)-module with corresponding char-
actery,. Then

VHARY — Xo = Xq

— (Xf)lzm
— x1®c=xi.
U

Case4,,

In the case of the symmetric groug,, ; = &,,, the irreducibleS,,-
modules are parametrised by the partitions ofr herefore, so are the irre-
ducibleH g ,(&,,)-modules, see for example Geck and PfeifterTheorem
8.1.7]. LetS()\) denote &y ,(&,)-module corresponding to the partition
A, and lety* be the corresponding character. Now Corollary 5.4.9 of Geck
and Pfeiffer p] tells us thaty} ® ¢ = x}". Hence

A=N = =
= o =x0c
— SO\ =S\
Let S(A)4 be the restriction of5(\) to an.4-module. Then we have
two cases:
e If A = )\ thenS()\) 4 is a direct sum of two irreducible-modules.
e If A # )N thenS()\) isirreducible as amd-module.

CaseB,,

The irreducibles in this case are indexed by pairs of pant#h, ;. such
that|\| + |u| = n. Let S(A, u) be such an irreducible with corresponding
characteny™*. We havex?’” ®e = x’fw, from Geck and Pfeifferd,
Theorem 5.5.6 (c)]. Therefore

/ A oY
A=y = x"=x

= W'=x"oe
= S =S\
Therefore we again have two cases:

o If A\ = 1/ then S(\ i) 4 is a direct sum of two irreducibled-
modules.
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o If X\ # 1/ thenS(\, p) is irreducible as avd-module.
CaseD,,

This case is a little more complicated. Recall that the attara ofD,,
are indexed in two ways (see, for example, Geck and Pfeiffeb[6.1]),
and hence so are the characteré{f ,(D,,). First letA andu be partitions
with |A| + |u| = n. If A # u we have an irreduciblé{x ,(D,,)-module,
S(A, ), for each unordered pair of partitioris, ). Note that since the
pair is unorderedS (A, 1)=S(u, A). Otherwise, in the case wheke= p
(son is even), we have two non-isomorphic irreducibles for eathn /2,
S(A,+)andS(\, —).

First let us consider the irreducibleég )\, ) when\ # p. Let xy
the corresponding character. Then from Remark 5.6.5]invg have that
X?’“ ®e= Xi"“' wheres is the sign character d?,,. Therefore

=i = o=
—= r=xtee=x"oe
— SO\ pu) =S, p*.

Now let us consider the case whan= . So we have irreducibles
S(A, £) for each partition\ - n/2. Let y»* be the corresponding char-
acters. In this case we hayeé* ® ¢ = y}"*, by Remark 5.6.5 in€].
Hence

A=XN = gt =

—= nT=x*ee
— S\ E)= S\ )"
In summary,
o If A\ # p, A = p/ thenS(\, ) 4 is a direct sum of two irreducible
A-modules.
o If A\ # u, A # 1/ thenS(\, u) is irreducible as apd-module.
e If A=)\ (and) = p) thenS(\, +) 4 both break up as a direct sum
of two irreducible.A-modules.
o If A\ # XN (and )\ = p) thenS(\,+) are both irreducible asl-
modules.



CHAPTER 6

The Characters of Ak ,(S,,)

In this chapter we start by revising the ordinary irredueit@presenta-
tions of the finite Coxeter groups and the lwahori-Heckelaige associated
to them. Then we give the characters for the irreducibleb®fiternating
Hecke algebra of the symmetric group.

6.1. The Characters ofAx ,(S,,)

In this section we begin to describe the irreducible repregmns of
Ak (6,), whereK is an extension field of(¢'/?). We will first need
some notation.

For A - n, a\-tableauis a bijection from the diagram of into the set
of integers{1,2,...,n}. We can consider a-tableau as a way of placing
the numberd up ton in the boxes of the diagram of. For example, for
A = (3,2), the following diagrams are al-tableau.

1]2]3] 5[4]3] 3[2]4]
415 ’ 112 ’ 5|1

If tis a\-tableau, we writé(r, ¢) = ¢ if i appears in row and columrc
of t. A standard tableauis one in which the entries in each box increase
along each row and column. Thatisy,c+ 1) > t(r,c) andt(r + 1,¢) >
t(r, c) for all applicabler andc. We write Std(\) for the set of standard
A-tableaux. The following are examples of standg@®)-tableaux.

2[3] 1

1 3[5] 1[2[4]
4|5 7 [2]4]

315

If t(r,c) = i then thecontentof i in tis ¢(i) = ¢ — r. The following
diagram is a handy reference as each box contains its content

O N|w

2

1
-10

-1

SRE
NI

Given two integers < j in t then theaxial distancefromi to j is

di(i,7) == c(j) — cli).
Suppose thak - n and thats andt are standard—tableaux. We will
need a partial order on the set of standardableau. First defin€' to be

51
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the standard—tableau in which the integetsto n are placed in increasing
order from left to right along the rows. For example,

1123
415]6]-

Also, definet,, to be theh—tableau in which the integetsto n are entered
in increasing order from top to bottom along the columns.&@mple,

1146
2|5|7]-
3

Define d(t) to be the unique permutation such that t*d(t). The
partial order, denoted, is defined as follows. We write>> t and say thas
dominatestif d(t) = d(s)w for somew such that(d(t)) = ¢(d(s))+{(w).
We also writes > t if s > t ands # t.

Lets; = (i,7 + 1) be the permutaion swappin@ndi + 1 and suppose
thatts, € Std(\). Thent > ts; if and only if i is in a higher row tham + 1
in t. For example,

t= U = =
i+1] i
In fact, t* is the unique maximal standakgtableau under this partial order,
andt,, is the unique minimal standard-tableau. See Matha$4].

We define the quantum integetg, for d € Z,
] = 1+q+@+...+q¢Y ifd>0,
| —¢4[-d], if d < 0.
Notice that this definition works for any value @f but it simplifies to
[d] = qqd_—‘ll wheng # 1. From the definition we see that, for any integer
[~d] = —q~[d].

In our discussion of the characters of the alternating Hedgebra, we
will first look at the irreducible representations Hfx ,(S,,), the Specht
modules. The action in these modules will require that we fbiteary

square roots/—1, /g and/[d] € K ford € N.
Definition 6.1. We define, fod > 0,
VI=d = V=1(va)~V/d).
For convenience, if € Z we set
VIV g

a(k) = —a(—k) if k<1
1 if k=0
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The caseé: = 0 is included for computation purposes only. We omit the
cases wheré = +1 because they never occur in the Specht module.
Recall that the irreducible representation#f ,(S,,), the Specht mod-
ules, are indexed by partitions ef The following Lemma describes the
Specht moduleS () of the partition\ + n. It is the corrected version of
Theorem 3.36 of Mathadlfl]. Note that Mathas uses for the axial dis-
tance fromi to i + 1 in t, whereas the axial distance here is defined to be

Lemma 6.2. Let A be a partition ofn. TheHg (S, )-moduleS()\) has
basis{ f; | t € Std(\) } and , fors; € S, T; := T}, acts as follows:

/s if < and: + 1 are in the same row af
T — /e, if ¢ andi + 1 are in the same column of
fii = [_‘—C}_]fmt fisis if ts; € Std(\) andt > ts;,

S fot I f i ts; € Std (M) ands; > ¢,

whered; = d(i,7 + 1) is the axial distance fromtoi + 1 in t.

Note that; and: + 1 are in the same row dfif and only if d; = 1 (in
which case[_‘—dli} = q). Similarly i andi + 1 are in the same column ofif
and only ifd; = —1 (in which caseﬁ = —1). It follows that the trivial
representation of{ corresponds to the case whan= (n) and the sign
representation of{ corresponds to the Specht module\of (1™).

Also note that% = —a(d;)>.

We will use the follzowing modified seminormal form which istaimed
by rescaling the basis given in Lemma 6.2.

Proposition 6.3. Let A be a partition ofn. ThenS(\) has a basis
{ve] te Std(N) }

1 .

1y, if |di| = 1,
vl = [__Cii] ' . | |

m’(}t‘i‘ Oé(di>’(}tsi, if ‘dl‘ > 1,

whered; = d(i,7 + 1) is the axial distance fromtoi + 1 in t.

such that

Proof. Fix t € Std()\) and letw = s;,s,, ...s;, be the permutation such
thatt = tyw, wheres;, s;, . .. s;, is a reduced expression far. We define
the standard\—tableauxt; := tys; s, ...s;; for 0 < j < k. Therefore
L=ty ..., =1

Define
k

a(t) = [ [ eldy (i, i; + 1)).

Jj=1
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We claim thatx(t) is well-defined. Thatisy(t) is independant of the choice
of reduced expression far. To see this note that

foTw

||E;v

dtJ 1 2]7'5]_"1 ft“'Z"Efs

st

for somer, € K. Now

[[-ald, Gi+0)? = (=D []ald, @i+ 1)

Jj=1 Jj=1

= (U] (~aldy, iy, i + 1))

= (=D aldy, (ij.d; + 1))*

So(—1)*[T5_, e(dy, (i;,4;+1))* and hencg[}_, a(d,, (i;,1; 4 1))? are in-

dependant of the choice of reduced expressionfddoweverd,, (i;,i;+1)

is positive forl < j < k. Therefore]_[lea(dtj (i;,1; + 1)) is independant

of the choice of reduced expression for That is,«a(t) is well-defined.
Define a new basis via

k
H 6 /i

for t € Std(\). Note that

{a(tsi)a(di), if o> ts;

whered; = d(i,i + 1) = —dys, (i, + 1).
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Then
= a(t)fth‘
(qa(t) fy if 7 and: + 1 are the same row df
—a(t) fi if  andi + 1 are the same column of
T S fo+ al®) fu, if ¢ > ts;
\ [__C}Z]a(t)ft — a(di)*a(t) fis, if ts; >t
( qu¢ if  andi + 1 are the same row df
—¢ if 2 and: + 1 are the same column of
_) -1 a(t) .
= [—d,-]vt + Oé(tSi)rUtSi if to>ts;
—1 a(d;)?a(t) .
mvt a(ts,) U, If ts; >t
qUy if 2 and: + 1 are the same row af
—¢ if 2 and: + 1 are the same column of
- [__—C}i]vt + a(d;)ve, If t>ts;
\ [__—C}Z_]Ut + a(d;)ve, if ts; >t

We would like to see what happens $9)\) when we restrict it to an

Ak ,(6,)-module. To this end we need to understai(d)#, which the
following Proposition will enable us to do.

First, if t is a A-tableau, thert’ is the \'-tableau witht'(i, 7) = t(j,1).
For example, if\ = (3,2) andt = |1

113

2 205

5

4] thent =

3

4
Now define a map : S(\) — S(\V) to be theK-linear map given by
ve — vy, forall t € Std(\).

Note thatr depends on the partitiok; its

meaning, however, should always be clear from the context.

Proposition 6.4. Suppose thaty € &,.. ThenvT# = 7(v¢T,), for all
t € Std(\).
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Proof. We first show thathi# = 7(veT;) for 1 <i < n — 1. Consider the
case whend;| = |d(i,i + 1)| = 1. We have

o7 = v(-T+q—1)

1
()

[—di]
= —q_di v
[—di]
q—dl(i,i—i-l)
T i
Now —d(i,i+ 1) = dy (4,7 + 1), SO
dyr (3,i+1)
q
T# — 1
et de(ii+1)]
1
= -0
[—de(i,i+1)]
as required.
The case whefd;| = |d(i,i+ 1)| > 1 is similar:
1 1
UtTi# = v(=Ti+q—-1) = ([—d-] _l'q_l)'ut_a(di)vtsi = —mvtﬂLa(—di)Um

where we have used the fact that-k) = —a(k).
Now, letw = ryry ... 7, be a reduced expression fore &,,. We will
use induction on the length af.

vI¥ = oI*  TF

T1..Tk—1" Tk

= T (Ut’Trl...rk,l)T#

Tk

= T( Z %vs)ijf

seStd(V)

= Z VsUs/ Tjj
)

seStd(N

= Z %T@sTrk)

seStd(\)

= T( >, %ngrk>

s€Std(N)
= T(Ut/TT1T2---7"k71T7’k)
= 7(veTy)
where they, depend ort’ andriry ... 7,_1. O
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Consequently, the mapis a.Ax ,(S,,)-module isomorphism.

Corollary 6.5. Let X\ be a partition. Therr: S(\) — S()\') is an isomor-
phism ofA-modules.

Proof. Since we defined to be K-linear, we only need to show that
respects thed—action. Suppose that< 4 and lett € Std(\). Then, by
Proposition 6.4 we have(va) = vya™ = vea = 7(vy)a. O

We will see thatS(\)# = S(\') asHy ,(W)-modules. So to investigate
the characters of the alternating Hecke algebra we willstigate how the
characters of(\') behave.

Proposition 6.6. The Hx ,(S,,)-modulesS()\)# and S()') are naturally
isomorphic via the map

0:SN* — S)
vy — vy

Proof. Define aK-linear map# : S(\)# — S()\') sendingv; — vy. Then
for h € H we have

O(vioh) = 9((vth#)*)

(r( 3 aww))
S/EStd(N)
(( > )

s'eStd(N)

= Z Vs Vst

s'eStd(N)
g t/h
= G(vi)h
for somey, € K depending o’ andh. O

Let x* be the character of th&-module S(\). Then the next result
follows immediately from Proposition 6.6.

Corollary 6.7. Suppose that € &,,. Them*(T#) = x* (T,,).

6.2. The case in whichS(\) and S(\)# are inequivalent H-modules

Let us consider the case whan# ). Since the irreduciblé(, ,(S,,)-
modules are indexed by the partitions ofand they are pairwise non-
isomophic thenS()\) and S(\)# are not isomorphic ag-modules. Let
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S(A) 4 be the restriction of the Specht modyle\) to anA ,(S,,)-module,
and letx’ be the corresponding restricted character.
In Section 5.2, we saw that(\) is irreducible as atd-module. There-
fore x’(a) = x*(a) foralla € Ax ,(S,,).
Proposition 6.8. Suppose\ # X andw € &/ (W). Then
1 /
Xa(Bu) = 50 (Tw) + X ().

Proof. Letw € /(). Then
Xf\él(Bw) = (Xf\A(Tw) + Xf\él(Tf))
OMTw) +2xNTE))

(XA(Tw) +x (Tw)) by Corollary 6.7.

N =N =N =

O

6.3. The case in whichS(\) and S(\)# are equivalentH-modules

For the rest of this chapter we will consider the case whea .
Proposition 6.6 tells us that()\) and S(\)#* are isomorphic{-modules.
From Section 5.1, we see th&f)) breaks up into a direct sum of two irre-
ducible.A-modulesS()\)*, whereS(\)* are thet1-eigenspaces under the
map#’ (see the proof of Lemma 5.4). Usifigrom the proof of Proposi-
tion 6.6 we find that#’ = 7 (wherer is defined in Section 6.1). Hence we
need to describe the1-eigenspaces of.

Define Std*()\) to be the set of standarkttableaux which have in
their first row. Also, letB* := {v; £ vy | t € Std™(A\)}. Then for each
t € Std™()), we havey, = 3 (v¢+ vy) + 3 (v — v¢) @ndoy = 3 (v +vy) —
2(vy — vy). Using this fact it follows thaB* U B~ is a basis forS()), and
we have the following result.

Proposition 6.9. The Specht moduley()\), has the followingAx ,(WV)-
module decomposition.

SNa=5SN"®S(\)”
Moreover, the set8* are bases folS(\)*, respectively.

Proof. The. A-module decomposition comes from the preceding discussion
and Lemma 5.4. Let € Std*()\). Thent (v, + vy) = v¢ + v and7 (v, —

vy) = —vy + vy = —(ve — vy). Thatis, eachy £ vy sits inside thet1-
eigenspace of, respectively. Therefore the sd#s defined above are bases
for S(\)* respectively. O
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Let \i= be the characters of tha-modulesS()\)*, respectively. We
want to computec’s=(a), for a € A. The next result shows that we can re-
duce the calculation of these characters to what is esigaticomputation
inside’H. Before we can state this result we need some more notation.

If h € H then right multiplication by: gives akKk—endomorphism,, of
S(A); leth o T = p, o 7 be theK—endomorphism obtained by composing
this map withr. Theny*(h o 7) is the trace ofy, o 7 acting onS()).

Proposition 6.10. Suppose that € A. Then

1
(@) = 5 (@) £ a0 ).
Proof. First note that sinc€(\) = S(\)* @ S(\)~, we must have
(6.11) X*a) = X" (a) + X (a).

By ordering the basi®* U B~ of S()\) such that the basis elemengs
are first, followed by the basis elemerfts, thenr acts via the following
matrix.

1

-1

Therefore, sincg?*(a o 7) is the trace of the matrix of o 7, we have that
M (ao7)=+x"(a). Hence

XMNaoT)=x*(ao7)+x* (aor)
(6.12) = x*(a) = x*"(a).
Then combining equations 6.11 and 6.12, we hgie(a) = 1 (x*(a) £
x*(a o)) as required. O

Recall that forw € «/(W) we haveB, = (T, + T), and that
{By, |we (6,)}is abasis ofdx ,(&,,). So we need to calculate the
valuesy®*(B,,) for each) - n such that\ = X' and eachw € 7 (S,,).

Corollary 6.13. Suppose that € «7(&,,). Then

X (Ba) = 5 (0 (T) £ (T 0 7).
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Proof. By Proposition 6.10 and Corollary 6.7,
1
i (Bu) = ) (Tu + 1)

- E(XA(TH, + 1) £ X M(Tw + TF) o7))

1
1 1
= ixA(Tw) + Z(X/\(Tw o7) + XMNTF o1)).

We will now show thaty*(T,, o 7) = x*(T7# o 7). Then the result
follows.
Write vT,, = ZseStd(A) a0, for someay, (which depend o). Then

v(Ty o T) = 3, awvy. Consequentiy (T, 0 7) = 37 giqpn) G-
From Proposition 6.4 we see thatT# o7) = vy T, = EseStd(X) Ay sVs.

SOX)‘<Tf @) T) = ZtEStd()\) att’ = X}\(Tw o 7_>. |:|

By Geck and Pfeiffer§, Theorem 10.2.5] the character valugsT;,)
are known forw € &,,, so we are reduced to computigg(T, o), forw €
</ (&,,). To this end, for each standaid-tableaut definev,(w) to be the
coefficient ofvy in v(T,,. Thenx*(T,, o 7) = 3, v(w). Thus, to determine
the characters of (\)* it is sufficient to determine the polynomiajgw),
for t € Std(\) andw € &(6&,,).

Write vT,, = ). avs, for somea, (which depend ow). Sov,T,, =
>, ausvs. Thereforex (T,,) = Y- g @vv- Also, by Proposition 6.4,
vT¥ = 7(veT,) = >, avsvy. Thereforex(T#) = D iesta(y) ave- Hence
XNTE) = XM (Tw)

Suppose thatis a \—tableau. Then we writg\| for the diagram of\.
Also, letdiag(t) be the set of integers | i = t(r, ) for some(r,r) € [A]}.

Definition 6.14 (Headley B]). Suppose that € S,, and thatt is a stan-
dard \—tableau. Thert is w—transposablaf whenever(r,c¢) € [\] with
r # cthen

e t(r,c) =t(c,r) = 1and

e t(r,c) andt(c,r) are in the samev—orbit.

We will say that the integers j in t arediagonally oppositeif t(r, c) =
i andt(c,r) = j, for some(r, ¢) € [A].

Suppose that is a w—transposable tableau and tha# diag(t), for
somei with 1 < i < n. Thenc¢(i) = —¢(i = 1); that is,i is diagonally
opposite to eithei + 1 or i — 1 in t. Consequently, the cases in the next
definition are mutually exclusive (and exhaustive).
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Definition 6.15. Suppose that is a w—transposable standard—tableau
wherew has a reduced expression of the foum= s;, ...s; , with1 <
hW<---<ip<n.Forj=1,... kdefine

=t if i; € diag(t),
Wi = { e el = el - 1),

whered; = ¢,(i; + 1) — c(i;) andd; = ci(i; + 1) — ¢((i; — 1).

The following example illustrates where this definition casirom and
will be helpful in understanding the proof of the followinggposition.

Example 6.16.Considerw = (1,2,3,4,5,6) = s152535485 € G¢ acting
onS(\) where\ = (3,2,1).

Lett = 31¢ 4'. Thent is w—transposable. If we wish to fing(w), we

5
need to find the coefficient af, in vT,,. In the following calculations we
need only follow the path that leads usu#i@ That is, we must use the fact
thatt’ = t(23)(45) = {5954.

Lett, = &t = (3l t; = by, 4 = ¢ = 1=~ andt; = t,. Then, by
5 4
using the action from Proposition 6.3, we have

vlw = vl Ts, T, Ts,Ts,
= Uy T82 TS:; TS4 T85
o+ (a2, Ts,Ts, Ty, + . ..

— 4 (=Da(2) <[:—:1))]>vt,Ts4T55 v

I (-1)@2)(%)@(—4)@@55 b
4 (=Da2) (%)a(—@a(—m% .

which coincides with our definition, wherg(i;) is the coefficient that is
contributed by the terr, .

Using the notation in Definition 6.15 we can give an explioitniula
for v(w), for certainw.
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Proposition 6.17. Suppose that = s;, ... s;, is reduced, whereé < i; <
- < 4, < n. Lett be a standard\—tableau. Then

vi(i1) ... v(ig), if tisw—transposable,
Y(w) = .
0, otherwise.

Proof. Observe that ify(w) # 0 then there is a sequenggt,, . . ., t; of
(not necessarily distinct) standaddtableaux such that, = ¢, t, =
andv; appears with non—zero coefficientday_, 73, for j = 1,... k. By
assumption] < i; < --- < i < n S0vy(w) # 0 only if we can change
tinto t' by swapping entries of the form) andi; + 1, wherel < j < k.
Hence, ify(w) # 0, thent is w—transposable. That is, #fis not w—
transposable thepn(w) = 0.

Suppose now thaf(w) # 0. Then the tableaut, t;, . . ., t, above are
uniquely determined because we must follow the unique path f to t'.
Indeed,t; is the unique standard-tableau which has all of the numbers
greater thari; + 1 in the same positions as they occuttiand all numbers
less than or equal t + 1 in the same positions as ih It follows that if v,
appears with coefﬁmentj invy,_, T, theny(w) = 71...7. To complete
the proof it remains to show thaﬂ;(zj) = 7, is the coefficient ofv, in

_.T;,. There are three possibilities: eithgiis on the diagonal of, or i;
is diagonally opposite eithéy — 1 or:; + 1.

If i; € diag(t) then:; andi;+1 have not been moved anywhere. Thatis,

they are still in theitt position. Alsot; = t;_; since we don’t want to move

i; off the diagonal. Therefore, from the definitions, = [_‘di_] = 7(%;),
whered;; = ci(i; + 1) — ci(iy). J
Next, ; is diagonally opposité; — 1 if and only if ¢,(i;) = —c(i; —

1). In this case, since we are acting %/ i; — 1 must already be in its
t' position and hence so must That is, they must have already been
swapped. Thereforg_; = t; »s;,_; ands;, , appears inv, ie.i;_; =
1. Now sincei; and:; — 1 have already been swapped we hdye, (zj, zj +
1) = dy(i; — 1,i; + 1). There forey; = ﬁ = ().

J

Finally, i; andi; + 1 are diagonally opposite inif and only if ¢,(i;) =
—c(i; + 1). In this case we have, = t;_;s;;, S0v; = «(d;), where
d; = ci(i; + 1) — ¢(i;). Henceyy(j) = v.(i;) as required. O

Recall that the conjugacy classes ®f, are indexed by partitions of
n, and that for eaclk - n we can choose a representative of the form in
the previous proposition. So for each partitionve fix a conjugacy class
representativer, € &,, which is of minimal length in its conjugacy class
together with a reduced expression of the farmn = s;, ... s;, such that
1< <9 <o < < .
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For example, it = (4,2,1) - 7 we can choose

we = (1,2,3,4)(5,6)(7)

= S515253S5.

Proposition 6.17 tells us that we need only considetransposable
tableaux in what follows. Le$td,(\) be the set ofv,—transposable stan-
dard \—tableaux.

Suppose\ = (i, o, ..., )\) is a partition ofn. We define the™
hook of A to be the subset of the diagram bthat contains the elements
(i,4), (¢, +1),..., (i, \;) and the elements + 1,4), (i + 2,4), ..., (N, 7).
We can now computg (T, © 7) In the special case whereis a hook.

Lemma 6.18. Suppose that = 2k + 1, A = (k + 1, 1%). Then

X)‘(Twm) oT) = (— \/——1\/5)%1@

Proof. We argue by induction oh. Whenk = 0 thenn = 1, w(,,) = 1 and
XML, ©7) = 1, so the result holds.

For the inductive step, let = (k, 1"!) - n—2. Hencex* (T, , o7)
is known by induction.

Notice that there are exactBf w, —transposable—tableaux. These
are the)\—tableaux which have the numbels and 2; + 1 in positions
(1,i+1)and(i+1,1),fori =1,..., k. Consequently, from eaah,_o—
transposablg—tableaut we can construct twe,,)—transposabla—tableaux
t' andt”. We construct’ by puttingn — 1 andn into the(1, k) and(k, 1) po-
sitions, respectively, and = t's,,_,. Further, sincev(,y = w(,—2)Sp—25n-1,
we have thaty (i) = (i) = ¢ (i), for1 <i <n — 3. Now, if n — 2isin
the first row oft then, by Lemma 6.17,

Ye(wim)) + v (W)
W(1) - = 3) (mgpa(—(n = 1) +a(=(n — 1))
(1) .y —3 <[ n—l)—a(n—l))

=7(1)...%(n = 3)a(n — 1)<[ o= _1)
= —%(1)...%(n - 3)a(n — 1){n %
3)@

[n—2]

= —7(1) ... n(n -

) - V=1vay/In]
KV =T

= —%(w(n—z
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A similar calculation shows that we also have

V=1yay/[nl
Ve (W) + 70 (W) = =7(Win-2) - %

whenn — 2 is in the first column of. Hence,

CTuyom) = D wlwe) = D (velww) + e (w))

5€Std(n) ()\) tGStd(n,Q) (H)
_ VeIl
- n—2] Z Y(Win-2)
teStd (,—2) (1)
_ VLA i M(T,, . o)
[n—2] (n=2)
— n n—3
= (- V1) V-]

= (~V=1va) T Vil
l

This enables us to compute our first general character vakte:; be
the length of the™ hook of \. Therefore,h, = 2)\; — 2i + 1. Also, let
d()) be the length of the diagonal af(sod(\) = max{:| \; >i}), and
let h(\) = (h1, ho, ..., hapy). Thus,h()) is a partition ofn. For example,
if A\ = (k+1,1%) - asin Lemma 6.18 - theh()\) = (n) = (2k + 1) and
d(\) = 1.

For the proof of the next result we need some more notatiopp&e
thatt is a\—tableau and foi = 1, ..., d let t; be the subtableau @fwhich
contains the numbers in th® hook of t. We will think of t; as being a
tableau of shapé%, 1%) in the natural way. Finally, it € Z lett — k
be the tableau obtained by subtractinffom each of the entries a@f

Proposition 6.19. Suppose that and A are partitions ofn such thath is
self—conjugate and let = d(\). Then

n—

n—d
X)\(Twh(A) OT) = (_ v _1\/5) ’ H?zl V [hl]v
Proof. Write h(\) = (h4,. .., hqg) and suppose thats awy,,)—transposable
\—tableau. Sek, = 0 and leth; = Y7’_, h;, for1 <i < d. Then
Wp(\) = (Bo—i—1,...,B1)(E1+1,...,B2)...(Bd_1+1,...,Bd)

is the cycle decomposition afy,,). Notice that there aré cycles inwy,y),
all of odd length. Now, an odd length cycle must contain astieme ele-
ment from the diagonal of, sincet is wy,(y—transposable. It follows that
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the numbers on the diagonal iofome from distinct cycles afy, (). More-
over, sincet is standard, the numbe(i, ;) must belong to cycleé of wy»);
that is, fori = 1,...,d we havet(i,i) € {h;_; +1,...,h;}. Using once
more the fact that is standard, foi = 1, ..., d we see that we must have
t(i,i) = h;_; + 1 and that the numbers contained in the subtableaue
precisely the number§,_, +1,..., h;}.

Forl <i<dlet\ = (% 1%57). Then)i is a self-conjugate parti-
tion andh()\") = (h;). Further, by the last paragraph, there is a bijection

2

d
Stduoy(A) — [ [ Stdny(X)
=1

t — (ti—hoto—hi,....ta— hg_1).

Using this and Proposition 6.17 and Definition 6.1% j&w;,»)-transposable
then

d hi—1 d hi—1 d
Yi(wnny) = H H Y(j) = H H Vo—hi, () = H%—Bi,l(w(hi))-
i=1 j=h;_1+1 i=1 j=1 i=1

Combining the last two statements we find that

d
X)\(Twh(,\) o 7_) = Z H Vti—hi1 (w(hz))

iEStd;L(A) ()\) =1
d

=10 > e

=1 4eStdp,) (A7)

) (Tw(hi) oT)

I
&E&

=1

hi

I
AE&

(-v=1va) * VI

by Lemma 6.18. The result follows. O

Next we want to show that*(7,,, o 7) = 0 whenk # h()). This is
much harder and we will need several lemmas.

First note that the set of partitions of the form\\) is equal to the set
of partitions whose components are odd and pairwise distifbus, we
must now consider all cases wherédas components that are not odd and
distinct. We first consider the following case.

Lemma 6.20(cf. [8, Lemma 3.3]) Suppose thaty,, has more tharni(\)
cycles of odd length. Theg(7,,, o 7) = 0.
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Proof. We know that ift is a w—transposable tableau then each odd cy-
cle of w meets the diagonal dfat least once. Consequently, there are no
transposable,—tableaux since,, has more thad(\) odd cycles. Hence,
XMNTop,, 0 7) = 0. O

Before tackling other cycle types we prove a technical lemma

Lemma 6.21. Lett be aw,.—transposable tableaux and suppose thdte
diag(t) with b minimal such that. and b are in the same cycle af,.. Let
t" = ts4415443 - - - Sp_2. Thent” isw,—transposable and(w, )+ (w,) =
0.

Proof. Sincetis w,—transposable, the numbgs+2i+ 1, a + 2i + 2}, for
1=0,..., b‘g‘?’, occur in diagonally opposite positionstinConsequently,
b— a is odd and” is the tableau obtained frotrby swapping these entries.
Hencet” is w.—transposable, proving our first claim.

To show thaty(w,,) + ¢ (w,) = 0, first observe tha(i) = v (7) if
i < aorifi>b. Letyla,b) = []°=} vi(i) and defineyy[a, b) similarly. To
complete the proof we will show that[a, b) = —v/[a, b).

As in Definition 6.15, setl; = ¢((i+ 1) — ¢((i) = ¢ (i) — ¢ (i+ 1) and
di=c(i+1)—c(i—1)=cw(i —1) —cp(i+1),fora <i < b. Then,
fori =0,...,b—1—awe have

ﬁ, if i =0,
Y(a+1) = ﬁ, if i > 0is even

a(dyy;), ifiisodd

and
ﬁ, if i =0,
vela+1) = @ if i > 0is even
a+1
—a(dgyi), ifiisodd
Therefore

Yila,b) = H%(i)
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Also,

Tela,b) = H%”(i)

wlat) = L (= aldn) (L) (et (£5)

VN
|
Q
—
QL
s
[\
SN—
N——
N
|'Q|
7| &
K I
N——
| —

_q—(da+d;+2+d;+4+...d{kl),}/t[% b).

But

do +dopy +dops + . dypy
(ct(a + ].) — ct(a))
(c(a+3) —ca+1))
(ct(a + 5) — Ct<CL -+ 3))

+ o+ o+

(ce(b) — cib —2))
= (b)) — cila)
=0
sincea andb are on the diagonal af and the result follows. O

Lemma 6.22(cf. [8, Lemma 3.4]) Suppose that the number of cycles in

w, is less thani()\). Theny*(T,,, o 7) = 0.

Proof. Lett be aw,—transposable tableau. Then, becauséas less than
d()) cycles, at least one cycle in, meets the diagonal efmore than once.
Therefore, we can find integetis< b on the diagonal of, with b minimal
such that: andb are both in the same cycle of.. Then Lemma 6.21 tells us
that fort” = ts, 18443 - - - Sp—2 We havey(w,) + v¢ (w,) = 0. Then, since
the map sendingto t” is bijective and an involution, the result follows[]



68 6. THE CHARACTERS OF Ak 4(Gy)

Lemma 6.23(cf. [8, Lemma 3.5]) Suppose that contains an even part.
Theny*(T,,, o7) = 0.

Proof. Lett be aw,—transposable tableau and consider the first even cycle
in k. Astis transposable, this cycle meets the diagonaimain even num-

ber of places. If this cycle meets the diagonat at b, whereb is minimal,
theny,(w,) + v (w.) = 0 by Lemma 6.21, wher€’ = ts,,;...s,_o. If

the first even cycléa + 1,a + 2,...,b — 1) does not meet the diagonal of

t at all then we again defin€ = ts,,;...s,_2. By essentially repeating
the argument of Lemma 6.21 we find thatw, ) + v¢(w,) = 0. Hence, it
follows thaty*(7,,. o 7) = 0 as required. O

We are now left with those elements which haved()\) cycles of odd
length, and no even cycles. This case is the most complieatédequires
some more notation and the technical Lemma 6.24 below.

Let (X, <) be a poset. TheX is connectedif its Hasse diagram is
connected; otherwis¥ isdisconnected If X containsn-+1 elements then
alinearisation of X is a bijectionf: X — {1, ..., m + 1} which respects
the ordering inX; thus, f(z) < f(y) whenever: < y for x,y € X. Let
Z(X) be the set of linearisations of. If f € Z(X) let f*:{1,...,m+
1} — X be its inverse.

Lemma 6.24. Suppose thatX, <) is a disconnected poset with + 1
elements. Let € X and suppose thafc, | z € X } is a set of pairwise
distinct integers such that = 0. Then

m

ZH g1l ¢

feZ(X) i=1 f (i+1) = Cf*(s Z5) j —Cf*(z+1)]

Proof. Let{ Q. | z € X } be a set of indeterminates. We know that

o= Y oo

(see Headleyq, Lemma 3.6]). Setting), = ¢°~, for x € X, and multiply-
ing through by(q — 1)™ this implies that

q— 1 q — 1 —CrE()
Z H qert ) — qu*<> Z H ¢ e @ — ]

feZ(X) i= 1 feZ(X) i= 1

=q drex Cx Z qcf*(m+1) H ]

20 - ey — e
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Hence,

Z RALGRRY H ] —0.

rézix i1 e = ero

To complete the proof observe that, for egch 2 (X),

cf (m+1) H ]: H [

Jleray —eral 5 lerar — ero)

qcf*(z'+1) —Cr(4)

m

:H[ —1

i 6@ — epii)]

where the first equality follows because = 0. Combining the last two
eguations shows that

ZH

feZ(x) i=1

m

-1
]H[ -

e —eral 2y, oo —epam]

Multiplying both sides of this equation ky-1)" completes the proof. [

We can now complete our calculation of the charactetd of (S,,) for
the particular conjugacy class representative®f minimal length.

Proposition 6.25. Suppose thatv,, is of minimal length in its conjugacy
class and thatk # h()\). Thenx*(T,,, o 1) = 0.

Proof. By Lemmas 6.20—6.23 it remains to consider the case whemas
exactly d(\) cycles; each of which is of odd length. Our proof follows
Headley B, Theorem 3.7], except that we have some additional complica
tions. The reader may find Example 6.28 useful while readimgyroof.

Fix for the time being, av.—transposablé—tableauxt. We need to
attach a lot of combinatorial data to In a similar manner to the proof of
Proposition 6.19 we see that the diagonal elementi@in different cycles
of w,. It follows thatt(i,:) belongs to cycle of w,. Moreover, because
k # h()\) at least one of the cycles af, must meet more than one of the
diagonal hook subtableauxof t, for 1 <1 < d(\).

Let z, > 1 be minimal such that cycle, of w,, is not contained irt,,
and let\; be the shape of the skew subtableaux which contains the mambe
in cyclez; of w,. Let Xy = { (r,¢) € [\{] | ¢ > r }, which we consider as a
poset with orderingr, c¢) < (', ) if r = r"andc < ¢. Note that(z, z() €
X¢. MoreoverX; must be disconnected; since, if it were connected and
k = (K1,K2,...,K,,,...) then we would have,, > . _;, contradicting
thatx is a partition.
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If x = (r,c) € X leta’ = (¢,r). (So thatr’ € X, if and only if
x = (z, z).) Next, define two “sign function&, €, : X;— {1} by

1, i) > ), 1 ) > (),
€*(“@_{—1, i) < (o), O €*(“@_{—1, if ¢(x) < 4(2),

wherez = (z, z) andz € X,. Finally, define a linearisatiory € £ (X)
of X¢ by fi(p) = #{z e X(|t(p) >t(x)}, for z € X, (Notice that
el(z) = 1ifand only if fi(x) > fi(z).)

Let f; be the inverse of the linearisatigihand definery, ..., z,,11 €
X¢byz, = fi(@i),for1 <i < m+ 1, where|X;| = m + 1. Letk =
K1+ -+ k.1 + 1. Then the!" cycle ofw, is (k,k +1,....k + 2m)
and the contribution of thel" cycle ofw, to yy(w,.) is [[775 ' i(k+j). We
claim that

2m—1 H a(2e(w;)c(zi))
(6.26) I vk +i)=+—= :
=0 [

ed(wi)e(ri) — elwipr) (i)
i=1
where the content of a node= (r, ¢) isc(x) = c—r. To prove the claim we
will use Proposition 6.17. According to Definition 6.15 teare three cases
to consider. While we are proving the claim, suppose th&at; < 2m and
let x andy be the unique nodes X, such that: + ;7 € {t(z),t(z')} and
k+j+1e{tly),ty)}

Case 1.k + j € diag(t). This happens if and only it = (z, z),
thereforec, () = 1. Our aim is to findc(k + j) andcy(k + 7 + 1). The
former is easy sincg + j € diag(t). We haver(k + j) = 0 = £c(z).

If x = x; theny = x;,; € X because of the wayj is defined. Now,
if k+j+1 = t(y) thenc(k +j + 1) = c(x;11). Notice that in this
situation we have(y’) > t(y) and hence(y) = 1. On the other hand, if
k+j7+1=ty)thenc(k+j+1) = —c(z;4+1) ande(y) = —1. Hence,
in both cases;(k + j + 1) = e((xi1)c(xir1). Therefore,

—1
ek + ) — ek +j + 1)
—1
e(@i)e(w:) — el @ivr)c(@ira)]
wherek + j € {t(x;), t(z})}.

Case 2.¢(k+j) = —c((k+j—1). Inthis case: + j andk + j — 1 are
diagonally opposite so if = z; theny = x;,;. Our aim in this case is to
find c((k+ j+ 1) andcy(k + 5 — 1). We havet(z) = k + 57 — 1 if and only

Yelk +7) =
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if e,(x) =1, andt(y) = k + 5 + 1ifand only if¢,(y) = 1. Hence, using a
similar argument to that in Case 1,

~1
ek +35—1) —clk+j+1)]
~1

[ed(wi)e(zi) — elTivr)e(Tivn)] .

Yk +j) =

Case 3.¢((k+ j) = —c((k+j+1). Inthis casek + j andk + j + 1
are diagonally opposite so = y and, in particulary # z = (z, z(). If
kE+j=tx)thend(k+jk+j+1) =clk+j+1) —c(k+7) =
—2¢(k + j) = —2c¢(z) ande(x) = 1. Alternatively, ifk +j + 1 = t(x)
thendy(k +j,k+ 7+ 1) =2c(k+j+ 1) = 2c(x) ande(z) = —1. Write
r = x;. Then

Nk +7) = aledk + 5 +1) = ek +7)) = —a(2e(i)e(z:)).

We can now combine Cases 1-3 to prove (6.26). Note thafithe
minus signs in Cases 1-3 cancel out. Also, note that the ratoref (6.26)
includes the case when = z. Technically it should not be there, however,
we may leave it in since(2¢(z)c(z)) = a(0) = 1.

We can now begin to prove the proposition. Define an equicalee-
lation on the set ofv,—transposable—tableaux by declaring that if t €
Std,, (M) thens ~ tif

a) \; = A\¢(so thatz, = zand X, = Xy),
b) s andt agree om\ \ )\, and
C) es(z)el(x) = e(x)€i(x), forall z € X,.

Let 2" be an equivalence class of transposable tableauxt ket
and setzy = z, Xog = X, Ao = A\fandfy = fi. Then for any tableaux
siN 2, ze = 20, Xs = X0, A\s = N and f, = fo. Itis not hard to
see thatZ" contains a tableaty such thatty(zo, z9) = k where, as above,
k =Ky + -+ Kky-1 + 1. Fix any such tableaty € 2" and lete; = ¢,
ande;, = € . Then, looking at the definitiongy(z) = 1, for all z € X.
Therefore, by the definition of, we have:(z)e|(z) = eo(x)ey(z) = €o(x),
forallt € Xy and allz € X,. We setz = (z,2) and definec, =
eo(z)c(x), forz € Xy. Theney(x)c(z) = €(x)eo(z)c(x) = €(z)c,, for all
T € X(].

Recall that the:!" cycle of w, is (k, ...,k + 2m), where| X,| = m +
1. Also recall that, by Proposition 6.17,sft € 2" then~(i) = ~,(7)
whenever < k or: > k + 2m. Consequently, using (6.26), the sum of the
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contributions of the" cycle for the tableaux i is

3 ﬁ ki)=Y [IZ aQedwi)c(z:))

te2 j=0 e [T e e(ws) — el@ir)e(2ig)]

_ H?Hl_l a(2e (CL’Z)CIZ
2 [T~

- )
ez Lli= led@i)ee, — €(Tivi)er, ]

)

)

m+1 /
() (2¢,,
(6.27) = I[T%5 « i
g;/' H’l 1 Et xl)CxL — € ( Z+1 CSCZ'+1]
(@)
a(2c, ) :
<1’g0 tEZ?” :zl;[ €t xl T €f(xl+1>crz+1]

sinceei(z,,.1) = 1 forall t € 2. Note that throughout equation (6.27) the
nodesr; = f{(i) depend on the tableaun the summation, fot < i <
m + 1.

To complete the proof we want to apply Lemma 6.24. To do this we
first show that?™ = £ (X,) and then we reinterpret (6.27) in light of this
bijection. Recall that we have a m&py — £ (X,) given byt — fi, for
t € 2. Note thatt(z) must be one ok, k + 2,...,k + 2m. Moreover, if
t(z) = k +ithenf(z) =i/2+ 1. Hencef(z) = (t(z) — k)/2 + 1.

Conversely, givery € Z(X,) there is a unique tableau= t; € 2
such that agrees witht, on A\ \ Ao, t(z) = k£ + 2(f(2) — 1) and

{k+2f(x) =2,k +2f(x) — 1}, i f(2) < f(2),

ey = {{k +2f(2) =3, k+2f(x) =2}, if f(z) > f(2).

To see that the tableaus unique, we must be able to completely determine
its values. First note that, singeis a linearisation , iff(x) < f(z) then
t(x) < t(z). Similarly if f(z) > f(z) thent(z) > t(z). Therefore if
f(z) < f(2) thenei(x) = —1. Now ¢,(x) can be found since we must have
e(x)ei(z) = €(x). Hence the positions &f+2f(z) —2 andk +2f(z) —
are completely determined. The second case is similar.

It is easy to see that the maps- f; and f — t; are mutual inverses,
so 2 = £ (Xy) as claimed.
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Recalling that:; = f;(j), we can now rewrite (6.27) to see that

2m—1
> I e +9)
te 2 j=0
. e/ (@)
_ a(QCx)> : ‘ :
<xgo fe_;(xo) E [ec(f* () er=) — €(f* (i + 1)) cpeiivn)]
f Z)—l m
—1 1
= ( a(2c,)
mgo ezt i Lo 6] i};[(z) @) — et
0

where the last equality follows from Lemma 6.24. Thereforg,y(w,) =
0 and the proposition is proved. O

Combining Proposition 6.19 and Proposition 6.25 we have com-
puted the character valuggti (T, + T7#), wherew runs over a set of mini-
mal length representatives for the conjugacy classes aiytimenetric group
which can be written in the formv = s;, ... s;,, With1 <4y < -+ <4 <
n.

Example 6.28.Suppose thak = (6, 3,2, 1), so thath()\) = (11, 3) and
takerx = (72). Thenw, = (123456 7)(89 10 11 12 13 14) =
S1...8¢Ss...S13. The reader may check that there agé w,.—transposable
A—tableaux. We have, = 2 and X = {(2,2),(2,3),(1,5),(1,6)}. Let
a=1(2,2),b=(2,3),c=(1,5) andd = (1,6) be these nodes ir\| and
consider an equivalence clags of w.—transposable tableaux for which the
sign sequencee; is ——+. That is,e(b)e((b) = —1, (c)€;(c) = —1 and
e(d)ei(d) = 1 (we use this shorthand for the sign sequences in the table
below). Note that for any tableauwve havee(a) = 1 = €[(a), so there is

no need to specify the value of the sign functionsioa (z, z;). For these
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tableaux we have, = X\ \ u, wherey = (4, 13).

t € € S 1B) 7(9) %(10) %(11) 1(12) 1(13)
JEEEIPE
-1810 . . 3
11
14
BEBEEINE
1812 . . .
_;11 ——+ 44+ acbd o= a(8) e (2) fiTia"‘a<10)
9
14
-] Jofn
1814
;}3 ——+ +++ acdb-mf%ZT a(8) [—Zim "0410)[5:iu a(2)
9
12
1-1-]-1813
-[1012)
: —1 -1 —1
o —t+ At cabd —a8) g g A2) g —a(l0)
9
14
] I80
- 1014 . . .
R A+t cadb —a(8) =g gy —o(10) g7y ()
9
12
] 18M
1214
;}3 —+— +"——-cdab-—a(8)[4fi@ «(10) pgim m:iu a(2)
9
10

In the table we have only given the positions occupiedhy ., 14 in the
tableaux inZ" because these are the only entries which matter in the proof
of Proposition 6.25. The positions occupied by the dots camelplaced
with any w;—transposablé4, 1°)—tableaux. The only constraint is that
the same4, 13)—tableau must be used for all of the tableaux4n For

1[2[4]6]

example, we could use the tableau above.

7
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